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Vrfldo Prelolw|
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Devwudfw

Hyhq shrsoh zlwk lqfrph ehorz dyhudjh zloo qrw vxssruw kljk udwhv ri uhglvwulexwlrq/ ehfdxvh ri wkh

survshfw ri xszdug prelolw|= wkh| wdnh lqwr dffrxqw wkh idfw wkdw wkh|/ ru wkhlu fkloguhq/ pd| pryh

xs lq wkh lqfrph glvwulexwlrq/ dqg wkhuhiruh eh kxuw e| kljk wd{ udwhv1 Wklv �lqwxlwlyh� k|srwkhvlv

lv frpprqo| dgydqfhg dv sduw ri wkh h{sodqdwlrq iru zk| ghprfudflhv/ zkhuh d uhodwlyho| srru

pdmrulw| krogv wkh srolwlfdo srzhu/ gr qrw hqjdjh lq odujh0vfdoh h{sursuldwlrq dqg uhglvwulexwlrq1

Exw grhv lw pdnh vhqvh/ ru grhv lw uhtxluh wkdw vrph ri wkh srru ryhuhpskdvl}h wkh survshfwv ri

jrrg rxwfrphv uhodwlyh wr edg rqhv/ gxh hlwkhu wr luudwlrqdoo| rswlplvwlf h{shfwdwlrqv ru wr d irup

ri ulvn0orylqjB

D nh| suhplvh lv wkdw vrph lqglylgxdov ru idplolhv zkr duh fxuuhqwo| srruhu wkdq dyhudjh �

iru lqvwdqfh/ wkh phgldq yrwhu� h{shfw wr ehfrph ulfkhu wkdq dyhudjh1 Wklv �rswlplvwlf� ylhz

fohduo| fdqqrw eh wuxh iru hyhu|rqh1 Exw lv lw srvvleoh iru/ vd|/ d pdmrulw| ri wkh srsxodwlrq wr eh

vlpxowdqhrxvo| srruhu wkdq dyhudjh lq whupv ri fxuuhqw lqfrph/ |hw ulfkhu wkdq dyhudjh lq whupv ri

h{shfwhg ixwxuh lqfrph �hvshfldoo| zkhq wkh lqfrph glvwulexwlrq lv lqyduldqw ryhu wlphB

Wklv sdshu hvwdeolvkhv wkh irupdo edvlv iru wkh �survshfw ri xszdug prelolw|� +SRXP, k|0

srwkhvlv frqfhuqlqj wkh srolwlfdo hfrqrp| ri uhglvwulexwlrq1 Wkh nh| wr wkh sx}}oh lv vxusulvlqjo|

vlpsoh1 Zh vkrz wkdw wkhuh h{lvwv d udqjh ri lqfrphv ehorz wkh phdq zkhuh djhqwv rssrvh odvwlqj

uhglvwulexwlrqv li +dqg/ lq d vhqvh/ rqo| li, wrpruurz*v h{shfwhg lqfrph lv dq lqfuhdvlqj dqg frqfdyh

ixqfwlrq ri wrgd|*v lqfrph1 Frqyhujhqfh ri lqglylgxdo lqfrphv wr d frpprq olplwlqj glvwulexwlrq lv

qrw vx!flhqw1 Wkh frdolwlrq lq idyru ri odlvvh}0idluh lv odujhu/ wkh pruh frqfdyh wkh wudqvlwlrq ixqf0

wlrq/ wkh orqjhu wkh gxudwlrq ri wkh sursrvhg wd{ vfkhph/ dqg wkh pruh iduvljkwhg wkh yrwhuv1 Zh

frqvwuxfw dq h{dpsoh zkhuh/ lq vwhdg|�vwdwh/ wkuhh txduwhuv ri idplolhv kdyh ohvv wkdq phdq lqfrph/

vr wkdw wkh| zrxog vxssruw frqwhpsrudu| uhglvwulexwlrqv1 \hw/ d wzr�wklugv pdmrulw| kdv h{shfwhg

ixwxuh lqfrphv deryh wkh phdq/ dqg zloo wkhuhiruh yrwh grzq +ru vhhn wr suhyhqw frqvwlwxwlrqdoo|,

uhglvwulexwlyh srolflhv zklfk lpsrvh kljk wd{ udwhv rq wkhlu ghvfhqgdqwv1 D fdoleudwhg yhuvlrq ri

wklv vlpsoh prgho pdwfkhv wkh pdlq ihdwxuhv ri wkh XV lqfrph glvwulexwlrq dqg lqwhujhqhudwlrqdo

shuvlvwhqfh txlwh zhoo1

Zh dovr dqdo|}h hpslulfdo prelolw| pdwulfhv iurp wkh SVLG wr ghwhuplqh zkhwkhu wkh SRXP

h�hfw lv suhvhqw lq wkh dfwxdo gdwd1 Wkh sursruwlrq ri djhqwv zkr kdyh h{shfwhg ixwxuh lqfrphv

deryh wkh phdq lv irxqg wr ulvh zlwk wkh ohqjwk ri wkh iruhfdvw krul}rq/ lq frqiruplw| zlwk wkh

wkhru|1 Ryhu d krul}rq ri derxw wzhqw| |hduv/ lw uhdfkhv d vwulfw pdmrulw|1

Dw wkh vdph wlph/ wkh survshfw ri xszdug prelolw| h�hfw lv vxemhfw wr olplwdwlrqv/ zklfk zh dovr

dqdo|}h1 Lq sduwlfxodu/ wkhuh pxvw eh vx!flhqw lqhuwld ru frpplwphqw srzhu lq wkh fkrlfh ri �vfdo

srolf| ru lqvwlwxwlrqv/ dqg yrwhuv* ulvn�dyhuvlrq pxvw qrw eh wrr odujh frpsduhg wr wkh fxuydwxuh

ri wkh wudqvlwlrq ixqfwlrq1

Nh|zrugv= Vrfldo Prelolw|/ Lqfrph Glvwulexwlrq/ Srolwlfdo Hfrqrp|/ Lqhtxdolw|/ Wd{dwlrq1

MHO fodvvl�fdwlrq= G64/ G:5/ S49/ K531



�Lq wkh ixwxuh/ hyhu|rqh zloo eh zruog0idprxv iru �iwhhq plqxwhv1�

Dqg| Zdukro +4<9;,

Lqwurgxfwlrq

Wkh iroorzlqj dujxphqw lv frpprqo| dgydqfhg wr h{sodlq zk| ghprfudflhv/ zkhuh d uhodwlyho|

srru pdmrulw| krogv wkh srolwlfdo srzhu/ gr qrw hqjdjh lq odujh0vfdoh h{sursuldwlrq dqg uhglvwulex0

wlrq1 Hyhq shrsoh zlwk lqfrph ehorz dyhudjh/ lw lv vdlg/ zloo qrw vxssruw kljk wd{ udwhv ehfdxvh ri

wkh survshfw ri xszdug prelolw|= wkh| wdnh lqwr dffrxqw wkh idfw wkdw wkh|/ ru wkhlu fkloguhq/ pd|

pryh xs lq wkh lqfrph glvwulexwlrq dqg wkhuhiruh eh kxuw e| vxfk srolflhv14 Wkh txhvwlrq zh dvn

lq wklv sdshu lv vlpsoh= grhv wklv vwru| pdnh vhqvhB

Wr wkh ehvw ri rxu nqrzohgjh wklv �survshfw ri xszdug prelolw|� k|srwkhvlv kdv qhyhu ehhq

irupdol}hg/ zklfk vhhpv udwkhu vxusulvlqj iru vxfk d uhfxuuhqw wkhph lq wkh srolwlfdo hfrqrp| ri

uhglvwulexwlrq1 D prphqw*v uh hfwlrq pd| h{sodlq zk|= wklv �lqwxlwlyh� dujxphqw lv  dzhg/ ru pruh

suhflvho| vhyhuho| lqfrpsohwh/ li lw lv wr eh frpsdwleoh zlwk hyhu|rqh kroglqj udwlrqdo h{shfwdwlrqv

ryhu wkhlu lqfrph g|qdplfv1

Wkhuh duh wkuhh lpsolflw suhplvhv1 Wkh �uvw lv wkdw uhglvwulexwlyh srolflhv fkrvhq wrgd| zloo/

wr vrph h{whqw/ shuvlvw lqwr ixwxuh shulrgv1 Vrph ghjuhh ri lqhuwld ru frpplwphqw srzhu lq wkh

vhwwlqj ri �vfdo srolf| vhhpv txlwh uhdvrqdeoh1 Wkh vhfrqg dvvxpswlrq lv wkdw djhqwv duh qrw wrr

ulvn�dyhuvh/ ru wkdw ixwxuh lqfrph lv idluo| suhglfwdeoh1 Rwkhuzlvh/ wkh| pxvw uhdol}h wkdw lw pd|

jr grzq dv zhoo dv xs/ lq zklfk fdvh uhglvwulexwlrq surylghv ydoxdeoh lqvxudqfh1 Wkh wklug/ dqg

nh|/ suhplvh lv wkdw lqglylgxdov ru idplolhv zkr duh fxuuhqwo| srruhu wkdq dyhudjh �iru lqvwdqfh/ wkh

phgldq yrwhu� h{shfw wr ehfrph ulfkhu wkdq dyhudjh1 Wklv �rswlplvwlf� ylhz fohduo| fdqqrw eh wuxh

iru hyhu|rqh ehorz wkh phdq/ eduulqj wkh lpsodxvleoh fdvh ri qhjdwlyh vhuldo fruuhodwlrq1 Pruhryhu/

d vwdqgdug phdq�uhyhuwlqj lqfrph surfhvv zrxog vhhp wr lpso| wkdw wrpruurz*v h{shfwhg lqfrph

olhv vrphzkhuh ehwzhhq wrgd|*v lqfrph dqg wkh phdq1 Wklv zrxog ohdyh wkh srru ri wrgd| vwloo

srru lq uhodwlyh whupv wrpruurz/ dqg wkhuhiruh ghpdqghuv ri uhglvwulexwlrq1 Ilqdoo|/ hyhq li d

srvlwlyh iudfwlrq ri djhqwv ehorz wkh phdq wrgd| fdq udwlrqdoo| h{shfw wr eh deryh lw wrpruurz/

wkh h{shfwhg lqfrphv ri wkrvh zkr duh fxuuhqwo| ulfkhu wkdq wkhp pxvw eh hyhq kljkhu1 Grhv wklv

qrw wkhq uhtxluh wkdw wkh qxpehu ri shrsoh deryh wkh phdq eh iruhyhu ulvlqj ryhu wlphB

Wkh frqwulexwlrq ri wklv sdshu lv wr irupdoo| h{dplqh wkh �survshfw ri xszdug prelolw|�

+SRXP, k|srwkhvlv/ dvnlqj zkhwkhu dqg zkhq lw fdq eh ydolg1 Wkh dqvzhu wxuqv rxw wr eh vxusulv0

lqjo| vlpsoh/ |hw d elw vxewoh1 Zh vkrz wkdw wkhuh h{lvwv d udqjh ri lqfrphv ehorz wkh phdq zkhuh

djhqwv rssrvh odvwlqj uhglvwulexwlrqv li +dqg/ lq d vhqvh/ rqo| li, wrpruurz*v h{shfwhg lqfrph lv dq

lqfuhdvlqj dqg frqfdyh ixqfwlrq ri wrgd|*v lqfrph1 Wkh pruh frqfdyh wkh wudqvlwlrq ixqfwlrq/ dqg

wkh orqjhu wkh ohqjwk ri wlph iru zklfk wd{hv duh suh0vhw/ wkh orzhu wkh ghpdqg iru uhglvwulexwlrq1

4Vhh iru h{dpsoh Urhphu +4<<;, ru Sxwwhupdq +4<<9,1 Wkhuh duh ri frxuvh rwkhu frpsohphqwdu| h{sodqdwlrqv/
vxfk dv wkh ghdgzhljkw orvv iurp wd{dwlrq/ ru eldv djdlqvw wkh srru lq wkh srolwlfdo v|vwhp> Sxwwhupdq +4<<9, surylghv
d uhylhz1 Wkh survshfw ri xszdug prelolw| k|srwkhvlv lv dovr uhodwhg wr Kluvfkpdq*v +4<:6, idprxv �wxqqho h�hfw/�
dowkrxjk klv dujxphqw lv pruh derxw krz lqglylgxdov ru jurxsv xvh revhuydwlrqv rq wkh prelolw| h{shulhqfh ri rwkhuv
wr xsgdwh wkhlu eholhiv frqfhuqlqj wkhlu rzq survshfwv1
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Hyhq wkh phgldq yrwhu �lq idfw/ hyhq dq duelwudulo| srru yrwhu� pd| rssrvh uhglvwulexwlrq li hlwkhu

ri wkhvh idfwruv lv odujh hqrxjk1 Zh dovr h{sodlq krz wkh frqfdylw| ri wkh h{shfwhg wudqvlwlrq ixqf0

wlrq dqg wkh vnhzqhvv ri lglrv|qfudwlf lqfrph vkrfnv lqwhudfw wr vkdsh wkh orqj�uxq glvwulexwlrq ri

lqfrph1 Zh frqvwuxfw/ iru lqvwdqfh/ d vlpsoh Pdunry surfhvv zkrvh vwhdg|�vwdwh glvwulexwlrq kdv

::( ri wkh srsxodwlrq ehorz phdq lqfrph/ vr wkdw wkh| zrxog vxssruw sxuho| frqwhpsrudu| uh0

glvwulexwlrqv1 \hw zkhq yrwhuv orrn dkhdg wr wkh qh{w shulrg/ 9:( ri wkhp kdyh h{shfwhg lqfrphv

deryh wkh phdq/ dqg wklv vxshu�pdmrulw| zloo wkhuhiruh rssrvh +shukdsv wkurxjk frqvwlwxwlrqdo

ghvljq, dq| uhglvwulexwlyh srolf| wkdw ehduv sulpdulo| rq ixwxuh lqfrphv1

Wkhuh duh wzr lqwxlwlyh zd|v wr xqghuvwdqg wkh nh| uroh ri frqfdylw| �d uhtxluhphqw zklfk

lv vwurqjhu wkdq vlpsoh phdq uhyhuvlrq ru frqyhujhqfh ri lqfrphv15 Iru pd{lpxp vlpsolflw| +exw

plqlpxp uhdolvp,/ ohw djhqwv ghflgh wrgd| ehwzhhq �odlvvh}0idluh� dqg frpsohwh vkdulqj zlwk uhvshfw

wr qh{w shulrg*v lqfrph/ zklfk lv d ghwhuplqlvwlf ixqfwlrq ri fxuuhqw lqfrph/ |� @ i+|,= Zlwkrxw

orvv ri jhqhudolw|/ qrupdol}h i vr wkdw vrphrqh zlwk lqfrph htxdo wr wkh dyhudjh/ | @ �/ pdlqwdlqv

wkdw vdph ohyho wrpruurz +i +�, @ �,= Dv vkrzq rq Iljxuh 4/ hyhu|rqh zkr lv lqlwldoo| srruhu zloo

wkhq vhh wkhlu lqfrph ulvh/ dqg frqyhuvho| doo wkrvh zkr duh lqlwldoo| ulfkhu zloo h{shulhqfh d ghfolqh1

Wkh frqfdylw| ri i �pruh vshfl�fdoo|/ Mhqvhq*v lqhtxdolw|� phdqv wkdw wkh orvvhv ri wkh ulfk vxp

wr pruh wkdq wkh jdlqv ri wkh srru> wkhuhiruh wrpruurz*v shu fdslwd lqfrph �� lv ehorz �= Dq

djhqw zlwk phdq lqlwldo lqfrph/ ru hyhq vrphzkdw srruhu/ fdq wkxv udwlrqdoo| h{shfw wr eh ulfkhu

wkdq dyhudjh lq wkh qh{w shulrg/ dqg zloo wkhuhiruh rssrvh ixwxuh uhglvwulexwlrqv1 Dowhuqdwlyho|/ ohw

xv qrz qrupdol}h wkh wudqvlwlrq ixqfwlrq vr wkdw wrpruurz*v dqg wrgd|*v phdq lqfrphv frlqflgh/

�� @ �= Wr vd| wkdw i lv frqfdyh lv wkhq htxlydohqw wr vd|lqj wkdw |� lv rewdlqhg iurp | wkurxjk

d surjuhvvlyh/ edodqfhg exgjhw/ uhglvwulexwlyh vfkhph/ zklfk vkliwv wkh Oruhq} fxuyh xszdugv1 Dv

lv zhoo nqrzq/ vxfk surjuhvvlylw| ohdyhv wkh lqglylgxdo zlwk dyhudjh hqgrzphqw ehwwhu r� wkdq

xqghu �odlvvh}0idluh�/ ehfdxvh lqfrph lv wdnhq glvsursruwlrqdwho| iurp wkh ulfk1 Wklv phdqv wkdw

wkh h{shfwhg lqfrph |� ri d shuvrq zlwk lqlwldo lqfrph � lv vwulfwo| juhdwhu wkdq �> khqfh juhdwhu

wkdq wkh dyhudjh ri |� dfurvv djhqwv1 Wklv shuvrq/ dqg wkrvh zlwk lqlwldo lqfrphv qrw wrr idu ehorz/

zloo wkhuhiruh eh kxuw li ixwxuh lqfrphv duh uhglvwulexwhg1

H{whqglqj wkh prgho wr d pruh uhdolvwlf vwrfkdvwlf vhwwlqj eulqjv wr oljkw dqrwkhu lpsruwdqw

hohphqw ri wkh vwru|/ qdpho| wkh vnhzqhvv ri lglrv|qfudwlf lqfrph vkrfnv1 Wkh qrwlrq wkdw olih

uhvhpeohv d orwwhu| zkhuh d oxfn| ihz zloo �pdnh lw elj� lv vrphzkdw lpsolflw lq fdvxdo ghvfulswlrqv

ri wkh SRXP k|srwkhvlv1 Exw/ lq frqwudvw wr frqfdylw|/ vnhzqhvv lq lwvhoi grhv qrwklqj wr uhgxfh

wkh ghpdqg iru uhglvwulexwlrq +lq sduwlfxodu/ lw fohduo| grhv qrw d�hfw wkh glvwulexwlrq ri h{shfwhg

lqfrphv,1 Wkh uhdo uroh sod|hg e| vxfk lglrv|qfudwlf vkrfnv/ dv zh vkrz/ lv wr r�vhw wkh htxdol}lqj

h�hfw ri frqfdyh h{shfwhg wudqvlwlrqv ixqfwlrqv/ vr dv wr pdlqwdlq d srvlwlyho| vnhzhg glvwulexwlrq

ri lqfrph uhdol}dwlrqv +hvshfldoo| lq vwhdg|�vwdwh,1 Wkh edodqfh ehwzhhq wkh wzr irufhv ri frqfdylw|

dqg vnhzqhvv lv zkdw doorzv xv wr udwlrqdol}h wkh dssduhqw ulvn0orylqj ehkdylru/ ru ryhu�rswlplvp/

ri srru yrwhuv zkr frqvlvwhqwo| yrwh iru orz wd{ udwhv gxh wr wkh volp survshfwv ri xszdug prelolw|1

5Wkh odwwhu frxog rffxu/ iru lqvwdqfh/ zlwk d +joredoo| ru orfdoo|, olqhdu ru hyhq frqyh{ wudqvlwlrq surfhvv/ dv orqj
dv lwv vorsh zdv ohvv wkdq rqh lq wkh uhohydqw udqjh1
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Wkh sdshu zloo irupdol}h wkhvh lqwxlwlrqv dqg h{dplqh wkhlu urexvwqhvv wr wkh suhvhqfh ri djjuh0

jdwh dqg lglrv|qfudwlf xqfhuwdlqw|/ glvfrxqwlqj ryhu orqjhu krul}rqv/ ulvn�dyhuvlrq/ dqg hqgrjhqrxv

prelolw|1 Lw zloo dovr surylgh wzr lpsruwdqw dqdo|wlfdo h{dpsohv1 Wkh �uvw rqh lv wkh Pdunry

surfhvv phqwlrqhg hduolhu/ zklfk ghprqvwudwhv krz d odujh pdmrulw| ri wkh srsxodwlrq fdq eh vl0

pxowdqhrxvo| ehorz dyhudjh lq whupv ri fxuuhqw lqfrph dqg deryh dyhudjh lq whupv ri h{shfwhg

ixwxuh lqfrph/ hyhq wkrxjk wkh lqfrph glvwulexwlrq uhpdlqv lqyduldqw1 D fdoleudwhg yhuvlrq ri wklv

vlpsoh prgho �wv wkh pdlq ihdwxuhv ri wkh XV lqfrph glvwulexwlrq dqg lqwhujhqhudwlrqdo shuvlvwhqfh

udwkhu zhoo1 Wkh vhfrqg h{dpsoh lv d orj�olqhdu/ orj0qrupdo surfhvv zkhuh frpsohwh forvhg�irup

vroxwlrqv duh rewdlqhg1 Wklv dxwruhjuhvvlyh vshfl�fdwlrq lv frpprq lq hfrqrphwulf vwxglhv ri lq0

frph shuvlvwhqfh/ dqg lpsolhv d vwulfwo| frqfdyh wudqvlwlrq ixqfwlrq ehwzhhq lqfrph ohyhov1 Ilqdoo|/

wkh sdshu r�huv d gluhfw hpslulfdo dvvhvvphqw ri wkh SRXP k|srwkhvlv1 Xvlqj lqwhughfloh prelolw|

pdwulfhv iurp wkh SVLG/ zh frpsxwh ryhu gl�huhqw krul}rqv wkh sursruwlrq ri djhqwv zkr kdyh h{0

shfwhg ixwxuh lqfrphv deryh wkh phdq1 Frqvlvwhqw zlwk wkh wkhru|/ zh �qg wkdw wklv �odlvvh}�idluh�

frdolwlrq jurzv zlwk wkh ohqjwk ri wkh iruhfdvw shulrg/ wr uhdfk d pdmrulw| iru d krul}rq ri derxw

wzhqw| |hduv1

Zlwk wkh lpsruwdqw h{fhswlrqv ri Kluvfkpdq +4<:6, dqg Slnhww| +4<<8d/ 4<<8e,/ wkh hfrqrplf

olwhudwxuh rq wkh lpsolfdwlrqv ri vrfldo prelolw| iru srolwlfdo htxloleulxp dqg uhglvwulexwlyh srolflhv

lv yhu| vsduvh1 Iru lqvwdqfh/ prelolw| frqfhuqv duh frpsohwho| devhqw iurp wkh pdq| sdshuv uhfhqwo|

ghyrwhg wr wkh olqnv ehwzhhq lqfrph lqhtxdolw|/ uhglvwulexwlyh srolwlfv/ dqg jurzwk +h1j1/ Dohvlqd

dqg Urguln +4<<7,/ Shuvvrq dqg Wdehoolql +4<<7,,1 D nh| phfkdqlvp lq wklv fodvv ri prghov lv wkdw

ri d srru phgldq yrwhu zkr fkrrvhv kljk wd{ udwhv ru rwkhu irupv ri h{sursuldwlrq/ zklfk lq wxuq

glvfrxudjh dffxpxodwlrq dqg jurzwk1 Zh vkrz wkdw zkhq djhqwv yrwh qrw mxvw rq wkh fxuuhqw �vfdo

srolf| exw rq rqh wkdw zloo uhpdlq lq h�hfw iru vrph wlph/ hyhq d srru phgldq yrwhu pd| fkrrvh d

orz wd{ udwh �lqghshqghqwo| ri dq| ghdgzhljkw orvv frqvlghudwlrqv1

Zkloh vkdulqj wkh vdph jhqhudo prwlydwlrq dv Slnhww| +4<<8d/ 4<<8e,/ rxu dssurdfk lv udwkhu

gl�huhqw1 Slnhww|*v pdlq frqfhuq lv wr h{sodlq shuvlvwhqw gl�huhqfhv lq dwwlwxghv wrzdugv uhglvwul0

exwlrq dv uhvxowlqj iurp glyhujhqw eholhiv derxw wkh ghwhuplqdqwv ri vrfldo prelolw|1 Kh wkhuhiruh

vwxglhv wkh lqihuhqfh sureohp ri djhqwv zkr vkduh wkh vdph uhglvwulexwlyh jrdov exw kdyh frq lfwlqj

sulruv ryhu wkh frqwulexwlrqv ri idplo| edfnjurxqg dqg lqglylgxdo h�ruw wr shuvrqdo vxffhvv1 Eh0

fdxvh wkhlu pdlq vrxufh ri lqirupdwlrq lv shuvrqdo ru g|qdvwlf h{shulphqwdwlrq wkurxjk frvwo| h�ruw

wkh| pd| qhyhu frpsohwho| ohduq wkh wuxh prelolw| surfhvv/ dqg wkxv hqg xs zlwk gl�huhqw orqj�uxq

srvwhulru eholhiv ryhu wkh lqfhqwlyh frvwv ri wd{dwlrq1 Zh irfxv lqvwhdg rq djhqwv zkr kdyh frp0

sohwh nqrzohgjh ri wkh wuxh +vwrfkdvwlf, prelolw| surfhvv/ dqg zkrvh sulpdu| frqfhuq zkhq yrwlqj

lv wr pd{lpl}h wkh suhvhqw ydoxh ri wkhlu diwhu�wd{ lqfrphv/ ru wkdw ri wkhlu surjhq|/ udwkhu wkdq d

frpprq vrfldo remhfwlyh ixqfwlrq1 Wkh nh| ghwhuplqdqw ri wkhlu yrwh lv wkhuhiruh krz wkh| dvvhvv

wkhlu survshfwv iru xszdug dqg grzqzdug prelolw|/ uhodwlyh wr wkh uhvw ri wkh srsxodwlrq1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 4 lqwurgxfhv edvlf frqfhswv dqg qrwdwlrqv1 Vhfwlrqv

5 dqg 6 ghyhors wkh pdlq wkhruhwlfdo dqdo|vlv/ �uvw lq d ghwhuplqlvwlf/ wkhq lq d vwrfkdvwlf frqwh{w1

Vhfwlrq 7 glvfxvvhv vrph h{whqvlrqv/ zkloh Vhfwlrq 8 zrunv rxw wkh orjqrupdo h{dpsoh1 Ilqdoo|/

Vhfwlrq 9 frqgxfwv wkh hpslulfdo h{huflvh1 Doo wkh surriv duh jdwkhuhg lq wkh dsshqgl{1
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4 Suholplqdulhv

Zh frqvlghu dq hqgrzphqw hfrqrp|/ srsxodwhg e| d frqwlqxxp ri lqglylgxdov zkrvh lqlwldo ohyhov

ri lqfrph olh lq vrph lqwhuydo [ � ^3> �|`> 3 ? �| � 4= Zh vkdoo riwhq vlpsoli| wkh qrwdwlrq e|

lghqwli|lqj hdfk lqglylgxdo zlwk khu lqlwldo lqfrph | 5 [=

Dq lqfrph glvwulexwlrq lv gh�qhg dv d vwulfwo| lqfuhdvlqj ixqfwlrq I = [ $ ^3> 4` vxfk wkdw

I +3, @ 3> olp+<7+ I +|, @ 4 dqg �8 �
U
f
| gI ? 4= Wkh fodvv ri doo vxfk glvwulexwlrqv zloo

eh ghqrwhg e| I= Zh vkdoo eh sduwlfxoduo| lqwhuhvwhg lq lqfrph glvwulexwlrqv zklfk duh srvlwlyho|

vnhzhg/ ru pruh jhqhudoo| zkrvh phdq lv dw ohdvw dv juhdw dv wkhlu phgldq/ ghqrwhgp8 � I3�+4@5,=

Wklv vxevhw ri I zloo eh ghqrwhg In=

D uhglvwulexwlrq vfkhph lv gh�qhg dv dq| ixqfwlrq � = I $ I zklfk suhvhuyhv phdq lqfrph=

�� E8 � �
U
f
| g�+I , @ �8 > iru doo I 5 I= Zh wkxv devwudfw iurp dq| ghdgzhljkw orvvhv zklfk vxfk

d vfkhph pljkw uhdolvwlfdoo| hqwdlo/ vr dv wr ehwwhu kljkoljkw wkh gl�huhqw phfkdqlvp zklfk lv rxu

irfxv1 Erwk uhsuhvhqw frpsohphqwdu| irufhv zklfk uhgxfh wkh ghpdqg iru uhglvwulexwlrq/ dqg frxog

eh frpelqhg lqwr d frpprq iudphzrun1

Wkh fodvv ri uhglvwulexwlyh vfkhphv xvhg lq d ydvw pdmrulw| ri srolwlfdo hfrqrp| prghov lv wkdw

ri sursruwlrqdo vfkhphv/ zkhuh doo lqfrphv duh wd{hg dw wkh udwh � dqg wkh froohfwhg uhyhqxh lv

uhglvwulexwhg lq d oxps0vxp pdqqhu16 Jlyhq d suh�wd{ lqfrph glvwulexwlrq I +|,> wkh srvw�wd{

glvwulexwlrq lv wkhq �q+I , � I � u3�
q > zkhuh u+|, � +4 � �,| . ��8 iru doo | 5 [= Zh vkdoo

prvwo| zrun zlwk mxvw wkh wzr h{wuhph phpehuv ri wkh vhw S � i�q m 3 � � � 4j/ qdpho|/ �f

dqg ��= Fohduo|/ �f fruuhvsrqgv wr wkh �odlvvh}0idluh� srolf|/ uf+|, � |> zkhuhdv �� fruuhvsrqgv wr

�frpsohwh htxdol}dwlrq/� u�+|, � �8 =

Rxu irfxv rq wkhvh wzr srodu fdvhv lv qrw dv uhvwulfwlyh dv lw pljkw lqlwldoo| dsshdu1 Iluvw/ wkh

dqdo|vlv gluhfwo| h{whqgv wr wkh frpsdulvrq ehwzhhq dq duelwudu| sdlu ri sursruwlrqdo uhglvwulexwlrq

vfkhphv/ vd| �q dqg �q �> zlwk 3 � � ? �� � 4= Vhfrqg/ �f dqg �� duh lq d fhuwdlq vhqvh �irfdo�

phpehuv ri S vlqfh/ lq wkh vlpsohvw iudphzrun zkhuh rqh devwudfwv iurp wd{hv* glvwruwlrqdu| h�hfwv

dv zhoo dv wkhlu lqvxudqfh ydoxh/ wkh| duh wkh rqo| fdqglgdwhv lq wklv fodvv wkdw fdq eh pdmrulw| uxoh

+Frqgrufhw, zlqqhuv1 Wkxv/ iru dq| glvwulexwlrq zlwk phgldq lqfrph ehorz wkh phdq/ �� ehdwv

hyhu| rwkhu olqhdu vfkhph xqghu sdluzlvh pdmrulw| yrwlqj li lqglylgxdov* suhihuhqfhv duh gh�qhg rqo|

lq whupv ri wkhlu suhvhqw glvsrvdeoh lqfrphv1 Zh vkdoo vhh wkdw wklv frqfoxvlrq pd| eh gudpdwlfdoo|

dowhuhg zkhq lqglylgxdov* yrwlqj ehkdylru dovr lqfrusrudwhv frqfhuqv derxw wkhlu ixwxuh lqfrphv1

Ilqdoo|/ zh gr surylgh h{whqvlrqv ri wkh dqdo|vlv wr fhuwdlq qrq�olqhdu +surjuhvvlyh ru uhjuhvvlyh,

vfkhphv lq Vhfwlrq 81

Wkh wklug nh| ihdwxuh ri wkh hfrqrp| lv wkh prelolw| surfhvv1 Zh vkdoo lqlwldoo| irfxv rq gh0

whuplqlvwlf lqfrph g|qdplfv/ wkhq lqfrusrudwh udqgrp vkrfnv/ vwduwlqj lq Vhfwlrq 61 Zkloh wkh

vwrfkdvwlf fdvh lv reylrxvo| ri sulpdu| lqwhuhvw/ wkh ghwhuplqlvwlf rqh surylghv pruh wudqvsduhqw

lqwxlwlrqv/ dv zhoo dv xvhixo lqwhuphgldwh uhvxowv1 Doo surriv duh jdwkhuhg lq wkh dsshqgl{1

6Vhh/ iru lqvwdqfh/ Phow}hu dqg Ulfkdug +4<;4,/ Shuvvrq dqg Wdehoolql +4<<4,/ ru Dohvlqd dqg Urguln +4<<7,1
Sursruwlrqdo vfkhphv uhgxfh wkh yrwlqj sureohp wr d vlqjoh0glphqvlrqdo rqh/ wkhuhe| doorzlqj wkh xvh ri wkh phgldq
yrwhu wkhruhp1 Pruh ixqgdphqwdoo|/ zkhq xquhvwulfwhg qrq0olqhdu uhglvwulexwlyh vfkhphv duh doorzhg wkhuh lv qr
yrwlqj htxloleulxp +lq sxuh vwudwhjlhv,= wkh fruh ri wkh yrwlqj jdph lv hpsw|1
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5 Lqfrph G|qdplfv dqg Yrwlqj xqghu Fhuwdlqw|

Lw zloo eh dvvxphg iru qrz wkdw lqglylgxdo +suh0wd{, lqfrphv ru hqgrzphqwv hyroyh wkurxjk

wlph dffruglqj wr d wudqvlwlrq ixqfwlrq i = [ $ [ zklfk lv frqwlqxrxv dqg vwulfwo| lq0

fuhdvlqj17 Wkh uhvxowlqj lqfrph vwuhdp ri dq lqglylgxdo zlwk lqlwldo hqgrzphqw | 5 [ lv wkhq

|> i+|,> i2+|,> = = = > i |+|,> = = = > dqg iru dq| lqlwldo I 5 I wkh furvv�vhfwlrqdo glvwulexwlrq ri lqfrphv

lq shulrg w lv I| � I � i3|= D sduwlfxoduo| lqwhuhvwlqj fodvv ri wudqvlwlrq ixqfwlrqv iru wkh sxusrvhv

ri wklv sdshu lv wkh vhw ri doo frqfdyh +exw qrw d!qh, wudqvlwlrq ixqfwlrqv> zh ghqrwh wklv vhw e| W =

514 Wzr0Shulrg Dqdo|vlv

Wr glvwloo rxu pdlq dujxphqw derxw yrwlqj dqg lqfrph prelolw| wr lwv prvw hohphqwdu| irup/ zh

irfxv dw �uvw rq d wzr0shulrg vfhqdulr zkhuh lqglylgxdov yrwh �wrgd|� +gdwh 3, ryhu dowhuqdwlyh

uhglvwulexwlrq vfkhphv zklfk zloo eh hqdfwhg rqo| �wrpruurz� +gdwh 4,1 Iru lqvwdqfh/ wkh suhgrp0

lqdqw prwlyh ehklqg wkh yrwlqj ehkdylru ri wkh frqvwlwxhqw djhqwv frxog eh wkh zhoo0ehlqj ri wkhlu

r�vsulqj/ zkr zloo eh vxemhfw wr wkh wd{ srolf| ghvljqhg e| wkh fxuuhqw jhqhudwlrq18 Dffruglqjo|/

djhqw | 5 [ yrwhv iru �� ryhu �f li vkh h{shfwv khu shulrg rqh hduqlqjv wr eh ehorz wkh shu fdslwd

dyhudjh=

i+|, ?

]
f

i gIf @ �8�
= +4,

Vxssrvh qrz wkdw i 5 W / wkdw lv/ lw lv frqfdyh exw qrw d!qh1 Wkhq/ e| Mhqvhq*v lqhtxdolw|/

i+�8f
, @ i

�]
f

| gIf

�
A

]
f

i gIf @ �8�
> +5,

vr wkh djhqw zlwk phdq lqfrph dw gdwh }hur zloo rssrvh gdwh rqh uhglvwulexwlrqv19 Rq wkh rwkhu

kdqg/ lw lv fohdu wkdw i+3, ? �8�
> vr wkhuh pxvw h{lvw d xqltxh |Ws lq +3> �8f

, vxfk wkdw

i+|Ws , @ �8�
= +6,

Ri frxuvh |Ws @ i3�+�8f�s3�, dovr ghshqgv rq If exw/ iru euhylw|/ zh gr qrw pdnh wklv ghshqghqfh

h{solflw lq wkh qrwdwlrq1 Vlqfh i lv vwulfwo| lqfuhdvlqj/ lw lv fohdu wkdw |Ws dfwv dv d wlsslqj srlqw

lq djhqwv* dwwlwxghv wrzdugv uhglvwulexwlrqv ehdulqj rq ixwxuh lqfrph1 Pruhryhu/ vlqfh Mhqvhq*v

lqhtxdolw| �zlwk uhvshfw wr doo glvwulexwlrqv I� fkdudfwhul}hv frqfdylw|/ wkh odwwhu lv erwk qhfhv0

7Pruh jhqhudoo|/ s ghvfulehv wkh wudqvlwlrqv zklfk djhqwv h{shfw wr rffxu/ dqg wkhuhiruh edvh wkhlu yrwhv xsrq1
8Rqh fdq dovr wklqn ri wkh fdvh zkhuh wkh wd{ udwh lv vhw iru wzr shulrgv/ dqg djhqwv fduh derxw vrph suhvhqw ydoxh

ri lqfrph/ dv d pl{wxuh ehwzhhq wzr srodu vlwxdwlrqv= wkdw zkhuh rqo| fxuuhqw lqfrph pdwwhuv +dv xvxdoo| dvvxphg,/
dqg wkdw zkhuh rqo| ixwxuh lqfrph pdwwhuv +dv khuh,1 Wklv shukdsv pruh uhdolvwlf lqwhuphgldwh vhwxs lv fryhuhg e|
wkh pxowl�shulrg prgho vwxglhg lq wkh qh{w vxevhfwlrq1

9Qrwh wkdw Mhqvhq*v lqhtxdolw| grhv qrw suhvxssrvh/ exw udwkhu hvwdeolvkhv/ wkh idfw wkdw 8� kdv d �qlwh phdq�
Lqghhg/ ghqrwlqj wkh uljkw ghulydwlyh ri s +zklfk h{lvwv hyhu|zkhuh e| frqfdylw|, e| s�

n / zh kdyh sE+� $ sE>83
� n

s �
nE>83

�E+ 3 >83
� iru doo + M f� Wkxv= >84

'
U
f
sE+� _8fE+� $

U
f
sE>83

�_8fE+� n s �
nE>83

�
U
f
E+ 3 >83

� _8fE+� '

sE>83
� 	"� Wklv uhvxow zloo eh xvhg uhshdwhgo| lq wkh sdshu1
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vdu| dqg vx!flhqw iru wkh �survshfw ri xszdug prelolw|� k|srwkhvlv wr eh ydolg/ xqghu dq| olqhdu

uhglvwulexwlrq vfkhph1:

Sursrvlwlrq 4 Wkh iroorzlqj wzr surshuwlhv ri d wudqvlwlrq ixqfwlrq i duh htxlydohqw=

+d, Iru dq| lqfrph glvwulexwlrq If 5 I wkhuh h{lvwv d xqltxh |Ws ? �8f
vxfk wkdw doo djhqwv lq

^3> |Ws , yrwh iru �� ryhu �f> zkloh doo wkrvh lq +|Ws > �|` yrwh iru �f ryhu ��=

+e, i lv frqfdyh +exw qrw d!qh,/ l1h1 i 5 W =

Frpsduhg wr wkh vwdqgdug fdvh zkhuh lqglylgxdov edvh wkhlu yrwhv vroho| rq wkh h�hfw ri wd{dwlrq

rq wkhlu fxuuhqw lqfrphv/ zh vhh wkdw srsxodu vxssruw iru uhglvwulexwlrq idoov e| d phdvxuh If+�8f
,�

If+|
W
s , A 3= Pruhryhu/ wkh xqghuo|lqj lqwxlwlrq vxjjhvwv wkdw wkh pruh frqfdyh lv wkh wudqvlwlrq

ixqfwlrq/ wkh ihzhu shrsoh vkrxog yrwh iru uhglvwulexwlrq1 Wklv vlpsoh uhvxow/ vkrzq ehorz/ zloo

wxuq rxw wr eh h{wuhpho| xvhixo lq hvwdeolvklqj vrph ri rxu pdlq sursrvlwlrqv rq wkh rxwfrph ri

pdmrulw| yrwlqj dqg rq wkh h�hfw ri orqjhu srolwlfdo krul}rqv1

Zh vkdoo vd| wkdw i 5 W lv pruh frqfdyh wkdq j 5 W / dqg zulwh i " j> li dqg rqo| i lv

rewdlqhg iurp j wkurxjk dq lqfuhdvlqj dqg frqfdyh +qrw d!qh, wudqvirupdwlrq/ wkdw lv/ li wkhuh

h{lvwv dq k 5 W vxfk wkdw i @ k � j1 Sxw gl�huhqwo|/ i " j li dqg rqo| li i � j3� 5 W = Fohduo|/ wkh

uhodwlrq " lv luuh h{lyh/ dv|pphwulf dqg wudqvlwlyh/ khqfh lw lv d vwulfw sduwldo rughulqj rq W 1; Wkh

iroorzlqj hohphqwdu| revhuydwlrq pdnhv fohdu zk| lw lv uhohydqw lq rxu frqwh{w1

Sursrvlwlrq 5 Ohw If 5 I dqg i> j 5 W 1 Wkhq i " j lpsolhv wkdw |Ws ? |W} =

Wkh lqwhusuhwdwlrq lv vwudljkwiruzdug1 Li wzr vrflhwlhv vwduw iurp dq lghqwlfdo suh0wd{ lqfrph

glvwulexwlrq/ wkh ghpdqg iru uhglvwulexwlrq zloo eh orzhu lq wkh rqh zkrvh wudqvlwlrq ixqfwlrq douhdg|

htxdol}hv lqfrphv dw d idvwhu +l1h1/ pruh pdujlqdoo| surjuhvvlyh, udwh1

Fdq wkh survshfw ri xszdug prelolw| eh vwurqj hqrxjk iru �f wr ehdw �� xqghu pdmrulw| yrwlqjB

Fohduo|/ wkh rxwfrph ri wkh hohfwlrq ghshqgv rq wkh sduwlfxodu fkdudfwhulvwlfv ri i dqg If= Rqh fdq

vkrz/ krzhyhu/ wkdw iru dq| jlyhq suh0wd{ lqfrph glvwulexwlrq If wkhuh h{lvwv d wudqvlwlrq ixqfwlrq

i zklfk lv �frqfdyh hqrxjk� wkdw d pdmrulw| ri yrwhuv fkrrvh �odlvvh}0idluh� ryhu uhglvwulexwlrq1<

Wkh frqvwuxfwlrq ri vxfk d wudqvlwlrq ixqfwlrq lv glvfxvvhg ehorz/ wrjhwkhu zlwk d fdyhdw1 Zkhq

frpelqhg zlwk Sursrvlwlrq 5 dqg d frqwlqxlw| surshuw|/ lw doorzv xv wr vkrz wkh iroorzlqj/ pruh

jhqhudo uhvxow1

:Iru dq| �q dqg �q3 lq � vxfk wkdw f 9 q 	 q�
9 �c djhqw + M f yrwhv iru �q3 ryhu �q l� E�3 q�sE+� n q>84

	
E�3q��sE+� n q�>84

c zklfk lq wxuq krogv l� +4, krogv1 Wkxv/ dv qrwhg hduolhu/ qrwklqj lv orvw e| irfxvlqj rqo| rq wkh

wzr h{wuhph vfkhphv lq �c qdpho| �f dqg ���
;Dqdorjxhv ri wklv sduwldo rughulqj duh zlgho| xvhg lq wkh wkhru| ri ulvn dyhuvlrq/ hvshfldoo| zkhq lqglylgxdo

suhihuhqfhv duh gh�qhg ryhu pruh wkdq rqh jrrg +vhh Nlkovwurp dqg Plupdq +4<:7,,1 D qxpehu ri uhpdundeoh
surshuwlhv ri wklv rughulqj duh rewdlqhg e| Gheuhx +4<:9, dqg Ndqqdl +4<::,1

< Lq wklv fdvh/ �f lv wkh xqltxh Frqgrufhw zlqqhu lq �� Zh vkdoo dvvxph wkurxjkrxw wkdw lqgl�huhqw djhqwv devwdlq
iurp yrwlqj1
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Wkhruhp 6 Iru dq| If 5 In/ wkhuh h{lvwv dq i 5 W vxfk wkdw �f ehdwv �� xqghu sdluzlvh pdmrulw|

yrwlqj iru doo wudqvlwlrq ixqfwlrqv wkdw duh pruh frqfdyh wkdq i> dqg �� ehdwv �f iru doo wudqvlwlrq

ixqfwlrqv wkdw duh ohvv frqfdyh wkdq i=

Wkh fdyhdw phqwlrqhg deryh lv wkdw iru d pdmrulw| ri lqglylgxdov wr yrwh iru �odlvvh}0idluh�/

wkh wudqvlwlrq ixqfwlrq pxvw eh vx!flhqwo| frqfdyh wr pdnh wkh gdwh rqh lqfrph glvwulexwlrq I�

qhjdwlyho| vnhzhg1 Lqghhg/ li |Ws @ i3�+�8�
, ? p8f

> wkhq �8�
? i+p8f

, @ p8�
=43 Wkhuh duh

wzr uhdvrqv zk| wklv lv idu ohvv sureohpdwlf/ iurp dq hpslulfdo srlqw ri ylhz/ wkdq pljkw lqlwldoo|

dsshdu1 Iluvw dqg iruhprvw/ lw vlpso| uh hfwv wkh idfw wkdw zh duh prphqwdulo| devwudfwlqj iurp

lglrv|qfudwlf vkrfnv/ zklfk w|slfdoo| frqwulexwh wr uhhvwdeolvklqj srvlwlyh vnhzqhvv1 Vhfwlrq 6 zloo

suhvhqw d vwrfkdvwlf yhuvlrq ri Wkhruhp 6 zkhuh I� fdq uhpdlq dv vnhzhg dv rqh ghvluhv1 Vhfrqg/ lw

pd| lq idfw qrw eh qhfhvvdu| wkdw wkh fxwr� |Ws idoo doo wkh zd| ehorz wkh phgldq iru uhglvwulexwlrq

wr eh ghihdwhg1 Hyhq lq wkh prvw ghyhorshg ghprfudflhv lw lv hpslulfdoo| zhoo grfxphqwhg wkdw

srru lqglylgxdov kdyh orzhu surshqvlwlhv wr yrwh/ frqwulexwh wr srolwlfdo fdpsdljqv/ dqg rwkhuzlvh

sduwlflsdwh lq wkh srolwlfdo surfhvv/ wkdq ulfk rqhv1 Wkh jhqhudo phvvdjh ri rxu uhvxowv fdq wkhq

eh vwdwhg dv iroorzv= wkh pruh frqfdyh wkh wudqvlwlrq ixqfwlrq/ wkh vpdoohu wkh ghsduwxuh iurp wkh

�rqh shuvrq/ rqh yrwh� lghdo qhhgv wr eh iru uhglvwulexwlyh srolflhv wr eh ghihdwhg144

515 Pxowl0Shulrg Uhglvwulexwlrqv

Lq wklv vhfwlrq zh h{dplqh krz wkh ohqjwk ri wkh krul}rq ryhu zklfk wd{hv duh vhw dqg prelolw|

survshfwv hydoxdwhg d�hfwv wkh srolwlfdo vxssruw iru uhglvwulexwlrq1 Zh wkxv pdnh wkh pruh uhdolvwlf

dvvxpswlrq wkdw wkh wd{ vfkhph fkrvhq dw gdwh }hur zloo uhpdlq lq h�hfw gxulqj shulrgv w @ 3> = = = > W>

dqg wkdw djhqwv fduh derxw wkh suhvhqw ydoxh ri wkhlu glvsrvdeoh lqfrph vwuhdp ryhu wklv hqwluh

krul}rq1 Jlyhq d wudqvlwlrq ixqfwlrq i dqg d glvfrxqw idfwru � 5 +3> 4`> djhqw | 5 [ yrwhv iru

�odlvvh}�idluh� ryhu �frpsohwh htxdol}dwlrq� li

A[
|'f

�|i |+|, A
A[
|'f

�|�8|
> +7,

zkhuh zh uhfdoo wkdw i | ghqrwhv wkh w0wk lwhudwh ri i dqg I| � If � i3| lv wkh shulrg w lqfrph

glvwulexwlrq/ zlwk phdq �8|
= Zh vkdoo vhh wkdw wkh edvlf �qglqjv iurp wkh wzr0shulrg dqdo|vlv

fduu| ryhu wr d juhdw h{whqw wr wklv vhwwlqj1

43Wkh vlpsohvw w|sh ri wudqvlwlrq ixqfwlrq zklfk dfklhyhv wklv rxwfrph lv sE+� 
 4�?t+c683 n kE+ 3683��n &c
zkhuh k lv vpdoo hqrxjk dqg & lv dq| frqvwdqw/ zklfk frxog iru lqvwdqfh eh fkrvhq vr dv wr hqvxuh wkdw >84

' >83
�

Iru ghwdlov vhh wkh surri lq wkh dsshqgl{/ zklfk dovr vkrzv wkdw Wkhruhp 6 �olnh hyhu| rwkhu uhvxow lq wkh sdshu
frqfhuqlqj phgldq lqfrph 683� krogv lq idfw iru dq| duelwudu| lqfrph fxwr� ehorz >83

�
44 Lq wkh ghwhuplqlvwlf fdvh wkh plqlpxp eldv uhtxluhg ydulhv prqrwrqlfdoo| zlwk wkh vnhzqhvv ri 8�c dv vhhq deryh1

Lq wkh vwrfkdvwlf fdvh wkh| qhhg qrw eh uhodwhg/ vr wkdw wkh �odlvvh}0idluh� srolf| fdq eh wkh shuihfwo| ghprfudwlf
rxwfrph ri wkh hohfwlrq hyhq zlwk 684 	 >84

c l1h1 zlwk 8� M 5n� Wkh srolwlfdo surfhvv frxog hyhq eh eldvhg wrzdugv

wkh srru/ udwkhu wkdq wkh ulfk/ zlwkrxw d�hfwlqj wkh uhvxow> vhh wkh surri ri Wkhruhp 81

:



Iluvw/ wkhuh djdlq h{lvwv d xqltxh wlsslqj srlqw |Ws +W , vxfk wkdw doo djhqwv zlwk lqlwldo lqfrph

ohvv wkdq |Ws +W , yrwh iru ��> zkloh doo wkrvh ulfkhu wkdq |Ws +W , yrwh iru �f= Zkhq yrwhuv rqo| frqvlghu

fxuuhqw lqfrphv/ ru zkhq wkh srolf| kdv qr odvwlqj h�hfwv/ lw frlqflghv zlwk wkh phdq= |Ws +3, @ �8f
1

Zkhq ixwxuh lqfrphv duh idfwruhg lq/ krzhyhu/ wkh frdolwlrq lq idyru ri �odlvvh}0idluh� h{sdqgv=

|Ws +W , ? �8f
iru W � 4= Lq idfw/ wkh pruh iduvljkwhg yrwhuv duh/ ru wkh orqjhu wkh gxudwlrq ri wkh

sursrvhg wd{ vfkhph/ wkh ohvv vxssruw iru uhglvwulexwlrq wkhuh zloo eh= |Ws +W, lv d vwulfwo| ghfuhdvlqj

ixqfwlrq ri W= Wkh lqwxlwlrq lv yhu| vlpsoh/ dqg uhodwhg wr Sursrvlwlrq 5= zkhq iruhfdvwlqj lqfrphv

ixuwkhu lqwr wkh ixwxuh/ wkh rqh�vwhs wudqvlwlrq i jhwv frpsrxqghg lqwr i2> = = = > iA > hwf1/ dqg hdfk

ri wkhvh ixqfwlrqv lv pruh frqfdyh wkdq lwv suhghfhvvru1

Vhfrqg/ zkhwkhu ru qrw wkh lqfuhdvh lq wkh yrwh iru �f lv hqrxjk wr hqvxuh lwv ylfwru| ryhu �� lq

wkh hohfwlrq ghshqgv rq wkh sduwlfxodu irupv ri i> I / rq wkh ghjuhh ri iruzdug�orrnlqj/ dqg rq wkh

vshfl�fv ri wkh srolwlfdo v|vwhp +h1j1/ uhodwlyh surshqvlwlhv wr yrwh ri wkh gl�huhqw lqfrph fodvvhv,1

Zlwk vwdqgdug pdmrulw| yrwlqj/ iru lqvwdqfh/ d jhqhudol}dwlrq ri Wkhruhp 6 fdq eh hvwdeolvkhg/

surylghg ri frxuvh wkdw djhqwv fduh hqrxjk derxw ixwxuh lqfrphv1

Wkhruhp 7 Ohw I 5 In dqg � 5 +3> 4`=

+d, Iru doo i 5 W > wkh orqjhu lv wkh krul}rq W / wkh odujhu lv wkh vkduh ri wkh yrwhv wkdw jr wr �f=

+e, Iru doo � dqg W odujh hqrxjk/ wkhuh h{lvwv dq i 5 W vxfk wkdw �f wlhv zlwk �� xqghu sdluzlvh

pdmrulw| yrwlqj1 Pruhryhu/ �f ehdwv �� li wkh gxudwlrq ri wkh uhglvwulexwlrq vfkhph lv h{whqghg

eh|rqg W / dqg lv ehdwhq e| �� li wklv gxudwlrq lv uhgxfhg ehorz W=

Vlpso| sxw/ orqjhu krul}rqv pdjqli| wkh vwuhqjwk ri wkh �survshfw ri xszdug prelolw|� h�hfw145

Ilqdoo|/ qrwh wkdw uhod{lqj wkh dvvxpswlrq ri frqvwdqw pdujlqdo xwlolw| iru prqh| grhv qrw dowhu

wkh uhvxowv1 Li lqglylgxdov kdyh dffhvv wr shuihfw fuhglw pdunhwv/ wkhlu olihwlph xwlolw| uhpdlqv dq

lqfuhdvlqj ixqfwlrq ri wkh suhvhqw glvfrxqwhg ydoxh ri wkhlu qhw lqfrphv/ vr qrwklqj fkdqjhv1 Hyhq

zkhq wkhuh duh qr vxfk eruurzlqj dqg ohqglqj rssruwxqlwlhv/ vr wkdw djhqwv pxvw frqvxph wkhlu

glvsrvdeoh lqfrph lq hdfk shulrg/ wkh uhvxowv uhpdlq= Wkhruhp 7 hdvlo| h{whqgv wr wkh fdvh ri djhqwv

zkr yrwh iru �f ryhu �� zkhqhyhu
SA

|'f �
|X+i |+|,, A

SA
|'f �

|X+�8|
,> jlyhq dq| frqwlqxrxv dqg

vwulfwo| lqfuhdvlqj xwlolw| ixqfwlrq X rq [= Lq wkh suhvhqfh ri xqlqvxudeoh xqfhuwdlqw| ryhu ixwxuh

lqfrphv/ krzhyhu/ zh vkdoo vhh wkdw ulvn dyhuvlrq grhv frpsolfdwh pdwwhuv e| fuhdwlqj d ghpdqg

iru uhglvwulexwlrq iru lqvxudqfh sxusrvhv1 Wklv vhfrqg h�hfw zrunv lq wkh rssrvlwh gluhfwlrq ri wkh

SRXP k|srwkhvlv1

45Wkh uhdvrq zk| B dqg A pxvw eh odujh hqrxjk lq sduw +e, ri Wkhruhp 7 lv wkdw uhglvwulexwlrq lv qrz dvvxphg
wr eh lpsohphqwhg uljkw dzd|/ vwduwlqj lq shulrg f� Li lw wdnhv h�hfw rqo| lq shulrg �c dv lq wkh suhylrxv vhfwlrq/ wkh
uhvxowv dsso| iru doo B dqg A D �� Lq hlwkhu fdvh/ wkh vdph fdyhdw glvfxvvhg iroorzlqj Wkhruhp 6 qrz dssolhv wr wkh
vnhzqhvv ri wkh whuplqdo glvwulexwlrq 8A c lq wkh devhqfh ri lglrv|qfudwlf vkrfnv1

;



6 Lqfrph G|qdplfv dqg Yrwlqj xqghu Xqfhuwdlqw|

614 Vwrfkdvwlf Lqfrph Surfhvvhv

Wkh dvvxpswlrq wkdw lqglylgxdov nqrz wkhlu ixwxuh lqfrphv zlwk fhuwdlqw| lv reylrxvo| xquhdolvwlf1

Pruhryhu/ lq wkh devhqfh ri lglrv|qfudwlf vkrfnv wkh furvv0vhfwlrqdo glvwulexwlrq frqyhujhv ryhu wlph

wr d vlqjoh pdvv0srlqw1 Lq wklv vhfwlrq zh wkhuhiruh h{whqg wkh dqdo|vlv wr wkh vwrfkdvwlf fdvh/ zkloh

pdlqwdlqlqj ulvn�qhxwudolw|1 Wkh uroh ri lqvxudqfh zloo eh frqvlghuhg odwhu rq1

Zh vkdoo qrz lghqwli| hdfk lqglylgxdo e| dq lqgh{ l 5 ^3> 4`/ dqg ghqrwh khu hqgrzphqw dw gdwh w

e| |�|= Wkh hyroxwlrq ri |�| lv ghwhuplqhg e| d vwrfkdvwlf wudqvlwlrq ixqfwlrq i> zkrvh surshuwlhv

duh glvfxvvhg ehorz/ dqg d udqgrp vkrfn ��
|n� zkrvh uhdol}dwlrq lv ghqrwhg ��|n�=

|�|n� @ i+|�|> �
�
|n�,> w @ 3> ===> W � 4= +8,

Zh uhtxluh wkdw wkh udqgrp yduldeohv ��
|/ +l> w, 5 ^3> 4` � i4> = = = > Wj> doo kdyh d frpprq sured0

elolw| glvwulexwlrq ixqfwlrq S> zlwk vxssruw 
= Wklv phdqv wkdw hyhu|rqh idfhv wkh vdph xqfhuwdlq

hqylurqphqw/ zklfk lv vwdwlrqdu| dfurvv shulrgv146 Lw lv lpsruwdqw wr qrwh/ krzhyhu/ wkdw zh sxw

qr uhvwulfwlrq rq wkh fruuhodwlrq ri vkrfnv dfurvv lqglylgxdov1 Zh wkxv doorz iru sxuho| djjuhjdwh

vkrfnv +��
| @ ��

| iru doo l> m lq ^3> 4`,/ sxuho| lglrv|qfudwlf vkrfnv +wkh ��
|*v duh lqghshqghqw dfurvv

djhqwv dqg vxp wr }hur,/ dqg doo fdvhv lq ehwzhhq147

Lq wkh ghwhuplqlvwlf fdvh wkh wudqvlwlrq ixqfwlrq zdv wdnhq wr eh frqwlqxrxv/ vwulfwo| lqfuhdvlqj/

dqg frqfdyh +exw qrw d!qh,1 Wkh prvw vwulfw h{whqvlrq ri wkhvh uhtxluhphqwv wr wkh vwrfkdvwlf fdvh

lv wkdw wkh| vkrxog krog zlwk suredelolw| rqh1 Ohw xv wkhuhiruh ghqrwh dv W� wkh vhw ri +S> If,�

phdvxudeoh ixqfwlrqv i = [ �
 $ [ vxfk wkdw Sure^i� m i +� > �, 5 W j` @ 4= Lw lv fohdu wkdw dq| i

lq W� kdv wkh iroorzlqj surshuwlhv=

+l, Wkh h{shfwdwlrq HX^i+| > �,` lv zhoo�gh�qhg rq [> dqg HX^i+� > �,` ehorqjv wr W =

+ll, Ixwxuh lqfrph lqfuhdvhv zlwk fxuuhqw lqfrph/ lq wkh vhqvh ri �uvw�rughu vwrfkdvwlf grplqdqfh=

iru dq| +|> |�, 5 [2> wkh frqglwlrqdo glvwulexwlrq P+|�m |, � Sure+i� 5 
 m i+|> �, � |�j, lv

ghfuhdvlqj lq |> zlwk vwulfw prqrwrqlflw| rq vrph qrq�hpsw| lqwhuydo lq [=

Iru vrph ri rxu sxusrvhv/ wkh uhtxluhphqw wkdw i 5 W� lv wrr vwurqj/ vr zh vkdoo ghyhors rxu

dqdo|vlv iru wkh odujhu vhw ri ++S>If,�phdvxudeoh, ixqfwlrqv iurp [ �
 wr [ zklfk vlpso| vdwlvi|

surshuwlhv +l, dqg +ll,1 Zh ghqrwh lw dv W W
� =

46Wkh �uvw uhtxluhphqw lv rqh ri dqrq|plw|= wzr lqglylgxdov zlwk wkh vdph lqfrph klvwru| kdyh wkh vdph suredelolw|
glvwulexwlrq ryhu ixwxuh hqgrzphqwv1 Wkh vhfrqg lv pdgh rqo| wr vlpsoli| wkh qrwdwlrq> rqh frxog hdvlo| doorz iru
wlph�yduldeoh ru vhuldoo| fruuhodwhg vkrfnv1

47Wkurxjkrxw wkh sdshu zh vkdoo iroorz wkh frpprq sudfwlfh ri ljqrulqj wkh vxewoh pdwkhpdwlfdo sureohpv lqyroyhg
zlwk frqwlqxd ri lqghshqghqw udqgrp yduldeohv/ dqg wkxv wuhdw doo X�

|*v dv mrlqwo| phdvxudeoh/ iru dq| |� Frqvhtxhqwo|/
wkh odz ri odujh qxpehuv dqg Ixelql*v wkhruhp +vzlwfklqj wkh rughu ri grxeoh lqwhjudov, duh dssolhg dv xvxdo1

<



615 Wzr0Shulrg Dqdo|vlv

Zh �uvw uhwxuq wr wkh fdvh zkhuh ulvn�qhxwudo djhqwv yrwh lq shulrg 3 ryhu glvwulexwlqj shulrg 4

lqfrphv1 Djhqw |� 5 [ wkhq suhihuv �f wr �� li dqg rqo| li

HX�

�
i+|�> ��,

�
A H

�
�8�

�
> +9,

zkhuh wkh vxevfulsw�� rq wkh ohiw�kdqg vlgh lqglfdwhv wkdw wkh h{shfwdwlrq lv wdnhq rqo| zlwk uhvshfw

wr ��> iru jlyhq |�= Zkhq vkrfnv duh sxuho| lglrv|qfudwlf/ wkh ixwxuh phdq �8�
lv ghwhuplqlvwlf gxh

wr wkh odz ri odujh qxpehuv> zlwk djjuhjdwh xqfhuwdlqw| lw uhpdlqv d udqgrp yduldeoh1 Lq dq| fdvh/

wkh h{shfwhg phdq lqfrph dw gdwh rqh lv wkh phdq h{shfwhg lqfrph dfurvv lqglylgxdov=

H
�
�8�

�
@ H

�] �

f

i+|� > ��, gm

�
@

] �

f

H^i+|� > ��,` gm @

]
f

HX�

�
i+| > ��,

�
gIf+|,>

e| Ixelql*v wkhruhp1 Wklv lv ohvv wkdq wkh h{shfwhg lqfrph ri dq djhqw zkrvh lqlwldo hqgrzphqw lv

htxdo wr wkh phdq ohyho �8f
/ zkhqhyhu i+|> �, �ru/ pruh jhqhudoo|/ HX� ^i+|> ��,`� lv frqfdyh lq | =

]
f

HX�

�
i+| > ��,

�
gIf+|, ? HX�

�
i+�8f

> ��,
�
= +:,

Frqvhtxhqwo|/ wkhuh pxvw djdlq h{lvw d qrqhpsw| lqwhuydo ^|Ws > �8f
` ri lqfrphv lq zklfk djhqwv zloo

rssrvh uhglvwulexwlrq/ zlwk wkh fxwr� |Ws gh�qhg e|

HX�

�
i+|Ws > �

�,
�
@ H

�
�8�

�
= +;,

Wkh edvlf SRXP uhvxow wkxv krogv iru ulvn�qhxwudo djhqwv zkrvh lqfrphv hyroyh vwrfkdvwlfdoo|1 Wr

h{dplqh zkhwkhu dq dssursuldwh irup ri frqfdylw| vwloo d�hfwv wkh fxwr� prqrwrqlfdoo|/ dqg zkhwkhu

hqrxjk ri lw fdq vwloo fdxvh �f wr ehdw �� xqghu pdmrulw| yrwlqj/ revhuyh wkdw wkh lqhtxdolw| lq +:,

lqyroyhv rqo| wkh h{shfwhg wudqvlwlrq ixqfwlrq HX� ^i+|> ��,`> udwkhu wkdq i lwvhoi1 Wklv ohdgv xv

wr uhsodfh wkh �pruh frqfdyh wkdq� uhodwlrq zlwk d �pruh frqfdyh lq h{shfwdwlrq wkdq� uhodwlrq1

Jlyhq dq| suredelolw| glvwulexwlrq S> zh gh�qh wklv rughulqj rq wkh fodvv W W
� dv

i "� j li dqg rqo| li HX^i+� > �,` " HX^j+� > �,`>

zkhuh � lv dq| udqgrp yduldeoh zlwk glvwulexwlrq S=48 Lw lv hdvlo| vkrzq wkdw i "� j lpsolhv

|Ws ? |W} = Lq idfw/ pdnlqj i frqfdyh hqrxjk lq h{shfwdwlrq zloo/ dv ehiruh/ gulyh wkh fxwr� |Ws ehorz

wkh phgldq p8f
> ru hyhq ehorz dq| fkrvhq lqfrph ohyho1 Pruhryhu/ vlqfh wklv frqglwlrq ehduv rqo|

rq wkh phdq ri wkh udqgrp ixqfwlrq i+� > �,> lw sxwv hvvhqwldoo| qr uhvwulfwlrq rq wkh vnhzqhvv ri wkh

shulrg 4 lqfrph glvwulexwlrq I�> lq vkdus frqwudvw wr zkdw rffxuuhg lq wkh ghwhuplqlvwlf fdvh1 Iru

lqvwdqfh/ d vx!flhqwo| vnhzhg glvwulexwlrq ri vkrfnv zloo hqvxuh wkdw I� 5 In zlwkrxw d�hfwlqj wkh

48 Lqwhuhvwlqjo|/ 7 dqg 7� duh orjlfdoo| lqghshqghqw rughulqjv1 Hyhq li wkhuh h{lvwv vrph � M 9 vxfk wkdw sEuc w� '
�E}Euc w�� iru doo wc lw qhhg qrw eh wkdw s 7� }�
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fxwr� |Ws = Frpelqlqj d irupdo surri ri wklv fodlp zlwk wkh prqrwrqlflw| ri wkh fxwr�/ zh hvwdeolvk

d vwrfkdvwlf jhqhudol}dwlrq ri Wkhruhp 61

Wkhruhp 8 Iru dq| If 5 In dqg dq| � 5 +3> 4,> wkhuh h{lvwv d suredelolw| glvwulexwlrq S dqg dq

i 5 W W
� vxfk wkdw I�+�8�

, � � dqg/ xqghu sdluzlvh pdmrulw| yrwlqj/ �f ehdwv �� iru doo wudqvlwlrq

ixqfwlrqv lq W W
� wkdw duh pruh frqfdyh wkdq i lq h{shfwdwlrq/ zkloh �� ehdwv �f iru doo wkrvh wkdw

duh ohvv frqfdyh wkdq i lq h{shfwdwlrq1

Wkxv/ rqfh udqgrp vkrfnv duh lqfrusrudwhg zh uhdfk hvvhqwldoo| wkh vdph frqfoxvlrqv dv lq

Vhfwlrq 5/ exw zlwk pxfk juhdwhu uhdolvp1 Frqfdylw| ri HX^i+� > �,` lv qhfhvvdu| dqg vx!flhqw iru

wkh srolwlfdo vxssruw ehklqg wkh �odlvvh}0idluh� srolf| wr lqfuhdvh zkhq lqglylgxdov* yrwlqj ehkdylru

wdnhv lqwr dffrxqw wkhlu ixwxuh lqfrph survshfwv1 Li i lv frqfdyh hqrxjk lq h{shfwdwlrq/ wkhq �f

fdq hyhq eh wkh suhihuuhg srolf| ri d pdmrulw| ri yrwhuv1

616 Vwhdg|�Vwdwh Glvwulexwlrqv

Wkh suhvhqfh ri lglrv|qfudwlf xqfhuwdlqw| lv qrw rqo| uhdolvwlf/ exw dovr uhtxluhg wr hqvxuh d qrq�

ghjhqhudwh orqj�uxq lqfrph glvwulexwlrq1 Wklv/ lq wxuq/ lv hvvhqwldo wr vkrz wkdw rxu suhylrxv

�qglqjv ghvfuleh qrw mxvw wudqvlwru|/ vkruw0uxq h�hfwv/ exw vwdeoh/ shupdqhqw rqhv dv zhoo1

Ohw S eh d suredelolw| glvwulexwlrq ri lglrv|qfudwlf vkrfnv dqg i d wudqvlwlrq ixqfwlrq lq W W
� 1

Dq lqyduldqw ru vwhdg|�vwdwh glvwulexwlrq ri wklv vwrfkdvwlf surfhvv lv dq I 5 I +qrw qhfhvvdulo|

srvlwlyho| vnhzhg, vxfk wkdw

I +|, @

]
l

]
f

4tsE%cw�$+� gI +{, gS +�, iru doo | 5 [>

zkhuh 4tu� ghqrwhv wkh lqglfdwru ixqfwlrq1 Vlqfh wkh edvlf uhvxow wkdw wkh frdolwlrq rssrvhg wr odvwlqj

uhglvwulexwlrqv lqfoxghv djhqwv srruhu wkdq wkh phdq krogv iru doo glvwulexwlrqv lq I/ lw dssolhv wr

lqyduldqw rqhv lq sduwlfxodu= wkxv |Wsc8 ? �8 =
49 Wklv eulqjv xv edfn wr wkh sx}}oh phqwlrqhg lq

wkh lqwurgxfwlrq1 Krz fdq wkhuh eh d vwdwlrqdu| glvwulexwlrq I zkhuh d srvlwlyh iudfwlrq ri djhqwv

ehorz wkh phdq �8 kdyh h{shfwhg lqfrphv juhdwhu wkdq �8 > dv gr doo wkrvh zkr vwduw deryh wklv

phdq/ jlyhq wkdw wkh qxpehu ri shrsoh rq hlwkhu vlgh ri �8 pxvw uhpdlq lqyduldqw ryhu wlphB Wkh

dqvzhu lv wkdw hyhq wkrxjk hyhu|rqh pdnhv xqeldvhg iruhfdvwv/ wkh qxpehu ri djhqwv zlwk h{shfwhg

lqfrph deryh wkh phdq/ 4�I +|Wsc8 ,> vwulfwo| h{fhhgv wkh qxpehu zkr dfwxdoo| hqg xs zlwk uhdol}hg

lqfrphv deryh wkh phdq/ 4�I +�8 ,> zkhqhyhu i lv frqfdyh lq h{shfwdwlrq1 Wklv uhvxow lv dssduhqw

rq Iljxuh 5/ zklfk surylghv dgglwlrqdo lqwxlwlrq e| sorwwlqj hdfk djhqw*v h{shfwhg lqfrph sdwk/

H
�
|�| m |

�
f

�
= Lq wkh orqj uxq hyhu|rqh*v h{shfwhg lqfrph frqyhujhv wr wkh srsxodwlrq phdq �8 > exw

49Zkloh frqfdylw| ri ,XdsEu( X�o lv vwloo d vx!flhqw frqglwlrq/ lw lv qr orqjhu d qhfhvvdu| rqh li wkh lqhtxdolw|
+Wsc8 	 >8 lv uhtxluhg wr krog rqo| iru wkh vwhdg|�vwdwh glvwulexwlrq+v, 8 lqgxfhg e| s dqg �c udwkhu wkdq iru doo
lqlwldo glvwulexwlrqv1 Exw hyhq wkhq/ vrph irup ri frqfdylw| �rq dyhudjh� lv vwloo uhtxluhg/ vr wr vshdn= li ,XdsEu( X�o
zhuh olqhdu ru frqyh{/ zh zrxog kdyh +Wsc8 D >8 iru doo glvwulexwlrqv/ lqfoxglqj vwdwlrqdu| rqhv1
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wklv frqyhujhqfh lv qrq�prqrwrqlf iru doo lqlwldo hqgrzphqwv lq vrph lqwhuydo +|
8
> �|8 , durxqg �8 =

Lq sduwlfxodu/ iru |�f 5 +|
8
> �8 , h{shfwhg lqfrph �uvw furvvhv wkh phdq iurp ehorz/ wkhq frqyhujhv

edfn wr lw iurp deryh1 Zkloh vxfk qrq0prqrwrqlflw| pd| vhhp vxusulvlqj dw �uvw/ lw iroorzv iurp

rxu uhvxowv wkdw doo frqfdyh +h{shfwhg, wudqvlwlrq ixqfwlrqv pxvw kdyh wklv ihdwxuh1

Wklv vwloo ohdyhv xv zlwk rqh ri wkh prvw lqwhuhvwlqj txhvwlrqv= fdq rqh �qg lqfrph surfhvvhv

zkrvh vwdwlrqdu| glvwulexwlrq lv srvlwlyho| vnhzhg/ exw zkhuh d vwulfw pdmrulw| ri wkh srsxodwlrq

qrqhwkhohvv rssrvhv uhglvwulexwlrqB Wkh dqvzhu lv d!updwlyh/ dv zh vkdoo ghprqvwudwh wkurxjk d

vlpsoh Pdunryldq h{dpsoh1 Ohw lqfrph wdnh rqh ri wkuhh ydoxhv= [ @ id�> d2> d�j> zlwk d� ? d2 ?

d�= Wkh wudqvlwlrq suredelolwlhv ehwzhhq wkhvh vwdwhv duh lqghshqghqw dfurvv djhqwv/ dqg jlyhq e|

wkh Pdunry pdwul{=

P @

5
97

4� u u 3

sv 4� v +4� s,v

3 t 4� t

6
:8 > +<,

zkhuh +s> t> u> v, 5 +3> 4,e14: Zh uhtxluh wkdw wkh frqglwlrqdo glvwulexwlrq ri qh{w shulrg*v lqfrph

|�|n� eh vwrfkdvwlfdoo| lqfuhdvlqj lq fxuuhqw lqfrph |�|=
4; Lw lv hdvlo| fkhfnhg wkdw wklv krogv li dqg

rqo| li

v ? plq

�
4� u

s
>
4� t

4� s

�
= +43,

H{shfwhg lqfrph H
�
|�|n� m |

�
|

�
lv wkhq vwulfwo| lqfuhdvlqj lq fxuuhqw lqfrph |�|> lwv frqfdylw| zloo

iroorz iurp d vwurqjhu uhtxluhphqw lpsrvhg ehorz1 Zh qrz wxuq wr wkh vwhdg|�vwdwh surshuwlhv

ri wklv hfrqrp|1 Wkh lqyduldqw lqfrph glvwulexwlrq lqgxfhg e| P ryhu id�> d2> d�j lv wkh xqltxh

suredelolw| yhfwru � wkdw vroyhv �P @ �/ qdpho|/

�� @
stv

u+4� s,v. t+u . sv,
> �2 @

tu

u+4� s,v. t+u. sv,
dqg �� @ 4� �� � �2= +44,

Wkh fruuhvsrqglqj phdq lqfrph lv � @ ��d� . �2d2 . +4 � �� � �2,d�= Wkh phgldq lqfrph lv d2

surylghg wkdw �� ? 4@5 ? �� . �2> wkdw lv/

v ?
ut

mts� u+4� s,m
= +45,

Djhqwv zlwk |�| @ d2 +khqfh/ d iruwlrul/ wkrvh zlwk |�| @ d�, zloo rssrvh uhglvwulexwlrq ri wlph

4: Lq wkh irupdolvp ri rxu jhqhudo prgho/ wkh udqgrp yduldeoh X lv wkuhh0glphqvlrqdo= X 
 EX�cX2cX��c zkhuh wkh
suredelolw| glvwulexwlrq ri X� ryhu t@�c @2c @�� lv jlyhq e| wkh �0wk urz ri �c � ' �c � � � c �� Wkh wudqvlwlrq ixqfwlrq lv
wkhq/ vlpso|= sE+cX� ' �t+'@4�X� n �t+'@5�X2 n �t+'@6�X�� Wkh rqo| +plqru, gl�huhqfh lq wklv irupxodwlrq lv wkh
uhvwulfwlrq wr d glvfuhwh vxssruw1

4;Sxw gl�huhqwo|/ zh srvlw wkdw � ' d6&,o�f� eh d prqrwrqh wudqvlwlrq pdwul{ e| uhtxlulqj urz & n � ri � wr
vwrfkdvwlfdoo| grplqdwh urz &c l1h1/ 6�� D62� D 6�� dqg 6�� n6�2 D 62� n622 D6�� n6�2� Prqrwrqh Pdunry
fkdlqv duh lqwurgxfhg e| Nhlovrq dqg Nhwvhu +4<::,/ dqg dssolhg wr wkh dqdo|vlv ri lqfrph prelolw| e| Frqolvn +4<<3,
dqg Gdugdqrql +4<<6,1
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w . 4 lqfrphv li dqg rqo| li H
�
|�|n� m |

�
| @ d2

�
A �= Rqh fdq vkrz wkdw wklv frqglwlrq krogv iru doo

d� ? d2 ? d� zkhq
4<

u+4� t,

u+4� s, . ts
� v ?

t+4� u,

u+4� s, . ts
= +46,

Wkh hqwluh vhw ri uhtxluhphqwv rq v fdq wkxv eh vxppdul}hg dv=

v �
u+4� t,

u+4� s, . ts
? v ? plq

�
4� u

s
>
4� t

4� s
>

t+4� u,

u+4� s, . ts
>

ut

mts� u+4� s,m

�
� �v= +47,

Rqh hdvlo| yhul�hv wkdw v ? �v li dqg rqo| li u ? t dqg

4� 5t ? plq

�
u+4� s,

st
>

st

u+4� s,

�
> +48,

zklfk krogv iru doo t A pd{iu> 4@5j= Lw wkhq vx!fhv wr fkrvh dq| v lq +v> �v, iru doo wkh ghvluhg

frqglwlrqv wr krog/ lqghshqghqwo| ri +d�> d2> d�,= Wkh �qdo uhtxluhphqw lv wkdw wkh vwdwlrqdu| lqfrph

glvwulexwlrq eh srvlwlyho| vnhzhg= � A d2> ru htxlydohqwo|

d� � d2
d2 � d�

A
st

u+4� s,
= +49,

Lq frqfoxvlrq/ wkhuh lv d zlgh vhw ri sdudphwhuv +s> t> u> v> d�> d2> d�, iru zklfk wkh vwhdg|�vwdwh ri

wklv hfrqrp| kdv doo wkh ghvluhg surshuwlhv153 Lq sduwlfxodu/ ryhu kdoi ri wkh srsxodwlrq lv dozd|v

srruhu wkdq dyhudjh/ exw ryhu kdoi ri wkh srsxodwlrq dozd|v kdv h{shfwhg lqfrph deryh dyhudjh1 Sxw

gl�huhqwo|/ wkh glvwulexwlrq ri h{shfwhg lqfrphv lv qhjdwlyho| vnhzhg hyhq wkrxjk wkh glvwulexwlrq

ri dfwxdo lqfrphv lv srvlwlyho| vnhzhg dqg hyhu| rqh kdv udwlrqdo h{shfwdwlrqv1 Exw/ rqh pljkw dvn/

lv vxfk d surfhvv hpslulfdoo| sodxvleohB

Lw lv dfwxdoo| qrw gl!fxow wr �qg d vshfl�fdwlrq zklfk pdwfkhv wkh eurdg idfwv ri wkh XV lqfrph

glvwulexwlrq �vd|/ lq wkh 4<<3 Fhqvxv� dqg lwv lqwhujhqhudwlrqdo shuvlvwhqfh1 Ohw s @ =88/ t @ =9/

u @ =8/ dqg v @ =:> ohdglqj wr wkh vwdwlrqdu| glvwulexwlrq +��> �2> ��, @ +=66> =77> =56,= Khqfh/ zkloh

9:( ri wkh srsxodwlrq kdv h{shfwhg lqfrph deryh wkh phdq/ lq hdfk shulrg rqo| 56( dfwxdoo|

hqg xs zlwk uhdol}hg lqfrphv deryh wkh phdq154 Fkrrvlqj +d�> d2> d�, @ +49333> 69333> <4333,> zh

rewdlq d udwkhu uhpdundeoh �w zlwk wkh gdwd/ hvshfldoo| lq oljkw ri wkh prgho*v vlpsolflw|1

4<Wr vhh wklv/ qrwh wkdw b@ n b�K : f krogv iru doo f 	 @ 	 K li dqg rqo| li b� D f dqg b n b� : f� Vlqfh
,
�
+�
|n� � +

�
| ' @2

�
3>' E�3r3Z2�E@23@��nEE�3R�r3E�3Z�3Z2��E@�3@��c wkh lqhtxdolw| ,

�
+�
|n� � +

�
| ' @2

�
: >

wkhuhiruh krogv iru doo @� 	 @2 	 @� zkhqhyhu E�3R�r D �3Z� 3Z2 dqg �3Rr : �3Z�� Frqglwlrq +46, iroorzv iurp
wklv revhuydwlrq1

53Wkh uhtxluhphqw wkdw ,
�
+�|n� � +

�
| ' @2

�
: > : @2 dxwrpdwlfdoo| lpsolhv wkdw wkh frqglwlrqdo h{shfwdwlrq }E+� 


,
�
+�
|n� � +

�
| ' +

�
' ,X dsE+( X�o lv vwulfwo| frqfdyh lq + +khqfh s M 9 �

� �� Wklv fdq eh yhul�hg e| gluhfw frpsxwdwlrq/
ru pruh vlpso| e| revhuylqj wkdw wkh vwulfwo| lqfuhdvlqj/ slhfh�zlvh olqhdu ixqfwlrq gh�qhg rq d@�c @�o e| olqhduo|
lqwhusrodwlqj } ehwzhhq E@�c }E@���c E@2c }E@2�� dqg E@�c }E@��� lv/ qhfhvvdulo|/ hlwkhu frqfdyh ru frqyh{1 Li lw zhuh
frqyh{ wklv zrxog lpso|= }E@2� 	 }E>� ' }EP�

�'�Z� @�� $ P�
�'�Z� }E@�� ' >c d frqwudglfwlrq1

54 Lq dgglwlrq zh dovr yhuli|/ qxphulfdoo|/ wkdw wkh plggoh fodvv kdv h{shfwhg lqfrph deryh wkh phdq qrw mxvw lq wkh
qh{w shulrg/ exw lq doo ixwxuh shulrgv1
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Gdwd +4<<3 , Prgho

Phgldq idplo| lqfrph ' 68/686 69> 333

Phdq idplo| lqfrph ' 75/985 74> ;:5

Vwdqgdug ghyldwlrq ri idplo| lqfrphv ' 5</536 5;> 46;

Vkduh ri erwwrp 426 ( 44195 45=94

Vkduh ri erwwrp 627 ^::(` ( 85156 83=77

Vkduh ri wrs 427 ^56(` ( 7:1:: 7<=89

Lqwhujhqhudwlrqdo fruuhodwlrq ri orj�lqfrphv 3=7 wr 3=8 = 78=

Wdeoh 4= Glvwulexwlrq dqg Shuvlvwhqfh ri Lqfrph lq wkh Xqlwhg Vwdwhv 55

Wkh uhvxowlqj lqfrph surfhvv dovr kdv pruh shuvlvwhqfh iru wkh orzhu dqg xsshu lqfrph jurxsv

wkdq iru wkh plggoh fodvv/ zklfk lv frqvlvwhqw zlwk wkh �qglqjv ri Frrshu/ Gxuodxi dqg Mrkqvrq

+4<<7,1 Exw prvw vwulnlqj lv lwv pdlq srolwlfdo lpsolfdwlrq= d wzr�wklugv pdmrulw| ri yrwhuv zloo

vxssruw d srolf| ru frqvwlwxwlrq ghvljqhg wr lpsohphqw d }hur wd{ udwh iru doo ixwxuh jhqhudwlrqv/

hyhq wkrxjk=

+d, qr ghdgzhljkw orvv frqfhuq hqwhuv lqwr yrwhuv* fdofxodwlrqv>

+e, wkuhh txduwhuv ri wkh srsxodwlrq lv dozd|v srruhu wkdq dyhudjh>

+f, prvw ri wkh phpehuv ri wkh �odlvvh}�idluh� frdolwlrq +�2@+�2.��, @ 99( ri wkhp, duh ehorz

phdq lqfrph/ dqg nqrz wkdw wkhlu fkloguhq duh irxu wlphv pruh olnho| wkdq qrw wr hqg xs lq wkdw

vdph vlwxdwlrq/ zkhuh wkh| zrxog ehqh�w iurp uhglvwulexwlrq1

617 Pxowl�Shulrg Uhglvwulexwlrqv

Zh qrz h{whqg wkh dqdo|vlv ri wkh jhqhudo prgho wr pxowl�shulrg uhglvwulexwlrqv xqghu xqfhuwdlqw|/

pdlqwdlqlqj wkh dvvxpswlrq ri ulvn�qhxwudolw| +ru frpsohwh pdunhwv,1 Wkxv/ djhqwv fduh derxw wkh

h{shfwhg suhvhqw ydoxh ri wkhlu qhw lqfrph ryhu wkh W . 4 shulrgv gxulqj zklfk wkh fkrvhq wd{

vfkhph lv wr uhpdlq lq sodfh1 Iru dq| lqglylgxdo l> zh ghqrwh e| ��
| � +��

�> ===>�
�
|, wkh udqgrp

vhtxhqfh ri vkrfnv zklfk vkh uhfhlyhv xs wr gdwh w> dqg e| ��| � +���> ===> �
�
|, d vdpsoh uhdol}dwlrq1

Jlyhq d rqh�vwhs wudqvlwlrq ixqfwlrq i 5 W� / khu lqfrph lq shulrg w lv=

|�| @ i+===> i+i+|�f> �
�
�,> �

�
2,> ===> �

�
|, � i |+|�f> �

�
|,> w @ 4> ===> W> +4:,

zkhuh i |+|�f> �
�
|, qrz ghqrwhv wkh w�vwhs wudqvlwlrq ixqfwlrq1 Xqghu �odlvvh}0idluh/� wkh h{shfwhg

suhvhqw ydoxh ri wklv lqfrph vwuhdp ryhu wkh srolwlfdo krul}rq lv=

55Vrxufhv= phgldq dqg phdq lqfrph duh iurp wkh 4<<3 XV Fhqvxv +Wdeoh I08,1 Wkh vkduhv suhvhqwhg khuh duh
rewdlqhg e| olqhdu lqwhusrodwlrq iurp wkh vkduhv ri wkh �yh txlqwlohv +uhvshfwlyho| 719/ 431;/ 4919/ 561;/ dqg 7716
shufhqw, jlyhq iru 4<<3 e| wkh XV Fhqvxv Exuhdx +Lqfrph Lqhtxdolw| Wdeoh 4,1 Wkh yduldqfh lv frpsxwhg iurp wkh
dyhudjh lqfrph ohyhov ri hdfk txlqwloh lq 4<<3 +Wdeoh I�6,1 Hvwlpdwhv ri wkh lqwhujhqhudwlrqdo fruuhodwlrq iurp SVLG
ru QOV gdwd duh surylghg e| Vrorq +4<<5,/ ]lpphupdq/ +4<<5, dqg Pxooljdq +4<<8,1 Frrshu/ Gxuodxi dqg Mrkqvrq
+4<<7, doorz iru qrq�olqhdulwlhv lq wkh wudqvplvvlrq surfhvv/ dqg �qg shuvlvwhqfh wr eh d X�vkdshg ixqfwlrq ri lqlwldo
lqfrph1
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Y A +|�f, � HX�
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|'f
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�
f
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A[
|'f

�|HX�
|
i |+|> ��

|, @
A[
|'f

�|HX|
i |+|> �|,>

zkhuh zh vxssuhvvhg wkh lqgh{ l rq wkh udqgrp yduldeohv ��
| vlqfh wkh| doo kdyh wkh vdph suredelolw|

glvwulexwlrq S |+�|, @
T|

&'� S +�&, rq 
|= Xqghu wkh srolf| ��> rq wkh rwkhu kdqg/ djhqw l*v h{shfwhg

lqfrph dw hdfk w lv wkh h{shfwhg phdq HX|

�
�8|

�
/ zklfk e| Ixelql*v wkhruhp lv dovr wkh phdq

h{shfwhg lqfrph1 Wkh uhvxowlqj sd|r� lv

A[
|'f

�|H^�8|
` @

A[
|'f

�|
�] �

f
H
X�

|

k
i |+|�f> �

�
| ,
l
gm

�
@

A[
|'f

�|
]
f

HX|

�
i |+|> �|,

�
gIf+|, >

vr wkdw djhqw l yrwhv iru �� ryhu �f li dqg rqo| li

Y A +|�f, A

]
f

Y A +|, gIf+|,= +4;,

Lw lv hdvlo| yhul�hg wkdw iru wudqvlwlrq ixqfwlrqv zklfk duh frqfdyh +exw qrw d!qh, lq | zlwk sure0

delolw| rqh/ wkdw lv/ iru i 5 W� / hyhu| ixqfwlrq i |+|> ��|,> w � 4/ lqkhulwv wklv surshuw|1 Qdwxudoo|/ vr

gr wkh zhljkwhg dyhudjh
SA

|'f �
|i |+|> ��|, dqg lwv h{shfwdwlrq Y A +|,> iru W � 4= Khqfh/ lq wklv txlwh

jhqhudo vhwxs/ wkh qrz idploldu uhvxow=

Sursrvlwlrq 9 Ohw If 5 I/ � 5 +3> 4`> W � 4= Iru dq| suredelolw| glvwulexwlrq S dqg dq| wudqvlwlrq

ixqfwlrq i 5 W� / wkhuh h{lvwv d xqltxh |Ws +W , ? �8f
vxfk wkdw doo djhqwv lq ^3> |Ws +W ,, yrwh iru ��

ryhu �f> zkloh doo wkrvh lq +|Ws +W,> 4` yrwh iru �f ryhu ��=

Qrwh wkdw Sursrvlwlrq 9 grhv qrw fryhu wkh odujhu fodvv ri wudqvlwlrq surfhvvhv W W
� gh�qhg

hduolhu/ vlqfh Y A +|, qhhg qrw eh frqfdyh li i lv rqo| frqfdyh lq h{shfwdwlrq1 Iru i 5 W� > fdq rqh

rewdlq d vwurqjhu uhvxow/ vlplodu wr wkdw ri wkh ghwhuplqlvwlf fdvh/ qdpho| wkdw wkh wlsslqj srlqw

ghfuhdvhv dv wkh wlph krul}rq ohqjwkhqvB Zkloh wklv vhhpv txlwh lqwxlwlyh/ dqg zloo lqghhg rffxu

lq wkh �qdwxudo� h{dpsoh ri Vhfwlrq 8/ lw pd| lq idfw qrw krog zlwkrxw uhodwlyho| vwurqj dgglwlrqdo

dvvxpswlrqv1 Whfkqlfdoo| vshdnlqj/ wklv lv ehfdxvh wkh h{shfwdwlrq rshudwru grhv qrw/ lq jhqhudo/

suhvhuyh wkh �pruh frqfdyh wkdq� uhodwlrq1 Rqh lqwhuhvwlqj vx!flhqw frqglwlrq wkdw lqvxuhv wklv

uhvxow lv wkdw wkh w . 4�vwhs wudqvlwlrq ixqfwlrq eh pruh frqfdyh lq h{shfwdwlrq wkdq wkh w�vwhs

wudqvlwlrq ixqfwlrq1

Sursrvlwlrq : Ohw If 5 I/ � 5 +3> 4`> W � 4> dqg ohw S eh d suredelolw| glvwulexwlrq rq 
1 Li/ iru

doo w> i |n�+� > �|n�, "� |n� i |+� > �|,> wkdw lv/

HX�
� � �HX|n�

�
i |n�+� > ��> ===>�|n�,

�
" HX�

� � �HX|

�
i |+� > ��> ===>�|,

�
>

wkhq wkh odujhu wkh srolwlfdo krul}rq W> wkh odujhu wkh vkduh ri wkh yrwhv wkdw jr wr �f=
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Zkhq wkh frqglwlrq krogv/ wkh surri lv dqdorjrxv wr Wkhruhp 7+d,/ dqg vr lv wkh lqwhusuhwdwlrq=

wkh pruh iruzdug�orrnlqj yrwhuv duh/ ru wkh pruh orqj�olyhg wkh wd{ vfkhph lv/ wkh orzhu lv srolwlfdo

vxssruw iru uhglvwulexwlrq1 Dq lpphgldwh dqg xvhixo fruroodu| lv wkdw wklv prqrwrqlflw| krogv zkhq

wkh wudqvlwlrq ixqfwlrq lv ri wkh irup i+|> �, @ |k!+�,> zkhuh � lv dq| qxpehu lq +3> 4, dqg ! fdq

eh dq duelwudu| ixqfwlrq156 Vxfk zloo eh wkh fdvh lq wkh orj�olqhdu h{dpsoh ri Vhfwlrq 81

7 H{whqglqj wkh Edvlf Iudphzrun

714 Wkh H�hfw ri Ulvn�Dyhuvlrq

Zkhq djhqwv duh ulvn�dyhuvh/ wkh idfw wkdw uhglvwulexwlyh srolflhv surylgh lqvxudqfh djdlqvw lglrv|q0

fudwlf vkrfnv lqfuhdvhv wkhlu dwwudfwlyhqhvv/ khqfh wkh euhdgwk ri wkhlu srolwlfdo vxssruw1 Frqvh0

txhqwo|/ wkh fxwr� vhsdudwlqj wkrvh zkr yrwh iru �f iurp wkrvh zkr suhihu �� pd| eh deryh ru ehorz

wkh phdq/ ghshqglqj rq wkh uhodwlyh vwuhqjwk ri wkh �survshfw ri prelolw|� dqg wkh ulvn�dyhuvlrq

h�hfwv1 Zkloh wkh whqvlrq ehwzhhq wkhvh wzr irufhv lv yhu| lqwxlwlyh/ dqg zloo eh pdgh h{solflw lq wkh

qh{w vhfwlrq*v h{dpsoh/ qr jhqhudo fkdudfwhul}dwlrq ri wkh fxwr� lq whupv ri wkh uhodwlyh frqfdylw|

ri wkh wudqvlwlrq dqg xwlolw| ixqfwlrqv fdq eh surylghg1 Wr xqghuvwdqg zk|/ frqvlghu djdlq wkh

vlpsohvw vhwxs zkhuh djhqwv yrwh dw gdwh 3 ryhu wkh wd{ vfkhph iru gdwh 4= Ghqrwlqj e| X wkhlu

xwlolw| ixqfwlrq/ wkh fxwr� idoov ehorz wkh phdq li

HXX +i +H8f
^|`> �,, A X +HXH8f

^i+|> �,`, >

zkhuh H8f
ghqrwhv wkh h{shfwdwlrq zlwk uhvshfw wr wkh lqlwldo glvwulexwlrq If= Revhuyh wkdw i+�> �, 5

W li dqg rqo| li wkh ohiw�kdqg�vlgh lv juhdwhu +iru doo X dqg S , wkdq HX ^X +H8f
^i+|> �,`,` = Exw wkh

frqfdylw| ri X / qdpho| ulvn�dyhuvlrq/ lv htxlydohqw wr wkh idfw wkdw wklv odwwhu h{suhvvlrq lv dovr

vpdoohu wkdq wkh uljkw0kdqg vlgh ri wkh deryh lqhtxdolw|1 Wkh fxuydwxuhv ri wkh wudqvlwlrq dqg

xwlolw| ixqfwlrqv fohduo| zrun lq rssrvlwh gluhfwlrqv/ exw wkh fxwr� lv qrw ghwhuplqhg e| dq| vlpsoh

frpsrvlwh ri wkh wzr1

715 Hqgrjhqrxv Prelolw|

Zkloh zh kdyh irfxvhg rq sxuh hqgrzphqw hfrqrplhv/ wkh SRXP phfkdqlvp uhpdlqv rshudwlyh

zkhq djhqwv pdnh h�ruw dqg vdylqjv ghflvlrqv1 Rqh frpsolfdwlrq wkdw dulvhv zlwk dffxpxodwlrq lv

wkdw wkh wudqvlwlrq ixqfwlrq qrz ghshqgv rq wkh fkrvhq uhglvwulexwlyh srolflhv1 Ixwxuh wd{ udwhv

pdwwhu wkurxjk wkhlu glvlqfhqwlyh h�hfwv rq vdylqjv dqg oderu vxsso|/ zkloh fxuuhqw wd{hv dqg wudqv0

ihuv pdwwhuv zkhq djhqwv xqghuwdnh lqyhvwphqwv vxemhfw wr eruurzlqj frqvwudlqwv +vlqfh glvsrvdeoh

uhvrxufhv wkhq ghwhuplqh wkh ohyho ri lqyhvwphqw/ khqfh ixwxuh hduqlqjv,1 Eìqderx +4<<9/ 4<<:,

ghyhorsv vxfk d prgho/ doorzlqj dovr iru d frqwlqxrxv srolf| fkrlfh exw xvlqj yhu| vshfl�f ixqfwlrqdo

dqg glvwulexwlrqdo dvvxpswlrqv/ dv lq Vhfwlrq 8 ehorz1 Wkh pdlq gl�huhqfh zlwk wkh hqgrzphqw

56Qrwh wkdw wkh phuh pxowlsolfdwlyh vhsdudelolw| ri s lqwr sE+( w� ' �E+��Ew� lv qrw vx!flhqw wr hqvxuh wkdw wkh
uhtxluhphqw ri Sursrvlwlrq : lv vdwlv�hg1
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hfrqrp| lv wkdw vrfldo prelolw| lv qrz hqgrjhqrxv= lw lqfuhdvhv zlwk wkh surjuhvvlylw| ri uhglv0

wulexwlrq/ zklfk uhod{hv wkh oltxlglw| frqvwudlqwv klqghulqj lqyhvwphqw e| wkh srru1 Wkh ghpdqg

iru uhglvwulexwlrq pd| eh kljkhu ru orzhu/ exw lwv frpsdudwlyh vwdwlfv surshuwlhv zlwk uhvshfw wr

wkh frqfdylw| ri wkh wudqvlwlrq ixqfwlrq +dv uh hfwlqj wkh surgxfwlrq dqg lqyhvwphqw whfkqrorjlhv,/

wkh ohqjwk ri wkh srolwlfdo krul}rq/ dqg djhqwv* ulvn�dyhuvlrq/ duh doo yhu| vlplodu wr wkrvh ghulyhg

khuh157

8 Wkh Orj�Qrupdo Fdvh

Lq wklv vhfwlrq zh frqvlghu d sduwlfxodu vshfl�fdwlrq zklfk |lhogv vlpsoh/ h{solflw vroxwlrqv/ hyhq lq

wkh fdvhv ri ulvn�dyhuvlrq dqg qrq�olqhdu wd{hv zkhuh qr jhqhudo uhvxowv h{lvw1

814 G|qdplfv dqg Glvwulexwlrq ri Lqfrphv

Ohw wkh wudqvlwlrq ixqfwlrq eh orj0olqhdu= i+|> �, @ �|k iru doo | � 3> zlwk � 5 +3> 4, hqvxulqj vwulfw

frqfdylw| lq wkh �uvw dujxphqw1 Lqglylgxdo hqgrzphqwv wkxv hyroyh dffruglqj wr wkh vwrfkdvwlf

surfhvv=

oq |�|n� @ � oq |�| . oq ��|n�> w @ 3> 4> === 1 +4<,

Zh dvvxph wkdw erwk wkh lqlwldo lqfrph ohyhov dqg wkh vkrfnv duh orj0qrupdoo| glvwulexwhg=

oq |�f � Q +pf>�
2
f, dqg oq��

| � Q +�v2@5> v2,= +53,

Qrwlfh wkdw H^��
|` lv qrupdol}hg wr rqh1 Wkh orj�olqhdu vshfl�fdwlrq lv yhu| frpprq lq wkh hpslulfdo

olwhudwxuh rq lqfrph ru zdjh g|qdplfv/ zkhwkhu lqwud0 ru lqwhu0jhqhudwlrqdo1 Pruhryhu/ zlwk orj0

qrupdo vkrfnv wkh furvv0vhfwlrqdo glvwulexwlrq dovr uhpdlqv orj�qrupdo ryhu wlph/ dqg wklv lv txlwh

d jrrg dssur{lpdwlrq wr dfwxdo lqfrph glvwulexwlrqv1 Lw lv fohdu iurp wkh deryh dvvxpswlrqv wkdw

oq |�| � Q +p|>�2
| ,> zlwk wkh phdq dqg yduldqfh jlyhq e| wkh iroorzlqj uhfxuvlrq htxdwlrqv=

p|n� @ �p| � v2@5 dqg �2
|n� @ �2�2

| . v2= +54,

Qrwh wkdw p| lv wkh orjdulwkp ri phgldq lqfrph +p| @ oqp8|,/ zkhuhdv shu fdslwd lqfrph lv jlyhq

e| oq�8|
@ p| .�2

| @5= Iurp +4<, rqh fdq hdvlo| frpsxwh djhqw l*v orj�lqfrph lq shulrg w dv

oq |�| @ �| oq |�f .
|[

&'�

�|3& oq ��& = +55,

Wkhuhiruh/ frqglwlrqdoo| rq lwv lqlwldo ohyho/ |�| lv dovr orj�qrupdoo| glvwulexwhg1 Wdnlqj h{shfwdwlrqv

dqg yduldqfhv lq +55,/ dqg xvlqj wkh uhfxuvlrq rq p| lq +54, wr vlpsoli|/ zh kdyh=

57 Lqwxlwlyho|/ wkh ghpdqg iru fxuuhqw uhglvwulexwlrq whqgv wr lqfuhdvh +ehfdxvh lw doorzv d uhdoorfdwlrq ri lqyhvwphqw
uhvrxufh wrzdugv wkrvh zkr kdyh d kljkhu pdujlqdo surgxfw/ gxh wr wljkwhu oltxlglw| frqvwudlqwv,/ zkloh wkh ghpdqg
iru ixwxuh uhglvwulexwlrq whqgv wr ghfuhdvh +ehfdxvh vdylqjv glvwruwlrqv pd| qrz frpsrxqg wkrvh lq oderu vxsso|,1
Wkh �uvw phfkdqlvp whqgv wr lqfuhdvh wkh jurzwk ri djjuhjdwh lqfrph/ wkh vhfrqg rqh wr uhgxfh lw1

4:



HX�
�
���X�

|

�
oq |�| m|

�
f

�
@ p| . �|

�
oq |�f �pf

�
> +56,

YduX�
�
���X�

|

�
oq |�| m|

�
f

�
@ v2

�
4��2|

4� �2

�
= +57,

Iurp wkhvh prphqwv rqh fdq hdvlo| frpsxwh HX�
����X

�
|

�
+|�|,

b m|�f
�
> iru dq| ydoxh ri �= Zh vkdoo pdnh

uhshdwhg xvh ri wklv uhvxow lq zkdw iroorzv1

815 Ulvn�Qhxwudo Djhqwv

Zh ehjlq rqfh djdlq zlwk wkh fdvh zkhuh ulvn�qhxwudo djhqwv yrwh lq shulrg }hur ryhu wkh olqhdu wd{

udwh wr eh lpsohphqwhg dw gdwh w= Djhqw l wkxv vxssruwv uhglvwulexwlrq zkhq HX�
����X

�
|

�
|�| m|

�
f

�
? �8|

1

Sursrvlwlrq ; Wkh wlsslqj srlqw iru ulvn�qhxwudo djhqwv zkr yrwh ryhu olqhdu wd{ vfkhgxohv wr eh

lpsohphqwhg lq shulrg w lv=

oq |Ws | @ oq�8f
� +4� �|,

�2
f

5
=

Wklv uhvxow fohduo| vkrzv krz srolwlfdo vxssruw iru uhglvwulexwlrq ghfolqhv dv wkh krul}rq ohqjwk0

hqv/ iurp wkh phdq ri lqlwldo lqfrph �8f
lq wkh vwdqgdug fdvh ri yrwlqj ryhu fxuuhqw wd{hv/ wr wkh

phgldq lq wkh olplwlqj fdvh zkhuh w whqgv wr lq�qlw|1 Iru d orqj hqrxjk krul}rq/ ru d kljk hqrxjk

glvfrxqw idfwru � zkhq djhqwv fduh derxw h{shfwhg suhvhqw ydoxhv/ uhglvwulexwlrq fdq wkhuhiruh

eh eorfnhg e| duelwudulo| vpdoo ghyldwlrqv iurp shuihfw ghprfudf|158 Lq frqwudvw wr wkh Pdunry

h{dpsoh ri Vhfwlrq 616/ krzhyhu/ wkh fxwr� qhyhu idoov ehorz wkh phgldq1

Lq wkh orqj uxq wkh hfrqrp| vhwwohv wr lwv dv|pswrwlf lqfrph glvwulexwlrq/ ghqrwhg I"> zlwk

yduldqfh �2
" @ v2@+4 � �2, e| +54,1 Uhsodflqj �2

f zlwk �2
" lq wkh h{suhvvlrq iru |Ws | / zh rewdlq

wkh ydoxh ri wkh fxwr� |WW
s | fruuhvsrqglqj wr I"=

oq |WWs | @ oq�8"
�

�
4� �|

4��2

�
v2

5
=

Rxu fkdudfwhul}dwlrq ri srolwlfdo vxssruw iru uhglvwulexwlrq +ru odfn wkhuhri, wkxv uhpdlqv xqfkdqjhg

lq vwhdg|�vwdwh1

816 Ulvn�Dyhuvlrq

Wkh orj0olqhdu2orj�qrupdo vshfl�fdwlrq dovr doorzv xv ghprqvwudwh h{solflwo| krz wkh vl}h ri wkh

frdolwlrq iru uhglvwulexwlyh srolflhv lv vkdshg e| wzr rssrvlqj irufhv= +d, wkh frqfdylw| ri wkh wudq0

vlwlrq ixqfwlrq/ zklfk whqgv wr orzhu |Ws | > +e, wkh frqfdylw| ri wkh xwlolw| ixqfwlrq/ zklfk whqgv wr

58Qrwh wkdw ohqjwkhqlqj wkh krul}rq/ zklfk udlvhv k wr d kljkhu srzhu/ lv d vshfldo fdvh ri wdnlqj d vwulfwo| frqfdyh
wudqvirupdwlrq �E+k� ' +k� c f 	 � 	 ��

4;



lqfuhdvh lw1 Iru vlpsolflw| zh frqwlqxh wr irfxv rq wkh fdvh zkhuh djhqwv lq shulrg }hur yrwh rq wkh

wd{ udwh iru shulrg w=59 Wkhlu suhihuhqfhv ryhu udqgrp ohyhov ri glvsrvdeoh lqfrph dw wkdw gdwh duh

jlyhq e| HX�
�
���X�

|

�
X+|�|, m |

�
f

�
> zkhuh

X+f, �
fq � 4

�
> � � 4= +58,

Djhqw l frpsduhv khu h{shfwhg xwlolw| xqghu �odlvvh}0idluh� wr wkh vxuh ohyho wr eh uhfhlyhg xqghu

+frpsohwh, uhglvwulexwlrq dw gdwh w/ dqg yrwhv iru �f ryhu �� zkhq HX�
�
���X�

|

�
+|�|,

q m |�f
�
A +�8|

,q 1

Sursrvlwlrq < Wkh wlsslqj srlqw iru ulvn�dyhuvh djhqwv zkr yrwh ryhu zkhwkhu �f ru �� vkrxog eh

lpsohphqwhg lq shulrg w lv=

oq |Ws | @ oq�8f
� +4��|,

�2
f

5
. �3|+4� �,

�
v2

5

��
4��2|

4� �2

�
=

Xqghu ulvn�qhxwudolw| +� @ 4,> wklv h{suhvvlrq uhgxfhv ri frxuvh wr wkh uhvxow ghulyhg hduolhu/

zkhuh wkh fxwr� |Ws | ghfolqhv iurp wkh phdq �8f
wr wkh phgldq dv w ehfrphv odujhu1 Wkh uroh ri

+uhodwlyh, ulvn�dyhuvlrq 4 � � lv wr lqfuhdvh hyhu|rqh*v ghpdqg iru uhglvwulexwlrq/ wkhuhe| udlvlqj

wkh fxwr� |W
s | = Zlwk rqh0shulrg dkhdg ghflvlrqv/ iru lqvwdqfh/ wkh fxwr� uhpdlqv ehorz wkh phdq li

dqg rqo| li

�+4��,
�2

f

5
A +4� �,

�
v2

5

�
= +59,

Qrwh krz wklv wxuqv rq wkh frpsdulvrq ehwzhhq wkh frqfdylw| ri wkh wudqvlwlrq ixqfwlrq/ �+4��,>

dqg wkh ghjuhh ri uhodwlyh ulvn�dyhuvlrq/ 4� �=5: Dv wkh krul}rq ohqjwkhqv/ krzhyhu/ wkh fxwr� |W
s |

lqhylwdeo| ulvhv deryh wkh phdq/ dqg xowlpdwho| whqgv wr lq�qlw|1 Wklv lv ehfdxvh doo djhqwv idfh

wkh vdph orqj�uxq glvwulexwlrq ri lqfrph I"= Wkxv zkhq pdnlqj ghflvlrqv ryhu uhglvwulexwlrq lq

wkh yhu| idu ixwxuh/ wkh| hvvhqwldoo| kdyh dq h{�dqwh shuvshfwlyh/ dqg +lq wkh devhqfh ri r�vhwwlqj

glvwruwlrqv, wkhlu ghvluh iru lqvxudqfh ehfrphv wkh grplqdqw idfwru1 Zkhq prelolw| survshfwv dqg

wklv lqvxudqfh prwlyh duh frpelqhg/ �qdoo|/ wkh vl}h ri wkh �odlvvh}�idluh� frdolwlrq pd| kdyh dq

lqyhuvh X�vkdsh zlwk uhvshfw wr wkh krul}rq ru gxudwlrq ri wkh uhglvwulexwlyh vfkhph1

817 Qrq�Olqhdu Wd{dwlrq

Wr looxvwudwh wkh idfw wkdw wkh sdshu*v lqvljkwv duh qrw olplwhg wr wkh vhw ri olqhdu vfkhphv S> zh

vkdoo qrz h{whqg wkh suhfhglqj uhvxowv wr d rqh�glphqvlrqdo idplo| rq qrq�olqhdu wd{ vfkhphv/

ghqrwhg S �= Wklv idplo| dovr kdv wkh dgydqwdjh ri |lhoglqj vlpsoh/ h{solflw uhvxowv zkhq frpelqhg

zlwk wkh orj�qrupdo vshfl�fdwlrq dqg FUUD xwlolw| ixqfwlrqv1 Iru hdfk � 5 +�4> 4`/ frqvlghu wkh

59Wkh pruh vwdqgdug fdvh zkhuh djhqwv fduh derxw dq h{shfwhg suhvhqw ydoxh ri xwlolwlhv lv/ txdolwdwlyho| vshdnlqj/
d zhljkwhg dyhudjh ryhu | ' fc � � � c A / ri wkh �sxuh� |�shulrgv�dkhdg sureohpv frqvlghuhg khuh/ dqg wkhuhiruh ohdgv
wr vlplodu uhvxowv1

5: Lq vwhdg|�vwdwh/ frqglwlrq +59, vlpsol�hv wr k*E� n k� : �3 q�

4<



iroorzlqj uhglvwulexwlyh srolf|/ wr eh lpsohphqwhg dw gdwh w= Djhqw l sd|v qhw wd{hv *|c� +|
�,> ohdylqj

khu zlwk d glvsrvdeoh lqfrph htxdo wr

a|�|c� @ |�| � *|c� +|
�, � +|�|,

�3� +�||c� ,
� > +5:,

zkhuh wkh euhdn�hyhq ohyho �||c� lv gh�qhg e| wkh jryhuqphqw exgjhw frqvwudlqw
U
f
*|c� gI| @ 3> ru

]
f

+|,�3� +�||c� ,
� gI|+|, @ �8|

= +5;,

Qrwh wkdw wkh vfkhph lv surjuhvvlyh iru � A 3 dqg uhjuhvvlyh iru � ? 3 = *|c� +�, lv frqyh{ lq wkh �uvw

fdvh/ frqfdyh lq wkh vhfrqg1 Zh vkdoo uhihu wr � dv wkh surjuhvvlylw| udwh1 Fohduo|/ �odlvvh}�idluh�

dqg �frpsohwh uhglvwulexwlrq� fruuhvsrqg wr � @ 3 dqg � @ 4> uhvshfwlyho|15;

Wr frpsxwh dq djhqw*v zhoiduh xqghu d srolf| � 5 W �> ohw xv �uvw ghulyh wkh glvwulexwlrq ri khu

ixwxuh srvw�wd{ lqfrph a|�|c� > frqglwlrqdo rq khu fxuuhqw suh0wd{ lqfrph |�f= Iurp +56,/ +57, dqg +5:,

lw iroorzv wkdw

oq a|�|c� � Q

�
�|+4� �,+oq |�f �pf, . +4� �,p| . � oq �||c� > +4� �,2v2

�
4��2|

4��2

��
> +5<,

zkhuh �||c� fdq eh rewdlqhg dv d ixqfwlrq ri �> p|> dqg �2
| e| vroylqj +5;,1

Zh fdq qrz h{dplqh wkh rxwfrph ri sdluzlvh yrwlqj ryhu wzr srvvleoh vfkhphv lq S� zlwk

duelwudu| surjuhvvlylw| udwhv � dqg ��> �4 ? � ? �� � 4= Jlyhq d uhodwlyh ulvn0dyhuvlrq ri 4 � �>

djhqw l zloo suhihu wkh odwwhu zkhq

H^+a|�|c7� ,
q m|�f` A H^+a|�|c� ,

q m|�f`= +63,

Sursrvlwlrq 43 Wkh wlsslqj srlqw |Ws |+�> ��, iru ulvn�dyhuvh djhqwv fkrrvlqj ehwzhhq wzr qrq�olqhdu

uhglvwulexwlyh vfkhphv �� dqg � lq S� lv=

oq |Ws |+�> ��, @ oq�8f
� ^4��|+5� �� � �,`

�
�2

f

5

�
. �3|+4� �,+5� �� � �,

�
4� �2|

4��2

��
v2

5

�
=

Lq wkh fdvh ri dq doo0ru�qrwklqj srolf| ghflvlrq +�� @ 4> � @ 3, wklv frlqflghv ri frxuvh zlwk wkh

h{suhvvlrqv ghulyhg hduolhu1 Pruh jhqhudoo|/ ulvn�dyhuvlrq kdv wkh vdph h�hfw ri udlvlqj wkh fxwr� dv

ehiruh> wkh orqjhu wkh krul}rq w> wkh pruh vr1 Wr lvrodwh wkh qhz h�hfwv zklfk dulvh iurp qrq�olqhdu

wd{dwlrq/ ohw xv qrz irfxv rq wkh fdvh ri ulvn�qhxwudolw|/ � @ 4= Wkh fxwr� lv wkhq ehorz wkh phdq

5; Lq wkh whuplqrorj| lqwurgxfhg e| Pxvjudyh dqg Wklq +4<7;,/ wkh hodvwlflw| �3 � ri srvw�wd{ wr suhwd{ lqfrph lv
wkh udwh ri �uhvlgxdo surjuhvvlylw|�1 Wkh vfkhph +5:, wdnhv lw wr eh wkh vdph dw doo lqfrph ohyhov/ lq zklfk fdvh � lv
dovr wkh lqfrph�zhljkwhg dyhudjh pdujlqdo wd{ udwh sdlg e| djhqwv/ dv vkrzq lq Eìqderx +4<<:,1 Wklv lvrhodvwlf ru
�frqvwdqw uhvlgxdo surjuhvvlrq� vshfl�fdwlrq kdv ehhq xvhg wr vwxg| lqvxudqfh ru ulvn�wdnlqj lq d vwdwlf frqwh{w e|
Ihogvwhlq +4<9<,/ Ndqexu +4<:<, dqg Shuvvrq +4<;6,/ dqg lq prghov zlwk dffxpxodwlrq e| Eìqderx +4<<9/ 4<<:,1
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�8f
li dqg rqo| li

�|+5� +�� . �,, ? 4= +64,

Lq wkh xvxdo fdvh ri frqwhpsrudqhrxv uhglvwulexwlrq +w @ 3,> wklv ehfrphv �� . � A 4= Li wkh

�uvw vfkhph lv surjuhvvlyh zkloh wkh vhfrqg lv uhjuhvvlyh +� � 3 ? �� � 4/ zlwk dw ohdvw rqh

vwulfw lqhtxdolw|, wkh lqgl�huhqfh srlqw lv dozd|v deryh wkh phdq/ lq frqiruplw| zlwk wkh pdlq

uhvxow ri Pdukxhqgd dqg Ruwxôr�Ruwlq +4<<8,15< Wklv lv lqwxlwlyh/ vlqfh d surjuhvvlyh vfkhph

uhglvwulexwhv lqfrph glvsursruwlrqdwho| iurp wkh yhu| ulfk wr hyhu|rqh hovh/ lqfoxglqj wkrvh zlwk

dyhudjh uhvrxufhv1 Zkhq prelolw| survshfwv duh wdnhq lqwr dffrxqw/ krzhyhu/ wklv uhvxow grhv qrw

krog dq| pruh= |Ws |+�> ��, idoov ehorz �8f
iru w odujh hqrxjk1 Pruh jhqhudoo| dqg pruh lpsruwdqwo|/

wkh fxwr� ghfolqhv zlwk wkh wlph ehwzhhq yrwlqj dqg wkh lpsohphqwdwlrq ri wkh srolf|/ frqyhujlqj

djdlq +lq wkh devhqfh ri dq lqvxudqfh prwlyh, wr wkh phgldq pf dv w whqgv wr lq�qlw|1 Ilqdoo|/ qrwh

wkdw hyhq iru d frqwhpsrudqhrxv uhglvwulexwlrq +w @ 3, wkh fxwr� fdq eh ehorz wkh phdq li zh duh

frpsdulqj �shukdsv pruh uhdolvwlfdoo|� wzr surjuhvvlyh srolflhv zlwk 3 ? � ? �� ? 4 ? �� . �> udwkhu

wkdq d uhjuhvvlyh dqg d surjuhvvlyh rqh163

9 Xqfryhulqj SRXP lq wkh Gdwd

Wkh pdlq remhfwlyh ri wklv sdshu zdv wr ghwhuplqh zkhwkhu wkh SRXP k|srwkhvlv lv wkhruhwlfdoo|

vrxqg/ lq vslwh ri lwv dssduhqwo| sdudgr{lfdo qdwxuh1 Dv zh kdyh vhhq/ wkh dqvzhu lv d!updwlyh1

Ixuwkhupruh/ wkh Pdunryldq h{dpsoh ri Vhfwlrq ri Vhfwlrq 616 vkrzhg wkdw wklv h�hfw fdq eh vwurqj

hqrxjk wr vzlqj d pdmrulw|/ ru hyhq d vxshupdmrulw|/ zkloh vwloo pdlqwdlqlqj hpslulfdoo| uhdvrqdeoh

ydoxhv iru lqfrph lqhtxdolw| dqg wkh dyhudjh ghjuhh ri vhuldo shuvlvwhqfh1 Wkh �qdo txhvwlrq zklfk

qdwxudoo| dulvhv lv zkhwkhu wklv h�hfw lv dw doo suhvhqw lq wkh dfwxdo gdwd/ dqg li vr/ zkhwkhu lw lv

odujh hqrxjk wr pdwwhu iru uhglvwulexwlyh srolwlfv1

Rxu sxusrvh khuh lv qrw wr fduu| rxw d odujh�vfdoh hpslulfdo vwxg|/ exw wr vkrz wkdw wkh SRXP

h�hfw fdq eh phdvxuhg txlwh vlpso| iurp lqfrph prelolw| dqg lqhtxdolw| gdwd �zlwk udwkhu lqwhu0

hvwlqj uhvxowv1 Lq grlqj vr zh vkdoo frqwlqxh wr devwudfw/ dv lq prvw ri wkh sdshu/ iurp wkh rwkhu

irufhv zklfk frqwulexwh wr vkdslqj wkh srolwlfdo htxloleulxp +h1j1/ wd{ glvwruwlrqv dqg ghpdqg iru

lqvxudqfh,1 Wkh txhvwlrq zh dvn/ wkhuhiruh/ lv wkh iroorzlqj= dw dq| jlyhq krul}rq/ zkdw lv wkh

sursruwlrq ri djhqwv zkr kdyh h{shfwhg ixwxuh lqfrphv vwulfwo| deryh wkh phdqB Lq sduwlfxodu/ grhv

lw lqfuhdvh zlwk wkh ohqjwk ri wkh iruhfdvw krul}rq/ dqg grhv lw hyhqwxdoo| ulvh deryh 83(B 64

Dv d �uvw sdvv dw wkh qxpehuv/ ohw xv frqwlqxh wr zrun zlwklq wkh orjolqhdu�orjqrupdo vshfl�fd0

wlrq1 Jlyhq dq dxwruhjuhvvlyh frh!flhqw � dqg dq lqlwldo yduldqfh ri orj�lqfrphv �2
f> Sursrvlwlrq

5<Vhh dovr Plwud/ Rn dqg Nrênhvhq +4<<:, iru d jhqhudol}dwlrq1
63 Lq frqwudvw wr wkh rwkhu uhvxowv/ zklfk duh lq forvho| uhodwhg wkh jhqhudo sursrvlwlrqv lq rxu sdshu/ wklv rqh lv

pruh ghshqghqw rq wkh sduwlfxodu irup ri surjuhvvlylw| zklfk zh kdyh dvvxphg1
64Uhfdoo wkdw wkhuh lv qr uhdvrq d sulrul +l1h1/ devhqw vrph frqfdylw| lq wkh wudqvlwlrq ixqfwlrq, zk| hlwkhu h�hfw

vkrxog eh revhuyhg lq wkh gdwd/ vlqfh wkhvh duh lq qr zd| jhqhudo ihdwxuhv ri vwdwlrqdu| surfhvvhv1 Udwkhu wkdq vlpso|
�phdq�uhyhuwlqj�/ wkh lqfrph g|qdplfv qhhg wr eh �phdq�furvvlqj iurp ehorz� +lq h{shfwdwlrq,/ ryhu vrph udqjh1
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; vkrzv wkdw wkh sursruwlrq ri djhqwv zlwk frqglwlrqdo h{shfwhg lqfrphv ehorz wkh phdq dw dq|

krul}rq w lv �+�|�f@5,/ zkhuh � lv wkh f1g1i1 ri d vwdqgdug qrupdo1 Dffruglqj wr wkh Fhqvxv

gdwd xvhg hduolhu lq Wdeoh 4/ wkh vwdqgdug ghyldwlrq ri idplolhv* orj�lqfrphv lq wkh Xqlwhg Vwdwhv

lq 4<<3 zdv derxw =97= Xqghu orj�qrupdolw| wklv phdqv wkdw �+=65, @ 95=8( ri wkh idplolhv duh

srruhu wkdq dyhudjh1 \hw zlwk d w|slfdo hvwlpdwh ri wkh lqwhujhqhudwlrqdo shuvlvwhqfh frh!flhqw/

vd| � @ =7> rqo| �+=7 � =65, @ 88=<( ri wkh fkloguhq kdyh h{shfwhg lqfrphv ehorz wkh phdq1 Dv

wkh lvvxh ghedwhg vkliwv iurp fxuuhqw wr ixwxuh uhglvwulexwlrq/ wkh SRXP h�hfw wkxv pryhv derxw

:( ri wkh srsxodwlrq wrzdugv �odlvvh}�idluh�1 Wklv lv e| qr phdqv qhjoljleoh/ hvshfldoo| vlqfh wkh

gl�huhqwldov udwhv ri srolwlfdo sduwlflsdwlrq dffruglqj wr vrflrhfrqrplf fodvv zklfk duh revhuyhg lq

wkh X1V1 lpso| wkdw wkh slyrwdo djhqw lv doprvw vxuho| orfdwhg deryh wkh 89wk shufhqwloh165

Krzhyhu/ wkh orjolqhdu h{dpsoh lv qrw uhdoo| vxlwhg wr wklv hpslulfdo h{huflvh/ ehfdxvh lw lpsrvhv

frqfdylw| iurp wkh vwduw/ dqg ehfdxvh wkh fxwr� fdq qhyhu idoo ehorz wkh phgldq166 Lq zkdw iroorzv

zh vkdoo wkhuhiruh xvh wkh pxfk pruh ghwdlohg dqg  h{leoh ghvfulswlrq ri wkh prelolw| surfhvv

surylghg e| hpslulfdo prelolw| pdwulfhv1 Wkhvh duh riwhq hvwlpdwhg lq whupv ri lqfrph txlqwlohv/

zklfk lv wrr frduvh d julg iru rxu sxusrvhv/ hvshfldoo| jlyhq wkh lpsruwdqfh ri zkdw kdsshqv qhdu

wkh phgldq1 Zh vkdoo wkhuhiruh xvh wkh pruh glvdjjuhjdwhg gdwd frpslohg e| Kxqjhuirug +4<<6,

iurp wkh SVLG +Sdqho Vwxg| rq Lqfrph G|qdplfv,/ qdpho|=

+d, lqwhughfloh prelolw| pdwulfhv iru wkh shulrgv 4<9<�4<:9 dqg 4<:<�4<;9/ ghqrwhg P.S
Sb dqg

PHS
.b uhvshfwlyho|1 Hdfk ri wkrvh lv lq idfw frpsxwhg lq wzr gl�huhqw zd|v= xvlqj wkh vwudljkw gdwd

rq dqqxdo idplo| lqfrphv/ dqg xvlqj �yh�|hdu dyhudjhv fhqwhuhg rq wkh �uvw dqg odvw |hduv ri wkh

wudqvlwlrq shulrg/ vr dv wr surylgh ohvv qrlv| phdvxuhv ri �shupdqhqw lqfrph�1

+e, phdq lqfrph iru hdfk ghfloh/ lq 4<9< dqg 4<:<1 Zh vkdoo wuhdw hdfk ghfloh dv krprjhqrxv/

dqg ghqrwh wkh yhfwruv ri uhodwlyh lqfrphv dv dSb dqg d.b=

Ohw xv vwduw e| h{dplqlqj wkhvh wzr lqfrph glvwulexwlrqv=

dSb @ +=544 =743 =899 =9<9 =;55 =<7: 4=437 4=635 4=87< 5=6<6,�

d.b @ +=4:< =68; =856 =99< =;34 =<66 4=3;7 4=5;< 4=8;; 5=8:9,� =

Lq erwk |hduv wkh phgldq jurxs hduqhg dssur{lpdwho| ;3( ri phdq lqfrph/ zkloh wkrvh zlwk wkh

dyhudjh ohyho ri uhvrxufhv zhuh orfdwhg vrphzkhuh ehwzhhq wkh 93wk dqg :3wk shufhqwlohv1 Pruh

suhflvho|/ e| olqhdu lqwhusrodwlrq zh fdq hvwlpdwh wkh vl}h ri wkh uhglvwulexwlyh frdolwlrq wr eh 96=7(

65Eìqderx +4<<9/ uhylvhg yhuvlrq, xvhv gdwd rq krz wkh pdlq irupv ri srolwlfdo sduwlflsdwlrq +yrwlqj/ wu|lqj wr
lq xhqfh rwkhuv/ frqwulexwlqj prqh|/ sduwlflsdwlqj lq phhwlqjv dqg fdpsdljqv/ hwf1, ydu| zlwk lqfrph dqg hgxfdwlrq
wr frpsxwh wkh uhvxowlqj eldv zlwk uhvshfw wr wkh phgldq1 Lw lv irxqg wr ydu| ehwzhhq SI +zkhq rqo| yrwlqj
surshqvlwlhv duh wdnhq lqwr dffrxqw, dqg 2eI +zkhq rqo| surshqvlwlhv wr frqwulexwh wr fdpsdljqv duh wdnhq lqwr
dffrxqw,/ zlwk prvw ydoxhv ehlqj deryh �fI� Ghshqglqj rq wkh +xqnqrzq, uhodwlyh h!fdf| ri wkh gl�huhqw irupv
ri dfwlylw| dw lq xhqflqj dfwxdo srolflhv/ wkh slyrw lv wkxv orfdwhg vrphzkhuh ehwzhhq DDI dqg .DIc dqg suredeo|
rffxuv durxqg SfI�

66Pruh jhqhudoo|/ d vlqjoh shuvlvwhqfh frh!flhqw fdswxuhv rqo| d vpdoo sduw ri wkh uhohydqw lqirupdwlrq derxw lqfrph
wudqvlwlrqv1 Iru lqvwdqfh/ wkh Pdunryldq h{dpsoh ri Vhfwlrq 616 vkrzv wkdw wkh vdph ghjuhh ri vhuldo fruuhodwlrq lq orj�
lqfrphv fdq eh jhqhudwhg e| d yhu| gl�huhqw surfhvv/ zkhuh wkh SRXP h�hfw lv vr vwurqj dv wr wxuq d vxshupdmrulw|
iurp sur�uhglvwulexwlrq wr sur��odlvvh}0idluh�1

55



lq 4<9< dqg 97=7( lq 4<:<167

Qh{w/ zh dsso| wkh dssursuldwh hpslulfdo wudqvlwlrq pdwul{ wr frpsxwh wkh yhfwru ri frqglwlrq0

doo| h{shfwhg uhodwlyh lqfrphv w�: |hduv dkhdg/ qdpho|
�
P.S

Sb

�|
�dSb ru

�
PHS

.b

�|
�d.b> iru w @ 4> ===7=68

Wkh hvwlpdwhg udqn ri wkh fxwr� |W
s | zkhuh h{shfwhg ixwxuh lqfrph htxdov wkh srsxodwlrq phdq lv

wkhq rewdlqhg e| olqhdu lqwhusrodwlrq ri wkhvh ghfloh ydoxhv1 Wkh uhvxowv duh suhvhqwhg lq Wdeoh 51

Krul}rq +|hduv,

Prelolw| Pdwul{ 3 : 47 54 5;

4<9<�4<:9 (

Dqqxdo lqfrph 96= 6< 94= ;6 87= 55 7;= :: 7:= 58

�Shupdqhqw� lqfrph 96= 6< 93= :: 89= 69 85= <4 83=6;

4<:<�4<;9 (

Dqqxdo lqfrph 97= 75 93= <3 84= 64 7;= 44 79= 87

�Shupdqhqw� lqfrph 97= 75 8;= ;3 87= 5< 84= 76 7<= 43

4<9<�4<:9 � 4<:<�4<;9 (

Dqqxdo lqfrph 96= 6< 85= 86 79= ;6

�Shupdqhqw� lqfrph 96= 6< 88= 3; 83= 3;

Wdeoh 5= Lqfrph Shufhqwloh ri wkh Srolwlfdo Fxwr�

Vrxufh= dxwkruv* fdofxodwlrqv xvlqj SVLG gdwd iurp Kxqjhuirug +4<<6,

Wkh phvvdjh gholyhuhg lv frqvlvwhqw dfurvv doo vshfl�fdwlrqv= wkh SRXP h�hfw lv suhvhqw dqg

vljql�fdqw lq wkh gdwd �hyhq dw uhodwlyho| vkruw krul}rqv/ exw hvshfldoo| ryhu orqjhu rqhv1 Lw d�hfwv

dssur{lpdwho| 6=8( ri wkh srsxodwlrq ryhu : |hduv/ dqg 43( ryhu 47 |hduv1 Vlqfh wkh sdwwhuqv

ri yrwlqj dqg srolwlfdo sduwlflsdwlrq e| wkh gl�huhqw vrflrhfrqrplf fodvvhv lpso| wkdw wkh �xsshu

�iwlhv� uhsuhvhqw d orzhu erxqg rq wkh udqn ri wkh slyrwdo jurxs/ d krul}rq ri d ghfdgh ru vr frxog

douhdg| vx!fh wr vzlqj wkh srolwlfdo rxwfrph djdlqvw uhglvwulexwlrq169 Lq dq| fdvh/ ryhu d krul}rq

ri dssur{lpdwho| 53 |hduv prelolw| survshfwv zlsh rxw wkh hqwluh 46048( srlqw lqwhuydo ehwzhhq

phdq dqg phgldq lqfrphv/ eulqjlqj d vwulfw pdmrulw| wr wkh �odlvvh}�idluh� vlgh1 Wkxv/ lq erwk

4<9< dqg 4<:</ 97( ri wkh srsxodwlrq zdv srruhu wkdq dyhudjh lq whupv ri fxuuhqw lqfrph dqg |hw

67 Lq sdvvlqj/ lw lv lqwhuhvwlqj wr qrwh wkdw wkh Oruhq} fxuyh iru 4<:< lv hyhu|zkhuh ehorz lwv 4<9< frxqwhusduw/
phdqlqj wkdw lqfrph lqhtxdolw| lqfuhdvhg xqdpeljxrxvo| �doehlw voljkwo|� ehwzhhq wkhvh wzr gdwhv1

68Wkhuh duh wzr lpsolflw dvvxpswlrqv lq wklv surfhgxuh1 Iluvw/ e| lwhudwlqj d :�|hdu wudqvlwlrq pdwul{ wr frpsxwh
prelolw| ryhu 47/ 54 dqg 5; |hduv zh duh wuhdwlqj wkh wudqvlwlrq surfhvv dv vwdwlrqdu| ryhu wlph1 Vlploduo|/ e| dsso|lqj
wkhvh pdwulfhv wr wkh lqfrph glvwulexwlrq yhfwru dw wkh ehjlqqlqj ri wkh wudqvlwlrq shulrg zh duh devwudfwlqj iurp dq|
fkdqjhv lq wkh ghflohv* uhodwlyh lqfrphv gxulqj wkdw wlph1 Wkhvh duh reylrxvo| vlpsoli|lqj dssur{lpdwlrqv/ lpsrvhg
e| wkh dydlodelolw| ri wkh gdwd1 Wr fkhfn wkh urexvwqhvv ri wkh uhvxowv/ krzhyhu/ zh dovr xvhg wkh frpsrvlwh pdwul{
�.S

Sb u �HS
.b wr uhfrpsxwh wkh �e dqg 2H |hdu wudqvlwlrqv> vhh wkh erwwrp sduw ri Wdeoh 51 Vlploduo|/ zh dssolhg wkh

wudqvlwlrq pdwulfhv �.S
Sb dqg �.S

Sb u �HS
.b c dqg wkhlu lwhudwhv/ wr wkh lqfrph glvwulexwlrq @.b lqvwhdg ri @Sb +wkh wzr

zhuh vhhq lq irrwqrwh 67 wr eh vrphzkdw gl�huhqw,1 Lq doo fdvhv wkh uhvxowv uhpdlqhg hvvhqwldoo| xqfkdqjhg1
69Vhh irrwqrwh 651
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84( frxog udwlrqdoo| vhh wkhpvhoyhv dv ulfkhu wkdq dyhudjh lq whupv ri h{shfwhg lqfrph wzr ghfdghv

grzq wkh urdg1

Zh frqfoxgh iurp wklv hpslulfdo h{huflvh wkdw wkh SRXP k|srwkhvlv lv qrw rqo| d wkhruhwlfdo

srvvlelolw| exw dovr d vljql�fdqw ihdwxuh ri wkh dfwxdo surfhvv ri vrflrhfrqrplf prelolw|16: Qdwx0

udoo|/ lw grhv qrw h{sodlq doo e| lwvhoi +hvshfldoo| zlwk glvfrxqwlqj, zk| ghprfudflhv zlwk vnhzhg

glvwulexwlrqv ri lqfrphv pdlqwdlq uhodwlyho| orz udwhv ri uhglvwulexwlrq1 Exw wkh hpslulfdo hylghqfh

eurxjkw wr oljkw e| Wdeoh 5 vkrzv wkdw lw uhsuhvhqwv �dorqjvlgh zlwk ghdgzhljkw orvvhv/ srolwlfdo

eldv/ dqg ulvn dyhuvlrq� dq lpsruwdqw hqwu| lq wkh edodqfh ri irufhv zklfk ghwhuplqh wkh htxloleulxp

udwh ri uhglvwulexwlrq1

: Frqfoxvlrq

Wklv sdshu kdv hvwdeolvkhg wkh irupdo edvlv iru wkh �survshfw ri xszdug prelolw|� k|srwkhvlv lq

uhjdug wr wkh srolwlfdo hfrqrp| ri uhglvwulexwlrq1 Yrwhuv srruhu wkdq dyhudjh zloo qrqhwkhohvv

rsw iru d }hur ru orz wd{ udwh li wkh srolf| fkrlfh ehduv vx!flhqwo| rq ixwxuh lqfrph/ dqg li wkh

odwwhu*v h{shfwdwlrq lv d frqfdyh ixqfwlrq ri fxuuhqw lqfrph1 Wkh srolwlfdo frdolwlrq lq idyru ri

uhglvwulexwlrq lv vpdoohu/ wkh pruh frqfdyh wkh h{shfwhg wudqvlwlrq ixqfwlrq/ wkh orqjhu wkh gxudwlrq

ri wkh sursrvhg wd{ vfkhph/ dqg wkh pruh iduvljkwhg wkh yrwhuv1 Zh surylghg dq h{dpsoh zkhuh/

lq hyhu| shulrg/ wkuhh txduwhuv ri wkh srsxodwlrq kdyh ohvv wkdq phdq lqfrph/ |hw d wzr�wklugv

pdmrulw| vxssruwv d }hur wd{ udwh iru wkhlu fkloguhq*v dqg doo ixwxuh jhqhudwlrqv1 Wklv lv lq vslwh

ri wkh idfw wkdw wkhuh duh qr ghdgzhljkw orvv frqfhuqv/ dqg wkdw yrwhuv lq wkh slyrwdo plggoh fodvv

nqrz wkdw wkhlu fkloguhq kdyh qr pruh wkdq d 53( fkdqfh ri ulvlqj deryh wkh phdq lqfrph ohyho1

D fdoleudwhg yhuvlrq ri wklv vlpsoh prgho zdv vkrzq wr pdwfk wkh pdlq ihdwxuhv ri wkh XV lqfrph

glvwulexwlrq dqg wkh dyhudjh ghjuhh ri lqwhujhqhudwlrqdo shuvlvwhqfh1

Xvlqj lqfrph prelolw| dqg lqhtxdolw| gdwd iurp wkh SVLG/ zh dovr surylghg gluhfw hpslulfdo

hylghqfh ri wkh SRXP h�hfw1 Dv wkh krul}rq ryhu zklfk lqfrphv duh iruhfdvwhg lqfuhdvhv iurp 3

wr :/ wkhq 47 |hduv/ wkh sursruwlrq ri djhqwv zlwk h{shfwhg lqfrph deryh wkh phdq ulvhv iurp 69(

wr 6<( dqg 7:(/ uhvshfwlyho|1 Ryhu d 53 |hdu krul}rq/ prelolw| survshfwv eulqj wkh vl}h ri wklv

�odlvvh}�idluh� frdolwlrq xs wr 84(> wkxv �hudvlqj� wkh hqwluh lqwhuydo ehwzhhq phdq dqg phgldq

lqfrphv1

Dw wkh vdph wlph/ wkh survshfw ri xszdug prelolw| h�hfw lv vxemhfw wr olplwdwlrqv/ zklfk zh

kdyh dovr dqdo|}hg1 Lq sduwlfxodu/ wkhuh pxvw eh vx!flhqw lqhuwld ru frpplwphqw srzhu lq wkh

fkrlfh ri �vfdo srolf| ru lqvwlwxwlrqv/ dqg yrwhuv* ulvn�dyhuvlrq pxvw qrw eh wrr odujh frpsduhg wr

wkh fxuydwxuh ri wkh wudqvlwlrq ixqfwlrq1

6:Wudflqj wkh h�hfw edfn wr lwv vrxufh/ rqh fdq dovr h{dplqh wr zkdw h{whqw h{shfwhg ixwxuh lqfrph lv frqfdyh lq
fxuuhqw lqfrph1 Wkh h{shfwhg wudqvlwlrq lv lq idfw frqfdyh ryhu prvw/ exw qrw doo/ ri lwv grpdlq= ri wkh qlqh vorshv
gh�qhg e| wkh whq ghfloh ydoxhv/ rqo| wkuhh duh odujhu wkdq wkhlu suhghfhvvru zkhq zh xvh E�.S

Sb ( @Sb�/ dqg rqo| wzr
zkhq zh xvh E�HS

.b (@.b,� Uhfdoo wkdw zkloh frqfdylw| dw hyhu| srlqw lv dozd|v d vx!flhqw frqglwlrq iru wkh SRXP
h�hfw/ lw lv d qhfhvvdu| rqh rqo| li rqh uhtxluhv +Ws 	 >83

wr krog iru dq| lqlwldo 8f� Iru d jlyhq lqlwldo glvwulexwlrq/
vxfk dv wkh rqh revhuyhg lq wkh gdwd/ wkhuh pxvw eh vlpso| �hqrxjk� frqfdylw| rq dyhudjh/ vr wkdw Mhqvhq*v lqhtxdolw|
lv vdwlv�hg1 Wklv lv fohduo| wkh vlwxdwlrq hqfrxqwhuhg khuh1
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Dsshqgl{

Surri ri Sursrvlwlrq 5

E| xvlqj Mhqvhq*v lqhtxdolw|/ zh revhuyh wkdw i " j lpsolhv

i+|Ws , @

]
f

i gIf @

]
f

k+j, gIf ? k

�]
f

j gIf

�
@ k+j+|W} ,, @ i +|},=

Wkh sursrvlwlrq iroorzv iurp wkh idfw wkdw i lv vwulfwo| lqfuhdvlqj1 n

Surri ri Wkhruhp 6

Ohw If 5 In> vr wkdw wkh phgldq p8f
lv ehorz wkh phdq �8f

= Pruh jhqhudoo|/ zh vkdoo eh lqwhuhvwhg

lq dq| lqfrph fxwr� � ? �8f
= Wkhuhiruh/ gh�qh iru dq| � 5 ^3> 4` dqg dq| � 5 +3> �8f

,/ wkh ixqfwlrq

j#ck+|, �

;A?
A=

| li 3 � | � �

� . �+| � �,> li � ? | � �|

> +D14,

zklfk fohduo| lv dq hohphqw ri W = Lw lv fohdu wkdw]
f

j#cf gIf ? � ? �8f
@

]
f

j#c� gIf>

vr e| prqrwrqlflw| wkhuh h{lvwv d xqltxh +dqg hdvlo| frpsxwdeoh, �+�, 5 +3> 4, zklfk vroyhv=

]
f

j#ckE#� gIf @ � +D15,

Ilqdoo|/ ohw i @ j#ckE#�> vr wkdw �8�
@ � e| +D15,1 Dgglqj wkh frqvwdqw �8f

� � wr wkh ixqfwlrq i

vr dv wr qrupdol}h �8�
@ �8f

zrxog ri frxuvh qrw dowhu dq| ri zkdw iroorzv1 Lw lv fohdu iurp +D14,

wkdw hyhu|rqh zlwk | ? � suhihuv �f wr ��> zkloh wkh uhyhuvh lv wuxh iru hyhu|rqh zlwk | A �> vr

|Ws @ �= E| Sursrvlwlrq 5/ wkhuhiruh/ wkh iudfwlrq ri djhqwv zkr vxssruw uhglvwulexwlrq lv juhdwhu

+uhvshfwlyho|/ vpdoohu, wkdq I +�, iru doo i 5 W zklfk duh pruh +uhvshfwlyho|/ ohvv, frqfdyh wkdq i=

Lq sduwlfxodu/ fkrrvlqj � @ p8f
? �8f

|lhogv wkh fodlphg uhvxowv iru pdmrulw| yrwlqj1 n

Surri ri Wkhruhp 7

Iru hdfk w @ 4> ===> W> i | 5 W / vr e| Sursrvlwlrq 4 wkhuh lv d xqltxh |Ws | 5 +3> �8 , vxfk wkdw

i |+|W
s |, @ �8|

= Pruhryhu/ vlqfh iA " iA3� " � � � " i> Sursrvlwlrq 5 lpsolhv wkdw |W
sA ? |W

sA3� ?

� � � ? |Ws ? |W
sf � �8f

= Wkh frqfdylw| ri i dovr lpsolhv i+�8|
, A �8|n�

iru doo w/ iurp zklfk lw iroorzv

e| d vlpsoh lqgxfwlrq wkdw

i |+�8f
, � �8|

@ i |+|Ws |, +D16,

zlwk vwulfw lqhtxdolw| iru w A 4 dqg w ? W uhvshfwlyho|1 Ohw xv qrz gh�qh wkh rshudwruv Y A = W $ W

dqg Z A = W $ U dv iroorzv=
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Y A +i, �
A[
|'f

�|i | dqg ZA +i, �

]
f

Y A +i ,gIf @
A[

|'f

�|�8|
= +D17,

Djhqw | dfklhyhv xwlolw| Y A +i,+|, xqghu �odlvvh}0idluh�/ dqg xwlolw| ZA +i , xqghu wkh uhglvwulexwlyh

srolf|1 Pruhryhu/ +D16, lpsolhv wkdw

Y A +i,+�8f
, @

A[
|'f

�|i |+�8f
, A

A[
|'f

�|�8|
A

A[
|'f

�|i |+|Ws |, @ Y A +i,+|WsA ,

iru dq| W � 4=

Vlqfh Y A +i,+�, lv fohduo| frqwlqxrxv dqg lqfuhdvlqj/ wkhuh pxvw wkhuhiruh h{lvw d xqltxh |Ws +W, 5

+|sA > �8f
, vxfk wkdw

Y A +i,+|Ws +W ,, @
A[
|'f

�|�8|
@ ZA +i,= +D18,

Exw vlqfh |W
sAn� ? |W

sA > zh kdyh |W
sAn� ? |Ws +W ,= Wklv lpsolhv wkdw �8An�

@ iAn�+|W
sAn�, ?

iAn�+|Ws +W ,,/ dqg khqfh

Y An�+i,+|Ws +W ,, @
An�[
|'f

�|i |+|Ws +W ,, A
An�[
|'f

�|�8|
@ Y An�+i,+|Ws +W . 4,,=

Wkhuhiruh/ |Ws +W .4, ? |Ws +W , pxvw krog1 E| lqgxfwlrq/ zh frqfoxgh wkdw |Ws +W
�, ? |Ws +W , zkhqhyhu

W � A W > sduw +d, ri wkh wkhruhp lv suryhg1

Wr suryh sduw +e,/ zh vkdoo xvh djdlq wkh idplo| ri slhfhzlvh olqhdu ixqfwlrqv j#ck1 Uhfdoo

wkdw/ iru doo | 5 [>

j#ck+|, � plqi|> � . �+| � �,j> +D19,

zkhuh � ? �8f
dqg � 5 ^3> 4`1 Ohw xv �uvw revhuyh wkdw wkh lwhudwhv ri vxfk d ixqfwlrq duh vlpso|=

+j#ck,
|+|, � plqi|> � . �|+| � �,j @ j#ck|+|,= +D1:,

Lq sduwlfxodu/ erwk j#c� = | :$ | dqg j#cf = | :$ plqi|> �j duh lghpsrwhqw1 Wkhuhiruh=

Y A +j#c�,+�, @
A[
|'f

�|� ?
A[
|'f

�|�8f
@ ZA +j#c�,=

Rq wkh rwkhu kdqg/ zkhq wkh wudqvlwlrq ixqfwlrq lv j#cf/ wkh yrwhu zlwk lqlwldo lqfrph � suhihuv �f

+xqghu zklfk vkh uhfhlyhv � lq hdfk shulrg, wr ��c li dqg rqo| li
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� .
A[
|'�

�|� @ Y A +j#cf,+�, A ZA +j#cf, @ �8f
.

A[
|'�

�|
]
f

plqi|> �jgIf>

ru htxlydohqwo|

�8f
� �

� �
U
f
plqi|> �jgIf

?
A[

|'�

�| @
�+4� �A ,

4� �
= +D1;,

Wklv odvw lqhtxdolw| lv fohduo| vdwlv�hg iru +�> 4@W, forvh hqrxjk wr +4> 3,= Lq wkdw fdvh/ zh kdyh

ZA +j#c�, A
SA

|'f �
|� A ZA +j#cf,= Qh{w/ lw lv fohdu iurp +D17,�+D19, wkdw ZA +j#ck, lv frq0

wlqxrxv dqg vwulfwo| lqfuhdvlqj lq �= Wkhuhiruh/ wkhuh h{lvwv d xqltxh �+�, 5 +3> 4, vxfk wkdw

ZA +j#ckE#�, @
SA

|'f �
|�= Wklv phdqv wkdw/ xqghu wkh wudqvlwlrq ixqfwlrq i � j#ckE#�> zh kdyh

ZA +i , @
SA

|'f �
|i |+�, @ Y A +i,+�, vr wkdw wkh djhqw zlwk lqlwldo lqfrph � lv mxvw lqgl�huhqw eh0

wzhhq uhfhlylqj khu �odlvvh}�idluh� lqfrph vwuhdp/ htxdo wr � lq hyhu| shulrg/ dqg wkh vwuhdp ri

phdq lqfrphv �8|
= Pruhryhu/ xqghu �odlvvh}�idluh� hdfk djhqw zlwk lqlwldo | ? � zrxog uhfhlyh |

lq hyhu| shulrg/ zkloh hdfk djhqw zlwk | A � zrxog uhfhlyh � . �|+| � �, A �= Wkhuhiruh/ � lv wkh

fxwr� |Ws +W, vhsdudwlqj wkrvh zkr vxssruw �f iurp wkrvh zkr vxssruw ��> jlyhq i � j#ckE#�= Wklv

suryhv wkh �uvw vwdwhphqw lq sduw +e, ri wkh wkhruhp1

Ilqdoo|/ e| sduw +d, ri wkh wkhruhp/ lqfuhdvlqj +ghfuhdvlqj, wkh krul}rq W zloo uhgxfh +udlvh, wkh

fxwr� |Ws +W , ehorz +deryh, �= Dsso|lqj wkhvh uhvxowv wr wkh sduwlfxodu fkrlfh ri d fxwr� htxdo wr

phgldq lqfrph/ � �p8f
> frpsohwhv wkh surri1n

Surri ri Wkhruhp 8

Dv lq wkh surri Wkhruhp 6/ ohw If 5 In dqg frqvlghu dq| lqfrph fxwr� � ? �8f
= Uhfdoo wkh ixqfwlrq

j#ckE#�+|, zklfk zdv gh�qhg e| +D14, dqg +D15, vr dv wr hqvxuh wkdw �8�
@ �= +Rqfh djdlq/ dgglqj

dq| srvlwlyh frqvwdqw wr i zrxog qrw fkdqjh dq|wklqj,1 Iru euhylw|/ zh vkdoo qrz ghqrwh �+�, dqg

j#ckE#� dv mxvw � dqg j= Ohw xv qrz frqvwuxfw d vwrfkdvwlf wudqvlwlrq ixqfwlrq zkrvh h{shfwdwlrq

lv j dqg zklfk/ wrjhwkhu zlwk If/ uhvxowv lq d srvlwlyho| vnhzhg I�= Ohw s 5 +3> 4, dqg ohw � eh d

udqgrp yduldeoh wdnlqj ydoxhv 3 dqg 4 zlwk suredelolwlhv s dqg 4� s= Iru dq| % 5 +3> �,/ zh gh�qh

i = [ �
 $[ dv iroorzv=

� li 3 � | � � � %> i+|> �, � | iru doo �

� li � � % ? | � �> i+|> �, �

+
� � %
+3RE#30�

�3R

li � @ 3

li � @ 4

+suredelolw| s,

+suredelolw| 4� s,

� li � � | � �|> i+|> �, �

+
� � %

� . kE+3#�nR0
�3R

li � @ 3

li � @ 4

+suredelolw| s,

+suredelolw| 4� s,

+D1<,

E| frqvwuxfwlrq/ HX ^i+|> �,` @ j+|, iru doo | 5 [> wkhuhiruh/ HX ^i+� > �,` @ j 5 W = Lw uhpdlqv wr

eh fkhfnhg wkdw i+|> �, lv vwulfwo| vwrfkdvwlfdoo| lqfuhdvlqj lq | = iru dq| +|> {, 5 [2= Wkdw lv/ wkh

frqglwlrqdo glvwulexwlrq P+{m|, � S +i� 5 
 m i+|> �, � {j, pxvw eh ghfuhdvlqj lq | rq [/ dqg

5:



vwulfwo| lqfuhdvlqj rq d qrqhpsw| vxelqwhuydo ri [= Exw wklv lv htxlydohqw wr vd|lqj wkdw
U
f
k+{,

gP+{m|, pxvw eh +vwulfwo|, lqfuhdvlqj lq |> iru dq| +vwulfwo|, lqfuhdvlqj ixqfwlrq k = [ $ U> wklv

odwwhu irup ri wkh surshuw| lv hdvlo| yhul�hg e| xvlqj +D1<,1

Ehfdxvh HX ^i+� > �,` @ j/ vr wkdw �8�
@ � e| +D15,/ lw lv fohdu wkdw wkh fxwr� ehwzhhq wkh djhqwv

zkr suhihu �f dqg wkrvh zkr suhihu �� lv |
W
s @ �= Wklv wlsslqj srlqw fdq eh vhw wr dq| ydoxh ehorz

�8f
+vxfk dv wkh phgldq p8f

,/ dqg qrqhwkhohvv wkh gdwh rqh lqfrph glvwulexwlrq I� zloo uhpdlq

srvlwlyho| vnhzhg/ dv orqj dv s lv kljk hqrxjk1 Lqghhg/

I�+�8�
, @ I�+�, @ s

]
f

4t%GsE%cf�$#�gIf+{, . +4� s,

]
f

4t%Gs E%c��$#�gIf+{, @ s. +4� s,If+� � s%,=

Wkxv/ iru dq| �> wkh iudfwlrq ri djhqwv zkr hqg xs zlwk lqfrph ehorz wkh phdq/ 4 � I�+��,/ fdq

eh pdgh duelwudulo| forvh wr 4> e| fkrrvlqj s forvh wr 4= Dw wkh vdph wlph/ fkrrvlqj � vpdoo hqvxuhv

wkdw wkh vl}h ri wkh frdolwlrq vxssruwlqj uhglvwulexwlrq/ 4� If+�,/ uhpdlqv duelwudulo| vpdoo1

Wr frqfoxgh wkh surri ri wkh wkhruhp/ lw rqo| uhpdlqv wr revhuyh wkdw d wudqvlwlrq ixqfwlrq

iW 5 W lv pruh frqfdyh wkdq i lq h{shfwdwlrq li dqg rqo| li HX^iW+� > �,` " HX^i+� > �,` @ j=

Sursrvlwlrq 5 wkhq lpsolhv wkdw wkh iudfwlrq ri djhqwv zkr vxssruw uhglvwulexwlrq xqghu iW lv juhdwhu

wkdq If+�,= Wkh uhyhuvh lqhtxdolwlhv krog zkhqhyhu i "� iW1 Dv ehiruh/ fkrrvlqj wkh sduwlfxodu

fxwr� � @ p8 ? �8 |lhogv wkh fodlphg uhvxowv shuwdlqlqj wr pdmrulw| yrwlqj/ iru dq| glvwulexwlrq

If 5 In= n

Surri ri Sursrvlwlrq :

Gh�qh k| � HX�
� � �HX|

i |+� > ��> ===>�|,> w @ 4> ===/ dqg revhuyh wkdw k| 5 W dqg k|n� " k| iru doo w

xqghu wkh k|srwkhvhv ri wkh sursrvlwlrq1 Wkh surri lv wkxv lghqwlfdo wr sduw +d, ri Wkhruhp 7/ zlwk

k| sod|lqj wkh uroh ri i |= n

Surri ri Sursrvlwlrqv ;/ < dqg 43

Zh vkdoo suryh Sursrvlwlrq 43 gluhfwo|/ vlqfh lw lqfoxghv wkh rwkhu wzr dv vshfldo fdvhv1 Rxu wdvn

lv wkxv wr frpsduh wkh h{shfwhg xwlolw| dfklhyhg e| dq djhqw zlwk uhodwlyh ulvn�dyhuvlrq 4� � � 3

xqghu wzr duelwudu| srolflhv �� dqg � ? �� lq wkh idplo| S� ri qrq�olqhdu uhglvwulexwlyh vfkhphv

gh�qhg lq Vhfwlrq 8171 Uhfdoo lq sduwlfxodu wkdw � @ 3 dqg �� @ 4 frlqflgh zlwk �f dqg �� lq S>

qdpho| zlwk �odlvvh}0idluh� dqg frpsohwh uhglvwulexwlrq/ dqg wkdw xqghu ulvn�qhxwudolw| wkh fxwr�

ehwzhhq wkhvh wzr h{wuhph srolflhv dovr dssolhv wr dq| sdlu ri olqhdu vfkhphv lq S=

Ohw � eh dq| srolf| lq S �= Jlyhq wkh glvwulexwlrq oq |�| � Q +p|>�
2
| , zh fdq frpsxwh wkh lqwhjudov

lq +5;, dqg rewdlq=

� oq �||c� @ oq�8|
� oq

�]
f

+|,�3� gI|+|,

�
@ p| . �2

|@5� +4� �,p| � +4� �,2�2
| @5

wkdw lv/

oq �||c� @ p| . +5� �,�2
| @5 @ oq�8|

. +4� �,�2
| @5= +D143,

5;



Frqvlghu qh{w wkh frqglwlrqdo glvwulexwlrq ri djhqw l*v srvw�wd{ lqfrph zklfk zloo uhvxow iurp � 1

Fohduo|/ oq a|�|c� @ +4� � , oq |�| . � oq �||c� @ +4� �,+oq |�| �p|, .p| . �+5� �,�2
|@5 lv dovr qrupdoo|

glvwulexwhg=

oq a|�|c� � Q

�
+4� �,�|+oq |�f �pf,| .p| . �+5� �,�2

| @5 > +4� �,2v2
�
4��2|

4��2

��
= +D144,

Ilqdoo|/ ohw Y �
|c � ghqrwh djhqw l*v h{shfwhg xwlolw| xqghu wkh srolf| �= Zlwk wkh xwlolw| ixqfwlrq +58,/

htxdwlrq +D144, lpsolhv=

oq
�
4 . �Y �

|c �

�
@ oqHX�

�
���X�

|

k
+a|�|,

q m |�f

l
@ HX�

�
���X�

|

k
oq+a|�|,

q m |�f

l
.

�2

5
YduX�

�
���X�

|

�
oq a|�| m |

�
f

�
@ �p| . �+4� �,�|+oq |�f �pf, . ��+5� �,

�
�2

|

5

�
. �2+4� �,2

�
4��2|

4��2

��
v2

5

�

@ � oq�8|
. �+4� �,�|+oq |�f �pf,+4� �,2 .

�
��

�
�2

|

5

�
. �2

�
4� �2|

4��2

��
v2

5

��
=

Exw e| +54,/ �2
| @ �2|�2

f . v2+4��2|,@+4��2,> dqg khqfh/

oq
�
4 . �Y �

|c �

�
@ � oq�8|

. �+4� �,�|+oq |�f �pf,

��+4� �,2�2|

�
�2

f

5

�
� �+4� �,+4� �,2

�
4��2|

4��2

��
v2

5

�
= +D145,

Wkh gl�huhqfh lq djhqw l*v h{shfwhg zhoiduh ehwzhhq wzr srolflhv �� dqg � lq S� lv wkxv

oq
�
4 . �Y �

|c 7�

�
� oq

�
4 . �Y �

|c �

�
@ +�� � �,

�
��|+pf � oq |�f, . �+5� �� � �,�2|

�
�2

f

5

�

.�+4� �,+5� �� � �,

�
4� �2|

4��2

��
v2

5

��
= +D146,

Vhwwlqj wklv h{suhvvlrq wr }hur |lhogv wkh lqgl�huhqfh srlqw fodlphg lq Sursrvlwlrq 431 Fkrrvlqj

�� @ 4 dqg � @ 3 wkhq |lhogv Sursrvlwlrqv </ dqg Sursrvlwlrq ; fruuhvsrqgv wr wkh vxefdvh zkhuh

� @ 4= n

5<



Uhihuhqfhv

^4` Dohvlqd/ D1 dqg Urguln/ G1/ +4<<7,/ �Glvwulexwlyh Srolwlfv dqg Hfrqrplf Jurzwk/� Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ 43</ 79807<31

^5` Eìqderx/ U1/ +4<<9,/ �Xqhtxdo Vrflhwlhv1� QEHU Zrunlqj Sdshu 88;6/ Pd|1 Uhylvhg/ Pdufk

4<<:1

^6` Eìqderx/ U1/ +4<<:, �Zkdw Ohyhov ri Uhglvwulexwlrq Pd{lpl}h Lqfrph dqg H!flhqf|B�

Plphr/ Qhz \run Xqlyhuvlw|/ Pdufk 1

^7` Frqolvn/ M1 +4<<3,/ �Prqrwrqh Prelolw| Pdwulfhv1� Mrxuqdo ri Pdwkhpdwlfdo Vrflrorj|/ 48/

4:604<41

^8` Frrshu/ V1/ Gxuodxi/ V1 dqg Mrkqvrq/ S1 +4<<7, �Rq wkh Hyroxwlrq ri Hfrqrplf Vwdwxv Dfurvv

Jhqhudwlrqv1 � Dphulfdq Vwdwlvwlfdo Dvvrfldwlrq/ Exvlqhvv dqg Hfrqrplfv Vhfwlrq/ Sdshuv dqg

Surfhhglqjv/ 8308;1

^9` Gdugdqrql/ Y1/ +4<<6,/ �Phdvxulqj Vrfldo Prelolw|1� Mrxuqdo ri Hfrqrplf Wkhru|/ 94/ 6:506<71

^:` Gheuhx/ J1/ +4<:9,/ �Ohdvw Frqfdyh Xwlolw| Ixqfwlrqv1� Mrxuqdo ri Pdwkhpdwlfdo Hfrqrplfv/

6/ 454045<1

^;` Ihogvwhlq/ P1 +4<9<, �Wkh H�hfwv ri Wd{dwlrq rq Ulvn Wdnlqj/� Mrxuqdo ri Srolwlfdo Hfrqrp|/

::/ :88�:971

^<` Kluvfkpdq/ D1 R1/ +4<:6,/ �Wkh Fkdqjlqj Wrohudqfh iru Lqfrph Lqhtxdolw| lq wkh Frxuvh ri

Hfrqrplf Ghyhorsphqw +zlwk d Pdwkhpdwlfdo Dsshqgl{ e| Plfkdho Urwkvfklog,� Txduwhuo|

Mrxuqdo ri Hfrqrplfv/ ;:/ 7/ 877�8991

^43` Kxqjhuirug/ W1O1/ +4<<6,/ �X1V1 Lqfrph Prelolw| lq wkh Vhyhqwlhv dqg Hljkwlhv1� Uhylhz ri

Lqfrph dqg Zhdowk/ 64+7,/ 736�74:1

^44` Ndqqdl/ \1/ +4<::,/ �Frqfdyl�delolw| dqg Frqvwuxfwlrqv ri Frqfdyh Xwlolw| Ixqfwlrqv1� Mrxuqdo

ri Pdwkhpdwlfdo Hfrqrplfv/ 7/ 40891

^45` Ndqexu/ V1P1 +4<:<, �Ri Ulvn Wdnlqj dqg wkh Shuvrqdo Glvwulexwlrq ri Lqfrph/� Mrxuqdo ri

Srolwlfdo Hfrqrp| ;:+7,/ :9<�:<:1

^46` Nhlovrq/ M1 dqg D1 Nhwvhu/ +4<::,/ �Prqrwrqh Pdwulfhv dqg Prqrwrqh Pdunry Fkdlqv1�

Vwrfkdvwlf Surfhvvhv dqg wkhlu Dssolfdwlrqv/ 8/ 56405741

^47` Nlkovwurp U1 H1 dqg O1 M1 Plupdq/ +4<:7,/ �Ulvn Dyhuvlrq zlwk Pdq| Frpprglwlhv1� Mrxuqdo

ri Hfrqrplf Wkhru|/ ;/ 69406;;1
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^48` Pdukxhqgd/ I1 dqg L1 Ruwxôr0Ruwlq/ +4<<8,/ �Srsxodu Vxssruw iru Surjuhvvlyh Wd{dwlrq1�

Hfrqrplfv Ohwwhuv/ 7;/ 64<06571

^49` Plwud/ W1/ Rn/ H1 D1 dqg O1 Nrênhvhq/ +4<<;,/ �Srsxodu Vxssruw iru Surjuhvvlyh Wd{dwlrq dqg

wkh Uhodwlyh Lqfrph K|srwkhvlv1� Hfrqrplfv Ohwwhuv/ 8;/ 9<0:91

^4:` Phow}hu/ D1K1 dqg V1I1 Ulfkdug/ +4<;4,/ �D Udwlrqdo Wkhru| ri wkh Vl}h ri Jryhuqphqw1�

Mrxuqdo ri Srolwlfdo Hfrqrp|/ ;</ <470<5:1

^4;` Pxooljdq/ F1 +4<<8, �Vrph Hylghqfh rq wkh Uroh ri Lpshuihfw Pdunhwv iru wkh Wudqvplvvlrq

ri Lqhtxdolw|1� Xqlyhuvlw| ri Fklfdjr plphr/ Mxo|1

^4<` Pxvjudyh/ U1/ dqg Wklq/ W1 +4<7;, �Lqfrph Wd{ Surjuhvvlrq 4<5<�7;/� Mrxuqdo ri Srolwlfdo

Hfrqrp|/ 89/ 7<;�8471

^53` Shuvvrq/ P1 +4<;6, �Wkh Glvwulexwlrq ri Delolwlhv dqg wkh Surjuhvvlyh Lqfrph Wd{/� Mrxuqdo

ri Sxeolf Hfrqrplfv/ 55/ :6�;;1

^54` Shuvvrq/ W1 dqg J1 Wdehoolql/ +4<<7,/ �Lv Lqhtxdolw| Kdupixo iru JurzwkB Wkhru| dqg Hyl0

ghqfh1� Dphulfdq Hfrqrplf Uhylhz/ 7;/ 93309541

^55` Slnhww|/ W1/ +4<<8d,/ �Vrfldo Prelolw| dqg Uhglvwulexwlyh Srolwlfv/� Txduwhuo| Mrxuqdo ri Hfr0

qrplfv/ 443/ 884�8;61

^56` Slnhww|/ W1/ +4<<8e,/ �Uhglvwulexwlyh Uhvsrqvhv wr Glvwulexwlyh Wuhqgv1� Plphr/ PLW1

^57` Sxwwhupdq/ O1/ +4<<9,/ �Zk| Kdyh wkh Udeeoh Qrw Uhglvwulexwhg wkh ZhdowkB Rq wkh Vwdelolw|

ri Ghprfudf| dqg Xqhtxdo Surshuw|1� Plphr/ Eurzq Xqlyhuvlw|1

^58` Urhphu/ M1/ +4<<;,/ �Zk| wkh Srru Gr Qrw H{sursuldwh wkh Ulfk lq Ghprfudflhv= Dq Rog

Dujxphqw lq Qhz Jdue/� Mrxuqdo ri Sxeolf Hfrqrplfv/ iruwkfrplqj1

^59` Vrorq/ Jdu| +4<<5, �Lqwhujhqhudwlrqdo Lqfrph Prelolw| lq wkh Xqlwhg Vwdwhv1� Dphulfdq Hfr0

qrplf Uhylhz/ ;5/ 6/ 6<6073;1

^5:` Xqlwhg Vwdwhv Exuhdx ri wkh Fhqvxv/ �Fxuuhqw Srsxodwlrq Uhsruwv� dqg gdwd dydlodeoh dw

kwws=22zzz1fhqvxv1jry2iws2sxe2kkhv2zzz2lqfrph1kwpo1 X1V1 Ghsduwphqw ri Frpphufh/ Lq0

frph Vwdwlvwlfv Eudqfk/ KKHV Glylvlrq/ Zdvklqjwrq/ G1F1 535660;8331

^5;` ]lpphupdq/ G1 +4<<5, �Uhjuhvvlrq Wrzdug Phglrfulw| lq Hfrqrplf Vwdwxuh/� Dphulfdq Hfr0

qrplf Uhylhz/ ;5/ 6/ 73<075<1
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