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Prqhwdu| Srolf| dqg Pxowlsoh Htxloleuld

Mhvv Ehqkdele
Qhz \run Xqlyhuvlw|

Vwhskdqlh Vfkplww0Jurkì
Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp

Pduwðq XulehW

Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp

Mxo|/ 4<<;

Devwudfw

Lq wklv sdshu/ zh fkdudfwhul}h frqglwlrqv xqghu zklfk lqwhuhvw udwh ihhgedfn uxohv wkdw vhw wkh qrplqdo
lqwhuhvw udwh dv dq lqfuhdvlqj ixqfwlrq ri wkh lq dwlrq udwh jhqhudwh pxowlsoh htxloleuld1 Zh vkrz wkdw
wkhvh frqglwlrqv ghshqg qrw rqo| rq wkh prqhwdu|0�vfdo uhjlph +dv hpskdvl}hg lq wkh �vfdo wkhru| ri
wkh sulfh ohyho, exw dovr rq wkh zd| lq zklfk prqh| lv dvvxphg wr hqwhu suhihuhqfhv dqg whfkqrorj|1 Zh
dqdo|}h wklv lvvxh lq  h{leoh dqg vwlfn| sulfh hqylurqphqwv1 Zh surylgh d qxpehu ri h{dpsohv lq zklfk/
frqwudu| wr zkdw lv frpprqo| eholhyhg/ dfwlyh prqhwdu| srolf| lq frpelqdwlrq zlwk d �vfdo srolf| wkdw
suhvhuyhv jryhuqphqw vroyhqf| jlyhv ulvh wr pxowlsoh htxloleuld/ dqg sdvvlyh prqhwdu| srolf| uhqghuv wkh
htxloleulxp xqltxh1

MHO Fodvvl�fdwlrq Qxpehuv= H85/ H64/ H961

Nh|zrugv= Lqwhuhvw udwh ihhgedfn uxohv/ pxowlsoh htxloleuld/ vwlfn| sulfhv1

WZh zrxog olnh wr wkdqn vhplqdu sduwlflsdqwv dw wkh Xqlyhuvlw| ri Fklfdjr/ Qhz \run Xqlyhuvlw|/ wkh Erdug ri Jryhuqruv/
wkh Qhz \run Duhd Pdfurhfrqrplfv Zrunvkrs/ dqg wkh 4<<; QEHU Vxpphu Lqvwlwxwh iru frpphqwv1 Wklv sdshu uhsuhvhqwv
wkh ylhzv ri wkh dxwkruv dqg vkrxog qrw eh lqwhusuhwhg dv uh hfwlqj wkh ylhzv ri wkh Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh
V|vwhp ru rwkhu phpehuv ri lwv vwd�1 Zh wkdqn wkh F1Y1 Vwduu Fhqwhu ri Dssolhg Hfrqrplfv dw Qhz \run Xqlyhuvlw| iru
whfkqlfdo dvvlvwdqfh1



4 Lqwurgxfwlrq

Uhfhqw ghyhorsphqwv lq prqhwdu| hfrqrplfv kdyh hpskdvl}hg wkh olqn ehwzhhq wkh ghjuhh wr zklfk prqhwdu|
dqg �vfdo srolf| uhvsrqg wr hqgrjhqrxv yduldeohv vxfk dv wkh lq dwlrq udwh ru wkh vwrfn ri sxeolf ghew dqg
pdfurhfrqrplf vwdelolw|14 Shukdsv wkh ehvw0nqrzq uhvxow lq wklv olwhudwxuh lv wkdw li �vfdo vroyhqf| lv suhvhuyhg
xqghu doo flufxpvwdqfhv/ wkhq dq dfwlyh prqhwdu| srolf|/ wkdw lv/ d srolf| wkdw djjuhvvlyho| �jkwv lq dwlrq
e| udlvlqj wkh qrplqdo lqwhuhvw udwh e| pruh wkdq wkh lqfuhdvh lq lq dwlrq/ vwdelol}hv wkh uhdo vlgh ri wkh
hfrqrp| e| hqvxulqj wkh xqltxhqhvv ri htxloleulxp/ zkhuhdv d sdvvlyh prqhwdu| srolf|/ wkdw lv/ d srolf| wkdw
xqghuuhdfwv wr lq dwlrq e| udlvlqj wkh qrplqdo lqwhuhvw udwh e| ohvv wkdq wkh revhuyhg lqfuhdvh lq lq dwlrq/
ghvwdelol}hv lw e| jlylqj ulvh wr h{shfwdwlrqv0gulyhq  xfwxdwlrqv1 Lq wklv sdshu/ zh vkrz wkdw zkhwkhu d
sduwlfxodu prqhwdu|��vfdo uhjlph jhqhudwhv pxowlsoh htxloleuld ghshqgv fuxfldoo| rq wkh zd| lq zklfk prqh|
lv dvvxphg wr hqwhu suhihuhqfhv dqg whfkqrorj|1 Lq sduwlfxodu/ wkh sdshu kljkoljkwv wkh idfw wkdw uhjdugohvv
ri wkh vwdqfh ri �vfdo srolf|/ dq dfwlyh prqhwdu| srolf| grhv qrw qhfhvvdulo| eulqj derxw wkh ghwhuplqdf| ri
htxloleulxp1

Lq wkh frqwh{w ri d  h{leoh0sulfh/ prqh|0lq0wkh0xwlolw|0ixqfwlrq prgho/ zh vkrz wkdw wkh vwdqgdug uhvxow
krogv lq dq hqgrzphqw hfrqrp| lq zklfk frqvxpswlrq dqg uhdo edodqfhv duh Hgjhzruwk0frpsohphqwv lq
suhihuhqfhv lq wkh vhqvh wkdw wkh pdujlqdo xwlolw| ri frqvxpswlrq lv lqfuhdvlqj lq uhdo edodqfhv1 Krzhyhu/
wkh rssrvlwh uhvxow�l1h1/ xqltxhqhvv ri wkh htxloleulxp rffxuv xqghu sdvvlyh prqhwdu| srolf| dqg pxowlsoh
htxloleuld rffxu xqghu dfwlyh prqhwdu| srolf|�rewdlqv li frqvxpswlrq dqg uhdo edodqfhv duh Hgjhzruwk0
vxevwlwxwhv1 Pruh lpsruwdqwo|/ wkh rssrvlwh uhvxow dovr rewdlqv lq dq hfrqrp| lq zklfk prqh| hqwhuv lq wkh
surgxfwlrq ixqfwlrq/ hyhq li uhdo edodqfhv dqg frqvxpswlrq duh Hgjhzruwk0frpsohphqwv lq suhihuhqfhv1

Zh dovr dqdo|}h hfrqrplhv zlwk qrplqdo uljlglwlhv1 Vshfl�fdoo|/ zh vwxg| wzr dowhuqdwlyh prghov ri sulfh
vwlfnlqhvv= wkh Urwhpehuj +4<;5, prgho zlwk frqyh{ frvw ri sulfh dgmxvwphqw dqg wkh Fdoyr +4<;6, prgho
ri vwdjjhuhg sulfh vhwwlqj1 Zh vkrz wkdw zkhq prqh| hqwhuv lq wkh surgxfwlrq ixqfwlrq/ dfwlyh prqhwdu|
srolf| pd| uhqghu wkh htxloleulxp lqghwhuplqdwh uhjdugohvv ri wkh vwdqfh ri �vfdo srolf|1 Wkh �qglqj wkdw wkh
htxloleulxppd| eh lqghwhuplqdwh xqghu dfwlyh prqhwdu| zkhq �vfdo srolf| grhv qrw jxdudqwhh vroyhqf| ri wkh
jryhuqphqw xqghu doo flufxpvwdqfhv lv ri sduwlfxodu lpsruwdqfh ehfdxvh lq hfrqrplhv lq zklfk prqh| d�hfwv
uhdo yduldeohv rqo| wkurxjk djjuhjdwh ghpdqg/ qr htxloleulxp h{lvwv orfdoo| xqghu wklv w|sh ri prqhwdu|0�vfdo
uhjlph1

Wkh frpprq qrwlrq wkdw dfwlyh prqhwdu| srolf| lv wdqwdprxqw wr djjuhjdwh vwdelolw| lv ixuwkhu fkdoohqjhg
zkhq rqh grhv qrw uhvwulfw wkh dqdo|vlv wr orfdo vwdelolw|1 Lq vwlfn|0sulfh hqylurqphqwv/ zh �qg wkdw li prqh|
hqwhuv lq wkh surgxfwlrq ixqfwlrq/ dfwlyh prqhwdu| srolf| pd| jlyh ulvh wr d frqwlqxxp ri htxloleuld lq hdfk
ri zklfk uhdo yduldeohv frqyhujh wr d ghwhuplqlvwlf f|foh1

Ilqdoo|/ zh h{whqg wkh dqdo|vlv wr ihhgedfn uxohv lq zklfk wkh lqwhuhvw udwh ghshqgv qrw rqo| rq fxuuhqw
lq dwlrq exw dovr rq sdvw ru h{shfwhg ixwxuh udwhv ri lq dwlrq1 Zh �qg wkdw wkh uhvxowv ghvfulehg deryh duh
jhqhudoo| urexvw wr wklv h{whqvlrq1 Edfnzdug0orrnlqj ihhgedfn uxohv whqg wr uhgxfh wkh udqjh ri sdudphwhu
ydoxhv iru zklfk wkh htxloleulxp lv lqghwhuplqdwh dqg iruzdug0orrnlqj uxohv whqg wr lqfuhdvh lw1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg lq irxu vhfwlrqv1 Vhfwlrq 5 vwxglhv d  h{leoh0sulfh hfrqrp|1
Vhfwlrq 6 fkdudfwhul}hv orfdo dqg shulrglf htxloleuld lq wkh Urwhpehuj vwlfn|0sulfh prgho1 Vhfwlrq 7 h{whqgv
wkh uhvxowv wr edfnzdug0 dqg iruzdug0orrnlqj lqwhuhvw udwh ihhgedfn uxohv dqg wr dq hfrqrp| zlwk Fdoyr0w|sh
sulfh vwdjjhulqj1 Vhfwlrq 8 frqfoxghv1

5 D  h{leoh0sulfh prgho

Lq wklv vhfwlrq/ zh vwxg| wkh ghwhuplqdf| ri htxloleulxp xqghu dowhuqdwlyh prqhwdu| dqg �vfdo srolflhv lq d
 h{leoh0sulfh prgho lq zklfk lq dwlrq pd| d�hfw frqvxpswlrq dqg surgxfwlrq dv lq Fdoyr +4<:<,15

4Vhh/ iru h{dpsoh/ Ohhshu +4<<4,/ Vlpv +4<<7/ 4<<:,/ Zrrgirug +4<<7/ 4<<8/ 4<<9,/ Fodulgd/ Jdoð/ dqg Jhuwohu +4<<:,/ dqg
Vfkplww0Jurkì dqg Xuleh +4<<:,1

5Wkh prqhwdu|0�vfdo uhjlphv dqdo|}hg e| Fdoyr +4<:<, duh gl�huhqw iurp wkrvh vwxglhg lq wklv sdshu1 Fdoyr irfxvhv rq
prqhwdu| srolflhv zkhuhe| wkh fhqwudo edqn shjv hlwkhu wkh prqh| jurzwk udwh ru wkh lq dwlrq udwh lq frpelqdwlrq zlwk d
�vfdo srolf| wkdw vshfl�hv }hur sxeolf ghew dw doo wlphv lpso|lqj ixoo prqhwl}dwlrq ri sulpdu| gh�flwv1 E| frqwudvw/ dv zloo eh
h{sodlqhg lq ghwdlo vkruwo|/ zh dqdo|}h lqwhuhvw udwh ihhgedfn uxohv lq frpelqdwlrq zlwk �vfdo srolflhv lq zklfk wkh uhdo sulpdu|
vxusoxv lv hlwkhu frqvwdqw ru sursruwlrqdo wr wkh vwrfn ri uhdo jryhuqphqw oldelolwlhv1 Dqrwkhu h{dpsoh ri d vwxg| ri sulfh ohyho
ghwhuplqdwlrq lq d prgho zlwk prqh| lq wkh surgxfwlrq ixqfwlrq lv Wd|oru +4<::,1 Olnh Fdoyr/ Wd|oru frqvlghuv prqhwdu| srolf|
uhjlphv wkdw duh gl�huhqw iurp wkrvh vwxglhg lq wklv sdshu1 Krzhyhu/ xqolnh Fdoyr/ Wd|oru frqgxfwv klv dqdo|vlv lq wkh frqwh{w
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Wkh krxvhkrog

Wkh krxvhkrog*v olihwlph xwlolw| ixqfwlrq lv jlyhq e|

X @

]
4

3

h�uwx +f>pqs,gw +4,

zkhuh u A 3 ghqrwhv wkh udwh ri wlph suhihuhqfh/ f frqvxpswlrq/ pqs �Pqs@S uhdo edodqfhv khog iru qrq0
surgxfwlrq sxusrvhv/ Pqs qrplqdo prqh| edodqfhv khog iru qrq0surgxfwlrq sxusrvhv/ dqg S wkh qrplqdo
sulfh ohyho1 Wkh lqvwdqw xwlolw| ixqfwlrq x+�> �, vdwlv�hv dvvxpswlrq 4/ zklfk lpsolhv wkdw f dqg pqs duh
qrupdo jrrgv1

Dvvxpswlrq 4 x+�> �, lv vwulfwo| lqfuhdvlqj dqg vwulfwo| frqfdyh/ dqg vdwlv�hv xff � xfpxf@xp ? 3 dqg
xpp � xfpxp@xf ? 31

Zh frqvlghu wzr dowhuqdwlyh surgxfwlrq whfkqrorjlhv= +l, rxwsxw lv surgxfhg zlwk uhdo edodqfhv khog e|
wkh krxvhkrog iru surgxfwlrq sxusrvhv/ ps � Ps@S / zkhuh Ps ghqrwhv qrplqdo prqh| edodqfhv khog iru
surgxfwlrq sxusrvhv/ dqg +ll, rxwsxw lv htxdo wr d srvlwlyh frqvwdqw1 Irupdoo|/ wkh surgxfwlrq whfkqrorj|/
|+ps,/ vdwlv�hv hlwkhu dvvxpswlrq 5 ru dvvxpswlrq 531

Dvvxpswlrq 5 |+ps, lv srvlwlyh/ vwulfwo| lqfuhdvlqj/ vwulfwo| frqfdyh/
olpps$3 |3+ps, @4/ dqg olpps$4 |3+ps, @ 31

Dvvxpswlrq 53 |+ps, lv d srvlwlyh frqvwdqw1

Lq dgglwlrq wr prqh|/ wkh krxvhkrog fdq krog qrplqdo erqgv/ E/ zklfk sd| wkh qrplqdo lqwhuhvw udwh
U A 31 Ohwwlqj d � +Pqs.Ps.E,@S ghqrwh wkh krxvhkrog*v uhdo �qdqfldo zhdowk/ � uhdo oxps0vxp wd{hv/
dqg � � bS@S wkh lq dwlrq udwh/ wkh krxvhkrog*v lqvwdqw exgjhw frqvwudlqw fdq eh zulwwhq dv

bd @ +U� �,d�U+pqs .ps, . |+ps,� f� �= +5,

Wkh krxvhkrog fkrrvhv vhtxhqfhv iru f/ pqs/ ps � 3 dqg d vr dv wr pd{lpl}h +4, vxemhfw wr +5, dqg wkh
iroorzlqj qr0Srq}l0jdph frqglwlrq

olp
w$4

h�
U
w

3
^U+v,��+v,`gvd+w, � 3> +6,

wdnlqj dv jlyhq d+3, dqg wkh wlph sdwkv ri � / U/ dqg �1 Wkh rswlpdolw| frqglwlrqv dvvrfldwhg zlwk wkh
krxvhkrog*v sureohp duh

xf+f>p
qs, @ � +7,

ps ^|3+ps,�U` @ 3 +8,
xp+f>pqs,

xf+f>pqs,
@ U +9,

� +u . � �U, @ b� +:,

olp
w$4

h�
U
w

3
^U+v,��+v,`gvd+w, @ 3 +;,

zkhuh � lv wkh Odjudqjh pxowlsolhu dvvrfldwhg zlwk wkh krxvhkrog*v lqvwdqw exgjhw frqvwudlqw1 Dvvxpswlrq 5
wrjhwkhu zlwk htxdwlrq +8, dqg U A 3 lpsolhv wkdw ps lv d vwulfwo| ghfuhdvlqj ixqfwlrq ri U=

ps @ ps+U,> +<,

zlwk ps3 � gps@gU ? 31 Dowhuqdwlyho|/ dvvxpswlrq 53/ htxdwlrq +8,/ dqg wkh idfw wkdw U A 3 lpso| wkdw
ps @ ps3 @ 31 Xvlqj htxdwlrq +9, dqg dvvxpswlrq 4/ pqs fdq eh h{suhvvhg dv d ixqfwlrq ri frqvxpswlrq
dqg wkh qrplqdo lqwhuhvw udwh wkdw lv lqfuhdvlqj lq f dqg ghfuhdvlqj lq U=

pqs @pqs+f>U,= +43,

ri d qrq0rswlpl}lqj iudphzrun1
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Wkh jryhuqphqw

Zh dvvxph wkdw prqhwdu| srolf| wdnhv wkh irup ri dq lqwhuhvw udwh ihhgedfn uxoh zkhuhe| wkh qrplqdo lqwhuhvw
udwh lv vhw dv dq lqfuhdvlqj ixqfwlrq ri wkh lq dwlrq udwh1 Vshfl�fdoo|/ zh dvvxph wkdw

U @ �+�,> +44,

zkhuh �+�, lv frqwlqxrxv/ qrq0ghfuhdvlqj/ dqg vwulfwo| srvlwlyh dqg wkhuh h{lvwv dw ohdvw rqh �� A �u vxfk
wkdw �+��, @ u. ��1 Iroorzlqj Ohhshu +4<<4,/ zh uhihu wr prqhwdu| srolf| dv dfwlyh li �3 A 4 dqg dv sdvvlyh
li �3 ? 41

Wkh vhtxhqwldo exgjhw frqvwudlqw ri wkh jryhuqphqw lv jlyhq e| bE @ UE � bPqs � bPs � S� / zklfk fdq
eh zulwwhq dv

bd @ +U� �,d�U+pqs .ps,� �= +45,

Ehfdxvh wkh qrplqdo ydoxh ri lqlwldo jryhuqphqw oldelolwlhv/ D+3,/ lv suhghwhuplqhg/ wkh lqlwldo frqglwlrq d+3,
pxvw vdwlvi|

d+3, @
D+3,

S +3,
= +46,

Zh fodvvli| �vfdo srolflhv lqwr wzr fdwhjrulhv= Ulfdugldq �vfdo srolflhv dqg qrq0Ulfdugldq rqhv1 Ulfdu0
gldq �vfdo srolflhv duh wkrvh wkdw hqvxuh wkdw wkh suhvhqw glvfrxqwhg ydoxh ri wrwdo jryhuqphqw oldelolwlhv
frqyhujhv wr }hur�wkdw lv/ htxdwlrq +;, lv vdwlv�hg�xqghu doo srvvleoh/ htxloleulxp ru r�0htxloleulxp/ sdwkv
ri hqgrjhqrxv yduldeohv vxfk dv wkh sulfh ohyho/ wkh prqh| vxsso|/ lq dwlrq/ ru wkh qrplqdo lqwhuhvw udwh16

Wkurxjkrxw wkh sdshu/ zh uhvwulfw dwwhqwlrq wr rqh sduwlfxodu Ulfdugldq �vfdo srolf| wkdw wdnhv wkh irup

� .U+pqs .ps, @ �d +47,

zkhuh wkh vhtxhqfh � lv fkrvhq duelwudulo| e| wkh jryhuqphqw vxemhfw wr wkh frqvwudlqw wkdw lw lv srvlwlyh dqg
erxqghg ehorz e| � A 31 Wklv srolf| vwdwhv wkdw frqvrolgdwhg jryhuqphqw uhyhqxhv/ wkdw lv/ wd{ uhyhqxhv soxv
lqwhuhvw vdylqjv iurp wkh lvvxdqfh ri prqh|/ duh dozd|v kljkhu wkdq d fhuwdlq iudfwlrq � ri wrwdo jryhuqphqw
oldelolwlhv1 D vshfldo fdvh ri wklv w|sh ri srolf| lv d edodqfhg0exgjhw uxoh zkhuhe| wd{ uhyhqxhv duh htxdo wr
lqwhuhvw sd|phqwv rq wkh ghew/ zklfk uhvxowv zkhq � @ U +surylghg U lv erxqghg dzd| iurp }hur,1 Wr vhh
wkdw wkh �vfdo srolf| jlyhq e| +47, lv Ulfdugldq/ ohw g � h{s^� U w3 +U� �,gv` dqg { � gd1 Wkh gh�qlwlrq ri d
Ulfdugldq �vfdo srolf| uhtxluhv wkdw {$ 3 dv w$41 Qrwh wkdw b{ @ g ^ bd� +U� �,d`1 Xvlqj htxdwlrqv +45,
dqg +47,/ wklv h{suhvvlrq fdq eh zulwwhq dv b{ @ ��{/ zklfk lpsolhv wkdw { frqyhujhv prqrwrqlfdoo| wr }hur1

Zh zloo dovr dqdo|}h d sduwlfxodu qrq0Ulfdugldq �vfdo srolf| frqvlvwlqj ri dq h{rjhqrxv sdwk iru oxps0vxp
wd{hv

� @ ��= +48,

Htxloleulxp

Lq htxloleulxp wkh jrrgv pdunhw pxvw fohdu

f @ |+ps,= +49,

Xvlqj htxdwlrqv +<,�+44, dqg +49, wr uhsodfh ps/ pqs/ U/ dqg f lq htxdwlrq +7,/ � fdq eh h{suhvvhg dv d
ixqfwlrq ri �/

� @ �+�, +4:,

6Rxu gh�qlwlrq ri Ulfdugldq �vfdo srolf| lv gl�huhqw iurp wkh rqh jlyhq lq Zrrgirug +4<<8,1 Lq wkh �uvw sodfh/ Zrrgirug
xvhv wkh whup Ulfdugldq wr uhihu wr prqhwdu|0�vfdo uhjlphv udwkhu wkdq wr �vfdo uhjlphv dorqh1 Vhfrqg/ dffruglqj wr Zrrgirug/
Ulfdugldq uhjlphv duh frpelqdwlrqv ri prqhwdu| dqg �vfdo srolflhv wkdw hqvxuh wkdw wkh suhvhqw glvfrxqwhg ydoxh ri sxeolf ghew/
qrw wrwdo jryhuqphqw oldelolwlhv/ frqyhujhv wr }hur1 Wkxv/ iru h{dpsoh/ d edodqfhg0exgjhw uxoh lq frpelqdwlrq zlwk dq lqwhuhvw
udwh shj lv Ulfdugldq dffruglqj wr rxu gh�qlwlrq exw qrw dffruglqj wr Zrrgirug*v +vhh Vfkplww0Jurkì dqg Xuleh/ 4<<:,1 Dovr/
Ulfdugldq �vfdo srolflhv duh qrw qhfhvvdulo| sdvvlyh lq wkh vhqvh ri Ohhshu +4<<4, ehfdxvh wkh| gr qrw jxdudqwhh wkdw wkh uhdo
ydoxh ri sxeolf ghew uhpdlqv erxqghg1
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zlwk

�3+�, @ �3 ^xff|
3ps3 . xfp+pqs

f |3ps3 .pqs
U ,` +4;,

zkhuh pqs
f dqg pqs

U ghqrwh wkh sduwldo ghulydwlyhv ri pqs zlwk uhvshfw wr f dqg U/ uhvshfwlyho|1 Xvlqj wklv
h{suhvvlrq/ +<,�+44,/ dqg +49,/ htxdwlrqv +:,/ +;,/ +45,/ dqg +47, fdq eh uhzulwwhq dv

�3+�, b� @ �+�, ^u . � � �+�,` +4<,

bd @ ^�+�,� �`d� �+�,^pqs+|+ps+�+�,,,> �+�,, .ps+�+�,,`� � +53,

olp
w$4

h�
U
w

3
^�+�,��+v,`gvd+w, @ 3 +54,

� . �+�,^pqs+|+ps+�+�,,,> �+�,, .ps+�+�,,` @ �d +55,

Gh�qlwlrq 4 +Shuihfw0iruhvljkw htxloleulxp lq wkh  h{leoh0sulfh hfrqrp|, Lq wkh  h{leoh0sulfh hfrq0
rp|/ d shuihfw0iruhvljkw htxloleulxp lv d vhw ri vhtxhqfhv i�> d> �j dqg dq lqlwldo sulfh ohyho S +3, A 3 vdwlvi|lqj
+46,/ +4<,�+54, dqg hlwkhu +48, li �vfdo srolf| lv qrq0Ulfdugldq ru +55, li �vfdo srolf| lv Ulfdugldq/ jlyhq
D+3, A 31

Jlyhq dq htxloleulxp vhtxhqfh iru �/ htxdwlrqv +<,�+44,/ +49,/ dqg +4:, xqltxho| ghwhuplqh wkh htxlole0
ulxp vhtxhqfhv if>pqs>ps> �> Uj1 Li wkh htxloleulxp wlph sdwk ri lq dwlrq lv xqltxh/ wkhq vr lv wkh htxlole0
ulxp uhdo doorfdwlrq if>pqs>psj lqghshqghqwo| ri zkhwkhu wkh htxloleulxp sulfh ohyho lv xqltxh1 Wkxv/ lw lv
xvhixo wr lqwurgxfh wkh iroorzlqj whuplqrorj|=

Gh�qlwlrq 5 +Uhdo dqg Qrplqdo Lqghwhuplqdf|, Wkh htxloleulxp glvsod|v uhdo lqghwhuplqdf| li wkhuh
h{lvwv dq lq�qlwh qxpehu ri htxloleulxp vhtxhqfhv i�j1 Wkh htxloleulxp h{klelwv qrplqdo lqghwhuplqdf| li
iru dq| htxloleulxp vhtxhqfh i�j/ wkhuh h{lvwv dq lq�qlwh qxpehu ri lqlwldo sulfh ohyhov S +3, A 3 frqvlvwhqw
zlwk d shuihfw0iruhvljkw htxloleulxp1

Lq wkh uhpdlqghu ri wklv vhfwlrq/ zh uhvwulfw wkh dqdo|vlv wr htxloleuld lq zklfk wkh lq dwlrq udwh frqyhujhv
dv|pswrwlfdoo| wr d vwhdg|0vwdwh ydoxh/ ��/ zklfk lv gh�qhg dv d frqvwdqw ydoxh ri � wkdw vroyhv +4<,/ wkdw
lv/ d vroxwlrq wr u . � @ �+�,1 E| dvvxpswlrq/ �� h{lvwv dqg lv juhdwhu wkdq �u17

Xqghu d Ulfdugldq �vfdo srolf|/ wkh vhw ri htxloleulxp frqglwlrqv lqfoxghv htxdwlrq +55,1 Jlyhq d vhtxhqfh
i�j vdwlvi|lqj +4<, dqg dq lqlwldo sulfh ohyho S +3, A 3/ htxdwlrqv +53, dqg +55, fdq eh xvhg wr frqvwuxfw d
sdlu ri vhtxhqfhv id> �j1 Ehfdxvh wkh �vfdo srolf| lv Ulfdugldq/ wkh wudqvyhuvdolw| frqglwlrq +54, lv dozd|v
vdwlv�hg1 Li lqvwhdg wkh �vfdo dxwkrulw| iroorzv wkh qrq0Ulfdugldq �vfdo srolf| jlyhq lq +48,/ frpelqlqj +46,/
+53,/ dqg +54, |lhogv

D+3,

S +3,
@

]
4

3

h�
U
w

3
^�+�,��`gv i�+�, ^pqs+|+ps+�+�,,,> �+�,, .ps+�+�,,` . ��jgv +56,

zklfk jlyhq D+3, A 3 dqg d vhtxhqfh iru � frqyhujlqj wr �� xqltxho| ghwhuplqhv wkh lqlwldo sulfh ohyho S +3,1
Wkh deryh dqdo|vlv ghprqvwudwhv wkdw iru wkh fodvv ri prqhwdu|0�vfdo uhjlphv vwxglhg lq wklv sdshu

qrplqdo ghwhuplqdf| ghshqgv rqo| rq �vfdo srolf| dqg qrw rq prqhwdu| srolf|�d uhvxow wkdw kdv ehhq
hpskdvl}hg lq wkh uhfhqw olwhudwxuh rq wkh �vfdo ghwhuplqdwlrq ri wkh sulfh ohyho dqg wkdw zh vxppdul}h lq
wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 514 Li �vfdo srolf| lv Ulfdugldq/ wkh htxloleulxp h{klelwv qrplqdo lqghwhuplqdf|1 Xqghu wkh
qrq0Ulfdugldq �vfdo srolf| jlyhq e| +48,/ wkh htxloleulxp glvsod|v qrplqdo ghwhuplqdf|1

7Qrwh wkdw ZW pd| qrw eh xqltxh1 Lq sduwlfxodu/ li wkhuh h{lvwv d vwhdg| vwdwh ZW zlwk 4�EZW� : �/ wkhq vlqfh 4Eu� lv dvvxphg
wr eh frqwlqxrxv dqg vwulfwo| srvlwlyh wkhuh pxvw dovr h{lvw d vwhdg| vwdwh zlwk 4� 	 �1
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E| frqwudvw/ wkh ghwhuplqdf| ri wkh uhdo doorfdwlrq lv lqghshqghqw ri �vfdo srolf| exw ghshqgv rq wkh
vwdqfh ri prqhwdu| srolf| dqg rq wkh sduwlfxodu zd| lq zklfk lq dwlrq d�hfwv surgxfwlrq dqg frqvxpswlrq1
Wr vhh wklv/ frqvlghu vroxwlrqv wr htxdwlrq +4<,1 Li �3+��, dqg 4 � �3+��, duh ri rssrvlwh vljq/ dq| lqlwldo
lq dwlrq udwh qhdu wkh vwhdg| vwdwh �� zloo jlyh ulvh wr dq lq dwlrq wudmhfwru| wkdw frqyhujhv wr ��1 Li/ rq wkh
rwkhu kdqg/ �3+��, dqg 4 � �3+��, duh ri wkh vdph vljq/ wkh rqo| vhtxhqfh ri lq dwlrq udwhv wkdw frqyhujhv
dv|pswrwlfdoo| wr �� lv rqh lq zklfk wkh lq dwlrq udwh lv frqvwdqw dqg htxdo wr ��1 Li �3+�, @ 3 iru doo �/ wkhq
htxdwlrqv +4;, dqg +4<, lpso| wkdw � dqg � duh frqvwdqw1 Wkxv/ xqghu d sxuh lqwhuhvw udwh shj wkh hfrqrp|
h{klelwv uhdo ghwhuplqdf|1

Wr xqghuvwdqg wkh frqglwlrqv xqghu zklfk wkh prgho glvsod|v uhdo lqghwhuplqdf|/ lw lv lqvwuxfwlyh wr frq0
vlghu wkh iroorzlqj wzr srodu fdvhv1 Frqvlghu �uvw wkh fdvh lq zklfk suhihuhqfhv duh vhsdudeoh lq frqvxpswlrq
dqg prqh| +xfp @ 3, dqg prqh| lv surgxfwlyh +dvvxpswlrq 5 krogv,1 Lq wklv fdvh/ htxdwlrq +4;, lpsolhv wkdw
�3 @ �3xff|

3ps3 A 3/ vr wkdw wkh prgho glvsod|v uhdo lqghwhuplqdf| li 4 � �3+��, ? 3/ wkdw lv/ li prqhwdu|
srolf| lv dfwlyh/ dqg lv xqltxh li 4� �3+��, A 3/ wkdw lv/ li prqhwdu| srolf| lv sdvvlyh1 Wkh lqwxlwlrq ehklqg
wklv uhvxow lv dv iroorzv1 Vxssrvh �upv lqlwldoo| krog pruh uhdo edodqfhv iru surgxfwlrq sxusrvhv wkdq lq wkh
vwhdg| vwdwh1 Wklv zloo kdsshq rqo| li wkh qrplqdo lqwhuhvw udwh lv ehorz lwv vwhdg|0vwdwh ohyho1 E| wkh lqwhuhvw
udwh ihhgedfn uxoh/ wkh lq dwlrq udwh kdv wr eh ehorz lwv vwhdg|0vwdwh ydoxh dv zhoo1 Li prqhwdu| srolf| lv
dfwlyh/ wkh ghfolqh lq wkh lq dwlrq udwh lv dffrpsdqlhg e| d ghfolqh lq wkh uhdo lqwhuhvw udwh/ U � �/ zklfk
lq wxuq lqgxfhv qhjdwlyh frqvxpswlrq jurzwk1 Vlqfh lq htxloleulxp frqvxpswlrq htxdov rxwsxw/ dqg rxwsxw
lv dq lqfuhdvlqj ixqfwlrq ri uhdo edodqfhv/ uhdo edodqfhv iru surgxfwlrq sxusrvhv zloo eh h{shfwhg wr ghfolqh1
Wkhuhiruh/ wkh lqlwldo lqfuhdvh lq uhdo edodqfhv lv uhyhuvhg dqg wkh uhvxowlqj wudmhfwru| lv frqvlvwhqw zlwk
htxloleulxp1 Li/ rq wkh rwkhu kdqg/ prqhwdu| srolf| lv sdvvlyh/ wkh ghfolqh lq wkh lq dwlrq udwh lv dvvrfldwhg
zlwk d ulvh lq wkh uhdo lqwhuhvw udwh/ dqg wkxv frqvxpswlrq zloo eh h{shfwhg wr jurz/ prylqj rxwsxw dqg uhdo
edodqfhv hyhq ixuwkhu dzd| iurp wkh vwhdg| vwdwh1 Vxfk d wudmhfwru| iru uhdo edodqfhv zrxog qrw eh uhpdlq
erxqghg lq d qhljkerukrrg durxqg wkh vwhdg| vwdwh dqg wkxv zrxog qrw eh frqvlvwhqw zlwk dq htxloleulxp
lq zklfk lq dwlrq frqyhujhv wr ��1 Wklv uhvxow lv vxppdul}hg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 515 Vxssrvh suhihuhqfhv duh vhsdudeoh lq frqvxpswlrq dqg prqh| +xfp @ 3, dqg prqh| lv
surgxfwlyh +dvvxpswlrq 5 krogv,/ wkhq li prqhwdu| srolf| lv dfwlyh +�3+��, A 4,/ wkh htxloleulxp glvsod|v uhdo
lqghwhuplqdf|/ zkhuhdv li prqhwdu| srolf| lv sdvvlyh +�3+��, ? 4,/ wkhq wkh rqo| shuihfw0iruhvljkw htxloleulxp
lq zklfk wkh uhdo doorfdwlrq frqyhujhv wr wkh vwhdg| vwdwh lv wkh vwhdg| vwdwh lwvhoi1

Frqvlghu qrz wkh fdvh lq zklfk prqh| lv qrw surgxfwlyh/ wkdw lv/ dvvxpswlrq 53 krogv1 Lq wklv fdvh/
htxdwlrq +4;, lpsolhv wkdw �3 @ �3xfpp

qs
U zklfk lv srvlwlyh li xfp ? 3/ wkdw lv/ li frqvxpswlrq dqg prqh|

duh Hgjhzruwk0vxevwlwxwhv/ dqg lv qhjdwlyh li xfp A 3/ wkdw lv/ li frqvxpswlrq dqg prqh| duh frpsohphqwv1
Wkxv wkh hfrqrp| glvsod|v uhdo lqghwhuplqdf| li prqhwdu| srolf| lv dfwlyh dqg frqvxpswlrq dqg prqh| duh
vxevwlwxwhv ru li prqhwdu| srolf| lv sdvvlyh dqg frqvxpswlrq dqg prqh| duh frpsohphqwv18 Wkh lqwxlwlrq
ehklqg wklv lqghwhuplqdf| uhvxow lv dv iroorzv1 Frqvlghu wkh fdvh wkdw prqhwdu| srolf| lv sdvvlyh dqg xfp A 31
Vxssrvh wkdw uhdo edodqfhv iru qrq0surgxfwlyh sxusrvhv duh lqfuhdvhg deryh wkhlu vwhdg|0vwdwh ohyho1 Ehfdxvh
wkh prqh| ghpdqg ixqfwlrq ri wkh krxvhkrog lv ghfuhdvlqj lq wkh qrplqdo lqwhuhvw udwh dqg frqvxpswlrq lv
frqvwdqw/ lw iroorzv wkdw wkh qrplqdo lqwhuhvw udwh kdv wr eh ehorz lwv vwhdg|0vwdwh ohyho1 Dw wkh vdph wlph/
sdvvlyh prqhwdu| srolf| lpsolhv wkdw wkh ghfolqh lq wkh qrplqdo lqwhuhvw udwh lv dvvrfldwhg zlwk dq lqfuhdvh
lq wkh uhdo lqwhuhvw udwh1 Lq uhvsrqvh wr wkh lqfuhdvh lq wkh uhdo lqwhuhvw udwh djhqwv zloo orzhu wkh jurzwk
udwh ri wkh pdujlqdo xwlolw| ri frqvxpswlrq1 Zlwk frqvxpswlrq frqvwdqw dqg xfp A 3/ wklv uhtxluhv wkdw
wkh jurzwk udwh ri uhdo edodqfhv eh qhjdwlyh1 Wkxv uhdo edodqfhv zloo uhwxuq wr wkhlu vwhdg| ohyho dqg wklv
wudmhfwru| lv frqvlvwhqw zlwk htxloleulxp1 Wkh qh{w wzr sursrvlwlrqv vxppdul}h wkhvh uhvxowv1

Sursrvlwlrq 516 Vxssrvh wkdw prqh| lv qrw surgxfwlyh +dvvxpswlrq 53 krogv, dqg frqvxpswlrq dqg prqh|
duh Hgjhzruwk0vxevwlwxwhv +xfp ? 3,1 Wkhq/ li prqhwdu| srolf| lv dfwlyh +�3+��, A 4,/ wkh uhdo doorfdwlrq lv
lqghwhuplqdwh/ dqg li prqhwdu| srolf| lv sdvvlyh +�3+��, ? 4,/ wkhq wkh rqo| shuihfw0iruhvljkw htxloleulxp lq
zklfk wkh uhdo doorfdwlrq frqyhujhv wr wkh vwhdg| vwdwh lv wkh vwhdg| vwdwh lwvhoi1

Sursrvlwlrq 517 Vxssrvh wkdw prqh| lv qrw surgxfwlyh +dvvxpswlrq 53 krogv, dqg frqvxpswlrq dqg prqh|
duh Hgjhzruwk0frpsohphqwv +xfp A 3,1 Wkhq/ li prqhwdu| srolf| lv sdvvlyh +�3+��, ? 4,/ wkh uhdo doorfdwlrq

8Dv lv zhoo0nqrzq/ wkhuh h{lvwv dq h{dfw fruuhvsrqghqfh ehwzhhq wkh htxloleulxp frqglwlrqv ri wkh hfrqrp| zlwk +� ' f dqg
�S6 : f dqg wkrvh ri wkh fdvk0lq0dgydqfh hfrqrp| zlwk fdvk dqg fuhglw jrrgv ghyhorshg e| Oxfdv dqg Vwrnh| +4<;:,1 Wkhuhiruh/
lq wkh +frqwlqxrxv0wlph yhuvlrq ri wkh, Oxfdv�Vwrnh| prgho/ wkh uhdo doorfdwlrq lv lqghwhuplqdwh xqghu sdvvlyh prqhwdu| srolf|1
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lv lqghwhuplqdwh/ dqg li prqhwdu| srolf| lv dfwlyh +�3+��, A 4,/ wkhq wkh rqo| shuihfw0iruhvljkw htxloleulxp lq
zklfk wkh uhdo doorfdwlrq frqyhujhv wr wkh vwhdg| vwdwh lv wkh vwhdg| vwdwh lwvhoi1

Frpelqlqj wkh fdvh ri qrq0surgxfwlyh prqh| +dvvxpswlrq 53, zlwk suhihuhqfhv wkdw duh vhsdudeoh lq
frqvxpswlrq dqg uhdo edodqfhv +xfp @ 3, uhvxowv lq wkh frqwlqxrxv wlph yhuvlrq ri wkh hfrqrp| dqdo|}hg
lq Ohhshu +4<<4,1 Lq wklv fdvh htxdwlrq +4;, lpsolhv wkdw � lv frqvwdqw1 Lw wkhq iroorzv wkdw �/ U dqg pqs

duh dovr frqvwdqw/ dqg wkh rqo| htxloleulxp uhdo doorfdwlrq lv wkh vwhdg| vwdwh1 Wklv uhvxow gl�huv iurp wkdw
rewdlqhg e| Ohhshu zkr �qgv wkdw xqghu sdvvlyh prqhwdu| srolf| wkh lq dwlrq udwh lv lqghwhuplqdwh1 Wkh
gl�huhqfh vwhpv iurp wkh idfw wkdw lq Ohhshu*v glvfuhwh0wlph prgho wkh qrplqdo lqwhuhvw udwh lq shulrg w
lv dvvxphg wr eh d ixqfwlrq ri wkh fkdqjh lq wkh sulfh ohyho ehwzhhq shulrgv w � 4 dqg w/ zkhuhdv lq wkh
frqwlqxrxv wlph prgho dqdo|}hg khuh/ wkh lq dwlrq udwh lv wkh uljkw kdqg vlgh ghulydwlyh ri wkh sulfh ohyho/
vr lwv glvfuhwh0wlph frxqwhusduw lv ehwwhu dssur{lpdwhg e| wkh fkdqjh lq wkh sulfh ohyho ehwzhhq shulrgv w
dqg w. 41 Lq idfw/ lw lv vwudljkwiruzdug wr vkrz wkdw li lq Ohhshu*v glvfuhwh0wlph prgho wkh ihhgedfn uxoh lv
dvvxphg wr eh iruzdug orrnlqj�wkdw lv/ Uw @ �+Sw.4@Sw,�wkh htxloleulxp glvsod|v uhdo ghwhuplqdf|1

Wdeoh 4= Uhdo Lqghwhuplqdf| lq wkh Ioh{leoh0Sulfh Prgho

Prqhwdu| Qrq0surgxfwlyh prqh| Surgxfwlyh prqh|
Srolf| +|3 @ 3, +|3 A 3,

xfp A 3 xfp ? 3 xfp @ 3 xfp A 3 xfp ? 3 xfp @ 3
Sdvvlyh +�3+��, ? 4, L G G D G G
Dfwlyh +�3+��, A 4, G L G D L L

Qrwh= Wkh qrwdwlrq lv= G/ ghwhuplqdwh> L/ lqghwhuplqdwh> D/ dpeljxrxv1 +Xqghu D wkh uhdo doorfdwlrq pd| eh
ghwhuplqdwh ru lqghwhuplqdwh ghshqglqj rq vshfl�f sdudphwhu ydoxhv1,

Wdeoh 4 vxppdul}hv wkh frpelqdwlrqv ri suhihuhqfh/ whfkqrorj|/ dqg prqhwdu| srolf| vshfl�fdwlrqv xqghu
zklfk uhdo lqghwhuplqdf| dulvhv lq wkh  h{leoh0sulfh prgho1 Wkh vhfrqg urz ri wkh wdeoh kljkoljkwv wkh
pdlq uhvxow ri wklv vhfwlrq/ qdpho|/ wkdw/ frqwudu| wr zkdw lv riwhq dvvhuwhg/ uhdo lqghwhuplqdf| pd| dulvh
xqghu dfwlyh prqhwdu| srolf|1 Prvw h{lvwlqj vwxglhv kdyh uhvwulfwhg dwwhqwlrq wr wkh fdvh lq zklfk prqh|
lv qrw surgxfwlyh +|3 @ 3, dqg prqh| dqg frqvxpswlrq jrrgv hlwkhu duh frpsohphqwv lq suhihuhqfhv ru
hqwhu wkh xwlolw| ixqfwlrq lq d vhsdudeoh idvklrq +xfp � 3,1 Dv d uhvxow wkhvh vwxglhv kdyh duulyhg dw wkh
srwhqwldoo| plvohdglqj frqfoxvlrq wkdw dq dfwlyh prqhwdu| srolf| vwdelol}hv wkh hfrqrp| e| eulqjlqj derxw
uhdo ghwhuplqdf|1

Zh vkrxog dovr qrwh wkdw wkh uhvxowv rq orfdo xqltxhqhvv xqghu dfwlyh prqhwdu| srolf| vkrxog eh lq0
whusuhwhg zlwk fduh iurp d joredo shuvshfwlyh1 Dv srlqwhg rxw deryh/ li wkhuh h{lvwv d vwhdg| vwdwh ��

zlwk �3+��, A 4/ wkhq vlqfh �+�, lv dvvxphg wr eh frqwlqxrxv dqg vwulfwo| srvlwlyh/ wkhuh pxvw dovr h{lvw d
vwhdg| vwdwh zlwk �3 ? 4/ zklfk fdq eh lqghwhuplqdwh suhflvho| xqghu wkrvh dvvxpswlrqv wkdw dvvxuh orfdo
ghwhuplqdf| dw wkh vwhdg| vwdwh ��=

6 D vwlfn|0sulfh prgho

Lq wklv vhfwlrq/ zh h{whqg wkh prgho ghyhorshg lq wkh suhylrxv vhfwlrq wr doorz iru qrplqdo uljlglwlhv1 Iro0
orzlqj Urwhpehuj +4<;5,/ zh lqwurgxfh sulfh vwlfnlqhvv e| dvvxplqj wkdw wkh krxvhkrog��up xqlw rshudwhv
lq lpshuihfwo| frpshwlwlyh surgxfw pdunhwv dqg glvolnhv fkdqjlqj wkh sulfh lw fkdujhv iru wkh jrrgv lw sur0
gxfhv19 Vshfl�fdoo|/ zh dvvxph wkdw wkhuh h{lvwv d frqwlqxxp ri krxvhkrog��up xqlwv lqgh{hg e| m/ hdfk ri
zklfk surgxfhv d gl�huhqwldwhg jrrg \ m dqg idfhv d ghpdqg ixqfwlrq \ gg

�
S m

S

�
/ zkhuh \ g ghqrwhv wkh ohyho

ri djjuhjdwh ghpdqg/ S m wkh sulfh �up m fkdujhv iru lwv rxwsxw/ dqg S wkh djjuhjdwh sulfh ohyho1 Vxfk d
ghpdqg ixqfwlrq fdq eh ghulyhg e| dvvxplqj wkdw krxvhkrogv kdyh suhihuhqfhv ryhu d frpsrvlwh jrrg wkdw lv
surgxfhg iurp gl�huhqwldwhg lqwhuphgldwh jrrgv yld d Gl{lw0Vwljolw} surgxfwlrq ixqfwlrq1 Wkh ixqfwlrq g+�,
lv dvvxphg wr vdwlvi| g+4, @ 4 dqg g3+4, ? �41 Wkh uhvwulfwlrq lpsrvhg rq g3+4, lv qhfhvvdu| iru wkh �up*v

9 Lq vhfwlrq 715/ zh vkrz wkdw wkh uhvxowv rq orfdo ghwhuplqdf| ghulyhg lq wklv vhfwlrq dovr rewdlq xqghu Fdoyr0\xq w|sh sulfh
vwdjjhulqj1
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sureohp wr eh zhoo gh�qhg lq d v|pphwulf htxloleulxp1 Wkh surgxfwlrq ri jrrg m lv dvvxphg wr wdnh uhdo
prqh| edodqfhv/ psm/ dv wkh rqo| lqsxw

\ m @ |+psm,

zkhuh |+�, vdwlv�hv dvvxpswlrq 51
Wkh krxvhkrog*v olihwlph xwlolw| ixqfwlrq lv dvvxphg wr eh ri wkh irup

Xm @

]
4

3

h�uw

5
7x+fm >pqsm,� �

5

#
bS m

S m
� ��

$5
6
8gw +57,

zkhuh fm ghqrwhv frqvxpswlrq ri wkh frpsrvlwh jrrg e| krxvhkrog m/ pqsm �Pqsm@S ghqrwhv uhdo prqh|
edodqfhv khog e| krxvhkrog m iru qrq0surgxfwlyh sxusrvhv/ Pqsm ghqrwhv qrplqdo prqh| edodqfhv/ dqg
�� A �u ghqrwhv wkh vwhdg|0vwdwh lq dwlrq udwh1 Wkh xwlolw| ixqfwlrq x+�> �, vdwlv�hv dvvxpswlrq 4/ dqg wkh
sdudphwhu �/ phdvxulqj wkh ghjuhh wr zklfk krxvhkrog��up xqlwv glvolnh wr ghyldwh lq wkhlu sulfh0vhwwlqj
ehkdylru iurp wkh orqj0uxq ohyho ri djjuhjdwh sulfh lq dwlrq/ lv srvlwlyh1 Wkh krxvhkrog*v lqvwdqw exgjhw
frqvwudlqw dqg qr0Srq}l0jdph uhvwulfwlrq duh

bdm @ +U� �,dm �U+pqsm .psm, .
S m

S
|+psm,� fm � � +58,

dqg

olp
w$4

h�
U
w

3
^U+v,��+v,`gvdm+w, � 3= +59,

Lq dgglwlrq/ �upv duh vxemhfw wr wkh frqvwudlqw wkdw jlyhq wkh sulfh wkh| fkdujh/ wkhlu vdohv duh ghpdqg0
ghwhuplqhg

|+psm, @ \ gg

�
S m

S

�
= +5:,

Wkh krxvhkrog fkrrvhv vhtxhqfhv iru fm/ pqsm/ psm/ S m � 3/ dqg dm vr dv wr pd{lpl}h +57, vxemhfw wr
+58,�+5:, wdnlqj dv jlyhq dm+3,/ S m+3,/ dqg wkh wlph sdwkv ri � / U/ \ g/ dqg S 1 Wkh Kdplowrqldq ri wkh
krxvhkrog*v rswlpl}dwlrq sureohp wdnhv wkh irup

h�uw
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=x+fm >pqsm,� �

5

#
bS m

S m
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Wkh �uvw0rughu frqglwlrqv dvvrfldwhg zlwk fm/ pqsm/ psm/ dm/ dqg S m dqg wkh wudqvyhuvdolw| frqglwlrq duh/
uhvshfwlyho|/

xf+f
m >pqsm, @ �m +5;,

xp+fm >pqsm, @ �mU +5<,

�m
�
S m

S
|3+psm,�U

�
@ �m|3+psm, +63,

b�m @ �m +u . � �U, +64,
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@ �u+�m � ��,� � b�m +65,

olp
w$4

h�
U
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3
^U+v,��+v,`gvdm+w, @ 3 +66,

zkhuh �m � bS m@S m1 Frpelqlqj htxdwlrqv +5;, dqg +5<,/ wkh ghpdqg iru uhdo edodqfhv iru qrq0surgxfwlrq
sxusrvhv fdq eh h{suhvvhg dv

pqsm @ pqs+fm > U, +67,

zklfk e| dvvxpswlrq 4 lv lqfuhdvlqj lq fm dqg ghfuhdvlqj lq U1

Htxloleulxp

Lq d v|pphwulf htxloleulxp doo krxvhkrog��up xqlwv fkrrvh lghqwlfdo vhtxhqfhv iru frqvxpswlrq/ dvvhw krog0
lqjv/ dqg sulfhv1 Wkxv/ fm @ f/ psm @ ps/ pqsm @ pqs/ dm @ d/ S m @ S / �m @ �/ �m @ �/ dqg �m @ �1
Lq dgglwlrq/ wkh jrrgv pdunhwv fohdu dqg wkh qr0Srq}l0jdph uhvwulfwlrq krogv zlwk htxdolw|/ wkdw lv/ htxd0
wlrqv +;, dqg +49, duh sduw ri wkh htxloleulxp frqglwlrqv1 Xvlqj +44,/ +49,/ dqg +67,/ wr holplqdwh pqs/ f/
dqg U lq +5;, |lhogv

xf+|+p
s,>pqs+|+ps,> �+�,,, @ �= +68,

Htxdwlrq +68, wrjhwkhu zlwk dvvxpswlrq 4 lpsolhv wkdw ps fdq eh h{suhvvhg dv d ixqfwlrq ri � dqg � wkdw
lv ghfuhdvlqj lq � dqg ghfuhdvlqj +lqfuhdvlqj, lq � li xfp A 3+? 3,1 Irupdoo|/:

ps @ ps+�> �,> +69,

zkhuh ps
� ? 3/ ps

�xfp ? 3 li xfp 9@ 3/ dqg ps
� @ 3 li xfp @ 31 Ohw � � g3+4,?�4 ghqrwh wkh htxloleulxp

sulfh hodvwlflw| ri wkh ghpdqg ixqfwlrq idfhg e| wkh lqglylgxdo �up1 Xvlqj +44,/ +49,/ +63,/ dqg +69, wr
holplqdwh ps/ pqs/ �/ U/ dqg f iurp htxdwlrqv +;,/ +45,/ +47,/ +64,/ dqg +65, |lhogv

b� @ � ^u . � � �+�,` +6:,

� b� @ �u+� � ��,� |+ps+�> �,,�

�
4 . �

�
4� �+�,

|3+ps+�> �,,

��
+6;,

bd @ ^�+�,� �`d� �+�, ^pqs+|+ps+�> �,,> �+�,, .ps+�> �,`� � +6<,

3 @ olp
w$4

h�
U
w

3
^�+�,��`gvd+w, +73,

� @ ��+�, ^pqs+|+ps+�> �,,> �+�,, .ps+�> �,` . �d +74,

Gh�qlwlrq 6 +Shuihfw0iruhvljkw htxloleulxp lq wkh vwlfn|0sulfh hfrqrp|, Lq wkh vwlfn|0sulfh hfrq0
rp|/ d shuihfw0iruhvljkw htxloleulxp lv d vhw ri vhtxhqfhv i�> �> �> dj vdwlvi|lqj +6:,�+73, dqg hlwkhu +48, li
wkh �vfdo uhjlph lv qrq0Ulfdugldq ru +74, li wkh �vfdo uhjlph lv Ulfdugldq/ jlyhq d+3,1

Jlyhq wkh htxloleulxp vhtxhqfhv i�> �> �> dj/ wkh fruuhvsrqglqj htxloleulxp vhtxhqfhv if>pqs>ps> Uj duh
xqltxho| ghwhuplqhg e| +44,/ +49,/ +67,/ dqg +69,1

Ulfdugldq �vfdo srolf|

Lq wklv fdvh/ wkh htxloleulxp frqglwlrqv lqfoxgh htxdwlrq +74,1 Jlyhq d sdlu ri vhtxhqfhv i�> �j/ htxdwlrqv
+6<, dqg +74, fdq eh xvhg wr frqvwuxfw wlph sdwkv iru d dqg � 1 Ehfdxvh wkh �vfdo srolf| lv Ulfdugldq/ wkh
vhtxhqfhv i�> dj vdwlvi| wkh wudqvyhuvdolw| frqglwlrq +73,1 Wkxv dq| sdlu ri vhtxhqfhv i�> �j vdwlvi|lqj +6:,
dqg +6;, fdq eh vxssruwhg dv d shuihfw0iruhvljkw htxloleulxp1

:Gl�huhqwldwlqj htxdwlrq +68,/ lw iroorzv wkdw 6R

b
' d�663 E�6*�S��S6o*d+�E�SS�663�2S6�o1 Wkh frqfdylw| ri wkh lqvwdqw

xwlolw| ixqfwlrq dqg wkh qrupdolw| ri frqvxpswlrq lpso|/ uhvshfwlyho|/ wkdw wkh ghqrplqdwru ri wklv h{suhvvlrq lv srvlwlyh dqg
wkh qxphudwru qhjdwlyh1 Dovr/ 6R

Z ' 36R

b
�S66
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-
4�/ zklfk lv ri wkh rssrvlwh vljq ri �S61

;



Frqvlghu �uvw shuihfw0iruhvljkw htxloleuld lq zklfk i�> �j frqyhujh wr d vwhdg|0vwdwh i��> ��j1 Wkh vwhdg|0
vwdwh ydoxhv �� dqg �� duh gh�qhg dv frqvwdqw ydoxhv ri � dqg � wkdw vroyh +6:, dqg +6;,1 Wkxv/ �� lv d
vroxwlrq wr u.�� @ �+��,/ zklfk e| dvvxpswlrq h{lvwv exw lv qrw qhfhvvdulo| xqltxh1 Jlyhq d ��/ wkh vwhdg|0
vwdwh ydoxh ri uhdo edodqfhv iru surgxfwlrq sxusrvhv/ ps�/ lv jlyhq e| wkh vroxwlrq wr |3+ps�, @ �@+4. �,U�/
zkhuh U� @ �+��, lv wkh vwhdg| vwdwh ydoxh ri wkh qrplqdo lqwhuhvw udwh1 E| dvvxpswlrq 5/ ps� h{lvwv dqg lv
srvlwlyh dqg xqltxh iru d jlyhq ��1 Ilqdoo|/ �� lv jlyhq e| �� @ xf+f

�>pqs+f�> U�,, A 3/ zkhuh f� @ |+ps�,
ghqrwhv wkh vwhdg|0vwdwh ohyho ri frqvxpswlrq1 Lq d qhljkerukrrg durxqg +��> ��,/ wkh htxloleulxp sdwkv ri
� dqg � fdq eh dssur{lpdwhg e| wkh vroxwlrqv wr wkh iroorzlqj olqhdul}dwlrq ri +6:, dqg +6;, durxqg i��> ��j
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Li dw wkh sduwlfxodu vwhdg| vwdwh frqvlghuhg prqhwdu| srolf| lv sdvvlyh +�3+��, ? 4,/ wkh ghwhuplqdqw ri D/
jlyhq e| �D54xf+4� �3,/ lv qhjdwlyh/ lpso|lqj wkdw D kdv rqh srvlwlyh uhdo urrw dqg rqh qhjdwlyh uhdo urrw1
Vlqfh erwk � dqg � duh mxps yduldeohv/ lw iroorzv wkdw wkhuh h{lvwv d qhljkerukrrg durxqg wkh vwhdg| vwdwh
vxfk wkdw iru dq| lqlwldo �+3, wkhuh h{lvwv d �+3, lq wkdw qhljkerukrrg vxfk wkdw wkh wudmhfwrulhv ri � dqg �
lpsolhg e| +75, zloo frqyhujh dv|pswrwlfdoo| wr wkh vwhdg| vwdwh1 Wkh iroorzlqj sursrvlwlrq vxppdul}hv wklv
uhvxow1

Sursrvlwlrq 614 Li �vfdo srolf| lv Ulfdugldq dqg prqhwdu| srolf| lv sdvvlyh +�3 +��, ? 4,/ wkhq wkhuh h{lvwv d
frqwlqxxp ri shuihfw0iruhvljkw htxloleuld lq zklfk � dqg � frqyhujh dv|pswrwlfdoo| wr wkh vwhdg| vwdwh +��> ��,1

Xqghu dfwlyh prqhwdu| srolf| +�3+��, A 4, wkh ghwhuplqdqw ri D lv srvlwlyh dqg khqfh wkh uhdo sduwv ri lwv
hljhqydoxhv kdyh wkh vdph vljq1 Li wkh wudfh ri D/ jlyhq e| D55/ lv qhjdwlyh/ wkhq wkh uhdo sduwv ri wkh urrwv
duh qhjdwlyh/ zklfk lpsolhv wkdw qhdu wkh vwhdg| vwdwh wkhuh h{lvwv dq lq�qlwh qxpehu ri shuihfw0iruhvljkw
htxloleuld frqyhujlqj wr wkh vwhdg| vwdwh1 Li/ rq wkh rwkhu kdqg/ wkh wudfh ri D lv srvlwlyh/ erwk hljhqydoxhv
kdyh srvlwlyh uhdo sduwv/ dqg wkhuhiruh wkh rqo| shuihfw0iruhvljkw htxloleulxp frqyhujlqj wr wkh vwhdg| vwdwh
lv wkh vwhdg| vwdwh lwvhoi1 Zh irupdoo| vwdwh wkhvh uhvxowv lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 615 Li �vfdo srolf| lv Ulfdugldq dqg prqhwdu| srolf| lv dfwlyh +�3+��, A 4,/ wkhq/ li D55 A 3+?
3,/ wkhuh h{lvwv d xqltxh +d frqwlqxxp ri, shuihfw0iruhvljkw htxloleuld lq zklfk � dqg � frqyhujh wr wkh vwhdg|
vwdwh +��> ��,1

Wr looxvwudwh wkdw hlwkhu ri wkhvh wzr fdvhv lv srvvleoh frqvlghu wkh vlpsoh fdvh wkdw wkh lqvwdqw xwlolw|
ixqfwlrq lv vhsdudeoh lq frqvxpswlrq dqg prqh| dqg orjdulwkplf lq frqvxpswlrq/ vr wkdw xff� @ 41 Lq wklv
fdvh/ wkh wudfh ri D lv jlyhq e|;

wudfh +D, @ u .
+4 . �,�3

�U�
+76,

Ohw ��3 � � u U� �
4.� ghqrwh wkh ydoxh ri �3 dw zklfk wkh wudfh ydqlvkhv1 Fohduo|/ ��3 pd| eh juhdwhu ru ohvv wkdq

rqh1 Li ��3 � 4/ wkhq wkh htxloleulxp lv lqghwhuplqdwh iru dq| dfwlyh prqhwdu| srolf|1 Zh kljkoljkw wklv uhvxow
lq wkh iroorzlqj fruroodu|1

; Lq ghulylqj wklv h{suhvvlrq zh xvhg wkh idfwv wkdw zkhq �S6 ' f/ 6R
Z ' f dqg wkdw lq wkh vwhdg| vwdwh +� ' -W#*E� n #�1

<



Fruroodu| 4 Vxssrvh �vfdo srolf| lv Ulfdugldq dqg suhihuhqfhv duh orj0olqhdu lq frqvxpswlrq dqg uhdo edo0
dqfhv1 Li ��3 � � u U� �

4.� lv ohvv wkdq ru htxdo wr rqh/ wkhq wkhuh h{lvwv d frqwlqxxp ri shuihfw0iruhvljkw htxloleuld
lq zklfk � dqg � frqyhujh wr wkh vwhdg| vwdwh +��> ��, iru dq| dfwlyh prqhwdu| srolf|1

Rq wkh rwkhu kdqg/ li ��3 A 4/ wkhq iru ydoxhv ri �3 5 +4> ��3, wkh wudfh ri D lv srvlwlyh/ dqg wkh rqo|
htxloleulxp sdwkv i�> �j frqyhujlqj wr wkh vwhdg| vwdwh duh rqhv lq zklfk � dqg � duh frqvwdqw dqg htxdo wr
wkhlu vwhdg|0vwdwh ydoxhv1 Iru ydoxhv ri �3 A ��3 wkh wudfh ri D lv qhjdwlyh dqg wkh shuihfw0iruhvljkw htxloleulxp
lv lqghwhuplqdwh1<

Wr idflolwdwh frpsdulvrq wr uhfhqw vwxglhv rq wkh pdfurhfrqrplf h�hfwv ri dowhuqdwlyh lqwhuhvw udwh ihhg0
edfn uxohv frqwlqxh wr dvvxph wkdw wkh lqvwdqw xwlolw| ixqfwlrq lv orj0olqhdu lq frqvxpswlrq1 Lq wklv fdvh/
htxdwlrqv +6:, dqg +6;, duh txdolwdwlyho| htxlydohqw wr wkh LV dqg djjuhjdwh vxsso| htxdwlrqv dulvlqj iurp
d Fdoyr0w|sh vwlfn|0sulfh prgho lq zklfk prqh| grhv qrw hqwhu wkh surgxfwlrq ixqfwlrq/ olnh +d frqwlqxrxv
wlph yhuvlrq ri, Zrrgirug +4<<9,/ Ehuqdqnh dqg Zrrgirug +4<<:,/ ru Fodulgd/ Jdoð/ dqg Jhuwohu +4<<:,/
zlwk rqh lpsruwdqw h{fhswlrq= lq rxu prgho wkh djjuhjdwh vxsso| htxdwlrq ihdwxuhv dq dpeljxrxv sduwldo
ghulydwlyh ri b� zlwk uhvshfw wr � jlyhq e| u . +4.�,�3

�U�
zkhuhdv lq wkh prghov mxvw flwhg wklv ghulydwlyh lv

xqdpeljxrxvo| srvlwlyh dqg htxdo wr u1
Li wkh sduwldo ghulydwlyh ri b� zlwk uhvshfw wr � lv srvlwlyh/ wkhq D55 lv srvlwlyh dqg e| sursrvlwlrqv 614 dqg

615 wkh htxloleulxp lv orfdoo| lqghwhuplqdwh xqghu sdvvlyh prqhwdu| srolf| dqg lv orfdoo| ghwhuplqdwh xqghu
dfwlyh prqhwdu| srolf|/ wkdw lv/ lq wklv fdvh rxu �qglqjv frlqflgh zlwk wkrvh uhsruwhg lq/ iru h{dpsoh/ Fodulgd/
Jdoð/ dqg Jhuwohu +4<<:,1 Rq wkh rwkhu kdqg/ li wkh sduwldo ghulydwlyh ri b� zlwk uhvshfw wr � lv qhjdwlyh/
wkdw lv/ D55 ? 3/ wkhq htxloleulxp lv lqghwhuplqdwh qrw rqo| xqghu sdvvlyh exw dovr xqghu dfwlyh prqhwdu|
srolf|1 E| frpsdulvrq/ lq d frqwlqxrxv wlph yhuvlrq ri wkh vwlfn|0sulfh prgho mxvw flwhg/ lqghwhuplqdf| fdq
qhyhu rewdlq xqghu dfwlyh prqhwdu| srolf|143 Wklv gl�huhqfh lq uhvxowv lv lpsruwdqw ehfdxvh lw fdoov lqwr
txhvwlrq wkh srolf| uhfrpphqgdwlrq lpsolflw lq wkh dqdo|vlv ri suhylrxv sdshuv wkdw dfwlyh prqhwdu| srolf|
lv vwdelol}lqj1

Shulrglf shuihfw0iruhvljkw htxloleuld

Vr idu zh kdyh uhvwulfwhg dwwhqwlrq wr shuihfw0iruhvljkw htxloleuld lq zklfk i�> �j frqyhujh dv|pswrwlfdoo|
wr i��> ��j1 Zh qrz lqyhvwljdwh wkh h{lvwhqfh ri shuihfw0iruhvljkw htxloleuld lq zklfk � dqg � frqyhujh
dv|pswrwlfdoo| wr d ghwhuplqlvwlf f|foh1 Frqvlghu dq hfrqrp| zlwk suhihuhqfhv jlyhq e| x+f>pqs, @ +4 �
v,�4f4�v . Y +pqs,/ v A 3> whfkqrorj| jlyhq e| |+ps, @ +ps,�/ 3 ? � ? 4> dqg d vprrwk lqwhuhvw0udwh
ihhgedfn uxoh/ �+�, A 3/ zklfk lq iru � lq wkh qhljkerukrrg ri �� wdnhv wkh irup �+�, @ U�.d +�. u�U�,/
d A 3/ U� A 3144 Frqvlghu wkh vwhdg| vwdwh lq dwlrq udwh �� @ U�� u1 Lq wklv fdvh wkh wudfh ri D lv jlyhq e|
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ghqrwh wkh ydoxh ri d dw zklfk wkh wudfh ri D lv htxdo wr }hur1 Frqvlghu sdudphwhu
frq�jxudwlrqv iru zklfk �d A 41 Dv d furvvhv �d iurp ehorz/ wkh uhdo sduwv ri wkh wzr frpsoh{ urrwv ri D
fkdqjh vljq iurp srvlwlyh wr qhjdwlyh1 Wklv lv wkh vwdqgdug fdvh ri d Krsi elixufdwlrq/ zklfk lpsolhv wkdw
jhqhulfdoo| +l1h1/ li wkh v|vwhp lv qrq0olqhdu,/ wkhuh zloo h{lvw d idplo| ri f|fohv iru d hlwkhu lq d ohiw ru lq d
uljkw qhljkerukrrg ri �d145 Ixuwkhupruh/ li wkh f|foh lv wr wkh ohiw ri �d zkhuh wkh vwhdg| vwdwh lv xqvwdeoh +l1h1/
wkh elixufdwlrq srlqw lv vxshufulwlfdo,/ wkh f|foh zloo eh dwwudfwlqj1 Wkh lpsolfdwlrq lv wkdw li wkh elixufdwlrq
lv vxshufulwlfdo/ dq| wudmhfwru| i�> �j wkdw vwduwv rxw lq wkh qhljkerukrrg ri i��> ��j zloo frqyhujh wr d f|foh/

< Lq wkh frqwh{w ri d glvfuhwh0wlph/  h{leoh0sulfh/ fdvk0lq0dgydqfh hfrqrp| zlwk fdvk dqg fuhglw jrrgv/ Vfkplww0Jurkì dqg
Xuleh +4<<:, rewdlq d vlplodu uhvxow/ qdpho|/ wkh shuihfw0iruhvljkw htxloleulxp lv lqghwhuplqdwh iru sdvvlyh dqg yhu| dfwlyh
prqhwdu| srolf| dqg lv ghwhuplqdwh iru prghudwho| dfwlyh srolflhv1

43Whfkqlfdoo|/ wklv iroorzv iurp wkh idfw wkdw lq wklv fdvh �22 lv qhfhvdulo| srvlwlyh/ vr wkdw li prqhwdu| srolf| lv dfwlyh/ erwk
hljhqydoxhv ri wkh pdwul{ � kdyh srvlwlyh uhdo sduwv1

44Ehfdxvh d olqhdu uxoh gh�qhg iru doo srvvleoh ydoxhv ri Z zrxog |lhog qhjdwlyh qrplqdo lqwhuhvw udwhv iru vrph Z/ zh gr qrw
uhtxluh wkh olqhdu vshfl�fdwlrq wr krog joredoo|1

45Wkh Krsi Elixufdwlrq Wkhruhp srvwxodwhv wkh h{lvwhqfh ri d idplo| ri f|fohv/ zklfk lq wkh sxuh olqhdu v|vwhp sloh xs dw
wkh elixufdwlrq ydoxh 7@ dqg fuhdwh d fhqwhu= dq| qrqolqhdulw| zloo vsuhdg wkhp rxw wr hlwkhu d ohiw ru d uljkw qhljkerukrrg ri 7@1
Jhqhulfdoo| lq wkh qrq0olqhdu fdvh wkh dpsolwxgh ri wkh f|foh ydulhv frqwlqxrxvo| zlwk @3 7@ dqg lv }hur dw @ ' 7@1

43



vr wkdw wkh htxloleulxp lv lqghwhuplqdwh1 Wkh iroorzlqj sursrvlwlrq surylghv vlpsoh frqglwlrqv xqghu zklfk
d vxshufulwlfdo Krsi elixufdwlrq h{lvwv1

Sursrvlwlrq 616 Frqvlghu dq hfrqrp| zlwk suhihuhqfhv jlyhq e| x+f>pqs, @ +4�v,�4f4�v.Y +pqs,/ v A 3>
whfkqrorj| jlyhq e| |+ps, @ +ps,�/ 3 ? � ? 4> dqg prqhwdu| srolf| jlyhq e| d vprrwk lqwhuhvw0udwh ihhgedfn
uxoh/ �+�, A 3/ zklfk iru � lq wkh qhljkerukrrg ri �� wdnhv wkh irup �+�, @ U� . d +� . u � U�,/ d A 3/

U� A 31 Ohw �vfdo srolf| eh Ulfdugldq dqg ohw wkh sdudphwhu frq�jxudwlrq vdwlvi| �d � �u��
�

�
�

4.�
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� 4��v
��4

A 4

dqg 4 ? v ? 4@�1 Wkhq wkhuh h{lvwv dq lq�qlwh qxpehu ri dfwlyh prqhwdu| srolflhv vdwlvi|lqj d ? �d iru
hdfk ri zklfk wkh shuihfw iruhvljkw htxloleulxp lv lqghwhuplqdwh dqg � dqg � frqyhujh dv|pswrwlfdoo| wr d
ghwhuplqlvwlf f|foh1

Surri= Vhh wkh dsshqgl{1

Wkh lpsolfdwlrqv ri wkh uhvxowv rewdlqhg xqghu vwlfn| sulfhv dqg Ulfdugldq �vfdo srolf| fdq eh vxppdul}hg
dv iroorzv1 Lw lv riwhq dujxhg +w|slfdoo| lq wkh frqwh{w ri glvfuhwh0wlph prghov, wkdw xqghu �vfdo srolflhv
zklfk jxdudqwhh wkh vroyhqf| ri wkh jryhuqphqw/ d prghudwho| dfwlyh prqhwdu| srolf|/ wkdw lv/ d srolf| vxfk
wkdw �3 +��, A 4 exw ehorz d fhuwdlq wkuhvkrog/ lv vwdelol}lqj lq wkh vhqvh wkdw lw hqvxuhv qrplqdo dqg uhdo
ghwhuplqdf|146 Krzhyhu/ sursrvlwlrqv 615 dqg 616 vkrz wkdw hyhq prghudwho| dfwlyh prqhwdu| srolflhv pd|
qrw holplqdwh wkh srvvlelolw| ri uhdo lqghwhuplqdf| lq d vwlfn|0sulfh hfrqrp|/ dqg fruroodu| 4 jlyhv vx!flhqw
frqglwlrqv iru lqghwhuplqdf| xqghu dq| dfwlyh prqhwdu| srolf|1 Lq dgglwlrq/ dv qrwhg lq vhfwlrq 5/ li wkh
qrplqdo lqwhuhvw udwh uxoh lv srvlwlyh/ qrq0ghfuhdvlqj/ dqg frqwlqxrxv iru doo �/ wkh h{lvwhqfh ri d vwhdg| vwdwh
dw zklfk prqhwdu| srolf| lv dfwlyh lpsolhv wkh h{lvwhqfh ri dqrwkhu vwhdg| vwdwh dw zklfk prqhwdu| srolf| lv
sdvvlyh/ dqg zklfk e| sursrvlwlrq 614 lv qhfhvvdulo| lqghwhuplqdwh1

Qrq0ulfdugldq �vfdo srolf|

Vxssrvh qrz wkdw wkh jryhuqphqw iroorzv wkh qrq0Ulfdugldq �vfdo srolf| ghvfulehg lq htxdwlrq +48,/ wkdw
lv/ d �vfdo srolf| zkhuhe| wkh wlph sdwk ri uhdo oxps0vxp wd{hv lv h{rjhqrxv1 Xvlqj +48, wr uhsodfh � lq
htxdwlrq +6<, |lhogv

bd @ ^�+�,� �`d� �+�, ^pqs+|+ps+�> �,,> �+�,, .ps+�> �,`� ��= +77,

Dv ehiruh/ zh uhvwulfw dwwhqwlrq wr htxloleuld lq zklfk i�> �j frqyhujh wr d vwhdg|0vwdwh +��> ��,1 Lw lv fohdu
iurp htxdwlrq +77, wkdw vhtxhqfhv i�> �j wkdw frqyhujh wr +��> ��, zloo lq jhqhudo eh dvvrfldwhg zlwk vhtxhqfhv
iru d wkdw jurz dv|pswrwlfdoo| dw wkh udwh �+��, � �� @ u A 3/ wkxv ylrodwlqj wkh wudqvyhuvdolw| frqglwlrq
+73,1 Dv d frqvhtxhqfh htxdwlrqv +77, dqg +73, lpsrvh uhvwulfwlrqv rq wkh vhw ri vhtxhqfhv i�> �j wkdw duh
frqvlvwhqw zlwk d shuihfw0iruhvljkw htxloleulxp ri wkh w|sh zh duh frqvlghulqj1 Vshfl�fdoo|/ rqo| vhtxhqfhv
i�> �j frqyhujlqj wr wkh vwhdg| vwdwh +��> ��, wkdw lpso| +yld htxdwlrq +77,, d vhtxhqfh iru d wkdw frqyhujhv
wr d frqvwdqw ydoxh frqvwlwxwh d shuihfw0iruhvljkw htxloleulxp1 Wkxv/ rqh fdq dqdo|}h wkh g|qdplf surshuwlhv
ri wkh prgho e| uhvwulfwlqj dwwhqwlrq wr d olqhdu dssur{lpdwlrq ri wkh htxloleulxp frqglwlrqv +6:,/ +6;,/ dqg
+77,/ zklfk fdq eh zulwwhq dv 3
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D +78,

zkhuh D lv gh�qhg lq +75, dqg � lv d rqh e| wzr yhfwru zkrvh hohphqwv duh wkh vwhdg|0vwdwh ghulydwlyhv ri
U+pqs .ps, zlwk uhvshfw wr � dqg �1

Vlqfh wkh Mdfreldq lq +78, lv txdvl0gldjrqdo/ lwv wkuhh hljhqydoxhv duh jlyhq e| wkh wzr hljhqydoxhv ri
wkh pdwul{ D dqg u A 31 Ehfdxvh d lv wkh rqo| qrq0mxps yduldeoh ri wkh v|vwhp/ wkhuh h{lvw pxowlsoh
htxloleuld frqyhujlqj wr wkh vwhdg| vwdwh li dqg rqo| li erwk urrwv ri D kdyh qhjdwlyh uhdo sduwv1 Vlqfh�dv
srlqwhg rxw deryh��3 A 4 lv d qhfhvvdu| dqg vx!flhqw frqglwlrqv iru erwk hljhqydoxhv ri D wr eh ri wkh
vdph vljq/ wkh srvvlelolw| ri pxowlsoh htxloleulxp sdwkv i�> �j frqyhujlqj dv|pswrwlfdoo| wr wkh vwhdg|0vwdwh

46Vhh iru h{dpsoh/ Ehuqdqnh dqg Zrrgirug +4<<:,/ Fodulgd/ Jdoð/ dqg Jhuwohu +4<<:, ru Vfkplww0Jurkì dqg Xuleh +4<<:,1
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fdq rqo| dulvh xqghu dfwlyh prqhwdu| srolf|1 Xqghu sdvvlyh prqhwdu| srolf| wkh pdwul{ D kdv h{dfwo| rqh
qhjdwlyh hljhqydoxh/ wkhuhiruh/ wkhuh h{lvwv d xqltxh htxloleulxp frqyhujlqj wr wkh vwhdg| vwdwh1 Ilqdoo|/ li
doo hljhqydoxhv ri D kdyh srvlwlyh uhdo sduwv/ zklfk zloo eh wkh fdvh li prqhwdu| srolf| lv dfwlyh dqg D55 lv
srvlwlyh/ wkhuh h{lvwv qr htxloleulxp frqyhujlqj wr wkh vwhdg| vwdwh1 Wkhvh uhvxowv duh vxppdul}hg lq wkh
iroorzlqj sursrvlwlrqv

Sursrvlwlrq 617 Li �vfdo srolf| lv qrq0Ulfdugldq dqg prqhwdu| srolf| lv sdvvlyh +�3 +��, ? 4,/ wkhq wkhuh h{0
lvwv d xqltxh shuihfw0iruhvljkw htxloleulxp lq zklfk i�> �j frqyhujh dv|pswrwlfdoo| wr wkh vwhdg| vwdwh +��> ��,1

Sursrvlwlrq 618 Li �vfdo srolf| lv qrq0Ulfdugldq dqg prqhwdu| srolf| lv dfwlyh +�3 +��, A 4,/ wkhq li D55 A
3+? 3,/ wkhuh h{lvwv qr +d frqwlqxxp ri, shuihfw0iruhvljkw htxloleuld lq zklfk i�> �j frqyhujh dv|pswrwlfdoo|
wr wkh vwhdg| vwdwh +��> ��,1

Wkh uhvxow frqwdlqhg lq sursrvlwlrq 617 lv vlplodu wr wkh rqh rewdlqhg lq Zrrgirug +4<<9, lq wkh frqwh{w ri
d glvfuhwh0wlph Fdoyr0w|sh vwlfn|0sulfh prgho zlwkrxw prqh| lq wkh surgxfwlrq ixqfwlrq1 Zkdw glvwlqjxlvkhv
rxu �qglqjv iurp suhylrxv vwxglhv lv wkh uhvxow wkdw wkh htxloleulxp fdq eh orfdoo| lqghwhuplqdwh xqghu qrq0
Ulfdugldq �vfdo srolf| +sursrvlwlrq 618,1 Dv srlqwhg rxw deryh/ lq d frqwlqxrxv0wlph yhuvlrq ri Zrrgirug
+4<<9,/ wkh wudfh ri D lv srvlwlyh dqg htxdo wr u/ vr wkdw dw ohdvw rqh hljhqydoxh ri D lv dozd|v srvlwlyh1 Wkxv/
lq vxfk d prgho lqghwhuplqdf| fdq qhyhu dulvh xqghu qrq0Ulfdugldq �vfdo srolf|1

Shulrglf shuihfw0iruhvljkw htxloleuld

Lq wkh fdvh wkdw prqhwdu| srolf| lv dfwlyh dqg erwk hljhqydoxhv ri D duh srvlwlyh/ wkhuh pd| h{lvw
erxqghg htxloleuld wkdw frqyhujh wr d vwdeoh f|foh durxqg wkh vwhdg| vwdwh1 Qrwh wkdw iru wkh v|vwhp +6:,/
+6;,/ dqg +77, wkh g|qdplfv ri i�> �j duh lqghshqghqw ri d/ dqg wkxv wkh dqdo|vlv ri shulrglf htxloleuld ri
wkh suhylrxv vhfwlrq vwloo dssolhv1 Iru h{dpsoh/ xqghu wkh suhihuhqfh dqg whfkqrorj| vshfl�fdwlrq ri wkh
hfrqrp| ghvfulehg lq sursrvlwlrq 616/ li f|fohv h{lvw/ dq| lqlwldo frqglwlrq iru +�> �, lq wkh qhljkerukrrg
ri wkh vwhdg| vwdwh zloo frqyhujh wr d f|foh1 Wr dvvxuh wkdw d grhv qrw h{sorgh/ krzhyhu/ zh pxvw uhvwulfw
rxuvhoyhv wr d rqh glphqvlrqdo pdqlirog lq i�> �j = Wklv iroorzv ehfdxvh zkloh f|fohv uhvwulfwhg wr wkh i�> �j
sodqh duh dwwudfwlqj/ lq wkh wkuhh glphqvlrqdo vsdfh wkh f|foh lq i�> �> dj zloo kdyh rqo| d wzr glphqvlrqdo
vwdeoh pdqlirog= lqlwldo ydoxhv ri � dqg � zloo kdyh wr eh fkrvhq wr dvvxuh wkdw wkh wulsoh i�> �> dj frqyhujhv
wr wkh f|foh dqg d uhpdlqv erxqghg1

Wdeoh 5= Uhdo lqghwhuplqdf| lq wkh Vwlfn|0Sulfh Prgho

Ilvfdo Srolf|
Prqhwdu| Srolf| Ulfdugldq Qrq0Ulfdugldq
Sdvvlyh +�3+��, ? 4, L G
Dfwlyh +�3+��, A 4,

D55 ? 3 L L
D55 A 3 L ru G L ru QH

Qrwh= Wkh qrwdwlrq lv G/ ghwhuplqdwh> L/ lqghwhuplqdwh> QH/ qr shuihfw0iruhvljkw htxloleulxp h{lvwv1

Wdeoh 5 vxppdul}hv wkh uhvxowv ri wklv vhfwlrq1 Lw vkrzv wkh frpelqdwlrqv ri �vfdo dqg prqhwdu| srolflhv iru
zklfk wkh uhdo doorfdwlrq lv lqghwhuplqdwh lq wkh vwlfn|0sulfh prgho1 Wkh odvw wzr urzv ri wkh wdeoh looxvwudwh
d fhqwudo srlqw ri wkh sdshu/ qdpho| wkdw dfwlyh prqhwdu| srolf| qhhg qrw jxdudqwhh uhdo ghwhuplqdf|1 Lq
idfw/ lq rxu prgho wkh rqo| prqhwdu|0�vfdo uhjlph wkdw jhqhudwhv uhdo ghwhuplqdf| zlwkrxw dq| ixuwkhu
uhvwulfwlrqv rq wkh sdudphwhuv jryhuqlqj wkh vshhg ri qrplqdo dgmxvwphqw lv rqh lq zklfk prqhwdu| srolf|
lv sdvvlyh1
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7 H{whqvlrqv

714 Edfnzdug0 dqg iruzdug0orrnlqj ihhgedfn uxohv

Ioh{leoh0sulfh prgho

Zh qrz dqdo|}h d jhqhudol}dwlrq ri wkh lqwhuhvw0udwh ihhgedfn uxoh lq zklfk wkh qrplqdo lqwhuhvw udwh ghshqgv
qrw rqo| rq fxuuhqw exw dovr rq sdvw ru ixwxuh udwhv ri lq dwlrq1 Frqvlghu �uvw wkh iroorzlqj edfnzdug0orrnlqj
ihhgedfn uxoh

U @ �+t� . +4� t,�s,> �3 A 3> t 5 ^3> 4` +79,

zkhuh �s lv d zhljkwhg dyhudjh ri sdvw udwhv ri lq dwlrq dqg lv gh�qhg dv

�s @ e

] w
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�he+v�w,gv> e A 3 +7:,

Gl�huhqwldwlqj wklv h{suhvvlrq zlwk uhvshfw wr wlph |lhogv

b�s @ e+� � �s, +7;,

Wkh uhvw ri wkh htxloleulxp frqglwlrqv duh lghqwlfdo wr wkrvh rewdlqhg lq vhfwlrq 51 Lq sduwlfxodu/ zh kdyh
wkdw

�3+U, bU @ �+U,^u . � �U` +7<,

zkhuh

�3+U, @ ^xff|
3ps3 . xfp+pqs

f |3ps3 .pqs
U ,` +83,

Xvlqj htxdwlrq +79, wr holplqdwh � iurp +7;, dqg +7<, dqg olqhdul}lqj durxqg wkh vwhdg| vwdwh uhvxowv lq wkh
iroorzlqj v|vwhp ri olqhdu gl�huhqwldo htxdwlrqv

�
bU
b�s

�
@

%
�
�3

�
4
�3t � 4

�
� �
�3

+4�t,
t

e 4
�3t � e

t

&�
U�U�

�s � ��

�

Ohw M ghqrwh wkh Mdfreldq pdwul{ ri wklv v|vwhp1 Ehfdxvh U lv d mxps yduldeoh dqg �s lv suhghwhuplqhg/ wkh
uhdo doorfdwlrq lv orfdoo| xqltxh li wkh uhdo sduwv ri wkh hljhqydoxhv ri M kdyh rssrvlwh vljqv/ ru/ htxlydohqwo|/
li wkh ghwhuplqdqw ri M lv qhjdwlyh1 Rq wkh rwkhu kdqg/ wkh uhdo doorfdwlrq lv orfdoo| lqghwhuplqdwh li erwk
hljhqydoxhv kdyh qhjdwlyh uhdo sduwv/ wkdw lv/ li wkh ghwhuplqdqw ri M lv srvlwlyh dqg lwv wudfh lv qhjdwlyh1 Wkh
ghwhuplqdqw dqg wudfh ri M duh jlyhq e|
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Dv lq vhfwlrq 5/ frqvlghu wkh wzr srodu fdvhv ri prqh| hqwhulqj rqo| wkurxjk suhihuhqfhv +|3 @ 3, dqg prqh|
hqwhulqj rqo| wkurxjk surgxfwlrq +xfp @ pqs

U @ 3,1 Li prqh| hqwhuv rqo| wkurxjk suhihuhqfhv dqg prqh|
dqg frqvxpswlrq duh Hgjhzruwk frpsohphqwv +xfp A 3,/ wkhq htxdwlrq +83, lpsolhv wkdw �3 lv qhjdwlyh1 Lw
iroorzv gluhfwo| iurp wkh deryh wzr h{suhvvlrqv wkdw wkh frqglwlrqv jryhuqlqj wkh orfdo ghwhuplqdf| ri U
duh lghqwlfdo wr wkrvh rewdlqhg xqghu d sxuho| frqwhpsrudqhrxv ihhgedfn uxoh1 Qdpho|/ wkh htxloleulxp lv
xqltxh xqghu dfwlyh prqhwdu| srolf| +�3 A 4, dqg lv lqghwhuplqdwh xqghu sdvvlyh prqhwdu| srolf| +�3 ? 4,1

Zkhq prqh| hqwhuv rqo| wkurxjk surgxfwlrq ru rqo| wkurxjk suhihuhqfhv zlwk frqvxpswlrq dqg prqh|
ehlqj Hgjhzruwk vxevwlwxwhv/ �3 lv srvlwlyh1 Wkxv/ wkh htxloleulxp lv dozd|v orfdoo| ghwhuplqdwh xqghu
sdvvlyh prqhwdu| srolf|/ dv zdv wkh fdvh xqghu sxuho| frqwhpsrudqhrxv ihhgedfn uxohv1 Krzhyhu/ frqwudu|
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wr wkh fdvh ri sxuho| frqwhpsrudqhrxv ihhgedfn uxohv/ li prqhwdu| srolf| lv dfwlyh/ wkhq htxloleuld lq zklfk
U frqyhujhv wr lwv vwhdg| vwdwh pd| qrw h{lvw1 Wr vhh wklv/ qrwh wkdw lq wklv fdvh wkh ghwhuplqdqw ri M lv
srvlwlyh/ vr wkdw wkh uhdo sduwv ri wkh urrwv ri M kdyh wkh vdph vljq dv wkh wudfh ri M1 Krzhyhu/ wkh wudfh
ri M fdq kdyh hlwkhu vljq1 Li wkh wudfh lv srvlwlyh/ wkhq qr htxloleulxp frqyhujlqj wr wkh vwhdg| vwdwh h{lvwv1
Li lw lv qhjdwlyh/ wkh htxloleulxp lv lqghwhuplqdwh1 Iru odujh hqrxjk ydoxhv ri �3 wkh wudfh ri M ehfrphv
qhjdwlyh1 Wkxv/ kljko| dfwlyh prqhwdu| srolf| lqgxfhv lqghwhuplqdf|1 Ixuwkhupruh/ wkh odujhu wkh hpskdvlv
wkh ihhgedfn uxoh sodfhv rq frqwhpsrudqhrxv lq dwlrq +t forvh wr rqh, ru wkh orzhu wkh zhljkw lw dvvljqv wr
lq dwlrq udwhv revhuyhg lq wkh glvwdqw sdvw +e odujh,/ wkh vpdoohu lv wkh plqlpxp ydoxh ri �3 eh|rqg zklfk
wkh htxloleulxp ehfrphv lqghwhuplqdwh1 Lq wkh olplw/ dv t dssurdfkhv xqlw| ru e dssurdfkhv lq�qlw|/ wkh
htxloleulxp ehfrphv lqghwhuplqdwh xqghu hyhu| dfwlyh prqhwdu| srolf|/ zklfk lv wkh uhvxow rewdlqhg xqghu
sxuho| frqwhpsrudqhrxv ihhgedfn uxohv1 Rq wkh rwkhu kdqg/ dv wkh prqhwdu| srolf| ehfrphv sxuho| edfnzdug
orrnlqj +t $ 3,/ qr htxloleulxp lq zklfk U frqyhujhv wr lwv vwhdg| vwdwh h{lvwv xqghu dfwlyh prqhwdu| srolf|1

Zh frqfoxgh wkdw wkh pruh edfnzdug0orrnlqj wkh ihhgedfn uxoh lv/ wkh ohvv olnho| lw lv wkdw dfwlyh prqhwdu|
srolf| uhqghuv wkh htxloleulxp orfdoo| lqghwhuplqdwh1 Wklv lv qrw wr vd|/ krzhyhu/ wkdw edfnzdug0orrnlqj
ehkdylru lq wkh frqgxfw ri prqhwdu| srolf| pdnhv lw pruh olnho| iru wkh htxloleulxp wr eh ghwhuplqdwh
xqghu dfwlyh prqhwdu| srolf|1 Lqvwhdg/ edfnzdug0orrnlqj ehkdylru pdnhv d udqjh ri dfwlyh prqhwdu| srolflhv
iru zklfk wkh htxloleulxp lv lqghwhuplqdwh xqghu sxuho| frqwhpsrudqhrxv ehkdylru lqfrqvlvwhqw zlwk wkh
h{lvwhqfh ri htxloleuld lq zklfk wkh uhdo doorfdwlrq frqyhujhv wr lwv vwhdg| vwdwh1

Frqvlghu qrz d ihhgedfn uxoh zkhuhe| wkh qrplqdo lqwhuhvw udwh uhvsrqgv wr fkdqjhv lq frqwhpsrudqhrxv
dqg h{shfwhg ixwxuh lq dwlrq1 Vshfl�fdoo|/ dvvxph wkdw wkh ihhgedfn uxoh wdnhv wkh irup

U @ �+t� . +4� t,�i ,> �3 A 3> t 5 ^3> 4` +84,

zkhuh �i lv d zhljkwhg dyhudjh ri h{shfwhg ixwxuh udwhv ri lq dwlrq dqg lv gh�qhg dv
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Lw lv vwudljkwiruzdug wr vkrz wkdw lq wklv fdvh wkh v|vwhp ghvfulelqj wkh htxloleulxp g|qdplfv lv lghqwlfdo
wr wkh rqh rewdlqhg xqghu edfnzdug0orrnlqj ihhgedfn uxohv zlwk e uhsodfhg e| �g dqg �s uhsodfhg e| �i 1
Wkxv/ lq wklv fdvh wkh ghwhuplqdqw dqg wudfh ri wkh Mdfreldq ehfrph
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Ehfdxvh qhlwkhu U qru �i duh suhghwhuplqhg yduldeohv/ wkh uhdo doorfdwlrq lv orfdoo| xqltxh li erwk hljhqydoxhv
ri M kdyh srvlwlyh uhdo sduwv dqg lv orfdoo| lqghwhuplqdwh li dw ohdvw rqh ri wkh urrwv ri M kdv d qhjdwlyh uhdo
sduw1 Dv lq wkh suhylrxv fdvh/ wkh frqglwlrqv jryhuqlqj wkh orfdo ghwhuplqdf| ri wkh uhdo doorfdwlrq duh
lghqwlfdo wr wkrvh rewdlqhg xqghu sxuho| frqwhpsrudqhrxv ihhgedfn uxohv h{fhsw iru rqh fdvh= li �3 ? 3/
dfwlyh prqhwdu| srolf| hqvxuhv orfdo xqltxhqhvv zkhq wkh ihhgedfn uxoh ghshqgv rqo| rq fxuuhqw lq dwlrq/
exw pd| lqgxfh lqghwhuplqdf| li wkh ihhgedfn uxoh ghshqgv rq fxuuhqw dqg ixwxuh h{shfwhg lq dwlrq1 Wkxv/
zh frqfoxgh wkdw wkh pruh iruzdug0orrnlqj prqhwdu| srolf| lv/ wkh pruh olnho| lw lv wkdw dfwlyh prqhwdu|
srolf| uhqghuv wkh htxloleulxp orfdoo| lqghwhuplqdwh1

Lw lv qrwhzruwk| wkdw wkh glfkrwrp| ehwzhhq qrplqdo dqg uhdo ghwhuplqdf| wkdw dsshduv zkhq wkh
ihhgedfn uxoh ghshqgv rqo| rq fxuuhqw lq dwlrq vxuylyhv xqghu edfnzdug0 dqg iruzdug0orrnlqj srolflhv1 Li
wkh uhdo doorfdwlrq lv orfdoo| xqltxh/ wkhq wkh ghwhuplqdf| ri wkh sulfh ohyho ghshqgv h{foxvlyho| rq �vfdo
srolf|1 Dv xqghu sxuho| frqwhpsrudqhrxv prqhwdu| ihhgedfn uxohv/ wkh sulfh ohyho lv ghwhuplqdwh li �vfdo
srolf| lv qrq0Ulfdugldq dqg lv lqghwhuplqdwh li �vfdo srolf| lv Ulfdugldq1

Vwlfn|0sulfh prgho

Wkh sdwwhuq wkdw dulvhv xqghu vwlfn| sulfhv lv wkdw li prqhwdu| srolf| lv dfwlyh/ wkh lqwurgxfwlrq ri d edfnzdug0
orrnlqj frpsrqhqw lq prqhwdu| srolf| pdnhv ghwhuplqdf| pruh olnho|/ zkhuhdv d iruzdug0orrnlqj frpsrqhqw
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pdnhv lqghwhuplqdf| pruh olnho|1 Wr idflolwdwh wkh dqdo|vlv/ zh uhsurgxfh khuh wkh htxloleulxp frqglwlrqv
iru wkh vwlfn|0sulfh prgho1

b� @ � ^u . � �U` +86,

� b� @ �u+� � ��,� |+ps+�>U,,�

�
4 . �

�
4� U

|3+ps+�>U,,

��
+87,

bd @ ^U� �`d�U ^pqs+|+ps+�>U,,> U, .ps+�>U,`� �

� @

�
� qrq0Ulfdugldq �vfdo srolf|
�d�U ^pqs+|+ps+�>U,,>U, .ps+�>U,` Ulfdugldq �vfdo srolf|

3 @ olp
w$4

h�
U
w

3
^U��`gvd+w,

zkhuh ps+�>U, uhvxowv iurp uhsodflqj �+�, e| U lq htxdwlrq +68, dqg lv ghfuhdvlqj lq � dqg lqfuhdvlqj
+ghfuhdvlqj, lq U li xfp lv qhjdwlyh +srvlwlyh,1

Frqvlghu �uvw d edfnzdug0orrnlqj ihhgedfn uxoh olnh wkh rqh ghvfulehg lq htxdwlrqv +79, dqg +7:,1 Frp0
elqlqj wkhvh wzr htxdwlrqv wr holplqdwh �s dqg olqhdul}lqj durxqg wkh vwhdg| vwdwh |lhogv

bU @ t�3 b� . �3 +� � ��,� e+U�U�,=

Xvlqj wklv h{suhvvlrq dqg olqhdul}lqj htxdwlrqv +86, dqg +87,/ wkh hyroxwlrq ri �/ �/ dqg U lv ghvfulehg e|
wkh iroorzlqj v|vwhp ri gl�huhqwldo htxdwlrqv=3

C b�
b�
bU

4
D @ D

3
C �� ��

� � ��

U�U�

4
D

zkhuh

D @

5
7 3 xf �xf

D54 u D56

�3tD54 �3+e. tu, �e. �3tD56

6
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dqg

D54 @ �xff
��U�|33ps

�

�|35
A 3

D56 @

�
xff

��

�|3

��
4� U�

|3
|33ps

U

�
=

Ehfdxvh �s lv suhghwhuplqhg dqg U lv d ixqfwlrq ri � dqg �s/ lw iroorzv wkdw d olqhdu frpelqdwlrq ri ���� dqg
U�U� lv suhghwhuplqhg1 Lq dgglwlrq/ � lv d mxps yduldeoh1 Dvvxph �uvw wkdw �vfdo srolf| lv Ulfdugldq1 Wkhq
wkh orfdo ghwhuplqdf| ri wkh shuihfw0iruhvljkw htxloleulxp lv jryhuqhg e| wkh hljhqydoxhv ri D1 Vshfl�fdoo|/
wkh htxloleulxp lv lqghwhuplqdwh li wkh uhdo sduw ri dw ohdvw wzr urrwv ri D duh qhjdwlyh1

Dvvxph wkdw prqhwdu| srolf| lv dfwlyh +�3 A 4,1 Zh irxqg lq vhfwlrq 6 wkdw xqghu d sxuho| frqwhpsr0
udqhrxv ihhgedfn uxoh/ wkh frpelqdwlrq ri Ulfdugldq �vfdo srolf| dqg dfwlyh prqhwdu| srolf| fdq uhqghu wkh
uhdo doorfdwlrq hlwkhu orfdoo| ghwhuplqdwh ru lqghwhuplqdwh/ ghshqglqj rq sdudphwhu ydoxhv1 E| frqwudvw/ li
wkh ihhgedfn uxoh lv vx!flhqwo| edfnzdug orrnlqj +t> e $ 3,/ wkh htxloleulxp lv dozd|v xqltxh1 Wr vhh wklv/
qrwh wkdw zkhq �3 A 4 wkh ghwhuplqdqw ri D/ zklfk lv jlyhq e|

Ghw+D, @ exfD54 +4� �3, >

lv qhjdwlyh1 Wkxv/ wkh qxpehu ri urrwv ri D zlwk d qhjdwlyh uhdo sduw lv hlwkhu rqh ru wkuhh1 Li dw wkh vdph
wlph wkh wudfh ri D lv srvlwlyh/ wkhq wkh qxpehu ri urrwv ri D zlwk d qhjdwlyh uhdo sduw lv h{dfwo| htxdo wr
rqh1 Wkh wudfh ri D lv jlyhq e|

Wudfh+D, @ u � e. �3tD56=
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Fohduo|/ dv t dqg e dssurdfk }hur/ wkh wudfh ri D ehfrphv srvlwlyh1
Dvvxph qrz wkdw prqhwdu| srolf| lv sdvvlyh +�3 ? 4,1 Dv vkrzq lq 6/ wkh frpelqdwlrq ri Ulfdugldq

�vfdo srolf| dqg sdvvlyh prqhwdu| srolf| dozd|v uhqghuv wkh uhdo doorfdwlrq orfdoo| lqghwhuplqdwh xqghu d
sxuho| frqwhpsrudqhrxv ihhgedfn uxoh1 Lw lv vwudljkwiruzdug wr vkrz wkdw lqwurgxflqj d edfnzdug0orrnlqj
frpsrqhqw lq wkh ihhgedfn uxoh fdqqrw eulqj derxw orfdo ghwhuplqdf|1 Wr vhh wklv/ qrwh wkdw li �3 ? 4/ wkh
ghwhuplqdqw ri D lv srvlwlyh/ vr wkh qxpehu ri urrwv ri D zlwk d qhjdwlyh uhdo sduw fdq qhyhu eh h{dfwo| htxdo
wr rqh1 Xqolnh wkh fdvh ri sxuho| frqwhpsrudqhrxv uxohv/ wkrxjk/ d shuihfw0iruhvljkw htxloleulxp lq zklfk
wkh uhdo doorfdwlrq frqyhujhv wr lwv vwhdg| vwdwh pd| qrw h{lvw1 Wklv zloo eh wkh fdvh zkhq doo hljhqydoxhv
ri D kdyh srvlwlyh uhdo sduwv1 Krzhyhu/ li wkh ihhgedfn uxoh lv kljko| frqwhpsrudqhrxv hlwkhu ehfdxvh t
dssurdfkhv xqlw| ru ehfdxvh e dssurdfkhv lq�qlw|/ wkhq wkh htxloleulxp lv dozd|v orfdoo| lqghwhuplqdwh1 Wr
vhh wklv/ zh dsshdo wr wkh iroorzlqj frqglwlrq=47 Wkh qxpehu ri urrwv ri D zlwk srvlwlyh uhdo sduwv lv htxdo
wr wkh qxpehu ri yduldwlrqv ri vljq lq wkh vfkhph=

�4 Wudfh+D, �E .
Wudfh+D,

Ghw+D,
Ghw+D,> +88,

zkhuh

E @ Vxp ri wkh sulqflsdo plqruv ri D @ �xfD54+4� t�3,� ue� e�3D56=

Wklv frqglwlrq lpsolhv wkdw lq rughu iru doo urrwv ri D wr kdyh d srvlwlyh uhdo sduw/ lw lv qhfhvvdu| wkdw erwk
wkh wudfh ri D dqg E eh srvlwlyh1 Frqvlghu �uvw wkh fdvh lq zklfk t $ 41 Wkhq wkh wudfh ri D lv srvlwlyh li
dqg rqo| li u . �3D56 A 31 Exw u . �3D56 A 3 lpsolhv wkdw E lv qhjdwlyh1 Wr vhh wkdw wkh htxloleulxp lv dovr
lqghwhuplqdwh zkhq e$4/ qrwh wkdw lq wklv fdvh wkh wudfh ri D ehfrphv qhjdwlyh148

Li �vfdo srolf| lv qrq0Ulfdugldq/ wkhq wkh orfdo ghwhuplqdf| ri wkh shuihfw0iruhvljkw htxloleulxp lv jryhuqhg
e| wkh hljhqydoxhv ri d irxu0e|0irxu Mdfreldq pdwul{ gh�qlqj wkh odz ri prwlrq ri �/ �/ U/ dqg d1 Rqh ri
wkh hljhqydoxhv ri wklv pdwul{ lv u A 3 dqg wkh rwkhu wkuhh duh wkrvh ri wkh pdwul{ D1 Ehfdxvh d dqg d
frpelqdwlrq ri U dqg � duh suhghwhuplqhg/ wkh htxloleulxp lv orfdoo| xqltxh li dqg rqo| li wkh Mdfreldq kdv
h{dfwo| wzr urrwv zlwk srvlwlyh uhdo sduwv1 Li prqhwdu| srolf| lv dfwlyh/ lw iroorzv iurp rxu suhylrxv dqdo|vlv
wkdw wkh Mdfreldq pdwul{ kdv hlwkhu rqh ru wkuhh urrwv zlwk qhjdwlyh uhdo sduwv1 Wkxv/ orfdo ghwhuplqdf| lv
lpsrvvleoh1 Wklv lv wkh vdph uhvxow dv xqghu sxuho| frqwhpsrudqhrxv ihhgedfn uxohv1 Krzhyhu/ li wkh ihhgedfn
uxoh lv vwurqjo| edfnzdug0orrnlqj +e> t $ 3, wkhq qr htxloleulxp lq zklfk wkh uhdo doorfdwlrq frqyhujhv wr lwv
vwhdg| vwdwh h{lvwv1 Li prqhwdu| srolf| lv sdvvlyh/ wkh ghwhuplqdqw ri wkh Mdfreldq lv srvlwlyh/ lpso|lqj wkdw
wkhuh h{lvw hlwkhu wzr ru }hur urrwv zlwk qhjdwlyh uhdo sduwv1 Wkxv/ dv lq wkh fdvh ri sxuho| frqwhpsrudqhrxv
ihhgedfn uxohv/ orfdo lqghwhuplqdf| lv lpsrvvleoh1 Krzhyhu/ xqolnh wkh fdvh ri frqwhpsrudqhrxv uxohv/ xqghu
edfnzdug0orrnlqj prqhwdu| srolf| dq htxloleulxp pd| qrw h{lvw1

Ilqdoo|/ frqvlghu wkh fdvh ri d iruzdug0orrnlqj ihhgedfn uxoh olnh wkh rqh ghvfulehg e| htxdwlrqv +84, dqg
+85,1 Zh zloo olplw wkh dqdo|vlv wr wkh fdvh ri Ulfdugldq �vfdo srolf|/ ohdylqj wkh qrq0Ulfdugldq fdvh wr wkh
uhdghu1 Wkh odz ri prwlrq ri wkh yhfwru +� � U, lv ghvfulehg e| d Mdfreldq pdwul{ wkdw lv lghqwlfdo wr D zlwk
e uhsodfhg e| �g1 Lq dgglwlrq/ wkh wkuhh yduldeohv ri wkh v|vwhp duh qrq0suhghwhuplqhg1 Wkhuhiruh/ dv orqj
dv wkh Mdfreldq kdv dw ohdvw rqh urrw zlwk d qhjdwlyh uhdo sduw/ wkh shuihfw0iruhvljkw htxloleulxp lv orfdoo|
lqghwhuplqdwh1 Orfdo ghwhuplqdf| uhtxluhv wkdw doo wkuhh urrwv kdyh srvlwlyh uhdo sduwv1

Vxssrvh �uvw wkdw prqhwdu| srolf| lv dfwlyh1 Xqghu frqwhpsrudqhrxv ihhgedfn uxohv/ wkh htxloleulxp fdq
eh orfdoo| ghwhuplqdwh ru lqghwhuplqdwh1 Wkh vdph uhvxow rewdlqv xqghu iruzdug0orrnlqj uxohv1 Krzhyhu/ li
wkh uxoh lv vwurqjo| iruzdug0orrnlqj +g> t $ 3, wkh htxloleulxp lv qhfhvvdulo| orfdoo| lqghwhuplqdwh1 Wr vhh
wklv/ qrwh wkdw lq wklv fdvh wkh wudfh ri wkh Mdfreldq whqgv wr u A 3 dqg wkdw E whqgv wr �xfD54 ? 3/ vr wkdw
wkh sdwwhuq ri vljqv lq wkh vfkhph +88, lv � . ..1 Li prqhwdu| srolf| lv sdvvlyh/ wkhq wkh ghwhuplqdqw lv
qhjdwlyh/ wkhuhiruh/ dv lq wkh fdvh ri sxuho| frqwhpsrudqhrxv uxohv/ wkh htxloleulxp lv orfdoo| lqghwhuplqdwh1

47Wklv lv dq dssolfdwlrq wr rxu vshfldo fdvh ri d pruh jhqhudo wkhruhp gxh wr Urxwk +vhh Jdqwpdfkhu/ 4<93,1
48Kljko| edfnzdug0orrnlqj srolflhv gr qrw qhfhvvdulo| holplqdwh wkh orfdo h{lvwhqfh ri htxloleulxp1 Iru h{dpsoh/ wkh htxl0

oleulxp lv lqghwhuplqdwh zkhq wkh ihhgedfn uxoh sodfhv d uhodwlyho| kljk zhljkw rq lq dwlrq udwhv revhuyhg lq wkh glvwdqw sdvw
+K< f,1 Wklv lv ehfdxvh lq wklv fdvh � lv qhjdwlyh1
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715 D prgho zlwk Fdoyr0\xq0w|sh sulfh vwdjjhulqj

Lq wklv h{whqvlrq/ zh ghyhors d frqwlqxrxv0wlph/ prqh|0lq0wkh0surgxfwlrq ixqfwlrq yhuvlrq ri \xq*v +4<<9,
vwlfn|0sulfh prgho149 Zh vkrz wkdw lw lpsolhv htxloleulxp frqglwlrqv wkdw duh txdolwdwlyho| lghqwlfdo wr wkrvh
rewdlqhg xqghu wkh Urwhpehuj prgho1 Wkxv/ doo wkh uhvxowv rq orfdo ghwhuplqdf| rewdlqhg lq vhfwlrq 6 fduu|
ryhu wr hqylurqphqwv zlwk Fdoyr0\xq sulfh vwdjjhulqj1

Krxvhkrogv

Wkh uhsuhvhqwdwlyh krxvhkrog*v olihwlph xwlolw| ixqfwlrq lv dvvxphg wr eh ri wkh irup]
4

3

h�uwx+f>pqs,gw> +89,

zkhuh x+�> �, vdwlv�hv dvvxpswlrq 41 Wkh krxvhkrog*v lqvwdqw exgjhw frqvwudlqw lv

bd @ +U� �,d�Upqs . {� f� �> +8:,

zkhuh { ghqrwhv wkh krxvhkrog*v lqfrph phdvxuhg lq xqlwv ri wkh frpsrvlwh jrrg/ zklfk frqvlvwv ri sur�wv
iurp rzqhuvkls ri vkduhv lq �upv1 Wkh krxvhkrog fkrrvhv vhtxhqfhv iru f/ pqs/ dqg d vr dv wr pd{lpl}h +89,
vxemhfw wr +8:, dqg wkh qr0Srq}l0jdph eruurzlqj frqvwudlqw +59,/ wdnlqj dv jlyhq d+3, dqg wkh wlph sdwkv
ri � / U/ {/ dqg �1 Wkh �uvw0rughu frqglwlrqv dvvrfldwhg zlwk wkh krxvhkrog*v rswlpl}dwlrq sureohp duh +5;,/
+5<,/ dqg +64, dqg +59, kroglqj zlwk htxdolw|1 Frpelqlqj +5;,/ +5<,/ dqg +44, |lhogv

f @ f+�> �,> f� ? 3> f�xfp � 3 +8;,

Ilupv

Wkh surgxfwlrq whfkqrorj| dqg pdunhw vwuxfwxuh duh lghqwlfdo wr wkrvh dvvxphg lq vhfwlrq 61 Wkh gl�huhqfh
zlwk wkh Urwhpehuj prgho vwhpv iurp wkh vrxufh ri qrplqdo uljlglwlhv1 Iroorzlqj Fdoyr +4<;6,/ vxssrvh
wkdw d �up fdq fkdqjh wkh qrplqdo sulfh ri wkh jrrg lw surgxfhv rqo| zkhq lw uhfhlyhv d sulfh0fkdqjh vljqdo1
Li wkh �up grhv qrw uhfhlyh d vljqdo/ wkhq lwv sulfh lv dvvxphg wr lqfuhdvh dxwrpdwlfdoo| dw wkh vwhdg|0vwdwh
lq dwlrq udwh1 Wkh suredelolw| ri uhfhlylqj d sulfh0fkdqjh vljqdo ehwzhhq shulrgv w dqg v A w lv dvvxphg wr
eh jlyhq e|

4� h��+v�w,> � A 3= +8<,

Frqvlghu wkh sureohp idfhg e| �up m wkdw uhfhlyhv d sulfh0fkdqjh vljqdo dw wlph w1 Wkh h{shfwhg vwuhdp ri
sur�wv dvvrfldwhg zlwk d sduwlfxodu sulfh S m+w, lv jlyhq e|

�+S m, @

]
4

w

h��+v�w,h�u+v�w,�+v,

�
S m+w,h�

�+v�w,

S +v,
\ g+v,g

�
S m+w,h�

�+v�w,

S +v,

�
�U+v,ps+v,m

�
gv= +93,

Wkh h{suhvvlrq zlwklq vtxduh eudfnhwv uhsuhvhqwv sur�wv dw wlph v lq wkh hyhqw wkdw wkh �up kdv qrw uhfhlyhg
d sulfh0fkdqjh vljqdo ehwzhhq wlphv w dqg v1 Zh ljqruh wkh sur�wv fruuhvsrqglqj wr wkh hyhqwv lq zklfk wkh
�up uhfhlyhv d sulfh0fkdqjh vljqdo diwhu wlph w ehfdxvh wkh| duh luuhohydqw wr wkh �up*v fxuuhqw sulfh0vhwwlqj
ghflvlrq1 Wkh suhvhqw glvfrxqwhg ydoxh ri wkh �up*v sur�wv duh pxowlsolhg e| h��+v�w,/ wkh suredelolw| wkdw wkh
sulfh vhw lq w zloo vwloo eh lq sodfh dw wlph v1 Wkh �up glvfrxqwv sur�wv dffuxlqj dw wlph v xvlqj wkh sulflqj
nhuqho h�u+v�w,�+v, wkdw uhvxowv iurp wkh uhsuhvhqwdwlyh krxvhkrog*v rswlpl}dwlrq sureohp1 Wklv nhuqho lv
ghwhuplqlvwlf ehfdxvh krxvhkrogv duh dvvxphg wr eh deoh wr lqvxuh djdlqvw �up0vshfl�f ulvnv e| kroglqj d
sruwirolr frqwdlqlqj vkduhv iurp doo �upv lq wkh hfrqrp|1 Wkh �up fkrrvhv S m+w, vr dv wr pd{lpl}h �+S m,/
vxemhfw wr wkh frqvwudlqw wkdw vdohv duh ghpdqg ghwhuplqhg=

|+pm, � \ gg

�
S m

S

�
=

49\xq*v prgho lv d yduldwlrq ri Fdoyr*v +4<;6, prgho lq zklfk �upv duh dvvxphg wr vhw sulfhv vr dv wr pd{lpl}h wkh suhvhqw
ydoxh ri sur�wv/ lqvwhdg ri iroorzlqj d uxoh ri wkxpe dv dvvxphg e| Fdoyr1
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Wkh �uvw0rughu frqglwlrq dvvrfldwhg zlwk wklv rswlpl}dwlrq sureohp lv

3 @

]
4

w

h�+�.u,v�+v,\ g+v,g
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�+v�w,

S +v,

��
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S +v,
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� U+v,

|3+ps+v,m,

�
gv> +94,

zkhuh/ dv lq vhfwlrq 6/ � ? �4 ghqrwhv wkh sulfh hodvwlflw| ri wkh ghpdqg idfhg e| dq lqglylgxdo �up dqg lv
dvvxphg wr eh frqvwdqw1 Wkh h{suhvvlrq zlwklq vtxduh eudfnhwv lv wkh gl�huhqfh ehwzhhq pdujlqdo uhyhqxh
dqg pdujlqdo frvw1 Wkxv/ wkh �up fkrrvhv wr vhw wrgd|*v sulfh vr wkdw rq dyhudjh pdujlqdo uhyhqxh htxdov
pdujlqdo frvw1

Htxloleulxp

Zh vkrz lq wkh dsshqgl{ wkdw lq htxloleulxp wklv �uvw0rughu frqglwlrq jlyhv ulvh wr wkh iroorzlqj djjuhjdwh
vxsso| htxdwlrq

b� @ �D54+�� ��, . �D55+� � ��, +95,

zkhuh

�D54 @ +� . u,�
|33

|35
f� A 3
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|3
�

4 . �
� |33

|35
^f� . �@�`

�

Wkh uhpdlqlqj htxloleulxp frqglwlrqv duh lghqwlfdo wr wkrvh ri wkh Urwhpehuj vwlfn|0sulfh prgho ghyhorshg
lq vhfwlrq 61 Frpsdulqj �D54 zlwk D54 lq wkh djjuhjdwh vxsso| ixqfwlrq ri wkh Urwhpehuj prgho +htxdwlrq
+75,,/ lw iroorzv wkdw wkh ghwhuplqdqwv ri wkh Mdfreldq pdwulfhv ri wkh Urwhpehuj dqg Fdoyr prghov kdyh wkh
vdph vljq1 Wklv lpsolhv wkdw wkh uhvxowv rq orfdo lqghwhuplqdf| xqghu sdvvlyh prqhwdu| srolf| duh lghqwlfdo
xqghu erwk prghov1 Ixuwkhupruh/ e| dq dqdo|vlv vlplodu wr wkh rqh fduulhg rxw lq vhfwlrq 6/ lw lv srvvleoh wr
vkrz wkdw/ olnh D55/ �D55 pd| wdnh hlwkhu vljq1 Wklv lv lpsruwdqw ehfdxvh lw lpsolhv wkdw/ olnh wkh Urwhpehuj
prgho/ wkh Fdoyr prgho fdq jhqhudwh orfdo lqghwhuplqdf| xqghu dfwlyh prqhwdu| srolf| +uhjdugohvv ri wkh
vwdqfh ri �vfdo srolf|,1 Wklv uhvxow lv hqwluho| gxh wr wkh dvvxpswlrq wkdw prqh| d�hfwv uhdo yduldeohv wkurxjk
surgxfwlrq1 Dv phqwlrqhg hduolhu/ lq wkh Fdoyr prgho zlwkrxw prqh| lq wkh surgxfwlrq ixqfwlrq/ wkh wudfh
ri wkh Mdfreldq lv dozd|v srvlwlyh dqg htxdo wr u1

8 Frqfoxvlrq

Lq wklv sdshu zh kdyh vkrzq wkdw wkh lpsolfdwlrqv ri sduwlfxodu lqwhuhvw udwh ihhgedfn uxohv iru wkh ghwhuplqdf|
ri htxloleulxp ghshqg qrw rqo| rq wkh �vfdo srolf| uhjlph exw dovr rq wkh vwuxfwxuh ri suhihuhqfhv dqg
whfkqrorjlhv1 Dq lpsruwdqw frqvhtxhqfh ri wklv �qglqj lv wkdw wkh ghvljq ri prqhwdu| srolf| vkrxog eh
jxlghg qrw mxvw e| wkh vwdqfh ri �vfdo srolf| exw dovr e| wkh nqrzohgjh ri wkh ghhs vwuxfwxudo sdudphwhuv
ghvfulelqj suhihuhqfhv dqg whfkqrorjlhv/ zklfk vljql�fdqwo| frpsolfdwhv wkh wdvn ri wkh prqhwdu| srolf|
pdnhu1
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Dsshqgl{

D1 Surri ri sursrvlwlrq 616

Lq wkh hfrqrp| xqghu dqdo|vlv/ wkh htxloleulxp frqglwlrqv +6:, dqg +6;, wdnh wkh irup

b�

�
@ +4� d,+� � ��, +96,

b� @ u +� � ��,� ��4�++v�4,@v,

�
4 . �

�
4� U� . d+� � ��,

��++4��,@�v,

��
+97,

Wr suryh ruelwdo vwdelolw|/ zh xvh wkh irupxod surylghg e| Jxfnhqkhlphu dqg Krophv +4<;6/ s1 485,/ zklfk
uhtxluhv d fkdqjh ri yduldeohv dqg h{suhvvlqj wkh deryh v|vwhp dw wkh Krsi elixufdwlrq dv�

bx
by

�
@

�
3 �$
$ 3

��
x
y

�
.

�
i+x> y,
j+x> y,

�

zkhuh $ lv d ixqfwlrq ri wkh sdudphwhuv ri wkh prgho dqg i+�> �, dqg j+�> �, vdwlvi| i+3> 3, @ j+3> 3, @ 3 dqg
il+3> 3, @ jl+3> 3, @ 3 iru l @ 4> 5> wkdw lv/ i+�> �, dqg j+�> �, kdyh qr frqvwdqw ru olqhdu whupv1 Wkh Krsi
elixufdwlrq lv vxshufulwlfdo +dqg wkxv vwdeoh f|fohv h{lvw, li

� � +ixxx . ixyy . jxxy . jyyy,

.
4

$
^ixy+ixx . iyy,� jxy +jxx . jyy,� ixxjxx . iyyjyy` ? 3

dw x @ y @ 31 Zh rewdlq wklv frqglwlrq e| vwhsv1

VWHS 4= Ohw s @ � � �� dqg } @ oq+�@��,/ zkhuh �� ghqrwhv wkh vwhdg|0vwdwh ydoxh ri �1 Wkhq
htxdwlrqv +96, dqg +97, fdq eh zulwwhq dv

b} @ +4� d, s

bs @ us.P
�
h�} � h�}

�
.Qsh�}

zkhuh � @ v�4
v / � @ � . ��4

�v / P @ ��4 +4 . �,��� ? 3/ dqg Q @ ��4���4d��� ? 31

VWHS 5= Zulwh wkh v|vwhp ri gl�huhqwldo htxdwlrqv dv=�
b}
bs

�
@

�
3 4� d

P +� � �, 3
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}
s

�
.

�
3

J +}> s,

�

zkhuh

J +}> s, @ P ^h�} � h�} � +� � �,}` . s+Qh�} . u,

Qrwh wkdw wkh pdwul{ lq wkh olqhdu sduw vdwlv�hv=

GHW @ �P+� � �,+4� d,

WUDFH @ 3

Dvvxph wkdw d A 4 dqg Q @ �u1 Wkdw lv/ wkh sdudphwhu frq�jxudwlrq fruuhvsrqgv wr d Krsi elixufdwlrq1

Wkhq ohwwlqj $ @
s
GHW / � @

t
P+���,
d�4 / y @ �}/ dqg x @ ��4s/ wkh wzr gl�huhqwldo htxdwlrqv ehfrph=

�
bx
by

�
@

�
3 �$
$ 3

��
x
y

�
.

�
i +x> y,

3

�

4<



zkhuh

i+x> y, @
P

�
^h��y � h��y . +� � �,y` . x+Qh��y . u,

Qrwh wkdw i+3> 3, @ ix+3> 3, @ iy+3> 3, @ 31 Dovr/ lq rxu irupxodwlrq j+�> �, @ 31

VWHS 6= Wkh uhohydqw ghulydwlyhv ri i duh

iyy @
P

�
^�5h��y � �5h��y` . �xQ�5h��y

ixx @ 3

ixxx @ 3

ixy @ ��Qh��y

ixyy @ �5Qh��y

Vhwwlqj x @ y @ 3/ lw iroorzv wkdw

� @ +�Q,^� � ��4$�4P+�5 � �5,`

Qrwlqj wkdw ��4$�4P @ +� � �,�4 dqg uhfdoolqj wkdw Q @ �u/ � uhgxfhv wr

� @ �u�

Wkxv � zloo eh ohvv wkdq }hur li dqg rqo| li

4 ? v ?
4

�

�

E1 Ghulydwlrq ri wkh djjuhjdwh vxsso| ixqfwlrq lq wkh Fdoyr0\xq prgho

Lq d v|pphwulf htxloleulxp doo �upv wkdw uhfhlyh d sulfh0fkdqjh vljqdo zloo fkrrvh wkh vdph sulfh1 Ohw wklv
sulfh eh ghqrwhg e| S+w,1 Ohw s+w, � S+w,@S +w,1 Wkhq htxdwlrq +94, fdq eh zulwwhq dv

3 @

]
4

w

h�+�.u,v�+v,\ g+v,g
�
s+w,h�

U
v

w
^�+u,���`gu

��4 . �

�
s+w,h�

U
v

w
^�+u,���`gu � U+v,

|3+ps+v,m

�
gv=

Olqhdul}lqj wklv h{suhvvlrq durxqg wkh vwhdg| vwdwh |lhogv

3 @

]
4

w

h�+�.u,v

�
4 . �

�

�
^s+w,� s�`�

] v

w

^�+u,� ��`gu

�
+98,

��3

|3
^�+v,� ��` .

U�|33

|35
^ps+v,m �ps�`

�
gv=

Dvvxph wkdw wkh frqvxpswlrq jrrg lv d frpsrvlwh ri wkh jrrgv surgxfhg e| hdfk �up1 Ohw wkh djjuhjdwru
ixqfwlrq eh ri wkh Gl{lw0Vwljolw} irup zlwk dq hodvwlflw| ri vxevwlwxwlrq dfurvv jrrgv ri �1 Wkhq/ wkh sulfh ri
wkh frpsrvlwh jrrg lv jlyhq e|

S +w, @

�] w

�4

�h��+w�v,S+v,4.�
� 4
4.�

gv>

Gl�huhqwldwh wklv h{suhvvlrq wr rewdlq

�+w,� �� @
�

4 . �

�
s+w,4.� � 4

�
> +99,
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zklfk diwhu olqhdul}lqj fdq eh zulwwhq dv

^s+w,� s�` @
4

�
^�+w,� ��`

Xvlqj wklv htxdwlrq wr holplqdwh s+w,� s� iurp htxdwlrq +98, dqg gl�huhqwldwlqj wkh uhvxow zlwk uhvshfw wr w
|lhogv

b� @ u^� � ��` . +� . u,�
�

4 . �

�
��3

|3
^� � ��` .

U�|33

|35
^psm �ps�`

�
= +9:,

Xvlqj htxdwlrqv +8;, dqg +99, dqg wkh idfw wkdw lq htxloleulxp |+psm, @ fg+s, rqh fdq h{suhvv psm dv d
ixqfwlrq ri � dqg �/ zkrvh olqhdul}hg irup lv

psm �ps� @
4

|3
^f�+�� ��, . +f� . �@�,+� � ��,`

Ilqdoo|/ xvh wklv h{suhvvlrq wr holplqdwh +psm �ps�, iurp +9:, wr jhw +95,1
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Uhihuhqfhv

Ehuqdqnh/ Ehq dqg Plfkdho Zrrgirug �Lq dwlrq Iruhfdvwv dqg Prqhwdu| Srolf|� Mrxuqdo ri Prqh| Fuhglw
dqg Edqnlqj 5< +4<<:,= 98609;71

Fdoyr/ Jxloohupr D1 �Rq Prghov ri Prqh| dqg Shuihfw Iruhvljkw� Lqwhuqdwlrqdo Hfrqrplf Uhylhz 5< +Iheux0
du| 4<:<,= ;604361

Fdoyr/ Jxloohupr D1 �Vwdjjhuhg Sulfhv lq d Xwlolw|0Pd{lpl}lqj Iudphzrun� Mrxuqdo ri Prqhwdu| Hfrqrplfv
45 +4<;6,= 6;60<;1

Fodulgd/ Ulfkdug/ Mrugl Jdoð/ dqg Pdun Jhuwohu �Prqhwdu| Srolf| Uxohv dqg Pdfurhfrqrplf Vwdelolw|= Hyl0
ghqfh dqg Vrph Wkhru|/� Pd| 4<<:/ plphr/ Qhz \run Xqlyhuvlw|1

Jdqwpdfkhu/ I1 U1/ +4<93,/ Wkh Wkhru| ri Pdwulfhv/ Qhz \run= Fkhovhd1
Jxfnhqkhlphu/ M1 dqg S1 Krophv/ +4<;6,/ Qrqolqhdu Rvfloodwlrqv/ G|qdplfdo V|vwhpv/ dqg Elixufdwlrqv ri

Yhfwru Ilhogv/ Qhz \run= Vsulqjhu0Yhuodj1
Ohhshu/ Hulf �Htxloleuld xqghu cDfwlyh* dqg cSdvvlyh* Prqhwdu| dqg Ilvfdo Srolflhv� Mrxuqdo ri Prqhwdu|

Hfrqrplfv 5: +4<<4,= 45<047:1
Oxfdv/ Urehuw H1 Mu1 dqg Qdqf| Vwrnh| �Prqh| dqg lqwhuhvw lq d fdvk0lq0dgydqfh hfrqrp|� Hfrqrphwulfd

88 +4<;:,= 7<408471
Urwhpehuj/ Mxolr M1 �Vwlfn| Sulfhv lq wkh Xqlwhg Vwdwhv� Mrxuqdo ri Srolwlfdo Hfrqrp| <3 +4<;5,= 44;:045441
Vfkplww0Jurkì/ Vwhskdqlh dqgPduwðq Xuleh �Sulfh0Ohyho Ghwhuplqdf| dqgPrqhwdu| Srolf| Xqghu d Edodqfhg0

Exgjhw Uhtxluhphqw/� Rfwrehu 4<<:/ plphr/ Wkh Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp1
Vlpv/ Fkulvwrskhu �D vlpsoh prgho iru wkh vwxg| ri wkh ghwhuplqdwlrq ri wkh sulfh ohyho dqg wkh lqwhudfwlrq

ri prqhwdu| dqg �vfdo srolf|� Hfrqrplf Wkhru| 7 +4<<7,= 6;406<<1
Vlpv/ Fkulvwrskhu �Ilvfdo irxqgdwlrqv ri sulfh vwdelolw| lq rshq hfrqrplhv/� Vhswhpehu 4<<:/ plphr/ \doh

Xqlyhuvlw|1
Wd|oru/ Mrkq E1 �Frqglwlrqv iru Xqltxh Vroxwlrqv lq Vwrfkdvwlf Pdfurhfrqrplf Prghov zlwk Udwlrqdo H{0

shfwdwlrqv� Hfrqrphwulfd 78 +4<::,= 46::046;81
Zrrgirug/ Plfkdho �Prqhwdu| srolf| dqg sulfh ohyho ghwhuplqdf| lq d fdvk0lq0dgydqfh hfrqrp|� Hfrqrplf

Wkhru| 7 +4<<7,= 67806;31
Zrrgirug/ Plfkdho �Sulfh0ohyho ghwhuplqdf| zlwkrxw frqwuro ri wkh prqhwdu| djjuhjdwh� Fduqhjlh0Urfkhvwhu

Frqihuhqfh Vhulhv rq Sxeolf Srolf| 76 +4<<8,= 40791
Zrrgirug/ Plfkdho �Frqwuro ri Sxeolf Ghew= d uhtxluhphqw iru sulfh vwdelolw|/� Mxo| 4<<9/ QEHU Zrunlqj

Sdshu &89;71
\xq/ Wdfn �Qrplqdo Sulfh Uljlglw|/ Prqh| Vxsso| Hqgrjhqhlw|/ dqg Exvlqhvv F|fohv� Mrxuqdo ri Prqhwdu|

Hfrqrplfv 6: +4<<9,= 67806:31
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