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A bstract

W eshowthatindeterminacycaneasilyariseinmultisectormodelsthathave
constantvariablereturnstoscaleandverysmallmarketimperfections. T his
is in sharp contrasttomodels thatrequire increasingreturns togenerate
indeterminacy, andwhichhavebeencriticizedonthebasisofrecentempirical
estimates indicatingthatreturns toscale are roughly constant, and that
marketimperfections are small. W ealsoshowthatwecan calibrateour
constantreturns modelwith sunspots, usingstandardparametrizations to
produceaclosematchtothemomentsofaggregateconsumption, investment,
outputandemploymentinU S data.
JournalofEconomicL iteratureClassi…cation N umbers: E00, E3, O 40.
Keywords: indeterminacy, multipleequilibria, sunspots.



1 Introduction
R ecentlytherehasbeenarenewedinterestinthepossibilityofindeterminacy
andsunspots, oralternativelyput, intheexistenceofacontinuum ofequi-
libriathatarises in dynamiceconomies with somemarketimperfections.1
M uch oftheresearch in this areahas been concernedwith the empirical
plausibilityofindeterminacy inmarkets with externale¤ects orwithmo-
nopolisticcompetition, andwhichexhibitsomedegreeofincreasingreturns.
W hiletheearlyresultsonindeterminacyreliedonrelativelylargeincreasing
returnsandhighmarkups, morerecentlyBenhabibandFarmer[10]showed
thatindeterminacycanalsooccurin two-sectormodels with smallsector-
speci…cexternale¤ects andverymild increasingreturns.2 N evertheless, a
numberofempiricalresearchers, re…ningtheearlier…ndingsofH all[23], [24]
ondisaggregatedU S data, haveconcludedthatreturnstoscaleseem tobe
roughlyconstant, ifnotdecreasing.3 W hileonecanarguewhetherthedegree
ofincreasingreturnsrequiredforindeterminacyinB enhabibandFarmer[10]
fallswithinthestandarderrorsoftheserecentempiricalestimates, onemay
alsoaskwhetherincreasingreturns areatallneededforindeterminacyto
ariseinaplausiblemanner. T hepurposeofthis paperistogiveanegative
answerthis question, andtoshowhowindeterminacycanoccurinastan-
dardgrowthmodelwithconstantsocialreturns, decreasingprivatereturns,
smallornegligibleexternale¤ects, andstandardparametervaluesthatare
typicallyusedintheliteratureonbusinesscycles. Furthermorewewillshow
thatitis possible torealistically calibrate such amodeland toobtain a
reasonablygoodmatchtothemomentsofaggregateU S data.

Indeterminacy ormultiple equilibria emerges in dynamicmodels with
smallmarketdistortionsasatypeofcoordinationproblem. R oughlyspeak-
ing, whatisneededforindeterminacyisamechanismsuchthat, startingfrom
anarbitraryequilibrium, ifallagentsweretosimultaneouslyincreasetheir
investmentinanasset, therateofreturnontheassetwouldtendincrease,
andinturnseto¤ relativepricechangesthatwoulddrivetheeconomyback
towardsastationaryequilibrium. O nesuchsimplemechanism inone-sector
models is increasingreturns, typicallysustainedinamarketcontextviaex-
ternale¤ectsormonopolisticcompetition(seealsothefootnoteabove). Ina
multisectormodelhowever, theratesofreturnandmarginalproductsdepend
notonlyonstocks ofassets, butalsoonthecompositionofoutputacross
sectors. Increasingtheproductionandthestockofacapitalasset, saydue
toanincreaseinitsprice, maywellincreaseitsrateofreturn. Itispossible
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thereforetohaveconstantaggregatereturnsinallsectorsatthesociallevel,
andtostillobtainindeterminacyifthereareminororevennegligibleexternal
e¤ects insomeofthesectors. A moredetailedintuitionforindeterminacyis
givenattheendofsection(2) inthecaseofasimpletwo-sectormodel.

Constantsocialreturns coupledwithsmallexternale¤ects implies that
somesectorsmusthaveasmalldegreeofdecreasingreturns attheprivate
level. T his is incontrasttomodelsofindeterminacywithsocialincreasing,
butprivateconstantreturns toscale. A n implicationofdecreasingprivate
returns is ofcoursepositivepro…ts. In theparameterizedexamples given
in thesections below, thesepro…ts willbequitesmallbecausethesizeof
externale¤ects, andthereforethedegreeofdecreasingreturns needed for
indeterminacy, willalsobesmall. N everthelesspositivepro…tswouldinvite
entry, andunless thenumberof…rmsare…xed, a…xedcostofentrymust
beassumedtodeterminethenumberof…rmsalongtheequilibrium. Such
amarketstructurewouldthenexhibitincreasingprivatemarginalcostsbut
constantsocialmarginalcosts, which is in linecurrentempiricalworkon
this subject(seethefootnote3 above). Itseems thereforethatmodels of
indeterminacybasedonmarketimperfectionswhichdriveawedgebetween
privateand socialreturns musthave someform ofincreasingreturns, no
matterhowsmall, eitherinvariablecosts as insomeoftheearliermodels
ofindeterminacy, orthroughatypeof…xedcostthatpreventsentryinthe
faceofpositive pro…ts. (Seealso G ali [21], and G ali and Z illiboti [22].)
T hepointisthatwhilesomesmallwedgebetweenprivateandsocialreturns
is necessaryforindeterminacy, this innowayrequires decreasingmarginal
costs, orincreasingmarginalreturnsinproduction.

Forreasonsalsogivenattheendofsection(2) indeterminacycanarisein
aconstantreturnstwo-sectoreconomyonlyiftheutilityofconsumptionis
closetolinear. Inordertocalibratethemodelwithstandardparametersfor
productionandpreferencesweneedathreesectormodel. Section3presents
suchamodelinacontinuoustimeframework. Insection(3.2)weshowthat
thismodeleasilygivesrisetoindeterminacywithstandardparametrizations
forutilityfunctions, laborsupplyelasticities, discountanddepreciationrates,
andfactorshares. M uchofthederivationsarerelegatedtoA ppendixI.

Insection(4)wepresentthestochastic, discrete-timeversionofourmodel
andwecalibrateit. W econstructsomesimplesunspotequilibriaandshow
thatwecaneasily…ndstandardparametrizationsofourCobb-D ouglastech-
nologyandpreferencestoreasonablymatchthevariousmomentsofU S data.
T hefullerderivationsforthiscasearegiveninA ppendixII.
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2 TheTwoSectorM odel
2.1 B asicstructure
W emodelan economyhavingan in…nitely-livedrepresentativeagentwith
instantaneousutilitygivenby

U (c) = (1¡¾)¡1c(1¡¾)¡(1 + v)¡1 L(1+ v) ¾; v ¸0

wherecisconsumption, L islaborsupply, v¡1 isthelaborsupplyelasticity
and ¾ is the intertemporalelasticity ofsubstitution in consumption. For
simplicityofexpositionwewillstartwith atwo-sectorratherthan an n-
sectorCobb-D ouglasproductiontechnologywithaconsumptiongoodc, and
investmentgoods, x:T heagent’soptimizationproblemwillbegivenby:

M ax
Z 1

0

³
U(qcL® 0

cK ®1
c La0

cK a1
c)¡(1 + v)¡1 L(1+ v)́ e¡(r¡g)td t (1)

withrespecttoKxc;Lc;Kxx;Lx andsubjectto

x = qxL¯ 0
x K

¯1
x Lb0

x K b1
x (2)

c= qcL® 0
cK ® 1

c La0
cK a1

c (3)
d k
d t
= x¡gk

Kx + Kc= k; ; Lx + Lc= L (4)

withinitialstockofkgiven. T hecomponentsoftheproductionfunctions,
Lb0
cK b1

x forx; and La0
cK a1

c forc; representoutpute¤ects thatareexternal,
andareviewedasfunctionsoftimebytheagent.

W ecanwritetheH amiltonianasfollows:

H = U
³
qcL® 0

cK ®1
c La0

cK a1
c

´
¡(1 + v)¡1 L(1+ v)

+ ¹p
³
qxL¯ 0

x K
¯1
x Lb0

x K b1
x ¡gk

´

+ ¹w 0 (L¡Lx¡Lc)+ ¹w (k¡Kx¡Kc)
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H ere¹p; ¹w 0 and ¹w aretheL agrangemultiplierswhichwillrepresenttheutility
pricesofthecapitalgoodsx andy;therentalratesofcapitalgoodsandthe
wagerateoflabor, allintermsofthepriceoftheconsumptiongoodc:T he
…rstorderconditionsarewithrespecttoKc;Lc;Kx;Lx yield:

¹w 0 = U0® 0qcL® 0 + a0¡1
c K ® 1+ a1

c = ¹p¯ 0qxL
¯ 0 + b0¡1
x K ¯1+ b1

x

¹w = U0® 1qcL® 0 + a0
c K ®1+ a1¡1

c = ¹p¯ 1qxL
¯ 0 + b0
x K ¯1+ b1¡1

x

Ifwede…ne

¹w 0 = U 0w 0 ; ¹w = U 0w ; ¹p = U0p

thenthe…rstorderconditionsbecome:

w 0 = ® 0qcL® 0 + a0¡1
c K ® 1+ a1

c = p¯ 0qxL
¯ 0 + b0¡1
x K ¯1+ b1

x (5)

w = ® 1qcL® 0 + a0
c K ®1+ a1¡1

c = p¯ 1qxL
¯ 0 + b0
x K ¯1+ b1¡1

x (6)

The…rstorderconditionswithrespecttoL , aftercombiningwiththe
others, givesthelabormarketequilibriumcondition:

c(1¡¾)® 0L¡1c = Lv (7 )

Ifweassumeconstantreturnsatthesociallevel, wehave:

a0 + ® 1 + a0 + a1 = ¯ 0 + ¯ 1 + b0 + b1 = 1

T heequationsofmotionforthesystemaregivenby:
Ã
d k
d t

!
= x¡g (k) (8)

Ã
d (U0p)
d t

!
= U0(c)(rp¡w ) (9 )

Evaluated atthesteadystate, wherequantities and prices arestationary,
equation(9 ) canbewrittenas

d p
d t

= rp¡w (p;k)¡p
U00(c)d cd t
U0(c)

(10)
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= rp¡w (p;k)¡p
U00(c)

h
@c
@p

d p
d t+

@c
@k

d k
d t

i

U 0(c)

=
"
1 + p

Ã
U00(c)
U0(c)

! Ã
@c
@p

! #¡1 2
4rp¡w (p;k)¡p

U00(c)
h
@c
@k

d k
d t

i

U0(c)

3
5

=
"
1¡¾

µp
c

¶Ã
@c
@p

! #¡1

¢
"
rp¡w (p;k)+ ¾

µp
c

¶Ã
@c
@k

!
(x(p;k)¡gk)

#

where ¾ =
³¡U00(c)c

U0(c)

´
:W ith logarithmicutilityofconsumption, wehaveof

course, ¾ = 1:T he …rstorderconditions given byequations (5), (6), (7 ),
andtheequationsofmotiongivenby(8) and(10) completelydescribethe
system.

2.2 Two-SectorD ynamics
T heJacobianmatrix [J]forthedi¤erentialequations (8) and(10) is given
by:

[J]=

2
4

@x
@k¡g @x

@p

¾E¡1
³
p
c

´³
@c
@k

´³
@x
@k¡g

´
E¡1

h³
¡@w

@p + r
´
+ ¾

³
p
c

´³
@c
@k

´³
@x
@p

í
3
5

(11)
whereE =

h
1¡¾

³
p
c

´³
@c
@p

í
. N otethatE canbewrittenasoneminusthe

productoftwoelasticities:

E = (1¡¾"cp) (12)

where

"cp ´
Ã
ĉ
p̂

!
=

Ã
p
c
@c
@p

!

Ifwemultiplythe…rstrowof[J]by¡¾E¡1p andaddittothesecond, we
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getamatrixwithanunchangeddeterminant. W ehave:

DET [J]=
Ã
@x
@k
¡g

! Ã
¡@w
@p

+ r
!
[1¡¾"cp]

¡1

Iftheutilityofconsumptionis linear, then ¾ = 0 ;anditis easytoseethat
therootsofthematrix [J]become

³
@x
@k¡g

´
and

³
¡@w

@p + r
´
:InA ppendixI

weshow, fromequation(82), that:

Ã
@x
@k

!
=

r® 0
³
1 +

³
L
Lc

´³
¾
v

´́

³
¯ 1 (1¡a0 ¡a1)¡® 1 (1¡b0 ¡b1)+ ¯ 1® 0

³
¾
v

´
L
Lc

´

=
r® 0

³
1 +

³
L
Lc

´³
¾
v

´́

³
¯ 1® 0 ¡® 1¯ 0 + ¯ 1® 0

³
¾
v

´
L
Lc

´

If¾ = 0 ;wehave: Ã
@x
@k
¡g

!
=

r® 0
(̄ 1® 0 ¡® 1¯ 0 )

¡g

Similarly, fromequation(59 ) in A ppendixI wehave:
Ã
¡@w
@p

+ r
!

= r
Ã
¡ ® 0 + a0
® 0 + a0 ¡¯ 0 ¡b0

+ 1
!

=
Ã

r (̄ 0 + b0 )
¯ 0 + b0 ¡® 0 ¡a0

!

=
Ã

r (̄ 0 + b0 )
(® 1 + a1)(̄ 0 + b0 )¡(® 0 + a0 )(̄ 1 + b1)

!

T helaststep abovefollows from multiplying(® 0 + a0 ) in thedenominator
by (̄ 0 + ¯ 1 + b0 + b1;) whichunderconstantreturns equals one, similarly
multiplying(̄ 0 + b0 ) by(® 0 + ® 1 + a1 + a0 );andcancellingtosimplifythe
denominator. ItiseasilyshownthatcomparingtheratiosofCobb-D ouglas
exponentsoftheproductionfunctionsamountstocomparingfactorintensi-
ties, sincetheratiosofexponentsdetermineinputratios. T heseratioscanbe
de…nedeitherwithorwithouttheexternale¤ectsenteringtheexponents. W e
maythereforesaythatthecapitalgoodislaborintensivefromtheprivate
perspective if(̄ 1® 0 ¡® 1¯ 0 < 0 ); butthatitiscapitalintensivefromthe
socialperspectiveif((® 1 + a1)(̄ 0 + b0 )¡(® 0 + a0)(̄ 1 + b1) < 0 ):T heex-
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pressionsaboveallowustostatethefollowingsimpleresult:

Proposition1 In the two-sectormodelwith ¾ = 0 ; ifthe capitalgood is
laborintensivefrom theprivate perspective, butcapitalintensivefrom
thesocialperspective, thatis if(̄ 1® 0 ¡® 1¯ 0 < 0 ) but
(® 1 + a1)(̄ 0 + b0 )¡(® 0 + a0 )(̄ 1 + b1) < 0 ;thenthesteadystateis indeter-
minate.

A simpleexampleillustratesthepossibilityofindeterminacyinthetwo-
sectormodel, for¾ = 0 , any r > 0 ; g ¸ 0 ; andonlyasmallexternalityof
thecapitalgoodintheproductionoftheconsumptiongood. L et:

¯ 0 = 0:34 ; b0 = 0:0 0 ; ¯ 1 = 0:66; b1 = 0:0
® 0 = 0:30 ; a0 = 0:0 5 ® 1 = 0:65; a1 = 0:0

T henwehave

¯ 1® 0 ¡® 1¯ 0 < 0

(® 1 + a1)(̄ 0 + b0 )¡(® 0 + a0)(̄ 1 + b1) < 0

andthereforebothroots of[J]arenegative. N otealsothatwithoutsome
externale¤ectsbothoftheaboveconditionscannotholdsimultaneously. It
is clearneverthelessthatexamplessatisfyingtheaboveconditionsforinde-
terminacycanbeconstructedwitharbitrarilysmallexternale¤ects.

Toestablishtheintuitionbehindthisresultwenotethefollowing. W ith-
outexternale¤ects, thesignof

³
@w
@p

´
dependsonthesignof(® 0 ¯ 1¡® 1¯ 0 );

whichrepresentsthefactorintensitydi¤erencebetweenthetwogoods. T his
dependenceonfactorintensities is infactnothingbutanexpressionofthe
Stolper-Samuelsontheorem. Similarly, withoutexternale¤ects, thesignof
term

³
@x
@k

´
alsodepends onthesignof(® 0¯ 1¡® 1¯ 0); andre‡ects theR y-

bczynski theorem. W enotefrom theR ybczynski theorem thatthis e¤ect
ofstocks on outputs will, atconstantprices, bemore than proportional,
andsinceatasteadystatex = gk; itwillbestrongenoughtooverwhelm
theterm g4 . Itshouldbeclearthenthatwithoutexternale¤ectswehave³
@w
@p

´
=

³
@x
@k

´
; sothattherootsof[J]willbeofoppositesign. T heexam-

pleofindeterminacyaboveworkspreciselybecause, throughexternale¤ects,
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itdestroys thedualitybetweentheStolper-SamuelsonandR ybczynski ef-
fects. Since inputcoe¢cients aredeterminedbyfactorprices, achangein
aggregate inputs with prices …xedrequires anadjustmentofoutputlevels
tomaintainfullemployment. T headjustmentmustre‡ectthestructureof
inputcoe¢cientmatrix, asimpliedbytheRybczynski T heorem. W henthere
arenoexternalitiesthesameistrue, viaShepard’s L emma, forthee¤ectof
inputprices onoutputs, andthis re‡ects theStolper-Samuelson Theorem.
H oweverwithmarketdistortions truecosts arenotbeingminimized, and
Shepard’s L emmanolongerholds, breakingthereciprocalrelationbetween
the R ybczynski and Stolper-Samuelson e¤ects5. W ewillmakeuseofthis
pointtoprovideaheuristicexplanationofourindeterminacyresult.

Tounderstandtheintuitionforthis indeterminacyresultconsider…rsta
simpleonesectormodel. Startingfromanarbitraryequilibrium, consideran-
otheronewithahigherrateofinvestment. A higherinvestmentrateresults
inhigherstocksand, iftherearenoincreasingreturns, inalowermarginal
returntocapital. T heonlywaythatthis canbean equilibrium is ifthe
othercomponentofthereturn, theprice(orshadowprice) appreciationof
capital, o¤setsthedeclineinthemarginalproductandjusti…estheincreased
holdingofsuchstocks. T hisappreciatingrelativepriceinducesahigherpro-
ductionofthecapitalgood, thatisahigherrateofinvestment. T heresult
is afurtherdeclineinthemarginalproductofcapital, whichthenrequires
anevenhigherpriceappreciationtojustifytheholdingofthehigherstocks.
Transversalityconditionsruleoutsuchanequilibrium. Ifthereareincreasing
returns however, incorporatedintothemodelthroughsomemarketimper-
fections, thehigherstocklevels increaseratherthandecreasethemarginal
productofcapital, andthishigherreturnjusti…estheholdingofthehigher
stockswithoutrequiringexplosivepriceappreciationsandviolatingtransver-
salityconditions. Suchincreasingreturnstocapitalaregenerallyintroduced
indirectly. InB enhabibandFarmer[6]increasingreturnstocapitalisthere-
sultofchangesinducedinlaborsupplyduetothereallocationofproduction
in favorofinvestmentandcapitalaccumulation. In G ali [21], R otemberg
and W oodford [28]orSchmitt-G rohé??, itis theresultofcountercyclical
markups.

Inatwo-sectormodelanothermechanism leadingtoindeterminacybe-
comesoperational. T hereturntocapitalnowdependsonthecompositionof
outputaswellasthelevelofthestock. L etus…rstconsiderthecasewithout
externale¤ects. Takethecasewherethecapitalgood is capitalintensive,
andagain startingfrom anequilibrium consideran increase intherateof
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investmentabovethelevelofits initialequilibrium, inducedbyaninstanta-
neousincreaseintherelativepriceoftheinvestmentgood. A nincreaseinthe
stockofcapitalatconstantpriceswould, fromtheR ybczynski theorem, lead
toamorethanproportionalriseinitsoutput. FromtheStolper-Samuelson
theoremtheinitialpriceriseleadstoanincreaseinrateofreturnofcapital
givenbyw ;andtomaintaintheequalityoftheoverallreturntocapitaland
thediscountrate, thepriceoftheinvestmentgoodmustdecline. H owever
thisisnotenoughtochecktheR ycbzynskie¤ect: theincreasingcapitalstock
leadstofurtherexpansionsofinvestmentoutputdespitetheretreatofprices
towardsthesteadystatelevels, andinvestmentoutputbecomesexplosive.6

Togetindeterminacywithoutrelyingon increasingreturns theremust
beamechanism tonullifythedualitybetweentheR ybczynski andStolper-
Samuelsontheorems. T hisispreciselywhathappensinthetwo-sectormodel
aboveinthepresenceofexternale¤ects, andis illustratedbyProposition1.
W hentheinvestmentgoodislaborintensivefromtheprivateperspective, an
increaseinthecapitalstockdecreases itsoutputatconstantpricesthrough
theR ybczynski e¤ect. T his checkstheoutputside. Stolper-Samuelsonthe-
orem howeveroperates throughthe”social” factorintensities, andthe in-
vestmentgood is capitalintensivefrom thesocialperspective. T he initial
riseinitspricecausesanincreaseinoneofthecomponentsofitsreturn, w ;
andrequires apricedeclinetomaintaintheoverallreturntocapitalequal
tothediscountrate. T his o¤sets theinitialriseintherelativepriceofthe
investmentgoodandprices alsoreversedirectiontowardthesteadystate.
T hereforeinthetwosectormodelindeterminacyrequiresthedestructionof
thedualitybetweentheRybczynski andStolper-Samuelsone¤ects through
theintroductionofmarketimperfections.7

W hythendowehavetoresorttoathree-sectormodeltogenerateex-
amplesofindeterminacythatareempiricallyplausible?Theproblem inthe
twosectormodelarises because, whenweconsiderconstructingan alter-
native equilibrium with ahigherinvestmentratewemustinitially curtail
consumption. Ifthereissomecurvatureontheutilityfunction, thedesireto
smoothconsumptionovertimecanoverwhelm thee¤ects describedabove.
(A formaldemonstrationofthis, intermsoftherootsof[J]; istedious, butis
availablefromtheauthorsonrequest.) W henathirdnon-consumptiongood
is introducedhowever, indeterminacycanarisefrom compositionalchanges
inoutputs, withoutseverelya¤ectingtheoutputoftheconsumption. T here-
fore, withathirdsectoritbecomespossibletoconstructexamplesofindeter-
minacywith¾ ¸1;whereasinthetwo-sectormodelindeterminacyseemsto
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holdforvaluesof¾ inanarrowrangeabove0:8 Forarealisticparametriza-
tionandcalibrationofindeterminacythereforewemustturntoathree-sector
model.

B eforefocussingonthethreesectormodel, itmaybeusefultobrie‡y
compareourresults totheothertwo-sectormodels in theliterature. T he
modelofBenhabib and Farmer[10]uses a twosectormodelwith sector
speci…cexternalities, butthe production functions in the twosectors are
identicalsothatcompositionalchangesinproductioncana¤ectreturnsonly
becauseofincreasingreturns intheform ofsectorspeci…cexternale¤ects.
T hemodelofG ali [21]combines asetup ofmonopolisticcompetitionwith
variable markups. O utputis divided intoa consumption and an invest-
mentgood, andthecompositionofthisdivisiona¤ectsaveragemarkupsand
pro…ts becausethemonopolisticcompetitorsfacedemandcurvesthathave
di¤erentslopesfortheconsumptionandtheinvestmentgoods. T hemagni-
tudeofaveragemarkupsrequiredhoweveris large(seeSchmitt-G rohé[29 ].
G ali’smodelisrelatedtoamodelofR otembergandW oodford [28], which
alsoanalyzedbySchmitt-G rohé[29 ].T heR otemberg-W oodfordmodelhasa
variablemarkupthatdependsonaggregateeconomicactivity, ratherthana
compositione¤ectas inG ali [21].

3 TheThree-SectorM odel
3.1 TheBasicStructure
W eagainmodelaneconomyhavingan in…nitely-livedrepresentativeagent
withinstantaneousutilitygivenby

U (c) = (1¡¾)¡1c(1¡¾)¡(1 + v)¡1 L(1+ v) ¾; v ¸0

wherecisconsumption, L islaborsupply, v¡1 isthelaborsupplyelasticity
and ¾ is the intertemporalelasticity ofsubstitution in consumption. For
simplicityofexpositionweconstructathree-sectorratherthanann-sector
Cobb-D ouglas productiontechnologywithaconsumptiongoodc, andtwo
investmentgoods, x andy:T heagent’soptimizationproblem isgivenby:

M ax
Z 1

0

³
U(qcL® 0

cK ® 1
xcK

® 2
ycLa0

cK a1
xcK a2

yc)¡(1 + v)¡1 L(1+ v)
´
e¡(r¡g)td t (13)
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withrespecttoKc;Lc;Ky;Ly andsubjectto

x = qxL¯ 0
x K

¯1
xxK

¯ 2
yxLb0

x K b1
xxK b2

yx (14)

y= qyL°0
y K

°1
xyK

°2
yyLc0

y Kc1
xyKc2

yy (15)

c= qcL® 0
cK ® 1

xcK
® 2
ycLa0

cK a1
xcK a2

yc (16)

d kx
d t

= x¡gkx

d ky
d t

= y¡gky

Kxx + Kxy+ Kxc= kx; Kyx + Kyy+ Kyc= ky; Lx + Ly+ Lc= L (17 )

with initialstocks ofkxandky given. T hecomponents oftheproduction
functions, Lb0

x K b1
xxK b2

yx forx;Lc0
yKc1

xyKc2
yy fory;andLa0

cK a1
xcK a2

ycforc;represent
outpute¤ects thatareexternalandareviewedas functionsoftimebythe
agent.

W ecanwritetheH amiltonianasfollows:

H = U
³
qcL® 0

cK ® 1
xcK

® 2
ycLa0

cK a1
xcK a2

yc

´
¡(1 + v)¡1 L(1+ v)

+ ¹px
³
qxL¯ 0

x K
¯1
xxK

¯ 2
yxLb0

x K b1
xxK b2

yx¡gkx
´

+ ¹py
³
qyL°0

y K
°1
xyK

°2
yyLc0

yKc1
xyKc2

yy¡gky
´

+ ¹w 0 (L¡Lx¡ Ly¡Lc)+ ¹w x(kx¡Kxx¡Kxy¡Kxc)
+ ¹wy(ky¡Kyx¡Kyy¡Kyc)

H ere¹px; ¹py; ¹w 0 ; ¹w x and ¹wy aretheL agrangemultiplierswhichwillrepresent
theutilitypricesofthecapitalgoodsxandy;therentalratesofcapitalgoods
andthewagerateoflabor, allintermsofthepriceoftheconsumptiongood
c:T he…rstorderconditionsarewithrespecttotheinputsare:

¹w 0 = U0® 0qcL® 0 + a0¡1
c K ®1+ a1

xc K ® 2 + a2
yc

= ¹px¯ 0qxL
¯ 0 + b0¡1
x K ¯1+ b1

xx K ¯ 2 + b2
yx
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= ¹py°0qyL
°0 +c0¡1
y K°1+c1

xy K°2 +c2
yy

¹w x = U0® 1qcL® 0 + a0
c K ®1+ a1¡1

xc K ® 2 + a2
yc

= ¹px¯ 1qxL
¯ 0 + b0
x K ¯1+ b1¡1

xx K ¯ 2 + b2
yx

= ¹py°1qyL
°0 +c0
y K°1+c1¡1

xy K°2 +c2
yy

¹wy = U0® 2 qcL® 0 + a0
c K ® 1+ a1

xc K ® 2 + a2¡1
yc

= ¹px¯ 2 qxL
¯ 0 + b0
x K ¯1+ b1

xx K ¯ 2 + b2 ¡1
yx

= ¹py°2 qyL
°0 +c0
y K°1+c1

xy K°2 +c2¡1
yy

Ifwede…ne

¹w 0 = U 0w 0 ; ¹wx = U0w x; ¹wy = U0wy; ¹px = U0px; ¹py = U 0py

thenthe…rstorderconditionsbecome:

w 0 = ® 0qcL® 0 + a0¡1
c K ®1+ a1

xc K ® 2 + a2
yc (18)

= px¯ 0qxL
¯ 0 + b0¡1
x K ¯1+ b1

xx K ¯ 2 + b2
yx

= py°0qyL
°0 +c0¡1
y K°1+c1

xy K°2 +c2
yy

w x = ® 1qcL® 0 + a0
c K ®1+ a1¡1

xc K ® 2 + a2
yc (19 )

= px¯ 1qxL
¯ 0 + b0
x K ¯1+ b1¡1

xx K ¯ 2 + b2
yx

= py°1qyL
°0 +c0
y K°1+c1¡1

xy K°2 +c2
yy

wy = ® 2 qcL® 0 + a0
c K ® 1+ a1

xc K ® 2 + a2¡1
yc (20)

= px¯ 2 qxL
¯ 0 + b0
x K ¯1+ b1

xx K ¯ 2 + b2 ¡1
yx

= py°2 qyL
°0 +c0
y K°1+c1

xy K°2 +c2¡1
yy

T he…rstorderconditionswithrespecttoL , aftercombiningwiththe
others, givesthelabormarketequilibriumcondition:

c(1¡¾)® 0L¡1c = Lv (21)
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Ifweassumeconstantreturnsatthesociallevel, wehave:

a0 + ® 1+ ® 2 + a0 + a1+ a2 = ¯ 0 + ¯ 1+ ¯ 2 + b0 + b1+ b2 = °0 +°1+°2 + c0 +c1+c2 = 1

T hefourequationsofmotionforthesystemaregivenby:
Ã d kx

d t
d ky
d t

!
=

Ã
x
y

!
¡g

Ã
kx
ky

!
(22)

Ã d (U0px)
d t

d (U0py)
d t

!
= rU 0(c)

Ã
px
py

!
¡U 0(c)

Ã
w x

wy

!
(23)

Tosimplifyequation(23)wede…nethefollowingtwomatrices:
"
@c
@p

#
=

" @c
@px

@c
@py

@c
@px

@c
@py

#

"
@c
@k

#
=

" @c
@kx

@c
@ky

@c
@kx

@c
@ky

#

Evaluated atthesteadystate, wherequantities and prices arestationary,
equation(23) canbewrittenas

Ã d px
d t
d py
d t

!

= r
Ã
px
py

!
¡

Ã
w x

wy

!
¡

Ã
U00(c)c
U 0(c)

! "
px
c 0
0 py

c

# Ã"
@c
@p

# Ã d px
d t
d py
d t

!
+

"
@c
@k

# Ã
d kx
d t
d ky
d t

! !

=
"
I ¡¾

"
px
c 0
0 py

c

# "
@c
@p

# #¡1

¢
Ã
r
Ã
px
py

!
¡

Ã
w x

wy

!
+ ¾

"
px
c 0
0 py

c

# "
@c
@k

# Ã
(x¡gkx)
(y¡gky)

! !
(24)

where ¾ =
³¡U00(c)c

U0(c)

´
:W ith logarithmicutilityofconsumption, wehaveof

course, ¾ = 1:T he…rstorderconditionsgivenbyequations(18), (19 ), (20),
(21), andtheequationsofmotiongivenby(22)and(24)completelydescribe
thesystem.
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3.2 ThreeSectorD ynamics
W enowlinearizedynamicalsystem given byequations (22) and (24), we
evaluatetheassociatedJacobian, [JN ];atthesteadystate. L et

[JN ]=

2
4

h
@_k
@k

i h
@_k
@p

i
h
@ _p
@k

i h
@ _p
@p

i
3
5

where "
@_k
@k

#
= [[Y K ]¡gI ];

"
@_k
@p

#
= [Y P];

"
@ _p
@k

#
= [D]¡1 ¾

"
px
c 0
0 py

c

# "
@c
@k

#
[[Y K ]¡gI ];

"
@ _p
@p

#
= [D]¡1

"
¾
"

px
c 0
0 py

c

# "
@c
@k

#
[Y P]+ [rI ¡[W P]];

#

andwhere
[D]=

"
I ¡¾

"
px
c 0
0 py

c

# "
@c
@p

# #
(25)

[W P]=

2
4

h
@w x
@px

i h
@w x
@py

i
h
@wy
@px

i h
@wy
@py

i
3
5 ; (26)

[Y K ]=

2
4

h
@x
@kx

i h
@x
@ky

i
h
@y
@kx

i h
@y
@ky

i
3
5 ; (27 )

[Y P]=

2
4

h
@x
@px

i h
@x
@py

i
h
@y
@px

i h
@y
@py

i
3
5 ; (28)

"
@c
@p

#
=

" @c
@px

@c
@py

@c
@px

@c
@py

#
; (29 )

"
@c
@k

#
=

" @c
@kx

@c
@ky

@c
@kx

@c
@ky

#
(30)

14



Intheappendixweshowhowtheelementsofthematrices[W P]; [Y K ]; [Y P];
h
@c
@p

i

and
h
@c
@k

i
canbeevaluatedusingthesteadystateoutputelasticitiesandthe

steadystatevaluesofthepricesandquantities, allofwhichcanbeexpressed
intermsoftheparametersoftheeconomy. Itisthereforepossibletoevaluate
therootsoftheJacobian [JN ]atthesteadystateandcheckforindetermi-
nacy, thatistocheckforparametervaluesthatyieldmorethantworootsof
[JN ]withnegativerealparts. T heproductionparametersgivenbeloweas-
ilygenerateindeterminacyforourthreesectoreconomy, wherethediscount
rate is r = 0:0 5;the populationgrowthrate is g = 0:0 1;the intertemporal
elasticityofsubstitutioninconsumptionis ¾ = 1(whichimplieslogarithmic
utilityinconsumption), andtheinverselaborsupplyelasticityisv = 1 :

Parametersfortheconsumptiongoodcandinvestmentgoodsx
andy:

qc = 1; ® 0 = 0:66; ® 1 = 0:2 4 ; ® 2 = 0:1;a0 = 0:0 0 ; a1 = 0:0 0 ; a2 = 0:0 0
qx = 1; ¯ 0 = 0:64 ; ¯ 1 = 0:2 0 ; ¯ 2 = 0:1;b0 = 0:0 0 ; b1 = 0:0 6; b2 = 0:0 0
qy = 1; °0 = 0:61;°1 = 0:2 3; °2 = 0:1;c0 = 0:0 0 ;c1 = 0:0 0 ; c2 = 0:0 6

R ootsoftheJacobian [JN ]:
¡10:8767; ¡0:0 599 ;¡0:8579; 0:1138
Clearly, theparametersaboveareentirelystandard, andtheexternalef-

fects, whicharepresentonlyforthecapitalinputx intheproductionofx;
andforthecapitalinputy intheproductionofy; bothofwhicharesetto
0:0 6, areextremelysmall. T heproductionfunctionsofthethreegoodsdi¤er
onlyslightly, withlaborshareineachoneofthem, givenby® 0 ; ¯ 0 and°0 ;
allatroughlyequalto 2

3:T hereareconstantreturns toscaleatthesocial
leveland thatattheprivate leveltheagents facevery slightdiminishing
returnstoscaleinproducingx andy:L etusemphasizethatthedegreeof
perceivedprivatedecreasingreturns in x andy is indeednegligiblysmall:
whilefrom thesocialperspectivetheCobb-D ouglasexponentsaddupto1;
fromtheprivateperspectivetheyaddupto0:94 forbothx andy:Further-
more, indeterminacy seems veryrobust: smallvariations in ¾;v;r;g orin
theproductionparametersdonotchangethevalues byoftherootsmuch,
orchange theirsign pattern. Eliminatingtheexternale¤ects completely
howeverdoeseliminateindeterminacy, asexpected, becausetheprivateand
socialoptimumcoincideinthatcase.9
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4 The StochasticD iscrete T ime M odeland
Calibration

T hediscretetimeproblemcanbede…nedas:

V (kx;ky; z ) = M ax
µ 1
1¡¾

¶³
z cqcL® 0

cK ®1
xcK

® 2
ycLa0

cK a1
xcK a2

yc
(́1¡¾)

¡(1 + v)¡1 L(1+ v) + ½EV ((1¡gx)kx + x;(1¡gy)ky + y;z 0)

x = z xqxL¯ 0
x K

¯1
xxK

¯ 2
yxLb0

cK b1
xxK b2

yx (31)

y= z yqyL°0
y K

°1
xyK

°2
yyLc0

yKc1
xyKc2

yy (32)

where½ = (1 + (r¡g))¡1isthediscountfactor, gx , gyaredepreciationrates,
z = (z c; z x; z y); z i isatechnologyshockfori= c;x;y;where ǹ z i= ³i, and

³i;t+ 1 = ¸i³i;t+ "̂i;t+ 1; 0 ·¸i·1 (33)

i= c; x; y; and "̂i;t+ 1 is iid, normallydistributedandhasmeanzero. z 0 is
thevalueattainedby z inthesubsequentperiod. N otethatwecanwritethe
consumptionoutputas:

c= z cqc¢(L¡Lx¡Ly)
® 0 + a0 (kx¡Kxx¡Kxy)

® 1+ a1 (ky¡Kyx¡Kyy)
® 2 + a2

T he…rstorderconditions, aftersimplesubstitutions, are:

c¡¾t px;t= ½E
Ã
c¡¾t+ 1px;t+ 1

Ã
w x;t+ 1

px;t+ 1
+ (1¡gx)

! !
(34)

c¡¾t py;t= ½E
Ã
c¡¾t+ 1py;t+ 1

Ã
wy;t+ 1

py;t+ 1
+ (1¡gy)

! !
(35)

where
w x

px
= ¯ 1qxL

¯ 0 + b0
x K ¯1+ b1¡1

xx K ¯ 2 + b2
yx (36)
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wy

py
= °2 qyL

°0 +c0
y K°1+c1

xy K°2 +c2 ¡1
yy (37 )

px =
® 1qcL® 0 + a0

c K ®1+ a1¡1
xc K ® 2 + a2

yc

¯ 1qxL
¯ 0 + b0
x K ¯1+ b1¡1

xx K ¯ 2 + b2
yx

(38)

py =
® 1qcL® 0 + a0

c K ®1+ a1¡1
xc K ® 2 + a2

yc

°1qyL
°0 +c0
y K°1+c1¡1

xy K°2 +c2
yy

(39 )

T heequationsforaccumulationaregivenby

kx;t+ 1 = (1¡gx)kx;t+ xt (40)

ky;t+ 1 = (1¡gy)ky;t+ yt (41)

T hecomputationsfortheanalysisandcalibrationofthismodelarepresented
in A ppendixII. H ereweproceeddirectlytostudythelocaldynamics. T he
linearizeddynamicsofthemodelare:

0
BBBBBBBBBBB@

k̂x;t+ 1
k̂y;t+ 1
p̂x;t+ 1
p̂y;t+ 1
^z c;t+ 1
^z x;t+ 1
^z y;t+ 1

1
CCCCCCCCCCCA

= [Q ]¡1 [R ]

0
BBBBBBBBBBB@

k̂x;t
k̂y;t
p̂x;t
p̂y;t
^z c;t
^z x;t
^z y;t

1
CCCCCCCCCCCA

+ [Q ]¡1

0
BBBBBBBBBBB@

0
0

¡̂sx;t+ 1
¡̂sy;t+ 1
"̂c;t+ 1
"̂x;t+ 1
"̂y;t+ 1

1
CCCCCCCCCCCA

(42)

where ŝi;t;i = x;y; are an iid sunspotshocks with zeromean, actingon
the“Euler” equationsforthetwocapitalstocks. T hematrices [R ]and [Q ]
arede…ned in A ppendix II. T heirelements arefunctions ofparameters of
thesystem, andofsteadystatequantities whicharealsofunctions ofthe
parameters. W ecanthereforeevaluatetheroots of[Q ]¡1 [R ] tocheckfor
the possibilityofindeterminacy. W hen externality parameters are setto
zero, fouroftherootsoftheJacobianmatrixcomeinpairsof

³
¹; 1

½¹

´
;and

theotherthreeroots arethe autoregressivecoe¢cients ofthetechnology
shocks10:Forverymodestexternalities howeverindeterminacyarises, as it
does inthecontinuous timecase. T hefourroots nolongersplitwithhalf
insideandhalfoutsidetheunitcircle. W e…ndthatindeterminacycaneasily
occurforalargesetofparametervalues. T heexamplebelowillustratesthis
point.
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W ecalibratethemodelalongthelinesofastandardR BCmodel. W eset
thequarterlydiscountfactortor = 0:0 36andthedepreciationratetog =
0:0 2 5;sothatquarterlynetdiscountis (r¡g) = 0:0 11:T he instantaneous
utilityofconsumptionislogarithmic, sothat¾ = 1:L aborsupplyistakento
bequiteelastic, althoughnotin…nitelyelasticasisoftenthecaseinthereal
businesscycleliterature: wesetv = 0:2 , implyingalaborsupplyelasticityof
5:T hepersistenceparametersforthetechnologyshocks, ¸c; ¸x;and¸y are
each setto 0:95:T heproduction parameters andtheresultingroots ofthe
Jacobian

h
[Q ]¡1 [R ]

i
areasfollows:

Parametersfortheconsumptiongoodcandinvestmentgoodsx
andy:

qc = 1; ® 0 = 0:58; ® 1 = 0:15; ® 2 = 0:2 0 ;a0 = 0:0 0 ; a1 = 0:07; a2 = 0:0 0
qx = 1; ¯ 0 = 0:50 ; ¯ 1 = 0:2 2 ; ¯ 2 = 0:2 1;b0 = 0:0 0 ; b1 = 0:07; b2 = 0:0 0
qy = 1; °0 = 0:51;°1 = 0:2 6; °2 = 0:15;c0 = 0:0 0 ;c1 = 0:0 0 ; c2 = 0:0 8

R ootsoftheJacobian
h
[Q ]¡1 [R ]

i
:

(0:2 51; 1:0 57; 0:967; 0:4 2 5; 0:950 ; 0:950 ; 0:950 )
T helastthreerootsaresimplythepersistenceparameters¸c; ¸x;and¸y:

O ftheremainingfourroots, threearewithintheunitcircle, which implies
indeterminacy sincetherearetwocapitalstocks and twoprices11. M any
otherparametrizations givingindeterminacyarealsopossible, buttheone
aboveistheparametrizationthatweuseinthecalibrationsbelow.

Tocalibratethemodelwesetthestandarddeviationsofsunspotshock
ŝx;t; andtheinnovations totechnologyshocks "̂i;t+ 1; i= c;x;y;allofwhich
wetaketobenormallydistributed, to0:0 0 39 12 . T heyaresosettoimplya
standarddeviationforG N P of1:76;tomatchtheU S data. Inthesimulations
wetakethetechnologyshocks tobeperfectlycorrelated, andthesunspot
shocktobeindependent. Experimentingwithindependenttechnologyshocks
orwithtechnologyshocks correlatedwiththesunspotdoesnotchangethe
simulationresultsbymuch. T heresultsofourcalibrationexercisearegiven
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inthetablebelow.

G N P CO N SU M P T IO N IN V EST M EN T L A B O R
ST . D EV . 1:0 0 0:74

(0:73)
3:32
(3:2 0 )

0:70
(1:16)

CO R R . W IT H G N P 1:0 0 0:53
(0:76)

0:83
(0:90 )

0:71
(0:86)

A R 1 CO EFF. 0:93
(0:90 )

0:97
(0:84 )

0:9 2
(0:76)

0:80
(0:9 0 )

StandarddeviationsofthevariablesinthetablearerelativetothoseofG N P,
and the numbers in parentheses are the sameratios forH odrick-Prescott
…lteredU S data. Investmentcorrespondstoitsaggregatedvalue, evaluated
atthecurrentrelativepricesofx andy:G N P containsconsumption, c;plus
investment, withthepriceoftheconsumptiongoodnormalizedtounityeach
period. Individualcomponents ofG N P, orofinvestmenttendtobemuch
morehighlyvolatilethantheaggregatedseries. W e…ndhoweverthatthis
isthecaseforstandardR BCcalibrations, irrespectiveofwhetherthechosen
parametervaluesgeneratedeterminateorindeterminateequilibria.13

T hedatageneratedbythemodelmatchesU S datareasonablywell. Con-
sumption ismoreweaklycorrelatedwithoutputforthedatageneratedby
themodelthanitisforactualU S data: thisinpartmaybebecausepositive
technologyshocks initiallylead tostrongexpansions in investmentatthe
expenseofconsumption. (SeeFigure3belowandtheprecedingdiscussion.).
In addition, labordatafrom themodelis less volatile, andless correlated
withoutputthanitisforactualU S data. O nepossiblereasonforthis, aswe
pointedoutearlier, isthatweusedalaborsupplyelasticityof5; compared
tothein…nitelaborsupplyelasticitiesusedinmuchoftheR BC literature.

Figure1 belowgives atypicalsimulationwith indeterminateequilibria
andsunspots, calibratedtotheparametersgivenabove, forG N P, investment
andconsumption. Clearlyinvestmentdisplaysoscillationsoflargestampli-
tude, whileconsumption is fairlysmooth, and G N P is inthe intermediate
range.
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Figure1

Figure2 showstheimpulseresponsesforconsumption, investment
andG N P, generatedbyanaggregateproductivityshockimpactingthethree
sectorssimultaneously. T heaggregativeshockleadstoasurgeofinvestment,
initiallyattheexpenseofconsumption. A gainwe…ndthatthisfeature, that
istheinitialnegativeresponseofconsumptiontotheaggregativetechnology
shock, typicallyarises forstandard R BC calibrations ofmulti-sectormod-
els thatdonothaveanyexternale¤ects andthereforeexhibitdeterminate
equilibria.14 G N P alsodropsbyasmallamountwhentheshockhits, butrises
immediatelyafterwardas investmentsurges, andthensubsidestogenerate
thehump-shapedresponsefoundinthedata.
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Figure2

W hilewehavebynomeans performedanextensive search, themodel
withaboveparametersthatgenerates sunspotequilibriacanprovidearea-
sonablematchtothevariousmomentsofactualdata. T herealsoexistsmany
otherreasonableparametercombinations thatgiveagoodmatch, andyet
others thatgiveaverypoormatchtothedata. Furthermore, someofthe
momentsgeneratedbythemodelcanbesensitivetoparameterchanges in
certain regions oftheparameterset. T his is truewhetherwehaveexter-
nale¤ects andindeterminacy, orwhetherwerestrictourselves tostandard
parametrizationsofthemodelwithoutexternalitiesandindeterminacy. A n-
otherfeature, sharedwith calibratedmultisectormodels withoutexternal
e¤ectsormarketdistortionsthathavedeterminateequilibria, isthatprices
and outputs ofthe individualinvestmentgoods tend tobemore volatile
thantheaggregatedvalueofinvestment, withsomesectorsevenexhibiting
countercyclicalbehavior(see forexample Benhabib, Perli and Plutarchos
[12]. T his counterfactualobservationaboutcalibratedmulti-sectormodels
inthecontextofadeterminateeconomyhas ledH u¤manandW ynne[25]
tointroduceadjustmentcostsforthesectoralreallocationsoffactorsofpro-
duction. Itseemsthereforethatmulti-sectorR BCmodels, withorwithout
indeterminacyandsunspots, raisesomenewissuesfortheR BCliterature15.
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M oreinformationconcerningthemomentsofindividualoutputseriesmust
beconsideredtoidentifythebestparametrizations, andtoassesshowgood
thematchisbetweenthedataandthesimulations. Furtherdisaggregation
maybenecessarytoidentifythesectorsofthemodelwiththeactualsectors
oftheeconomyforwhichdataisavailable. O ntheotherhanditalsoseems
likelythatincreasingthenumberofsectorswillexpandtherangeofparam-
etersyieldingindeterminacy, muchasgoingfromonetotwotothreesectors
does. W eviewtheabovecalibrationexerciseonlyassuggestiveofinteresting
possibilitiesthatcanexpandthescopeoftheR BC literature.

5 A ppendixI: Thecontinuoustimecase
In this appendixwewillderive theexpressions necessarytoevaluatethe
steadystateJacobianofthelinearizeddynamicsofthethreesectormodelin
continuoustime.

5.1 TheStaticStructure
Fromequations(18), (19 ) and(20)wecanwrite:

!12 =
w x

wy
=

® 1Kyc

® 2Kxc
=
¯ 1Kyx

¯ 2Kxx
=
°1Kyy

°2Kxy
(43)

!10 =
w x

w 0
=

® 1Lc

® 0Kxc
=

¯ 1Lx

¯ 0Kxx
=

°1Ly

°0Kxy
(44)

! 2 0 =
wy

w 0
=

® 2 Lc

® 0Kyc
=

¯ 2 Lx

¯ 0Kyx
=

°2 Ly

°0Kyy
(45)

Ifwedenotex̂ = d x
x , thenlogarithmicdi¤erentiationyields:

!̂12 = K̂yc¡K̂xc= K̂yx¡K̂xx = K̂yy¡K̂xy (46)

!̂10 = L̂c¡K̂xc= L̂x¡K̂xx = L̂y¡K̂xy (47 )

!̂ 2 0 = L̂c¡K̂yc= L̂x¡K̂yx = L̂y¡K̂yy (48)
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N otethat(!ij) = (!ji)¡1 andthat(!ij)(!jh) = (!ih):N owcombiningequa-
tions(19 ), (20), (43), (44)and(45) notingthatatasteadystate

w x = rpx; wy = rpy; (49 )

wehave:

w x = px

0
@qx¯ 1

Ã
¯ 0
¯ 1

! ¯ 0 + b0 Ã¯ 2
¯ 1

! ¯ 2 + b2
1
A (!10 )¯ 0 + b0 (!12 )¯ 2 + b2 = rpx (50)

wy = py

0
@qy°2

Ã
°0
°2

! °0 +c0 Ã°1
°2

! °2 +c2
1
A (!10 )°0 +c0 (!12 )¡°1¡c1¡°0¡c0 = rpy

(51)
T heexponentialterm (¡°1¡c1¡°0 ¡c0 )appearsinequation(51)because
thefactorpriceratios ! 2 1and ! 2 0 in theequationarereplacedby (!12 )¡1

and(!10 )(!12 )¡1 :Takinglogsin(50) and(51)wecanwritethemas:
0
BB@

µ
ǹ r¡ ǹ

µ
qx¯ 1

³
¯ 0
¯1

´̄
0 + b0 ³¯ 2

¯1

´̄
2 + b2

¶¶

µ
ǹ r¡ ǹ

µ
qy°2

³
°0
°1

°́0 +c0 ³°2
°1

°́2 +c2
¶¶

1
CCA = M

Ã
ǹ !10
ǹ !12

!
(52)

where
[M ]=

"
¯ 0 + b0 ¯ 2 + b2
°0 + c0 ¡°1¡c1¡°0 ¡c0

#
(53)

T heequation(52)determinesthesteadystatevaluesof!10 and!12:W enow
solve, using(19 ), fortheprices px andpy:W ehave:

® 1qc
µKyc

Kxc

¶(® 2 + a2 )µ Lc

Kxc

¶(® 0 + a0 )

= px¯ 1qx
µKyx

Kxx

¶(̄ 2 + b2 )µ Lx

Kxx

¶(̄ 0 + b0 )

= py°1qy

Ã
Kyy

Kxy

! (°2 +c2 )Ã Ly

Kxy

! (°0 +c0 )
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Substitutingfromequations(43), (44)and(45)weobtain:

® 1qc
µµ® 2

® 1

¶
!12

¶(® 2 + a2 )µµ® 0
® 1

¶
!10

¶(® 0 + a0 )
(54)

= px¯ 1qx

ÃÃ
¯ 2
¯ 1

!
!12

! (̄ 2 + b2 )ÃÃ
¯ 0
¯ 1

!
!10

! (̄ 0 + b0 )

= py°1qy

ÃÃ
°2
°1

!
!12

! (°2 +c2 )ÃÃ
°0
°1

!
!10

! (°0 +c0 )

Takinglogswethenhave:

Ã
ǹ px
ǹ py

!
=

0
BB@

ǹ
µ³

qc® 1
qx¯1

´³
® 2
® 1

(́® 2 + a2 )³® 0
®1

(́® 0 + a0 )³¯ 2
¯1

¡́(̄ 2 + b2 )³¯ 0
¯1

¡́(̄ 0 + b0 )
¶

ǹ
µ³

qc® 1
qy°1

´³
® 2
® 1

(́® 2 + a2 )³® 0
® 1

(́® 0 + a0 )³°2
°1

¡́(°2 +c2 )³°0
°1

¡́(°0 +c0 )
¶

1
CCA

+ [N ]
Ã

ǹ !10
ǹ !12

!
(55)

where
[N ]=

"
® 0 + a0 ¡¯ 0 ¡b0 ® 2 + a2 ¡¯ 2 ¡b2
® 0 + a0 ¡°0 ¡c0 ® 2 + a2 ¡°2 ¡c2

#
(56)

Theequation(55) allowsustosolveforpx and py intermsof!10 and!12 ,
andthenusing(52)and(49 ), forthesteadystatevaluesoftheprices px and
pyandcapitalrentalsw x andwy: wewillneedthemtoevaluatetheJacobian
matrixdescribingthelocaldynamicsaroundthesteadystate. Furthermore,
usingequation(55)weobtain:

Ã
!̂10
!̂12

!
= [N ]¡1

Ã
p̂x
p̂y

!
(57 )

N owtakinglogarithmicderivativesofequations(50) and(51)weget:
Ã
ŵ x

ŵy

!
=

"
¯ 0 + b0 ¯ 2 + b2
°0 + c0 °2 + c2

# Ã
!̂10
!̂12

!
+

Ã
p̂x
p̂y

!
(58)

=
Ã"

¯ 0 + b0 ¯ 2 + b2
°0 + c0 °2 + c2 ¡1

#
[N ]¡1 + I

! Ã
p̂x
p̂y

!

= [G ]
Ã
p̂x
p̂y

!
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N otethatequation(58) de…nesthematrix [G ].

5.1.1 Thestaticstructureforthetwo-sectorcase

Inatwo-sectoreconomywithoutthecapitalgoody;eitherasaninputoran
output, theaboveexpressionfortheelasticityofŵ x withrespecttop̂x can
besimpli…ed. T hematrix [N ]becomesascalarandsinceatasteadystate
w x = rpx;weobtain:

@wx

@px
= r

ŵ x

p̂x
= r

® 0 + a0
® 0 + a0 ¡¯ 0 ¡b0

(59 )

W eusethisexpressioninSection2 above.

5.2 U nitInputCoe¢cients
Computingunitinputcoe¢cientsisstraightforward. Takinglogsofthepro-
ductionfunctionforcapitalgoodx andusing(43), (44)and(45) , wehave2

64
¯ 1 + b1 ¯ 2 + b2 ¯ 0 + b0
¡1 1 0
¡1 0 1

3
75

2
64

ǹ Kxx

ǹ Kyx

ǹ Lx

3
75 =

2
64

ǹ x¡ ǹ qx
ǹ w x¡ ǹ wy + ǹ ¯ 2 ¡ ǹ ¯ 1
ǹ w x¡ ǹ w 0 + ǹ ¯ 0 ¡ ǹ ¯ 1

3
75

Solvingweget:

a0 1 =
Lx

x
=

Ã
1
qx

! Ã
¯ 0w x

¯ 1w 0

! ¯1+ b1 Ã¯ 0wy

¯ 2 w 0

! ¯ 2 + b2

(60)

a11 =
Kxx

x
=

Ã
1
qx

! Ã
¯ 1w 0
¯ 0w x

! ¯ 0 + b0 Ã¯ 1wy

¯ 2 w x

! ¯ 2 + b2

(61)

a2 1 =
Kyx

x
=

Ã
1
qx

! Ã
¯ 2 w 0
¯ 0wy

! ¯ 0 + b0 Ã¯ 2 w x

¯ 1wy

! ¯1+ b1

(62)

Similarly, fortheconsumptionandsecondcapitalgoodweobtain:

a0 0 =
Lc

c
=

Ã
1
qc

! µ® 0w x

® 1w 0

¶® 1+ a1 µ® 0wy

® 2 w 0

¶® 2 + a2
(63)

a10 =
Kxc

x
=

Ã
1
qc

! µ® 1w 0
® 0w x

¶® 0 + a0 µ® 1wy

® 2 w x

¶® 2 + a2
(64)
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a2 0 =
Kyc

c
=

Ã
1
qc

! Ã
® 2 w 0
® 0wy

! ® 0 + a0 Ã® 2 w x

® 1wy

! ®1+ a1

(65)

a0 2 =
Ly

y
=

Ã
1
qy

! Ã
°0w x

°1w 0

! °1+c1 Ã°0wy

°2 w 0

! °2 +c2

(66)

a12 =
Kxy

y
=

Ã
1
qy

! Ã
°1w 0
°0w x

! °0 +c0 Ã°1wy

°2 w x

! °2 +c2

(67 )

a2 2 =
Kyy

y
=

Ã
1
qy

! Ã
°0w x

°1w 0

! °1+c1
Ã
°0wy

°2 w 0

! °2 +c2

(68)

N otethattheinputcoe¢cients arefunctionsoftheratios offactorrentals
andcanbewrittenintermsof!10 and!12 , rememberingthat(!ij) = (!ji)¡1

andthat(!ih) = (!ij)(!jh ):

5.3 SteadyStateQ uantities
A tasteadystatewehave

x = gkx; y= gky (69 )

Fullemploymentthenrequires:
2
64
a0 0 a0 1 a0 2
a10 a11 a12
a2 0 a2 1 a2 2

3
75

0
B@

c
gkx
gky

1
CA =

0
B@

L
kx
ky

1
CA (7 0)

W ecansolveforkx andkyas:
Ã
kx
ky

!
=

"
I ¡g

"
a11 a12
a2 1 a2 2

# #¡1 Ã
a10
a2 0

!
c (7 1)

L etº =
³
1
v

´
:T henusing(21), (69 ), and(7 0), wecansolveforsteadystate

c:
0
@a0 0 + g (a0 1 a0 2 )

"
I ¡g

"
a11 a12
a2 1 a2 2

# #¡1 Ã a10
a2 0

! 1
A c= ® º0c

(1¡¾)ºL¡ºc
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or, sinceLc= (a0 0 )c;

c=

0
@
µ ® 0
a0 0

¶(¡º)
0
@a0 0 + g (a0 1 a0 2 )

"
I ¡g

"
a11 a12
a2 1 a2 2

# #¡1 Ã a10
a2 0

! 1
A
1
A
¹

(7 2)

where¹ =
³
¡ 1

¾º+ 1

´
:U singequations(7 2) and(7 1)wecansolveforsteady

statekx andky:Sinceunitinputcoe¢cients arefunctions of!10 and !12 ,
whosesteadystatevaluesaregivenbyequation(52), thesteadystatestocks
kx andky canbecomputedinterms oftheparametersofthemodel. T he
steady stateoutputs then aregiven by equations (69 ) and (7 2). W e can
expressthesteadystatefactorinputs intheproductionfunctionas:

Lc = a0 0c; Kxc= a10c; Kyc= a2 0c
Lx = a0 1x; Kxx = a11x; Kxy = a2 1x
Ly = a0 2y; Kxy = a12y; Kyy = a2 2y

wherebyconstruction:

L = Lc+ Lx + Ly

kx = Kxc+ Kxx + Kxy

ky = Kyc+ Kyx + Kyy

5.4 O utputElasticities
Firstwecomputetheelasticitiesofinputswithrespectto!10 and!12 :From
the…rstorderconditionforlaborgivenbyequation(21)wehave:

L̂ = x0 L̂c+ x1K̂xc+ x2 K̂yc (7 3)

where

x0 =
(® 0 + a0)(1¡¾)¡1

v
; x1 =

(® 1 + a1)(1¡¾)
v

; x2 =
(® 2 + a2 )(1¡¾)

v

U singequations(47 ), (46)and(48) itfollowsthat

L̂ = (x0 + x1 + x2 )K̂yc+ x0 !̂ 2 0 ¡x1!̂12 (7 4)
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T hefollowingidentity,
2
6664

³
Lc
L

´
L̂c

³
Lx
L

´
L̂x

³
Ly
L

´
L̂y³

Kxc
kx

´
K̂xc

³
Kxx
kx

´
K̂xx

³
Kxy
kx

´
K̂xy³

Kyc
ky

´
K̂yc

³
Kyx
ky

´
K̂yx

³
Kyy
ky

´
K̂yy

3
7775

0
B@
1
1
1

1
CA =

0
BB@

L̂
k̂x
k̂y

1
CCA (7 5)

maynowberewritten, aftersomesubstitutions usingequations (7 4), (47 ),
(46)and(48), as:
2
6664

³
Lc
L +

¾
v

´ ³
Lx
L

´ ³
Ly
L

´
³
Kxc
kx

´ ³
Kxx
kx

´ ³
Kxy
kx

´
³
Kyc
ky

´ ³
Kyx
ky

´ ³
Kyy
ky

´

3
7775

0
BB@

K̂yc

K̂yx

K̂yy

1
CCA =

0
B@
(!̂12 ¡!̂10)(1¡x0)¡(!̂12 )x1

!̂12 + k̂x
k̂y

1
CA

(7 6)
Inparticular, toderivethe…rstequationof(7 6)weusethefactthat

(!̂ 2 0) = (!̂10)¡(!̂12 )

andthat:
x0 + x1 + x2 = ¡

¾
v

T heequationsgivenby(7 6) allowustoexpressthesteadystateelasticities
ofKyc; Kyx andKyywithrespectto!10 ; !12 ; kx andky:Fromtheproduction
functionsontheotherhand, wehave:

ĉ = (® 0 + a0)
³
K̂yc¡!̂12 + !̂10

´
+ (® 1 + a1)

³
K̂yc¡!̂12

´
+ (® 2 + a2 )

³
K̂yc

´

= K̂yc+ (® 0 + a0 )(¡!̂12 + !̂10 )¡(® 1 + a1)(!̂12 ) (7 7 )

x̂ = K̂yx + (̄ 0 + b0 )(¡!̂12 + !̂10 )¡(̄ 1 + b1)(!̂12 ) (7 8)

ŷ= K̂yy + (°0 + c0 )(¡!̂12 + !̂10 )¡(°1 + c1)(!̂12 ) (7 9 )

N ownotice thatsince K̂yc;K̂yx and K̂yy depend on !̂10 ; !̂12 ; k̂x and k̂y,
and !̂10 ; !̂12 inturndependon p̂x and p̂y, wecannowexpress theoutput
elasticities ofc; x; andywithrespecttopx; py;kx andky:W ede…nethe
elasticityfunctionofam-vectorqwithrespecttoann-vectorp asanm £n
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matrixasE(q :p):L etthematrixinequation(7 6) bede…nedas:

[F]=

2
6664

³
Lc
L +

¾
v

´ ³
Lx
L

´ ³
Ly
L

´
³
Kxc
kx

´ ³
Kxx
kx

´ ³
Kxy
kx

´
³
Kyc
ky

´ ³
Kyx
ky

´ ³
Kyy
ky

´

3
7775

T henwehave:

[EKK ]´E((Kyc;Kyx;Kyy) :(kx;ky)) = [F]¡1
2
64
0 0
1 0
0 1

3
75

N owde…ne[S]= [N ]¡1. T hepriceelasticitiesare:

[EKP] ´ E((Kyc;Kyx;Kyy) :(px;py))

=
h
F¡1

i
2
64
(¡S11 + S2 1)(1¡x0 )¡x1S2 1 (¡S12 + S2 2 )(1¡x0 )¡x1S2 2

S2 1 S2 2
0 0

3
75

wheretheelementsofthematrix [S]aredenotedbySij:W ewilldenotethe
ij’thelementof[EKK ]and [EKP]byEKK (i;j) andEKP(i;j):Substitut-
ingtheelementsofthematrices [S]; [EKK ]and [EKP] intotheproduction
equations(7 7 ), (7 8), and(7 9 ), weobtaintheoutputelasticities:

E(c:px) = EKP(1;1)+ (® 0 + a0 )((S11¡S2 1))¡(® 1 + a1)S2 1

E(c:py) = EKP(2 ;1)+ (® 0 + a0 )((S12 ¡S2 2 ))¡(® 1 + a1)S2 2

E(c:kx) = EKK (1;1)

E(c:ky) = EKK (2 ;1)

E(x :px) = EKP(2 ;1)+ (̄ 0 + b0)((S11¡S2 1))¡(̄ 1 + b1)S2 1

E(x :py) = EKP(2 ;2 )+ (̄ 0 + b0 )((S12 ¡S2 2 ))¡(̄ 1 + b1)S2 2

E(x :kx) = EKK (2 ;1)

E(x :ky) = EKK (2 ;2 )

E(y:px) = EKP(3;1)+ (°0 + c0)((S11¡S2 1))¡(°1 + c1)S2 1

E(y:py) = EKP(3;2 )+ (°0 + c0 )((S12 ¡S2 2 ))¡(°1 + c1)S2 2
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E(y:kx) = EKK (3;1)

E(y:ky) = EKK (3;2 )

5.4.1 O utputElasticitiesfortheTwo-SectorCase

Simplerexpressionscanbeobtainedforthecaseofatwo-sectormodel. W e
willderiveanexpressiononlyfor

³
@x
@kx

´
inthetwo-sectorcase, tobeusedin

section(2)above16. Setting!̂10 and!̂12 tozeroandusing(44)and(47 ), the
matrixequation(7 6)canbemodi…edandwrittenas:

2
4

³
Lc
L +

¾
v

´ ³
Lx
L

´
³
Kxc
kx

´ ³
Kxx
kx

´
3
5
Ã
K̂xc

K̂xx

!
=

Ã
0
k̂x

!
(80)

SolvingforK̂xx;Lx wehave,

K̂xx =
Ã
kL
Q

! µLc

L
¡

µ¾
v

¶¶
k̂x

where

Q = LcKx¡LxKc+
µ¾
v

¶
KxL (81)

Since!̂10 hasbeensettozero, from (47 ), weget:

L̂x = K̂xx¡!10 =
Ã
kL
Q

! µLc

L
¡

µ¾
v

¶¶
k̂x

U singtheinputcoe¢cientsgivenby(63), (64), (67 ), and(68), butmodi…ed
forthetwo-sectormodel, weobtain:

µ Q
LcLx

¶
=

µKx

Lx

µ
1 +

µ¾
v

¶ L
Lc

¶
¡Kc

Lc

¶

=
!

® 0¯ 0

µ
¯ 1 (1¡a0 ¡a1)¡® 1 (1¡b0 ¡b1)+ ¯ 1® 0

µ¾
v

¶ L
Lc

¶

N owthegrowthoftheoutputx willbe:

x̂ = (̄ 1 + b1)K̂xx + (1¡¯ 1¡b1)L̂x
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=
Ã
kxL
Q

! µLc

L
+

µ¾
v

¶¶
k̂x

=
Ã
kxL
LcLx

! Ã
® 0 ¯ 0
!

! 0
@

³
Lc
L +

³
¾
v

´́

³
¯ 1 (1¡a0 ¡a1)¡® 1 (1¡b0 ¡b1)+ ¯ 1® 0

³
¾
v

´
L
Lc

´
1
A k̂x

andwehave
Ã
@x
@k

!
=

µ xL
LcLx

¶Ã
® 0¯ 0
!

! 0
@

³
Lc
L +

³
¾
v

´́

³
¯ 1 (1¡a0 ¡a1)¡® 1 (1¡b0 ¡b1)+ ¯ 1® 0

³
¾
v

´
L
Lc

´
1
A

H owever, notingthatatthesteadystate:

w = rp = p¯qx

ÃÃ
¯ 0
¯ 1!

! ! (̄ 0 + b0 )

= p¯qx

ÃÃ
¯ 1!
¯ 0

! ! (̄ 1+ b1)Ã ¯ 0
¯ 1!

!

and
µ x
Lx

¶
= qx

Ã
¯ 1!
¯ 0

! (̄ 1+ b1)

=
Ã
r!
¯ 0

!

T herefore, weobtain:

Ã
@x
@k

!
= r

µ L
Lc

¶0
@ ® 0

³
L
Lc
+

³
¾
v

´́

³
¯ 1 (1¡a0 ¡a1)¡® 1 (1¡b0 ¡b1)+ ¯ 1® 0

³
¾
v

´
L
Lc

´
1
A

=

0
@

r® 0
³
1 +

³
L
Lc

´³
¾
v

´́

³
¯ 1 (1¡a0 ¡a1)¡® 1 (1¡b0 ¡b1)+ ¯ 1® 0

³
¾
v

´
L
Lc

´
1
A (82)

W ewillusetheexpression
³
@x
@k

´
insection2 above.

6 A ppendixII: Thediscretetimecase
T hediscretetimeproblemcanbede…nedas:
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V (kx;ky; z ) = M ax
µ 1
1¡¾

¶³
z cqcL® 0

cK ®1
xcK

® 2
ycLa0

cK a1
xcK a2

yc
(́1¡¾)¡(1 + v)¡1 L(1+ v)

+ ½EV ((1¡gx)kx + x;(1¡gy)ky + y;z 0)

x = z xqxL¯ 0
x K

¯1
xxK

¯ 2
yxLb0

cK b1
xxK b2

yx (83)

y= z yqyL°0
y K

°1
xyK

°2
yyLc0

yKc1
xyKc2

yy (84)

wherethediscountfactoris ½ = (1 + (r¡g))¡1 ; gx , gy aredepreciation
rates, z = (z c; z x; z y); z i isatechnologyshockwhere ǹ z i= ³i,

³i;t+ 1 = ¸i³i;t+ "i;t+ 1; 0 ·¸i·1 (85)

i= c; x; y; and"i;t+ 1 is iid, normallydistributedandhasmeanzero. z 0 is
thevalueattainedby z inthesubsequentperiod. N otethatwecanwritethe
consumptionoutputas:

c= z cqc(L¡Lx¡Ly)
® 0 + a0 (kx¡Kxx¡Kxy)

® 1+ a1 (ky¡Kyx¡Kyy)
® 2 + a2

T he…rstorderconditions, aftersimplesubstitutions, are:

c¡¾t px;t= ½E
Ã
c¡¾t+ 1px;t+ 1

Ã
w x;t+ 1

px;t+ 1
+ (1¡gx)

! !
(86)

c¡¾t py;t= ½E
Ã
c¡¾t+ 1py;t+ 1

Ã
wy;t+ 1

py;t+ 1
+ (1¡gy)

! !
(8 7 )

andtheequationsforaccumulationaregivenby

kx;t+ 1 = (1¡gx)kx;t+ xt (88)

ky;t+ 1 = (1¡gy)ky;t+ yt (89 )

B eforeanalyzingthedynamicsitiseasytoshowthatthesteadystateofthe
dynamicsystem, (86), (8 7 ), (88) and(89 ), (85), withtherandom variables
z c; z x; z y settotheirlong-runmeans, is identicaltothesteadystateofthe
deterministiccontinuous timesystem ifgx = gy = g:Toseethis set½ =
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(1 + (r¡g))¡1 andnotethatatasteadystatethis implies:

1 + r¡g =
w x

px
+ (1¡g) =

wy

py
+ (1¡g)

W ecande…neqi= ¹qi¹z iwhere¹z iisthelongrunmeanofz ifori= c;x;y:T he
steadystatevaluesofvariablescomputedinsectionsabovethereforeremain
asbefore. Q uantityandpricevariableswillnowdependontherealizations
ofshocksaswell, sotostudythedynamicsaroundthesteadystatewenow
havetocomputetheelasticitiesofinputcoe¢cientsandofoutputsthatwill
nowincorporatethee¤ectsofthestochasticshocks.

Firstwenotethattheequations (43), (44), (45) aswellas (7 6) remain
unchanged. T heequation(57 ) hastobeslightlymodi…ed:

Ã
!̂10
!̂12

!
= [N ]¡1

Ã
p̂x + ^z x¡^z c
p̂y+ ^z y¡^z c

!
(9 0)

Intermsofelasticities, this impliesthat

E(!10 ;!12 :z x; z y) = E(!10 ;!12 :px;py)
E(!10 :^z c) = ¡E(!10 :px)
E(!12 :^z c) = ¡E(!12 :py)

Itfollowsthereforethat:

E(c;x;y : z x; z y) =
"
0 1 0
0 0 1

#
+ E(c;x;y:px;py) (9 1)

E(c;x;y : z c) =
³
1 0 0

´
¡E(c;x;y:px)¡E(c;x;y:py) (9 2)

N otethattheelasticitiesof
³
wx
px

´
and

³
wy
py

´
0 canbeobtainedfrom (58) after

aslightrearrangementtoincorporatethetechnologyshock. L etrx =
³
w x
px

´

andry =
³
wy
py

´
:T hen

Ã
r̂x
r̂y

!
=

Ã"
¯ 0 + b0 ¯ 2 + b2
°0 + c0 °2 + c2 ¡1

#
[N ]¡1

! Ã
p̂x + ^z x¡^z c
p̂y + ^z y¡^z c

!
+

Ã
^z x
^z y

!
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Intermsofelasticities, this impliesthat

E(rx;ry :z x; z y) = I + E(rx;ry :px;py) (9 3)

E(rx;ry :z c) = ¡E(rx;ry :px)¡E(rx;ry :py) (9 4)

N otethatE(rx;ry :px;py) issimplygivenbytheelementsofthematrix
Ã"

¯ 0 + b0 ¯ 2 + b2
°0 + c0 °2 + c2 ¡1

#
[N ]¡1

!

N owwehavealltheelementstoevaluatetheJacobiancorrespondingtothe
linearsystemevaluatedatthesteadystate. T herelevantpartialderivatives
canbecomputedfrom theassociatedelasticities usingsteadystatevalues.
TocomputetheappropriateJacobianwenote…rstthatatthesteadystate,
½
³
wy;t+ 1
py;t+ 1

+ (1¡gy)
´
= 1:A similarequation holds forthelinearization of

(8 7 ). W ecanexpressthelinearizeddynamicsaspercentagedeviationsfrom
thesteadystatewiththehelpofthefollowingmatrices:

[R 11]=

2
6666664

µ
kx(( @x

@kx)+ 1¡g)
x+ (1¡g)kx

¶ 0
@

ky
³

@x
@ky

´

x+ (1¡g)kx

1
A

µ
kx( @y

@kx)
y+ (1¡g)ky

¶ 0
@

ky
³³

@y
@ky

´
+ 1¡g

´

y+ (1¡g)ky

1
A

3
7777775

[R 12 ]=

2
6666664

µ
px( @x

@px)
z x+ (1¡g)kx

¶ 0
@

py
³³

@x
@py

´́

z x+ (1¡g)kx

1
A

µ
px( @y

@px)
y+ (1¡g)ky

¶ 0
@

py
³

@y
@py

´

y+ (1¡g)ky

1
A

3
7777775

[R 2 1]=

2
4 ¡¾

³
kx
c

´³
@c
@kx

´
¡¾

³
ky
c

´³
@c
@ky

´

¡¾
³
kx
c

´³
@c
@kx

´
¡¾

³
ky
c

´³
@c
@ky

´
3
5

[R 2 2 ]=

2
4 ¡¾

³
px
c

´³
@c
@px

´
+ 1 ¡¾

³
py
c

´³
@c
@py

´

¡¾
³
px
c

´³
@c
@px

´
¡¾

³
py
c

´³
@c
@py

´
+ 1

3
5
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R 13 =

2
6666664

µ
z c( @x@z c)

x+ (1¡g)kx

¶ µ
z x( @x

@z x)
x+ (1¡g)kx

¶ 0
@

z y
³³

@x
@z y

´́

x+ (1¡g)kx

1
A

µ
z c( @y@z c)

y+ (1¡g)ky

¶ µ
z x( @y
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T helinearizeddynamicsarethen:
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1
CCCCCCCCCCCA
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^z c;t
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1
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0
0
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¡̂sy;t+ 1
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"̂y;t+ 1

1
CCCCCCCCCCCA

(9 5)

where ŝi;t;i= x;y; is aniid sunspotshockwithzeromean, actingonthe
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“Euler” equationsforthetwocapitalstocks. N otethattheelementsofthe
matrices [R ]and [Q ]arefunctionsoftheparametersofthesystem, andalso
ofthesteadystatequantitieswhicharefunctionsoftheparametersaswell.
W ecanthereforeevaluatetherootsof[Q ]¡1 [R ]tocheckforthepossibilityof
indeterminacy. W henexternalityparametersaresettozero, asiswell-known
thefouroftherootsoftheJacobianmatrixcomeinpairs of

³
¹; 1

½¹

´
; and

theotherthreearetheautoregressivecoe¢cientsofthetechnologyshocks.
Formodestexternalitieshowever, itis easyto…ndlargeparameterregions
forwhichthereexists indeterminateequilibria, asthecalibratedexamplein
section(4) illustrates.

6.1 TheCalibration
Equation(9 5) caneasilybeusedtosimulateorassess thestochasticprop-
erties ofourdynamicsystem. In ordertothen obtain series foroutputs
c; x;andy; aswellas theirinputs, wemust…rstexpress them as functions
of(px;py;kx;ky):U sing(43), (44), (45), and(7 3), wecansetup thematrix
equation:
0
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0 0 0 0 0 0
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L ¡x0 Lx
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1
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wherex0 ;x1;x2 areas inequation(7 3). Equation(96), afterinverting, will
solveforK̂xcand K̂ycintermsof(p̂x;p̂y;k̂x;k̂y); sothatwecanobtainthe
associatedelasticities. W enowhavealltheelementsoftheJacobianandwe
cananalyticallycomputethevariance-covariancematrixofthevariables in
equation(9 5), forcontemporaneous as wellas laggedvalues. Furthermore,
usingthesewecaneasilycomputealargervariance-covariancematrixthat
includeslinearfunctionsoftheoriginalvariables, liketheoutputsofthethree
goods, andtheaggregatevalueofinvestmentorG N P.

R eferences
[1]B asu, S.andFernald, J.G ., “A reA pparentProductiveSpilloversaFig-

mentofSpeci…cationError?” InternationalFinanceD iscussionPapers,
no.463, B oardofG overnorsoftheFederalR eserveSystem, 19 9 4a.

[2]Basu, S.andFernald, J. G ., “ConstantR eturnsandSmallM arkups in
U .S.M anufacturing,” InternationalFinanceD iscussionPapers, no.483,
B oardofG overnorsoftheFederalR eserveSystem, 19 9 4b.

[3]Baxter, M . and R . King, “ProductiveExternalities and Business Cy-
cles,” D iscussion Paper# 53, InstituteforEmpiricalM acroeconomics,
FederalR eserveBankofM inneapolis, N ov.19 9 1.

[4]B eaudry, P.andM .D evereux, “M onopolisticCompetition, PriceSetting
andtheE¤ectsofR ealandM onetaryShocks,” mimeo.

[5]B enhabib, J., andK. N ishimura., “T heH opfB ifurcationandtheExis-
tenceandStabilityofClosedO rbits in M ultisectorM odelsofO ptimal
EconomicG rowth,” JournalofEconomicTheory21, (19 7 9 0, 421-444.

[6]Benhabib, J. andR .Farmer, “IndeterminacyandG rowth,” Journalof
EconomicTheory63, (19 9 4), 19 -41.

[7 ]B enhabib, J andR .Perli, “U niquenessandIndeterminacy: Transitional
D ynamics in a M odelofEndogenous G rowth,” JournalofEconomic
Theory63, (19 9 4), 113-142.

[8]B enhabib, J. and R ustichini, A ., “IntroductiontotheSymposium on
G rowth, Fluctuations andSunspots,” JournalofEconomicT heory63,
(19 9 4), 1-19 .

38



[9 ]B enhabib, J., Perli, R . andD . X ie, “M onopolisticCompetition, Inde-
terminacyandG rowth,” R icercheEconomiche48, (19 9 4), 27 9 -29 8.

[10]B enhabibJ, andR .E.Farmer, “IndeterminacyandSectorSpeci…cEx-
ternalities,” JournalofM onetaryEconomics37 , (19 9 6), 39 7 -419 .

[11]B enhabib J. and R . E. Farmer, “T he M onetary Transmission M echa-
nism,” C.V . StarrCenterofA ppliedEconomics, workingpaper9 6-13,
N ewYorkU niversity, (19 9 6).

[12]B enhabib, J., Perli, R ., andP.Sakellaris, “PersistenceofBusinessCycles
inM ultisectorR BCM odels,”C.V .Starrworkingpaper9 7 -19 , N ewYork
U niversity, (19 9 7 ).

[13]B lack, F., “U niquenessofthePriceL evelinaM onetaryG rowthM odel
withrationalExpectations,” JournalofEconomicT heory7 , (19 7 4), 53-
65.

[14]Boldrin, M ichele, andA ldoR ustichini, “IndeterminacyofEquilibriain
M odelswithIn…nitely-livedA gentsandExternalE¤ects,”Econometrica
62 (19 9 4), 323-342.

[15]Burnside, C., M .EichenbaumandS.R ebelo, “CapacityU tilizationand
R eturnstoScale,” N B ER M acroeconomics A nnual19 9 5, 10, 67 -110.

[16]Burnside, C., “ProductionFunctionR egressions, R eturnstoScale, and
Externalities,” JournalofM onetaryEconomics37 , (19 9 6), 17 7 -201.

[17 ]S.ChatterjeeandCooper, R ., “M ultiplicityofEquilibriaandFluctua-
tions inD ynamicImperfectlyCompetitiveEconomies,” A mericanEco-
nomicR eviewPapersandProceedings 7 9 , (19 89 ), 353-357 .

[18]Christiano, L .J.andH arrison, S. G ., “Chaos, SunspotsandA utomatic
Stabilizers,” N BER workingpaper57 03, (19 9 6).

[19 ]Farmer, R .E.A .andG uo, J.-T ., “R ealBusinessCyclesandtheA nimal
Spirits H ypothesis,” JournalofEconomicTheory63, 19 9 4, 42-7 3.

[20]Farmer, R . E. A . and G uo, J.-T ., “T he Econometrics ofIndetermi-
nacy: an A pplied Study”, Carnegie-R ochesterSeries in PublicPolicy
43, (19 9 5), 225-27 2

39



[21]G ali, Jordi, “M onopolisticCompetition, BusinessCycles, andtheCom-
positionofA ggregateD emand,” JournalofEconomicTheory63, 19 9 4a,
7 3-9 6.

[22]G ali, J. and Z ilibotti, F., “Endogenous G rowthandPovertyTraps in
aCournotian M odel,” A nnales D ’EconomieetdeStatistique,” 37 /38,
19 9 5, 19 7 -213.

[23]H all, R . E., “T heR elation Between Priceand M arginalCostin U .S.
Industry,” JournalofPoliticalEconomy96, 19 88, 9 21-9 48.

[24]H all, R .E., “InvariancePropertiesofSolow’sProductivityR esidual,” in
G rowth, Productivity, U nemployment, (P. D iamond, Ed.) 7 1-112, M IT
Press, Cambridge, 19 9 0.

[25]H u¤man, G . W . and W ynne, M . A .,“T he R oleofIntertemporalA d-
justmentCosts inaM ulti-SectorEconomy,” workingpaper, Southern
M ethodistU niversity, 19 9 6.

[26]Kydland, F.E.andPrescott, E.C., “BusinessCycles: R ealFactsanda
M onetaryM yth,” Q uarterlyR eview, Spring19 9 0, FederalR eserveBank
ofM inneapolis, 3-18.

[27 ]Perli, R ., “Indeterminacy, H omeProductionandtheBusinessCycle: A
CalibrationA nalysis,” N ewYorkU niversityworkingpaper, 19 9 4.

[28]R otemberg, J. J. andM . W oodford, “O ligopolisticPricingandtheEf-
fectsofA ggregateD emandonEconomicA ctivity,” JournalofPolitical
Economy100, (19 9 2a), 1153-1207 .

[29 ]Schmitt-G rohé, S., “ComparingFourM odelsofA ggregateFluctuations
D uetoSelf-Ful…llingExpectations,” JournalofEconomicTheory 7 2,
(19 9 7 ), 9 6-146.

[30]Schmitt-G rohé, S. and U ribe, M ., “B alanced BudgetR ules, D istor-
tionaryTaxes, andA ggregateInstability,”workingpaper, B oardofG ov-
ernorsoftheFederalR eserveSystem, W ashington, (19 9 6).

[31]W eder, M ., “Indeterminacy, B usinessCyclesandM odestIncreasingR e-
turns,” H umboltU niversityworkingpaper, (19 9 6).

40



[32]X ie, D angyang, “D ivergenceinEconomicPerformance: TransitionalD y-
namicswithM ultipleEquilibria” JournalofEconomicTheory63no.1,
(19 9 4), 9 7 -112.

41



–bg

N otes
1 A longbutincompletelistoftherecentliterature includes B eaudry and D everuex

[4], B enhabib andFarmer[6], [10], [7 ], [9 ], Boldrin and R ustichini [14], Chatterjeeand

Cooper[17 ], ChristianoandH arrison[18], FarmerandG uo[19 ]), [20], G ali [21], Perli [27 ],

R otembergandW oodford([28]), Schmitt-G rohé[29 ], W eder[31]andX ie[32].

2SinceB enhabib andFarmer[10]postulateconstantreturns attheprivatelevel, we

can mesure increasingreturns as the sum ofallCobb-D ouglas coe¢cients minus one.

Indeterminacythen, forstandardparametrizations, requires increasingreturns ofabout

0.07 .

3SeeforexampleB asuandFernald[1], [2], B urnside, Eichenbaum andR ebello[15]or

Burnside[16], amongothers.

4InthesamewaytheStolper-Samuelsontheorem impliesthat¡
³
@wx
@p

´
willoverwhelm

r; since ata steady statewx = rp;butthe expression above for
³
¡@wx

@p + r
´

already

incorporatesthesteadystaterelationship.

5W eshouldnotethatotherdistortionswhichinterferewithtruecostminimizationare

alsolikelytogiverisetosimilarresults.

6T heargumentforthecase inwhichthecapitalgood is laborintensive is similarly

basedontheR ybczynskiandStolper-Samuelsontheorems,butinthiscasedepartingfrom
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theinitialequilibrium trajectoryleadstoexplosiveprices insteadofoutputs.

7A generalizationoftheresults toamultisectorframeworkwillfollowfrom theroots

of
¡@x
@k

¢
and

³
@w
@p

´
;whichnowarematrices, andwhichareequaltoeachotherifthereare

noexternale¤ects. Itcanbeshownthatonly
³
@w
@p

´
dependsonexternale¤ects. G iven

anyr> g;itis thenpossibletoconstructrobustfamilies ofCobb-D ouglas technologies

givingrisetoindeterminacyforarbitrarilysmallexternale¤ects.

8W ithnon-linearutilitywewillhaveindeterminacyinthetwo-sectormodelifthetrace

of[J]is negativeand its determinantis positive. Itcaninfactbeshownthatthetrace

willbenegativeundertheassumptions ofthepropositionabovebecause
¡@c
@k

¢³@x
@p

´
will

bepositive. Forapositivedeterminantwemustalsoassumethattheterm E in (12)

is positive. H owever"cp appearingin E endogenous. Itcanbecomputedas afunction

ofparameters, and itis possibletoproduceexamples ofindeterminatesteadystates for

positivebutsmallvaluesof¾:

9Itisalsoeasytoconstructexamplesofsystemswithoutexternalitiesgeneratingclosed

orbits orcycles as optimalpaths, as in B enhabib and N ishimura[5]. Forexampleifwe

setr= 0 :0 5;g= 0 :0 1 ;v= 1 ;¾ = 0 :0 0 1; ® 1 = :0 0 1 7; ®2 = :459; ® 0 =1 ¡® 1 ¡®2;¯1 =

:0 265; ¯2 = :0 0 1 2;¯0 = 1 ¡¯ 1 ¡¯2; ° 1 = :5635;° 2 = :423;° 0 = 1 ¡° 1 ¡° 2;then

at¾ ¼ :0 20 386;the Jacobian [JN ]has twocomplex roots with zerorealparts which

becomenegativeforhigher¾;andpositiveforlower¾;satisfyingtheconditions ofthe

H opfB ifurcationT heoremforexistenceofclosedorbits. W enotethatthefamilyofcycles

asafunctionof¾ intheexampleoccurforlowdiscountrates, butaforutilityfunction

ofconsumptionthatisclosetolinear.
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1 0 H ereagainsince½ < 1 ;thereisthepossibilityoftoomanyrootscrossingandfalling

outsidetheunitcircleevenwithoutexternale¤ects, makingthesteadystateunstableand

creatingcycles on invariantcircles viaa H opfbifucation, orcycles via‡ip bifurcation.

O urconcernherehoweveriswithtoomanyroots insidetheunitcircle, asituationthat

implies indeterminacy.

1 1 T he same parameters in the deterministicversion ofthemodelin continous time

would yield thefourroots: -0.7 2, 0.06, -0.03, - 1.47 . T hethree negativeroots imply

indeterminacy.

1 2O fcourseboth sunspotshocks cannotbeindependentlychosen: thereis ajointre-

strictiononthepropertiesofthesunspotshocksandtheinnovationstotechnologyshocks

thatisneededtoguaranteethatthesolutionremainsstationary, andthatthee¤ectofthe

rootoutsidetheunitmodulus is nulli…ed. W echoosethesunspotshock ŝy;t;as alinear

combinationoftheinnovationstotechnologyshocksandthesunspotshockŝy;t inorderto

satisfythisrestriction. W enotethatalternatively, wecouldhavepickedŝy;t independently

and ŝx;ttosatisfytherestriction, orsimplychosenthem jointly.

1 3InmultisectorR BC models, inordertoreducevolatilityatthesectorallevelandto

insurethatallsectorsareprocylical, itmaybenecessarytointroduceadjustmentcosts

forthemovementoffactorsacrosssectors. SeeH u¤manandW ynne[25].

1 4T heimpulseresponsefunctionofconsumptiontoatechnologyshockalsoexhibitsthe

samebehaviourinthemultisectormodelofW ederinthis issue.

1 5Foran exploration ofthese issues in athree-sectormodelwithoutexternale¤ects,
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marketdistortionsorindeterminacies, seeB enhabib, Perli andSakellaris [12].

1 6A fullcharacterizationofthetwo-sectorcaseisavailablefromtheauthors.
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