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Abstract

In this paper we consider a model for redistribution of risk by means of reinsurance contracts as well as financial
assets. There is an important difference between the trade on financial markets and the trade on reinsurance
markets. The trade of reinsurance contracts is constrained in the sense that agents can only buy reinsurance
contracts for those risks that they insured initially. Such a constraint does not apply for financial markets. Therefore,
the existing equilibrium models for redistribution of risk are adapted to the situation where financial markets are
included in the model, where the trade of reinsurance is constrained and where markets are potentially incomplete.
We use ‘General Equilibrium Theory for Incomplete financial markets’ to prove that equilibria exist on such a mixed
financial-reinsurance market. We show that the existence of constraints on the reinsurance portfolios that can be
traded can have an important influence on the structure of the equilibrium prices. More precisely, we show that
limited arbitrage possibilities can exist at equilibrium. As a consequence, there does not necessarily exist a risk
neutral probability distribution. Furthermore, we study the constrained Pareto optimality of the equilibria.

Key words: Optimal reinsurance; Incomplete markets; Trading constraints; Arbitrage possibilities; Constrained
Pareto optimality; Risk neutral probability distribution

1. Introduction

It is well known that in general insurance agents will redistribute the insured risks amongst each other
by means of reinsurance contracts. In doing so, they try to optimize their risk position, given the prices of
reinsurance. Vaguely stated (we will be more precise in the sequel), this means that each of the agents
has a certain rule to decide whether he prefers a risk position to another risk position. According to this
rule, he will choose his ‘optimal’ risk position.

Rules which are used quite often to ‘choose’ between risk positions are based on actuarial calcula-
tions. This means that several stochastic characteristics of a risk, such as its mean and variance, are
calculated. Prices are then calculated using well-known actuarial pricing principles. Given the prices for
(re)insurance and the stochastic characteristics of the insured risks, the agent has to decide upon
reinsurance.

In De Waegenaere and Delbaen (1992), the authors show how, for stop loss reinsurance contracts,
these rules can be refined using conditional expectation and conditional variance of the residual risk.
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Expected value and variance are calculated conditional to the information that the agent has about the
claim height process at that time. Furthermore, the optimal hedge between residual risk and reinsured
risk is calculated. These three criteria allow for a continuous adjustment of the reinsurance portfolio.

A criticism on these kind of rules however, is that they are only based on the stochastic characteristics
of the insured risks, and therefore don’t keep track of the surrounding market conditions such as the
possibilities on the financial markets. It is clear however, that financial markets are very important for
insurers and reinsurers, because they provide a means to invest premiums. Therefore, it would be
interesting to have a model for optimal reinsurance where these market conditions, as well as the
stochastic characteristics of the risks, can play a role in determining redistributions of risks and prices for
reinsurance of risks. In such a model, agents will construct a financial portfolio and a risk portfolio
((re)insurances) according to their own preferences. Of course, these ‘optimal’ choices will depend on the
prices of the financial assets and the (re)insurance contracts that can be traded. Now the question is
whether prices for financial assets and (re)insurance contracts can be found such that this behaviour of
the agents leads to an equilibrium, i.e. the net trade of contracts equals zero.

If we formulate it like this, it becomes clear that the problem fits into the framework of General
Equilibrium Theory, or shortly G.E. theory. Indeed, G.E. theory is especially concerned with the existence
of equilibrium prices and equilibrium allocations of goods, under the assumption that the agents each
use a certain rule to determine their optimal position, given the prices of the goods. The word ‘good’
should be interpreted in a broad sense: it could be an apple as well as a random payment conditional to
the occurrence of a certain event, for example a payment if a house burns down.

The idea of applying G.E. theory to (re)insurance markets has already been raised by several other
authors. Some very interesting papers on this subject are Borch (1962), Bithimann (1980, 1984), Gerber
(1984), Lienhard (1986), and Pressacco (1979). In Borch (1990), one finds a very clear explanation of how
G.E. theory can be applied to the (re)insurance markets. This leads to very nice results about the
structure of equilibrium prices for (re)insurance and the Pareto optimality of equilibrium allocations of
risk.

It is our aim in this paper to study a general equilibrium model where the trade on reinsurance
markets is combined with the trade on financial markets. So we consider a mixed financial—-reinsurance
market with two types of agents, (re)insurers and financial agents. This market is considered to be
potentially incomplete (see for instance Magill and Shafer (1991) for a definition of complete and
incomplete markets). This means that we allow for the possibility that the trade of reinsurance is
constrained to a finite number of standard contracts such as proportional, excess of loss or stop loss
contracts. The complete markets case (as in Bithlmann (1980)) where there is a reinsurance contract for
every possible risk, and therefore even for risks which are not in any of the agents’ portfolios, is a special
case of our model. Furthermore, as opposed to the existing equilibrium models for reinsurance, we don’t
allow (re)insurers to reinsure risk they didn’t insure in the first place. So, in our model, we take into
account that, as opposed to financial assets, reinsurance contracts for a risk can only be bought by those
(re)insurers who insured the risk initially. This yields a model where the trade of reinsurance is
constrained by asymmetric constraints. The constraints on portfolio holdings are asymmetric because
they depend upon the initial risk portfolio of the agent. The reasons we are interested in this case are the
following:

— We believe that the interaction between financial markets and (re)insurance markets is very impor-
tant. One obvious reason is that, in the absence of financial markets, (re)insurance agents would not
be able to invest their premium incomes.

— Since (re)insurance contracts are often standardized to be proportional, excess of loss, stop loss, or
combinations of these, it seems reasonable to assume that (re)insurance markets might be incomplete,
i.e. not every possible combination of risks can be insured. In this case, as in Gerber (1984), the



of standard contracts.

—~ Recent developments in the theory of incomplete markets have made clear that if the trade on a
certain market is constrained, equilibrium prices need not necessarily be discounted expected values
with respect to a risk neutral probability distribution (see for instance De Waegenaere (1993)). An
important consequence is that equilibrium prices of reinsurance are not necessariiy C.A.P.M. prices.
So the results in Miiller’s paper (Miiller, 1986) are no longer true in the case of constrained trade.

Therefore, it becomes clear that the presence of trading constraints can have drastic effects on the
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structure of the equilibrium prices.

The model we are going to describe in this paper can be seen as an extension to an incomplete
markets framework with trading constraints of models previously presented by Bithlmann (1980, 1984)
and Gerber (1984). In Biithlmann (1980, 1984), the author used G.E. theory to determine an optimal
redistribution of risks and corresponding prices for reinsurance. Since this idea is fundamental to our
model, we will briefly explain it in the next section.

2. Biihimann’s economic premium principles

Insurance clearly takes place in a world of uncertainty. Indeed, premiums are deterministic, but the
payoff of claim heights is stochastic. In a two period setting, this uncertainty could be described by the
fact that there are a certain number of different states of the world that can occur at a later date, called
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the world. A risk is therefore described by a stochastic variable X: 2 — R.

Each agent i {1, 2,..., I} has a preference relation >’ on risks. So X >='Y means that agent i
prefers risk X to risk Y, or that he is indifferent between the two risks. Following G.E. theory, a
criterion to decide upon reinsurance would be such that, given the prices for reinsurance, each agent
would reinsure in order to obtain the risk position that maximizes his utility, according to his own
preference relation. A question which arises then naturally is whether prices for reinsurance can be
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equilibrium prices. The pricing principle leading to these prices is called an economic premium principle
(as opposed to an actuarial premium principle).

Biithlmann (1980, 1984) used G.E. theory, more specifically the Walrasian equilibrium concept of a
pure exchange economy, to obtain an economic premium principle. More precisely, he proves that
equilibrium prices for reinsurance exist for arbitrary risk averse von Neumann-Morgenstern utility
functions. ! The original risk (before reinsurance) of an agent i is denoted by a stochastic variable
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Redistribution of risks goes by means of the trading of reinsurance contracts Z: {2 — R. By reinsuring Z:
{2 — R, agent { can transform his original risk X* into a new risk Y (after reinsurance) given by

F[ 2] = [ Z(5)$(s) dP(s).

! See for instance Debreu (1972).
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Here P is a given probability measure on {2, and ¢ is called the price density. Let w': 2 - R denote the
initial wealth of agent i. Then before reinsurance, the date one wealth of an agent would be the
stochastic variable wi-X': 2 - R. If the agent buys reinsurance Z:{2 — R, then his date one wealth
would be the stochastic variable

Vew' —X'+Z-2,2): Q> R.

Each agent has a von Neumann—-Morgenstern utility on date one wealth variables, i.e. there exist utility
functions u': R — R, such that for variables V, W: {2 - R, one has

V=W e Ep[u(V)] = Ep[u!(W)].

Now the idea of G.E. theory is that each agent will choose reinsurance Z in order to maximize the utility
of his date one wealth. An equilibrium price density ¢ is a price density such that there exist risks (Y,
Y2, ...,Y7) satisfying

yi= argmax(EP[ui(wi—Y—@d;[Xi—Y])]) for allie{1,2,...,1}, (la)
Y:2-R

M~.

yi-
1 i

MN

X! as. (1b)
1

i

Eq. (1a) expresses that each agent chooses reinsurance Z = X i _ ¥ in order to obtain a date one wealth
which maximizes his utility. Eq. (1b) expresses that these optimal choices must lead to market clearing.
The proof of existence of a solution of (1), i.e. of the existence of an equilibrium price density, is
established in Bithlmann (1984) for arbitrary risk-averse utility functions ui_, ie{l,2,...,I}. Furthermore
in this same paper, a link is made between the equilibrium price density ¢ and an exponential premium
calculation principle.

Some remarks can be made about condition (1a):

— Markets are complete. Indeed, all possible reinsurance contracts, i.e. all possible random variables Z:
0 — R, can be traded. In general however, we see that reinsurance contracts are often standardized to
be either proportional, excess of loss, stop loss, or combinations of these.

— There is no constraint on the reinsurance contracts that can be bought by an agent. So, regardless of
his initial risk portfolio, the agent can buy reinsurance contracts. In particular, agents are allowed to
buy reinsurance contracts for risks they didn’t insure in the first place.

— Prices are considered to be expected values with respect to some price density.

— There is essentially only one time period, i.e. prices are paid when risks occur. This implies that one
can’t take into account that between payment of premiums and occurrence of claims, premiums can be
invested, for instance at a fixed interest rate.

For the first remark, an extension of Bithlmann’s model can be found in Gerber (1984). In this paper,
the author considers redistribution of risk through a finite number of fixed reinsurance contracts Y,
Y,,...,Y,. So agents can ‘only’ reinsure linear combinations of these contracts, i.e. reinsurance of the
form

Z= ) c¢Y, with c,eR, je{1,2,...,n}.
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This implies that the reinsurance market can be incomplete in this case. Furthermore, Bithimann’s model
for a finite state space £2={1, 2,...,8} is a special case of Gerber’s model. Indeed, let there be S
contracts, one for each possible state s €{1, 2,...,$} at date one, such that

Y(s)=1,
Y(t)=0 Vr+s,

then it is clear that one gets Bithlmann’s model.

The other remarks hold for both models (the fact that equilibrium prices in Gerber (1984) in the case
of a finite state space are discounted expected values with respect to a risk-neutral probability
distribution cannot be seen directly from the model, but it is a well-known result in G.E. theory for
incomplete markets). Therefore, the aim in this paper is to extend these models to a general equilibrium
model for the reinsurance market where
— (re)insurance markets are treated as being (potentially) incomplete markets,

— the trade on (re)insurance markets is constrained by institutional rules such as the fact that
reinsurance contracts for a certain risk can only be bought by those agents who insured (part of) the
risk initially,

— prices are not necessarily expected values with respect to some price density,

— financial markets are included in the model,

— there are two time periods, at date zero prices for (re)insurance and financial assets are paid, at date
one risks occur and assets pay off.

We will proceed in the following way: in Section 3, we will motivate why a general equilibrium model
for a mixed financial-reinsurance market should be different from a general equilibrium model for a
purely financial market. We will come to the conclusion that the right framework for these mixed
markets is the one for incomplete markets with trading constraints. In Section 4, we treat the mixed
financial-reinsurance market in detail. So we consider a market where reinsurance contracts as well as
financial assets can be traded. We prove that equilibria exist, and we study the structure of the
equilibrium prices. In Section 5, we show that the introduction of trading constraints can have drastic
effects on the structure of the equilibrium prices. An example will make clear that the no-arbitrage
principle can be violated in equilibrium. Therefore there does not necessarily exist a risk-neutral
probability distribution. In Section 6, we show that the equilibrium allocations of risk are in some sense
constrained Pareto optimal.

3. Insurance markets versus financial markets

From the mathematical point of view, there is no difference between a (re)insurance contract and any
other financial asset such as for instance equity of a firm. Indeed, both have a deterministic price, and a
stochastic payoff at a later date. So they both are fully described by
— a random variable A: 2 — R, where (2 is the state space. For each state s € 2, A(s) denotes the

payoff of the asset or (re)insurance contract at date one if the world is in state s.

— A price g € R to be paid at date zero.

The difference lies in the way they are traded. Suppose for example that a certain agent (called agent
1) insures a certain house against fire. Then every insurance agent is allowed to write a reinsurance
contract on that house, but agent 1 is the only agent who is allowed to buy such a contract. For financial
assets, every agent is allowed to buy every asset written by the other agents. This example indicates that
there is a basic difference between the trade of (re)insurance contracts on the one hand and financial
assets on the other hand. It makes clear that the trade on (re)insurance markets is constrained by very
specific rules which do not apply for arbitrary financial markets.
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In this section, we will give an appropriate general equilibrium model for mixed financial-reinsurance
markets. It is a model for incomplete markets with trading constraints. We will prove that equilibrium
prlces and allocations of risk exist. We show that the structure of the equ111br1um prices for the
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models and Gerber’s (1984) model.

We consider a market where I(> 2) agents are present. Some of the agents are (re)insurers, indexed
by i €.+ §, the others are financial agents, indexed by i € .#. By convention, any agent who is both
financial agent and (re)insurer, will be denoted as a (re)insurer i €.#. Therefore we can assume that
FNF =,

Before any reinsurance took place, each of the (re)insurers i €.# has a portfolio of risks X LN-R,,
j = 1, 2, ey where {2 denotes the state space and is considered to be finite. In the auqu\.l, we w11‘1 dcnote
0=A{1,2,...,8}. It is clear that, in deciding how these risks should be redistributed, financial markets
can play a very important role. Indeed, they provide a means to invest premiums. Therefore, we consider
consider a model where redistribution of risks is combined with the possibility of asset trading.

We denote K for the number of assets that can be traded, and J for the number of risks to be
redistributed. The case of redistribution of risk without asset trading, i.e. K =0 (as in Bithlmann (1980,
1984) and Gerber (1984)) is a special case of our model.
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(re)insurance contract or financial asset) is fully defined by a vector 4 = (Al, A,,..., A € RS, where

for each s €2, A, denotes the value of the stochastic variable in state

Notations
______ 4l O\, T I M U M OIS I Yo SO oty R, I —~ 1 " o QR Y R, |
- LC[ [‘ UCIIO[C tne 5 XJ ldlrlx Ul TISKS lU D€ reaisiriouted. DO, 101 eacn § € i1, 4, , 0 dlld 10f €din
je{l,2,...,J}, R;€R, denotes the claim height to be paid for risk j in state s. We denote v, for
the price f reins 1,,1119 risk j. As in Gerber (1984), the price of reinsuring a fraction p € [0, 1] of risk j

equals py;. We denote vy for the vector y = (y,, v,,...,7;). »
— For each insurer { €. and each risk j €{1, 2,..., J}, we denote c; € [0, 1] for the fraction of that risk
carried by that insurer (before redistribution takes place). We allow for the possibility that before
reinsurance, some of the risks R; are covered by several agents on a proportional basis, if not, cj

R T T T - A1 L et awm L SMD i r — 1 ~ rn B T T R s — £ ~ 7
woula D cqudl 10 ZCro Or onc 10r aill 4dgenis i< il, 4,...,4j 4dnd d4dil Cconiracits j < i, 4,...,J}.
Furthermore,

~11 — 1 ~ 7Y
2, ¢;=1 fdor aiije{i,?’,...,J}
ie¥
— Let C denote the S X K matrix of financial assets. So, for each s € {1, 2,...,S5) and for each k ({1,
2,..., K}, asset k promises the delivery of C,, units of account in sta We denote g, for the price

of asset k. We denote g for the vector g = (q,, q,,...,qxg)-
— We denote A = (C|R) for the S X (K +J) matrix where the first K columns are financial assets, and
the last J columns are risks.

— A portfolio consists of a column vector z =(z,, z,,..., zx) € RE of numbers of assets, and a column
vector v={(v, vy,...,0,)' €R’ of numbers of reinsurance contracts. We will denote (g, y)=
Z
G, Qare s Gxs Yo Yoo Vi) (2, 0)=(2y, 25,0, Zg, Uy, Ugy..vy), and Q) =(zy, z,,...,2g, Uy,
t
Ugyener U

Definition 4.i. A risk position is a vector x € RS*?, where
® x, is the wealth at date zero,
e for each s €{1,2,..., 5}, x, is the wealth at date one if the world is in state s.
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we denote x, for the date one components, i

| Bl < i3 AARIRS,
Xgyeon, X

The initial risk position of agent i € {1, 2,..., I} (before trading of reinsurance and assets) will be
denoted w'.

Through the trade of reinsurance contracts and financial assets, the agents can obtain new risk
positions. The problem now is to search for a redistribution of risks and a trade of assets such that each
agent i€ {1, 2,...,1} obtains a risk position that maximizes his utility (according to his personal

3 l . ., .
preference relation >’ on risk positions),

The trade of (re)insurance is restricted by a very important condition, namely the fact that reinsurance
contracts for a risk can only be bought by those agents who insured the risk initially. Furthermore, risks
are redistributed amongst insurance agents only. Financial agents are not allowed to trade reinsurance
contracts. Therefore, we define in the following definition the set of portfolios Z‘c RX*/ that can be
traded by agent ¢, for all i {1, 2,..., I}.

Definition 4.2. We define the trade set of an insurance agent i €. as follows:
1]
Z’:RKXH —oo)r]
j=1]
We define the trade set of an financial agent i €. as follows:
] J
Z'=R&x {0}

The interpretation is as follows:

~ z € R¥ implies that agent i is allowed to sell and buy assets without restrictions.

— For insurers, ujscjf for je{1, 2,...,J} implies that agent i is allowed to reinsure part of (and
maximum all of) the risk that he initially insured. For financial agents, v; = 0 implies that they are not
aliowed to trade reinsurance.

As stated before, agents will trade in order to maximize their utility over the set of risk positions that
they can obtain by means of an allowed trade of assets and reins

see that this set equals

urance. With the previous notations, we

—

Xog=Wy—qgz—yU

B(q,v,A,Z") = xEXi|E|(z,U)€Zi:Y .

K J
+ Y Cuz,+ YR, s€{l

e e e,
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k=1 ji=1 }
. . . /_I,. Y B!
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where X' denotes the set of risk positions from which agent i wants to choose an optimal one.
This finally allows us to define equilibrium prices and allocations for mixed financial-reinsurance

Definition 4.3. A system of reinsurance prices (y,, y,,. .., y,) € R’ and asset prices (q,, ¢, ..., ax) € RX

is an equilibrium price system if and only if there exist risk positions ¥’ € X’ i< {1, 2,..., I}, and
portfolios (Z', )€ Z*, i €(1, 2,..., I}, satisfying the following conditions:
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x'»='y for allyeBi(q,y,A,Z", (2b)
I I
Yzi=0, Y 0'=0. (2¢)
i=1 i=1
The corresponding allocation {¥%: i €{1, 2,..., I}} will be called an equilibrium allocation.

Assumptions A
A,. The preference relations of the agents are continuous, strictly monotone and convex (see for
instance Debreu (1972) or Hildenbrand and Kirman (1988)).

Az. There is no redundancy in the financial assets C,, k €{1, 2,..., K}, i.e. rank(C) =K.
A, (CYn{(R)={0}.
A, Forall je{l,2,...,J}, R,eRI\{0}).

A,. Forallie{l,2,...,I}, X' is bounded from below, closed and convex, and w! € int( X?).

Remarks. (i) It is clear that assumption A2 can be made without loss of generality. Indeed, since there
are no constraints on the trade of financial assets, the problem can always be written such that A, is
satisfied.

(ii) Assumption /f3 says that there is no financial portfolio that exactly duplicates a reinsurance
portfolio. This is very reasonable because the set of states s which influence the payoff of reinsurance
(fire, accidents, . ..) is different from the set of states that influence the payoff of financial assets (politics,
€conomics, ...).

The aim now is to prove that, under these assumptions, equilibria exist, i.c. problem (2) has a solution.
In the sequel, we will denote 4S(Z) for the asymptotic cone of a set Z < R¥*/, and Ker(A) for the
null space of the matrix A4, so for each i {1, 2,..., I}, we have
t t
AS(ZYH = {(Z) eZ'|forall teR_: t(f) eZi},

v y

and
Ker( A) = {(5) ERK”IA(;) =0}.

Lemma 4.1. By Definition 4.2, we have for all i €{1, 2,..., I}
(1) Z'is a closed and convex subset of R¥*/,

2 0eZz.

Furthermore,

3)oe mt(Z' W ZH).

If assumptions A,, A, A, are satisfied, we have

(4) Ker(A)NAS(Z)={0} forall ie{1,2,...,1}.

Proof. (1) is clear.
(2) and (3) follow from the fact that for all j {1, 2,...,J}, we have

Y ci=1,
iesf
cie[0,1] forallie.s.
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We will now show that (4) is satisfied. For each insurer i €. we have
AS(Z') =REX R’ .

Now suppose that (?)" € Ker(4) N AS(Z'). By assumption A, this implies that Cz =0 and Rv = 0. From
assumption A , it then follows that z = 0. Now since v; <0 forall j€{1,2,...,J } it follows from A, that
R,;v; =0 for all states s € {1,2,..., S} and for all contracts j {1, 2,...,J}. Now A, implies that for each
contract j€ ({1, 2,...,J}, there is at least one state s {1, 2,...,S} such that R ;> 0. Therefore, it
follows that v = 0.

For financial agents i €. %, the idea is analogous.

Theorem 4.1. Under assumptions /f, the mixed financial—reinsurance market can reach equilibrium prices
and equilibrium allocations.

Proof. Trivial consequence of Lemma 4.1 and Theorem 2.4.1 in De Waegenaere (1993).

5. Properties of equilibrium prices

In Section 4 we proved that, under certain (rather weak) conditions on the structure of the contracts,
equilibria exist. A very interesting question is whether a relation can be found between the equilibrium
prices and C.A.P.M. pricing, as in the case of Miiller’s paper (Muller (1986)).

It is well known that for incomplete markets without trading constraints (Z'= RZ%, for all i € {1,
2,..., 1}, where L denotes the number of contracts), equilibrium prices are arbitrage free. This means
that it is impossible that for a matrix of asset returns A € R**, there exist equilibrium asset prices (q,,
d,,---,q;) € RE, such that there exists a portfolio z € R satisfying

—q
( A )z >0,
i.e. by buying this portfolio, the agent can only gain, because the price of the portfolio is negative
(gz < 0), and the payoff of the portfolio is positive in each state ((4z), >0, s € {1, 2,..., S}), with at least
one strict inequality.

If prices are arbitrage free, we know that there exists a risk-neutral probability distribution such that
equilibrium asset prices are the (discounted) expected value of the asset payoff with respect to this
probability distribution. Therefore, in unconstrained markets, equilibrium prices are C.A.P.M. prices. In
the next example however, we show that the mixed financial-reinsurance markets we studied in Section
4 may allow for limited arbitrage possibilities at equilibrium. As a consequence, there does not
necessarily exist a risk-neutral probability distribution!

Example. We consider an economy with two insurance agents, three assets (a riskless bond and two
reinsurance contracts, so J=2 and K= 1), and four possible states at date one. The matrix of returns
A=(C|R) e R*>*01+D is given by

1 0 1
111
A=(CIR=11 1 o
1 1 0

We consider the case of proportional redistribution of insured risks. Before redistribution, there are two
risks (column 2 and 3) which are each insured for 50% by each of the agents. So they can each buy
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reinsurance for a maximum of 50% of the risk. There is no constraint on the trade of the riskless bond.
Therefore, the trade sets of the agents are given by

Zi=Rx]-o1]’, i=1,2.
The initial risk position of agent 1 is equal to
(wo, wi, wi, wi, w)=(5.5,5,45,4,4).
The initial risk position of agent 2 is equal to
(wg, wi, wi, wi, w42) =(11.5,12,12.5, 13, 13).

The utility functions of the agents are of the form:

— . X371 Xy
ul(x) =afxy +x; +x, +b —
2 — — — X3 T Xy
u*(x) =yxo teyx, +d|yx, + > .

So the problem we have to solve is whether there exist prices g for the bond, and v,, v, for the
reinsurance contracts such that there exist risk positions X’ € B'(q, vy, 4, Z*) satisfying

¥ e argmax u'(x), (3a)
x€Bq,v, A, Z)
l4x2=w'+w? (3b)
where

x0=wf)—qz — YU T Y22
Bi(q,v, A, Z)={xeR>|3(z,v)eZ" .
(a7 ) +13(2.0) xs=ws’+(A(5)), s=1,2,3,4
5
Since rank(A) = 3, we know that for each (g, v,, v,), there exists a vector 7, = (m, m,, 73, m) € R*,
such that (q, y,, y,) = mA. Therefore problem 3) is equivalent to the following problem: do there exist
state prices 7w, € R, s =1, 2, 3, 4, such that there exist ¥’ eB'(m, A, Z') satisfying
¥ e argmax u'(x)
xeBi(r, A, ZH
and
rxl=wl+w?,
where my =1, 7= (g, m) €R’ and for i =1, 2,
X =TW
, . Xy =X Swh—wit g
B(m, A, Z") = XGRH i i1
XZ—X3SW2—W3+§
Xy —X,=wi—w}
Using the technique of Lagrange multipliers (see for instance Luenberger (1973)), we see quite easily

that fora=8,b=4,c=8,d=2,m=(1,2, —1, 1, 1) is an equilibrium price system with corresponding
equilibrium allocations %' = (16, 1, 1, 1, 1) and ¥*=(1, 16, 16, 16, 16).
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Furthermore, it is clear that () =(— 1, I, (€ Z'NZ?) is an arbitrage possibility. Indeed, g =3,
v,=1,v,=1and

(—(Z{Y))(i)z

So in this example, we clearly have an equilibrium price system which violates the no arbitrage
principle and therefore, there does not exist a risk-neutral probability. So equilibrium reinsurance prices
are not necessarily C.A.P.M. prices.

> (.

OO k- DO B

In the next theorem, we show that for the equilibrium prices of the financial assets in the mixed
financial-reinsurance market, there still exists a risk-neutral probability such that equilibrium prices are
discounted expected values with respect to this probability distribution. The equilibrium prices for
reinsurance contracts however, are bounded above by the discounted expected value of their payoff with
respect to the same probability distribution. First we need a lemma.

Lemma 5.1. A system of inequalities
fi(z2)=0 ke{l1,2,...,K}
g(z)=0 1le{1,2,...,L},

has a solution z that satisfies f,(z) # 0 for some k €{1, 2,..., K}, if and only if there does not exist (1,
A € RX, XRL such that

K

L
Z T fr + Z A8,=0.

k=1 =1

Proof. Is a slight modification of a proof by Fan (1956).

Theorem 5.1.  For all equilibrium prices (q, y) € RX*/, there exists a vector € RS, such that:
4 = (=C), Vke(l,2,...,K},
v, <(7R); Vie{(l.2,...,J}.

Proof. Clearly for each insurer i €. we have
AS(Z) =REXRY,

and for each financial agent i €., we have
AS(ZY =RX x {0},

Now we know that (see for instance De Waegenaere (1993)) the set of equilibrium prices is a subset of
the set

0={(a,7) ER*VIY() e iQAS(Z‘):( ~la y))(g) eﬂ%i“\{O}}.
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Now we define two systems of inequalities

folz.0) = (@, 7)(Z) 20
fs(Z,U)=(A(‘;))S20 Vse{l,2,...,5) (S,)

g(z,v)=-v;20 Vje{l,2,...,J}

and
folz0) = (g, 1)(2] 20
fs(z,v)=(A(z))Szo Vse{l,2,...,5) (S,)

v
gi(z,v)=0v,=0 Vje(1,2,...,J}.

Then (g, y) & Q if and only if one of the systems of inequalities S, or S, has a solution satisfying
Ise{0,1,...,8}: f(z,v) #0. (4)
But clearly, this is equivalent to the statement that S, has a solution satisfying (4). By Lemma 3.1, this is
equivalent to the statement that there does not exist a vector (, A) = (g, ..., T, Ay Ayyeoiy A)) €
Rit'x RY with
modi = (m,C), Vke{1,2,...,K}, s
moy; = (mR); —A; Vie{l,2,...,]}. ()

So, (g, y) € Q if and only if there exists a vector < RS, satisfying

4, =(7C), Yke{l,2,...,K),
’}’]-S(’?TR)]' V]E{l,Z,,J}

Since equilibrium prices are in Q, this concludes the proof.

So if there is a riskless bond available on the financial market, i.e. one of the columns of C equals (1,
1,...,1)%, then the equilibrium prices of assets and risks satisfy

qkquP[Ck] VkE{l,Z,...,K}, (6)
y, <dE[R] Vie{1,2,....0},

s
where g=m,(1, 1,...,1)' = Y 7, denotes the price of the riskless bond, and E, denotes the expected

s=1
value of the corresponding stochastic variable with respect to the probability measure P on the state

space {2, given by

T,
P({s})==——, se{1,2,....5}.
Ah =g 0 sl )
The example at the beginning of this section makes clear that it is possible that for some equilibrium
prices y of reinsurance, there does not exist a probability distribution that gives an equality in (6),
instead of an inequality.
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6. Constrained Pareto optimality

It is easy to see that the equilibrium allocations for the mixed financial-reinsurance markets defined
in Section 4 are constrained Pareto optimal in the sense that there does not exist another redistribution
of risk and assets satisfying the constraints defined by the sets Z’ such that every agent is better off, and
at least one agent is strictly better of. Formally, this means that we define the set of feasible allocations
as follows:

, ) xi = §+A(ZZ.) vie{l,2,...,I)
i . i 12
T L

1=l Y zi=0, Y ovi=0, Y xi= Y w

i=1 i=1 =1 i=1

Then for equilibrium allocations {(x, ) iefl, 2,..., I} eI (XX Z') there do not exist new
allocations {(x’, (3)): i €{1, 2,..., I}} such that

Vie{l,2,...,I}: d'(x") =u'(xY)
Aie(1,2,....0}: u'(x)) > u'(x).

The proof can be found in De Waegenaere (1993).

Furthermore, we would like to remark that, even if we would consider the case of von Neumann-—
Morgenstern utilities, we would not get the same characterization of Pareto optimal exchanges as in the
models of Bithlmann (1980, 1984) or Gerber (1984). Clearly, the reason for this difference is that in these
models the only constraint that matters in finding Pareto optimal allocations is the market clearing
constraint. In our model however, each of the agents faces his own trading constraints, defined in the
sets Z', i€{1, 2,...,I}. Therefore, it is clear that one cannot expect to get the same result.

7. Concluding remarks

The main issue in this paper was to show that the mixed financial-reinsurance markets can reach an
equilibrium, but that the structure of the equilibrium prices can be drastically influenced by the existence
of trading constraints. Indeed, if the trade of reinsurance contracts is constrained by the fact that
reinsurance for a risk can only be bought by those agents who insured the risk initially, then limited
arbitrage possibilities may exist at equilibrium. As a consequence, these equilibrium prices cannot be
considered as being the discounted expected value of the payoffs with respect to some probability
measure on the state space (2. Equilibrium prices therefore have a different structure than in the models
of Bithlmann (1980, 1984) and Gerber (1984).

Finally, I would like to remark that it is not essential that we restrict ourselves in Section 4 to the
trade of reinsurance. The results remain valid if one includes the insurance market. It was only for
notational convenience that we restricted to reinsurance. The restriction to two time periods is also not
essential, and only made for notational convenience. We could as well consider assets and reinsurance
contracts paying off at different times in the future. We would only have to redefine the state space.
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