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Abstract

This paper presents a general equilibrium model of conflict based on a world populated by
representative democracies. At the individual state level, when information regarding a
leader’s ability to defend the state against unavoidable conflict is valuable to voters, an
incumbent leader seeking reelection may be tempted into potentially avoidable conflicts to
demonstrate his ability and enhance his reelection prospects. As a result, democratic states
may be responsible for at least some international conflict. In this paper, we investigate
whether this motive is sufficiently important for war to persist in equilibrium if all countries are
democracies.
Three key findings emerge. First, the perpetual peace equilibrium hypothesized by Immanuel
Kant (1795, 1991) always exists. The reason is that in the absence of the threat of war,
leaders are unable to divert the public’s attention away from domestic considerations.
Consequently, the incentive for potentially avoidable conflicts vanishes. Second, if leaders are
not sufficiently benevolent and wars are costly in expectation, then additional equilibria exist
with a positive war frequency. Third, if multiple equilibria exist, the perpetual peace equilibrium
may be unstable in which case an equilibrium with positive war frequency becomes the only
stable outcome.
The model is further extended to analyze the role of appropriative conflicts and non-
democratic regimes. It is shown that if the diversionary motive of democratic leaders is strong,
a more democratic world may not necessarily be more peaceful. We discuss the role that
norms and institutions can play in facilitating a more peaceful world with democracies – for
example, free trade areas and alliance formation.
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Wkxv dv idu dv uljkw lv frqfhuqhg/ uhsxeolfdqlvp lv lq lwvhoi wkh ruljlqdo edvlv ri

hyhu| nlqg ri flylo frqvwlwxwlrq/ dqg lw rqo| uhpdlqv wr dvn zkhwkhu lw lv wkh rqo|

frqvwlwxwlrq zklfk fdq ohdg wr d shushwxdo shdfh1

Ndqw +4:<8/ 4<<4,/ s1 4331

� W?|hL_�U|�L?

Lppdqxho Ndqw*v frqfoxvlrq zdv wkdw lqghhg/ ghprfudf| r�huv wkh survshfw ri dwwdlqlqj

shushwxdo shdfh1 Zlwk wkh survshfw ri d ixoo| ghprfudwlf zruog dsshdulqj idu rxw ri uhdfk/

krzhyhu/ Ndqw*v k|srwkhvlv kdv ehhq exw d wkhruhwlfdo srvvlelolw|1 Xqwlo uhfhqwo| wkdw lv1

Wkh hqg ri wkh Frog Zdu kdv xqohdvkhg d qhz hud rqwr h{lvwlqj qdwlrqdo dqg lqwhuqdwlrqdo

srolwlfdo lqvwlwxwlrqv1 Zlwk wkh hqg ri wkh el0srodu ulydou| ehwzhhq wkh Xqlwhg Vwdwhv dqg wkh

Vrylhw Xqlrq zklfk grplqdwhg iruhljq srolf| dfwlylw| gxulqj wkh Frog Zdu shulrg/ wkh zruog

kdv h{shulhqfhg d vljql�fdqw lqfuhdvh lq ghprfudwlf jryhuqdqfh1� Dv frxqwulhv wkdw whq ru

wzhqw| |hduv djr zrxog kdugo| kdyh ehhq h{shfwhg wr lqvwlwxwh ghprfudwlf uhirupv kdyh

grqh vr/ rswlplvwlf vshfxodwlrq dv wr wkh ehqh�fldo frqvhtxhqfhv ri wkh vsuhdg ri ghprfudf|

iru wkh shdfhixo uhvroxwlrq ri lqwhuqdwlrqdo frq�lfw kdv ehhq hqfrxudjhg1

Gr|oh +4<;9, fkdpslrqhg Ndqw*v olehudo lqwhuqdwlrqdolvp dv wkh nh| sdudgljp iru xqghu0

vwdqglqj wkh shdfhixo uhodwlrqvklsv ehwzhhq ghprfudflhv edvhg rq wkhlu revhuyhg fdxwlrq

wrzdugv zdu*v frvwolqhvv dqg dssuhfldwlrq ri wkh uljkwv ri lqglylgxdov lq iruhljq uhsxeolfv12

Uxvvhww +4<<6, fodvvl�hv wkh wzr pdmru dujxphqwv zklfk pdnh wkh Ndqw k|srwkhvlv rshud0

wlrqdo dv wkrvh edvhg rq cQrupv dqg Fxowxuh* dqg cVwuxfwxudo dqg Lqvwlwxwlrqdo Frqvwudlqwv*1

Wkh iruphu hpskdvl}hv wkdw d ixqgdphqwdo edvlv ri ghprfudflhv lv wkdw grphvwlf glvdjuhh0

phqwv duh vhwwohg e| frpsurplvh dqg qrq0ylrohqw phdqv1 Wklv grphvwlf sdwwhuq lq wxuq

fuhdwhv dq dwprvskhuh ru qrup e| zklfk lqwhuqdwlrqdo glvdjuhhphqwv ehwzhhq ghprfudwlf

jryhuqphqwv zrxog dovr eh uhvroyhg1 Wkh odwwhu sursrvhv wkdw ghprfudflhv kdyh lqwhuqdo

fkhfnv dqg edodqfhv ri dxwkrulw| hyhq zlwk uhjdug wr iruhljq srolf|/ vxfk wkdw dq| iruhljq

�6hii_L4 OL�ti hiTLh|t |�@| ���*i �? �bHS |�ihi �ihi DS uhii UL�?|h�itc DS T@h|*) uhii UL�?|h�it @?_ DD
UL�?|h�it |�@| �ihi ?L| uhiic �? �bbS .S UL�?|h�it �ihi uhiic S2 UL�?|h�it �ihi T@h|*) uhiic @?_ D� �ihi ?L|
uhii� A�i�h _i�?�|�L? Lu uhii_L4 �t U*Lti*) @ttLU�@|i_ |L _i4LUh@|�U }L�ih?@?Ui�

2#L)*i E�bHS� @*tL i4T�@t�3it k@?|<t TL�?| |�@| ���*i _i4LUh@U�it 4@) uLh4 @ tiT@h@|i Ti@Ui Mi|�ii?
|�i4ti*�itc |�i) ��** �ti *�Mih@* hi@tL?t uLh UL?��U| ��|� ?L?�_i4LUh@U�it�
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srolf| dgyhqwxuh pxvw eh zlgho| glvfxvvhg dqg wkh sxeolf*v vxssruw jdlqhg sulru wr hpedun0

lqj xsrq d zdu1 Wklv lqvwlwxwlrqdo voxjjlvkqhvv pdnhv lw ohvv olnho| wkdw zduv zloo dfwxdoo|

eh xqghuwdnhq dqg pruh olnho| wkdw srwhqwldo frqiurqwdwlrqv fdq eh uhvroyhg shdfhixoo|1

Wkh hylghqfh iru wkh ryhudoo glvlqfolqdwlrq ri ghprfudflhv wr hqjdjh lq zdu lv ghflghgo|

pl{hg/ exw kdv uhfhqwo| ehhq fodul�hg lq d qxpehu ri sdshuv zklfk glvwlqjxlvk ehwzhhq

uhjlph w|shv ri frxqwulhv lq frq�lfw/ h1j1 vhh Pdr} dqg Degrodol +4<;<,/ Prujdq dqg

Fdpsehoo +4<<4,/ Pdr} dqg Uxvvhww +4<<6,/ Uxvvhww +4<<6,/ Exhqr gh Phvtxlwd dqg Odopdq

+4<<5,/ dqg Vlyhuvrq dqg Exhqr gh Phvtxlwd +4<<9/4<<:,1 Lpsruwdqwo|/ wkhvh sdshuv surylgh

vwurqj klvwrulfdo hylghqfh wkdw wkh xvh ri irufh dqg zduv ehwzhhq ghprfudflhv lv lqiuhtxhqw/

dqg wkdw wkh iuhtxhqf| ri zdu lqfuhdvhv zkhq dw ohdvw rqh frxqwu| lv d qrq0ghprfudf|1

Iru h{dpsoh/ xvlqj wkh Plolwdul}hg Lqwhuvwdwh Glvsxwhv +PLG, gdwd iurp wkh Fruuhodwhv ri

Zdu +FRZ, Surmhfw/ Uxvvhww +4<<6, uhsruwv qr zduv ehwzhhq ghprfudflhv iurp 4<7904<;91

Lq frqwudvw/ kh lghqwl�hv 65 |hduo| lqflghqwv lq zklfk d zdu lqyroylqj dw ohdvw rqh qrq0

ghprfudwlf frxqwu| rffxuhg1� Wrjhwkhu/ wklv hpslulfdo hylghqfh kdv ohqw vxssruw wr wkh

frqmhfwxuh wkdw li wkh zruog frqvlvwhg ri mxvw ghprfudwlf uhjlphv/ frq�lfw zrxog glplqlvk

ru shukdsv glvdsshdu dowrjhwkhu1e

Xqiruwxqdwho|/ dv klvwru| kdv qrw surylghg xv zlwk d shulrg lq zklfk rqo| ghprfudwlf

vwdwhv jryhuq/ hpslulfdo hylghqfh fdq rqo| eh vxjjhvwlyh1 Ixuwkhu/ vdpsoh vhohfwlrq lvvxhv

frpsolfdwh dq| lqihuhqfh derxw wkh uhodwlrqvkls ehwzhhq uhjlph w|sh dqg frq�lfw edvhg rq

wkh revhuyhg gdwd1 Dv dujxhg e| Prujdq dqg Fdpsehoo +4<<4,/ vlqfh ihz vwdwhv kdyh ehhq

fodvvl�hg dv ghprfudflhv lq wkh gdwd hpsor|hg/ wkh �qglqj wkdw wkh iuhtxhqf| ri ixoo vfdoh
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frq�lfwv lqyroylqj dw ohdvw rqh qrq0ghprfudf| lv kljkhu wkdq wkdw ehwzhhq wzr ghprfudflhv

frxog hdvlo| eh d pdwwhu ri fkdqfh1 Wkhuhiruh/ wkh hpslulfdo phwkrgv edvhg rq revhuyhg

hylghqfh fdq surylgh rqo| olplwhg vfrsh iru suhglfwlqj wkh olnholkrrg ri d ghprfudwlf shdfh1

Dgglwlrqdo oljkw fdq eh vkhg rq wkh olnholkrrg ri shushwxdo shdfh lq d ghprfudwlf zruog

e| lqyhvwljdwlqj wkh wkhruhwlfdo edvlv iru wkh k|srwkhvlv1 Wklv sdshu ehjlqv vxfk dq lqyhvwl0

jdwlrq e| exloglqj d prgho ri zruog0zlgh ghprfudf| lq zklfk wkh htxloleulxp iuhtxhqf| ri

zdu lv hqgrjhqrxvo| ghwhuplqhg1 Rxu sulpdu| jrdo lv wr suhvhqw d iudphzrun wkdw lghqwl�hv

vrph ri wkh lvvxhv uhohydqw iru wkh dwwdlqphqw ri shushwxdo shdfh1 Lqlwldoo|/ zh h{dplqh d

jhqhudo htxloleulxp prgho ri wkh zruog lq zklfk doo vwdwhv duh uhsuhvhqwdwlyh ghprfudflhv1

E| frqvwuxfwlrq/ wkh holplqdwlrq ri doo zdu zrxog eh Sduhwr lpsurylqj iru doo vwdwhv1 Khqfh/

wulyldoo|/ li lqglylgxdo yrwhuv zhuh wr ghwhuplqh zdu ghflvlrqv/ zdu zrxog eh dozd|v dyrlghg1D

Lq rxu lqyhvwljdwlrq/ krzhyhu/ zh wdnh vhulrxvo| dq lqvwlwxwlrqdo dvshfw ri prghuq ghprfud0

flhv odujho| ljqruhg lq Ndqw*v dujxphqw> qdpho|/ wkdw flwl}hqv hohfw ohdghuv dv wkhlu djhqwv

dqg gr qrw wkhuhiruh frqwuro wkh gd|0wr0gd| rshudwlrqv ri jryhuqphqw1 Ixuwkhu/ lpshuihf0

wlrqv pd| dulvh iurp wkh uh0hohfwlrq prwlyh ri sduwldoo| ehqhyrohqw ohdghuv1S Exloglqj rq

wkh sduwldo htxloleulxp prgho ri hqgrjhqrxv zdu ghflvlrqv e| Khvv dqg Ruskdqlghv +4<<8,/

zh h{dplqh wkh lpsolfdwlrqv lq jhqhudo htxloleulxp1

Rxu dssurdfk lqlwldoo| frqfhqwudwhv rq wkh srwhqwldo uroh ri zdu dv d udwlrqdo glyhuvlrq

iurp srru grphvwlf hfrqrplf shuirupdqfh1.c H Lq wklv vhwwlqj zh �uvw lqyhvwljdwh zkhwkhu
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wkh Sduhwr rswlpdo zruog shdfh htxloleulxp fdq eh vxssruwhg dv wkh vwhdg| vwdwh htxloleulxp

rxwfrph1 Zh �qg wkdw li zdu lv qrw wrr frvwo|/ ru ohdghuv duh odujho| ehqhyrohqw/ zruog0

zlgh shdfh lqghhg suhydlov dv wkh xqltxh vwhdg| vwdwh rxwfrph1 Zlwk sduwldoo| ehqhyrohqw

ohdghuv/ krzhyhu/ zh xqfryhu wkdw zruog0zlgh shdfh/ zkloh srvvleoh lq vwhdg| vwdwh/ ehfrphv

dq xqvwdeoh htxloleulxp1 Lq wklv fdvh/ wkh rqo| vwdeoh zruog0zlgh htxloleulxp lpsolhv wkdw

zduv rffxu zlwk srvlwlyh iuhtxhqf|1

Zh wkhq lqwurgxfh wzr dgglwlrqdo hohphqwv ri uhdolvp lqwr rxu dqdo|vlv1 Iluvw/ lq dg0

glwlrq wr wkh glyhuvlrqdu| prwlyh iru frq�lfw zklfk lv qhyhu ehqh�fldo iru wkh flwl}hqv ri

d ghprfudf|/ zh doorz iru dgglwlrqdo frq�lfwv wkdw duh dssursuldwlyh lq qdwxuh dqg sr0

whqwldoo| zhoiduh lpsurylqj1b Vhfrqg/ dv wkh zruog lv qrw srsxodwhg vroho| e| ghprfudwlf

jryhuqphqwv/ zh lqfrusrudwh lqwr rxu prgho wkh h{lvwhqfh ri qrq0ghprfudwlf jryhuqphqwv

zkrvh prwlydwlrq iru hqjdjlqj lq frq�lfw pd| gl�hu iurp wkrvh ri ghprfudflhv1 Ilqdoo|/ zh

frqvlghu wkh uroh ri dssursuldwlyh zduv dqg qrq0ghprfudwlf uhjlphv wr dgguhvv wkh txhvwlrq

ri zkhwkhu d pruh ghprfudwlf zruog zloo qhfhvvdulo| eh pruh shdfhixo1

Zh frqfoxgh wkdw wkh k|srwkhvlv wkdw shushwxdo shdfh zrxog qhfhvvdulo| suhydlo li rqo|

doo vwdwhv zhuh ghprfudwlf lv idovh/ dv lv wkh k|srwkhvlv wkdw d pruh ghprfudwlf zruog zrxog

qhfhvvdulo| eh pruh shdfhixo1 Udwkhu/ wkh lqvwlwxwlrqdo ghwdlov dqg qrupv uhjduglqj wkh

vwuxfwxuh ri ghprfudf|/ wudgh duudqjhphqwv dqg dooldqfhv dsshdu lpsruwdqw dqg lqwhuqd0

wlrqdo fr0ruglqdwlrq pd| uhpdlq lqwhjudo iru wkh dfklhyhphqw ri shushwxdo shdfh1

2 � Bi?ih@* ,^��*�Mh��4 �L_i* Lu @̀h

Wr ehjlq rxu lqyhvwljdwlrq ri zdu dqg ghprfudf|/ zh dvvxph wkdw wkh zruog frqvlvwv rqo| ri

d odujh qxpehu ri lghqwlfdoo| vwuxfwxuhg ghprfudwlf vwdwhv1 Rxu remhfwlyh lv wr h{dplqh wkh

surshqvlw| ri hdfk vwdwh wr lqlwldwh frq�lfw dqg wkhq dqdo|}h wkh htxloleulxp lpsolfdwlrqv

ri vxfk vwudwhjlhv1

Hdfk vwdwh lv dvvxphg wr eh d uhsuhvhqwdwlyh ghprfudf| srsxodwhg e| h{ dqwh lghqwlfdo

?i� UL�?|h�it� A��t i�i? ��|� @ t4@**ih ThLM@M�*�|) Lu UL?��U| uLh i@U� ?@|�L?c |�i i �t|i?Ui Lu 4Lhi ?@|�L?t
4@) �4T*) |�@| |�i uhi^�i?U) Lu �@h LUU�hhi?Ui 4@) ?L| u@**� A�i) �ti |��t @tTiU| Lu |�i 4L_i* |L @h}�i
|�@| |�i Ti@Ui _���_i?_ uLh |�i �Lh*_ 4@) |�ihiuLhi Mi ^��|i t4@** i�i? ��|� |�i i?_ Lu |�i UL*_ �@h�

b5ii B@h�?!i* @?_ 5!@Tih_@t E�bbS� @?_ |�i T@Tiht |�ihi�? uLh @ MhL@_ih i @4�?@|�L? Lu |�i hL*i Lu
@TThLTh�@|��i @U|���|) @?_ �|t @giU| L? @? iUL?L4)<t hitL�hUi @**LU@|�L?�
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lqglylgxdov1 Ohdghu fdqglgdwhv duh gudzq iurp wkh jhqhudo srsxodwlrq dqg kdyh lglrv|q0

fudwlf fkdudfwhulvwlfv2delolwlhv zklfk d�hfw wkh sxeolf*v zhoiduh gxulqj wkhlu vwd| lq r�fh1

Wkhuh lv d wzr0whup olplw rq ohdghuvkls1

Wkh wkhru| lv suhvhqwhg lq wkh iroorzlqj vxe0vhfwlrqv1 Zh �uvw h{dplqh lqglylgxdo ohdg0

huv* zdu ghflvlrqv dqg wkhq frpsxwh wkh surshqvlw| ri zdu lqlwldwlrq ghshqglqj rq wkh whup

ri vhuylfh1 Vhfrqg/ zh frpsxwh wkh djjuhjdwh surshqvlw| ri zdu lqlwldwlrq lq htxloleulxp/

dqg ghulyh wkh htxloleulxp frqglwlrq e| djjuhjdwlqj dfurvv doo vwdwhv1 Ilqdoo|/ zh h{dplqh

surshuwlhv ri wkh uhvxowlqj htxloleuld/ lq sduwlfxodu pxowlsolflw| dqg vwdelolw| ri dowhuqdwlyh

vwhdg| vwdwhv dqg wkh uhvxowlqj iuhtxhqf| ri zdu1

2�� @̀h #iU�t�L?t �? @ #i4LUh@U)

Rxu prgho ri ghprfudf| iroorzv wkh iudphzrun sursrvhg lq Khvv dqg Ruskdqlghv +4<<8,1

Hdfk vwdwh frqvlvwv ri d odujh qxpehu ri h{ dqwh lghqwlfdo flwl}hqv2yrwhuv1 Hohfwlrqv duh

khog dw wkh ehjlqqlqj ri hyhu| shulrg ehwzhhq hlwkhu wkh fxuuhqw lqfxpehqw dqg d qhz

fdqglgdwh ru wzr qhz fdqglgdwhv1 Qhz fdqglgdwhv duh gudzq udqgrpo| iurp wkh hohfwrudwh1

Frqvxpswlrq lq hyhu| shulrg lv ghwhuplqhg e| wzr idfwruv= Iluvw/ zkhwkhu ru qrw wkh vwdwh

lv hqjdjhg lq zdu> dqg vhfrqg rq wzr lglrv|qfudwlf fkdudfwhulvwlfv ri wkh hohfwhg ohdghu1 Lq

wkh devhqfh ri zdu/ frqvxpswlrq htxdov �/ d phdvxuh ri d ohdghu*v hfrqrplf delolw|1 Lq fdvh

zdu huxswv/ frqvxpswlrq lv wkh vxp ri � dqg �/ d phdvxuh ri wkh fxuuhqw ohdghu*v delolw| wr

frqwdlq wkh frvw ri zdu1 Wkxv/ frqvxpswlrq/ f|/ lv=

f| @ �| . v|�| +4,

zkhuh v| wdnhv wkh ydoxhv rqh ru }hur ghshqglqj rq zkhwkhu wkh vwdwh lv hqjdjhg lq zdu

gxulqj shulrg w1 Wkh fkdudfwhulvwlfv � dqg � iru hdfk srwhqwldo ohdghu duh lqghshqghqwo|

gudzq iurp wkh glvwulexwlrqv J+�, dqg G+�,1 E| dvvxpswlrq/ shdfhwlph frqvxpswlrq lv

srvlwlyh zlwk � ehlqj xqlirupo| glvwulexwhg ryhu ^3> 4`/ zkloh wkh frvw ri zdu fkdudfwhulvwlf/ �/

lv htxdo wr �� zlwk suredelolw| s/ dqg 3 zlwk suredelolw| 4�s1 Zh dvvxph wkdw lqirupdwlrq

lv v|pphwulf wr yrwhuv dqg fdqglgdwhv/ dqg wkdw wkh fdqglgdwhv* dqg ohdghuv* lglrv|qfudwlf
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delolwlhv duh xqnqrzq dqg ehfrph nqrzq rqo| zkhq sxw wr xvh1�f

Yrwhuv duh ulvn0qhxwudo dqg yrwh wr vhohfw wkh ohdghu zkr pd{lpl}hv wkhlu h{shfwhg

zhoiduh/ Z|=

Z| @ H|

"[
r'|

�r3|fr +5,

zkhuh � lv wkh glvfrxqw idfwru/ 3 ? � ? 41 Yrwlqj lv edvhg rq lqirupdwlrq uhjduglqj wkh

fdqglgdwhv* fkdudfwhulvwlfv � dqg �1 Wkxv/ zkhq dq hohfwlrq lv khog ehwzhhq wzr qhz fdqgl0

gdwhv/ yrwhuv duh lqgl�huhqw ehwzhhq wkh wzr dv erwk fdqglgdwhv zrxog |lhog/ lq h{shfwdwlrq/

wkh vdph zhoiduh1 Zh ghqrwh wklv h{shfwhg zhoiduh dvvrfldwhg zlwk d qhz ohdghu ri xqnqrzq

fkdudfwhulvwlfv zlwk Z 1�� Wkh rqo| lqwhuhvwlqj fkrlfh idfhg e| yrwhuv lv zkhq dq hohfwlrq

lv khog ehwzhhq dq lqfxpehqw ohdghu dqg d qhz fdqglgdwh1 Lq wkdw fdvh/ yrwhuv hydoxdwh

zkhwkhu h{shfwhg zhoiduh dvvrfldwhg zlwk yrwlqj iru wkh lqfxpehqw h{fhhgv Z xvlqj wkh lq0

irupdwlrq nqrzq derxw wkh lqfxpehqw1 Li vr/ wkh| yrwh wr uhhohfw wkh lqfxpehqw/ rwkhuzlvh

wkh| rsw iru d qhz ohdghu1

Ohdghuv ghulyh uhqwv { shu shulrg zkhq lq r�fh1 Zh dvvxph wkdw wkh| duh rqo| sduwldoo|

ehqhyrohqw vr wkdw lq wdnlqj ghflvlrqv wkh| pd{lpl}h d olqhdu frpelqdwlrq ri wkhlu uhqw dqg

wkh sxeolf*v zhoiduh1 Ohwwlqj �/ ghqrwh wkh suredelolw| zlwk zklfk wkh| zloo eh uhhohfwhg/ d

ohdghu*v zhoiduh lv=

Y| @ +4� �,Z| . �+{. �{�, +6,

zkhuh � lv d phdvxuh ri d ohdghu*v vho�vkqhvv/ l1h1 wkh zhljkw kh sodfhv rq wkh uhqwv iurp

ehlqj lq r�fh udwkhu wkdq wkh sxeolf*v zhoiduh1

Gxulqj d whup/ d ohdghu lv idfhg zlwk wkh srvvlelolw| ri lqwhuqdwlrqdo frq�lfw1 Prvw

riwhq/ wkhvh frq�lfwv fdq eh uhvroyhg shdfhixoo|/ dw hvvhqwldoo| qr zhoiduh frvw wr wkh sxeolf1

Vrphwlphv/ krzhyhu/ vxfk d frq�lfw pd| uhvxow lq zdu1 Wr h{dplqh wkh surshqvlw| wr

�fA��t @TThL@U� �t tL4i|�4it hiuihhi_ |L @t ��** �L|iht @hi uhL4 ��ttL�h�<c |�i t�L��4i t|@|i Etii +L}Lg
@?_ 5�Mih| E�bHH� @?_ +L}Lg E�bbf��� A��t @tt�4T|�L? h�*it L�| |�i TLtt�M�*�|) |�@| @ *i@_ih U@? U*@�4 @
}LL_ �@h �@?_*�?} @M�*�|) i�i? ��|�L�| i?|ih�?} @ UL?��U|� Wu |��t �ihi TLtt�M*ic |�i? i�ih) *i@_ih �L�*_
U*@�4 |�@| @ Uh�|�U@* t�|�@|�L? �@_ �@TTi?i_c �@t t�UUittu�**) @�L�_i_c @?_ |�@| |�i *i@_ih _itih�i_ }hi@|
Th@�ti @?_ t�TTLh|� ��| |��t �t t�4T*) ?L| �ih��@M*i�

�� ì ThLUii_ M) _ih���?} |�i �L|ih @?_ *i@_ih t|h@|i}�it UL?_�|�L?@* L? ` � W? i^��*�Mh��4c �i |hi@| `
@t i?_L}i?L�t� 5ii |�i �TTi?_� uLh @ _ih��@|�L? Lu ` �
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hqjdjh lq zduiduh dw wkh lqglylgxdo vwdwh ohyho/ zh dvvxph wkdw erwk yrwhuv dqg ohdghuv lq

dq| lqglylgxdo vwdwh wdnh wkh suredelolw| wkdw zdu pd| eh irufhg xsrq wkh vwdwh lq dq| whup

dv h{rjhqrxvo| jlyhq dqg htxdo wr �1�2 Jlyhq wklv suredelolw|/ zh fdq wkhq ghwhuplqh wkh

h{whqw wr zklfk d ohdghu pd| kdyh wkh lqfhqwlyh wr hqjdjh wkh vwdwh lq d zdu wkdw frxog

srwhqwldoo| kdyh ehhq dyrlghg1 Dv vkrzq lq Khvv dqg Ruskdqlghv +4<<8,/ wklv lqfhqwlyh

pd| eh suhvhqw rqo| li d ohdghu lv vhuylqj klv �uvw whup dqg ihduv wkdw klv grphvwlf kdqgolqj

delolwlhv duh vxfk wkdw lq wkh devhqfh ri zdu/ kh zrxog orvh klv uhhohfwlrq elg1 Xqghu wkrvh

flufxpvwdqfhv/ li wkh ohdghu frxog jdlq uhhohfwlrq e| ghprqvwudwlqj vxshulru zdu kdqgolqj

delolwlhv/ kh pd| eh whpswhg wr lqlwldwh vxfk d srwhqwldoo| dyrlgdeoh frq�lfw1 Vshfl�fdoo|/

wklv whpswdwlrq lv suhvhqw li wkh ohdghu*v grphvwlf kdqgolqj fkdudfwhulvwlf idoov zlwklq d

vshfl�f udqjh zklfk ghshqgv rq � dqg lv ghvfulehg lq ghwdlo lq wkh iroorzlqj vxe0vhfwlrqv1

Wdeoh 4 surylghv d vxppdu| ri wkh wlplqj ri hyhqwv gxulqj wkh �uvw whup ri d qhzo| hohfwhg

ohdghu1

2�2 +ii*iU|�L?t

Wkuhh fulwlfdo ydoxhv iru wkh ohdghu*v grphvwlf kdqgolqj fkdudfwhulvwlfv/ �/ ghvfuleh yrwhu

ehkdylru1 Wkh odujhvw/ a�/ gh�qhv d ohyho ri h{fhoohqfh vxfk wkdw dq lqfxpehqw zlwk � � a�

zrxog eh uhhohfwhg hyhq zlwk d ghprqvwudwhg lqihulru zdu kdqgolqj delolw|1 Wkh vpdoohvw/ �/

gh�qhv grphvwlf kdqgolqj vr srru vxfk wkdw dw wkdw ohyho dq lqfxpehqw zlwk � ? � zrxog

eh yrwhg rxw ri r�fh hyhq zlwk ghprqvwudwhg vxshulru zdu kdqgolqj delolw|1 Lq ehwzhhq/

uhhohfwlrq ghflvlrqv ghshqg rq erwk fkdudfwhulvwlfv1 Wkh fulwlfdo ydoxh �W gh�qhv wkh hfr0

qrplf kdqgolqj delolw| fkdudfwhulvwlf vxfk wkdw lqfxpehqwv zlwk � � �W jdlq uhhohfwlrq li

qr zdu kdv wdnhq sodfh dqg wkh uhhohfwlrq ghflvlrq pxvw eh edvhg vroho| rq �1 Vwduwlqj zlwk

�W/ zh surylgh d fkdudfwhul}dwlrq ri wkhvh fulwlfdo ydoxhv1

Jlyhq wkh h{shfwhg zhoiduh dvvrfldwhg zlwk d qhz ohdghu/ Z / wkh uhhohfwlrq frqglwlrq lv=

�� . ��� � Z +4� �, +7,

�26Lh |�i �?_���_�@* t|@|ic kc �t |@!i? @t }��i?� W? |�i uL**L��?} t�M�tiU|�L?t k �tc Lu UL�htic i?_L}i?�3i_
@t �i @}}hi}@|i @UhLtt t|@|it�
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Wkxv/ lq wkh devhqfh ri zdu/ uhhohfwlrq lv hqvxuhg iru dq| � � �W gh�qhg dv=

�W � Z +4� �,� �� +8,

zkhuh � @ �s� lv wkh h{shfwdwlrq ri �1��

Qh{w frqvlghu wkh fdvh zkhuh wkh ohdghu*v hfrqrp| kdqgolqj vnloov duh vr jrrg wkdw kh

zloo eh uhhohfwhg hyhq li d zdu uhyhdov srru zdu kdqgolqj delolw|/ � @ ��1 Lq wklv fdvh=

�� � �� � Z +4� �, +9,

Xvlqj +9, zh fdq gh�qh wklv cprvw h{fhoohqw* � wkdw hqvxuhv uhhohfwlrq uhjdugohvv ri wkh

ohdghu*v zdu kdqgolqj delolw| dv=

a� � plqi4>Z +4� �, . ��j +:,

qrwlqj wkdw li � lv wrr kljk/ a� pd| htxdo 4/ wkh ehvw hfrqrp| kdqgolqj fkdudfwhulvwlf1 Qrwh

wkdw ohdghuv zlwk � 5 ^�W> a�` zrxog jdlq uhhohfwlrq lq wkh devhqfh ri zdu exw pljkw orvh li

d zdu zhuh wr euhdnrxw dqg dq lqihulru zdu kdqgolqj delolw|/ � @ ��/ zhuh uhyhdohg1 Vxfk

ohdghuv zrxog kdyh wkh vwurqjhvw lqfhqwlyh wr suhvhuyh shdfh lq wklv iudphzrun1

Zkloh d srru zdu kdqgolqj delolw| pd| kxuw d fdqglgdwh zlwk d jrrg hfrqrplf kdqgolqj

fkdudfwhulvwlf/ wkh uhyhodwlrq ri d vxshue zdu kdqgolqj delolw| pd| vwloo qrw vdoydjh wkh

uhhohfwlrq survshfwv ri d ohdghu zlwk d srru hfrqrplf kdqgolqj shuirupdqfh1 Iru lqvwdqfh/

wkh � vxfk wkdw uhhohfwlrq zrxog qrw rffxu hyhq zlwk wkh jrrg zdu fkdudfwhulvwlf vdwlv�hv=

�� ? Z +4� �, +;,

Gh�qh wkhvh cxqvdoydjhdeoh* fdqglgdwhv dv wkrvh zlwk � 5 ^3> �`/ zkhuh � vdwlv�hv=

� � pd{i3>Z +4� �,j +<,

��W| �t t|h@�}�|uLh�@h_ |L �ih�u) |�@| f 	 �W 	 ��
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Xqvdoydjhdeoh fdqglgdwhv zloo qhyhu hqjdjh lq dyrlgdeoh zduv dv lw grhv qrw lpsuryh

wkhlu uhhohfwlrq survshfwv dqg lw orzhuv wkh sxeolf*v h{shfwhg zhoiduh1 Wkh prvw uhohydqw

uhjlrq zkhuh d zdu pd| ohdg wr uhhohfwlrq zkloh wkh ohdghu zrxog orvh lq wkh devhqfh ri zdu

lv � 5 +�> �W,1 Zkhwkhu d ohdghu zloo eh whpswhg wr hqjdjh lq zdu ghshqgv rq wkh gl�huhqfh

ehwzhhq wkh ohdghu*v zhoiduh lq wkh devhqfh dqg suhvhqfh ri zdu/ Y ? dqg Y �/ uhvshfwlyho|1

Wkdw lv=

Y ? @ +4� �,+� . �Z , . �{ +43,

Y � @ +4� �,
q
� � s�. s�Z . +4� s,�+� . �Z ,

r
. � i{. +4� s,�{j +44,

Li Y ? � Y � @ 3 kdv d }hur lq +�> �W, wkdw }hur zloo gh�qh �W vr wkdw wkh ohdghu hqjdjhv lq

d srwhqwldoo| dyrlgdeoh zdu li dqg rqo| li � 5 +�W> �
W,1 Rwkhuzlvh/ li Y ? � Y � A 3 iru doo

� 5 +�> �W, wkh ohdghu zloo qrw lqlwldwh zdu iru dq| � dqg kh zloo dfw lq dffrugdqfh zlwk wkh

sxeolf lqwhuhvw1 Zh uhihu wr wklv dv wkh ehqhyrohqw ohdghu fdvh1 Olnhzlvh/ li Y ? � Y � ? 3

iru doo � 5 +�> �W, wkh ohdghu zloo lqlwldwh zdu zkhqhyhu lw fdq srvvleo| udlvh klv suredelolw|

ri uhhohfwlrq1 Zh uhihu wr wklv dv wkh vho�vk ohdghu fdvh1

Vroylqj Y ? � Y � @ 3 iru � |lhogv=

�f @ +4� �,Z .

�
s�

+4� s,�

�
�

�
�{

4� �

�
+45,

Wkhq/ �W lv gh�qhg dv=

�W @ plqipd{i�> �fj> �Wj +46,

Iurp wkh gh�qlwlrq ri �f dqg �W/ lw lv fohdu wkdw wkh ghflvlrq wr vwduw d srwhqwldoo| dyrlgdeoh

zdu ghshqgv fuxfldoo| rq wkh ohdghu*v vho�vkqhvv/ �1 Wkh plqlpxp � vxfk wkdw wkh ohdghu

ehkdyhv vho�vko| lv � vxfk wkdw � @ �f/ qdpho|=

� @
s�

s�. �{+4� s,
+47,

Li � A �/ wkhq d ohdghu zloo lqlwldwh d zdu zkhqhyhu � � � ? �W/ l1h1 zloo eh lqglvwlqjxlvkdeoh

<



iurp d wrwdoo| vho�vk ohdghu1 Wkdw lv/ li � � �/ �W @ �1 Rwkhuzlvh/ li � ? �/ �W A � zkhqhyhu

� A 31 Wkdw � lv lqghshqghqw ri � lv gxh wr rxu dvvxpswlrq ri d elqdu| glvwulexwlrq iru

�1 Wklv frqyhqlhqw fdvh zloo vhuyh dv d ehqfkpdun lq wkh lqyhvwljdwlrq ri htxloleuld ehorz

vlqfh xqohvv zdu fdq eh vxssruwhg lq htxloleulxp zkhq ohdghuv dfw vho�vko|/ lw zloo qrw eh

vxssruwhg zlwk sduwldoo| ehqhyrohqw ohdghuv1

Wkh xqfrqglwlrqdo suredelolw| ri d ohdghu*v uhhohfwlrq/ �+�,/ lv ghwhuplqhg e| wkh �yh

srvvleoh uhjlrqv ri � rxwolqhg deryh1 Ohdghu*v zlwk � 5 ^3> �, kdyh }hur suredelolw| ri

uhhohfwlrq/ wkrvh zlwk � 5 ^�> �W, kdyh uhhohfwlrq suredelolw| �+4 � s,/ wkrvh zlwk � 5
^�W> �

W, kdyh uhhohfwlrq suredelolw| +4�s,/ wkrvh zlwk � 5 ^�W> a�, kdyh uhhohfwlrq suredelolw|

+4��,.�+4�s,/ zkloh wkrvh zlwk � 5 ^a�> 4` kdyh uhhohfwlrq suredelolw| rqh1 Xwlol}lqj wkdw

� lv xqlirupo| glvwulexwhg ryhu wkh xqlw lqwhuydo/ wkh xqfrqglwlrqdo suredelolw| ri d ohdghu*v

uhhohfwlrq lv=

�+�, @ +�W � �,�+4� s, . +�W � �W,+4� s, . +a� � �W,+4� �s, . +4� a�, +48,

zkhuh �W/ a�/ � dqg �W/ duh gh�qhg lq h{suhvvlrqv +8,/ +:,/ +<, dqg +46,/ uhvshfwlyho|1

2�� A�i 5�TT*) Lu �L|i?|�@**) ��L�_@M*i @̀h

Jlyhq �/ zh kdyh douhdg| ghwhuplqhg wkh suredelolw| zlwk zklfk d qhz ohdghu zrxog eh

whpswhg wr lqlwldwh d srwhqwldoo| dyrlgdeoh zdu=

�+�, @ J+�W,�J+�W, @ �W � �W +49,

Zh kdyh dovr ghwhuplqhg wkh suredelolw| zlwk zklfk d qhz ohdghu zrxog jdlq uhhohfwlrq/

�+�,1 Lq wklv vhfwlrq/ zh xvh �+�, dqg �+�, wr ghwhuplqh wkh h{shfwhg iuhtxhqf| zlwk

zklfk d vwdwh zloo kdyh d ohdghu idflqj wkh zdu whpswdwlrq/ l1h1 �uvw whup jryhuqphqwv

zlwk srru hfrqrplf uhfrugv zkr kdyh qrw douhdg| kdg wkhlu zdu kdqgolqj fkdudfwhulvwlfv

uhyhdohg1 Zh fdoo wklv iudfwlrq �+�,/ wr ghqrwh wkh vxsso| ri frq�lfw1

Iluvw/ zh ghwhuplqh wkh iuhtxhqf| zlwk zklfk d vwdwh kdv d �uvw whup ohdghu1 Ohw I�
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ghqrwh wkdw d ohdghu lv lq klv �uvw whup dw wlph shulrg m/ dqg 4 � I� wkdw d ohdghu lv qrw

lq klv �uvw whup dw shulrg m +l1h1 lq klv odvw whup,1 Frqvlghu wkh Pdunry surfhvv ghvfulelqj

zkhwkhu d vwdwh kdv d ohdghu zkr lv lq klv �uvw whup1 Li d ohdghu lv fxuuhqwo| vhuylqj klv �uvw

whup/ wkh suredelolw| zlwk zklfk d ohdghu zloo eh vhuylqj klv �uvw whup lq wkh vxevhtxhqw

shulrg lv 4��+�, @ SU+I|n�mI|,1 Li wkh fxuuhqw ohdghu lv qrw vhuylqj klv �uvw whup/ vlqfh

ohdghuv pd| vhuyh rqo| xs wr wzr whupv/ wklv ohdghu pd| qrw eh uhhohfwhg1 Wkhuhiruh/ lq wklv

fdvh/ wkh suredelolw| zlwk zklfk d ohdghu zloo eh vhuylqj klv �uvw whup lq wkh vxevhtxhqw

shulrg lv rqh/ l1h1 SU+I|n�m4� I|, @ 41 Wkxv/ wkh wudqvlwlrq suredelolw| pdwul{ lqglfdwlqj

wkh whup vhuyhg e| d vwdwh*v ohdghu lv=

S @

3
EEEC

SU+I|n�mI|, SU+4� I|n�mI|,

SU+I|n�m4� I|, SU+4� I|n�m4� I|,

4
FFFD @

3
EEEC

4��+�, �+�,

4 3

4
FFFD +4:,

Zlwk wklv zh fdq frpsxwh wkh xqfrqglwlrqdo iuhtxhqf| ru vwdwlrqdu| suredelolw| zlwk zklfk

d ohdghu zloo eh vhuylqj d �uvw whup=

!+�, @
4

4 .�+�,
= +4;,

Vlqfh rqo| �uvw whup ohdghuv idfh wkh zdu whpswdwlrq/ dqg ri wkhvh �uvw whup ohdghuv wkh|

rqo| idfh wklv whpswdwlrq zlwk suredelolw| �/ wkh iuhtxhqf| zlwk zklfk d vwdwh*v ohdghu zloo

idfh wkh whpswdwlrq wr frqwulexwh wr wkh vxsso| ri zdu lv=

�+�, @ �+�,!+�, +4<,

2�e ,^��*�Mh��4

Wr ghvfuleh wkh htxloleulxp rxwfrph iru wkh zruog zh dvvxph wkdw wkh zruog frqvlvwv ri d

frxqwdeoh lq�qlw| ri hvvhqwldoo| lghqwlfdo vwdwhv doo ri zklfk duh fkdudfwhul}hg e| wkh surs0

huwlhv ghvfulehg deryh iru dq lqglylgxdo vwdwh1 Zh dvvxph wkdw wkh ohdghuv* fkdudfwhulvwlfv/

� dqg �/ duh gudzq lqghshqghqwo| iurp vwdwh wr vwdwh/ dqg/ frqvhtxhqwo|/ wkh uhhohfwlrq
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dqg zdu vxsso| whpswdwlrq suredelolwlhv iru rqh vwdwh duh dovr lqghshqghqw ri wkrvh iru

dqrwkhu�dozd|v wdnlqj dv jlyhq wkh suredelolw| ri d vwdwh idflqj xqdyrlgdeoh zdu/ �1 Frq0

vhtxhqwo|/ dssolfdwlrq ri wkh odz ri odujh qxpehuv lpsolhv wkdw wkh vwdwlrqdu| suredelolw|

iru wkh vxsso| ri zdu iru dq lqglylgxdo vwdwh zloo htxdo wkh phdvxuh ri vwdwhv zklfk zloo vhhn

wr vxsso| zdu lq dq| jlyhq shulrg �� vhh Ihogpdq dqg Jloohv +4<;8,1 Wkdw lv/ wkh iudfwlrq

ri vwdwhv zkr zloo vhhn wr lqlwldwh srwhqwldoo| dyrlgdeoh frq�lfw lq hyhu| shulrg zloo eh �+�,1

Wkh xqfhuwdlqw| dw wkh lqglylgxdo vwdwh ohyho uhjduglqj wkh uhhohfwlrq ri d ohdghu dqg klv

surshqvlw| wr vhhn srwhqwldoo| dyrlgdeoh frq�lfw glvdsshduv lq wkh djjuhjdwh1

Wr fkdudfwhul}h wkh iuhtxhqf| ri zdu htxloleuld/ lw qhhgv wr eh uhfrjql}hg wkdw zkhq d

vwdwh vhhnv wr hqwhu lq d srwhqwldoo| dyrlgdeoh frq�lfw/ lw zloo uhtxluh ehlqj pdwfkhg zlwk

dqrwkhu vwdwh zlwk zklfk wkh frq�lfw suhvxpdeo| kdv dulvhq1 Dqg xqohvv wkh rwkhu vwdwh

lqyroyhg lq wkh frq�lfw zdv dovr dfwlyho| vhhnlqj wr hqjdjh lq d srwhqwldoo| dyrlgdeoh zdu/

wklv frq�lfw zloo dsshdu xqdyrlgdeoh wr wkdw vwdwh1 Wkdw lv/ rqh vwdwh*v dyrlgdeoh frq�lfw

pd| zhoo eh dqrwkhu vwdwh*v xqdyrlgdeoh rqh1

Wkh htxloleulxp frqglwlrq ghvfulelqj wkh suredelolw| zlwk zklfk d vwdwh qrw vhhnlqj zdu

pd| eh irufhg lqwr d frq�lfw li � iudfwlrq ri vwdwhv vhhn frq�lfw lv qrz ghwhuplqhg1 Ghqrwh

wkh vwdwhv vhhnlqj wr lqlwldwh frq�lfw cvhhnhuv* dqg wkrvh zkr zrxog udwkhu dyrlg lw cdyrlghuv1*

Khqfh/ zlwk d iudfwlrq � ri vhhnhuv/ wkh phdvxuh ri dyrlghuv lq wkh zruog htxdov 4� �1

Qrz/ e| gh�qlwlrq/ � lv wkh suredelolw| wkdw d zdu cdyrlghu* frxqwu| lv hqjdjhg lqwr d

frq�lfw e| d zdu cvhhnhu1* Lq ghwhuplqlqj wkh htxloleulxp frqglwlrq olqnlqj � dqg � zh qhhg

wr vshfli| wkh surshqvlw| zlwk zklfk vhhnhuv hqjdjh dyrlghuv lq frq�lfw1 Iru lqvwdqfh/ li

vhhnhuv vrphkrz zhuh wr eh pdwfkhg rqo| zlwk rwkhu vhhnhuv/ wkhq wkh phdvxuh ri cdyrlghuv*

hqjdjhg lq frq�lfw/ �/ zrxog htxdo }hur/ qr pdwwhu krz odujh � kdsshqhg wr eh1 Pruh

jhqhudoo|/ vxssrvh wkdw hdfk vhhnhu lv pdwfkhg zlwk dq dyrlghu zlwk suredelolw| $ dqg zlwk

dqrwkhu vhhnhu zlwk suredelolw| 4 � $1 Wkhq/ wkh $� phdvxuh ri vhhnhu vwdwhv zloo hqjdjh

lq frq�lfw vwdwhv dprqj wkh 4� � dyrlghu vwdwhv1 Wkxv wkh suredelolw| ri xqdyrlgdeoh zdu

idflqj dyrlghu vwdwhv lv=

� @
$�

4� �
@

;AAA?
AAA=

Iudfwlrq ri Dyrlghuv

Pdwfkhg zlwk d Vhhnhu

<AAA@
AAA>

+53,
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Dv douhdg| dooxghg wr/ li $ lv }hur/ wkhq cdyrlghuv* duh qhyhu dwwdfnhg dqg khqfh wkhuh

lv qr ihdu ri xqdyrlgdeoh zdu/ qdpho| � @ 31 Dw wkh rwkhu h{wuhph/ li vhhnhu vwdwhv zhuh

dozd|v pdwfkhg zlwk dyrlghu vwdwhv wkhq $ @ 4 dqg wkh htxloleulxp frqglwlrq zrxog eh

� @ �@+4� �,=

Vlqfh frxqwulhv duh dvvxphg wr eh h{ dqwh lghqwlfdo rxu ehqfkpdun pdwfklqj dvvxpswlrq

lv wkdw cdyrlghu* dqg cvhhnhu* vwdwhv duh udqgrpo| pdwfkhg1 Wkdw lv/ iru rxu htxloleulxp

frqglwlrq/ zh dvvxph wkdw wkh suredelolw| zlwk zklfk d vhhnhu vwdwh lv pdwfkhg zlwk dq

dyrlghu vwdwh/ $/ htxdov wkh iudfwlrq ri dyrlghu vwdwhv lq wkh zruog/ 4� �1 Wkhq/ $ @ 4� �

dqg wkh htxloleulxp frqglwlrq ehfrphv=

� @ �= +54,

Zlwk wklv htxloleulxp frqglwlrq/ d zruog zlgh htxloleulxp ri wkh iuhtxhqf| ri zdu fdq hdvlo|

eh fkdudfwhul}hg dv d sdlu ri i�>�j zklfk vdwlv�hv wkh vxsso| ri zdu +4<, dqg wkh htxloleulxp

frqglwlrq +54,1�e

� ��@h@U|ih�3@|�L? Lu @̀h ,^��*�Mh�@

Htxdwlrqv +4<, dqg +54, irup wkh edvlv ri ghwhuplqlqj htxloleuld lq rxu prgho zlwk mxvw

ghprfudflhv 1 Wkh iruphu lv wkh lqglylgxdo frxqwu|*v suredelolw| ri jhqhudwlqj dq dyrlgdeoh

zdu1 Wklv wudfhv rxw/ iru d jlyhq suredelolw| ri xqdyrlgdeoh zdu/ wkh lqfhqwlyh frpsdwleoh

suredelolw| ri vwduwlqj dq dyrlgdeoh rqh1 Wkh odwwhu lv wkh jhqhudo htxloleulxp frqglwlrq

zklfk uh�hfwv wkdw vlqfh rqh vwdwh*v xqdyrlgdeoh zdu lv dqrwkhu vwdwh*v dyrlgdeoh rqh/ wkh

wzr w|shv ri zdu pxvw cdgg xs* dfurvv vwdwhv1

��� , �t|i?Ui

Lq wklv vxe0vhfwlrq zh hvwdeolvk wkdw Ndqw*v lghdolvwlf htxloleulxp ri shushwxdo shdfh dozd|v

h{lvwv/ exw wkdw rwkhu htxloleuld zlwk srvlwlyh zdu iuhtxhqf| pd| dovr suhydlo1

�e�t t|@|i_ i@h*�ihc |�i i^�@|�L?t uLh k @?_ j ?ii_ |L Mi UL4T@|�M*i ��|� ` � ì i T*�U�|*) U@*U�*@|i |��t
�? |�i �TTi?_� �
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Sursrvlwlrq 4 +Wkh Ndqw Htxloleulxp, � @ 3 lv dozd|v dq htxloleulxp1

Doo surriv duh lq wkh dsshqgl{1 Rxu �uvw uhvxow lv wkdw Ndqw*v htxloleulxp lv ihdvleoh wkdw lv/

d zruog srsxodwhg rqo| e| ghprfudflhv fdq vxvwdlq shushwxdo shdfh1 Dv orqj dv wkhuh lv qr

h{whuqdo wkuhdw ri zdu/ yrwhuv zloo qrw eh lqwhuhvwhg lq d ohdghu*v zdu kdqgolqj delolwlhv/ dqg

wkhuhiruh ohdghu*v zloo qrw eh vhhnlqj frq�lfwv wr wu| dqg vdoydjh wkhlu uhhohfwlrq survshfwv1

Wkh yrwhuv duh vlpso| qrw lqwhuhvwhg lq wklv fkdudfwhulvwlf ri d ohdghu dqg/ lq htxloleulxp/

wkhlu glvlqwhuhvw lq zdu kdqgolqj vnloov lv vhoi uhlqiruflqj vlqfh qr zduv rffxu1

Krzhyhu/ zkloh shushwxdo shdfh zlwk ghprfudf| lv vkrzq wr eh ihdvleoh/ lw pd| qrw eh

wkh rqo| ihdvleoh rxwfrph dqg pd| qrw eh vwdeoh1 Zh wxuq wr wkhvh lvvxhv qh{w1 Iluvw/ zh

vkrz wkdw li ohdghuv dfw dv li wkh| duh frpsohwho| vho�vk/ � A �/ d zdu htxloleulxp pd| dovr

eh ihdvleoh1 D fhqwudo lvvxh iru wklv lv wkh lqirupdwlrqdo ehqh�w wr wkh hohfwrudwh dvvrfldwhg

zlwk wkh uhyhodwlrq ri vxshulru zdu kdqgolqj delolw|1 Lqwxlwlyho|/ li wkh lqflghqfh ri zdu lv

qrw h{shfwhg wr eh frvwo| uhjdugohvv ri wkh ohdghu*v delolw|/ wkh hohfwrudwh zloo udwlrqdoo| sxw

pxfk ohvv hpskdvlv rq zdu kdqgolqj delolwlhv zkhq frqvlghulqj uhhohfwlrq1 Frqvhtxhqwo| wkh

ehqh�w dvvrfldwhg zlwk iruflqj wkh uhyhodwlrq ri zdu kdqgolqj delolw| lv vhyhuho| glplqlvkhg

iru hyhq frpsohwho| vho�vk ohdghuv1 Wklv glplqlvkhv wkh iuhtxhqf| ri dyrlgdeoh zdu vxsso|

dqg suhfoxghv wkh vxvwdlqdelolw| ri srvlwlyh zdu htxloleuld1 D fhqwudo txhvwlrq/ wkhuhiruh/ lv

zkhwkhu srvlwlyh zdu htxloleuld h{lvw li zdu lv h{shfwhg wr eh vx�flhqwo| frvwo|1 Wkh iroorzlqj

pxowlsolflw| frqglwlrq +ghulyhg lq wkh dsshqgl{, lv vx�flhqw dqg ohdgv wr rxu fhqwudo zdu

htxloleulxp h{lvwhqfh uhvxow=

olp
k<f

g�

g�
@

s��

�4 . � .
s
4 . �

A 4= +55,

Sursrvlwlrq 5 +Zdu Htxloleulxp H{lvwhqfh, Li � A � dqg s� lv vx�flhqwo| kljk wr

vdwlvi| +55, wkhq dq htxloleulxp zlwk srvlwlyh zdu iuhtxhqf| h{lvwv1

Wkh zdu htxloleulxp ghprqvwudwhg lq Sursrvlwlrq 5 lv vkrzq lq Iljxuh 41 Wkh suredelolw|

ri xqdyrlgdeoh zdu/ �/ lv phdvxuhg rq wkh krul}rqwdo d{lv zkloh wkh vxsso| ri xqdyrlgdeoh

zdu/ �+�, lv phdvxuhg rq wkh yhuwlfdo d{lv1 Wkh htxloleulxp frqglwlrq/ h{suhvvlrq +54,/ lv

uhsuhvhqwhg e| wkh olqh gudzq wkurxjk wkh ruljlq/ zklfk kdv d vorsh ri rqh1 Li wkh h{shfwhg
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frvwv ri zdu duh vx�flhqwo| kljk +l1h1 s� lv odujh, wkhq g�@g� lv juhdwhu wkdq rqh zkhq

hydoxdwhg dv � $ 3 zklfk frxsohg zlwk wkh frqwlqxlw| ri wkh vxsso| vfkhgxoh surylghv wkh

pxowlsoh htxloleuld1 Wklv lv ghprqvwudwhg e| wkh vxsso| ri zdu vfkhgxoh odehohg ��+�,1 E|

frqwudvw/ li wkh frvw ri zdu lv qrw kljk hqrxjk/ wkhq wkh vxsso| ri zdu vfkhgxoh idoov ehorz

wkh htxloleulxp vfkhgxoh dv ghprqvwudwhg zlwk �f+�,1 Wkhq/ Ndqw*v lghdolvwlf htxloleulxp

lv wkh xqltxh htxloleulxp1

Wkh suhfhglqj dqdo|vlv lv suhglfdwhg rq ghprfudwlf ohdghuv ehlqj txlwh vho�vk1 Qh{w/

zh h{dplqh wkh srvvlelolw| ri pxowlsoh htxloleuld lq fdvh ohdghuv duh sduwldoo| ehqhyrohqw1

Dvvxph wkdw wkh pxowlsolflw| frqglwlrq +55, lv vdwlv�hg/ vr wkdw li � A � wkh srvlwlyh zdu

htxloleulxp lv nqrzq wr h{lvw1 Wkhq=

Sursrvlwlrq 6 +Sduwldo Ehqhyrohqfh, Wkhuh h{lvwv � ? � vxfk wkdw pxowlsoh zdu htxl0

oleuld h{lvw rqo| li � � �1 Ixuwkhu/ iru vrph � 5 ^�> �, pxowlsoh htxloleuld zlwk srvlwlyh zdu

iuhtxhqf| h{lvw1

Iljxuh 5 suhvhqwv wkh hvvhqwldo hohphqwv ri wkh prgho*v htxloleuld zkhq � ? � dqg wkh

h{shfwhg frvwv ri zdu duh vwloo kljk hqrxjk vxfk wkdw g�@g� A 4 iru vrph �1 Wkh yduldeohv

rq erwk d{hv duh wkh vdph dv wkrvh lq Iljxuh 4 dqg wkh htxloleulxp frqglwlrq lv xqfkdqjhg1

Wkhuh duh wzr lpsruwdqw fdvhv wr frqvlghu zkhq � ? �1 Wkh �uvw lv wkh fdvh zkhuh � ? � ? �1

Dv � ? � lpsolhv wkdw �W A � wklv phdqv wkdw iru dq| ohyho ri � ihzhu jryhuqphqwv zloo

eh whpswhg wr vhhn rxw frq�lfw dqg wkhuh zloo eh d uhgxfhg vxsso| ri zdu1 Wkdw lv/ wkh

vxsso| ri zdu vfkhgxoh idoov hyhu|zkhuh ehorz wkh rqh fruuhvsrqglqj wr wkh vho�vkqhvv fdvh/

� � �1 Ixuwkhupruh/ iru d udqjh ri � lq wkh qhljkerukrrg ri � @ 3/ wkh vxsso| ri dyrlgdeoh

zdu zloo uhpdlq }hur1 Wklv lv gxh wr wkh ehqhyrohqfh ri lqfxpehqw ohdghuv1 Zkhq � lv

yhu| vpdoo/ ehqhyrohqw ohdghuv uhfrjql}h wkdw wkh zhoiduh frvw ri zdu lv wrr odujh uhodwlyh

wr wkh ehqh�w ri ghprqvwudwlqj d srwhqwldoo| vxshulru zdu kdqgolqj delolw|1 Khqfh wkh|

gr qrw lqlwldwh dyrlgdeoh zduv1 Wkh lqirupdwlrq ydoxh ri zdu lqfuhdvhv zlwk �/ krzhyhu/

dqg iru vx�flhqwo| kljk ydoxhv wkh ehqh�w ri nqrzlqj � ehfrphv odujh hqrxjk iru ohdghuv

wr eh whpswhg wr lqlwldwh vxfk zduv1 Wkh uhvxow lv looxvwudwhg lq Iljxuh 5 dv wkh vxsso|

vfkhgxoh �2+�,1 Frpsduhg wr ��+�,/ wkh sduwldo ehqhyrohqfh fdvh ri � ? � ? � h{klelwv

wkuhh vwhdg| vwdwhv1 Zlwk juhdwhu ehqhyrohqfh/ � ? �/ wkh vxsso| ri zdu gursv ixuwkhu dqg
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wkh pxowlsolflw| hyhqwxdoo| ydqlvkhv/ dv looxvwudwhg zlwk wkh vxsso| vfkhgxoh ��+�,1�D

��2 5|@M�*�|)

Zh qrz wxuq rxu dwwhqwlrq wr wkh vwdelolw| surshuwlhv ri wkh zdu htxloleuld h{dplqhg deryh1

Ohw a� eh dq htxloleulxp1 Wr h{dplqh wkh orfdo vwdelolw| ri dq htxloleulxp a�/ lw vx�fhv wr

lqyhvwljdwh zkhwkhu wkh vxsso| ri zdu iuhtxhqf| zloo whqg wr uhvwruh wkh htxloleulxp li wkh

dfwxdo iuhtxhqf| ri zdu revhuyhg lq wkh prvw uhfhqw shulrg dv zhoo dv wkh h{shfwhg iuhtxhqf|

ri zdu lq ixwxuh shulrgv duh frqyhujh wr wkh vwhdg| vwdwh a�1�S

Rxu �uvw vwdelolw| uhvxow frqfhuqv wkh htxloleuld ghvfulehg lq Sursrvlwlrq 5 zklfk rewdlq

lq wkh vho�vk ohdghu fdvh/ � A �1

Sursrvlwlrq 7 +Lqvwdelolw| ri Shdfh zlwk Vho�vkqhvv, Li � A � dqg wkh pxowlsolflw|

frqglwlrq +55, lv vdwlv�hg/ wkh Ndqw htxloleulxp lv xqvwdeoh1

Wkdw lv/ zlwk vx�flhqwo| vho�vk ohdghuv/ wkh h{lvwhqfh ri wkh srvlwlyh zdu iuhtxhqf| htxl0

oleuld ghvfulehg lq Sursrvlwlrq 5 lpsolhv wkdw wkh lghdolvwlf htxloleulxp lv xqvwdeoh1 Wklv

vwduwolqj uhvxow iroorzv gluhfwo| iurp wkh revhuydwlrq wkdw wkh pxowlsolflw| frqglwlrq zh hp0

sor| lq Sursrvlwlrq 5 lv frpsohphqwdu| wr wkh frqglwlrq iru vwdelolw| iru wkh shushwxdo

shdfh htxloleulxp1 Khqfh zkhq � A � dqg wkh pxowlsolflw| frqglwlrq krogv/ wkh Ndqw htxl0

oleulxp lv xqvwdeoh$ Zh qrz wxuq wr wkh fdvh ri pxowlsoh htxloleuld zlwk sduwldo ehqhyrohqfh/

� ? � ? �1

Sursrvlwlrq 8 +Vwdelolw| ri Shdfh zlwk Sduwldo Ehqhyrohqfh, Li � ? � ? � wkhq

erwk wkh Ndqw htxloleulxp dqg d srvlwlyh zdu htxloleulxp duh vwdeoh1

Uhwxuqlqj wr Iljxuh 5/ uhfdoo wkdw zlwk sduwldo ehqhyrohqfh wkhuh duh pxowlsoh htxloleuld

zlwk srvlwlyh zdu iuhtxhqf| lq dgglwlrq wr wkh lghdolvwlf2Ndqw htxloleulxp1 Dv wkh vxsso|

ri zdu lv frqwlqxrxv lq � dqg vlqfh �+4, ? 4/ wkh odujhvw a� pxvw eh vxfk wkdw _jE	k�
_k

? 41

Ixuwkhupruh/ vlqfh �+�, @ 3 iru d qhljkerukrrg qhdu wkh ruljlq/ � @ 3 lv dovr orfdoo| vwdeoh1

�DA�ihi �t @*tLc Lu UL�htic |�i !?�ui�i_}i U@ti 4 ' 4� A�i? jEk� �t |@?}i?| |L |�i i^��*�Mh��4c uLh tL4i
	k : fc �? ���U� U@ti |�ihi @hi ��t| |�L i^��*�Mh�@c k ' f @?_ k ' 	k� �*tLc �i _L ?L| it|@M*�t� |�@| |�i
4�*|�T*�U�|) LM|@�?t uLh @** 4 M E4c 4�� �Ltt�M*)c 4�*|�T*�U�|) LM|@�?t �? _�tUL??iU|i_ �?|ih�@*t �? E4c 4��

�SA�@| �tc L�h ?L|�L? Lu t|@M�*�|) �t |�@| Lu @t)4T|L|�U t|@M�*�|)� 5ii ì�M�** E�bbD� uLh @ _�tU�tt�L?�

49



Dffruglqjo|/ lq d zruog srsxodwhg vroho| e| ghprfudflhv/ rqh vwdeoh rxwfrph lv vxfk wkdw

shushwxdo shdfh suhydlov lq htxloleulxp1 Krzhyhu/ wkhuh duh dovr rwkhu vwdeoh rxwfrphv

zkhuh shdfh grhv qrw suhydlo1

e �TThLTh�@|��i @̀ht @?_ �L?�#i4LUh@|�U +i}�4it

Wkh sulru vhfwlrq lqyhvwljdwhg wkh vljqdolqj uroh ri glyhuvlrqdu| zduv lq d zruog srsxodwhg

zlwk mxvw ghprfudflhv1 Dowkrxjk wklv lv dq lpsruwdqw olplwlqj fdvh/ lw lv dovr ri lqwhuhvw

wr h{dplqh wkh htxloleulxp iuhtxhqflhv ri zdu wkdw doorz iru wzr dgglwlrqdo hohphqwv ri

uhdolvp1 Iluvw/ lq dgglwlrq wr wkh suhvhqfh ri wkh glyhuvlrqdu| frq�lfw zh h{dplqhg wkxv idu/

dqg zklfk duh qhyhu ehqh�fldo iru wkh flwl}hqv ri d ghprfudf|/ wkhuh pd| h{lvw rwkhu zduv

wkdw duh dssursuldwlyh lq qdwxuh dqg srwhqwldoo| zhoiduh lpsurylqj1 Vhfrqg/ wkh zruog lv qrw

srsxodwhg vroho| e| ghprfudwlf jryhuqphqwv dqg wkhuh h{lvw qrq0ghprfudwlf jryhuqphqwv

zkrvh prwlydwlrq iru hqjdjlqj lq frq�lfw pd| qrw eh gulyhq e| glyhuwlqj dwwhqwlrq dzd|

iurp d srru hfrqrp|1 Ehorz zh frqvlghu wkh uroh ri dssursuldwlyh zduv dqg qrq0ghprfudwlf

jryhuqphqwv lq wkh ghwhuplqdwlrq ri wkh zruog zlgh iuhtxhqf| ri zdu1

e�� �TThLTh�@|��i @̀ht @?_ #i4LUh@U)

Wr lqwurgxfh wkh uroh ri dssursuldwlyh zduv/ zh dvvxph wkdw wkhuh duh rffdvlrqv zkhq d

jryhuqphqw�lqghshqghqw ri uhjlph�lv suhvhqwhg zlwk dq dwwudfwlyh rssruwxqlw| iru vwduw0

lqj dq dssursuldwlyh frq�lfw1 Zlwk suredelolw| #/ lq hyhu| shulrg/ wkh ohdghu ri d vwdwh

uhdol}hv dq rssruwxqlw| iru vxfk dq dssursuldwlyh zdu1 Wkhvh frq�lfwv gl�hu iurp wkh rqhv

zh h{dplqhg wkxv idu lq wkdw wkh| suhvhqw dq dgglwlrqdo qhw ehqh�w wr wkh vwdwh htxdo wr �

shu0shuvrq1

Wkxv/ li wkh ohdghu hqjdjhv lq vxfk d zdu/ wkh frqvxpswlrq ri hdfk lqglylgxdo flwl}hq

iru wkdw shulrg fkdqjhv iurp +4, wr f| @ �| . �| . �1 Iru vlpsolflw|/ zh dvvxph wkdw

wkh suredelolw| ri ehlqj suhvhqwhg zlwk dq rssruwxqlw| iru dq dssursuldwlyh frq�lfw/ #/ lv

lqghshqghqw ryhu wlph/ ohdghu fkdudfwhulvwlfv/ ohdghuv dqg frxqwulhv1 Ixuwkhu/ wkh suhvhqfh

ri vxfk rssruwxqlwlhv lv shuihfwo| fohdu wr erwk ohdghuv dqg flwl}hqv/ dqg wkh dssursuldwlrq

ehqh�wv/ �/ nqrzq1
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Wkh uhohydqw txhvwlrq iru rxu sxusrvhv lv xqghu zkdw flufxpvwdqfhv d ghprfudwlf ohdghu

zrxog vhl}h dq dssursuldwlyh zdu rssruwxqlw|1 Wkh dqvzhu ghshqgv fulwlfdoo| rq wkh vl}h ri

� dqg fdq eh hdvlo| fodvvl�hg lq wzr fdvhv1 Rqh fdvh rewdlqv li wkh vsrlov iurp dssursuldwlyh

zduv duh vr odujh wkdw lw zrxog pdnh vxfk frq�lfwv ehqh�fldo hyhq iru vwdwhv zkrvh ohdghuv

duh qrw suryhq wr eh frpshwhqw dw zdu1 Wklv fdvh lv qrw lqwhuhvwlqj iurp wkh shuvshfwlyh

ri zkhwkhu Ndqw*v shushwxdo shdfh fdq eh vxssruwhg lq htxloleulxp1 E| dvvxplqj wkh

suhvhqfh ri zhoiduh lpsurylqj zduv wklv vfhqdulr jhqhudwhv d srvlwlyh iuhtxhqf| ri zdu lq

htxloleulxp uhjdugohvv ri dq| rwkhu frqglwlrqv/ zklfk zrxog qhfhvvdulo| uxoh rxw Ndqw*v

shushwxdo shdfh1�.

Wkh vhfrqg fdvh rewdlqv li dssursuldwlyh zdu lv ehqh�fldo rqo| li wkh vwdwh lv ohg wr zdu

e| d ghprfudwlf ohdghu zlwk ghprqvwudwhg zdu kdqgolqj frpshwhqfh1 Zh frqfhqwudwh rxu

dwwhqwlrq wr wklv fdvh1 Fohduo|/ li d ohdghu nqrzv wkdw klv zdu kdqgolqj fkdudfwhulvwlf lv

� @ 3 lw zloo eh wr wkh ehqh�w ri wkh vwdwh wr hqjdjh lq vxfk d frq�lfw1 Wkxv/ dssursuldwlyh

frq�lfwv zloo eh lqlwldwhg e| ohdghuv zkr duh suhvhqwhg zlwk vxfk dq rssruwxqlw| diwhu wkh|

kdyh douhdg| ehhq hqjdjhg lq d frq�lfw wkdw uhyhdohg wkhlu vxshulru zdu kdqgolqj vnloov1 Wkh

ryhudoo iuhtxhqf| zlwk zklfk d ghprfudwlf vwdwh zloo frqwulexwh wr wkh vxsso| ri zdu lq wklv

fdvh lv wkhq=

�(+�, @ �+�,!+�, . #}+�, +56,

zkhuh }+�, � 3 lv wkh iuhtxhqf| ri ohdghuv zkr duh fxuuhqwo| vhuylqj wkhlu vhfrqg whup/

dqg kdyh zdu h{shulhqfh iurp wkhlu �uvw whup zklfk uhyhdohg d jrrg zdu kdqgolqj delolw|1

Khuh/ ri frxuvh/ wkh �uvw whup rq wkh uljkw kdqg vlgh ri htxdwlrq +56, frqwlqxhv wr ghvfuleh

wkh glyhuvlrqdu| prwlyh dv lq htxdwlrq +4<,1 Wkh vhfrqg whup lv htxdo wr wkh dgglwlrqdo

vxsso| gxh wr dssursuldwlyh zduv dqg kdv d qxpehu ri lqwhuhvwlqj ihdwxuhv1 Li � @ 3/ wkhq

wkh vxsso| ri dssursuldwlyh zdu lv dovr }hur/ }+3, @ 31 Uhfdoo wkdw xqohvv d vwdwh hqjdjhv lq

d frq�lfw/ lwv ohdghu fdqqrw dvfhuwdlq klv zdu kdqgolqj delolwlhv1 Wkxv/ xqohvv vrph ohdghuv
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duh hqjdjhg lq xqdyrlgdeoh frq�lfwv gxulqj wkhlu �uvw whup/ qr ohdghuv zloo kdyh wkh zdu

h{shulhqfh wkdw pljkw ohdg wkhp lqwr dssursuldwlyh frq�lfwv gxulqj wkhlu vhfrqg whupv1 Rq

wkh rwkhu kdqg/ li � A 3/ vrph ohdghuv zloo glvfryhu wkhlu vxshulru kdqgolqj vnloov gxulqj

wkhlu �uvw whup dqg vxevhtxhqwo| wdnh dgydqwdjh ri wkh dssursuldwlyh rssruwxqlwlhv wkh|

pljkw eh suhvhqwhg zlwk lq wkhlu vhfrqg whup1 Wkxv/ iru � A 3/ dssursuldwlyh zdu vxsso|

e| ghprfudflhv lv srvlwlyh1 Krzhyhu/ wkh vxsso| ri dssursuldwlyh zdu iru ghprfudflhv lv

dozd|v vwulfwo| ohvv wkdq #> uhjdugohvv ri �1 Wklv fdq eh vhhq e| qrwlqj wkh iroorzlqj1 Iluvw/

ihzhu wkdq kdoi ri doo ohdghuv duh lq wkhlu vhfrqg whup lq dq| shulrg1 Vhfrqg/ ri wkhvh vhfrqg

whup ohdghuv/ qrw doo zloo kdyh sulru zdu h{shulhqfh/ ohw dorqh rqh wkdw uhyhdohg d jrrg zdu

kdqgolqj delolw|1

D judsklfdo looxvwudwlrq ri wkh vxsso| ri zdu lq wkh suhvhqfh ri dq dssursuldwlrq prwlyh

lv vkrzq lq Iljxuh 61 Hvvhqwldoo|/ dssursuldwlyh frq�lfwv urwdwh wkh vxsso| vfkhgxoh ri zdu

lq d ghprfudwlf zruog frxqwhuforfnzlvh iurp wkh vxsso| vfkhgxoh �� zkhq # @ 3 wr wkh qhz

vfkhgxoh �e zkhq # A 3= Lw lv zruwk qrwlqj wkdw hyhq wkrxjk wkh dssursuldwlyh prwlyh zh

lqwurgxfh lv qrw vwurqj hqrxjk wr holplqdwh wkh Ndqw htxloleulxp/ lwv suhvhqfh uh0hqirufhv

wkh srvvlelolw| wkdw srvlwlyh zdu htxloleuld zloo h{lvw1

e�2 �L?�#i4LUh@|�U +i}�4it

Qh{w/ zh frqvlghu wkh iuhtxhqf| ri zdu xqghu qrq0ghprfudwlf uhjlphv lq rughu wr surylgh

vrph frpsdulvrqv zlwk rxu ghprfudwlf zruog ehqfkpdun1 Wr nhhs wkh dqdo|vlv vlpsoh/

zh dvvxph wkdw qrq0ghprfudwlf jryhuqphqwv idfh d frqvwdqw suredelolw| ri uhpdlqlqj lq

r�fh dq dgglwlrqdo shulrg/ lqghshqghqw ri wkhlu hfrqrplf dqg zdu kdqgolqj delolwlhv1 Wklv

lpsolhv wkdw/ qrq0ghprfudwlf ohdghuv zloo kdyh qr lqfhqwlyh wr dqg wkhuhiruh zloo qrw hqjdjh

lq glyhuvlrqdu| zduv vxfk dv wkh dyrlgdeoh frq�lfwv vrph ghprfudwlf ohdghuv pd| hqjdjh lq wr

lqfuhdvh wkh suredelolw| ri wkhlu srolwlfdo vxuylydo1 Jhosl +4<<:, surylghv vxssruwlqj hylghqfh

iru wklv fodlp1 Kh �qgv wkdw/ lq idfw/ ghprfudflhv duh pruh surqh wr xvh glyhuvlrqdu|

lqwhuqdwlrqdo xvhv ri irufh wr h{whuqdol}h grphvwlf frq�lfw dv frpsduhg wr dxwkrulwduldq

uhjlphv1 Lq frqwudvw/ kh dujxhv wkdw dxwkrulwduldq uhjlphv whqg qrw wr h{whuqdol}h wkhlu

grphvwlf srolwlfdo sureohpv exw udwkhu gluhfwo| vxssuhvv grphvwlf glvfrqwhqw yld wkh plolwdu|1

Lq dgglwlrq/ Exhqr gh Phvtxlwd/ Pruurz/ Vlyhuvrq dqg Vplwk +4<<;d, dovr �qg wkdw wkh
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ohqjwk ri r�fh kroglqj dqg wkh lq�xhqfh ri dgyhuvh hfrqrplf frqglwlrqv duh hpslulfdoo|

txlwh gl�huhqw ehwzhhq ghprfudwlf dqg qrq0ghprfudwlf uhjlphv1 Iluvw/ wkh| uhsruw wkdw

ryhu wkh sdvw 533 |hduv wkh dyhudjh gxudwlrq ri r�fh0kroglqj e| dq dxwrfudw lv 531: |hduv/

zkloh wkdw iru ghprfudwlf ohdghuv lv 81: |hduv1 Vhfrqg/ dqg pruh fhqwudo/ wkh| �qg wkdw

dowkrxjk dq hfrqrplf frqwudfwlrq lqfuhdvhv e| 83( wkh ulvn wkdw d ghprfudwlf ohdghu zloo

eh uhpryhg iurp r�fh/ lw dfwxdoo| uhgxfhv wkh ulvn wkdw d qrq0ghprfudwlf ohdghu zloo eh

wxuqhg rxw ri r�fh1�H Wkhuhiruh/ wkh hylghqfh vxjjhvwv wkdw qrq0ghprfudwlf uhjlphv kdyh

olwwoh prwlydwlrq wr frqwulexwh gluhfwo| wr wkh vxsso| ri glyhuvlrqdu| frq�lfwv1

Qrq0ghprfudflhv/ krzhyhu/ duh qrw edvkixo dw hqjdjlqj lq dssursuldwlyh frq�lfwv1 Lq

idfw/ d ixqgdphqwdo gl�huhqfh ehwzhhq ghprfudflhv dqg qrq0ghprfudflhv riwhq hqwdlov wkh

zd| lq zklfk wkh qhw ehqh�wv iurp dssursuldwlyh frq�lfw duh vkduhg ehwzhhq ohdghuv dqg

flwl}hqv1 Lqghhg/ wklv gl�huhqfh zdv qrwhg e| Ndqw dv txlwh lpsruwdqw iru xqghuvwdqglqj

zk| shushwxdo shdfh fdqqrw pdwhuldol}h lq d qrq0ghprfudwlf zruog1

Exw xqghu d frqvwlwxwlrq zkhuh wkh vxemhfw lv qrw d flwl}hq/ dqg zklfk lv wkhuhiruh

qrw uhsxeolfdq/ lw lv wkh vlpsohvw wklqj lq wkh zruog wr jr wr zdu1 Iru wkh khdg

ri vwdwh lv qrw d ihoorz flwl}hq/ exw wkh rzqhu ri wkh vwdwh/ dqg d zdu zloo qrw

irufh klp wr pdnh wkh voljkwhvw vdful�fh vr idu dv klv edqtxhwv/ kxqwv/ sohdvxuh

sdodfhv dqg frxuw ihvwlydov duh frqfhuqhg1 Ndqw +4:<8/ 4<<4,/ s1 4341

Wr fdswxuh wklv dv|pphwu| lq d vlpsoh pdqqhu zh dvvxph wkdw wkh ohdghu +dqg suhvxpdeo|

wkh uxolqj holwh wkdw pdlqwdlqv klv srzhu edvh, xvxusv wkh ehqh�wv ri dssursuldwlyh zduv �/

exw grhv qrw lqfxu wkh frvwv �/ zklfk duh eruqh e| wkh shrsoh ri wkh vwdwh1 Xqghu wkhvh

vlpsoli|lqj dvvxpswlrqv lw ehfrphv hylghqw wkdw d qrq0ghprfudf| zloo vwduw d zdu zkhqhyhu

lwv ohdghu lv suhvhqwhg zlwk dq dssursuldwlyh rssruwxqlw|1 Wkdw lv wkh vxsso| ri zdu e| d

qrq0ghprfudf| rq dyhudjh lv= �� @ #1 Iurp wklv/ lw lv hylghqw wkdw li doo frxqwulhv zhuh

qrq0ghprfudflhv wkhq wkh htxloleulxp iuhtxhqf| ri zdu zrxog eh h{dfwo| #1
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Qrwh wkdw wkh xqghuo|lqj qhw ehqh�w wr wkh frxqwu| iurp dq dssursuldwlyh frq�lfw/ �/

lv wkh vdph uhjdugohvv ri uhjlph w|sh1 Krzhyhu/ wkh glvwulexwlrq zlwklq d frxqwu| ri wkh

ehqh�wv dqg frvwv ri dssursuldwlyh zdu ghshqg rq uhjlph w|sh1 Lpsruwdqwo|/ wklv dv|pphwu|

zloo d�hfw wkh surshqvlw| zlwk zklfk wkh wzr w|shv ri uhjlphv vwduw dssursuldwlyh frq�lfwv1

Vlqfh doo qrq0ghprfudwlf ohdghuv zloo vhl}h wkh rssruwxqlw| wr vwduw dq dssursuldwlyh frq�lfw

dqg qrw doo ghprfudwlf ohdghuv zloo/ wkh vxsso| ri dssursuldwlyh frq�lfwv zloo dozd|v eh

juhdwhu iru qrq0ghprfudwlf uhjlphv wkdq iru ghprfudwlf rqhv1

e�� �i@Ui �? � �Lhi #i4LUh@|�U L̀h*_q

D uhpdlqlqj txhvwlrq ri lqwhuhvw lv zkhwkhu lq d zruog srsxodwhg e| erwk ghprfudflhv dqg

qrq0ghprfudflhv/ wkh iuhtxhqf| ri zdu zloo eh vpdoohu zkhq wkh iudfwlrq ri ghprfudflhv lv

odujhu1 Li erwk ghprfudwlf dqg qrq0ghprfudwlf vwdwhv fr0h{lvw zlwk iudfwlrqv � dqg 4 � �/

uhvshfwlyho|/ wkhq wkh wrwdo zruog vxsso| ri zdu lv=

�` +�, @ ��(+�, . +4� �,�� +57,

zkhuh �(+�, lv suhvhqwhg lq htxdwlrq +56, dqg �� @ #1

Wr xqghuvwdqg zkhwkhu d pruh ghprfudwlf zruog lv pruh shdfhixo/ zh zloo djdlq frqfhq0

wudwh rxu dwwhqwlrq wr wkh fdvh ri vho�vk ghprfudwlf ohdghuv/ � A �/ zkhq wkh srvlwlyh zdu

htxloleulxp h{lvwv li wkh zruog lv frpsohwho| ghprfudwlf1 Wkhq/ zkhq � @ 4 wkh vxsso| ri

zdu lv �e/ dv vkrzq lq Iljxuh 6/ zklfk lv qrz uhgudzq dv �( lq Iljxuh 71 Li doo frxqwulhv duh

ghprfudwlf zh kdyh/ ri frxuvh/ wkh Ndqw htxloleulxp dqg dovr wkh srvlwlyh zdu htxloleulxp

zlwk iuhtxhqf| ri zdu htxdo wr ��(1 Li doo frxqwulhv duh qrq0ghprfudwlf/ wkh vxsso| ri zdu

lv �� @ #1 Vlqfh wkh joredo vxsso| ri zdu lv d zhljkwhg dyhudjh ri wkh wzr/ wkh nh| iru gh0

whuplqlqj zkhwkhu wkh joredo iuhtxhqf| ri zdu idoov ru ulvhv zlwk lqfuhdvhg ghprfudwl}dwlrq

ghshqgv rq zkhwkhu ��( lv juhdwhu ru vpdoohu wkdq #1 Ghshqglqj rq wkh uhodwlyh surshqvlw|

iru glyhuvlrqdu| zduv dqg dssursuldwlyh rssruwxqlwlhv/ erwk fdvhv duh srvvleoh lq rxu prgho1

Wr vhh wklv/ frqvlghu wkh wzr olplwlqj fdvhv iru wkh iuhtxhqf| ri dssursuldwlyh rssru0

wxqlwlhv/ #1 Dv # $ 3/ wkh glyhuvlrqdu| prwlyh iru ghprfudflhv ehfrphv wkh rqo| vrxufh

ri frq�lfw vr vxuho| lqfuhdvhg ghprfudwl}dwlrq udlvhv wkh iuhtxhqf| ri zdu1 Rq wkh rwkhu
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kdqg/ vlqfh qrw doo ghprfudwlf ohdghuv lqlwldwh zdu zkhq suhvhqwhg zlwk dq dssursuldwlyh

rssruwxqlw| zkhuhdv doo qrq0ghprfudwlf ohdghuv gr/ li # zhuh wr dssurdfk rqh wkh vxsso| ri

dssursuldwlyh frq�lfw e| qrq0ghprfudflhv zrxog ehfrph wkh grplqdqw vrxufh ri zdu1 Wkxv/

jlyhq rwkhu sdudphwhuv lq wkh prgho/ li # lv vx�flhqwo| odujh zh zloo kdyh Fdvh L= # A ��(/

zkhuhdv li # lv vx�flhqwo| vpdoo zh zloo kdyh Fdvh LL= # ? ��(/

Lq Iljxuh 7/ zh looxvwudwh wkh joredo htxloleulxp iru Fdvh L/ # A ��(1 Lq wklv fdvh/ d

frpsohwho| qrq0ghprfudwlf zruog/ � @ 3/ zloo kdyh wkh kljkhvw iuhtxhqf| ri zdu/ vkrzq dv

srlqw Q lq wkh �jxuh1 Zlwk � 5 +3> 4, wkh joredo zdu vxsso|/ vkrzq dv �` zloo idoo ehwzhhq

�� dqg �( zlwk wkh htxloleulxp vkrzq dv srlqw Z1 Lq wklv fdvh/ lqfuhdvhg ghprfudwl}dwlrq

zloo lqghhg uhgxfh wkh htxloleulxp iuhtxhqf| ri frq�lfw1 Lq Fdvh LL/ krzhyhu/ zlwk # ? ��(/

wklv zrxog qrw rewdlq1 Dq dgglwlrqdo qrwhzruwk| ihdwxuh wkdw rewdlqv lq erwk fdvhv lv wkdw

lq d sduwldoo| ghprfudwlf zruog/ shushwxdo shdfh lv qrw dq htxloleulxp/ d fkdudfwhulvwlf

zklfk dffrugv zhoo zlwk klvwrulfdo revhuydwlrq1 Rqo| lq wkh olplw/ dv � @ 4/ grhv wkh Ndqw

htxloleulxp h{lvw1�b

D �Lh4t @?_ W?t|�|�|�L?t

Wkh prgho kdv vr idu hvwdeolvkhg wkh h{lvwhqfh dqg vwdelolw| ri htxloleuld fkdudfwhul}hg

e| shushwxdo shdfh dqg wkrvh zlwk d srvlwlyh iuhtxhqf| ri zdu1 Zkloh wkhvh uhvxowv duh

khosixo wr xqghuvwdqg wkh g|qdplfv dqg lqfhqwlyhv iru yrwhuv dqg ohdghuv zlwklq lqglylgxdo

frxqwulhv dv zhoo dv lq wkh djjuhjdwh/ rwkhu idfwruv pd| dovr lq�xhqfh wkh vhohfwlrq ri wkh

Ndqw htxloleulxp lq wkh prgho�surylghg pxowlsoh htxloleuld h{lvw1 Ehorz zh frqvlghu wkh

lpsdfw ri qrupv dqg lqvwlwxwlrqv rq wkh prgho*v htxloleuld12f

Dv srlqwhg wr lq Sursrvlwlrq 7/ zkhq ohdghuv duh vho�vk wkhq wkh qr zdu htxloleulxp

lv xqvwdeoh1 Wklv vwdelolw| uhvxow/ krzhyhu/ lv edvhg rq d v|vwhp ri udwlrqdo h{shfwdwlrqv

zkhuhe| yrwhuv dqg ohdghuv fdq �h{leo| dowhu wkhlu h{shfwdwlrqv derxw wkh suredelolw| ri

frq�lfw1 Dvvxph wkdw wkh zruog ehjlqv dw wklv lghdolvwlf2Ndqw htxloleulxp dqg wkdw wkh
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qrup lv wkdw shdfh lv wr suhydlo shushwxdoo|1 Khuh zh frqvlghu d qrup dv ehlqj d uljlg ru

vwlfn| h{shfwdwlrq uhjduglqj zruog ehkdylru zklfk zrxog qrw lpphgldwho| fkdqjh lq oljkw

ri xqh{shfwhg exw wudqvlhqw hyhqwv1 Li frxqwulhv zhuh wkhq wr revhuyh d rqh0wlph lqflghqw

ri zdu/ d qrup uhjduglqj wkh shdfhixo uhvroxwlrq ri glvsxwhv zrxog surylgh d fr0ruglqdwlrq

ghylfh vxfk wkdw li doo wkh frxqwulhv eholhyhg wkdw lw zdv d rqh0wlph lqflghqw dqg frqwlqxhg

wr eholhyh wkdw wkh ixwxuh suredelolw| ri zdu zdv }hur/ wkhq wkh lghdolvwlf2Ndqw htxloleulxp

frxog vwloo frqwlqxh wr eh vxssruwhg1 Wkxv/ li ghprfudwlf frxqwulhv dgrsw d qrup wkdw

glvsxwhv zloo eh vroyhg zlwkrxw uhvruw wr ylrohqfh/ wkhq wkhvh udwkhu lq�h{leoh h{shfwdwlrqv

pd| surylgh wkh qhfhvvdu| vwdelolw| wr wkh clqvwdelolw|* ri wkh qr zdu htxloleulxp hvwdeolvkhg

lq Sursrvlwlrq 71

Dqrwkhu zd| wr vxvwdlq wkh ghprfudwlf shdfh zrxog eh wr dowhu wkh grphvwlf lqvwl0

wxwlrqdo iudphzrun xqghuo|lqj iruhljq srolf| ghflvlrqv vr dv wr lqyroyh yrwhuv gluhfwo| ~

qdpho|/ ghfhqwudol}h wkh ghflvlrq pdnlqj surfhvv iru zdu ghflvlrqv pruh dorqj wkh olqhv ri d

uhsxeolf12� Xqiruwxqdwho|/ wkh ixqgdphqwdo fkdudfwhu ri wkh iruhljq srolf| ghflvlrq pdnlqj

surfhvv pdnhv lw olnho| wkdw d uhsuhvhqwdwlyh ghprfudf| pd| eh doo wkdw zh fdq krsh iru

lq whupv ri grphvwlf lqvwlwxwlrqv1 Sulydwh lqirupdwlrq/ wkh frpsoh{lw| ri iruhljq srolf|

ghflvlrqv/ dqg wkh dgghg wlph odj lqyroyhg lq ghfhqwudol}hg ghflvlrqv +h1j1 yrwlqj rq vshfl�f

iruhljq srolf| lvvxhv, odujho| pdnh d uhsxeolf xqdwwdlqdeoh1

Krzhyhu/ zkloh dowhulqj grphvwlf lqvwlwxwlrqv pd| qrw eh d ihdvleoh zd| ri vxssruwlqj

dq lghdolvwlf2Ndqw htxloleulxp/ wkh fuhdwlrq ri lqvwlwxwlrqv ehwzhhq qdwlrqv lv pruh olnho|

wr eulqj derxw wkh Sduhwr rswlpdo htxloleulxp122 Pruh vshfl�fdoo|/ frqvlghu wkh h{lvwhqfh

ri d fuhgleoh lqvwlwxwlrq vxfk wkdw d iudfwlrq ri frxqwulhv/ �/ irup dq dooldqfh zlwk d wkuhdw

wr uhwdoldwh djdlqvw d frxqwu| zlwk fhuwdlqw| li dq| phpehu lv dwwdfnhg12� Wr ghprqvwudwh

wkdw lq d zruog zlwk mxvw ghprfudflhv d fuhgleoh dooldqfh lv h�hfwlyh lq vwrsslqj wkh wkuhdw

ri zduv iru phpehuv ri wkh dooldqfh iurp qrq0doolhg ghprfudwlf jryhuqphqw/ frqvlghu wkh
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iroorzlqj1 Li d ghprfudwlf ohdghu zkr vhhnv zdu dwwdfnv d frxqwu| lqvlgh wkh dooldqfh klv

suredelolw| ri zdu qh{w shulrg lv rqh/ zkhuhdv li kh dwwdfnv d frxqwu| rxwvlgh wkh dooldqfh

lw lv rqo| �1 Khqfh/ d zdu vhhnhu zloo qrw dwwdfn frdolwlrq frxqwulhv exw rqo| qrq0frdolwlrq

frxqwulhv vr wkdw li wkh dooldqfh lv fuhgleoh/ wkh suredelolw| ri zdu zloo eh }hur iru phpehuv1

Wkh revhuyhg lpsolfdwlrqv ri wklv irup ri dooldqfh zkhuh wkhuh duh lqvlghuv dqg rxwvlghuv

lv wkdw/ li wkh dooldqfh lv fuhgleoh/ wkh qr zdu htxloleulxp zloo suhydlo iru wkh phpehuv ri wkh

dooldqfh�dq rxwvlghu zrxog udwkhu dwwdfn dq rxwvlghu wkdq dq lqvlghu1 Iru frxqwulhv rxwvlgh

wkh dooldqfh/ krzhyhu/ wkhuh zloo eh qr fkdqjh lq wkh lqwhuqdwlrqdo hqylurqphqw dv wkhuh zloo

vwloo eh vhhnhu dqg dyrlghu vwdwhv lq wkh vdph uhodwlyh sursruwlrq dv zkhq zh frqvlghuhg wkh

hqwluh zruog zlwkrxw dooldqfhv1 Djjuhjdwlqj dfurvv lqvlghuv dqg rxwvlghuv/ wkh zruog zloo

kdyh d orzhu iuhtxhqf| ri zdu/ a�+4 � �,/ zlwk wkh dooldqfh yhuvxv a� zlwkrxw wkh dooldqfh1

Wkh uhgxfwlrq lq wkh iuhtxhqf| ri frq�lfw lv hqwluho| gxh wr wkh uhgxfwlrq ri frq�lfw iru

dooldqfh phpehuv12e Wkh lpsdfw ri dooldqfhv rq wkh surshqvlw| iru frq�lfw dovr krogv zkhq

wkhuh duh qrq0ghprfudflhv1 Li/ dv vxjjhvwhg e| Ndqw +4:<8/ 4<<4, dqg Wrftxhylooh +4;68/

4<;4, ghprfudflhv duh pruh lqfolqhg wr irup dqg mrlq dooldqfhv/ wkhq qrq0ghprfudflhv zloo

whqg wr hqjdjh lq dssursuldwlyh frq�lfwv rqo| zlwk hdfk rwkhu1

Wkh uhgxfhg iuhtxhqf| ri frq�lfw iru frxqwulhv zlwklq dq dooldqfh fdq qdwxudoo| ohdg wr

d vlwxdwlrq zkhuh doo frxqwulhv zrxog zdqw wr ehorqj wr d fuhgleoh frdolwlrq�vxfk dv kdv

ehhq dwwhpswhg wklv fhqwxu| zlwk wkh irupdwlrq ri wkh Ohdjxh ri Qdwlrqv dqg wkh Xqlwhg

Qdwlrqv1 Dq doo lqfoxvlyh rujdql}dwlrq zklfk fuhgleo| pdlqwdlqhg wkh vwdqgdug ri surwhfwlqj

lwv ghprfudwlf phpehuv zrxog djdlq eulqj wkh zruog wrzdugv wkh shushwxdo shdfh1 Ri frxuvh/

wkh pdlqwhqdqfh dqg ruljlqdwlrq ri wklv w|sh ri lqvwlwxwlrq zrxog uho| ixqgdphqwdoo| rq wkh

rujdql}dwlrq*v fuhglelolw|/ lwv lqfhqwlyh vwuxfwxuh wr uhgxfh iuhh ulglqj rq wkh sxeolf fuhdwlrq

ri shdfh/ hwf111 Wkhvh lvvxhv/ zkloh lpsruwdqw/ duh xqiruwxqdwho| eh|rqg wkh vfrsh ri wklv

sdshu12D

Ilqdoo|/ zkloh lqwhuqdwlrqdo lqvwlwxwlrqv wkdw hqfrxudjh wkh shdfhixo uhvroxwlrq ri glv0
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sxwhv pd| eulqj derxw wkh ghprfudwlf shdfh/ vr pd| lqwhuqdwlrqdo lqvwlwxwlrqv wkdw hpskd0

vl}h iuhh wudgh dqg hfrqrplf lqwhughshqghqfh ehwzhhq qdwlrqv1 Zkloh hfrqrplvwv gr qrw

w|slfdoo| olvw shdfh dv rqh ri wkh sulpdu| ehqh�wv ri wudgh/ wkh ydoxh ri hfrqrplf lqwhjudwlrq

lq wklv frqwh{w vkrxog qrw eh glvfrxqwhg1 Dv Nh|qhv +4<4<, srlqwhg rxw dw wkh forvh ri wkh

Iluvw Zruog Zdu/ _D Iuhh Wudgh Xqlrq/ frpsulvlqj wkh zkroh ri Fhqwudo/ Hdvwhuq/ dqg

Vrxwk0Hdvwhuq Hxursh/ Vlehuld/ Wxunh|/ dqg +L vkrxog krsh, wkh Xqlwhg Nlqjgrp/ Hj|sw

dqg Lqgld/ pljkw gr dv pxfk iru wkh shdfh dqg survshulw| ri wkh zruog dv wkh Ohdjxh ri

Qdwlrqv lwvhoi1% ^s157<`2S Hpslulfdo vxssruw iru wkh frpsrxqglqj h�hfw wkdw ghprfudf| dqg

hfrqrplf lqwhughshqghqfh kdyh rq uhgxflqj wkh suredelolw| ri frq�lfw dqg fulvhv ehwzhhq

qdwlrqv kdv ehhq uhfhqwo| ghprqvwudwhg lq Rqhdo hw do +4<<9, dqg Rqhdo dqg Uxvvhww +4<<:,1

S �L?U*�t�L?

Wklv sdshu suhvhqwv d jhqhudo htxloleulxp prgho ri frq�lfw edvhg rq d zruog srsxodwhg e|

uhsuhvhqwdwlyh ghprfudflhv1 Edvhg rq wkh udwlrqdo yrwhu/ sduwldo htxloleulxp dssurdfk gh0

yhorshg lq Khvv dqg Ruskdqlghv +4<<8,/ dq lqglylgxdo frxqwu| wdnhv dv jlyhq wkh suredelolw|

ri xqdyrlgdeoh frq�lfw1 Dq lqfxpehqw ohdghu pd| lqlwldwh dq dyrlgdeoh frq�lfw li grlqj vr

udwlrqdoo| glyhuwv wkh hohfwrudwh*v dwwhqwlrq iurp klv lqihulru grphvwlf kdqgolqj ri wkh hfrq0

rp| wrzdugv wkh srvvlelolw| wkdw kh pd| eh jrrg dw kdqgolqj iruhljq frq�lfw1 Dv d uhvxow/

ghprfudwlf vwdwhv pd| eh uhvsrqvleoh iru dw ohdvw vrph iruhljq frq�lfw1 Zh hqgrjhql}h wkh

suredelolw| wkdw d frxqwu| idfhv dq xqdyrlgdeoh frq�lfw dqg h{dplqh zkhwkhu zdu shuvlvwv

lq htxloleulxp1 Lq grlqj vr zh h{soruh wkh frqglwlrqv xqghu zklfk d zruog zlwk ghprfudflhv

zloo kdyh qr zdu/ wkh htxloleulxp dvvrfldwhg zlwk Ndqw*v shushwxdo shdfh k|srwkhvlv1

Wkh sdshu kdv irxu nh| �qglqjv1 Iluvw/ lq d zruog zlwk mxvw ghprfudflhv/ wkh lghdolv0

wlf2Ndqw htxloleulxp dozd|v h{lvwv1 Vlpso| sxw/ li d frxqwu| idfhv qr wkuhdw ri zdu wkhq

lwv yrwhuv gr qrw ydoxh zdu vnloov/ dqg li wklv zhuh wuxh iru doo frxqwulhv/ wkhq wkhuh lv qr

lqfhqwlyh iru d ohdghu wr vwduw d zhoiduh uhgxflqj zdu1 Vhfrqg/ li ghprfudwlf ohdghuv duh

vho�vk lq wkdw wkh| sodfh d kljk zhljkw rq jhwwlqj uhhohfwhg dqg zduv duh h{shfwhg wr eh
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frvwo|/ wkhq dgglwlrqdo htxloleuld zloo h{lvw zklfk kdyh srvlwlyh zdu iuhtxhqf|1 Wklug/ li

ghprfudwlf ohdghuv duh vho�vk wkhq wkh Ndqw htxloleulxp pd| zhoo eh xqvwdeoh lq zklfk fdvh

wkh survshfwv iru shdfh lq d ghprfudwlf zruog zrxog eh udwkhu glp1 Krzhyhu/ wr wkh h{whqw

ghprfudwlf ohdghuv duh dw ohdvw sduwldoo| ehqhyrohqw shushwxdo shdfh lv d vwdeoh htxloleulxp1

Irxuwk/ zh ghprqvwudwh wkdw d pruh ghprfudwlf zruog zloo qrw qhfhvvdulo| eh pruh shdfh0

ixo1 Wkh rxwfrph ghshqgv rq wkh uhodwlyh surshqvlw| iru ghprfudwlf frxqwulhv wr jhqhudwh

glyhuvlrqdu| zduv dqg wkh iuhtxhqf| zlwk zklfk dssursuldwlyh zdu rssruwxqlwlhv duh h{0

sorlwhg e| ghprfudwlf dqg qrq0ghprfudwlf ohdghuv1 Ixuwkhupruh/ zh �qg wkdw wkh qrupv

dvvrfldwhg zlwk wkh shdfhixo uhvroxwlrq ri glvsxwhv dqg wkh suhvhqfh ri fuhgleoh lqwhuqdwlrqdo

lqvwlwxwlrqv fdq kdyh dq lpsruwdqw lq�xhqfh lq wkh ryhudoo htxloleulxp dqg wkxv eh fuxfldo

idfwruv iru wkh vxvwdlqdelolw| ri shushwxdo shdfh1

Zkloh wklv sdshu kdv rqo| h{dplqhg frq�lfw ehwzhhq vwdwhv/ frq�lfw zlwklq vwdwhv pd|

eh lq�xhqfhg e| vlplodu idfwruv1 Jurvvpdq +4<<4, surylghv d jhqhudo htxloleulxp prgho

ri lqvxuuhfwlrqv zlwklq d frxqwu| wr zklfk idfwruv vxfk dv wkh rqhv zh kljkoljkw frxog eh

lqyhvwljdwhg1 Wklv dovr uhodwhv wr wkh qxpehu dqg vl}h ri vwdwhv zklfk lq rxu prgho zh

wdnh dv h{rjhqrxv1 Uhfhqwo|/ Dohvlqd dqg Vsrodruh +4<<8/4<<9, kdyh fuhdwhg dq hfrqrplf

prgho ri cvhfhvvlrq*1 Wzr �qglqjv ri wkhluv/ zklfk duh sduwlfxoduo| uhohydqw wr rxu zrun/

duh wkdw wkh surfhvv ri ghprfudwl}dwlrq fdq ohdg wr dq lqfuhdvh lq cvhfhvvlrqv* dqg wkdw d

ghfuhdvhg suredelolw| ri lqwhuqdwlrqdo frq�lfw dfwxdoo| lqfuhdvhv wkh qxpehu ri vhfhvvlrqv1

Zkloh Dohvlqd dqg Vsrodruh rqo| frqvlghu cghprfudwlf* vhfhvvlrqv/ wkhlu hpskdvlv rq wkh

hqgrjhqhlw| ri wkh vl}h ri vwdwhv lv sduwlfxoduo| lpsruwdqw dv qrw doo euhdn0xsv duh shdfhixo1

Wklv w|sh ri lqwudqdwlrqdo frq�lfw zrxog eh dq dgglwlrqdo dyhqxh wkdw zloo d�hfw wkh olnh0

olkrrg wkdw d zruog srsxodwhg e| mxvw ghprfudflhv fdq jhqhudwh d shushwxdo shdfh1 Zkloh

wkhvh dvshfwv ri frq�lfw duh qrw lqfrusrudwhg lqwr rxu prgho/ wkh| zrxog olnho| uhlqirufh wkh

olnholkrrg ri srvlwlyh zdu iuhtxhqf| htxloleuld1 Pdlqwdlqlqj d ghprfudwlf shushwxdo shdfh/

wkhq/ zloo eh prvw olnho| rqo| zlwk lqfuhdvhg lqwhuqdwlrqdo lqwhjudwlrq dqg fr0ruglqdwlrq1
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Dohvlqd/ Doehuwr dqg Hqulfr Vsrodruh/ _Rq wkh Qxpehu dqg Vl}h ri Qdwlrqv/% Qdwlrqdo

Exuhdx ri Hfrqrplf Uhvhdufk/ Zrunlqj Sdshu & 8383/ Pd| 4<<81

����/ _Lqwhuqdwlrqdo Frq�lfw/ Ghihqvh Vshqglqj dqg wkh Vl}h ri Frxqwulhv/% Qdwlrqdo

Exuhdx ri Hfrqrplf Uhvhdufk/ Zrunlqj Sdshu & 89<7/ Dxjxvw 4<<91

Exhqr gh Phvtxlwd/ Euxfh dqg Gdylg Odopdq/ Zdu dqg Uhdvrq/ \doh Xqlyhuvlw|

Suhvv/ Qhz Kdyhq/ FW/ 4<<51

Exhqr gh Phvtxlwd/ Euxfh/ Udqgrosk P1 Vlyhuvrq/ dqg Jdu| Zroohu/ _Zdu dqg

wkh Idwh ri Uhjlphv= D Frpsdudwlyh Dqdo|vlv/% Dphulfdq Srolwlfdo Vflhqfh Uhylhz/

4<<6/ ;9/ 96;09791

Exhqr gh Phvtxlwd/ Euxfh dqg Udqgrosk P1 Vlyhuvrq/ %Zdu dqg wkh Vxuylydo ri

Srolwlfdo Ohdghuv= D Frpsdudwlyh Vwxg| ri Uhjlph W|shv dqg Srolwlfdo Dffrxqwdelolw|/%

Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ 4<<8/ ;<+7,/ ;740;881

Exhqr gh Phvtxlwd/ Euxfh dqg Udqgrosk P1 Vlyhuvrq/ cH{sodlqlqj Ghprfudwlf Zdu

Ehkdylru/% 4<<:/ plphr1

Exhqr gh Phvtxlwd/ Euxfh/ Mdphv G1 Pruurz/ Udqgrosk P1 Vlyhuvrq dqg Dodv0

wdlu Vplwk/ cSrolf| Idloxuh dqg Srolwlfdo Vxuylydo= Wkh Frqwulexwlrq ri Srolwlfdo Lqvwl0

wxwlrqv/% 4<<;d/ plphr1

Exhqr gh Phvtxlwd/ Euxfh/ Mdphv G1 Pruurz/ Udqgrosk P1 Vlyhuvrq dqg Dodv0

wdlu Vplwk/ cHqgrjhqrxv Srolwlfdo Lqvwlwxwlrqv dqg wkh Vxuylydo ri Ohdghuv/% 4<<;e/

plphr1

Fxnlhupdq/ Doh{/ dqg Doodq K1 Phow}hu/ _D Srvlwlyh Wkhru| ri Glvfuhwlrqdu| Srolf|/

Wkh Frvw ri Ghprfudwlf Jryhuqphqw dqg wkh Ehqh�wv ri d Frqvwlwxwlrq/% Hfrqrplf

Lqtxlu|/ 4<;9/ 57/ 69:06;;1

GhUrxhq/ Nduo U1/ _Wkh Lqgluhfw Olqn= Srolwlfv/ wkh Hfrqrp|/ dqg wkh Xvh ri Irufh/%

Mrxuqdo ri Frq�lfw Uhvroxwlrq/ 4<<8/ 6</ 9:409<81

Grzqv/ Jhrujh Z1 dqg Gdylg P1 Urfnh/ _Frq�lfw/ Djhqf|/ dqg Jdpeolqj iru Uhv0

xuuhfwlrq= Wkh Sulqflsoh0Djhqw Prgho Jrhv wr Zdu/% Dphulfdq Mrxuqdo ri Srolwlfdo

Vflhqfh/ Pd| 4<<7/ 6;/ 69506;31

Gr|oh/ Plfkdho Z1/ _Olehudolvp dqg Zruog Srolwlfv/% Dphulfdq Srolwlfdo Vflhqfh Uhylhz/

Ghfhpehu 4<;9/ ;3/ 44840449<1

Ihogpdq/ Pdun dqg Fkulvwldq Jloohv/ _Dq H{srvlwru| Qrwh rq Lqglylgxdo Ulvn zlwkrxw

Djjuhjdwh Xqfhuwdlqw|/% Mrxuqdo ri Hfrqrplf Wkhru|/ 68+4,/ Iheuxdu| 4<;8/ 590651

Iruv|wkh1 Gdylg S1/ _Ghprfudf|/ Zdu/ dqg Fryhuw Dfwlrq/% Mrxuqdo ri Shdfh Uhvhdufk/
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5<+7,/ 4<<5/ 6;80<81

Iuhhgrp Krxvh/ Iuhhgrp lq wkh Zruog= Wkh Dqqxdo Vxuyh| ri Srolwlfdo Uljkwv dqg Flylo

Olehuwlhv/ ydulrxv lvvxhv/ Qhz \run/ Q\/ Iuhhgrp Krxvh1

Jdu�qnho/ Plfkhooh U1/ _Grphvwlf Srolwlfv dqg Lqwhuqdwlrqdo Frq�lfw/% Dphulfdq Hfr0

qrplf Uhylhz/ Ghfhpehu 4<<7/ ;7/ 45<70463<1

Jdu�qnho/ Plfkhooh U1 dqg Vwhujlrv Vndshugdv/ _Lqwurgxfwlrq= Frq�lfw dqg Ds0

sursuldwlrq dv Hfrqrplf Dfwlylwlhv/% lq Plfkhooh U1 Jdu�qnho dqg Vwhujlrv Vndshugdv

+hgv1,/ Wkh Srolwlfdo Hfrqrp| ri Frq�lfw dqg Dssursuldwlrq/ 4<<9/ Fdpeulgjh Xqlyhu0

vlw| Suhvv/ Fdpeulgjh1

Jhosl/ Fkulvwrskhu/ _Ghprfudwlf Glyhuvlrqv= Jryhuqphqw Vwuxfwxuh dqg wkh H{whuqdol}d0

wlrq ri Grphvwlf Frq�lfw/% Mrxuqdo ri Frq�lfw Uhvroxwlrq/ Dsulo 4<<:/ 74+5,/ 58805;51

Jurvvpdq/ Khuvfkho/ _D Jhqhudo Htxloleulxp Prgho ri Lqvxuuhfwlrqv/% Dphulfdq Hfr0

qrplf Uhylhz/ 4<<4/ ;4/ <450541

Khvv/ Juhjru| G1 dqg Dwkdqdvlrv Ruskdqlghv/ _Zdu Srolwlfv= Dq Hfrqrplf/ Udwlrqdo

Yrwhu Iudphzrun/% Wkh Dphulfdq Hfrqrplf Uhylhz/ Vhswhpehu 4<<8/ ;8+7,/ ;5;0;791

Khvv/ Juhjru| G1 dqg Dwkdqdvlrv Ruskdqlghv/ _Hfrqrplf Frqglwlrqv/ Hohfwlrqv/ dqg

wkh Pdjqlwxgh ri Iruhljq Frq�lfwv/% Wkh Mrxuqdo ri Sxeolf Hfrqrplfv/ 5333/ iruwkfrp0

lqj1

Ndqw/ Lppdqxho/ Shushwxdo Shdfh/ 4:<8/ uhsulqwhg lq Ndqw= Srolwlfdo Zulwlqjv/ hgv1 Kdqv

Uhlvv/ wudqvodwhg e| K1E1 Qlvehw/ 4<<4/ Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh/ XN1

Nh|qhv/ Mrkq Pd|qdug/ Wkh Hfrqrplf Frqvhtxhqfhv ri wkh Shdfh/ 4<4</ Pdfploodq

dqg Fr1/ Orqgrq/ XN1

Ohy|/ Mdfn/ 4<;<1 Wkh Glyhuvlrqdu| Wkhru| ri Zdu= D Fulwltxh1 Lq= Plgoduvn|/ P1 +Hgv1,/

Wkh Kdqgerrn ri Zdu Vwxglhv/ Xqzlq0K|pdq/ Qhz \run1

Oldq/ Eudgoh| dqg Mdphv Rqhdo/ _Suhvlghqwv/ wkh Xvh ri Plolwdu| Irufh/ dqg Sxeolf

Rslqlrq/% Mrxuqdo ri Frq�lfw Uhvroxwlrq/ 4<<6/ 6:/ 5::06331

Pdr}/ ]hhy/ dqg Qdvulq Degrodol/ _Uhjlph W|shv dqg Lqwhuqdwlrqdo Frq�lfw/% Mrxuqdo

ri Frq�lfw Uhvroxwlrq/ 4<;</ 66+4,/ 60681

Prujdq/ W1 Foliwrq dqg Vdoo| K1 Fdpsehoo/ _Grphvwlf Vwuxfwxuh/ Ghflvlrq Frq0

vwudlqwv/ dqg Zdu= Vr Zk| Ndqw Ghprfudflhv IljkwB% Mrxuqdo ri Frq�lfw Uhvroxwlrq/

4<<4/ 68+5,/ 4;:05441

Rqhdo/ Mrkq U1/ Iudqfhv K1 Rqhdo/ ]hhy Pdr} dqg Euxfh Uxvvhww/ _Wkh Ole0

hudo Shdfh= Lqwhughshqghqfh/ Ghprfudf| dqg Lqwhuqdwlrqdo Frq�lfw/% Mrxuqdo ri Shdfh

Uhvhdufk/ 4<<9/ 66+4,/ 4405;1

Rqhdo/ Mrkq U1 dqg Euxfh Uxvvhww/ _Wkh Fodvvlfdo Olehudov Zhuh Uljkw= Ghprfudf|/
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Lqwhughshqghqfh dqg Frq�lfw/% Lqwhuqdwlrqdo Vwxglhv Txduwhuo|/ 4<<:/ 74+5,/ 59:05<71

Rvwurp/ Fkduohv Z1 dqg Euldq O1 Mre/ _Wkh Suhvlghqw dqg wkh Srolwlfdo Xvh ri Irufh/%

Dphulfdq Srolwlfdo Vflhqfh Uhylhz/ 4<;9/ ;3/ 87408991

Shuvvrq/ Wruvwhq/ Jhudog Urodqg dqg Jxlgr Wdehoolql/ _Vhsdudwlrq ri Srzhuv dqg

Srolwlfdo Dffrxqwdelolw|/% plphr/ Pdufk 4<<:1

Ulfkdugv/ Gldqd/ W1 Foliwrq Prujdq/ Ulfn Zlovrq/ Ydohulh Vfkzhedfk dqg Jdu|

\rxqj/ _Jrrg Wlphv/ Edg Wlphv dqg wkh Glyhuvlrqdu| Xvh ri Irufh= D Wdoh ri Vrph

Qrw0Vr0Iuhh Djhqwv/% Mrxuqdo ri Frq�lfw Uhvroxwlrq/ 4<<6/ 6:/ 83708681

Urjr�/ Nhqqhwk/ _Htxloleulxp Srolwlfdo Exgjhw F|fohv/% Dphulfdq Hfrqrplf Uhylhz/

4<<3/ 88+4,/ 540691

Urjr�/ Nhqqhwk dqg Dqqh Vlehuw/ _Hohfwlrqv dqg Pdfurhfrqrplf Srolf| F|fohv/%

Uhylhz ri Hfrqrplf Vwxglhv/ 4<;;/ 88/ 40491

Uxvvhww/ Euxfh/ _Hfrqrplf Ghfolqh/ Hohfwrudo Suhvvxuh/ dqg wkh Lqlwldwlrq ri Lqwhuqd0

wlrqdo Frq�lfw/% lq Sulvrqhuv ri Zdu/ hg1 Fkduohv V1 Jrfkpdq dqg Dodq V1 Vreurvn|/

Oh{lqjwrq Errnv/ Oh{lqjwrq/ PD/ 4<<31

Uxvvhww/ Euxfh/ Judvslqj wkh Ghprfudwlf Shdfh/ 4<<6/ Sulqfhwrq Xqlyhuvlw| Suhvv1

Vpdoo/ Phoylq/ dqg M1 Gdylg Vlqjhu/ Uhvruw wr Dupv= Lqwhuqdwlrqdo dqg Flylo Zduv/

4;4904<;3/ Vdjh Sxeolfdwlrqv/ Ehyhuo| Kloov/ 4<;51

Vplwk/ Dodvwdlu/ _Glyhuvlrqdu| Iruhljq Srolf| lq Ghprfudwlf V|vwhpv/% Lqwhuqdwlrqdo

Vwxglhv Txduwhuo|/ 4<<9/ 73/ 46604861

���/ _Dooldqfh Irupdwlrq dqg Zdu/% Lqwhuqdwlrqdo Vwxglhv Txduwhuo|/ 4<<8/ 6</ 7380

7581

Vwroo/ Ulfkdug/ _Wkh Jxqv ri Qryhpehu= Suhvlghqwldo Uhhohfwlrqv dqg wkh Xvh ri Irufh/

4<7:04<;5/% Mrxuqdo ri Frq�lfw Uhvroxwlrq/ Mxqh 4<;7/ 5;+5,/ 56405791

Wrftxhylooh/ Doh{lv gh/ Ghprfudf| lq Dphulfd/ 4;68/ deulgjhg 4<;4/ Qhz \run/ Udqgrp

Krxvh1

Zdqj/ Nhylq K1/ _Suhvlghqwldo Uhvsrqvhv wr Iruhljq Srolf| Fulvhv/% Mrxuqdo ri Frq�lfw

Uhvroxwlrq/ Pdufk 4<<9/ 73+4,/ 9;0<:1

Zhduw/ Vshqfh U1/ Qhyhu dw Zdu= Zk| Ghprfudflhv Zloo Qrw Iljkw Hdfk Rwkhu/ \doh

Xqlyhuvlw| Suhvv/ Qhz Kdyhq dqg Orqgrq/ 4<<;1

Zhlexoo/ Mrujhq Z1/ Hyroxwlrqdu| Jdph Wkhru|/ PLW Suhvv/ Fdpeulgjh dqg Orqgrq/

4<<81

5<



Wdeoh 4= Wlplqj ri Hyhqwv iru wkh Hohfwlrq ri d Qhz Ohdghu

Whup w= Hohfwlrq ri d Qhz Ohdghu

4= � ri hohfwhg ohdghu ohduqhg1
5= Ohdghu wdnhv wkh ghflvlrq zkhwkhu ru qrw wr vhhn dq dyrlgdeoh zdu1
6= Frxqwu| lv udqgrpo| pdwfkhg zlwk d srwhqwldo rssrqhqw1
7= Hqjdjhg lq zdu zlwk suredelolw| rqh li wkh ohdghu vhhnv dq dyrlgdeoh zdu lq Vwhs 5/

dqg zlwk suredelolw| � rwkhuzlvh1
8= � ohduqhg zlwk d zdu dqg uhpdlqv xqfhuwdlq rwkhuzlvh1
9= Frqvxpswlrq rffxuv/ � li qr zdu/ � . � li zdu1 Ohdghu uhdol}hv uhqwv {1
:= Lqfxpehqw ohdghu uhhohfwhg ru qhz ohdghu hohfwhg1
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�TTi?_� 

Surri ri Sursrvlwlrq 4

Li � @ 3/ wkhq e| htxdwlrqv +8,/ +<, dqg +46, � @ �W @ �W1 Wkhuhiruh/ xvlqj wkhlu

gh�qlwlrqv/ � @ � @ 31 Wkxv � @ � @ 3 lv dq htxloleulxp1

Surri ri Sursrvlwlrq 5

D srvlwlyh zdu htxloleulxp lv dq htxloleulxp vxfk wkdw �+�, @ � iru srvlwlyh ydoxhv ri

�1 Wr hydoxdwh vxfk htxloleuld zh �uvw qhhg wr vroyh iru wkh htxloleulxp ri wkh sureohp lq

whupv ri �1 Wr frqvwuxfw wkh htxloleulxp zh qhhg wr �qg wkh vroxwlrqv wr Z / a�/ � dqg

�W dv ixqfwlrqv ri �1 Wkh vroxwlrq zloo vdwlvi| htxdwlrqv +8,/ +:,/ dqg +<, dqg dovr wkh

lpsolflw htxdwlrq iru Z zklfk lv gh�qhg dv wkh xqfrqglwlrqdo h{shfwdwlrq ri d ohdghu ri

fkdudfwhulvwlf �1 Iru rxu sxusrvhv lw vx�fhv wr �qg wkh vroxwlrq dv � jrhv wr }hur1 Wklv

lv frqyhqlhqw ehfdxvh lq wkdw fdvh dv fdq eh vhhq iurp htxdwlrqv +:, dqg +<,/ dv � jrhv wr

}hur/ a� dqg � duh lq wkh lqwhulru ri +3> 4, dqg lq wkh olplw htxdo �W1 Khqfh/ iru vpdoo � wkh

uhohydqw htxdwlrqv ehfrph=

� @ Z +4� �, @ �W � �s�

a� @ Z +4� �, . �� @ �W . �+4� s,�

Qrwh wkdw � � �W � �W � a�1 Vlqfh � A a�/ krzhyhu/ �f ? � dqg wkhuhiruh e| +46, �W @ �1

Frqvhtxhqwo|/ zkhq � lv vpdoo vr wkdw a� dqg � duh lq wkh lqwhulru zh fdq h{suhvv � dqg a�

lq whupv ri mxvw �W dqg fkdudfwhul}h wkh htxloleulxp e| vroylqj iru �W dqg Z 1

Wr frqvwuxfw wkh htxdwlrq iru Z / zh �uvw qhhg wr gh�qh wkh zhoiduh ydoxh ri wkh sxeolf

dvvrfldwhg zlwk dowhuqdwlyh � dv iroorzv=

Iru � 5 ^3> �, vxfk wkdw vxuh orvv zlwk dqg zlwkrxw zdu=

Z � @ � � �s�. �Z

Iru � 5 ^�> �W, vxfk dyrlgdeoh zdu fkrvhq/ ohdgv wr uhhohfwlrq zlwk +4� s,

Z 2 @ � � s�. s�Z . +4� s,�+� . �Z ,

Iru � 5 ^�W> a�, xqdyrlgdeoh zdu ohdgv wr uhhohfwlrq zlwk +4� s,

Z � @ � � �s�. �s�Z . �+4� s,�+� . �Z , . +4� �,�+� � �s�. �Z ,

Dqg �qdoo|/ iru � 5 ^a�> 4` vxuh uhhohfwlrq hyhq zlwk zdu1

Z e @ � � �s�. �+� � �s�. �Z ,
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Lqwhjudwlqj ryhu wkh dssursuldwh uhjlrqv ri �=

Z @
] �

f
Z �gJ.

] �W

�
Z 2gJ.

] 	�

�W
Z �gJ.

] �

	�
Z egJ

zklfk wrjhwkhu zlwk

�W @ Z +4� �, . �s�

fkdudfwhul}h wkh htxloleulxp1 Qrwlfh wkdw vlqfh wkh glvwulexwlrq J lv xqlirup/ wkh lqwhjudwlrq

lq wkh htxdwlrq deryh zloo surylgh d txdgudwlf htxdwlrq lq �W1 Rqo| rqh ri wkh wzr vroxwlrqv/

krzhyhu/ lv ihdvleoh zklfk |lhogv wkh htxloleulxp=

Z @
4 . � � ��s� �s

[

+4� �, �

zkhuh

[ @ 4 . � . 5��2s2� � 5�2�2s2� � ���2s�2 � �2�2s2�2

. 5���2s2 �2 . �2�2s� �2 � ���2s� �2

Zlwk wkh vroxwlrq dw kdqg/ xvlqj htxdwlrqv +49,/ +4;, dqg +4<, zh ghwhuplqh wkh htxlole0

ulxp � dv d ixqfwlrq ri �1 Gl�huhqwldwlrq zlwk uhvshfw wr � dqg hydoxdwlrq ri wkh ghulydwlyh

lq wkh olplw |lhogv=

olp
k<f

g�+�,

g�
@

s��

�4 . � .
s
4 . �

=

Qrwlfh wkdw iru vx�flhqwo| kljk s� wklv lv juhdwhu wkdq 41 Qrz revhuyh wkdw wkh htxloleulxp

iru Z dqg �W lv frqwlqxrxv lq �1 Khqfh/ wkh ixqfwlrq �+�, lv dovr frqwlqxrxv lq �1 Ixuwkhu/

e| Sursrvlwlrq 4/ �+3, @ 31 Wkhuhiruh/ li olpk<f g�+�,@g� A 4/ �+��, A �� iru vrph

�� A 31 Exw zh dovr nqrz wkdw �+4, ? 4 +l1h1 � olhv ehorz wkh 78 ghjuhh olqh iru � @ 4,

vlqfh �+4, ? 4 dqg !+4, ? 4 vr �+4, @ �+4,!+4, ? 41

Wkxv/ e| wkh lqwhuphgldwh ydoxh wkhruhp wkhuh h{lvwv a� 5 +3> 4, vxfk wkdw �+a�, @ a�=

Surri ri Sursrvlwlrq 6

Wr frqvlghu fkdqjhv lq wkh sdudphwhu �/ lw lv frqyhqlhqw wr ylhz �+�, dv d ixqfwlrq ri

erwk � dqg �/ �+�> �, @ �+�> �> rwkhu sdudphwhuv,1 Qrz/ iru � @ ��/ fkrrvh d vpdoo d� A 3/

vxfk wkdw �+�> ��, A � iru � 5 +3> ��,1 E| frqvwuxfwlrq/ � lv frqwlqxrxv lq erwk � dqg �1

Wkxv/ wkhuh h{lvwv �� ? �� vxfk wkdw iru dq| �2 5 +��> ��, wkhuh h{lvwv �2+�2, 5 +3> ��, vxfk

wkdw �+�> �2, A � iru � 5 +3> �2+�2,,1 Wkxv/ iru vrph �2 ? ��/ wkhuh h{lvwv �� A 3 vxfk wkdw

�+��> �2, A ��1 Iru wklv sduwlfxodu �/ zh fdq qrz frqvwuxfw wzr srvlwlyh zdu htxloleuld1
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Iru d kljk srvlwlyh zdu htxloleulxp uhfdoo dv lq sursrvlwlrq 5 wkdw �+4> �2, ? 4= Vlqfh

�+��> �2, A ��/ e| wkh lqwhuphgldwh ydoxh wkhruhp/ wkhuh h{lvwv a�M 5 +��> 4, vxfk wkdw

�+�M > �2, @ �M 1

Iru d orz zdu htxloleulxp/ uhfdoo iurp wkh gh�qlwlrq ri �� wkdw li � ? �� wkhq �f A �1 Lq

wkdw fdvh/

� @ pd{i3> �W � �fj

Xvlqj wkh gh�qlwlrqv ri �f dqg �W/ qrwh wkdw

�W � �f @ �s�� k+�,

zkhuh

k+�, @
s�

+4� s,�
� �{

4� �

dqg e| frqvwuxfwlrq/ k+�, @ 3 dqg k lv vwulfwo| ghfuhdvlqj lq �1 Wkxv/ iru dq| �f ? �� zh

fdq gh�qh �f A 3 vxfk wkdw

�fs� @ k+�f,

qrwlqj wkdw e| frqvwuxfwlrq/ �+�, @ 3 iru � 5 +3> �f,1 Dv �+�, @ �+�,!+�,/ wklv dovr lpsolhv

�+�, @ 3 iru � ? �f1 Dsso|lqj wklv dujxphqw wr �2/ wklv lpsolhv wkdw vlqfh �2 ? ��/ wkhuh

h{lvwv �e 5 +3> ��,1 vxfk wkdw �+�e> �2, @ 3 ? �e1 Vlqfh �+��> �2, A ��/ hpsor|lqj djdlq

wkh lqwhuphgldwh ydoxh wkhruhp/ wkhuh h{lvwv a�u 5 +�e> d�, vxfk wkdw �+�u> �2, @ �u1 Vlqfh

erwk �u dqg �M duh qrq0}hur/ wklv hvwdeolvkhv wkdw iru vrph � ? ��/ pxowlsoh htxloleuld zlwk

srvlwlyh zdu iuhtxhqf| h{lvw1 Wr gh�qh �/ revhuyh wkdw zkhq � $ 3/ �+�> �, @ 3 iru doo

� 5 +3> 4`1 Wkxv/ lv � lv vx�flhqwo| vpdoo/ rqo| wkh Ndqw htxloleulxp h{lvwv1 � fdq wkxv eh

gh�qhg dv wkh plqlpxp ri wkh vhw ri � iru zklfk pxowlsoh htxloleuld h{lvw1 Vlqfh zh douhdg|

ghprqvwudwhg wkdw wklv vhw lqfoxghv �� ? �/ � lv lq wkh lqwhulru ri +3> �,=

Surri ri Sursrvlwlrq 7

Wkh pxowlsolflw| frqglwlrq lv olpk<f g�+�,@g� A 41 Vwdelolw| ri wkh Ndqw htxloleulxp

uhtxluhv olpk<f g�@g� ? 41 Wkxv/ wkh pxowlsolflw| frqglwlrq uxohv rxw vwdelolw| iru wkh Ndqw

htxloleulxp1

Surri ri Sursrvlwlrq 8

Vlqfh �+�, lv frqwlqxrxv lq � dqg vlqfh �+4, ? 4/ wkh odujhvw a� pxvw eh vxfk wkdw
_jE	k�
_k

? 4> khqfh/ lw lv orfdoo| vwdeoh1 Iru wkh Ndqw htxloleulxp/ zh nqrz iurp Sursrvlwlrq 6

wkdw wkhuh h{lvwv �f vxfk wkdw �+�, @ 3 iru doo � ? �f1 Vr vxssrvh zh kdyh d vpdoo ghyldwlrq

iurp wkh vwhdg| vwdwh/ �f @ � zkhuh � 5 +3> �f, Wkhq/ a�f @ �1 Exw wkhq a�� @ a�+a�f, @ a�+�,

@ 3 zklfk lv h{dfwo| wkh vwhdg| vwdwh1 Vr wkh Ndqw htxloleulxp lv dovr vwdeoh1
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Figure 1

Multiplicity of War Equilibria

σ

α

A

0

σ0(α)

σ1(α)

σ = α

Note: The figure shows the equilibrium condition for war, σ = α, and two supply schedules
derived under the assumption that leader selfishness, ρ, exceeds ρ̄. The lower line, σ0(α),
indicates the supply schedule when war costs are benign. In this case, α = σ = 0 is the
unique equilibrium of the model. The upper line, σ1(α), indicates the supply schedule when
war costs are high. Point A indicates the resulting positive war frequency equilibrium.



Figure 2

Leader Benevolence and Multiple War Equilibria
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Note: The figure shows the equilibrium condition for war, σ = α, and three supply schedules
corresponding to different degrees of leader benevolence. The upper schedule, σ1(α), is
redrawn from Figure 1 and indicates the case equivalent to complete selfishness, ρ > ρ̄. The
lower line, σ3(α), shows a case with leaders sufficiently benevolent, ρ < ρ, such that only
the perpetual peace equilibrium, α = σ = 0 is supported. The intermediate case σ2(α)
exhibits three equilibria, with two, B and C, having positive war frequency.



Figure 3

The Effect of Appropriative Wars
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Note: The figure illustrates the effect of appropriative conflicts on the war supply with
selfish democratic leaders. The baseline case with no appropriative motive corresponds to
σ1(α). With an appropriative motive, the supply rotates to σ4(α) with a new positive war
equilibrium at point D.



Figure 4

Global Equilibrium With Partial Democracy
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Note: The supply schedules σD (redrawn from σ4 in figure 3) and σN = ψ denote the global
supply of war when either all countries are democratic or all countries are non-democratic.
The dashed line, σW indicates the global war supply when a fraction of all countries is
democratic and another fraction is not. The resulting global equilibrium is at point W.
The figure is drawn such that ψ > σ̄D (Case I), so greater democratization reduces the
frequency of war.


