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ON THE OPTIMALITY OF JOINT TAXATION WITH
HOUSEHOLD PRODUCTION

Abstract

The existing literature suggests that the concern for economic efficiency calls
for individual taxation of married couples with a higher rate on the primary
earner. This paper reconsiders the choice of tax unit in the Becker model of
household production, which includes previous analyses as special cases. In
the general framework, where all utility yielding commodities are produced
through a combinatiion of market goods and household time, optimal
taxation requires joint taxation of the family. This result assumes that there
are no restrictions in the use of commodity taxes. In the presence of such
restrictions individual taxation is typically optimal. However, this may call for
a lower rate on primary earners, unlike the standard result.
JEL Classification: H21, D13, J22.
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4 Lqwurgxfwlrq

Zkhwkhu pduulhg frxsohv vkrxog eh vxemhfw wr mrlqw ru lqglylgxdo �olqj kdv ehhq

d ghedwlqj srlqw wkurxjkrxw wkh h{lvwhqfh ri wkh lqfrph wd{1 Lq uhfhqw ghfdghv

wkh edodqfh ri wkh dujxphqw kdv ehhq wlowlqj lq idyru ri lqglylgxdo wd{dwlrq/ rqh

ri wkh lpsruwdqw uhdvrqv ehlqj wkdw vxfk d v|vwhp lv vxssrvhg wr eh vxshulru lq

whupv ri hfrqrplf h!flhqf|/ vhh h1j1 Urvhq +4<::, dqg Ervnlq dqg Vkhvklqvnl

+4<;6,1 Lqghhg/ wkhuh kdv ehhq d ghyhorsphqw lq RHFG frxqwulhv wrzdugv xvlqj

wkh lqglylgxdo dv wkh wd{ xqlw dqg lq wkrvh frxqwulhv vwloo rshudwlqj d v|vwhp ri

mrlqw wd{dwlrq/ vxfk dv wkh Xqlwhg Vwdwhv dqg Jhupdq|/ pdq| kdyh sursrvhg lwv

dedqgrqphqw1 Wklv sdshu txhvwlrqv wkh sursrvlwlrq wkdw wkh ghyhorsphqw wrzdugv

lqglylgxdo wd{dwlrq lv jrrg iru h!flhqf|1

Wkh h!flhqf| dujxphqw lq idyru ri lqglylgxdo wd{dwlrq wdnhv dv lwv srlqw ri

ghsduwxuh wkdw wkh oderu vxsso| ri sulpdu| hduqhuv lv ohvv hodvwlf wkdq wkdw ri vhf0

rqgdu| hduqhuv1 Wudglwlrqdo Udpvh| frqvlghudwlrqv fdoo iru kljkhu wd{ udwhv rq wkh

ohvv hodvwlf wd{ edvhv/ lpso|lqj wkdw wkh lqfrph ri sulpdu| hduqhuv vkrxog fduu|

d uhodwlyho| kljk udwh ri wd{1 D vlpsoh zd| ri dfklhylqj wklv jrdo lq d v|vwhp ri

surjuhvvlyh lqfrph wd{dwlrq/ vlqfh sulpdu| hduqhuv e| gh�qlwlrq kdyh d kljkhu lq0

frph/ lv wr ohw wkh wzr phpehuv ri wkh krxvhkrog �oh lqglylgxdoo|1 E| frqwudvw/ lq

d v|vwhp ri mrlqw wd{dwlrq wkh pdujlqdo wd{ udwhv iru wkh wzr sduwqhuv duh lghqwlfdo

vr wkdw wkh glvwruwlrqdu| h�hfwv rq djjuhjdwh oderu vxsso| ehfrph pruh vhyhuh1

Ghvslwh wkh lpsruwdqw uroh ri oderu vxsso| iru wkh deryh uhvxow/ olwwoh dwwhqwlrq

kdv ehhq sdlg wr wkh prgho ri oderu vxsso| rq zklfk lw lv edvhg1 Wkh olwhudwxuh rq

rswlpdo lqfrph wd{dwlrq uholhv rq wkh oderu0ohlvxuh iudphzrun/ lq zklfk krxvhkrogv

duh dvvxphg wr ghulyh xwlolw| iurp wkh frqvxpswlrq ri pdunhw jrrgv dqg wlph/
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vhsdudwho|1 Krzhyhu/ vlqfh wkh zrun ri Ehfnhu +4<98,/ Odqfdvwhu +4<99,/ dqg Pxwk

+4<99,/ lw kdv ehhq uhfrjql}hg wkdw jrrgv dqg wlph duh qrw wkhpvhoyhv fduulhuv ri

xwlolw| exw duh udwkhu lqsxwv lqwr d surfhvv zklfk jhqhudwhv krxvhkrog dfwlylwlhv ru

frpprglwlhv1 Lq rwkhu zrugv/ krxvhkrogv ghulyh xwlolw| iurp gl�huhqw frpelqdwlrqv

ri jrrgv dqg wlph dqg/ sduwlfxoduo| lpsruwdqw iru rxu uhvxowv/ wkhuh lv qr vxfk wklqj

dv sxuh ohlvxuh1 Iru h{dpsoh/ zdwfklqj d prylh uhtxluhv qrw rqo| wkh prylhjrhu*v

wlph exw dovr wkh sxufkdvh ri wudqvsruwdwlrq/ wlfnhwv/ hwf1 Rqh pd| wklqn ri wklv dv d

wkhru| ri frqvxpswlrq whfkqrorj| ru dv d wkhru| ri krxvhkrog surgxfwlrq/ dowkrxjk

lw grhv qrw ghdo zlwk surgxfwlrq dfwlylwlhv lq wkh frpprq vhqvh ri wkh whup1

Rxu sdshu exlogv xsrq wkh Ehfnhu +4<98, iudphzrun/ h{whqghg wr doorz iru wkh

suhvhqfh ri wzr phpehuv ri hdfk krxvhkrog1 Krz grhv wkh wd{dwlrq ri oderu lqfrph

glvwruw ehkdylru lq wklv prghoB Iluvwo|/ wkh uhgxfwlrq ri vkdgrz zdjhv zlwklq wkh

krxvhkrog ohdgv wr d vxevwlwxwlrq dzd| iurp jrrgv lqwhqvlyh dfwlylwlhv wrzdugv wlph

lqwhqvlyh dfwlylwlhv/ wkhuhe| uhgxflqj wkh vxsso| ri oderu wr wkh pdunhw1 Wklv h�hfw

lv dqdorjrxv wr wkh oderu0ohlvxuh glvwruwlrq lq vwdqgdug prghov1 Vhfrqgo|/ gl�huhqwldo

udwhv ri wd{ iru wkh kxvedqg dqg zlih d�hfw wkh uhodwlyh vkdgrz zdjh zlwklq wkh

krxvhkrog/ wkhuhe| ohdglqj wr d glvwruwlrq ri wkh sulpdu|0vhfrqgdu| oderu lqsxw

pl{ lq krxvhkrog surgxfwlrq1 Wkh rswlpdo wd{ v|vwhp vkrxog dlp dw plqlpl}lqj

ru suhihudeo| dyrlglqj wkhvh wzr glvwruwlrqv1 Zh dqdo|}h zkhwkhu wklv fdoov iru

lqglylgxdo ru mrlqw lqfrph wd{dwlrq/ wdnlqj lqwr dffrxqw wkdw jryhuqphqwv dovr kdyh

frpprglw| wd{hv dw wkhlu glvsrvdo1

Rxu �uvw uhvxow lv wkdw lq wkh devhqfh ri uhvwulfwlrqv lq wkh xvh ri frpprglw|

wd{hv/ mrlqw �olqj lv dozd|v rswlpdo1 Wkh uhvxow dssolhv hyhq lq wkh suhvhqfh ri

gl�huhqw oderu vxsso| hodvwlflwlhv iru sulpdu| dqg vhfrqgdu| hduqhuv> lq idfw wkh
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rswlpdo wd{ uxoh lv frpsohwho| lqghshqghqw ri wkh pdjqlwxgh ri wkhvh hodvwlflwlhv1

Lq wkh Ehfnhu iudphzrun zh pd| wdnh fduh ri wkh vxevwlwxwlrq ehwzhhq gl�huhqw

dfwlylwlhv wkurxjk wkh xvh ri vhohfwlyh frpprglw| wd{dwlrq/ zkhuh wkh udwhv duh vhw

dffruglqj wr wkh idfwru vkduhv lq hdfk dfwlylw|1 Wkh lqfrph wd{ v|vwhp rq wkh

rwkhu kdqg vkrxog dyrlg glvwruwlqj wkh wlph lqsxwv ri wkh wzr sduwqhuv lq krxvhkrog

dfwlylwlhv/ zklfk lpsolhv mrlqw wd{dwlrq1

Wklv uhfrpphqgdwlrq lv uhodwhg lq vslulw wr wkh surgxfwlrq h!flhqf| wkhruhp

ri Gldprqg dqg Pluuohhv +4<:4,/ vwdwlqj wkdw rswlpdo jryhuqphqw ehkdylru hqwdlov

surgxfwlrq h!flhqf| lq wkh pdunhw vhfwru zkhq wkhuh duh qr uhvwulfwlrqv rq wkh

dydlodelolw| ri wd{ lqvwuxphqwv1 Olnhzlvh/ zh �qg wkdw wkh ixoo| rswlpl}hg wd{ v|vwhp

lqyroyhv surgxfwlrq h!flhqf| lq wkh krxvhkrog vhfwru1 Wklv lpsolhv wkdw wkh fdvh

iru lqglylgxdo wd{dwlrq pxvw eh vrxjkw lq wkh suhvhqfh ri uhvwulfwlrqv lq wkh xvh ri

frpprglw| wd{hv/ uhvxowlqj iurp dgplqlvwudwlyh frvwv/ srolwlfdo lqh!flhqflhv/ hwf1

Rxu vhfrqg uhvxow ghdov zlwk wkh fdvh ri vxfk uhvwulfwlrqv1 Qrz wkh lqfrph

wd{ vkrxog wu| wr frpshqvdwh iru wkh plvvlqj frpprglw| wd{hv1 Wkh delolw| ri

lqglylgxdo lqfrph wd{dwlrq wr gr vr uholhv rq wkh h{lvwhqfh ri d v|vwhpdwlf whqghqf|

lq wkh sulpdu|0vhfrqgdu| lqsxw pl{ iru wkrvh dfwlylwlhv zklfk duh wd{hg wr ohqlhqwo|1

Vshfl�fdoo|/ li wkh wlph ri sulpdu| hduqhuv duh xvhg suhgrplqdqwo| lq wkrvh dfwlylwlhv

zklfk duh idyruhg e| frpprglw| wd{hv/ zh vkrxog lpsrvh d uhodwlyho| orz wd{ udwh

rq sulpdu| hduqhuv/ dqg ylfh yhuvd1 Rq wkh rwkhu kdqg/ li wkhuh lv qr vxfk v|vwhpdwlf

uhodwlrqvkls lw lv vwloo rswlpdo wr hpsor| mrlqw wd{dwlrq1 Lq dq| fdvh/ wkh rswlpdo

lqfrph wd{ v|vwhp ghshqgv rq wkh qdwxuh ri dgplqlvwudwlyh frvwv/ qrw wkh pdjqlwxgh

ri oderu vxsso| hodvwlflwlhv/ dqg wkhuh lv qr suhvxpswlrq lq idyru ri d kljkhu wd{ udwh

rq wkh lqfrph ri sulpdu| hduqhuv/ dv dgyrfdwhg e| wkh olwhudwxuh1
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Wkh sdshu lv uhodwhg wr wkh vwxg| ri Sljjrww dqgZkdooh| +4<<9,1 Lq d vshfldol}hg

prgho ri krxvhkrog surgxfwlrq/ wkh| xvh qxphulfdo vlpxodwlrq whfkqltxhv wr vkrz

wkdw d vzlwfk iurp lqglylgxdo wr mrlqw wd{dwlrq pd| ohdg wr dq djjuhjdwh zhoiduh

jdlq ru orvv ghshqglqj rq wkh ydoxh ri oderu vxsso| hodvwlflwlhv dqg rwkhu sdudphwhuv

wr zklfk wkhlu prgho lv fdoleudwhg1 Exw lq wkhlu prgho/ fi1 wkh fulwltxhv e| Dssv dqg

Uhhv +4<<<d, dqg Jrwwiulhg dqg Ulfkwhu +4<<<,/ mrlqw wd{dwlrq lv vwloo dq xqolnho|

fdqglgdwh iru wkh rswlpdo wd{ v|vwhp1 Krzhyhu/ wklv frqfoxvlrq uholhv rq wkh vlp0

sol�hg Jurqdx +4<:6/ 4<::, vshfl�fdwlrqv ri krxvhkrog surgxfwlrq/ zklfk uhwdlqv

wkh dvvxpswlrq ri sxuh ohlvxuh dv d xwlolw| |lhoglqj frpprglw|1 Lq rxu prgho/ zklfk

lqfoxghv erwk wkh Sljjrww0Zkdooh| dqg wkh Ervnlq0Vkhvklqvnl dqdo|vhv dv vshfldo

fdvhv/ zh ghprqvwudwh wkdw wkh sxuh ohlvxuh dvvxpswlrq lv d qhfhvvdu| frqglwlrq iru

wkh rswlpdolw| ri lqglylgxdo wd{dwlrq1

Wkh sdshu lv rujdql}hg lq wkh iroorzlqj zd|1 Wkh qh{w vhfwlrq vhwv xs wkh prgho

ri krxvhkrog surgxfwlrq/ zkloh Vhfwlrq 6 ghprqvwudwhv wkdw wkh ixoo| rswlpl}hg wd{

v|vwhp lqyroyhv mrlqw wd{dwlrq1 Vhfwlrq 7 dqdo|vhv rswlpdo lqfrph wd{dwlrq zlwk

uhvwulfwlrqv lq wkh xvh ri frpprglw| wd{hv1 Vhfwlrq 8 lqyhvwljdwhv wkh uroh ri oderu

vxsso| hodvwlflwlhv iru rxu uhvxowv dqg/ �qdoo|/ Vhfwlrq 9 frqfoxghv1

5 Wkh Prgho

Vlqfh zh duh frqfhuqhg vroho| zlwk wkh h�hfwv ri wd{dwlrq rq h!flhqf|/ zh dgrsw

wkh vr0fdoohg krxvhkrog xwlolw| ixqfwlrq dssurdfk dovr xvhg lq wkh Ervnlq0Vkhvklqvnl

dqg Sljjrww0Zkdooh| sdshuv1 Lq wklv dssurdfk wkh idplo| lv frqvlghuhg wr eh wkh

ghflvlrq pdnlqj xqlw dqg ehkdylru lv ghwhuplqhg e| wkh pd{lpl}dwlrq ri d idplo|

xwlolw| ixqfwlrq1 Dv srlqwhg rxw e| Dssv dqg Uhhv +4<;;,/ wkh dqdo|vlv ri wd{dwlrq
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lq wklv iudphzrun lv frpsdwleoh zlwk wkh lqglylgxdo0edvhg/ froohfwlyh prghov rq wkh

dvvxpswlrq wkdw wkh glvwulexwlrq ri xwlolw| zlwklq wkh krxvhkrog djuhhv zlwk wkh

suhihuhqfhv ri wkh vrfldo sodqqhu14

Wkh uhsuhvhqwdwlyh idplo| rewdlqv xwlolw| e| frpelqlqj pdunhw0surgxfhg jrrgv/

f�c f2c � � � cf?/ dqg krxvhkrog wlph/ u�c u2c � � � c u? vr dv wr rewdlq frpprgl0

wlhv2dfwlylwlhv/ ~�c ~2c � � � c ~?1 Lq dojheud/

L ' L
�
~�c ~2c � � � c ~?

�
c +4,

dqg

~� ' s �
�
f�c u�

�
c � ' �c 2c � � � c ?c +5,

zkhuh wkh s 0ixqfwlrq h{klelwv frqvwdqw uhwxuqv wr vfdoh15 Wklv edvlf vhwwlqj lv lghq0

wlfdo wr wkh ruljlqdo Ehfnhu +4<98, iudphzrun h{fhsw wkdw u�/ udwkhu wkdq ehlqj wkh

lqsxw ri rqh lqglylgxdo/ lv wuhdwhg dv d frpsrvlwh lqsxw gxh wr wkh suhvhqfh ri wzr

phpehuv ri hdfk krxvhkrog1 Wkxv/

u� ' }�
�
u�
� c u

�
7

�
� ' �c 2c � � � c ?c +6,

zkhuh } E�� ihdwxuhv frqvwdqw uhwxuqv wr vfdoh dqg zkhuh u�
� dqg u�

7 duh wkh wlph

lqsxwv ri wkh wzr krxvhkrog phpehuv/ zkrp zh zloo uhihu wr dv d sulpdu| +� , dqg

d vhfrqgdu| +7, hduqhu/ uhvshfwlyho|1 Wkh irupxodwlrq lqfoxghv wkh fdvh zkhuh vrph

dfwlylwlhv xvh wkh wlph lqsxw ri rqh krxvhkrog phpehu rqo|1

4E| frqwudvw/ lq wkh fdvh ri glvvrqdqfh ehwzhhq wkh lqwud0idplo| glvwulexwlrqdo rxwfrph dqg

wkh suhihuhqfhv ri wkh vrfldo sodqqhu/ wkh zhoiduh h�hfwv ri wd{dwlrq dovr ghshqg rq glvwulexwlrqdo

h�hfwv qrw dffrxqwhg iru lq rxu dqdo|vlv/ vhh Dssv dqg Uhhv +4<;;/ 4<<<e,1 Iru d ixuwkhu glvfxvvlrq

ri lqwud0krxvhkrog glvwulexwlrq lq prghov ri froohfwlyh oderu vxsso| dqg krxvhkrog surgxfwlrq vhh

Fkldssrul +4<<:, dqg Dssv dqg Uhhv +4<<:,1
5Pruh jhqhudoo|/ zh pd| wklqn ri[l dv d frpsrvlwh lqsxw lqfrusrudwlqj pdq| gl�huhqw pdunhw0

surgxfhg jrrgv1 Lw lv srvvleoh wkdw vrph ri wkhvh pdunhw0surgxfhg jrrgv hqwhu pruh wkdq rqh

krxvhkrog dfwlylw|1 Wkh rqo| vxevwdqwlyh dvvxpswlrq qhhghg iru rxu sxusrvh lv wkh ihdvlelolw| ri

vhohfwlyh wd{dwlrq dfurvv gl�huhqw [l*v1
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Krxvhkrog ghflvlrqv pxvw eh pdgh lq dffrugdqfh zlwk wkh exgjhw frqvwudlqw

?[
�'�

� �f � �`��� ��7 � fc +7,

zkhuh �� dqg �7 ghqrwh oderu vxsso| wr wkh pdunhw ri wkh sulpdu| dqg wkh vhf0

rqgdu| hduqhu/ uhvshfwlyho|/ zkloh � � lv wkh frqvxphu sulfh ri jrrg � dqg `� lv

wkh frqvxphu zdjh ri wkh sulpdu| zrunhu1 Wkh frqvxphu zdjh ri wkh vhfrqgdu|

zrunhu lv qrupdol}hg wr rqh1 Wd{hv duh lqwurgxfhg e| gh�qlqj � � � R� n � �� �

dqg `� � �� � ��`� / zkhuh vpdoo ohwwhuv uhihu wr surgxfhu sulfhv dqg zdjhv/ dqg

zkhuh wd{ udwhv/ � � dqg �� / duh phdvxuhg lq sursruwlrq ri diwhu0wd{ sulfhv dqg zdjhv1

Zlwkrxw orvv ri jhqhudolw|/ gxh wr wkh htxlydohqfh ri d xqlirup ydoxh0dgghg wd{ dqg

d jhqhudo lqfrph wd{/ zh glvuhjdug wd{hv rq vhfrqgdu| hduqhuv dqg lqwhusuhw �� dv

wkh h{fhvv pdujlqdo wd{ udwh rq wkh sulpdu| hduqhu1 Wkxv/ �� ' f fruuhvsrqgv wr

mrlqw lqfrph wd{dwlrq/ zkhuhdv �� : f fruuhvsrqgv wr lqglylgxdo wd{dwlrq zlwk wkh

kljkhvw udwh rq wkh sulpdu| hduqhu1

Ghflvlrqv duh dovr vxemhfw wr wkh iroorzlqj wlph frqvwudlqwv ri wkh wzr lqglylgxdov

?[
�'�

u�
7 n�7 ' �c +8,

?[
�'�

u�
� n�� ' �c +9,

zkhuh wkh wrwdo wlph dydlodeoh lv qrupdol}hg wr rqh1

Zh vroyh wkh gxdo frqvxphu sureohp e| plqlpl}lqj wkh OKV ri +7, vxemhfw wr

L � 7L dqg htxdwlrqv +4,/ +5,/ +6,/ +8,/ dqg +9,1 Wkh vroxwlrq lv fkdudfwhul}hg e|

�~� ' ~�
�
"c 7L

�
c +:,

�f � ' %�
�
� �c` �

�
�~� c �u� ' ,�

�
� �c` �

�
�~�c +;,
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�u�
� ' ,�� E`� � �u

� c �u�
7 ' ,�7 E`� � �u

�c +<,

zkhuh d wlogh uhihuv wr frpshqvdwhg ghpdqg ru vxsso|/ %� dqg ,� duh wkh lqsxwv ri

jrrgv dqg oderu/ uhvshfwlyho|/ shu xqlw ri frpprglw| �/ zkloh ,�� dqg ,�7 duh wkh wlph

xvhv ri sulpdu| dqg vhfrqgdu| hduqhuv shu xqlw ri oderu lq dfwlylw| �1 Wkh vroxwlrq

ghshqgv rq xqlw frvwv lq krxvhkrog dfwlylwlhv/ " ' E'�c ���c '?�/ dv zhoo dv zdjh

lqglfhv/ ` �/ zklfk duh jlyhq e|

'� ' '�
�
� �c` �

�
� � �%�

�
� �c` �

�
n` �,�

�
� �c` �

�
c +43,

` � ' ` � E`� � � `� ,
�
� E`� � n ,�7 E`� � � +44,

Iru odwhu xvh/ qrwh wkdw wkh h{shqglwxuh ixqfwlrq pd| eh ghulyhg e| lqvhuwlqj htxd0

wlrqv +8, 0 +44, lq htxdwlrq +7,/ zklfk jlyhv

e
�
"c`� c 7L

�
'

?[
�'�

'� �~� �`� � �� +45,

Olnh Ehfnhu zh irfxv rq wkh fdvh zkhuh wkh dprxqw ri wlph uhtxluhg iru wkh frq0

vxpswlrq ri d fhuwdlq jrrg/ �/ lv �{hg/ vxfk wkdw %� E� �c` �� � %� dqg ,� E� �c` �� �

,�1 Lq wklv fdvh/ wkh h�hfwv ri wd{dwlrq rq ehkdylru ehfrph gluhfwo| frpsdudeoh wr

wkh h�hfwv glvfxvvhg lq wkh olwhudwxuh1 Wd{hv d�hfw ehkdylru lq wzr zd|v1 Iluvwo|/

frpprglw| dqg oderu wd{hv lqgxfh d vxevwlwxwlrq dzd| iurp jrrgv lqwhqvlyh dfwly0

lwlhv wrzdugv wlph lqwhqvlyh dfwlylwlhv/ wkhuhe| uhgxflqj wkh vxsso| ri oderu wr wkh

pdunhw1 Wklv lv dqdorjrxv wr wkh oderu0ohlvxuh glvwruwlrq ri wkh Ervnlq0Vkhvklqvnl

dssurdfk1 Vhfrqgo|/ gl�huhqw pdujlqdo wd{ udwhv rq wkh wzr krxvhkrog phpehuv

d�hfw wkh sulpdu|0vhfrqgdu| oderu lqsxw pl{ lq hdfk krxvhkrog dfwlylw|/ fruuh0

vsrqglqj wr wkh h�hfw lqwurgxfhg e| wkh Sljjrww0Zkdooh| frqwulexwlrq1 Wkxv/ wkh

dvvxpswlrq ri �{hg sursruwlrqv uhwdlqv wkh wd{ h�hfwv hpskdvl}hg lq wkh suhylrxv
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sdshuv dqg/ lqghhg/ rxu iudphzrun lv vx!flhqwo| jhqhudo wr hqfrpsdvv wkhvh vwxglhv

dv vshfldo fdvhv1 Wklv lv hdvlo| vhhq e| frqvlghulqj wkh iroorzlqj h{dpsohv=

� Iru ? ' � dqg ,� ' %2 ' ,27 ' %� ' ,�� ' f/ wkh xwlolw| ixqfwlrq ehfrphv

L Ef�c u2

� c u
�

7�/ vxfk wkdw wkh iudphzrun fruuhvsrqgv wr Ervnlq dqg Vkhvklq0

vnl +4<;6,1

� Iru ? ' e dqg ,� ' %2 ' %� ' ,�7 ' %e ' ,e� ' f/ wkh xwlolw| ixqfwlrq ehfrphv

L Ef�c }2 Eu2

� c u
2

7� c u
�

� c u
e

7�/ vxfk wkdw wkh iudphzrun fruuhvsrqgv wr Sljjrww

dqg Zkdooh| +4<<9,1

6 Rswlpdo Wd{dwlrq

Wr ghulyh wkh rswlpdo wd{ v|vwhp/ zh gh�qh wkh ghdg0zhljkw exughq ri wd{dwlrq dv

wkh htxlydohqw yduldwlrq plqxv wkh wd{ uhyhqxh/ wkdw lv

( ' e
�
"c`� c 7L

�
� e

�
^c�� c 7L

�
� A

�
�c`� c 7L

�
c +46,

zkhuh ^ ' E^�c ���c ^?� ghqrwhv wkh yhfwru ri xqlw frvwv lq wkh devhqfh ri wd{dwlrq/

� ' E� �c ���c � ?� lv wkh yhfwru ri frqvxphu sulfhv/ 7L lv wkh diwhu wd{ xwlolw| ohyho/

zkloh A E�� lv wkh wrwdo wd{ uhyhqxh gh�qhg dv

A
�
�c`� c 7L

�
'

?[
�'�

� �� � �f � n ��`�
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E| lqvhuwlqj htxdwlrqv +8, 0 +44, dv zhoo dv wkh gh�qlwlrqv � � ' E� � � R�� *� � dqg

�� ' E�� �`� � *`� / wkh wd{ uhyhqxh ehfrphv
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Jlyhq wkh xvxdo dvvxpswlrq ri olqhdu surgxfwlrq whfkqrorj| lq wkh pdunhw vhfwru/

wkh rswlpdo wd{ v|vwhp pd| eh irxqg e| plqlpl}lqj ( zlwk uhvshfw wr frqvxphu

sulfhv dqg zdjhv vxemhfw wr dq h{rjhqrxv uhyhqxh uhtxluhphqw/ 7A 1 Wkdw lv/

4�?
�c`�

(
�
�c`� c 7L

�
vw1 A

�
�c`� c 7L

�
� 7A � +48,

Ohw k�f � %�� �*'� ghqrwh wkh frvw vkduh iru pdunhw0surgxfhg jrrgv lq wkh surgxf0

wlrq ri frpprglw| �1 Wkhq/ vroylqj wkh deryh sureohp/ zh rewdlq

Sursrvlwlrq 4 Srvlwlyh jrrgv vkduhv lq doo dfwlylwlhv/ k�f : f ;�/ lv d vx!flhqw

frqglwlrq iru wkh rswlpdo wd{ v|vwhp wr eh fkdudfwhul}hg e| mrlqw wd{dwlrq/ �� ' f1

Lq wklv fdvh wkh rswlpdo frpprglw| wd{ vwuxfwxuh lv jlyhq e| � �*� � ' k�f*k
�
f ;�c �1

Surri1 Vhh Dsshqgl{ D1

Wkxv/ zkhq doo xwlolw| |lhoglqj frpprglwlhv uhtxluh wkh lqsxw ri pdunhw jrrgv

lw lv pruh h!flhqw wr kdyh mrlqw wkdq lqglylgxdo �olqj1 Wr judvs wkh lqwxlwlrq iru

wklv uhvxow/ frqvlghu wkh dgyhuvh h�hfwv ri d jhqhudo lqfrph wd{ ru/ htxlydohqwo|/ d

xqlirup ydoxh0dgghg wd{1 Vlqfh krxvhkrog wlph lv xqwd{deoh/ xqlirup frpprglw|

wd{dwlrq ohdgv wr d vxevwlwxwlrq dzd| iurp jrrgv lqwhqvlyh dfwlylwlhv wrzdugv wlph

lqwhqvlyh dfwlylwlhv/ wkhuhe| uhgxflqj wkh vxsso| ri oderu wr wkh pdunhw1 Qrz/ udwkhu

wkdq xvlqj lqglylgxdo lqfrph wd{dwlrq wr ghdo zlwk wklv glvwruwlrq/ lw lv ehwwhu wr

hpsor| vhohfwlyh frpprglw| wd{dwlrq1 Lq sduwlfxodu/ e| lpsrvlqj kljkhu wd{ udwhv

rq jrrgv wkdw duh xvhg lq wlph lqwhqvlyh dfwlylwlhv/ dv uh hfwhg e| wkh uxoh lq Sursr0

vlwlrq �/ uhodwlyh xqlw frvwv/ '�*'�/ duh ohiw xqfkdqjhg/ zkhuhe| glvwruwlrqv ehwzhhq

krxvhkrog dfwlylwlhv duh dyrlghg dowrjhwkhu1 Lq wklv vlwxdwlrq/ wkh xvh ri lqglylgxdo

lqfrph wd{dwlrq/ e| fkdqjlqj uhodwlyh vkdgrz zdjhv/ phuho| fuhdwhv d krxvhkrog

surgxfwlrq lqh!flhqf|/ zklfk frxog eh dyrlghg e| wkh xvh ri mrlqw wd{dwlrq1
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Lq frqfoxvlrq/ zkhq doo pdunhw jrrgv duh wd{deoh +zkloh krxvhkrog wlph lv qrw,

lw lv srvvleoh wr frpelqh vhohfwlyh frpprglw| wd{dwlrq zlwk mrlqw lqfrph wd{dwlrq

vr dv wr dyrlg dq| h{fhvv exughq ri wd{dwlrq1 Wkh glvfuhsdqf| ehwzhhq wklv uhvxow

dqg wkh srolf| frqfoxvlrq ri suhylrxv sdshuv vwhpv iurp wkh devhqfh ri sxuh ohlvxuh1

Lq rughu wr kljkoljkw ixuwkhu wkh lpsruwdqfh ri wkh sxuh ohlvxuh dvvxpswlrq/ zh pd|

vwdwh wkh iroorzlqj fruroodu|

Fruroodu| 4 D jrrgv vkduh htxdo wr }hur/ k�f ' f/ lq dw ohdvw rqh dfwlylw| lv d

qhfhvvdu| frqglwlrq iru wkh rswlpdo wd{ v|vwhp wr eh fkdudfwhul}hg e| lqglylgxdo

wd{dwlrq/ �� 9' f1

Surri1 Wklv iroorzv gluhfwo| iurp wkh �uvw vwdwhphqw lq Sursrvlwlrq 41

Lq uhvsrqvh wr wklv fruroodu|/ rqh pd| dujxh wkdw wkh sxuh ohlvxuh dvvxpswlrq/

zkloh ehlqj ghvfulswlyho| xquhdolvwlf/ lv d vlpsoh zd| wr fdswxuh wkh suhvhqfh ri xq0

wd{deoh jrrgv1 Li vrph pdunhw jrrgv duh qrw wd{hg/ wkhq qhlwkhu duh wkh krxvhkrog

dfwlylwlhv lq zklfk wkhvh pdunhw jrrgv duh xvhg1 Wkh vwdqgdug wd{ prgho dvvxphv

wkdw wkhuh lv h{dfwo| rqh vxfk xqwd{deoh dfwlylw| dqg/ e| frqyhqwlrq/ lw lv whuphg

cohlvxuh*1 Wkhvh frqvlghudwlrqv lpso| wkdw d wkhruhwlfdo mxvwl�fdwlrq iru lqglylgxdo

wd{dwlrq pxvw eh vrxjkw lq wkh suhvhqfh ri uhvwulfwlrqv lq wkh xvh ri frpprglw|

wd{hv1

7 Uhvwulfwlrqv lq wkh xvh ri Frpprglw| Wd{hv

Lq sudfwlvh wkh xvh ri rswlpdo frpprglw| wd{hv lv revwuxfwhg e| wkh suhvhqfh ri

dgplqlvwudwlyh frvwv/ lpshuihfw lqirupdwlrq/ srolwlfdo lqh!flhqflhv/ hwf1 Iru wkhvh

uhdvrqv lw pd| eh wrr frvwo|/ ru hyhq lqihdvleoh/ wr rshudwh wkh rswlpdo frpprglw|
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wd{ v|vwhp1 Wr vwxg| wkh lpsdfw ri vxfk uhvwulfwlrqv zh qrz frqvlghu dq h{rjh0

qrxvo| jlyhq frpprglw| wd{ vwuxfwxuh i� �j
?

�'�1 Zh wkhq dvn li lw lv srvvleoh wr

lpsuryh zhoiduh wkurxjk d pdujlqdo uhvwuxfwxulqj ri wkh wd{ v|vwhp zklfk lqwur0

gxfhv gl�huhqw pdujlqdo wd{ udwhv rq sulpdu| dqg vhfrqgdu| hduqhuv1 Gxh wr wkh

htxlydohqfh ri d xqlirup ydoxh0dgghg wd{ dqg d jhqhudo lqfrph wd{/ zh pd| h{dp0

lqh wkh frqvhtxhqfh iru zhoiduh irupdoo| e|/ vd|/ udlvlqj �� dqg pdnlqj d xqlirup

uhgxfwlrq ri wkh � �*v1

Ohw #&� � Y �~&* �~&

Y'�*'� ghqrwh wkh hodvwlflw| ri frpshqvdwhg ghpdqg iru dfwlylw| &

zlwk uhvshfw wr wkh xqlw frvw lq dfwlylw| �1 Wkhq/

Sursrvlwlrq 5 Frqvlghu d wd{ v|vwhp fkdudfwhul}hg e| d jlyhq frpprglw| wd{

vwuxfwxuh/ i� �j
?

�'�/ dqg mrlqw wd{dwlrq/ �� ' f1 Wklv wd{ v|vwhp pd| eh lpsuryhg e|

d uhyhqxh0qhxwudo fkdqjh ri wd{ udwhv rq sulpdu| dqg vhfrqgdu| hduqhuv vxfk wkdw

vljq i��j ' vljq
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Surri1 Vhh Dsshqgl{ E1

Qrwh �uvw wkdw wkh uhvxow ri wkh suhylrxv vhfwlrq dovr iroorzv iurp wklv sursrvlwlrq

dv �� ' f zkhq � �k�f ' � �k�f iru doo �c � vlqfh
S?

�'� #
&� ' f gxh wr krprjhqhlw| ri

ghjuhh }hur ri frpshqvdwhg ghpdqgv1 Zkhq wkh frpprglw| wd{ udwhv duh qrw dw

wkhlu rswlpdo ohyhov lqglylgxdo wd{dwlrq lv w|slfdoo| rswlpdo1 Krzhyhu/ wkh hohphqwv

zklfk ghwhuplqh wkh rswlpdo vljq ri �� duh gl�huhqw iurp wkh oderu0ohlvxuh dqdo|vhv

dqg gr qrw ohdg wr d jhqhudo suhvxpswlrq lq idyru ri d kljkhu wd{ udwh rq sulpdu|

hduqhuv1

Wr frph wr julsv zlwk Sursrvlwlrq 5/ frqvlghu wkh fdvh zkhuh h{dfwo| rqh pdunhw

jrrg lv xqwd{deoh1 Zh wkhq kdyh
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Fruroodu| 5 Frqvlghu d wd{ v|vwhp fkdudfwhul}hg e| frpprglw| wd{ vwuxfwxuh � � '

f dqg � �k�f ' � �k�f iru �c � ' 2c ���c ? dqg mrlqw wd{dwlrq/ �� ' f1 Wklv wd{ v|vwhp

pd| eh lpsuryhg e| d uhyhqxh0qhxwudo fkdqjh ri wd{ udwhv rq sulpdu| dqg vhfrqgdu|

hduqhuv vxfk wkdw

vljq i��j ' vljq

+
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Surri1 Wklv iroorzv gluhfwo| e| lqvhuwlrq ri wkh frqvlghuhg wd{ vwuxfwxuh lq Sursr0

vlwlrq 5 dqg xvlqj wkh uhodwlrqvkls
S?

�'� #
&� ' f1

Wkxv/ zh vkrxog lpsrvh d uhodwlyho| orz wd{ udwh rq wkh shuvrq xvhg pdlqo| lq

frpelqdwlrq zlwk wkh xqwd{deoh jrrg � dv zhoo dv lwv frpsohphqwv1 Wklv uxoh uh hfwv

wkdw vhohfwlyh lqfrph wd{dwlrq wulhv wr frpshqvdwh iru wkh plvvlqj frpprglw| wd{

lqvwuxphqw1 Wkh vshfl�f uhvwulfwlrq zklfk zh lpsrvh lpsolhv wkdw dfwlylw| � +dqg

frpsohphqwdu| dfwlylwlhv, duh wd{hg wrr ohqlhqwo|1 Wr frxqwhudfw wklv glvwruwlrq/

lqfrph wd{dwlrq vkrxog eh ghvljqhg wr udlvh vkdgrz zdjhv lq wkhvh dfwlylwlhv1 Wklv lv

grqh wkurxjk wkh lpsrvlwlrq ri orz udwhv rq wkh krxvhkrog phpehu xvhg lqwhqvlyho|

lq wkhvh dfwlylwlhv16

Uhfrqvlghulqj wkh jhqhudo fdvh lq Sursrvlwlrq 5/ zh frqfoxgh wkdw wkh shuvrq

xvhg lqwhqvlyho| lq frpelqdwlrq zlwk pdunhw jrrgv wkdw duh wd{hg wrr ohqlhqwo|/

uhodwlyh wr wkh uxoh lq Sursrvlwlrq 4/ vkrxog idfh wkh orzhvw pdujlqdo wd{ udwh1 Rq

wkh rwkhu kdqg/ li wkhuh lv qr v|vwhpdwlf fruuhodwlrq ehwzhhq wlph lqwhqvlwlhv dqg

wkh dfwlylwlhv zklfk duh wd{hg wr ohqlhqwo|/ vhohfwlyh lqfrph wd{dwlrq fdqqrw eh xvhg

wr frpshqvdwh iru lqh!flhqw frpprglw| wd{dwlrq1 Lq dq| fdvh/ zkhwkhu wkh lqfrph

6Wkh lqwurgxfwlrq ri vhohfwlyh lqfrph wd{dwlrq dovr jhqhudwhv d glvwruwlrq lq wkh uhodwlyh wlph

xvh ri wkh wzr sduwqhuv lq krxvhkrog surgxfwlrq1 Krzhyhu/ wklv h�hfw lv luuhohydqw iru wkh rswlpdo

vljq ri �S dv lw lv rqo| ri vhfrqg rughu zkhq vwduwlqj iurp d vlwxdwlrq zlwk lghqwlfdo udwhv1
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wd{ rxjkw wr idyru wkh sulpdu| ru wkh vhfrqgdu| hduqhu +ru qrqh dw doo, ghshqgv lq

wkh hqg rq wkh qdwxuh ri wkh dgplqlvwudwlyh frvwv1

8 Wkh Uroh ri Oderu Vxsso| Hodvwlflwlhv

Dffruglqj wr wkh vwdqgdug uhdvrqlqj/ h1j1 Urvhq +4<::, dqg Ervnlq dqg Vkhvklqvnl

+4<;6,/ d vhohfwlyh lqfrph wd{ idyrulqj wkh vhfrqgdu| hduqhu lv jrrg iru h!flhqf|

ehfdxvh lw h{sorlwv wkdw wkh oderu vxsso| ri vhfrqgdu| hduqhuv lv uhodwlyho| hodvwlf1

Wkhuhiruh/ d qdwxudo txhvwlrq wr dvn lq wkh frqwh{w ri rxu prgho lv zkhwkhu wklv

vw|ol}hg idfw rq oderu vxsso| hodvwlflwlhv vwloo surylghv dq dujxphqw iru fkrrvlqj

lqglylgxdo wd{dwlrq1

Iluvw/ orrnlqj dw wkh fdvh zlwkrxw uhvwulfwlrqv lq wkh xvh ri frpprglw| wd{hv/

lw vkrxog eh fohdu wkdw wkh dqvzhu lv qr1 Dffruglqj wr Sursrvlwlrq 4/ mrlqw �olqj

lv dozd|v rswlpdo lq wklv fdvh dqg wkh pdjqlwxghv ri oderu vxsso| hodvwlflwlhv duh

luuhohydqw iru rswlpdo wd{ ghvljq1

Lq wkh fdvh ri frqvwudlqwv rq wkh frpprglw| wd{ v|vwhp/ wkh dqvzhu lv ohvv

vwudljkwiruzdug1 Sursrvlwlrq 5 vkrzv wkdw lqglylgxdo wd{dwlrq lv w|slfdoo| rswlpdo/

exw wkdw wkh gl�huhqfh ehwzhhq wd{ udwhv pd| jr hlwkhu zd|1 Wkxv/ wkh txhvwlrq

lv zkhwkhu hpslulfdo hvwlpdwhv ri oderu vxsso| hodvwlflwlhv pd| khos ghwhuplqh zkr

vkrxog idfh wkh orzhvw udwh1 Zh wkhuhiruh ghulyh wkh +frpshqvdwhg, oderu vxsso|

hodvwlflw| ri wkh wzr krxvhkrog phpehuv1 Iru wkh sulpdu| zrunhu lw htxdov +vhh

Dsshqgl{ F,
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zkhuh k�u ghqrwhv wkh frvw vkduh iru oderu lq dfwlylw| �/ k�� lv wkh vkduh ri oderu frvwv

dwwulexwhg wr wkh sulpdu| hduqhu/ dqg j� ghqrwhv wkh hodvwlflw| ri vxevwlwxwlrq eh0
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wzhhq wkh wzr sduwqhuv lq dfwlylw| �1 Wkh fruuhvsrqglqj hodvwlflw| iru wkh vhfrqgdu|

hduqhu pd| eh irxqg e| vxevwlwxwlqj 7 iru � lq wkh uhvshfwlyh vxevfulswv1 Htxdwlrq

+49, vkrzv wkdw d zdjh lqfuhdvh iru wkh sulpdu| hduqhu udlvhv klv2khu oderu vxsso|

e| lqgxflqj d vxevwlwxwlrq dzd| iurp sulpdu| wlph wrzdugv vhfrqgdu| wlph lq hdfk

dfwlylw| +�uvw frpsrqhqw lq wkh eudfnhw, dqg e| lqgxflqj d vxevwlwxwlrq dzd| iurp

wkh dfwlylwlhv xvlqj d orw ri sulpdu| wlph +vhfrqg frpsrqhqw lq wkh eudfnhw,1

Lv lw srvvleoh wr xqfryhu wkh vljq lq Sursrvlwlrq 5 e| xvlqj rxu nqrzohgjh ri

oderu vxsso| hodvwlflwlhvB Wkh dqvzhu lv fohduo| qhjdwlyh1 Wkh revhuyhg gl�huhqfh lq

oderu vxsso| hodvwlflwlhv pd|/ iru h{dpsoh/ eh gxh wr gl�huhqw vkduhv lq oderu frvwv/

l1h1 wkh k�� dqg k�7 sdudphwhuv/ exw wkh| gr qrw hqwhu wkh htxdwlrq lq Sursrvlwlrq

51 Wkhuhiruh/ lw pd| zhoo eh wkdw hfrqrplf h!flhqf| fdoov iru wkh orzhvw wd{ udwh

rq sulpdu| hduqhuv dowkrxjk wkhlu oderu vxsso| lv uhodwlyho| lqhodvwlf1

9 Frqfoxvlrq

Wkh frqvhqvxv ylhz vhhpv wr eh wkdw wkh lqfrph wd{ vkrxog eh ohylhg rq lqglylgxdov/

qrw idplolhv/ dqg wkdw pdujlqdo udwhv rxjkw wr eh kljkhu iru sulpdu| hduqhuv1 Wklv

lv vxssrvhg wr eh wkh prvw h!flhqw zd| ri froohfwlqj uhyhqxh/ ehfdxvh wkh oderu

vxsso| ri sulpdu| hduqhuv lv ohvv hodvwlf wkdq wkdw ri vhfrqgdu| hduqhuv1 Krzhyhu/

wklv sursrvlwlrq uholhv rq wkh oderu0ohlvxuh prgho/ zklfk grhv qrw wdnh lqwr dffrxqw

wkdw xwlolw|0|lhoglqj frpprglwlhv wdnh wkh irup ri dfwlylwlhv xvlqj wkh lqsxw ri erwk

jrrgv dqg wlph1 Rqfh zh uhfrjql}h wklv ihdwxuh ri krxvhkrog ehkdylru/ lw wxuqv

rxw wkdw vhohfwlyh frpprglw| wd{dwlrq/ udwkhu wkdq vhohfwlyh lqfrph wd{dwlrq/ lv wkh

ehwwhu lqvwuxphqw wr ghdo zlwk wkh glvwruwlrq ri oderu vxsso|1 Lqghhg/ lq wkh devhqfh

ri uhvwulfwlrqv lq wkh xvh ri frpprglw| wd{hv/ mrlqw lqfrph wd{dwlrq lv rswlpdo1
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Rqfh zh dffrxqw iru wkh suhvhqfh ri qrq0rswlpdo frpprglw| wd{hv/ lw wxuqv rxw

wkdw lqglylgxdo wd{dwlrq lv w|slfdoo| rswlpdo/ dowkrxjk qrw lq wkh xvxdo zd|1 Wkh

lqfrph wd{ vkrxog wu| wr frpshqvdwh iru wkh plvvlqj lqvwuxphqwv dqg/ frqvhtxhqwo|/

wkh gl�huhqwldwlrq ri wd{ udwhv ehwzhhq sulpdu| dqg vhfrqgdu| hduqhuv ghshqgv rq

wkh qdwxuh ri dgplqlvwudwlyh frvwv1 Lq sduwlfxodu/ wkhuh lv qr reylrxv uhodwlrqvkls

zlwk oderu vxsso| hodvwlflwlhv dqg lw pd| eh rswlpdo wr idyru sulpdu| hduqhuv hyhq

li wkhlu oderu vxsso| lv uhodwlyho| lqhodvwlf1

Uhdolvwlfdoo|/ wkh xvh ri lqfrph wd{hv/ olnh frpprglw| wd{hv/ lv fkdudfwhul}hg e|

wkh suhvhqfh ri dgplqlvwudwlyh ru srolwlfdo frqvwudlqwv1 Jhqhudoo|/ li wkh rswlpdo

lqfrph wd{hv duh qrw lpsohphqwdeoh/ wkh fdvh iru mrlqw �olqj lv lpsuryhg1 Wdnh

wkh fdvh zkhuh wd{ froohfwlrq lv frqvwudlqhg wr eh surjuhvvlyh dqg dqrq|prxv/ vr

wkdw shrsoh duh wd{hg rqo| rq wkh edvlv ri lqfrph/ uhjdugohvv ri srvlwlrq zlwklq wkh

idplo|1 Wkhq wkh fkrlfh ri wd{ xqlw lv rqh ehwzhhq lghqwlfdo pdujlqdo wd{ udwhv/

rq wkh rqh kdqg/ dqg vrph h{rjhqrxvo| jlyhq srvlwlyh h{fhvv pdujlqdo wd{ udwh iru

sulpdu| hduqhuv rq wkh rwkhu1 Qrz/ li wkh rswlpdo h{fhvv pdujlqdo wd{ udwh iru

sulpdu| hduqhuv lv qhjdwlyh ru hyhq voljkwo| srvlwlyh/ d v|vwhp ri mrlqw wd{dwlrq lv

vwloo suhihuuhg1

Dgplwwhgo|/ mrlqw wd{dwlrq pd| fuhdwh dgyhuvh h�hfwv qrw wrxfkhg xsrq lq wkh

sdshu/ ehfdxvh lw fkdqjhv wkh sulfh ri pduuldjh1 Lq d surjuhvvlyh wd{ v|vwhp/ wkh

wd{ oldelolw| ri wzr xqpduulhg shrsoh olylqj wrjhwkhu lv jhqhudoo| gl�huhqw iurp wkdw

ri d pduulhg frxsoh �olqj mrlqwo|1 Frxsohv pd| idfh pduuldjh vxevlglhv ru pduuldjh

shqdowlhv/ ghshqglqj rq wkh glvwulexwlrq ri lqfrph ehwzhhq vsrxvhv dqg rq wkh

frqvwuxfwlrq ri udwh vfkhgxohv1 Wklv pd| ohdg wr glvwruwlrqv lq pduuldjh ghflvlrqv/

vhh h1j1 Dop dqg Zklwwlqjwrq +4<<:/ 4<<<,1

48



Ilqdoo|/ lw vkrxog eh hpskdvl}hg wkdw wkh dqdo|vlv kdv ehhq vlohqw derxw glvwul0

exwlrq1 Krzhyhu/ dv dujxhg e| Dssv dqg Uhhv +4<<<,/ wkh fkrlfh ri wd{ xqlw pd|

kdyh lpsruwdqw lpsolfdwlrqv iru erwk lqwhu0 dqg lqwud0krxvhkrog glvwulexwlrq1 Eh0

iruh gudzlqj �up srolf| frqfoxvlrqv/ rqh vkrxog ri frxuvh dffrxqw iru wkh suhvhqfh

ri vxfk h�hfwv1

D Surri ri Sursrvlwlrq 4

Iurp wkh �uvw0rughu frqglwlrqv wr wkh sureohp +48,/ zh jhw wkh iroorzlqj frqglwlrqv

iru wkh rswlpdo wd{ v|vwhp

Y(

Y� �

YA

Y`�

'
Y(

Y`�

YA

Y� �
� ' �c ���c ?�

Xvlqj +9,/ +46,/ Ye*Y'� ' �~�/ dqg Vkhskdug*v Ohppd/ zh kdyh

Y(

Y� �
'

Ye

Y'�

Y'�

Y� �
�

YA

Y� �
' �~�%� �

YA

Y� �
c

Y(

Y`�

'
?[

&'�

Ye

Y'&

Y'&

Y`&

Y`&

Y`�

� ��
YA

Y`�

' � ��� �
YA

Y`�

�

Lqvhuwlqj wkhvh ghulydwlyhv lq wkh deryh rswlpdolw| frqglwlrqv/ zh jhw

�
YA*Y`�

���

'
YA*Y� �

�~�%�
c � ' �c ���c ?c +4:,

l1h1/ pdujlqdo uhyhqxh lq sursruwlrq ri wd{ edvhv pxvw eh htxdo iru doo wd{hv1

Iurp htxdwlrq +47, dqg wkh gh�qlwlrq ri wkh wd{ udwhv/ zh rewdlq wkh ghulydwlyhv

YA

Y� �
'

?[
�'�

� �� �%�
Y �~�

Y'�
%� n %� �~� � ��`�

?[
�'�

,�� ,
� Y

�~�

Y'�
%�c

YA

Y`�

'
?[
�'�

� �� �%�
?[

&'�

Y �~�

Y'&
,&,&� � ���

���`�

#
?[
�'�

,�� ,
�

?[
&'�

Y �~�

Y'&
,&,&� n

?[
�'�

Y,��
Y`�

,� �~�

$
c

49



zkhuh zh kdyh xvhg Vkhskdug*v Ohppd1 Lqvhuwlrq ri wkhvh ghulydwlyhv lq +4:, |lhogv

�~�

?[
�'�

� �� �%�
?[

&'�

Y �~�

Y'&
,&,&� n ���

?[
�'�

� �� �%�
Y �~�

Y'�

' ��`�

%
���

?[
�'�

,�� ,
� Y

�~�

Y'�
n �~�

?[
�'�

,�� ,
�

?[
&'�

Y �~�

Y'&
,&,&� n �~�

?[
�'�

Y,��
Y`�

,� �~�

&
�

Mrlqw wd{dwlrq lv fkdudfwhul}hg e| �� ' f1 Wkxv/ mrlqw wd{dwlrq lv rswlpdo li wkhuh

h{lvwv i� �j
?

�'� vxfk wkdw wkh OKV ri wkh deryh frqglwlrq lv htxdo wr }hur1 Wklv

lpsolhv

�~�

?[
&'�

,&,&�

?[
�'�

� �� �%�
Y �~&

Y'�
n ���

?[
�'�

� �� �%�
Y �~�

Y'�
' fc

zkhuh zh kdyh xvhg wkh v|pphwu| ri wkh Voxwvn| pdwul{1 Xvlqj wkh gh�qlwlrq

k�f � %�� �*'� dqg uhduudqjlqj whupv/ zh rewdlq

�~�

?[
&'�

,&,&�

?[
�'�

� �k�f
Y �~&

Y'�
'� n ���

?[
�'�

� �k�f
Y �~�

Y'�
'� ' fc � ' �c ���c ?�

Dv �~� lv krprjhqhrxv ri ghjuhh }hur/ lpso|lqj wkdw
S?

�'�
Y �~�

Y'�'
� ' f/ lw lv qrz

reylrxv wkdw d vroxwlrq wr wkhvh �uvw0rughu frqglwlrqv lv fkdudfwhul}hg e|

� �*� � ' k�f*k
�
f �c � ' �c ���c ?�

Wkxv/ wkhvh irupxodh dqg �� ' f fkdudfwhul}h d vroxwlrq wr wkh rswlpdo wd{ sureohp1

E Surri ri Sursrvlwlrq 5

Iru d jlyhq lqlwldo frpprglw| wd{ vwuxfwxuh i� �j
?

�'�/ zh frqvlghu wkh h�hfw rq

wkh ghdg0zhljkw orvv ri d pdujlqdo lqfuhdvh lq �� dqg d fruuhvsrqglqj uhgxf0

wlrq lq d ydoxh0dgghg wd{ udwh/ � / zklfk nhhsv wkh wd{ uhyhqxh frqvwdqw1 Wkh

ydoxh0dgghg wd{ lv sursruwlrqdo wr surgxfhu sulfhv/ jlylqj ulvh wr frqvxphu sulfhv

4:



� � ' R� E� n �� * E�� � ��1 Wkh h�hfw rq wkh ghdg0zhljkw orvv ri d pdujlqdo fkdqjh

lq wkhvh wd{ udwhv lv jlyhq e|

[E�� c �� '
Y( E� c |� �

Y��
n

Y( E� c |� �

Y�

_�

_��
c

zkhuh _�*_�� lv wkh fkdqjh lq � zklfk nhhsv wkh wd{ uhyhqxh �{hg1 Iurp A E� c |� � '

7A zh jhw _�*_�� ' � dYA E�c |� � *Y|� o * dYA E�c |� � *Y� o/ lpso|lqj

[E�� c �� '
Y( E� c |� �

Y��
�

Y(

Y�

YA E�c |� � *Y|�
YA E�c |� � *Y�

�

Xvlqj htxdwlrqv +9, dqg +46,/ zh kdyh

Y( E�c |� �

Y�
'

?[
�'�

Ye

Y'�

Y'�

Y� �

Y� �

Y�
�

YA

Y�
'

?[
�'�

�~�%�
R�

�� � �
�

YA

Y�
c

Y( E�c |� �

Y|�
'

?[
&'�

Ye

Y'&

Y'&

Y`&

Y`&

Y`�

Y`�

Y��
�

Y`�

Y��
�

YA

Y��
' `�

��� �
YA

Y��
c

zkhuh wkh odvw htxdolwlhv lq wkh wzr h{suhvvlrqv iroorz iurp Ye*Y'� ' �~�/ Vkhs0

kdug*v Ohppd/ Y� �*Y� ' R�* E�� � ��/ dqg Y`�*Y�� ' �`� 1 Lqvhuwlqj wkhvh

h{suhvvlrqv lq [E�� c �� jlyhv

[E�� c �� ' `�
��� �

YA E� c |� � *Y|�
YA E� c |� � *Y�

?[
�'�

�~�%�
R�

�� � �
�

Rq wkh suhvxpswlrq wkdw YA*Y� : f/ l1h1 wkh hfrqrp| lv rq wkh xszdug0vorslqj

sduw ri wkh Od�hu fxuyh/ lw iroorzv wkdw [Efc f� : f li

YA Efc f�

Y�
`�

��� �
YA Efc f�

Y|�

?[
�'�

�~�%�� � : f� +4;,

Iurp htxdwlrq +47, zh rewdlq wkh ghulydwlyhv ri wkh wd{ ixqfwlrq hydoxdwhg durxqg

wkh lqlwldo htxloleulxp=

YA Efc f�

Y�
'

?[
�'�

�~�%�� � n

?[
�'�

� �� �%�
?[

&'�

Y �~�

Y'&
� &%&c

YA Efc f�

Y|�
' �

?[
�'�

� �� �%�
?[

&'�

Y �~�

Y'&
,&,&�`� n`�

��� c

4;



zkhuh zh kdyh xvhg Vkhskdug*v Ohppd/ Y� �*Y� ' � �/ � � � R� ' � �� �/ dqg

Y`�*Y�� ' �`� 1 Lqvhuwlqj wkhvh ghulydwlyhv lq +4;,/ zh jhw wkh frqglwlrq

���

?[
�'�

� �� �%�
?[

&'�

Y �~�

Y'&
� &%& n

?[
�'�

� �� �%�
?[

&'�

Y �~�

Y'&
,&,&�

?[
�'�

�~�%�� � : f /

?[
�'�

� �� �%�
?[

&'�

Y �~�

Y'&

%
%&� &S?

�'�
�~�%�� �

n
,&,&�
���

&
: f�

Xvlqj v|pphwu| ri wkh Voxwvn| pdwul{/ �f& ' %& �~&/ �u� ' ,&,&� �~&/ dqg uhduudqjlqj

whupv wkh lqhtxdolw| ehfrphv

?[
�'�

� �� �%�
?[

&'�

Y �~&* �~&

Y'�

%
� & �f&S?
�'� �

� �f�
n

�u&
�

���

&
: f�

Xvlqj htxdwlrq +7, dqg htxdwlrqv +;, wkurxjk +44,/ wklv pd| eh zulwwhq dv

?[
�'�

� �� �%�
?[

&'�

Y �~&* �~&

Y'�

%
'& �~& �`�

�u&
� �`7

�u&
7

`�
��� n`7

��7

n
�u&
�

���

&
: fc

ru

?[
�'�

� �� �%�
?[

&'�

Y �~&* �~&

Y'�

%
'& �~&

`7
��7

�
�u&
7

��7

n
�u&
�

���

&
: f�

V|pphwu| ri wkh Voxwvn| pdwul{ dqg krprjhqhlw| ri ghjuhh }hur ri wkh frpshqvdwhg

ghpdqg ixqfwlrqv jlyh wkh iroorzlqj uhodwlrqvkls

?[
&'�

Y �~&* �~&

Y'�

'& �~&

`7
��7

'
?[

&'�

Y �~&

Y'�

'&

`7
��7

'
�

`7
��7

?[
&'�

Y �~�

Y'&
'& ' fc

zklfk lpsolhv wkdw wkh deryh lqhtxdolw| pd| eh vwdwhg dv

?[
&'�

%
�u&
�

���

�
�u&
7

��7

&
?[
�'�

#&�� �k�f : fc

zkhuh k�f � � �%�

'� dqg #&� � Y �~&* �~&

Y'�*'� 1 Wkxv/ d vpdoo lqfuhdvh lq �� dqg d fruuhvsrqglqj

uhgxfwlrq lq � lqfuhdvh wkh ghdg0zhljkw orvv li wklv lqhtxdolw| lv ixo�oohg/ dqg ylfh

yhuvd1

4<
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Uhihuhqfhv

^4` Dop/ M1 dqg Zklwwlqjwrq/ O1 D1 +4<<:,1 �Lqfrph Wd{hv dqg wkh Wlplqj ri

Pdulwdo Ghflvlrqv1� Mrxuqdo ri Sxeolf Hfrqrplfv 97/ ss1 54<05731

^5` Dop/ M1 dqg Zklwwlqjwrq/ O1 D1 +4<<<,1 �Iru Oryh ru Prqh|B Wkh Lpsdfw ri

Lqfrph Wd{hv rq Pduuldjh1� Hfrqrplfd 99/ ss1 5<:06491

^6` Dssv/ S1 I1 dqg Uhhv/ U1 +4<;;,1 �Wd{dwlrq dqg wkh Krxvhkrog1� Mrxuqdo ri

Sxeolf Hfrqrplfv 68/ ss1 688069<1

^7` Dssv/ S1 I1 dqg Uhhv/ U1 +4<<:,1 �Froohfwlyh Oderu Vxsso| dqg Krxvhkrog

Surgxfwlrq1� Mrxuqdo ri Srolwlfdo Hfrqrp| 438 +4,/ ss1 4:;04<31
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^8` Dssv/ S1 I1 dqg Uhhv/ U1 +4<<<d,1 �Lqglylgxdo yhuvxv Mrlqw Wd{dwlrq lq Prghov

zlwk Krxvhkrog Surgxfwlrq1� Mrxuqdo ri Srolwlfdo Hfrqrp| 43:/ ss1 6<607361

^9` Dssv/ S1 I1 dqg Uhhv/ U1 +4<<<e,1 �Rq wkh Wd{dwlrq ri Wudgh zlwklq dqg

ehwzhhq Krxvhkrogv1� Mrxuqdo ri Sxeolf Hfrqrplfv :6/ ss1 57405961

^:` Ehfnhu/ J1 V1 +4<98,1 �D Wkhru| ri wkh Doorfdwlrq ri Wlph1� Hfrqrplf Mrxuqdo

:8/ ss1 7<6084:1

^;` Ervnlq/ P1 M1 dqg Vkhvklqvnl/ H1 +4<;6,1 �Rswlpdo Wd{ wuhdwphqw ri wkh Idplo|=

Pduulhg Frxsohv1� Mrxuqdo ri Sxeolf Hfrqrplfv 53/ ss1 5;405<:1

^<` Fkldssrul/ S1 +4<<:,1 �Lqwurgxflqj Krxvhkrog Surgxfwlrq lq Froohfwlyh Prghov

ri Oderu Vxsso|1� Mrxuqdo ri Srolwlfdo Hfrqrp| 438 +4,/ ss1 4<4053<1

^43` Gldprqg/ S1 D1 dqg M1 D1 Pluuohhv +4<:4,/ �Rswlpdo Wd{dwlrq dqg Sxeolf

Surgxfwlrq1� Sduwv L0LL1 Dphulfdq Hfrqrplf Uhylhz 94/ ss1 ;05:/ ss1 5940:;1

^44` Jrwwiulhg/ S1 dqg Ulfkwhu/ Z1 I1 +4<<<,1 �Wkh Wd{ Xqlw dqg Krxvhkrog Sur0

gxfwlrq= Frpphqw1� Mrxuqdo ri Srolwlfdo Hfrqrp| 43:/ ss1 737073<1

^45` Jurqdx/ U1 +4<:6,1 �Wkh Lqwudidplo| Doorfdwlrq ri Wlph= Wkh Ydoxh ri wkh

Krxvhzlyhv* Wlph1� Dphulfdq Hfrqrplf Uhylhz 9;/ ss1 96709841

^46` Jurqdx/ U1 +4<::,1 �Ohlvxuh/ Krph Surgxfwlrq dqg Zrun 0 wkh Wkhru| ri wkh

Doorfdwlrq ri Wlph Uhylvlwhg1� Mrxuqdo ri Srolwlfdo Hfrqrp| ;8/ ss1 43<<044561

^47` Odqfdvwhu/ N1 M1 +4<99,1 �D Qhz Dssurdfk wr Frqvxphu Wkhru|1� Mrxuqdo ri

Srolwlfdo Hfrqrp| :7+5,/ ss1 465048:1
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^48` Pxwk/ U1 I1 +4<99,1 �Krxvhkrog Surgxfwlrq dqg Frqvxphu Ghpdqg Ixqf0

wlrqv1� Hfrqrphwulfd 67+6,/ ss1 9<<0:3;1

^49` Sljjrww/ M1 dqg Zkdooh|/ M1 +4<<9,1 �Wkh Wd{ Xqlw dqg Krxvhkrog Surgxfwlrq1�

Mrxuqdo ri Srolwlfdo Hfrqrp| 437/ ss1 6<;074;1

^4:` Urvhq/ K1 V1 +4<::,1 �Lv Lw Wlph wr Dedqgrq Mrlqw IlolqjB� Qdwlrqdo Wd{

Mrxuqdo 63/ ss1 756075;1
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