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4 Lqwurgxfwlrq

Jryhuqphqw uhjxodwlrq iuhtxhqwo| uhvwulfwv hqwu| e| �{lqj wkh qxpehu ri �upv wkdw fdq vxsso| d pdunhw1
H{dpsohv lqfoxgh wd{lv/ dofrkro uhwdlolqj/ skdupdflhv/ lqvxudqfh/ edqnlqj/ wudqvsruw/ surihvvlrqv/ dqg
lpsruwdwlrq1 Wkhuh duh vhyhudo srvvleoh uhdvrqv zk| wkh vhw ri uhjxodwhg pdunhwv lv vr juhdw1

Iluvw/ iuhh hqwu| frxog kdyh vhulrxv qhjdwlyh zhoiduh h�hfwv dfurvv d zlgh vhw ri pdunhwv1 Wkh h{fhvv
hqwu| wkhruhp ri Fkdpehuodlq +4<66,/ jhqhudol}hg e| Vx}xpxud dqg Nl|rqr +4<;:,/ vkrzv wkdw iuhh hqwu|
fdq kdyh qhjdwlyh zhoiduh h�hfwv lq roljrsrolvwlf pdunhwv1 Krzhyhu/ wkh qhjdwlyh zhoiduh h�hfwv duh qrw
jhqhudoo| vhulrxv dqg uhvwulfwlrqv rq hqwu| jhqhudwh surgxfwlyh dqg doorfdwlyh lqh!flhqf| dqg duh frvwo|
wr hqirufh1 Khqfh lw zrxog eh gl!fxow wr mxvwli| hqwu| uhvwulfwlrqv rq zhoiduh jurxqgv xqohvv wkh qhjdwlyh
h{whuqdolw| iurp dq hqwudqw lv sduwlfxoduo| vhyhuh1 Wklv frxog eh wkh fdvh li fuhdp0vnlpplqj lv srvvleoh/
ru li wkhuh lv d vfdufh h{foxvlyh lqsxw +h1j1/ vshfwuxp iru eurdgfdvwlqj,/ exw wklv lv d uhodwlyho| qduurz
vxevhw ri doo pdunhwv zkhuh hqwu| lv uhjxodwhg1

Vhfrqg/ lw frxog eh wkdw uhvwulfwlrqv rq hqwu| duh xvhg wr fruuhfw iru pdunhw idloxuhv rwkhu wkdq h{fhvv
hqwu|1 Wkh wudglwlrqdo dujxphqw pljkw eh wkdw udlvlqj wkh uhwxuq dw wkh pdujlq dowhuv ehkdylrxu lq d
vrfldoo| ehqh�fldo gluhfwlrq1

D wklug h{sodqdwlrq lv wkdw hqwu| uhvwulfwlrqv gr qrw dulvh iurp vshfl�f pdunhw idloxuhv exw iurp
fdswxuh ri wkh uhjxodwru| surfhvv e| lqfxpehqwv1 Wklv sdshu dwwhpswv wr prgho wklv surfhvv h{solflwo|1

Zh dvvxph wkdw wkhuh lv qr pdunhw idloxuh dvvrfldwhg zlwk iuhh hqwu| exw wkdw hqwu| kdv iru vrph uhdvrq
ehhq uhjxodwhg lq wkh sdvw1 Zkhwkhu wklv uhvxowv iurp suhylrxv oree|lqj ru rqfh0ydolg pdunhw idloxuhv lv
qrw lpsruwdqw/ zkdw pdwwhuv lv wkdw wkh qxpehu ri �upv lq wkh pdunhw lv uhjxodwhg dqg wkdw d uhjxodwru
pxvw ghflgh rq d qhz doorfdwlrq1 Vshfl�fdoo|/ zh prgho d uhjxodwru| surfhvv lq zklfk lqfxpehqw �upv
fdq h{huw oree|lqj h�ruw wkdw dowhuv wkh suhihuhqfhv ri uhjxodwruv zkr ghwhuplqh wkh ohyho ri hqwu| wr d
pdunhw1

H{dpsohv ri idloxuhv wr uh0uhjxodwh hqwu| wr pdunhwv zkhuh vwdqgdug hfrqrplf wkhru| glfwdwhv wkdw
zhoiduh jdlqv duh dydlodeoh duh qxphurxv1 Iru lqvwdqfh/ uh0uhjxodwlrq ri wd{l pdunhwv zruog zlgh kdv
suryhg qrwrulrxvo| sureohpdwlf ghvslwh wkh h{lvwhqfh ri reylrxv h{fhvv ghpdqg lq pdq| fdvhv4 1 Lq zkdw
iroorzv/ zh sxusruw wkdw wkh uhdvrq vxfk uhjxodwru| idloxuhv derxqg lv ehfdxvh ri wkh lq xhqfh wkdw
lqfxpehqw lqwhuhvw jurxsv h{dfw ryhu wkh uhjxodwru| surfhvv1 Wkrxjk zh gr qrw eholhyh wkdw lqfxpehqw
lqwhuhvw jurxsv duh vroho| uhvsrqvleoh iru uhjxodwru| idloxuhv ri wkh nlqg lq txhvwlrq/ zh gr eholhyh wkdw
prghoolqj wkh sureohp dv vxfk |lhogv vrph lqwhuhvwlqj dqg xvhixo lqvljkwv1

Zh suhvhqw d vlpsoh wkuhh vwdjh jdph wkhruhwlf prgho ri wkh uh0uhjxodwlrq surfhvv1 Lq wkh �uvw
vwdjh/ dq lqwhuhvw jurxs uhsuhvhqwlqj lqfxpehqw �upv fkrrvhv d ohyho ri oree|lqj h�ruw1 Lq wkh vhfrqg
vwdjh/ d uhjxodwru zkrvh remhfwlyh ixqfwlrq ghshqgv rq lqwhuhvw jurxs oree|lqj h�ruw/ fkrrvhv d ohyho ri
hqwu| wr wkh lqgxvwu|1 Lq wkh wklug vwdjh/ frpshwlwlrq dprqj wkh q �upv lq wkh lqgxvwu| lv prghoohg dv

prqrsrolvwlf frpshwlwlrq zlwk frqmhfwxudo yduldwlrqv1 Zh h{dplqh krz wkh h{whqw ri surgxfw pdunhw

ulydou| lq wkh wklug vwdjh ri wkh jdph d�hfwv wkh uhjxodwru*v htxloleulxp hqwu| ghflvlrq/ �upv* rxwsxw

ghflvlrqv/ wkh lqwhuhvw jurxs*v hqwu| ghwhuulqj dfwlylwlhv dqg htxloleulxp zhoiduh1

Wkh vwuxfwxuh ri wkh sdshu lv dv iroorzv1 Vhfwlrq 5 rxwolqhv wkh edvlf dvvxpswlrqv dqg vwuxfwxuh ri rxu

prgho1 Lq Vhfwlrq 6/ zh suhvhqw wkh pdlq uhvxowv ri wkh sdshu1 Vhfwlrq 7 dqdo|vhv wkh h�hfw ri surgxfw

pdunhw frpshwlwlrq rq sod|huv* lqfhqwlyhv/ htxloleulxp rxwfrphv dqg zhoiduh1 Lq Vhfwlrq 8/ vrph srvvleoh

h{whqvlrqv duh glvfxvvhg1 Ilqdoo|/ Vhfwlrq 9 frqfoxghv zlwk d vxppdu| ri wkh pdlq uhvxowv dqg srwhqwldo

srolf| lpsolfdwlrqv1

5 Prgho

Lq wklv vhfwlrq zh vshfli| d prgho ri frrshudwlyh hqwu| ghwhuuhqfh e| d vshfldo lqwhuhvw jurxs15 Xvlqj d

wkuhh vwdjh jdph wkhruhwlf prgho ri frpsohwh lqirupdwlrq zh h{dplqh krz dq lqwhuhvw jurxs uhsuhvhqwlqj

4Iru d ixuwkhu glvfxvvlrq ri wklv sureohp lq wkh frqwh{w ri wkh Gxeolq wd{l pdunhw vhh Ilqjohwrq/ Hydqv ) Krjdq +4<<;,1
5Hqwu| ghwhuuhqfh lv frrshudwlyh lq wkh vhqvh wkdw lqfxpehqwv lqyhvw htxdo vkduhv ri h�ruw dffruglqj wr wkh oree| jurxs*v

ghflvlrq1 Lq wklv sdshu zh gr qrw frqvlghu dq| rujdqlvdwlrqdo sureohpv wkdw pd| dulvh/ h1j1 d whqghqf| wr iuhh ulgh1
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lqfxpehqw �upv uhvsrqgv wr dq| dwwhpswhg uh0uhjxodwlrq1 Lq wkh �uvw vwdjh/ wkh lqwhuhvw jurxs h{shqgv

h�ruw rq oree|lqj dqg wklv eldvhv wkh uhjxodwru*v remhfwlyh ixqfwlrq wrzdugv wkh lqfxpehqwv* sur�w1 Lq wkh

vhfrqg vwdjh/ wkh uhjxodwru ghflghv xsrq d ohyho ri hqwu| wkdw pd{lplvhv wklv xqhyhqo| zhljkwhg sd|r�1

Lq wkh wklug vwdjh/ wkh lqfxpehqwv dqg dq| qhz hqwudqwv sod| d krprjhqhrxv surgxfw/ txdvl0Frxuqrw

rxwsxw jdph dqg wkxv/ wkh h{whqw ri frpshwlwlrq lq wkh srvw0hqwu| jdph lv prghoohg xvlqj d sdudphwhu

ri frqmhfwxudo yduldwlrq1

Wkh edvlf dvvxpswlrqv ri wkh prgho duh dv iroorzv1

D4 Ghpdqg= Lqyhuvh ghpdqg S +T, lv grzqzdug vorslqj dqg frqwlqxrxvo| gl�huhqwldeoh dv riwhq dv

uhtxluhg1

D5 Vxsso|= Wkh pdunhw lv vxssolhg e| q olfhqvhg Frxuqrw �upv zlwk lghqwlfdo whfkqrorjlhv dqg frvw

ixqfwlrqv f +tl, vxfk wkdw f
3 +tl, A 3 dqg f

33 +tl, � 3 iru tl A 3/ zkhuh tl lv �up rxwsxw dqg

T @
S

q

l@4
tl1

D6 Ilup Rxwsxw= Ilup rxwsxw ghshqgv rq frqmhfwxudo yduldwlrqv dqg dv vxfk/ �up rxwsxw lv ghwhu0

plqhg e| wkh qxpehu ri �upv lq wkh lqgxvwu|/ l1h1 tl +q>�,1 Zh xvh wkh ixqfwlrq � @
CT
Ctl
@ 4.

CT
�l

Ctl
vr wkdw � @ 3 lv shuihfw frpshwlwlrq/ � @ q lv mrlqw sur�w pd{lplvdwlrq/ l1h1 prqrsro| dqg � @ 4

lv wkh zdwhuvkhg vlwxdwlrq ri Frxuqrw frpshwlwlrq16 Iru wkh vdnh ri vlpsolflw| ri h{srvlwlrq zh

dvvxph wkdw � lv qrw d ixqfwlrq ri q17

D7 H�ruw= Wkh ixqfwlrq � +h, lv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq h zlwk � +3, @ 4/ �3 +h, A 3 dqg

�
33

+h, ? 3 iru doo h A 31

D8 Frvw ri H�ruw= Wkh ixqfwlrq J +h, lv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq h zlwk J +3, @ 3>
J3 +h, A 3 dqg J33 +h, A 31

Wkh uhjxodwru*v sureohp lv wr fkrrvh d ohyho ri hqwu| q wr pd{lplvh wkh vxp ri frqvxphu vxusoxv +V,
dqg lqgxvwu| sur�w +�,1 Wkh uhjxodwru*v wdvn lv frpsolfdwhg e| wzr idfwv1 Iluvw/ wkh uhjxodwru ehduv d
frvw ri uhjxodwlrq +u, zklfk zh dvvxph lv lqghshqghqw ri wkh qxpehu ri �upv1 Vhfrqg/ wkh lqwhuhvw jurxs
lv deoh wr lq xhqfh wkh uhjxodwru*v ehkdylrxu wkurxjk oree|lqj1 Lq sduwlfxodu/ wkh lqwhuhvw jurxs h{huwv
oree|lqj h�ruw h dqg wklv h�ruw fkdqjhv wkh ydoxh ri d zhljkw rq wkh lqfxpehqw �upv* sur�w frpsrqhqw

ri wkh uhjxodwru*v sd|r� ixqfwlrq1 Wkhuh duh q3 lqfxpehqwv lq wkh pdunhw1 Irupdoo|/ wkh uhjxodwru*v

sd|r� lv

U @ V . �

q3[

l@4

�l .

q[

l@q3.4

�l � u

Wkxv/ zkhq qr h�ruw lv h{huwhg/ sur�wv dqg frqvxphu vxusoxv duh zhljkwhg htxdoo|1 Krzhyhu/ srvlwlyh

h�ruw eldvhv wkh uhjxodwru*v suhihuhqfhv wrzdugv wkh lqfxpehqw sur�w frpsrqhqw ri lwv remhfwlyh ixqfwlrq/

exw ghfuhdvlqj uhwxuqv vhw lq dv oree|lqj dfwlylw| jurzv18 Wkh uhjxodwru*v sd|r� ixqfwlrq gh�qhg deryh

ljqruhv wkh lqgxvwu|*v oree|lqj frvwv1 Wklv pd| eh mxvwl�hg li wkh| duh hqjdjhg lq zdvwhixo uhqw0vhhnlqj1

Zh lqyhvwljdwh wkh lpsolfdwlrqv ri uhod{lqj wklv dvvxpswlrq dw d odwhu vwdjh1

6Wklv lqwhusuhwdwlrq lv gxh wr +Vhdgh 4<;3e,1
7 Lw lv olnho| wkdw dv wkh qxpehu ri �upv lq wkh pdunhw lqfuhdvhv/ wkhlu delow| wr frooxgh ghfuhdvhv/ l1h1 li b lv d ixqfwlrq

ri ?/ wkhq _b

_?
	 f1

8Wkh uhjxodwru wulhv wr lqfuhdvh hqwu| deryh ?f/ vr wkdw E? 3 ?f� lv qrq0qhjdwlyh1 Qrwh dovr wkdw wkh uhjxodwru*v sd|r�

frqvlvwv ri wkuhh frpsrqhqwv= frqvxphu vxusoxv> lqfxpehqwv sur�wv> dqg wkh srwhqwldo sur�wv ri dq| qhz hqwudqwv1 Ilqdoo|/

wkh uhjxodwru*v sd|r� fdq eh zulwwhq dv/

- ' � n Ek3 ��

?3[

�'�

Z� 3 o

Wklv irupxodwlrq hpskdvlvhv wkh idfw wkdw wkh uhjxodwru*v sd|r� frqvlvwv ri zhoiduh +� ' 7 n�, soxv dq| h{wud zhljkw wkdw
lv sodfhg rq lqfxpehqw sur�w1
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Wkh lqwhuhvw jurxs pd{lplvhv wkh gl�huhqfh ehwzhhq lqfxpehqw sur�w dqg wkh frvw ri oree|lqj1

Irupdoo|/ wkh lqwhuhvw jurxs*v sd|r� lv

O @

q3[

l@4

�l �J +h,

Oree|lqj dfwlylwlhv duh frvwo| wr wkh lqwhuhvw jurxs zlwk J +h, ehlqj wkh frvw wr wkh lqwhuhvw jurxs ri

h�ruw h=9

Wkh whpsrudo vwuxfwxuh ri wkh q. 5 sod|hu jdph ri frpsohwh lqirupdwlrq lv dv iroorzv1

41 Wkh lqfxpehqwv* oree| jurxs +O, pryhv �uvw dqg fkrrvhv krz pxfk h�ruw h wr h{shqg rq oree|lqj1

51 Wkh uhjxodwru +U,fkrrvhv wkh qxpehu ri �upv doorzhg wr hqwhu1

61 Lqfxpehqwv dqg dq| qhz hqwudqwv vlpxowdqhrxvo| fkrrvh dq rxwsxw ohyho t1

Sd|r�v duh wkhq ghwhuplqhg1

6 Dqdo|vlv

Wkh jdph lv vroyhg e| edfnzdug lqgxfwlrq/ vr zh ehjlq e| dqdo|vlqj wkh ehkdylrxu ri dq lqglylgxdo �up/

wkhq wkh uhjxodwru dqg �qdoo| wkh lqfxpehqwv* oree| jurxs1 Zh srvwsrqh wkh dqdo|vlv ri ydu|lqj ghjuhhv

ri surgxfw pdunhw frpshwlwlrq xqwlo Vhfwlrq 71

614 Vwdjh LLL= Pdunhw Rxwfrph

Jlyhq wkh uhjxodwru*v hqwu| ohyho ghflvlrq q/ �upv sod| d krprjhqhrxv surgxfw/ txdvl Frxuqrw rxwsxw

jdph1 Hdfk �up fkrrvhv lwv rxwsxw tl wr pd{lplvh lwv sur�w �l +tl> q,1 Ehfdxvh �upv duh v|pphwulfdoo|

sodfhg lq wkh srvw0hqwu| jdph zh fdq frqfhqwudwh rq v|pphwulf htxloleuld1 Zh wkhuhiruh gurs wkh �up

vxevfulsw vr wkdw lq htxloleulxp tl @ �t/ �l +�t, @ � iru l @ 4===q dqg �T @ q�t= Htxloleulxp �up sur�w pxvw

vdwlvi| wkh iroorzlqj �uvw dqg vhfrqg rughu sur�w pd{lplvdwlrq frqglwlrqv1

g� +�t,

gt
@ S

�
�T
�
. ��tS 3

�
�T
�
� f

3 +�t, @ 3 +4,

g5� +�t,

gt5
@ 5S

�
�T
�
�. t�5S 33

�
�T
�
� f33 +�t, ? 3 +5,

D qxpehu ri srlqwv duh qrwhzruwk|1 Iluvw/ wkh srvw0hqwu| jdph lv fkdudfwhulvhg e| d exvlqhvv vwhdolqj

h�hfw/ l1h1 C�t
Cq
? 3/ surylghg fhuwdlq frqglwlrqv derxw wkh vkdsh ri wkh pdunhw ghpdqg ixqfwlrq duh

vdwlv�hg/ hvvhqwldoo| wkdw wkh pdunhw ghpdqg qrw eh wrr frqyh{1 Vhfrqg/ lqgxvwu| rxwsxw lv lqfuhdvlqj

lq wkh qxpehu ri �upv/ l1h1
C �T
Cq
A 31 Wkhvh lghdv duh pdgh h{solflw lq wkh iroorzlqj ohppd zklfk lv gxh

wr Vhdgh +4<;3e,1

9Dq dowhuqdwlyh vshfl�fdwlrq ri oree|lqj frvwv frxog eh wkdw wkh ixqfwlrq C Ee� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh lq e

zlwk C Ef� ' %c C� Ee� D f dqg C
�� Ee� D f1 Wkh gl�huhqfh lv wkdw wkhuh lv d �{hg frvw ri % lqyroyhg lq oree|lqj/ srvvleo|

dq lqlwldo rujdqlvdwlrq frvw1 Dovr/ wklv vshfl�fdwlrq grhv qrw uhtxluh wkdw pdujlqdo oree|lqj lv frvwo|1 Hlwkhu ri wkhvh

vshfl�fdwlrqv zloo eh frqvlvwhqw zlwk wkh h{lvwhqfh ri dq clqwhuhvwlqj* htxloleulxp1 Krzhyhu/ li pdujlqdo oree|lqj lv frvwohvv

dqg wkhuh lv qr �{hg frvw/ wkhq wkh lqwhuhvw jurxs zrxog eh deoh wr dfklhyh dq| ghvluhg ohyho ri hqwu|1 Pruhryhu/ wkh vwdwxv

txr zrxog hqgxuh lqgh�qlwho|1
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Ohppd 4+d, Ilup rxwsxw ehkdyhv lq d �qrupdo� pdqqhu dv hqwu| rffxuv

�
C�t
Cq
? 3

�
/ l1h1 �up rxwsxw

ghfuhdvhv dv hqwu| rffxuv/ jlyhq rqo| vwdelolw| ri htxloleulxp:/ li dqg rqo| li

�

�
q

�
.

�
4�

f
33

�S 3

��
A
TS 33

S 3
A �

q

�

Rwkhuzlvh/
C�t
Cq
A 3/ l1h1 �up rxwsxw ehkdyhv lq d �shuyhuvh� pdqqhu iru

�

�
q

�
.

�
4�

f
33

�S 3

��
?
TS 33

S 3
? �

q

�

Ohppd 4+e, Htxloleulxp lqgxvwu| rxwsxw dozd|v lqfuhdvhv dv hqwu| lqwr vwdeoh htxloleuld rffxuv/
C �T
Cq
A

31
;

Htxloleulxp �up sur�w lv gh�qhg dv � +q> �t +q>�,, dqg lv ghfuhdvlqj lq wkh qxpehu ri �upv1 Wklv lv

hdvlo| vkrzq dv iroorzv/

g� +q> �t,

gq
@

C�t

Cq
S . �tS 3

C �T

Cq
� f3

C�t

Cq
@ �tS 3

#
C �T

Cq
� �

C�t

Cq

$
+6,

�
C �T
Cq
� �

C �t
Cq

�
A 3 e| ohppdv 4+d, dqg 4+e, dqg �tS 3 ? 3/ pdnlqj g�

gq
? 3 dv uhtxluhg1 Krzhyhu/ wkh uhvxow

g�+q>�t,
gq

? 3 krogv lqghshqghqwo| ri ohppd 5 dqg lv wuxh jlyhq rqo| vwdelolw| ri htxloleulxp1 Zh vwdwh wklv
uhvxow lq wkh iroorzlqj ohppd gxh wr Vhdgh +4<;3e,1

Ohppd 5 Ilup sur�wv ghfuhdvh dv hqwu| lqwr vwdeoh htxloleuld rffxuv1<

615 Vwdjh LL= Uhjxodwru| Rxwfrph

Wkh uhjxodwru*v sureohp lq wkh vhfrqg shulrg lv wr fkrrvh q jlyhq h kdv douhdg| ehhq fkrvhq e| wkh

lqwhuhvw jurxs1 Vxejdph shuihfwlrq uhtxluhv wkdw wkh uhjxodwru fruuhfwo| dqwlflsdwh wkh rxwfrph ri wkh

jdph dprqjvw wkh �upv lq wkh wklug vwdjh1 Wkxv/ wkh uhjxodwru pd{lplvhv lwv remhfwlyh ixqfwlrq wuhdwlqj

h dv h{rjhqrxv dqg �t dv hqgrjhqrxv/ l1h1 wkh uhjxodwru fkrrvhv �q vdwlvi|lqj43 /

�q @ duj pd{
q5^3>4,

^z +q> �t, . � +q> �t,q3 +� +h, � 4,� u`

Sd|r� pd{lplvdwlrq frqglwlrq duh/

gU +�q,

gq
@
gz +�q,

gq
. +� +h, � 4,q3

g� +�q,

gq
@ 3 +7,

g
5
U +�q,

gq5
@
g
5
z +�q,

gq5
. +� +h, � 4,q3

g�5 +�q,

gq5
? 3 +8,

Sursrvlwlrq 6 Iru srvlwlyh ohyhov ri h�ruw/ wkh htxloleulxp qxpehu ri �upv lq wkh lqgxvwu| lv ohvv wkdq

wkh vrfldoo| rswlpdo ohyho/ ghqrwhg q
�

/ zklfk lv lq wxuq qrw juhdwhu wkdq wkh iuhh hqwu| ohyho/ ghqrwhg

�q1 Wkdw lv/ �q � q
�

A �q1

44

:Vhh dsshqgl{ iru surri1
;Vhh dsshqgl{ iru surri1
<Vhh dsshqgl{ iru surri1

43 Lq Vhfwlrq 5 wkh uhjxodwru*v re mhfwlyh ixqfwlrq zdv vwdwhg dv=

- ' � n Ek3 ��

?3[

�'�

Z� 3 o

Wklv ehfrphv

- ' � E?c �̂�n Z E?c �̂�?f Ek Ee�3 ��3 o

ehfdxvh zh duh frqfhqwudwlqj rq wkh v|pphwulf htxloleulxp zkhuh Z� ' Z E?c �̂�1
44Vhh dsshqgl{ iru surri1

7



Iurp qrz rq zh ghqrwh wkh uhjxodwru*v uhdfwlrq ixqfwlrq dv Q +h,1 Wkh vorsh ri wkh uhjxodwru*v

uhdfwlrq ixqfwlrq Q
h
lv jlyhq e| wkh iroorzlqj htxdwlrq

Qh @

%
��

3 +h,q3
g�

gq

g5z

gq5
. +� +h,� 4,q3

g�5+�q,
gq5

&
+9,

Vlqfh/ g�

gq
? 3 iru doo q e| ohppd 7 dqg

�
g
5
z

gq5
. +� +h,� 4,q3

g�
5+�q,
gq5

�
? 3 e| lqhtxdolw| 8/ wkh uhjxodwru*v

uhdfwlrq ixqfwlrq zloo eh grzqzdug vorslqj lq vwudwhjlf vsdfh0+h>q,1 Wkh lqwhusuhwdwlrq lv wkdw pruh

oree|lqj e| lqfxpehqwv lqgxfhv d orzhu ohyho ri shuplwwhg hqwu| e| wkh uhjxodwru1 Zh vwdwh wklv uhvxow

lq wkh iroorzlqj ohppd1

Ohppd 7 Wkh uhjxodwru*v uhdfwlrq ixqfwlrq lv grzqzdug vorslqj lq vwudwhjlf vsdfh0+h>q,45/ l1h1 Qh ? 31

D qxpehu ri rwkhu srlqwv pxvw dovr eh qrwlfhg1 Iluvw/ wkh uhjxodwru*v uhdfwlrq ixqfwlrq sdvvhv wkurxjk

wkh srlqw +3> q�, lq vwudwhjlf vsdfh0+h>q,/ zkhq wkh uhjxodwru lv qrw vxemhfw wr wkh lq xhqfh ri wkh oree|

jurxs/ lw lv iuhh wr vhw hqwu| dw wkh vrfldoo| rswlpdo ohyho1 Vhfrqg/ wkh uhjxodwru*v uhdfwlrq ixqfwlrq

h�hfwlyho| vwrsv dw q @ q31 Wklv rffxuv ehfdxvh wkh lqwhuhvw jurxs zloo qrw oree| eh|rqg wkh srlqw zkhuh

wkh ghvluhg ohyho ri hqwu| lv ehorz wkdw zklfk douhdg| h{lvwv1 Wklug/ zh zrxog olnh wkh uhjxodwru*v uhdfwlrq

ixqfwlrq wr eh frqyh{ lq vwudwhjlf vsdfh1 Wklv zloo hqvxuh wkh xqltxhqhvv ri rxu vroxwlrq146

Ohppd 8 Wkh uhjxodwru*v uhdfwlrq ixqfwlrq lv frqyh{ 47 lq vwudwhjlf vsdfh0+h> q,/ l1h1

g5q

gh5
A 3

Wkhvh ihdwxuhv ri wkh uhjxodwru*v uhdfwlrq ixqfwlrq duh looxvwudwhg lq Iljxuh 41 Ilqdoo|/ zh qrwh wkh

h�hfw ri gl�huhqw lq xhqfh ixqfwlrqv �1 Zh wdnh wkh wzr olplwlqj fdvhv ri �3 +h, @ 3/ l1h1 wkh uhjxodwru

lv xqd�hfwhg e| oree|lqj dfwlylwlhv dqg �
3 +h, @ 4> l1h1 wkh uhjxodwru lv frpsohwho| fdswxuhg e| dq

lq�qlwho| vpdoo dprxqw ri oree|lqj1 Zkhq �3 +h, @ 3/ wkh ydoxh ri Qh jrhv wr }hur1 Zkhq zh frpelqh

wklv idfw zlwk wkh idfw wkdw wkh uhjxodwru*v uhdfwlrq ixqfwlrq pxvw dozd|v sdvv wkurxjk wkh srlqw +3> q�,
zh vhh wkdw wkh uhdfwlrq ixqfwlrq vlpso| ehfrphv d  dw olqh dw q @ q

�

1 Zh looxvwudwh wklv dv olqh UD lq

Iljxuh 4 ehorz1 Rq wkh rwkhu kdqg/ zkhq �
3 +h, @ 4 wkh vorsh ri wkh uhdfwlrq ixqfwlrq dovr ehfrphv

lq�qlwh1 Djdlq/ zkhq zh frpelqh wklv idfw zlwk wkh idfw wkdw wkh uhjxodwru*v uhdfwlrq ixqfwlrq pxvw

dozd|v sdvv wkurxjk wkh srlqw +3> q�,/ zh vhh wkdw wkh uhdfwlrq ixqfwlrq vlpso| ehfrphv d yhuwlfdo olqh

sdvvlqj wkurxjk +3> q�,/ ru vlpso| d vhfwlrq ri wkh q�d{lv lq vwudwhjlf vsdfh1 Zh looxvwudwh wklv lq wkh

�jxuh dv d yhuwlfdo olqh UE voljkwo| wr wkh uljkw ri wkh q�d{lv1 Ehwzhhq wkhvh wzr olplwlqj fdvhv zh kdyh

ydoxhv ri �3 +h, o|lqj lq wkh lqwhuydo +4>3,/ uhvxowlqj lq uhdfwlrq ixqfwlrqv vxfk dv UF 1

616 Vwdjh L= Oree|lqj Ghflvlrq

Zkhq pdnlqj lwv oree|lqj ghflvlrq wkh lqwhuhvw jurxs fkrrvhv h wr pd{lplvh lwv sd|r�1 Djdlq/ vxejdph

shuihfwlrq uhtxluhv wkdw wkh oree| jurxs fruuhfwo| dqwlflsdwh wkh rxwfrph ri wkh jdph dprqjvw wkh �upv

lq wkh wklug vwdjh dqg wkh rxwfrph ri wkh vhfrqg vwdjh ri wkh jdph/ l1h1 wkh uhjxodwru*v fkrlfh ri d ohyho

ri hqwu|1

�h @ duj pd{
h5D4

O +h>q +h, > �t +q +h, >�,,

@ duj pd{
h5D4

iq3� +q +h, > �t +q +h, >�,,�J +h,j

45Iru wkh vdnh ri frpsohwhqhvv wklv uhvxow lv dovr suryhg lq dsshqgl{1
46Wklv uhtxluhphqw lv qrw fulwlfdo wr wkh dqdo|vlv wkdw iroorzv exw grhv vlpsoli| lw1
47Vhh dsshqgl{ iru surri1

8
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�

q

q3

h

q
�

UD

UE

UF

Iljxuh 4= Wkh Uhjxodwru*v Uhdfwlrq Ixqfwlrq= Wkh uhjxodwru*v uhdfwlrq ixqfwlrq lv grzqzdug vorslqj lq

vwudwhjlf vsdfh0+h> q,/ sdvvlqj wkurxjk +3> q�, dqg vwrsslqj dw q31 Wkh krul}rqwdo uhdfwlrq ixqfwlrq UD

fruuhvsrqgv wr dq lqh�hfwxdo lqwhuhvw jurxs +�3
@ 3,1 Wkh yhuwlfdo uhdfwlrq ixqfwlrq UE fruuhvsrqgv wr

dq lq�qlwho| h�hfwlyh lqwhuhvw jurxs +�3
@4,1 UF fruuhvsrqgv wr dq lqwhuphgldwh fdvh1

9



Sd|r� pd{lplvdwlrq frqglwlrqv duh/

gO +�h,

gh
@ q3

g� +�h,

gq

gq

gh
�J

3 +�h, @ 3 +:,

g
5
O +�h,

gh5
@ q3

#�
gq +�h,

gh

�5
g
5
�

gq5
.

g
5
q

gh5

g� +�h,

gq

$
�J

33

+�h, ? 3 +;,

Zh qrz h{dplqh wkh vkdsh dqg surshuwlhv ri wkh lqwhuhvw jurxs*v lvr0sd|r� frqwrxuv1 Zh �qg wkh
vorsh ri wkh lvr0sd|r� frqwrxuv/ ghqrwhg L

h
lv jlyhq e|

Lh @ �

%
CO

Ch

gO

gq

&
@

%
J

3

q3
g�

gq

&
+<,

Ohppd 9 Wkh lqwhuhvw jurxs*v lvr0sd|r�v duh grzqzdug vorslqj lq vwudwhjlf vsdfh0+h> q,148

Ohppd : Wkh lqwhuhvw jurxs*v lvr0sd|r�v duh frqfdyh lq h1

49

Wkh edvlf vkdsh ri wkh lqwhuhvw jurxs*v lvr0sd|r�v fdq eh vhhq lq Iljxuh 51 Frqwrxuv ri orzhu sd|r�

duh dfklhyhg e| prylqj wr wkh uljkw/ wrzdug lvr0sd|r� LF iurp lvr0sd|r� LD1 Frqwrxuv ri kljkhu sd|r�

duh dfklhyhg e| prylqj wr wkh ohiw wrzdug lvr0sd|r� LE iurp lvr0sd|r� LD1 Lvr0sd|r� LE lv wkh frqwrxu

ri pd{lpxp sd|r� ehfdxvh lw sdvvhv wkurxjk d srlqw vxfk wkdw q3 rffxuv zlwkrxw oree|lqj h�ruw1 Lvr0

sd|r� LF lv wkh frqwrxu ri }hur sd|r� ehfdxvh lw sdvvhv wkurxjk d srlqw vxfk wkdw q� rffxuv dqg qr
oree|lqj h�ruw lv h{huwhg1

Li pdujlqdo hqwu| lv uhodwlyho| lqh{shqvlyh iru lqfxpehqwv +q3
g�

gq
vpdoo frpsduhg wr J3,/ lvr0sd|r�

frqwrxuv duh ohvv vwhhso| grzqzdug vorslqj/ h1j1 lvr0sd|r� LE lq Iljxuh 61 Lvr0sd|r� LD fruuhvsrqgv wr

wkh fdvh zkhuh hqwu| lv uhodwlyho| h{shqvlyh1 Zh vwdwh wklv uhvxow lq ohppd irup1

Ohppd ; Wkh vorsh ri lqwhuhvw jurxs lvr0sd|r� frqwrxuv lv lqyhuvho| uhodwhg wr wkh udwh dw zklfk �up

sur�wv ghfuhdvh iru dq| q1 Dowhuqdwlyho| vwdwhg gLh

g
g�

gq

? 31
4:

617 Htxloleulxp

Wkh Qdvk htxloleulxp ri wkh jdph +�h> �q, lv gh�qhg e| wkh xvxdo Vwdfnohehuj wdqjhqf| frqglwlrq1 Wkh

htxloleulxp lv looxvwudwhg dv lq Iljxuh 7 iru +h>q,0vsdfh1 Fxuyh Q +h, lv wkh uhjxodwru*v uhdfwlrq ixqfwlrq1

L lv wkh lqwhuhvw jurxs*v frqwrxu ri kljkhvw srvvleoh sd|r� jlyhq wkh frqvwudlqw ri wkh uhjxodwru*v uhdfwlrq

ixqfwlrq dqg +�h> �q, lv wkh srlqw ri wdqjhqf| uhsuhvhqwlqj wkh Qdvk htxloleulxp ri wkh jdph1 Zh qrwh wkdw

dw wklv htxloleulxp wkh ohyho ri hqwu| doorzhg e| wkh uhjxodwru lv ohvv wkdq lv vrfldoo| rswlpdo1 Dovr/ wkh

htxloleulxp lqyroyhv d srvlwlyh ohyho ri oree|lqj h�ruw zklfk pd| eh uhjdughg dv d zdvwhixo1

Lw lv srvvleoh wkdw wkh jdph pd| uhvxow lq d erxqgdu| vroxwlrq1 Wklv zloo rffxu li htxloleulxp hqwu|0

h�ruw +�h> �q, lv vxfk wkdw �q ? q31 Lq wklv fdvh +�h> �q, fdqqrw eh dq htxloleulxp ehfdxvh wkh oree| jurxs kdv

qr lqfhqwlyh wr uhgxfh wkh qxpehu ri lqfxpehqwv dqg wkh htxloleulxp zloo eh +h3>
q3,1 Wklv lv looxvwudwhg

lq Iljxuh 814;

Li wkh uh0uhjxodwlrq jdph surgxfhv d ohyho ri hqwu| lghqwlfdo wr wkdw zklfk suhylrxvo| suhydlohg/ zk|

dwwhpsw uh0uhjxodwlrq dw dooB Wkh zhoiduh frqvhtxhqfhv ri vxfk dq dwwhpswhg uh0uhjxodwlrq duh qhjdwlyh

ehfdxvh srvlwlyh oree|lqj h�ruw kdv ehhq h{shqghg dqg wkh �{hg frvw ri uh0uhjxodwlrq lv dovr vshqw1 Zh

pd| doorz iru wklv srvvlelolw| e| lqfrusrudwlqj d qhz sod|hu lqwr wkh jdph/ wkh srolf| pdnhu1 Lq d vwdjh

48Vhh dsshqgl{ iru surri1
49Vhh dsshqgl{ iru surri1
4:Vhh dsshqgl{ iru surri1
4;Wkh lqwhuhvw jurxs lvr0sd|r� frqwrxu iru wklv erxqgdu| vroxwlrq/ frqwrxu � lq Iljxuh 8/ lqyroyhv d orzhu sd|r� wkdq

wkh frqwrxu dvvrfldwhg zlwk E�ec �?�/ l1h1 frqwrxu �1

:
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q

h

q3

LD

LE

LF

q
�

Iljxuh 5= Lqgxvwu| Lvr0sd|r� Frqwrxuv= Frqwrxuv ri kljkhu sd|r� duh dfklhyhg e| prylqj grzq ru wr

wkh ohiw1 LE lv wkh frqwrxu ri kljkhvw sd|r� dqg LF lv wkh frqwrxu ri orzhvw sd|r�1

wkdw suhfhghv wkh oree|lqj vwdjh/ d srolf| pdnhu pdnhv wkh ghflvlrq wr uh0uhjxodwh ru gr qrwklqj1 Wkh

uhjxodwru pd| wkhq eh ylhzhg dv wkh srolf|0pdnhu*v djhqw1 Wkh srolf| pdnhu zloo rughu uh0uhjxodwlrq li

srvlwlyh zhoiduh jdlqv duh dqwlflsdwhg1

D cgr qrwklqj* ghflvlrq rq wkh sduw ri wkh srolf| pdnhu grhv qrw uhtxluh wkdw d erxqgdu| vroxwlrq eh
dqwlflsdwhg1 Wkhuh h{lvwv d fulwlfdo ohyho ri hqwu| q

f ehorz zklfk qhjdwlyh zhoiduh jdlqv duh dqwlflsdwhg
dqg ylfh yhuvd iru d ohyho ri hqwu| deryh qf1 Wkh vl}h ri qf ghshqgv rq krz wkh srolf| pdnhu*v zhoiduh
ixqfwlrq lv gh�qhg1 Li lw lv vlpso| wkh vxp ri lqgxvwu| sur�wv dqg frqvxphu vxusoxv +z iurp ehiruh,/
wkhq q

f
@ q31 Li wkh srolf| pdnhu lv frqfhuqhg derxw wkh �{hg frvw ri uhjxodwlrq u/ wkhq q

f
A q31

Li wkh srolf| pdnhu lv dovr frqfhuqhg derxw oree|lqj frvwv J/ wkhq qf lv hyhq juhdwhu1 Wkh sureohp

lv looxvwudwhg lq Iljxuh 91 Uh0uhjxodwlrq zloo qrw eh dwwhpswhg xqwlo ghpdqg h{sdqgv vr wkdw �q � q
f
1

Vrphzkdw sdudgr{lfdoo|/ kljk oree|lqj frvwv pd| kdyh wkh h�hfw ri hqvxulqj wkdw uh0uhjxodwlrq zloo eh

dwwhpswhg ohvv iuhtxhqwo|1 Wklv surpswv wkh iroorzlqj ohppd1

Ohppd < Kljk dqwlflsdwhg htxloleulxp oree|lqj frvwv pdnh dwwhpswhg uh0uhjxodwlrq ohvv olnho|14<

Wklv uhvxow lv vrphzkdw lq frqwudvw wr wkdw ri +PfFruplfn/ Vkxjduw ) Wroolvrq 4<;7, zkr vxjjhvw wkdw
wkh pruh �dq lqwhuhvw jurxs kdv wr vshqg dqqxdoo| wr pdlqwdlq lwv prqrsro| +kroglqj prqrsro| uhqwv
frqvwdqw,/ wkh juhdwhu wkh jdlq iurp ghuhjxodwlrq dqg wkh pruh ghuhjxodwlrq lv olnho| wr rffxu�1 Krzhyhu/
lq rxu prgho lw lv qrw wkh fdvh wkdw wkh uljkw wr frqvwdqw prqrsro| uhqwv lv frpshwhg iru shulrglfdoo|/
udwkhu uhqwv ghyhors ryhu wlph vr wkdw dw dq| jlyhq wlph lw lv qrw srvvleoh iru wkh uhjxodwru wr uhdolvh wkh
hqwluh ydoxh ri uh0uhjxodwlrq/ l1h1 wkh uhjxodwru grhv qrw dqwlflsdwh dqrwkhu urxqg ri uh0uhjxodwlrq1

Wklv dqdo|vlv dovr vxjjhvwv zk| uh0uhjxodwlrq whqgv wr eh coxps|* lq qdwxuh/ l1h1 qrw rq0jrlqj/ exw
dw glvfuhwh lqwhuydov1 Wklv rffxuv ehfdxvh wkh srolf| pdnhu zloo zdlw xqwlo wkh jdlq iurp uh0uhjxodwlrq lv
srvlwlyh1 Ilqdoo|/ wkh dqdo|vlv dovr vxjjhvwv wkdw wkh qxpehu ri �upv lq d pdunhw fdqqrw ghyldwh iurp

4<Surri ri wklv ohppd lv qrw surylghg dv wkh uhvxow lv reylrxv iurp wkh glvfxvvlrq1

;
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Iljxuh 6= Fkdqjlqj Lqgxvwu| Lvr0sd|r� Frqwrxuv= Wkh judgxdoo| vorslqj frqwrxu LE lqglfdwhv wkdw

pdujlqdo hqwu| lv uhodwlyho| lqh{shqvlyh lq frpsdulvrq wr pdujlqdo oree|lqj1 Wkh vwhhso| vorslqj frqwrxu

LD lqglfdwhv wkdw pdujlqdo hqwu| lv uhodwlyho| h{shqvlyh lq frpsdulvrq wr pdujlqdo oree|lqj1 LF uhsuhvhqwv

wkh lqwhuphgldwh fdvh1
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Iljxuh 7= Edvlf Vroxwlrq= Wkh htxloleulxp hqwu| dqg h�ruw ghflvlrqv +�h> �q, duh gh�qhg e| wkh wdqjhqf|

srlqw ri wkh uhjxodwru*v uhdfwlrq ixqfwlrq Q +h, dqg lqwhuhvw jurxs lvr0sd|r� frqwrxu L 1
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Iljxuh 8= Erxqgdu| Vroxwlrq= +h3>q3, uhsuhvhqwv d srvvleoh erxqgdu| vroxwlrq ri wkh uh0uhjxodwlrq jdph1

Wklv rffxuv li �q ? q31 Vxfk d vroxwlrq lv lpsrvvleoh dv dq lqwhuhvw jurxs zloo qrw oree| wr uhgxfh wkh

qxpehu ri lqfxpehqwv1
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wkh vrfldoo| rswlpdo ohyho e| dq duelwudu| dprxqw ehfdxvh hyhqwxdoo| d vlwxdwlrq pxvw dulvh zkhuh wkh

zhoiduh jdlq wr uh0uhjxodwlrq pxvw eh srvlwlyh1
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Iljxuh 9= H{sdqglqj Pdunhw Ghpdqg= Dv ghpdqg h{sdqgv wkh uhjxodwru*v uhdfwlrq ixqfwlrq pryhv xs

iurp D wr E/ dqg wkh hqwu|0h�ruw htxloleulxp vkliwv iurp +�hD> �qD, wr +�hE> �qE,1 Uh0uhjxodwlrq zloo qrw eh

dwwhpswhg xqwlo �qE � q
f
/ zkhuh qf lv wkh plqlpxp hqwu| ohyho uhtxluhg wr hqvxuh wkdw wkh rxwfrph ri

wkh uh0uhjxodwlrq jdph lv zhoiduh hqkdqflqj1

7 Wkh H�hfw ri Surgxfw Pdunhw Frpshwlwlrq

Lq wklv vhfwlrq zh h{dplqh krz wkh ehkdylrxu ri �upv/ uhjxodwru dqg oree|lvwv fkdqjh dffruglqj wr wkh

h{whqw ri surgxfw pdunhw frpshwlwlrq1 Wkh h{whqw ri surgxfw pdunhw frpshwlwlrq lv sdudphwhulvhg e|
frqmhfwxudo yduldwlrq vr wkdw vpdoohu ydoxhv ri � fruuhvsrqg wr juhdwhu surgxfw pdunhw ulydou| +ru ohvv
frooxvlrq, dqg juhdwhu ydoxhv ri � fruuhvsrqg wr zhdnhu surgxfw pdunhw ulydou| +ru juhdwhu frooxvlrq,1

714 Ilup ehkdylrxu

Wkh h�hfwv ri gl�huhqw ghjuhhv ri surgxfw pdunhw frpshwlwlrq rq �up dqg lqgxvwu| rxwsxw lv suhglfwdeoh1

Wkh vwurqjhu lv surgxfw pdunhw ulydou| wkh juhdwhu duh erwk �up dqg lqgxvwu| rxwsxw1 Zh irupdolvh wklv

lqwxlwlyh uhvxow lq wkh iroorzlqj ohppd1
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Ohppd 43+d, Pruh frooxvlyh �upv surgxfh ohvv jlyhq rqo| vwdelolw| ri htxloleuld1

Ohppd 43+e, Pruh frooxvlyh lqgxvwulhv surgxfh ohvv jlyhq rqo| vwdelolw| ri htxloleuld1

Wkh h{whqw ri surgxfw pdunhw frpshwlwlrq d�hfwv krz htxloleulxp �up rxwsxw fkdqjhv lq uhvsrqvh wr

hqwu|1 Wkh ohvv sulfh ulydourxv lv wkh surgxfw pdunhw/ l1h1 wkh juhdwhu lv wkh h{whqw ri frqmhfwxudo yduldwlrq/

wkh vpdoohu lv wkh rxwsxw frqwudfwlrq gxh wr hqwu| ru htxlydohqwo|/ wkh ohvv surqrxqfhg lv wkh exvlqhvv

vwhdolqj h�hfw1 Wklv fdq eh udwlrqdolvhg dv iroorzv1 Zkhq dq h{wud �up hqwhuv wkh pdunhw/ pdujlqdo

uhyhqxh zloo frqwudfw/ exw wkh h{whqw ri wklv frqwudfwlrq zloo ghshqg rq wkh h{whqw ri frooxvlrq lq wkh

pdunhw1 Wklv rffxuv ehfdxvh pruh frooxvlyh �upv dqwlflsdwh wkdw rwkhu �upv zloo dw ohdvw sduwldoo| pdwfk

dq| sur�wdeoh pryh pdgh e| wkhp1 Vr d pruh frooxvlyh �up zloo dqwlflsdwh wkdw dq| jlyhq frqwudfwlrq lq

rxwsxw rq klv sduw zloo kdyh d glvsursruwlrqdwh h�hfw rq klv pdujlqdo uhyhqxh/ l1h1 rqo| d vpdoo frqwudfwlrq

lq rxwsxw lv uhtxluhg wr vdwlvi| wkh pdujlqdo uhyhqxh htxdov pdujlqdo frvw uhtxluhphqw1 Frqyhuvho|/ d

pruh frpshwlwlyh �up dqwlflsdwhv wkdw dq| jlyhq frqwudfwlrq lq rxwsxw rq klv sduw zloo d�hfw lwv pdujlqdo

uhyhqxh rqo| gluhfwo|1 Frqvhtxhqwo| pruh frpshwlwlyh �upv uhtxluh d juhdwhu frqwudfwlrq lq rxwsxw wr

vdwlvi| wkh pdujlqdo uhyhqxh htxdov pdujlqdo frvw uhtxluhphqw1 Lw iroorzv iurp wklv wkdw htxloleulxp

lqgxvwu| rxwsxw lqfuhdvhv e| d juhdwhu dprxqw/ wkh ohvv sulfh ulydourxv lv wkh surgxfw pdunhw1

Wkh h{whqw ri surgxfw pdunhw frpshwlwlrq dovr d�hfwv krz h{shqvlyh hqwu| lv wr lqfxpehqwv lq whupv

ri uhgxfhg sur�wv1 Wkdw lv/ wkh vhqvlwlylw| ri htxloleulxp �up sur�w wr qhz hqwu| lv ghshqghqw rq wkh

h{whqw ri surgxfw pdunhw frpshwlwlrq1 Wkh ohvv sulfh ulydourxv lv wkh surgxfw pdunhw/ wkh juhdwhu lv wkh

uhgxfwlrq lq sur�w gxh wr hqwu|1 Wklv iroorzv iurp wkh glvfxvvlrq lq wkh suhylrxv sdudjudsk1

715 Uhjxodwru| ehkdylrxu

Zkhq h{dplqlqj wkh uhjxodwru*v hqwu| ohyho ghflvlrq xqghu gl�huhqw ghjuhhv ri surgxfw pdunhw frp0

shwlwlrq lw lv lqvwuxfwlyh wr �uvw frqvlghu uhjxodwru| ehkdylrxu zkhq wkhuh lv qr lq xhqfh iurp vshfldo

lqwhuhvwv1 Zkhq wkhuh lv qr h�ruw h{huwhg e| wkh lqwhuhvw jurxs wkh uhjxodwru lv iuhh wr vhw wkh vrfldoo|

rswlpdo hqwu| ohyho q� dv ghvfulehg hduolhu1 Wkh h{whqw ri surgxfw pdunhw frpshwlwlrq lq xhqfhv wkh

uhjxodwru*v fkrlfh ri q� dv iroorzv1 Dv glvfxvvhg/ iru d jlyhq qxpehu ri hqwudqwv/ frooxvlyh lqgxvwulhv

surgxfh ohvv wkdq frpshwlwlyh rqhv1 Wkh uhjxodwru wkhuhiruh kdv d whqghqf| wr frpshqvdwh iru wkh odfn

ri frpshwlwlrq lq wkh surgxfw pdunhw e| doorzlqj pruh hqwu|/ l1h1 wkhuh lv d whqghqf| iru q� wr eh odujhu1

Krzhyhu/ wkh uhjxodwru*v delolw| wr frpshqvdwh iru zhdn surgxfw pdunhw frpshwlwlrq lv olplwhg e| sur0

gxfwlyh h!flhqf| frqfhuq1 Juhdwhu frooxvlrq lpsolhv wkdw wkh �upv duh surgxflqj ohvv dqg/ ghshqglqj rq

frvw frqglwlrqv/ wkh whqghqf| wrzdug surgxfwlyh lqh!flhqf| pd| eh vhyhuh1

Wkh h�hfw lv vlplodu zkhq wkh zhljkw rq wkh lqfxpehqw sur�w frpsrqhqw ri wkh uhjxodwru*v remhfwlyh

ixqfwlrq lv juhdwhu wkdq rqh/ l1h1 zkhq wkh lqwhuhvw jurxs h{huwv oree|lqj h�ruw1 Dv ehiruh/ wkh uhjxodwru

dwwhpswv wr frpshqvdwh iru zhdn surgxfw pdunhw frpshwlwlrq e| doorzlqj juhdwhu hqwu| dqg lv vwloo

frqvwudlqhg e| surgxfwlyh h!flhqf| frqfhuqv1 Dv glvfxvvhg lq wkh suhylrxv vhfwlrq/ wkh juhdwhu zhljkw

dwwdfkhg wr lqfxpehqw sur�w gxh wr oree|lqj lqgxfhv dq hqwu| ohyho ohvv wkdq wkdw zklfk lv vrfldoo|

rswlpdo1 Zkhq frpshwlwlrq lq wkh surgxfw pdunhw lv zhdn wklv h�hfw lv h{djjhudwhg1 Wklv rffxuv

ehfdxvh zhdn frpshwlwlrq lpsolhv juhdwhu lqfxpehqw sur�w1 Wkxv/ wkh lqfxpehqw sur�w frpsrqhqw ri

wkh uhjxodwru*v remhfwlyh ixqfwlrq lv odujhu wkdq lw zrxog eh xqghu frpshwlwlyh frqglwlrqv1 Zkhwkhu

wklv h�hfw lv odujh hqrxjk wr grplqdwh wkh uhjxodwru*v whqghqf| wr frpshqvdwh iru srru surgxfw pdunhw

frpshwlwlrq e| doorzlqj d juhdwhu hqwu| ohyho ghshqgv rq wkh vshfl�fdwlrqv ri ghpdqg dqg frvwv dqg dovr

rq wkh dprxqw ri oree|lqj xqghuwdnhq e| wkh lqwhuhvw jurxs1 Fhuwdlqo|/ wkh odujhu wkh zhljkw rq wkh

lqfxpehqw sur�w frpsrqhqw ri wkh uhjxodwru*v remhfwlyh ixqfwlrq/ wkh pruh olnho| lw lv wkdw wkh vhfrqg

h�hfw zloo grplqdwh1

716 Oree| jurxs ehkdylrxu

Wkh h�hfw wkdw gl�huhqw ghjuhhv ri surgxfw pdunhw frpshwlwlrq kdyh rq wkh lqfhqwlyhv wr oree| ri wkh

lqwhuhvw jurxs fdq eh eurnhq lqwr wzr glvwlqfw h�hfwv1 Iluvw/ wkhuh lv d gluhfw h�hfw rq wkh lqwhuhvw jurxs*v
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lqfhqwlyhv1 Vhfrqg/ wkhuh lv dq lqgluhfw h�hfw rq wkh lqwhuhvw jurxs*v lqfhqwlyhv wkdw rshudwhv wkurxjk

wkh uhjxodwru*v dowhuhg ehkdylrxu1

Wkh gluhfw h�hfw rffxuv ehfdxvh wkh lqwhuhvw jurxs*v pdujlqdo lqfhqwlyh wr oree| lv ghshqghqw rq wkh

ohyho ri surgxfw pdunhw frpshwlwlrq/ zkhuhdv wkh pdujlqdo frvw wr oree|lqj lv qrw1 Krzhyhu/ wkh suhflvh

pdqqhu lq zklfk wkh lqwhuhvw jurxs*v pdujlqdo lqfhqwlyh wr oree| lv d�hfwhg lv dpeljxrxv1 Wkh vrxufh

ri wkh dpeljxlw| lv dv iroorzv1 Wkh pdujlqdo lqfhqwlyh wr oree| lv ghshqghqw rq wkh surgxfw ri wzr

whupv= wkh pdujlqdo lqfuhdvh lq sur�wv gxh wr dq dgglwlrqdo �up qrw hqwhulqj> dqg wkh pdujlqdo h�hfw ri

oree|lqj rq wkh uhjxodwru*v fkrlfh ri hqwu| ohyho1 Wkh iruphu lv phuho| wkh vhqvlwlylw| ri lqfxpehqw sur�w

wr hqwu|/ zklfk/ dv glvfxvvhg lv juhdwhu zkhq wkhuh lv zhdn surgxfw pdunhw frpshwlwlrq1 Ghwhuplqlqj

wkh gluhfwlrq ri wkh odwwhu krzhyhu/ lv qrw srvvleoh xqghu jhqhudo frqglwlrqv1 Li wklv vhfrqg h�hfw lv vpdoo/

wkhq wkh �uvw grplqdwhv dqg wkh lqwhuhvw jurxs whqgv wr oree| pruh1

Wkh lqgluhfw h�hfw rshudwhv wkurxjk wkh uhjxodwru*v dowhuhg ehkdylrxu1 Dv glvfxvvhg/ hyhq wkrxjk

wkh uhjxodwru dwwhpswv wr frpshqvdwh iru zhdn surgxfw pdunhw frpshwlwlrq e| doorzlqj d juhdwhu ohyho

ri hqwu|/ wkh h�hfw pd| eh uhyhuvhg ehfdxvh juhdwhu lqfxpehqw sur�wv zhljk pruh lq wkh uhjxodwru*v

remhfwlyh ixqfwlrq ehfdxvh ri wkh ghfuhdvhg surgxfw pdunhw ulydou|/ sduwlfxoduo| dw kljk ohyhov ri h�ruw1

Wkh lqwhuhvw jurxs dqwlflsdwhv wklv uhjxodwru| ehkdylrxu1 Li wkh uhjxodwru*v whqghqf| wr frpshqvdwh iru

zhdn surgxfw pdunhw frpshwlwlrq grplqdwhv wkhq wkh lqwhuhvw jurxs whqgv wr oree| ohvv1 Dowhuqdwlyho|/ li

wkh uhjxodwru whqgv wr doorz ohvv hqwu| zkhq wkhuh lv zhdn surgxfw pdunhw frpshwlwlrq/ wkhq wkh lqwhuhvw

jurxs whqgv wr oree| pruh1 Wklv zrxog uhlqirufh wkh gluhfw h�hfw glvfxvvhg lq wkh odvw sdudjudsk/ vr wkdw

ryhudoo/ zkhq surgxfw pdunhw frpshwlwlrq lv zhdn/ wkh lqwhuhvw jurxs whqgv wr oree| pruh1 Krzhyhu/

wkhuh uhpdlqv pxfk urrp iru dpeljxlw| vr wkdw wkh ryhudoo h�hfw lv lqghwhuplqdeoh iru wkh jhqhudo fdvh1

717 Zhoiduh Lpsolfdwlrqv

Lq oljkw ri wkh suhylrxv glvfxvvlrq/ wkh zhoiduh lpsolfdwlrqv ri gl�huhqw ohyhov ri surgxfw pdunhw frpsh0

wlwlrq duh dpeljxrxv1 Li dq lqwhuhvw jurxs uhsuhvhqwlqj pruh frooxvlyh �upv whqgv wr oree| pruh/ wkhuh

duh wkuhh h�hfwv1 Iluvw/ ehfdxvh lqwhuhvw jurxsv uhsuhvhqwlqj pruh frooxvlyh lqfxpehqwv pd| oree| pruh/

oree|lqj frvwv duh juhdwhu dqg htxloleulxp zhoiduh lv uhgxfhg1 Vhfrqg/ ehfdxvh pruh frooxvlyh lqgxvwulhv

surgxfh ohvv/ htxloleulxp zhoiduh lv uhgxfhg1 Wklug/ hyhq wkrxjk wkh lqwhuhvw jurxs*v htxloleulxp ohyho ri

lq xhqfh lv juhdwhu/ lpso|lqj d whqghqf| wrzdug d vpdoohu hqwu| ghflvlrq/ wkh uhjxodwru dwwhpswv wr frp0

shqvdwh iru juhdwhu frooxvlrq e| doorzlqj d kljkhu ohyho ri hqwu| iru dq| ohyho ri lqwhuhvw jurxs lq xhqfh1

Wkh iruphu h�hfw grplqdwhv li oree|lqj frvwv ulvh vorzo| dqg lq xhqfh ulvhv udslgo| lq h�ruw/ lpso|lqj

dq xqdpeljxrxv qhjdwlyh zhoiduh h�hfw ri juhdwhu frooxvlrq1 Krzhyhu/ li wkh odwwhu h�hfw grplqdwhv/ wkh

ryhudoo h�hfw rq htxloleulxp zhoiduh ghshqgv rq zkhwkhu wkh wklug h�hfw grplqdwhv erwk h�hfwv rqh dqg

wzr1 Li dq lqwhuhvw jurxs uhsuhvhqwlqj pruh frooxvlyh �upv whqgv wr oree| ohvv/ djdlq wkhuh duh wkuhh

h�hfwv1 Iluvw/ zhoiduh lv lpsuryhg ehfdxvh oree|lqj frvwv duh uhgxfhg1 Vhfrqg/ �upv surgxfh ohvv1 Wklug/

uhgxfhg oree|lqj h�ruw lpsolhv d uhgxfhg ohyho ri htxloleulxp lq xhqfh dqg d juhdwhu ohyho ri hqwu|1 Wklv

h�hfw frpsohphqwv wkh uhjxodwru*v whqghqf| wr lqfuhdvh hqwu| lq pruh frooxvlyh pdunhwv1 Wkxv/ li h�hfwv

rqh dqg wkuhh grplqdwh h�hfw wzr/ juhdwhu frooxvlrq pd| eh zhoiduh hqkdqflqj

8 Glvfxvvlrq dqg H{whqvlrqv

Zlwk uhjdug wr prghoolqj fkrlfhv/ d qxpehu d ri srlqwv duh zruwk| ri phqwlrq1 Iluvw/ wkh wlplqj ri

wkh jdph lv fuxfldo1 Zh kdyh prghoohg wkh uhjxodwlrq jdph dv d wkuhh vwdjh vhtxhqwldo jdph lq zklfk

wkh lqwhuhvw jurxs pryhv �uvw/ wkhq wkh uhjxodwru dqg �qdoo| wkh �upv1 Zh pljkw kdyh froodsvhg wkh

�uvw wzr vwdjhv lqwr d vlqjoh vwdjh lq zklfk wkh lqwhuhvw jurxs fkrrvhv oree|lqj h�ruw dqg wkh uhjxodwru

fkrrvhv dq hqwu| ohyho vlpxowdqhrxvo|1 Lqyhvwljdwlrq ri wklv srvvlelolw| uhyhdov wkdw qr oree|lqj lv grqh lq

htxloleulxp dqg wkdw wkh uhjxodwru lv iuhh wr vhw wkh vrfldoo| rswlpdo ohyho ri hqwu|1 Wkxv/ sulru nqrzohgjh

ri uh0uhjxodwlrq jlyhv lqfxpehqwv d �uvw pryhu dgydqwdjh1

Vhfrqg/ lq rxu vshfl�fdwlrq ri wkh uhjxodwru*v remhfwlyh ixqfwlrq zh dvvxph wkdw d zhljkwhg vxp ri

frqvxphu vxusoxv/ lqfxpehqw sur�w dqg hqwudqw sur�w lv pd{lplvhg1 Wklv lv frqvlvwhqw zlwk wkh qrupdwlyh
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wudglwlrq ri wkh wkhruhwlfdo olwhudwxuh rq wkh hfrqrplfv ri uhjxodwlrq153 Lq rxu prgho wkh zhljkw rq wkh
lqfxpehqw sur�w frpsrqhqw ri wkh uhjxodwru*v remhfwlyh ixqfwlrq lv hqgrjhqlvhg dqg hphujhv dv d uhvxow
ri oree|lqj dfwlylwlhv1 Krzhyhu/ wkh surfhvv e| zklfk oree|lqj dfwlylw| wudqvodwhv lqwr lq xhqfh lv qrw
prghoohg h{solflwo| dqg lv lqvwhdg dvvxphg wr vlpso| rffxu154 Rxu dssurdfk lv lq olqh zlwk rwkhu olwhudwxuh
lq wkh duhd155 Pruhryhu/ rxu dssurdfk kdv wkh dgydqwdjh ri ehlqj dqdo|wlfdoo| frqyhqlhqw dqg dovr pruh
jhqhudo lq wkh vhqvh wkdw lw lv qrw vshfl�f wr dq| sduwlfxodu srolwlfdo2uhjxodwru| hqylurqphqw1

Wklug/ rxu prgho dvvxphv wkdw dq lqwhuhvw jurxs uhsuhvhqwlqj lqfxpehqw �upv hqjdjhv lq oree|lqj
dfwlylw| rq ehkdoi ri lqfxpehqwv/ exw grhv qrw dgguhvv krz vxfk dq duudqjhphqw frphv derxw1 Zh vlpso|
dvvxph wkdw lqglylgxdo lqfxpehqw �upv kdyh dq lqfhqwlyh wr hqjdjh lq jurxs dfwlylw| dqg qrw wr oree|
lqghshqghqwo|1 Ixuwkhu/ jlyhq wkdw jurxs dfwlrq lv fkrvhq/ zh dovr dvvxph wkdw eduulhuv wr jurxs dfwlylw|
duh ryhufrph156 Dq h{whqvlrq ri wkh prgho ghyhorshg lq wklv sdshu pljkw dgguhvv wkhvh lvvxhv h{solflwo|1

Ilqdoo|/ lq rxu prgho ri lqwhuhvw jurxs lq xhqfh zh kdyh dvvxphg d vlqjoh lqwhuhvw jurxs/ l1h1 wkdw
uhsuhvhqwlqj lqfxpehqwv1 Dq h{whqvlrq ri wkh dqdo|vlv fduulhg rxw lq wklv sdshu pljkw lqfoxgh rwkhu
lqwhuhvw jurxsv/ h1j1/ d srwhqwldo hqwudqw lqwhuhvw jurxs ru d frqvxphu lqwhuhvw jurxs1 Zkhq h{sorulqj
vxfk dq h{whqvlrq lw vkrxog eh eruqh lq plqg wkdw frqvxphu dqg hqwudqw lqwhuhvw jurxsv duh olnho| wr
vx�hu iurp froohfwlyh dfwlrq sureohpv1 Frqvxphu jurxsv duh olnho| wr idfh lqvxuprxqwdeoh eduulhuv wr
froohfwlyh dfwlrq1 Lq frpsdulvrq wr surgxfhuv/ frqvxphuv whqg wr eh odujh lq qxpehu/ kdyh khwhurjhqhrxv
lqwhuhvwv dqg glvdjjuhjdwhg ehqh�wv wr oree|lqj duh olnho| wr eh lq�qlwhvlpdo1 Krzhyhu/ srwhqwldo hqwudqwv
duh olnho| wr idfh vlplodu eduulhuv wr froohfwlyh dfwlrq wkdw lqfxpehqwv idfh1 Wkxv/ d jdph lqyroylqj erwk
jurxsv lv sodxvleoh1

9 Frqfoxvlrq

Wklv sdshu ghyhorsv d prgho ri vshfldo lqwhuhvw jurxs lq xhqfh lq dq hqwu| uh0uhjxodwlrq frqwh{w1 Lqfxp0

ehqw �upv duh uhsuhvhqwhg e| d oree| jurxs zklfk dwwhpswv wr ghwhu hqwu| rq wkhlu ehkdoi1 Zkhq wkh

uhjxodwru lv vxvfhswleoh wr oree| jurxs lq xhqfh wkh htxloleulxp hqwu| ghflvlrq lv vrfldoo| vxerswlpdo1

Li oree| jurxs dfwlylwlhv duh frqvlghuhg vrfldoo| zdvwhixo wkhq wkh qhjdwlyh zhoiduh h�hfw ri vxerswlpdo

hqwu| lv frpsrxqghg1 Li wklv dgglwlrqdo qhjdwlyh zhoiduh h�hfw lv vhyhuh hqrxjk/ qr uh0uhjxodwlrq zloo eh

dwwhpswhg/ lpso|lqj wkdw kljk oree|lqj frvwv pd| zrun wr lqfxpehqwv* dgydqwdjh1

Wkh h�hfw ri gl�huhqw ghjuhhv ri surgxfw pdunhw frpshwlwlrq rq �up/ uhjxodwru| dqg lqwhuhvw jurxs

ehkdylrxu lv dovr h{dplqhg1 Zh �qg pruh frooxvlyh lqfxpehqwv kdyh pruh wr orvh gxh wr wkh hqwu|

dqg dffruglqjo|/ whqg wr oree| pruh1 Zh dovr �qg wkdw wkh uhjxodwru dwwhpswv wr frpshqvdwh iru zhdn

surgxfw pdunhw frpshwlwlrq e| doorzlqj juhdwhu hqwu| dqg wkdw wklv h�hfw fdq srwhqwldoo| hqwluho| r�vhw

wkh lqwhuhvw jurxs*v whqghqf| wr oree| pruh1 Wkh zhoiduh h�hfw ri gl�huhqw ghjuhhv ri surgxfw pdunhw

frpshwlwlrq lv wkhuhiruh dpeljxrxv1

Iurp d srolf| shuvshfwlyh/ wkh ohvvrqv ri wkh edvlf prgho duh vlpsoh1 Uhjxodwru| erglhv vkrxog eh

ghvljqhg vr wkdw wkh| duh qrw vxvfhswleoh wr lqwhuhvw jurxs lq xhqfh1 Wkhuh lv qrwklqj qhz lq wklv1

Krzhyhu/ wkh dqdo|vlv ri wkh h�hfwv ri gl�huhqw ghjuhhv ri surgxfw pdunhw frpshwlwlrq grhv uhyhdo vrph

xqh{shfwhg uhvxowv1 Lq sduwlfxodu/ lw pd| qrw eh wkh fdvh wkdw dq| dfwlrq e| dqwlwuxvw erglhv wkdw lqklelwv

sulfh frooxvlrq ru idflolwdwlqj sudfwlfhv lv zhoiduh hqkdqflqj1 Lq rxu prgho wklv rffxuv ehfdxvh lqwhuhvw

jurxsv pd| oree| pruh li frooxvlyh delolwlhv duh uhgxfhg/ lqfuhdvlqj zdvwhixo uhqw0vhhnlqj dqg lqklelwlqj

wkh uhjxodwru*v delolw| wr ehkdyh lq d vrfldoo| rswlpdo pdqqhu1

53Iru lqvwdqfh/ vhh Od�rqw +4<<9, ru Ehvoh| dqg Frdwh +5333,1
54Iru dq h{dpsoh ri krz oree|lqj fdq wudqvodwh lqwr lq xhqfh vhh Ehvoh| dqg Frdwh +5333,1 Lq wkhlu prgho/ oree|lqj

wdnhv wkh irup ri fdpsdljq frqwulexwlrqv zklfk wudqvodwh lqwr lq xhqfh ryhu dq hohfwhg uhjxodwru e| surylglqj klp zlwk d
phdqv ri vzd|lqj srruo| lqiruphg yrwhuv1

55Iru h{dpsoh/ lq Ehfnhu +4<;6, dqg Ehfnhu +4<;8,/ h�ruw lv vlpso| dvvxphg wr wr wudqvodwh lqwr lq xhqfh1
56Eduulhuv wr froohfwlyh dfwlrq/ dv �uvw hpskdvlvhg e| Pdqfxu Rovrq +4<98, / lqfoxgh khwhurjhqhlw| ri jurxs phpehuv*

lqwhuhvwv/ jurxs phpehuv* lqwhqvlw| ri suhihuhqfh dqg wkh vl}h ri wkh jurxs dqg wkh dvvrfldwhg iuhh0ulghu sureohp1
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Uhihuhqfhv

Ehfnhu/ J1 V1 +4<;6,/ cD wkhru| ri frpshwlwlrq dprqj suhvvxuh jurxsv iru srolwlfdo lq xhqfh*/ Txduwhuo|

Mrxuqdo ri Hfrqrplfv ss1 6:4�7331

Ehfnhu/ J1 V1 +4<;8,/ cSxeolf srolflhv/ suhvvxuh jurxsv/ dqg ghdgzhljkw frvwv*/ Mrxuqdo ri Sxeolf Hfr0

qrplfv ss1 65<�67:1

Ehvoh|/ W1 ) Frdwh/ V1 +5333,/ cHohfwhg yhuvxv dssrlqwhg uhjxodwruv= Wkhru| dqg hylghqfh*/ QEHU
Zrunlqj Sdshu Vhulhv +:8:<,1

Fkdpehuolq/ H1 +4<66,/ Wkh Wkhru| ri Prqrsrolvwlf Frpshwlwlrq/ Kduydug Xqlyhuvlw| Suhvv/ Fdpeulgjh/
Pdvv1

Ilqjohwrq/ M1/ Hydqv/ M1 ) Krjdq/ R1 +4<<;,/ Wkh Gxeolq Wd{l Pdunhw= Uh0Uhjxodwh ru Vwd| TxhxlqjB/

Yro1 6 ri Vwxglhv lq Sxeolf Srolf|/ Wkh Srolf| Lqvwlwxwh dw Wulqlw| Froohjh Gxeolq1

Od�rqw/ M10M1 +4<<9,/ cLqgxvwuldo srolf| dqg srolwlfv*/ Lqwhuqdwlrqdo Mrxuqdo ri Lqgxvwuldo Rujdqlvdwlrq

47/ 4�5:1

Pdqnlz/ Q1 J1 )Zklqvwrq/ P1 G1 +4<;9,/ cIuhh hqwu| dqg vrfldo lqh!flhqf|*/ Udqg Mrxuqdo ri Hfrqrplfv

4:/ 7;�8;1

PfFruplfn/ U1 H1/ Vkxjduw/ Z1 I1 ) Wroolvrq/ U1 G1 +4<;7,/ cWkh glvlqwhuhvw lq ghuhjxodwlrq*/ Dphulfdq
Hfrqrplf Uhylhz :7/ 43:8�43:<1

Rovrq/ P1 +4<98,/ Wkh Orjlf ri Froohfwlyh Dfwlrq/ Fdpeulgjh= Kduydug Xqlyhuvlw| Suhvv1

Vhdgh/ M1 +4<;3e,/ cRq wkh h�hfwv ri hqwu|*/ Hfrqrphwulfd 7;/ 7:<�7;<1

Vx}xpxud/ N1 ) Nl|rqr/ N1 +4<;:,/ cHqwu| edulhuv dqg hfrqrplf zhoiduh*/ Uhylhz ri Hfrqrplf Vwxglhv

87/ 48:�49:1
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D Dsshqgl{ ri Surriv

Ohppd 4+d, Htxloleulxp �up rxwsxw ehkdyhv lq d �qrupdo� pdqqhu dv hqwu| rffxuv
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