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1 Introduction

In a seminal paper, Yaari (1965) showed that individuals wlaaimize expected
utility should annuitize all of their savings. Recently,\idoff, Brown, and Di-
amond (2005) extended his analysis and showed that thik ed¢so holds under
weaker conditions. Nevertheless, full annuitization remadhe exception rather
than the rule. The literature has therefore tried to exphaiy individuals only
partially annuitize their wealth or choose not to annuitizall X

This paper deals with a particular deviation from Yaari'sule Frequently, indi-
viduals have a choice between a lump-sum payment and antguoipoin entering
retirement. For example, this is the case in many privateiparplans. Also
publicly regulated programmes such as Chile’s funded parsystem, the Swiss
occupational pension scheme or state-subsidized supptamerivate pensions
in Germany (‘Riester pensions’) allow such a choice.

An important question is whether the possibility to selelitrap sum can be de-
sirable. In a standard model, this option can only reducéaneskince individuals
with a low life expectancy will opt for the lump sum. This rexs the redistrib-
ution from short-living to long-living individuals whicksioptimal ex ante when
life expectancy is still uniform (Brugiavini, 1993, and Shénski, 2004).

The standard model, however, assumes that the utility fiomés independent
of life expectancy. This is questionable as life expectaacjosely related to the
health status which is likely to have an impact on the utflityction. In this paper,
we show that considering the links between life expectameglth and utility can
make a lump-sum option valuable. Specifically, we find thabral individuals

might prefer a choice between a lump-sum payment and antgrihthe health

status during retirement is uncertain and unobservablas iShthe case if the
marginal utility of consumption and life expectancy areategly correlated.

Possible explanations include inferior returns to anasitiue to administrative costs and
selection effects (Friedman and Warshawsky, 1988, 199@&hdil, Poterba, Warshawsky, and
Brown, 1999), bequest motives (Kotlikoff and Summers, 198drd, 1989, Bernheim, 1991),
incomplete markets (Yagi and Nishigaki, 1993, Davidoffo®n, and Diamond, 2005), within
family-risk sharing (Kotlikoff and Spivak, 1981, Brown aRbterba, 2000), and pre-existing an-
nuities from public pensions (Bernheim, 1991).

2A similar result has been obtained by Diamond (2003) in aimugitincome tax framework.
He finds a lump-sum option to be optimal if life expectancy prabuctivity are positively corre-
lated.



A related result is obtained by Direr (2007) who extends thedard model by
considering uninsurable expenses during old age. As infibgept paper, indi-
viduals discover their survival probabilities after buyiain annuity contract. Indi-
viduals with high life expectancy face an uninsurable exiiteine risk early in old
age. Direr shows that a flexible annuity plan is optimal wlattbws a withdrawal.
It smoothes consumption for individuals who experienceetkgenditure shock.
The existence of short-lived individuals, however, putsrtlon the withdrawaP

The paper is structured as follows. In Section 2, we predentoasic model
and derive conditions under which choice in a pension playptgnal. Section
3 extends the basic model in various directions. In Sectiowel discuss the
implications for public pensions. Here we show that a lumpr®ption can also
be justified on equity grounds. For a strictly concave soaielfare function,
this is the case even if the marginal utility of consumptismnidependent of life
expectancy. Section 5 concludes and points out directimmfsifther research.

2 The basic model

2.1 Health status, marginal utility and life expectancy

Individuals are initially identical. They invest weal€hin a pension plan before
entering retirement. Retirement is reached with prob@bdli< 1. Upon retire-
ment, the health stats= g, b of individuals is revealed. With probability the
‘good’ stateg arises, with probability - 1tthe health status is ‘bad’. The health
status has implications both for life expectancy and thegmat utility of con-
sumption:

3Zhang and Tang (2007) examine the optimal choice with ansumable expenditure risk in
absence of a withdrawal option. They find that individualyrieen prefer not to fully annuitize
their wealth.



e Health status and life expectancy

Individuals with health statub will only live one period after retirement

(period 1). With statug, one can live up to two periods. The survival
probability for period 2 is 6< p < 1. Individuals possess information on
their life expectancy.

e Health status and utility

Utility is state-dependent. In statg utility in each period iu(c;) where

¢t is consumption in period = 1,2. In stageb, utility is au(c), with
u'(c) > 0,u”(c) < 0,limg_oU'(c) = o anda > 0. We leave open whether

a = 1, i.e. whether marginal utility of consumption is higherstateb or

g for a given level of consumption. In particular, we do not finax > 1
implausible® Knowledge of nearby early death may make consumption
more valuable. For example, individuals may want to spendey@n an
expensive trip they always dreamed’of.

For simplicity, consumption before period 1 is not modeledes it does not affect
the structure of the optimal pension plan. Only the amourdgsted in the annuity
may vary. Furthermore, we assume that the interest rateas redividuals do
not discount the future and have no bequest motive. Finakyabstract from
further financial risks, e.g. medical expenditure, by iroiplly assuming that these
are fully insured. Expected utility is thus given by

EU =35 (n(u(c%) +pu(cd) +(1— n)au(c‘i)) . 1)

“4For evidence on this hypothesis, see Hurd and McGarry (1995)

5In the following, we frequently drop the qualification “forgiven level of consumption” and
simply speak of “marginal utility of consumption being haghn stateb (g)” when it is clear that
we refer too > 1 (< 1).

Sviscusi and Evans (1990) find evidence for a lower marginditytvhen the health status
declines. However, this study is based on chemical workaishat on elderly. In a further study
using survey data on adults approaching middle age, Evah¥iaousi (1991) could not identify
an effect of health on the marginal utility of consumption.

’In our set-upa > 1 implies that individuals are actually better off in stateHowever, we
can also write utility in the bad state as(c) — k which is compatible with higher marginal utility
of consumption but lower total utility. Since only marginsility of consumption is important in
the following, we stick to our simpler version.
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Figure 1: States of nature and utilities

Figure 1 shows the different states of nature and the cayrebpg utilities. Three
risks which individuals would like to insure against thrbwgypension plan can be
identified:

(i) the risk to reach retirement,
(i) the risk that marginal utility differs between the herestates,

(i) the longevity risk in statey.

We assume that pension plans are actuarially fair and magiexpected utility of

individuals. This can be interpreted as the outcome of caitgeon the market

for pension plans. Alternatively, this assumption can lstified by a public pen-

sion scheme set up to meet this objective (see Section 4)hdfarore, we rule

out that individuals can draw loans on future pension pays@nd guarantee re-
payments through life insurance. Therefore, it is not gedio borrow against
future income.



2.2 Observable health status

If health status is observable, pension plans can makepghgments dependent
on the health status and the age of the individual. We thegefave the following
problem
max EU = & <n(u(c§) +pu(cd)) +(1— n)au(ctl’))
c1.c3.c}

st. Q = 6<Trc%+npcg+(1—n)cb). (2)

From the first-order conditions, we obtain that marginalitytof consumption
must be the same in all states and periods, i.e.

U (cY) = u(cY) = au/(ch). (3)

This implies

Or _ 9% _ b
i =¢, =c¥, =2 s az=l

Thus, a constant annuity is optimal in the good health sfEte. payment in the
bad health state is larger if marginal utility of consumptis higher for a given
level of consumption.

Proposition 2.1. If the health status is observable, then itis optimal to
pay out Q* in the bad health state and to provide an annuftyia the
good health state. The payment in the bad health state istdigan
the annuity if and only if marginal utility of consumptionhiggher in
that state.

2.3 Unobservable health status

In the following, we assume that the health status is notroabée. Furthermore,
pension plans do not possess any information on the congumygtindividuals
which would allow them to identify the type. Then the optirpahsion plan must
be incentive-compatible, i.e. no type should have an adggniby claiming to be
the other type. Fdb-types, the incentive constraint is

aud®) >au(c)) & E>d. (ICB)

5



Clearly, the one-period payments fbxtypes cannot be smaller than the first-
period payments fog-types. Note that the first best violates (ICB)cff > c?
which corresponds ta < 1, i.e. lower marginal utility of consumption in the bad
state of health.

Incentive compatibility forg-types could be ensured if pension plans were able
to punishg-types in period 2 if they claimed a one-period payment sioicy
g-types can be alive in this period. However, it is doubtfuletiter courts would
enforce it. We therefore do not consider this possibflity.

??Except for Section 3.5, we also rule out that pension ptansobserve the
levels of consumption. Types can therefore not be identbietheir first-period
consumption.

If g-types pretend to bb-types, they exchange a one-period payment for a pay-
ment stream over two periods. This raises the question hew fihance their
consumption in period 2. Their preferred method is to amreiithe one-period
payment. In this section, we assume that they are able to,dagdbecause pen-
sions plan are not able to monitor further annuity purchds€ke priceg-types
must pay for an annuity will be@ per unit consumption in period 2 since orgy
types will demand annuitieg-types will therefore buy annuities up to the point
whered/ (cg) =u (c2) If g-types claim to béb- types and recelveb in period 1,
their consumption is therefore given bg/— 02 = cl/(1+ p) yielding expected
utility in period 1

EUS(t=1) = u(&) +pu(e)) = (1+p)u(c/(1+p)).
Therefore the incentive constraint fgitypes is
u(cd) +pu(cd) > (1+p)u(ch/(1+p)). (ICG)

The first-best solution violates (ICG)d§* > (1+p)c%, i.e. if the payment fob-
types is larger than the present value of the annuitgdftypes. This is the case if
o exceeds a critical valui > 1. For example, ifi(c) = In(c), we havec}* = ac%*

in the first best which yields a critical valae= 1+ p.

8See also Section 3.5 where we consider Hagipes may live up to period 2.
%In Section 3.1, we allow pensions plans to prohibit the pasehof further annuities.
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Figure 2: First-best consumption and incentive compayibli

Figure 2 illustrates the conflict between the first best acdnitive compatibility.

It shows first-best consumptia¥* andc?* and the present value {1p)c%* as
functions ofa. If a < 1, thenctl’* < ¢¥* and the incentive-constraint fartypes

is violated. a > & implies c‘i* > (14 p)c¥* and g-types have the incentive to
claim ¢ and convert this into an annuity. We therefore find that the fiest

is incentive-compatible only ift € [1;G]. In this case, the first best can be im-
plemented by giving individuals ehoicebetween a lump-sum paymem’ftk and

an annuitycY”. Individuals will self-select since?* > ¢ and(1+ p)c%* > cb*.
However, ifa < 1 ora > @, only a second-best solution is possible. We consider
both cases in the following.

Second-best solution for < 1

If a < 1, then marginal utility of consumption and life expectamacg positively
correlated. The first best is not compatible with the ina@ntionstraint forb-
types (ICB). In the second-best solution, this constraitittikerefore be binding.
To determine the second best, we solve the problem

max EU =& (n(u(cg) +pu(cd)) +(1— n)oru(c‘i))

b 9 9
c7.G5.¢



S.t.

Q = 6<nc§+npcg+ (1—n)c?>

¢ = &d=c (4)

where (4) is the incentive constraint (ICB) with equalitgrsi Substituting (4)
yields the Lagrangian

£ = &(m(u(cy) +pu(cd)) + (L—mau(cy)) +A {Q—d(c1+pc3) }

with the first-order conditions
0L

—— = 3d(m+(1—ma)u'(ci) —Ad=0 (5)
601
9L _ Smpu(c) —ASTp =0 (6)
ac;
g_i = Q-3(ci+1pcy) =0. (7)
We obtain
(m+ (1-ma)u'(c1) = U'(c5). (8)

Since(1t+ (1 - ma) < 1, this impliesc; < ¢, i.e. the annuity rises over tinté€.

Thus, the incentive fob-types to claim to be-types leads to a distorted annuity
for g-types. Ex ante, of course, all individuals are worse offmpared to first

best, it can be shown the}* < ¢; < .11 A priori, it is not clear whethec) >
9+ 12

Second-best solution for >

In this case, marginal utility of consumption and life exiagcy are strongly nega-
tively correlated. The first best violates the incentivestoaint forg-types (ICG).
The second best can be found by solving the problem

max EU = & <n(u(c§) +pu(cd)) +(1— ">GU(CE)>

b ~0 9
C1,61,C5

1ONote that we ruled out borrowing against future payments.

HEquation (8) impliesiu/(c1) < U/(c3). Taking into account the budget constraint, the first-
best condition (3) and the incentive constraint (4), thisriy possible ifc; > ¢y*. Furthermore,
c1 > c¥ is not compatible with the budget constraint sin§e> C1.

12For constant relative risk aversign it can be shown thaig > c% if and only if Y < 1.

8



S.t.
Q =5 (1e +1pcd + (1 -1} 9)

u(cd) +pu(cd) = (1+p)u(cy/(1+p)) (10)
where (10) is the incentive constraint (ICG) with equalityns The Lagrangian is

£ = 3(m(uc)+pu(cd) + (1~ mau(d))
A {Q . a(ncg+npcg+ (1—n)CE>}
+ufu(e) +pu() — (1+p)u(/(1+p)) |

with the first-order conditions

g_CL% — Sm(cd) — ASTLH (%) = 0 (11)
g_ch = dmpu'(c3) — AdTp + ppul (c) = 0 (12)
g_(fg = 3(1-mau () —AS(1—T) —pu(/(1+p) =0 (13)
Z_i = 05+ e+ (1-1h) =0 (14)
‘;—ﬁ — u(&) +pu(&) - (1+p)U(S/(1+p)) = O. (15)

From (11) und (12) we obtain
U(d)=u(d) = dd=cg=c (16)
and a standard annuity is optimal fgtypes. Substituting into (10) yields
(L+pu(c) = (L+p)u(c/(1+p)) = S =(1+p)c?>c  (17)

i.e. the lump-sum payment fdr-types and the present value of the annuity for
g-types are the same. In the first best, in contrast, G implies that the present
value of the annuity is smaller than the paymentiddypes (see Figure 2). Thus,
the annuity level for people in good health must be largehengecond best and
the payment fob-types must be smaller. Substituting (16) and (17) into tiuplet
constraint (9), we obtain

Q
and ¢} =c)

= =
1 27 3(1+p)

(18)

ol 0
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Figure 3: Second-best consumption

as the optimal solution. It can be implemented by giving vidlials a choice
between a lump-sum payment and an anntty.

Proposition 2.2. If the health status is unobservable, then the first
best can only be implemented if life expectancy and margitilély

of consumption are weakly negatively correlaféd< o < ). Other-
wise, a second-best solution prevails. It is optimal to gnebviduals

a choice between a lump-sum payment and an annuity if lifeexp
tancy and marginal utility of consumption are negativelyretated

(a > 1). Otherwise, an annuity which increases over time is prefer-
able.

Figure 3 illustrates the second-best solution. &et 1, we have:tl’* <cp < c¥
andc) > c%, the latter being due to a utility function with constantatéle risk
aversion less than one. For> &, ¢? andc? are given by (18).

Bt is also possible to implement the second best by payingidump sumc*{ which is then
annuitized byg-types. In Section 3.1 where we allow pension plans to pibttie purchase of
further annuities, however, this solution is inferior toteice between a lump-sum payment and

an annuity (see footnote 14).

10



3 Extensions

In this section, we extend the basic model in various dioestito check whether
choice between a lump-sum payment and an annuity at retiecaa still remain
optimal. We consider the following extensions:

1. In Subsection 3.1, we allow pension plans to monitor thelpase of further
annuities.

2. Imperfect correlation between marginal utility of congation and life ex-
pectancy is considered in Subsection 3.2.

3. Subsection 3.3 assumes that both types have the sameall@hse-to-
death utilityau(c).

4. The possibility of moral hazard due to a state-guarant@adnum income
is examined in Subsection 3.4

5. Subsection 3.5 allows for a positive survival probapild period 2 for in-
dividuals in bad health.

3.1 Monitoring of annuity purchases possible

If annuity purchases can be monitored, pension plans cam makore difficult
for g-types to pretend to ble-types by prohibiting annuitization of the lump-sum
payment. Then the only way fagrtypes to transfer income to period 2 is to save.
If they chose the lump-sum payment, they will therefore sdhe problem

maxEU9 = u(c}) +pu(cd) st I+ci=ch. (19)

At the optimum

U (E1(c})) = pu(E3(c))) (20)

and therefore(c?) > &(c?) asp < 1. With probability 1- p, individuals will
leave unintended bequestic?).

The new incentive constraint fgrtypes is

u(cf) +pu(c3) > u(€d(c})) +pu(E3(cy)). (21)

11



Clearly, the RHS of (21) will be smaller than the RHS of (ICG) & given value of
ctl’. Thus, the corresponding critical value@f,, will be higher than the critical
value & without monitoring and the first best can be implemented fdarger
range ofa. For example, ifu(c) = In(c), we obtain

cP pcP
1+p)In(c?) > In{ —— | —1)
1+ p (@) = n (11 ) +pin (£

With the first-best condition? = ac9, this yields a critical value
~ P ~
Omon= (14+p)p ¥° >1+p=a.

If a > Gmon, then we obtain a similar result as in section 2.3. The sebestican
be implemented by choice between a lump-sum payment andséactannuity:*
However, the present value of the annuity tptypes is lower than lump-sum
payment forb-types.

Proposition 3.1. If pensions plans can monitor further annuity pur-
chases, then the first best can be implemented for highdslef/the
marginal utility of consumption in the bad health state.

3.2 Heterogenous marginal utility

Now we relax the assumption that marginal utility is uniqueg life expectancy.
In each health state, marginal utility can take differertiga. In statdy, utility is
au(ch) with o € [a,az]. In stateg, utility is Bu(c)) + pBu(cy) with B € [B1,B2]-
Expected utility is given by

EU = 5(n§ (u(c) + pu(cd)) +(1—n)oTu(c2>) (22)

wherea andﬁ are the average values@fandp.
In the first best, we obtain that the marginal utility of comgtion should be
equalized across all states, i.e.

va,B au(ch() = Bu((B), t=12

14As opposed to the basic model, only paying out a lump-sum payuﬁ cannot implement
the second best singetypes are not allowed to annuitize.

12



The optimal pay outs are therefore increasing endf3. This implies that the first
best requires knowledge of these parameters which is highligely. Thus, even

if the health status is observable, only a second-bestisnloan be implemented.
NormalizingE: 1, we obtain the following condition

U(c) = () = au(ch)

which states that marginal utility of consumption shoulcelealized on average
across health states.

When the health status is not observable, the incentivaiconis are
b g
Va au(ci) > au(cy)

and

v Bu(c)) +pPu(cy) > (1+p)Bu(ct/(1+p)).
Note thata and 3 have no impact on the incentive constraints. Thus, they are
identical to (ICB) and (ICG) and we can use the results froovalby interpreting
a as the average. Thus, although the first best cannot be implemented, giving
individuals a choice between a lump-sum payment and an gnisistill optimal
if a> 1. For 1< a < @, we obtain a second-best solution, otherwise a third best
arises.

Proposition 3.2. If marginal utility of consumption and life expec-
tancy are only imperfectly correlated and neither margioglity of
consumption nor the health status are observable, thendpisnal
to give individuals a choice between a lump-sum payment araha
nuity if life expectancy and marginal utility are negatiyebrrelated.
Otherwise, an annuity which increases over time is prefierab

3.3 Identical close-to-death utility

One argument for state-dependent utility is closenessrtainaleath. If this rea-
soning applies, we must also assume that the utility fundsau(c) for g-types
in period 2. Expected utility is then given by

EU = 5<n(u(c§> +pau(cd)) + (1—T[)0(u(cb)>. (23)

13



Maximizing expected utility subject to the wealth congitgR) leads to

U (cf") = au(cy") = au'(c})

which implies for the first best
=gz caz1

Thus, consumption in the last period of life is identical bath types. Second-
period consumption in good health is higher if marginalitytik larger.

If the health status cannot be observed, the incentive ns{ICB) for b-types
remains unaffected and the first best cannot be implementeal £ 1. In this
case, consumption must be the same for both types in peribdelLagrangian is

£ = &(m(u(cr) +pau(cy)) + (1 —mau(cy)) +A {Q—&(cr+1pcI) } .

with the first-order conditions

STL = 3(m+ (1- o) (cy) — A3 =0 (24)
1
0L
—5 = Ompau'(c3) —Admp =0 (25)
ac;
g_i — Q- 5(cy+TpcY) =0. (26)
We obtain
(T (- (cr) = au (). (27)

Sincett+ (1—ma > a, we havec; > c3, i.e. the annuity falls over time. This

result also holds in the first best. Howewgitypes’ intertemporal consumption is
distorted sincet+ (1 —ma < 1 which impliesu’(c1) > au'(c3). As in the basic
model,g-types consume too much in the second period.

Turning to the casa > 1, we need to consider the incentive constraingitypes
if the health status is not observable. It is different frdma basic model since
g-types will not buy a constant annuity if they select the pagtnfor b-types.
Taking into account their optimal choice of consumpttﬁ(x:ﬁ’) in periodt if g-
types choose the lump-sum payment, the incentive constsain

u(c}) +pau(e3) > u(El(c))) +pau(E(c})). (28)

14



Optimality requires

U (€1(ch)) = au'(€)(c})) (29)

which impliesc3(c?) > &J(cb). Again, we can determine a critical valdigq up to
which the first best can be implemented. Under the assumiitairg-types can
buy further annuities, their budget constraint with thefirest lump-sum payment
IS

g g __ b«

This compares to a present value of consumpd:%ﬁnk pcg* if the annuity is cho-
sen. Thus, the lump-sum option is inferiorc* < ci* + pcy”". Usingch* = ¢’
yields the equivalent condition

which will be met as long as is sufficiently small. For example, if the utility
function isu(c;) = In(c), thenc” = acy”. In this case, the condition is

1
a<—

1_ D dctd~

In the basic modefy = 1+p. Sincelflp > 1+p, the critical value o is therefore
larger with identical close-to-death utility. The intaiti for this result is thag-
types have less incentives to pretend tdokigpes if their annuity is higher when
old.

As long as I< a < Gy, the first best can be implemented by giving individual a
choice between the lump-sum paymefitand the increasing annuig]”,c5". If
a > O, the incentive constraint (28) needs to be considered. Hgedngian is

= 5(m(uied) + pau(c) + (L- mau(ch)

+)\{Q—6<th%+npcg+(l—n)c'i>}

+u{u(c) +pau(ed) — u(E(eh) - pau(l(h)) |

15



with the first-order conditions
0L

o = S (cf) — ASTT+pu(c) =0 (30)
v _ 5 au'(c9) — A& + ppad(c3) = 0 (31)
5 = Omeau/(ch) —Adp+ppauf(cf) =
9L _ (1-mau(c) - As(1-m
ocy 0/ by, 467 a9y by, 96

—p ( 1(C1)>d—c2_upau (cz(cl))d—CEZO (32)
g_i = Q—6<Trc%+npcg+(l—ﬁ)cb)=0 (33)
0L A A
o u(cd) + pau(cd) — u(€f(c})) — pau(eg(ch)) = 0. (34)

From (30) und (31) we obtain

U(d)=au(@l) = cf<c (35)

and an increasing annuity is optimal fgitypes. Sincer'(€7(ch)) = au'(€3(ch))
by (29), the binding incentive constraint (28) implies

2 =cd+pcd, (36)

i.e. the lump-sum payment fd-types and the present value of the annuity for
g-types are the same. In the first best, we also have an inogeasnuity annuity

of g-types. However, the first-best lump-sum payment is largen the present
value of the annuity it > Gyy. Thus, the lump-sum payment must be smaller
in the second best. The same result holds in the basic modeinAthe optimal
solution can be implemented by giving individuals a choieeAgen a lump-sum
payment and an annuity.

Proposition 3.3. When the utility function is the same for both types
in the period prior to death and marginal utility is larger this pe-
riod, choice between a lump-sum payment and an annuity ismapt

if the health status is unobservable. The only differenabédasic
model is that the annuity must be increasing rather than taoris

16



3.4 Minimum income and moral hazard

If society grants a minimum income to its citizens, an imaottconcern with
respect to lump-sum withdrawals is moral hazard. Indivislumay then have
the incentive to take the lump sum, spend it regardless aflifeeexpectancy on
immediate consumption and rely on public transfers if tiveylbnger. To rule this
out, the government may therefore require that individaalg buy pension plans
which guarantee a payment that is at least as high as thergeadaminimum
income in each period.

In the following, we examine the consequences of this pdbcyhe second-best
pension plan. We denote minimum incomerbynd assume that in the first best,
individuals do not qualify for public assistance, i.e‘?*,ctl’* > m. If the health
status is not observable, the incentive constraint (ICBYftypes and therefore
the results fora < 1 remain unchanged. However, the incentive constraint for
g-types needs to modified. Since the contractifdypes cannot be lump sum, it
consists of a paymerdj in period 1 andm in period 2 (which is never paid in
the first best). Ifg-types pretend to bb-types, they therefore can also claim a
paymentmin period 2. The present value of the paymentlidypes is therefore
(c2+pm)/(1+ p) and the incentive constraint is

u(cd) +pu(cd) > (1+p)u((ch +pm)/(1+p)). (37)

For a given value of?, it is therefore more attractive faytypes to claim to be
b-types. This lowers the critical valwe For logarithmic utility, we obtain
Gm = 1+p—%T <l+p=a.t°

As above, the first best is incentive-compatible £ < G, In this case, indi-
viduals can be given a choice between the payment St@’amm and a constant
annuityc%. Sincea > 1 impliesc?* > ¢%, we can interpret? — c% as a partial
lump-sum withdrawal which results in a reductidfi — min the second-period
payment.

To determine the optimal pension plan for> G, we solve the problem

maxEU = & <n(u(c§) +pu(c)) +(1—- T[)O‘U<Ctl)))

15Note thatiy, > 1 since we assumed* > m.
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st.
Q=3 (nc§+npcg+ (1- n)c?)

u(cd) +pu(cd) = (L+p)u((c+pm)/(1+p)). (38)
Setting up the Lagrangian
L= 3(m(u(c)+pu(cd) + (1-mau(d))
+A {Q—é(nc%+rrpcg+ (1—n)c?)}
+r{u(e) +pu(cd) - (1+p)u((cE+pm)/(1+p))}

yields the first-order conditions

a—Lg = &m/(c]) — NS+ pu(cf) =0 (39)
ocy

% = &mpu’(C3) — AdT + ppu'(c) = 0 (40)
2

% = 3(1-mau(cd) —A(1— 1) — pu((h+pm)/(1+p)) =0 (41)
1

g_i — Q—6<nc%+npcg+(1—n)cb):0 (42)
0

a—ﬁ = u(d)) +pu(cd) — (1+p)u(ch/(1+p)) =0. (43)

From (39) und (40) we obtain as in the basic model
U =u() = d=d=c
Inserting into condition (38) yields
(L+p)u(c%) = (L+p)u((cR+pm)/(14p)) = & = (1+p)c—pm.  (44)

Thus, the present value of the paymentlidypes is smaller than the annuity for
g-types. Furthermore, we must ha@%> c9 > m.18 Therefore, it is optimal to
give individuals a choice between a partial lump-sum wistudhl c‘{ —cY with a
reductionc? — min the second-period payment and a constant annuity pafing

6By (44), cl{ < c9 impliesm > c9. Since we assumed for the first be8t > m, this implies
c¥ < c¥ and, by the budget constraimﬁ > ckl’* >m. Thus,cklJ < cY is only possible ifcY > m
which is incompatible with (44). Therefore, we must ha?e c9and, by (44)c% > m.
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Proposition 3.4. If the government requires that individuals only buy
pensions plans which guarantee a payment that is at leasighsas
minimum income in each period and the health status is natrebs
able, then the first best can be implemented for a smallereaig.

If marginal utility of consumption is higher in the bad héunHtate,

it is optimal to give individuals a choice between a partiaiip-sum
withdrawal and a constant annuity.

3.5 Positive survival probability for individuals in bad health

So far, we maintained the assumption that individuals itegtavill not live more
than one period. Now we allow both types to survive to the sdqmeriod. The
respective survival probabilities apg andp? with 0 < pP < p9 < 1, i.e. b-types
have a lower life expectancy. Expected utility is

EU=35 (n(u(cg) +p9u(cd) + (1-m (au(ctl’) + pbau(c2>)) . (45)
It is straightforward to show that the first-best solutioguiees annuitieg? and
c® with
P> & azl
If the health status is not observable, then it is imposdiblenplement the first
best unlesst = 1. If a < 1, thenb-types pretend to bg-types and vice versa.

Consequently, one incentive constraint will be binding dox 1, the other for
a>1.

In the following, we assume that pension plans can monitar taos prohibit
further annuity purchases. For simplicity, we also allowmgien plans to monitor
and rule out savings (see footnote 19).

Second-best solution for < 1

In this case, the incentive-constraint tetypes

u(cd) +p°u(cd) > u(cf) +p°u(c)) (46)



will be binding. Setting up the Lagrangian
L =3 <n(u(c§) +p%u(cd)) + (1 - <(xu(c§’) + pbau(c‘g)»
+A {Q -5 (Trc%+ %) + (1 —T)c) + (1 n)pbc8> }
+u{u(d) +pPu(dh) —u(c) - pPu(c)) §
yields the first-order conditions
0L

" S () — AdTt—pu () =0 (47)
Z—ég = &mpdu’(c) — AT — ppPu' () = 0 (48)
g—‘ftl) = 3(1—mau'(c)) —AS(1—T0) +uu(ch) =0 (49)
g—éi’ = 3(1-mp°au(c3) —AS(L—m)p”+ U (c3) = 0 (50)
g_i _ Q_5<ncg+np9cg+(1—n)ckl’+(1—T[)pbcg) =0 (51)
%_fl = u(c})+p°u(cd) —u(c]) —p°u(c)) = 0. (52)
We obtainc? = c3 from (49) and (50). Conditions (47) and (48) yield
d(S) = e and (e - Mig_g S

Sincep9 > p®, this implies
uv(@d) <u(c]) = o>d.

Thus, the incentive fob-types to pretend to bg-types is countered by an in-
creasing annuity which is less attractive fetypes. From the binding incentive
constraint (46), we obtain the solution

g_b_ b 9
;>0 =0C>C.

Thus, it is optimal to give individuals a choice between astant and an increas-
ing annuity in period 1.

17The assumption ligy o' (¢;) = « ensures positive marginal utilities.
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Second-best solution for > 1

In this case, the incentive-constraint fptypes
u(cd) +p%u(cd) > u(ch) + pu(c3) (53)
will be binding. The Lagrange function is
L =3 <n(u(c§) +p%u(cd)) + (1 - <(xu(c§’) + pbau(c‘g)»
+A {Q -5 (Trc%+ P9 + (1 —T)c) + (1 n)pbc8> }
+r{u(e) +pu(cd) - u(eh) — pu() }

The first-order conditions are

Z—é% = &m/(c]) — Ao+ pu(c)) =0 (54)
Z_ég = 3dmpdu’(c3) — AdTP? -+ pp¥u'(c3) =0 (55)
g_(f? — (1T () — AS(L— 1) — () = 0 (56)
g—éi’ = 8(1-mp°au’(c§) — A8(1—1)p° —ppu'(c3) = 0 (57)
‘;_i _ Q—a(nc§+rrp9c2+(1—n)ck1’+(1—Tr>pb02)=0 (58)
%_ﬁ = u(c])+pou(cd) —u(cp) —pu(ch) = 0. (59)

We obtainc{ = ¢ from (54) and (55). Conditions (56) and (57) lead to

A1l-1)

P L A(1l—1) 18
O(l—ma—p

5(1—ma —pg—ﬁ'

b

u'(c? and U(c) =

Sincep? > p®, we obtain

U@ <U(d) < E>B1

18The assumption ligy_oU'(¢;) = o ensures positive marginal utilities.

Bwe assumed that pension plans can prohibit savings. Thecisssary if the optimal solution
impliesu’(c}) < p"u/(c3), h = g,b. If savings cannot be monitored then the additional coimgtra
u'(c?) > p9u'(ch) needs to be imposed which impliggc) > pPu’(c3).
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Finally, using the binding incentive constraint (53) yeld

E>cd=cd>c.

This solution can be implemented by allowing individualshmice between a
partial lump-sum withdrawed‘i —c9 with a reductiorc? — cg in the second-period
payment and a constant annuiy

Proposition 3.5. If individuals in bad health have a positive prob-
ability to survive to period 2 and a lower life expectancye fiirst
best cannot be implemented if the health status is not oakkrvAs-
suming that pension plans can rule out further annuity pasgs and
savings, it is optimal to give individuals a choice betweepastial
lump-sum withdrawal and a constant annuity if life expectaand
marginal utility are negatively correlated. Otherwise pate between
a constant and an increasing annuity is preferable.

4 Implications for public pensions

So far, we have left open whether the pension plan is privapeiblic. Since we
assumed that individuals are ex ante identical, howevergteeems to be little
justification for public intervention. This changes if wensider that individuals
differ already ex ante in their ty&. Assume that a shamlives for certain for
one period and with probability for two periods, and a share-1rtlives only for
one period. The types are unobservable and the utility ofwaption differs as
in the analysis above. For an utilitarian social plannersivgal welfare function
is then equivalent to the expected utility function (1). $hit is optimal for the
social planner to use a lump-sum option if marginal utilifyconsumption and
life expectancy are negatively correlated.

Furthermore, one can make an argument in favor of a lump-qutioroeven if
the utility function in each period is not state-dependeet,the per period utility

20In Diamond (2003, Chapter 7) individuals differ ex ante imguctivity which is positively
correlated with life expectancy. In an optimal income taanfiework, he shows that a lump-
sum option can increase social welfare since it will be chdsgthe individuals with low life
expectancy. As an additional screening device, it benefiisiduals with low productivity.
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u(c) + pu(cy)

Tt
tany = ——

(1+p)u(c)

>
>

u(c’) u(cp)

Figure 4: Optimal pension plans and social welfare

function is alwaysi(c;).?* Consider the social welfare function
w = (1-mw(EU?) +mw(EUP)
= (- W(u(}) +pu(ch) ) + 1w (u(c))) (60)

with W > 0,W” < 0. In the utilitarian cas&/” = 0, the objective function is
equivalent to the expected utility function (1) for= 1. A constant annuity annu-
ity c* is therefore optimal. This situation is illustrated by altionA in Figure 4.
UU is the utility possibility frontier which must be strictlypacave due to” < 0.
At point A, the marginal rate of substitution between the expectéditlyudi both

types is
deU? T

T dEUP |y, 1-TT

In A, we haveEUY = (1+p)u(c*) > u(c*) = EUP. If the social welfare function is

21| thank Jean-Marie Lozachmeur for making me aware of thisrpretation.
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strictly concave, i.eW” < 0, the social planner will therefore want to redistribute
to individuals with lower total expected utility, i.e. th@with low life expectancy.
The optimal point will be to the right of poim, for instance in poinB. Here the
marginal rate of substitution is given by

dEUY m W/(EUP) Tt

T dEUR|y, o, 1-MWI/(EU9) ~ 1-m

Now definea = W/(EUP)/W/(EU9) > 1. Then the maximization of the social
welfare function (60) is equivalent to maximization of egfel utility (1) with

a > 1. Thus, we can reinterpret > 1 as the relative welfare weight given to
individuals with low life expectancy at the optimum. Thisosts that a lump-
sum withdrawal option can also be justified on pure equityugds without the
assumption of a state-dependent utility function.alfs smaller than the criti-
cal valued, the first-best can be implemented; otherwise the incentivstraint
for individuals with high life expectancy will be binding dronly a second-best
solution is possible.

Proposition 4.1. If types differ ex ante in life expectancy and the so-
cial planner maximizes a utilitarian social welfare furanti it is op-
timal to give individuals a choice between a lump-sum payraed

an annuity if life expectancy and marginal utility of constion are
negatively correlated. If social welfare is strictly conedan the types’
total expected utility, this choice is optimal even if thegnaal utility

of consumption is independent of life expectancy.
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5 Conclusion

This paper examined the optimal design of pension plans lehealth status
during retirement is uncertain. In contrast to standard eilmydve assumed that
the health status affects both life expectancy and the malrgtility of consump-
tion. A simple model demonstrated that choice between a{suamp payment and
an annuity can be welfare-enhancing if the health statusti®bservable. This
result holds if the marginal utility of consumption and |lé&pectancy are nega-
tively correlated. This result proved robust in severakagtons. For example,
we allowed marginal utility of consumption to be imperfgatbrrelated with the
health status and considered that the maximum life-spas doedepend on the
health status. In the latter case, the possibility of a gllidimp-sum withdrawal
proved to be optimal if marginal utility of consumption anfk lexpectancy are
negatively correlated. Furthermore, we showed that a lsom-option can be
justified on equity grounds. When the social welfare furnctestrictly concave,
this result holds even if the marginal utility of consumpptis independent of life
expectancy.

A limitation of the analysis is that we assumed a unifornregtient age. However,
health and life expectancy can be expected to have an impaitteoretirement
age as well. For example, McGarry (2004) finds that the leadttheare likely
to retire earlier. Similarly, Hurd, Smith, and Zissimoposi((2004) observe that
those with very low subjective probabilities of survivabdse a lower retirement
age. An interesting question for future research is whetlaély retirement and
lump-sum payments are substitutes if individuals valuesaamption higher when
their health state is bad.

Finally, the paper raises the empirical question on howthesdfects utility and
life expectancy of the elderly. In particular, it would bearesting to investigate
the correlation of marginal utility of consumption and légpectancy in old age.
As this paper shows this correlation is crucial for the ojpfihesign of pension
plans.
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