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Abstract

Thispaper usesan otherwise standard, competitive growth model without externality and distortions
to establish multiple balanced growth paths. Our model is based on the standard one-sector, endogenous
growth model of Romer (1986), with atwist that households' preference depends partly upon how his/her
consumption compares to a habit stock formed by his/her own past consumption. This model establishes
multiple equilibriabecause habit persistencein preferenceinducesan intertemporal complementarity effect
among consumption flows, with current consumption reinforcing future consumption. Asaresult, thereexist
two balanced-growth paths, with one path exhibiting low consumption and habitsand high economic growth,
and the other exhibiting high consumption and habits and low growth, and thus a development trap. Both
steady statesare saddle points, but aninitial condition cannot pin down the steady state to which an economy
converges. Both steady states cannot be pareto-ranked because of no market failure.
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1. Introduction

Recently there has been interest in economic models with multiple steady states. This strand is
motivated by several empirical studies that document the existence of multiple development clubs (e.g.,
Baumol and Wolff, 1988; Quah, 1996; Durlauf and Quah, 1999). In accordance with the facts are models
in economic development that display poverty traps, where economies with low initial capital stocks or
incomes converge to a steady state with low per capita income, while economies with high initial capital
stocks converge to a different steady state that corresponds to high per capitaincome.

The existing literature in models of economic development with multiple steady states may be
broadly classified into threelines. Onelineconcernsmodelsof industrialization with externality inamodern
technology, in which the productivity of amodern technology is enhanced by the number of firms using the
technology, and an economy with low initial income chooses to use the traditional technology and is thus
trapped in a steady state with low per capital income (e.g., Matsuyama, 1991; Krugman, 1991; Chen and
Shimomura, 1998; Chen, Mo and Wang, 2002). A second line examines models of fertility choices and a
tradeoff between the time allocated to bearing and rearing children and the time devoted to educating
children, with the result that households find alarge number of childrenin their best interests, leading to an
equilibrium with low per capital income (e.g., Becker, Murphy and Tamura, 1990; Galor and Weil,1996;
Palivos, 2001). Finally, athird line investigates costly intermediation in which a participation externality,
wherethe cost of financial intermediation depends negatively on the mass of consumers, generates multiple
steady states(e.g., Cooper and Ejarque, 1995; Becsi, Wang and Wynne, 1999). All these studiesincorporate
some forms of externality, which generates multiple equilibria through an external complementarity effect
among households/investors.*

Thispaper usesamodel to establish multiple steady stateswithout relying on externality. Our model

is based on an otherwise standard competitive, one-sector, endogenous growth model (e.g., Romer, 1986),

Yin atwo-country trade model by Shimomura (2004), multiple steady states are obtained not based on
externality, but upon negative income effects so that the durable good is a Giffen good for arange of its shadow
price.



with adeparture that households' preference depends partly upon how his/her consumption comparesto a
habit stock formed by his/her own past consumption. Thismodel creates multipleequilibriafor thefollowing
reasons. With habit affecting preferences, high/low future consumption is expected to be associated with
high/low current consumption, in order to attain agiven level of utility for ahousehold. Thiseffect induces
an internal, intertemporal complementarity effect among consumption flows, with current consumption
reinforcing future consumption. More specifically, for agiven initia state an agent may choose optimally
to consume more or little now. As high/low current consumption forms habits quickly/sowly, she hasto
consume more/little in the future to obtain a proper consumption level in comparison to a high/low habit
stock, in order to obtain the desired utility level. As a result, there are multiple equilibrium paths for
consumption, with high/low future consumption expectations leading to high/low current consumption
choices, al consistent with expectations. Consequently, the habits are formed quickly/slowly and capital
stock is accumulated slowly/quickly in the equilibrium path associated with high/low consumption. Asan
effect of capital accumulation, the economic growth rate is low/high.

Thetwo steady statesare saddle points. For giveninitial capital and habit stocks, however, theinitial
history cannot pin down which steady stateto converge, and the economy could convergeto any of the two
steady states depending upon the choices of consumptionlevel. Inthe neighborhood of asteady state, asmall
disturbance leads the economy to shift locally to a new steady state around the original steady state, if the
shadow habit price responds quickly. However, if the consumption responds faster than the shadow habit
pricein the face of asmall disturbance, the equilibriumwill globally converge to a steady state with low or
high growth no matter wherethe original steady stateis. Thesefeaturesdifferentiatetheresultsof our model
from the af orementioned studies with regard to two steady states. In some of these works, the steady states
are both saddle points and there exists athreshold level that aninitial condition determines the steady state
to which an economy converges. In the reaming works, one of the steady statesis asink and the other isa
saddle point, and globally, for most given initial conditions an economy converges to the steady state that
isasink. Moreover, the steady states in existing works can be pareto-ranked because of market failuresin
their models. The steady states cannot be pareto-ranked in our model because of ho market failures.

Finally, theideaof habit persistencein preferencesishardly new, and datesto Marshall (1898) and
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Dusenbery (1949). Recent years have seen applications in macroeconomics. Literature on asset pricing
under habit persistence in preferences has been developing; see Abel (1990), Constantinides (1990) and
Campbell and Cochrane (1999). The habit-persistence-in-preference feature has also been adopted in
businesscycle models, in order to explain some stylized featuresin business cycles (Boldrin, Christiano and
Fisher, 2001); to demonstrate how procyclical tax policy affectsthe economy countercyclically (Ljungqvist
and Uhlig, 2000); and to improve the responses of both spending and inflation to monetary-policy actions
(Fuhrer, 2000). Finally, the habit persistence feature has been employed in endogenous growth models to
obtain the result that increases in growth can cause increased savings (Carroll, Overland and Weil, 2000).2

As devel oped below, the theoretical model will be presented in the next section. Section 3 studies
balanced-growth paths and transitional dynamics, while Section 4 examines the effects of two disturbances

in relation to habit persistence. Concluding remarks will be made in Section 5.

2. Basic Model

Our basic model draws on Romer (1986) and Carroll, Overland and Weil (2000). Consider an
economy populated by households and firms. There exists a continuum of infinite-lived, identical
households, with no population growth. There also exists a continuum of representative firms, and

households own the shares. It followsthat the economy isaworld of arepresentative household-producer.

2-1. Environment

The representative household is assumed to possess the following discounted, lifetime utility

U= fowe’pt u(;YLZ))dt, p>0, O<y<1], (1a)

where u isthe felicity function in t, c(t) is the instantaneous private consumption flow in t, and St) isthe

2 A related class of the models with intertemporal dependence in tastes is models with endogenous time
preference rates pioneered by Uzawa (1968) and Wan (1970). See Shi and Epstein (1993) for amodel that includes
both habit formation and a variable time-preference rate, and Palivos, Wang and Zhang (1997) for amodel of
endogenous growth with an endogenous rate of time preference.
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habitual stock. Parameter y indexes the importance of habits. If y = 0 then only the absolute level of
consumption is important; whileif y = 1, then consumption relative to the habitual stock iswhat matters.
For values of y between 0 and 1, both the absolute and relative levels are important.  For this study, we
assume 0 <y <1 so that absolute consumption level is not aconsumer’s concern. To facilitate the analysis,

we have adopted a parametric felicity by assuming the following CES functional form

C(t) — 1 C(t) 1*671 o>1.
U(SY(t)) 1—0[(SY(I)) ], o> (1b)

Assumption o>1iscrucial for the results of multipleinterior steady states. The presumption rules
out the logarithmic felicity form, requiring one with curvature steeper than alogarithmic form. Restriction
o>1isconsistent with most empirical findingsthat i ntertemporal elasticity of substitutionissmaller thanone.

The stock of habitsis assumed to evolve according to

S = BeH(t)STH(t) - §.8(t), V2<p<i, S0)>0 given, 2

inwhich B>0 represents atechnology coefficient that forms past consumption flowsinto habits, with §.>0
describing how existing habitual stock depreciates. Thus, a current consumption flow generates a long-
lasting effect in a manner summarized by the stock of habits.

Equation (2) is more general than the specification in Carroll, et al. (2000). Here we follow other
authors, such as Campbell and Cochrane (1999) and L ettau and Uhlig (2000) to assume that consumption
accumulates future habits in relation to existing habitual stocks. More specifically, we assume that current
consumption flows contribute toward future habit formation, possibly in association with existing habits;
therefore, restriction p<1 is made,® and to be consistent with a perpetual growth framework the formation
technology is assumed to be of constant returns with respect to existing habits and current consumption.

Moreover, restriction u>1/2 is assumed so that current consumption contributes to forming future habitual

3 While habitual stock is St) = {[S(0)e ]+ Bu f Te "V e)Hde} ¥ when p<l, itis
SO - SO B[ ‘e M Vo) dr When p=1. °
0
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stock more than current habits do. Thisformulation impliesthat the marginal productivity of consumption
flows in forming habitual stocksis By, which islessthan or equal to B. It should be remarked that when
B=5=0, past consumption doesnot form the habitual stock. Then, the model isreduced to conventional one-
sector, endogenous growth models (e.g., Romer, 1986).

The representative firm is assumed to own the following production technol ogy
y(t) = Ak(t), k(0)>0 given, 3

where y(t) is output, k(t) is capital stock, and A>0 isa parameter. The technology is abstracted from labor
so that capital stock should beinterpreted broadly to include physical, aswell ashuman capital (e.g., Rebelo,
1991).

Finally, as households own firms' shares, the representative household’ s budget constraint is

k = y(0) -c(t) -3,k(0), (4)

whered,>0iscapital’ sdepreciationrate. Thisequation saysthat disposableincome, not consumed currently,

becomes savings, which augments capital.

2-2. Optimization

The representative household’'s problem is to choose consumption, in order to maximize its
discounted, lifetime utility (1a) and (1b), subject to habitual stock formation (2), production technology (3)
and budget constraints (4), taking existing capital stock k(t) and habits St) as predetermined. To solve the

dynamic optimization problem, we define the following current-value Hamiltonian

Hc, k S & ) =l—is[(§)1°1]+xk[Ak08kk]xs[Bcusl“SSﬂ,

where A, and A, denote the costate variables associated with (2) and (4), respectively. We should note that
the shadow price of habit stock, -1, isnegative. The negative shadow price on habit stocks reflects the fact

that a greater initial habit stock yields alower utility flow for (1). Without abuse of terminology, in what



followswe call the absol ute val ue of the shadow price of habit stocks, A, asthe shadow habit price. Although
under o>1 thefdicity isstrictly concavein c(t), for O<y<1it isnot concave in S(t) asahigher existing habit
stock lowers utility. Sincefelicity function uisnot concavein c and S, the Mangasarian sufficient theorem
cannot be used. Instead, we need to apply the Arrow sufficient theorem to guarantee the concavity of the
Hamiltonain (see Arrow and Kurz, 1970). Denote

Hk, S A 1) - Max

ceR’}
In Appendix 1 we have shown that when p=1, under amild condition I:I(k, S 1 (1), A(1)) isconcave

H(C, K, S Ay 1.

ink and Sfor fixed valuesof A, A, andt.* For Case <1, aslong as islarge enough, by continuity asimilar
condition assures ﬁ(k, S L (1), 1(t)) tobeconcaveinkand Sfor fixed valuesof A, A, andt. Therefore, k* (1),
Sk (t) and c* (t) solve problem (1)-(4). AsI:I(k, S L (1), A(1)) isnot strictly concaveinkand S, therefore k* (1),
Sk (t) and c*(t) are not necessarily unique.

Denote p as the time-preference rate. Applying the Pontryagin maximum principle, we get the

following first-order conditions

C 1761 Busliu
_ —_— = )\. 7}\. 1
(Sv) c < ° clw &
j\'k
A5 =, (5b)
K
i
(e ¥ L5 g Ao 5¢
(SY) s ( M)Su n " (5¢)

together with (2) and (4), and the transversality condition®

Lim e’PtH(t) = 0. (Sd)

t - o

Equation (5a) equatesthe marginal utility of current consumption to the marginal costsof foregone

savings, net of the effect via the habit formation. Conditions (5b) and (5c¢) are two Euler equations that

4 The condition is ——+ B >(1-4y_(I1)*le
Ms b o (Ley)(o-1Py

® Onthe transversality condition in infinite horizon, optimal problems, see Michel (1982).

+1.
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equate the net marginal productivity of capital stock, as well as the marginal utility of habitual stock,

respectively, net of depreciation, to thetime-preferencerate, net of their respective capital gains (or |0sses).

3. Balanced Growth Paths and Transitional Dynamics

We are now ready to analyze the competitive market equilibrium.

S vy k c) ki) A
ST S k@) ST S A

Definition. A perfect-foresight equilibriumisatuple { j that satisfies
() habitual stock formation; i.e., (2);

(i) production technology; i.e., (3).

(iii)  households budgets; i.e., (4);

(iv) representative househol d-firm optimization; i.e., (5a)-(5d).

To analyze the market equilibrium, we transform the economic system into a 3x3 system in three
variables {x, A, Z}, where x= % x:% and z= g As we will see, our 3x3 system does not involve the
second-order time derivatives of consumption when we keep the relative shadow pricein the system, andis
more simplified than the method utilized in Carrall, et al. (2000). This solution method isin line with the
solution method used in Obtsfeld (1990) and Benhabib and Perli (1994), among others.

In order to derive the three-variable system, first we divide (5a) by (5c¢) to obtain

A

S

-8+ poy2 - BILppylxk. (62)
A A

Next, differentiating (5a) with respect to time yields

A
x1H

j‘k S ¢
—+y(l-0)=+c-) + B
(o= v(-o)gror) + Bu

k

)'\‘ .
{i+[v(l—c)+(1—u)]§—(1—0—u)%} 0,

which, together with (2), (5b) and (6a), can be rewritten as



-1, X
°u )=~ (p+h3,+¥(5-1)5) *yMBX]Bu

A A
+y(6-1)(B2u —3)

(A-8,-p)+ [y(1+ e -

olo

o v (6b)
o+(o+U-1)Bu——
xtH

Noticethat since (A-3,) isthemarginal product of capital, expression % reducesto the formulation
in existing one-sector, endogenous growth model s when B=y=0, with the long-run, intertemporal elasticity
of substitution equal /o. With B>0 and y>0 for habit formation, (6b) suggests that in the long-run,
intertemporal elasticity of substitutionis [c +(c +|L 1)Bu%] 1, which for o>lissmaller than 1/s, evenfor
p=1. Thisresultisin contrast to the finding of the long-run, intertemporal elasticity being larger than 1/c in
an economy with habit formationin Carroll, et a. (2000) which resortsto the second-order time derivatives
of cin order to derive the transitional dynamics of their economic system. Intuitively, current consumption
forms habit stock that complements future consumption, thus lowering intertemporal elasticity of

substitution for consumption.

Therefore, we have:

Proposition 1. An economy with habit formation has a lower, long-run, intertemporal elasticity of

substitution for consumption than one without habit formation.

Finally, the economic system cannot be analyzed without transforming the growing variables into
great ratios. We take differences between (6b) and (2), (6a) and (5b), and finally, (4) and (2) to obtain the

following 3x3 economic system

A

(A=8,-p)* [7(1+ Z2) X~ (p 413, 1(0-1)5) +YBXVIBU—— +y(0-1)(BH—-5)
X HoA x1H x1-2u
X Bx*+8,  (7a)
x 0+(c+p—1)Bp_L
xtH
7'& }'”s j“k X
— = —=-— =3_—y—-B[1-(1-y)u]x*+A-35, 7b
XXSKKSYX[(Y)“] y (7b)
k S X
2K 2 X5 Bxtes, 2
k S z k S ( )



Typicaly, thethree-variable systemisdifficult to analyze. Thisisnot the case here dueto the block-
recursive nature of the system. Capital to habit ratio, z, enters the system only through equation (7c); the
other two equations form a separate subsystem in x and 1. Thus, while consumption and thus x affects
physical capital accumulation and thereby capital to habit ratio, theratio of capital to habits affectslifetime
utility and consumption only by determining theinitial optimal choicesof thesevariables. Oncetheseinitial
choices are made, A and x evolve automatically. More specifically, while (7a) and (7b) jointly determine
{A(t), x(1)}, (7c) determines z(t). When the three-variable system is solved, all other endogenous variables
can be subsequently determined: % isdetermined by (2), ég is determined by (3), E is determined
by (4), and finaly, the consumption growth rate, @ is determined by (6b). Therefore, the market

equilibrium can be characterized by analyzing system (7a)-(7c).

3-1.  Balanced Growth Paths

We now determine the equilibriumin steady state. A balanced-growth path (BGP) isa steady-state,
competitivemarket equilibrium, in which all growing variablesgrow at aconstant rate over time. Therefore,
X =4 =2=0 inthesteady state. We use the conventional method to determine the balanced-growth path by
investigating the shape of Loci summarized by (7a)-(7c) in two planes.

First, we start with Locus 4=0 ina (), x) plane asit is |ess complicated. Differentiating (7b) with

respect to x and A, evaluated at 4.=0, the slope of Locus 4=0 is

ax|  _ % 0, (8

d)“xo A

*

where &, - -y - [1-(1-y)u]By xlu <0 and =y yBur' <O, if p=1,

. X"

X
=y > 0.

Ay o

Thus, Locus 4=0 isupward sloping. Moreover, We have shown that Locus 4=0 starts from the origin and

A+5_-5,
approaches horizontal line x= e= (—) [ >0, when A approachesinfinity. See Figure 1.
Bl1-(1-v)u]

[Insert Figure 1 here]



Next, in order to analyze the shape of Locusx=0, we impose
Condition R: (c-1)(1-y)3, > p,

which is easy to meet as the intertemporal elasticity of substitution has been documented smaller than one
andthetime preferencerateisusually low. Notethat for y<1 Condition Rimplies (c-1)(1-yd) > p. Under
Condition R thereis a positive threshold separating the behavior for Locusx=0 as follows.

If we differentiate Locus x=0with respect to A and x, we obtain

d < . >
X :—% 0,|fx<x, (8b)

dilyo @y 7

- x* -1 (c-1) A A
where & = *Buy{[Bu(lwc’T)f %} @D [0 D13) Pl oL 1) (1)
1
<0, ifpsl2and x> x = (— YO T
B2u[u(1-v)+o-1]
B2 {1801 - LE s [(6-1)(196) 12+ 010} <O, if -1, BAo-1)>1o-D)

- xH s _ ¥ +U- _ < . > . (071)(177)857') ;
8, = ~BUT[p-(o-1(1-1)3, Blo - D(LyxH] J 0, if x 2 X(— i)%0+;16_1)(1_y))“>0,
_ . G- ~Y)O,~p
BLD (e DA B 0 if uel x 2R = >0

‘ch+(c+u—l)8u%>0, and - o+oBL>0, if p-1.
=

For a,;, the third term in the large braces is positive and the second term is also positive under
Condition R. Under u>1/2 and x > ¥, it sufficesto assure that the first term in the large bracesis positive,
and asaconsequence, a,,<0. We should notethat evenif x <X, a,;isnegative aslong asthe effectsthrough
the second and third terms dominate the first term. For a,,, under Condition R it could be negative or
positive depending upon whether x is above or below threshold X. Therefore, Locusx=0 is negatively
dloping if x > X, and positively slopping if X < X, and isthus not amonotonic locus asillustrated in Figure

1. For x> X, we have shown that Locus x=0 has an infinite slope and has the x axis as the asymptote when
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x approachesinfinity, and Line x = X asthe asymptote when A approachesinfinity. Alternatively, for x < X,

A-(3,+p)- -1)]8, =
AT GA G -
Blo(1-y)+y(1-p)]

positive slope at Point (0, X,),° and approaches Linex = X when A approaches infinity.

Locus x=0 intersects the x axis at the region [0, x|, where x = [

Given the shapes of Loci =0 and x=0 in Figure 1, as e>X,’ these two loci have two interior
intersections.® Therefore, there exist two interior BGPs, asindicated by points H and L in the figure, with
BGP H having higher consumption to habit ratio and higher price of habit to price of capital ratio, while BGP
L having lower consumption to habit ratio and lower price of habit to price of capital ratio.

Finally, in order to compare the economic growth rate for the two BGPs, we analyze Locus 2=0.

The slope of Locus 2=0 is

d
ax . —% > 0, (8c)
dZ 2=0 a3l
where a, = ~(1+Bux"'z") < 0,and =-(1+B2 <0, if u-=1,
Q33 = = > 0,
Z*

which ispositively sloping and, moreover, isconcavein a(x, z) plane. Therefore, BGP H isassociated with
a higher capital to habit stock ratio, while BGP L is associated with alower capital habit stock ratio.

The economic growth rate can be rewritten using (4), along with (3), to obtain

X
= A5~ ry )

< <

=~ | =

Therefore, E and thus X, isdecreasing in 5. Notice that consumption to habits relative to capital to
y z

-(c-1)(1-v)6_+B -1)(1-
6Thes|opeis% __P (0" D){A 73, Blo 1) Y)XO>O,asx0<>2.

Mo, 2=0, X=X, o(1-v) +y(1-p)
’ The condition fore>X is (A-V)[(o+p-1)(A-8,)+d +p+(1+y)[ (o-1)(1-y)d -p]>0, which is always met
under Condition R.

8 A third intersection is a degenerated steady state with zero consumption and shadow price of habits.
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X
habits,f, isjust the consumption to capital ratio, ﬁ Sincethelong—run5 inBGPH is—, whichissmaller
z z z

X H
than—= in BGP L, the long-run, economic growth rate in BGP H is thereby larger than in BGP L. Since
z
L X, X c, C
relationship — > -~ implias—H<k—L, consumption to capital ratio is lower for BGP H.  As lower
z, z
H L H L

consumption in BGP H leads to slower habit accumulation, the price of habit is thus higher in BGP H,
resultingini, > A, in Figure 1.

In summary,

Proposition 2. There existstwo BGPsin an economy with habit formation, with one BGP having a higher

economic growth rate and the other having a lower economic growth rate.

3-2. Dynamics
We now proceed to analyze the dynamic properties of the three-variable system by examining its
transitional dynamics. Thetransitional dynamics of the economic system can be analyzed if welinearizethe

dynamic system of (7a)-(7c), evaluated at aBGP { x*, A* , z*}, to yield

X a, a, 0}fxx-
Ao o=lan 3 O] a-ar, (10)
z ay 0 agllz-z

where (a;)s are as defined in Section 3.

Asthe dynamic system of (7a)-(7c) involves one state variable, z, and two control variables, x and
A, there exists a unique equilibrium saddle path toward a BGP if the number of negative eigenvalues near
the BGP is one, and there exists a continuum of equilibrium paths toward a BGP if the number of negative
eigenvalues near the BGP is larger than one.

Denote J as the Jacobian matrix in (10) and 6 asits eigenvalues. When we subtract matrix J from
matrix 6l, where | is an identity matrix of order 3, then the eigenvalues are determined by equating

determinant | J-01 | to zero. If we expand |J-61 |=0, we obtain the following characteristic function

12



[6%- (2, +2,,)0 + (8,8, 8y,8,,)] (0-85,) =0.

Solving the above polynomial function yields the following three eigenvalues,

1

0, = E[(a11+822) N \/(a11+a22)274(a11a227a12a21) <0
1

0, = E[(a11+822) * \/(a11+a22)274(a11a227a12a21) 1>0,

X
0, = == >0,
z

Givenay; <0, a,; <0anda,, >0, and in the neighborhood of BGP H, a;, <0, we obtain a;,a,,- 8,,8,;

<0. Then, (a;+a,,) < \/ (ay,7a,)*4a,,a,,-a,,3,,) >0, andthus, 6;,<0<6,for BGPH. Ontheother hand,

a,,>0intheneighborhood of BGPL. Astheslopesof bothLoci x=0 and’.=0 arepositiveandthelatter, - >0,
&
is stegper than the former, 7& >0, weobtain a;;a,,- a,,8,;<0, and thus 6, <0< 6, for BGPL. Therefore,

&,
there is only one negative root around each BGP, and both BGPs are saddle points. Consequently, the

dynamic growth path toward each BGP isunique. In Figure 2, Path DD is the unique saddle path toward
BGP H, while Path FF is the unique saddle path toward BGP L.
[Insert Figure 2 here]

In general, in model swith multiple steady statesand all saddl e points, history or predetermined state
variableswill govern the steady state to which the equilibriummoves. See Krugman (1991) and Matsuyama
(1991) for discussion; however, thisis not the case here. Asanillustration, suppose that the initial stateis
at z(0) in Figure 2. Then, there are two possible choices of consumption to habit ratios, at point A’ and B’,
respectively. Whilepoint A’ standsfor |ow consumption, low habit accumulation, high consumptionto habit
ratio and high habit price relative to capital price, point B’ stands for high consumption, high habit
accumulation, low consumption to habit ratio and low habit price relative to capital price. Eventualy, the
equilibrium associated with point A’ moves toward BGP H with a high economic growth rate, while the
equilibrium associated with point B’ movestoward BGP L with alow economic growth rate. Although the
BGPs are saddle points in our model, history z(0) aone is not able to pin down which BGP to move to.

The reasons for two possible equilibrium paths for an initial state are as follows. With the habit

persistence in preferences, a household' s higher current consumption is expected to lead to higher future
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consumption, in order for a consumption to habit ratio to attain agiven level of utility. This effect induces
an interaction among consumption flows, with current consumption reinforcing future consumption. When
an agent expectsto gain acertain utility level in thefuture, she may choose optimally to consume more now.
As high current consumption forms more habits, he has to consume more in the future to have a proper
consumptionto high habit ratio in order to obtainthedesired utility level. Alternatively, s/hecould optimally
choose to consume little now and in the future, in order to obtain the same utility level. Asaresult, there
aretwo possible equilibrium pathsfor consumption, with high/low future consumption expectations|eading
to high/low current consumption choices, and all the equilibrium paths are consistent with expectationsin
equilibrium. Consequently, the habits are formed faster in the equilibrium path associated with high
consumption than in the equilibrium path associated with low consumption, while capital stock is
accumulated slowly in the former equilibrium path, and faster in the latter equilibrium path. Asan effect of
capital accumulation, the economic growth rate is low in transitional and steady state in the former
equilibrium path, and high in the latter equilibrium path.

Summarizing the above result, we obtain

Proposition 3. For any given initial capital and habit stock, there are a high and a low equilibrium

consumption levels moving toward a BGP with a low and a high economic growth rate, respectively.

4. Global Dynamicswith Strong Habit Effects and Faster Habit Formation

We now analyze the dynamic equilibrium properties of small disturbances. Weuseasanillustrative
example two disturbances in relation to habits: a more important habit effect (a higher y) and afaster habit
formation (a higher B). We have shown that both shocks shift Loci A=0 downward. While Locus x=0
shiftsupward when habitsare moreimportant for preferences(Figures3and 5), Locus x=0 shiftsdownward,
when consumption forms new habits faster (Figures 4 and 6). In addition, Locus 2=0 shifts downward in
responseto afaster habit formation (Figures4 and 6). Astherearelocal and global dynamics, we beginwith
amoreimportant habit effect in preferenceand local dynamics, followed by afaster habit formation andlocal

dynamics, and finally, global dynamics still later.
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[Insert Figures 3-4 here]

4-1. When Preference Depends More on Habits: Local Dynamics

Local dynamic effects depend upon where theinitial steady stateislocated. (The algebraic results
near each steady state arereported in Appendix 2.) Supposethat the economy isoriginally at ahigh-growth
equilibrium (i.e.,, BGP H in Figure 3). Then, higher dependence of consumption upon habits raises habit
price to capital price ratio instantaneously if shadow habit price adjusts faster than consumption (see Hin
Figure 3). In transition, consumption to habit ratio and habit price to capital price ratio both may increase
or decrease, although habit priceto capital priceratioishigher thantheoriginal ratio at BGPH. Thechanges

in the capital to habit ratio can be seen from examining (7c) to obtain

ay dx + azdz - a3ydy+ a3, dB, (11)

where a5, <0 and a,,>0 are in (8c), a,,=0, and a,; = x">0. Then, the effect upon capital to habit ratio is

dz "8 dx
dy ay dy

(119

which, under the fact -a,,/a,;,>0, has the same sign as dx/dy, and isthus ambiguous. Weillustrate the case
where consumption to habit ratio increases (path H'H in Figure 3), and therefore capital to habit ratio

increases (path H,H”, in Figure 3). Finaly, if we use (9), the change in economic growth is

X*

d¥) = L (ks
y z' z

dz). (12)

*

Then, the effect upon economic growth of higher dependence of consumption upon habitsis

dr oz dy Y’ ay dy

d(y/ 1, dx x"dz, Bux*dx
) (-2 282 B O (123)

which has the same sign as dx/dy, and is therefore ambiguous.
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Alternately, supposethat the equilibriumisoriginally at alow-growth BGP (i.e., BGPL), then habit
price to capital price ratio increases instantaneously in response to a higher complementarity between
consumption and habits (see L*in Figure 3). In transition, consumption to habit ratio and habit price to
capital price ratio both increase along path L*L?. As consumption to habit ratio increases, capital to habit
ratio must increasealong path L,L", (cf. 11a). Moreover, asthe growth effect hasthe same sign asthe effect

upon consumption to habit ratio (cf. 124), economic growth is higher both in transition and in steady state.

4-2.  When More Habits Can Be Formed by Consumption: Local Dynamics

Supposefirst that the economy isoriginally at ahigh-growth equilibrium (i.e., BGPH in Figure 4).
Then, when more habits are formed by a given consumption level, habit price to capital price ratio may
increase or decrease instantaneoudly if habit price adjusts faster than consumption. We illustrate the case
with a higher price ratio (see H'in Figure 4). In transition, consumption to habit ratio and habit price to
capital price ratio both decrease toward BGP HE. For the effect upon habit to capital ratio, using (11) we

obtain

A %
dB  a, ay,dB (11b)

which under a;s/a;,>0, has a direct positive effect, different from that of more important habit effects.

However, asa,,/a;; <0 and dx/dB<0, thereisan indirect negative effect through alower consumption to habit
ratio. Asaresult, upon the shock when consumption to habit ratio changes little initially, the direct effect
dominates and capital to habit ratio increases. Over time, when consumption to habit ratio responds fully
and if it decreases, the net effect isambiguous. Finally, using (12) the effects upon the economic growth

rate are

. * * *U
dyly) - 1 O x'dzy 1 % Buz' dxy xM B dx (12b)

dB z" dB z" dB z* a33 X*1*H dB z* X * dB)

Again, when consumption to habit ratio changes little initially upon the shock, economic growth increases
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through the direct positive effect upon raising capital to habit ratio. Over time, as consumption to habit ratio
changes more, the net growth effect becomes ambiguous.

Suppose now that the equilibrium is originally at a low-growth BGP (i.e., BGP L in Figure 4).
When consumption can accumulate more habits, habit price to capital price ratio increases instantaneously
(seeLtinFigure4). Over time, however, habit priceto capital priceratio and consumption to habit ratio may
both decrease or increase. In Figure 4 we illustrate the case where both ratios increase along path L*L5.
Although there is a direct positive effect, the effect upon habit to capital ratio is ambiguous, due to an
ambiguous indirect effect through consumption to habit ratio (cf. 11b). Similarly, in spite of a positive
growth effect viathedirect positive effect upon habit to capital ratio, the net growth effect isambiguous, due

to the ambiguous effect through consumption to habit ratio (cf. 12b).

4-3.  Globa Dynamics

Finally, the dynamics analyzed aboveislocal, but we cannot rule out global dynamics. When habit
effects become moreimportant near the original high-growth BGP with initial capital to habit ratio at z,(0),
consumption to habit ratio may react earlier than habit price to capital price ratio. If this is the case,
consumption to habit ratio dropsinstantaneously from point H to H? in response to a habit disturbance (see
Figure5). Such adrop isthen followed by increases or decreases in both habit price to capital price ratio
and consumption to habit ratio. Weillustratethe case where both ratiosincrease along path H2L". However,
capital to habit ratio must decrease along path H%,L?,.

[Insert Figure 5 here]

Similarly, when consumption accumul atesmore habitsnear theoriginal high-growthBGPwithinitia
capital to habit ratio at z,(0), consumption to habit ratio may react first and drop instantaneously from point
H to H? in response to such adisturbance (in Figure 6). Then, reductionsin or increasesin both habit price
to capital price and consumption to habit ratios may comelater, with the case of both ratios decreasing along
path H?L® exemplified in Figure 6. Again, capital to habit ratio must decrease along path H?,LE,.

[Insert Figure 6 here]

Theglobal dynamics not only changes aBGP from high growth (H) to low growth (L7, L?), but also
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from low growth (L) to high growth (H”, H®). Asanillustration, with the two aforementioned disturbances
in the neighborhood of BGP L, when consumption adjusts faster than shadow habit price, the equilibrium
jumps from L to L? instantaneously, with a higher consumption to habit ratio and a higher habit price to
capital priceratio (see Figures5 and 6). Thismay be followed by increases or decreasesin consumption to
habit ratio and habit priceto capital priceratio. Asanillustration, both ratios increases along path L? HY or

L2 H®, and as aresult, capital to habit ratio increases along path L%,H", or L?, ..

Proposition 4.

() Restricted to local dynamics, while faster habit formation has a positive growth effect in the short
run and an ambiguous growth effect in thelong run, a stronger habit effect raises economic growth
when the economy is originally at a low-growth equilibrium.

(i) Globally, when consumption to habit ratio adjustsfaster than habit priceto capital priceratio, both
a stronger habit effect and faster habit formation could shift the economy to any one of the low-

and high-growth equilibria no matter where the original steady state is located.

5. Concluding Remarks

In this paper, we have analyzed a simple competitive, one-sector, endogenous growth model, that
has been extended to alow for a utility function exhibiting habit persistencein preferences. Thekey feature
in our model isthat consumption has along-lasting effect by forming habits. We use a standard solution
procedure for a three-variable dynamic system without involving the second-order time derivatives for
consumption in the system. The habit persistencein preferences brings forth anon-linear economic system
resultingintwo interior BGPs, with one exhibiting low consumption and habit formation and high economic
growth, and the other displaying high consumption and habit formation and low economic growth and thus,
a development trap.

The two steady states are saddle points, but for given initial capital and habit stocks the economy
could converge to any of the two steady states depending upon the choices of consumption level. Inthe

neighborhood of asteady state, asmall disturbance |eads the economy to shift to a new steady state around
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the original steady state, if the shadow habit price responds quickly. However, if consumption responds
faster than the shadow habit price in the face of a small disturbance, the equilibrium may converge to any
one of the two new steady states, no matter whether the original steady stateisalow-growth one or ahigh-
growth one. Moreover, the steady states cannot be pareto-ranked in our model because of no market

failures.
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Appendix (Not Intended for Publication)
1 Proof of The Hamiltonian Satisfying the Arrow Sufficient Theorem

Maximizing the Hamiltonian with respect to ¢, i.e.,

Max 1 i Cvio gy, s 1
It H(c, k, S &, A9 7E[(§) 1]+ 1 JAK-c-8,K -1 [BcHSHH-5. 9,

leads to the following necessary and sufficient condition

H-—C" - aBuSt-5]-0
¢ giie K sl ucl—p_ d-0, (Alq)
Cf((ﬂl) Slfp
C + ABH(1-p) p <0. (A1b)
It isobvious (Ala) implies
ae aBuS - €7 g5
k't s ucl,u - ) T AgOg (AlC)
and leads to Relationship c=c(9), that satisfies
c'(9 :M£>O, for p=1,
c S
(A23)
~Lle-1E-ql>0, if 3u>0, sp<y, for p<1,
A S
ABu(1- o+ ABu(1- o-1+p
where Q2 = SBu(l-1) ¢ >0and O<A -1 SBu(l-1) ¢ <1
c SY(e-1)+p G SQY(e-D-1+u
c(9 - Mo DAL 9y € <o for p-1, (A2b)
(4] (6] S

and
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— 4 )\. B 1* G+U- U+
¢'(9 = 2 1= l)(—" (9| RBHA] e oty
A 32 )

|_ SYe-1)+p gQYe-D-p-1
y(c-1) 1) c¢S1
c S A

c+uf c+u 1 .
—|(c+p- )— 9-(le-Du-1)——— l} if O<u<l,

SYe-1)+p SQYe-1)+p-2
(A20)

_1y(c-1D)1 ., C| Q1 (S - [v(s-1) + c
- —S[C () §} XE[(G we'(S - [y(o-1)+p] S]

(9

BNl @[(ow)c'(a [1(o-1) -1+l 2| <OJf =41y >0, 5 <ty

A

For the terms in the three large brackets in (A2c), we have

(S - _Y(c-))ccC <0,
" S o ole S
(o+p)c’ (3* [Y((’*l)ﬂl] S T)[([’li)x B§1 U)wl:uoi )
-1+ "S- (v(c-1)-1+u)= = LY GJ|C e
(0-10(S- (o D10 1o [ 1418 usy<cl)+ul) S0

Asin (A2a), by continuity there exists a 1,>0 large enough that the first term in (A2c), which is negative,
dominates the positive second term and the ambiguous third term, and therefore ¢”(S) in (A2c) isnegative.

Substituting Relationship c= ¢(S) into the Hamiltonain, we obtain a new Hamiltonian as follows,

{'\é,aé H(k S 7\. 7\.3) = [(C(S))l G 1]+)\‘k[Ak C(Q -5 k] )\.[BC(S)HS]' oo 83

Then, we can derive the following conditions

H, =4 (A-5), (A3a)
Hy =0, (A3b)
Hs=0, (A3c)
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CUIS LS ) g A BlHCh (S (9SHH + (1 WIS M + A (A3d)
Sy(t-o) Sy(t-0)+1

The condition for I-AISS is more complicated, and we analyze it for (1) Case p=1, and (2) Case p<1.

11 For Case p=1

A= o2 Oeer £ e 1o %

S ¥(1-0) 1(1-0)
Sc °9 S (A4q)
———{(1-0)c'(§-[y(1-0)+1] } e+ A B)C"(S).
Sv(l 0)+1
If we substitute into (A2a)-(A2b) under u=1, (A4a) becomes
_y c°t "
s LRl Dol - [ (A B (S) (Adb)
which using (A1c) can be rewritten as
A= 12T i@mo el 2510 DACD ) ©
c Sy(t-0)+2 c c g2
(A4c)
Y S5 —C T [(@ey)o-1)P+ye] - (o-D1-YC D
c S? St-oN G c
c° :Xk+ }\,SB_:LE 1+ )\,B_l ] - ] inth
As 5109 ", 2, 2, according (A1c), where A =AJ/), as defined in the text,

then I:ISS< 0 in (A4c), if the following condition is satisfied

Condition S: %+ B, (1,E)M 1

s Os 6 (L+y)(c-1)*+y

Condition Sismet if dgand A are small, and B islarge.

Then, the Hessian
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= 0. (A5)

Therefore, when p=1, the Hamiltonian is concave and satisfies Arrow’ s sufficient theorem.

12 For Case O< u <1

~ -(o+1)

= oS e S 0e 1o 9%
27O (109 -[y(1-0)+1] 3 e 1 Buct IS (9 (A6)
Sy(t-0)+1

1 1,,S.,
“ABHIL-eS Mg D) (e (9 D),
whosefirst threeterms arethe same asin (A4a), thefourthtermisalso similar to (A4a) if piscloseto 1, and
the last termis an extraterm which is ambiguous and issmall if piscloseto 1.
Given the similarity between form (A6) and form (A4a), by continuity there exists |, large enough

such that for all p <p,, acondition similar to Condition S can guarantee (A6) to be negative, and thus the

Hamiltonian to be concavein (S K).

2 Derivation of the Comparative-Static Results When Only Local Dynamics Are Considered.

If we differentiate (7a)-(7c) around a steady state, we obtain

a, a, O0|(qg a, A
8 a, Of[dr| = a, dy +| 23| dB, (A7)
a; 0 agllaz 0 3

where a,,, a;,, 8,1, 84,, 85, aNd 855 are as defined in the text, and
2y, = o Al(o-1)(Bx"-5) +Bx'] +(c DE-8)Bu— +(Bu)2 <o
Iy

Ap = —{(1 Y)(o+u-1)(2Bx" - Ss)u +[p+(1+v)u85)]u

+[Y(1 W) +o(1-y)]x*} > 0,
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2-1

a, = X+Bpix* >0,
a5 = [1-(1-)ulaxk > 0,

aSB:x“>O.

In the neighborhood of BGP H, a,, <0, and we obtain

dx _ & >0 i QA < dh <

E = Xg(alyazz B aZYalz) < o, if d_Yx i > dy >'<=01 as a3~ 0 and alvaZZ - aZYa12> 0,
d - dX dr

EZ asl (a”a22 a2ya12) E}L:O i EX:O as a31 <0, and alyazz - azyalz i 0,

doty) _ _d2) _1, dx xdz, _ ~(@u,8 -&a,) - x
oy dy ( oy zdy) Az @ a3121
(alyaZZ a'2ya12) B Al O if % < % ’

A z < dyl o 7 dylo

d
d_l); ) %(amazz B azsa12) <0, as 8y > 0, and A8y, ~ Ay >0,

dz s 7331 A3

- - _°° 4 ( ) < —, as < 0 and >01
B a, Ay, — Ayl a, a3 Ay, — Al
doly) - dd) 1 dx xdzy  x s (alsazz_azBaiz)( X
dB dB z dB zdB® 2a, AZ %%,
_ X a3|3+ (a‘lBaZZ B aZBa12) BHX_u < lﬁ,
7% ag A 4 7?2y

where A = a34(a,,8,, ~ 8,,8,,) < 0.

2-2

In the neighborhood of BGP L, a,, >0, and we obtain

) %(alyazz “ A > 0,85 8 >0 and 3,8, - 3,2, <0

2g

7a31(alyazz a,a,,) >0, asa, < 0, and &, a,, - a,8,,<0,

3|.%
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(a'lya22 B a27a12) BHX * >
A

0

dyly) . _d(x/29) :1(7%+Xd2) (@, —aa,)

( + 5):
d.Y d,Y z d,Y Zd’Y A a33 a3lz

dx _ 8 > di| < di <
— = ——(apay, ~aay,) 0, — ——| »a58;,3>0 and aga, -aza;,. 0,
dB A B~22 B~12/ « dB)'FO> dBX:O 3 B~22 B~12 >
dz A 8y > & . dr < di <
—£ - 3B - = if = —| ,asa, <0, and - 0,
B ) * A (g8, ~ By2y,) 2, dBl, , > B, 8y gy ~ Apdyy
doly) - ded) 1 dx xdzy  x s (alBazz_aZBa“lz)(ag ca %)

dB dB z dB zdB z% ag, Az 3 8l

_ x5 (BuB ~ B puXt > X% ¢ dh < dh
z? ag, A z < 22 asa, dBj; , > de:o,

where A = a55(a;,8,, ~ 8,,8,,) < 0.
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Figure 3. A More Important Habit Effect (Higher y): Local Dynamics
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Figure 4. A Faster Habit Formation (Higher B): Local Dynamics

29




)x

: € 20) 20 0 >
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30



Number

04-A015

04-A014

04-A013

04-A012

04-A011

04-A010

04-A009

04-A008

04-A007

Author(s)

Been-Lon Chen

C. Y. Cyrus Chu
R.R.Yu

Ruey S. Tsay

C. Y. Cyrus Chu
Ruey S. Tsay
Huoying Wu

C. Y. Cyrus Chu

Marcus Berliant
Shin-Kun Peng
Ping Wang

Daigee Shaw

Yue-Mi Tsai

Daigee Shaw
Chin-Hsiung Loh
Chin-Hsun Yeh
Wen-Yu Jean

Yen-lien Kuo

Yu-Lan Chien
CIiff J. Huang

Daigee Shaw

04-A006 Chun-chieh Huang

Ching-Chong Lai

Juin-Jen Chang

Title

Date

Multiple Equilibria in a Growth Model with Habit Persistence 11/04

A New Model for Family Resource Allocation Among

Siblings: Competition, Forbearance, and Support

Transmission of Sex Preferences Across Generations:

The Allocation of Educational Resources Among Siblings

Children as Refrigerators:  When Would Backward

Altruism Appear?
Welfare Analysis of Number and Locations of Local
Public Facilities
Assessing Alternative Policies for Reducing Household
Waste in Taiwan
A Probabilistic Risk Analysis for Taipei Seismic Hazards:

An Application of HAZ-Taiwan with its Pre-processor and

Post-processor

A General Model of Starting Point Bias in Double-Bounded

Dichotomous Contingent Valuation Surveys

PR B T ISR, T = By -
gl R j\ﬁ%ﬁ Qﬁ@iﬁiﬁj foer |

Working Hours Reduction and Endogenous Growth

05/04

05/04

05/04

05/04

03/04

03/04

03/04

02/04

02/04



04-A005

04-A004

04-A003

04-A002

04-A001

03-A009

03-A008

03-A007

03-A006

03-A005

Juin-Jen Chang

Ching-Chong Lai
Ping Wang

Ming-Fu Shaw
Shu-Hua Chen

Ching-Chong Lai

Juin-Jen Chang

Po-Hsuan Hsu

Chung-Ming Kuan

Kamhon Kan

Wei-Der Tsai

Chi-Chung Chen
Ching-Cheng Chang

Joseph Greenberg
Sudheer Gupta

Xiao Luo

Shin-Kun Peng

Ping Wang

Been-Lon Chen

Been-Lon Chen

Kamhon Kan

Wei-Der Tsai

On the Public Economics of Casino Gambling

Interest Rate Rules, Target Policies, and Endogenous

Economic Growth in an Open Economy

Re-Examining the Profitability of Technical Analysis

with White’s Reality Check

Obesity and Risk Knowledge

Climate Change and Crop Yield Distribution: Some

New Evidence from Panel Data Models

Towering over Babel: Worlds Apart but Acting Together

Sorting by Foot: Consumable Travel — for Local

Public Good and Equilibrium Stratification

Economic Growth With Optimal Public Spending

Compositional

Factor Taxation and Labor Supply In A Dynamic

One-Sector Growth Model

Parenting Practices and Children's Education Outcome

02/04

02/04

02/04

01/04

01/04

12/03

12/03

12/03

12/03

11/03



	
	IEAS Working Paper
	Multiple Equilibria in a Growth Model with
	Habit Persistence

	INSTITUTE OF ECONOMICS, ACADEMIA SINICA
	TAIWAN



	Working paper list 04A015.pdf
	04-A015   Been-Lon Chen       Multiple Equilibria in a Growt


