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1. Introduction

The macroeconomic literature has devoted a long lastitention to the understanding of the
fundamental causes that generate fluctuations in the euoractivity (i.e., business cycles).
Starting from the Keynesian tradition, business cyeles generated from changes in aggregate
demand conditions through the sluggish adjustment ofpeod wages (e.g., Hicks, 1937). While
such strand of literature was focused on short-run isguesxplaining business cycles, the
emergence of the real business cycle literature (eogg and Plosser, 1983), which instead aims to
explain cycles in macroeconomic variables through the préipagaf temporary fundamental
shocks within the neoclassical growth model, renewed tkeest in the issue of long-run growth
and cycle. However, such literature is grounded on aa&sticlorigin of economic cycles.

In contrast with this, another strand of literatargued that exogenous shocks are not necessary
for the emergence of fluctuations. Instead, non-monotgscin the dynamic behaviour of
economic variables can generate periodic as well asodperibut deterministic, orbits that
resemble random ones (e.g., Goodwin, 1967; Grandmont, 1985piFat986; Reichlin, 1986).
While the first author has explained the occurrence ofvtir and cycles in a Marxian labour
market context, which has been criticised for the ifaglof sound micro-foundations, the other
three authors emphasized the occurrence of businetssdg the neoclassical OLG model with
rational individuals, showing that endogenous determinigdther than exogenous stochastic,
fluctuations may arise also in very orthodox models.

However, regular as well complex cycles may emargiee framework of the neoclassical OLG
growth model with production a la Diamond (1965), which thusjugrates more clearly growth
and cycle, only either assuming not fully rational imdiixals (e.g. myopic or adaptive expectations)
(Benhabib and Day, 1982; Michel and de la Croix, 2000; de lax@md Michel, 2002) or when
such a framework is extended, for instance, with tiseiraptions of endogenous labour supply

(Medio and Negroni, 1996), production externality (Cazzavill®96), market imperfections (Aloi
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et al., 2000), PAYG pensions depending on previous earnings (Wa@&@s), or taking the
accumulation of government debt into consideration koo 2000), which result in higher
dimensional systems than the one-dimensional Diafsomodel and thus capable to show more
complicated dynamical events such as the Hopf-Neimdukdaitions®

In fact, the literature has definitely shown, legarting to various mathematical tools, that the
Diamond’s model with rational individuals (perfect fdgdd) can never possess an unstable
equilibrium, and thus business cycle is prevented indas¢ (Galor and Ryder, 1989; Longo and
Valori, 2001; Wendner, 2003; Chen et al., 2008).

Therefore, extensions of the Diamond’s model pnaserve the feature of the one-dimensional
map may hardly transform the OLG growth model with prodacin a model suited to explain
fluctuations in macroeconomic variables.

An exception is Bhattacharya and Qiao (2007) who emdeepk adult mortality into an otherwise
standard overlapping generations model with capital. Iticpdar, they considered individual
longevity as being increased by private health investmetisnganied by complementary tax-
financed public health programs, and showed that such an iopytlementary may expose the
economy to aggregate endogenous fluctuations and even ctmadibns. However, in their model
savings are independent from the future interest rates ende hithe hypothesis of perfect foresight
of agents is irrelevant.

An evident stylised fact regards the widespread miseealth spending, which is mainly publicly
provided in several countries in the world, especially in perdn fact, as noted by Leung and
Wang (2010, p. 11) “With few exceptions, we have observedstensand steady rises over time

of health-care expenditure, both in absolute terms angheacentages of GDP, in almost all

! Note that even in higher dimensional systems the genee of business cycles in OLG models with perfect
foresighted individuals is an exception rather than tree fdr instance, also in Lines (2001), where the assamibtat
retirees are not endowed with the entire capital stesilts in a two-dimensional system, the modified OLG misde

able to describe the initial phase of accumulation bublerta generate any type of cycles.
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countries in the world. The total health-care expemdg among European Economic Monetary
Union countries, for example, reached an average 9%&f 16 the 1990s”.

This paper aims to investigate the properties of thdilmgun dynamics in the conventional
Diamond’s (1965) OLG growth model under two slight butiséial assumptions. The first one,
rather realistic especially in front of the lengtheniridife, is that individuals supply labour also in
their second period of life in a measure tuned by an efitgi parameter, as in de la Croix and
Michel (2007). The second assumption is that the suppdyficfent labour of the old-aged, whose
value results from various combined effects of age expegjesick days, disabilities, retirement
periods and so on, depends on the individual health $tawhigh is, in turn, augmented by the
public investments. In particular, it is assumed thattheslending is transformed into better health
according to a S-shaped relationship, following a recesttatitire (e.g. Blackburn and Cipriani,
2002; Blackburn and Issa, 2002; de la Croix and Ponthiere. 2009)shdy® may capture the
realistic fact that in many cases health spending lmasra intense effect in promoting individual
health only once a certain threshold is approached femgrams of vaccines, immunization and so
on) while becoming scarcely effective when the individugdlth status is close to its saturating
value. In turn, the level of health determines the levafficient labour supply (e.g. the number of
healthy days) in the second period of life.

Our main results are the following. First, we chemase the “bi-modal’ shape of the phase map
and show the existence and uniqueness of the positivebemunli Second, we analyse the local
dynamics of the system and consider local stability tve emergence of a local bifurcation. We
find necessary and sufficient conditions for the emergewoic oscillations around the unique
equilibrium as well as necessary and sufficient dooms for such an equilibrium to be non-

stationary, while numerical simulations also reveat for anntermediate-sizegrovision of health

% The link between health status and labour productivitybeas early recognised by the pioneering Grossman (1972)
who argues that: “... the level of ill-health measured by #tes of mortality and morbidity, influences the antamd

productivity of labour supplied to an economy” (p. Xiii).
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care services by the government, chaotic cycles emarde ia particular, multiple “period-
bubbling” phenomena may occur. We find that endogenous flimbgaare more likely if the
degree of “parsimony” of agents is larger, i.e. when imiials prefer to smooth consumption over
the second period of life.

In conclusion, it is worth noting that the equilim dynamics in our modei)(may be cyclical,
and most importantly, regular and chaotic business syappear to be the rule rather than the
exception, andii) shows a strong complexity — i.e., a multiplicitypeiriod-bubbling.

This paper contributes to two strands of literater@red on the issues of) €ndogenous, as an
alternative to stochastically driven, business cyctes] (i) endogenous individual health. The
value added of the paper is twofold. First, it is shawat deterministic endogenous complex
cycles are generated in a model where otherwise would be preleatel the equilibrium
dynamics would therefore be monotonic towards a glglsifible steady state, as is usual in the
economic literaturé.Second, while the effects of the introduction of endogsrhealth as the main
determinant of the individual length of life has recemi®en investigated with either a privately
organised health system (Leung and Wang, 2010) or publicly pobi@eakraborty, 2004) or both
(Bhattacharya and Qiao, 2007), less attention has bedrgtie link between endogenous health
and labour productivity, and thus this paper wanted to fillgajsin a simple OLG context.

The remainder of the paper is organised as follawSettion 2 we present the model. In Section

3 we analyse the equilibrium dynamics of the econondygave necessary and sufficient conditions

® This result is of interest because it shows thaethalibrium dynamics may generate business cycles uitihe need
of any exogenous shock. In fact, as Bhattacharya and(2083, p. 2528) claimed: “These fluctuations are intergstin
to economists because they represent stylized bugipess that are generated purely from within an ecooeystem
and not from exogenous stochastic shocks.”

“In fact, we recall that in the absence of our tasuanptions the equilibrium dynamics in the model would bieajip

stable.



for the emergence of endogenous fluctuations. In Sedtimmmerical simulations of the emergence

of deterministic chaos are shown. Section 5 concludes.

2. The modd

Consider a general equilibrium overlapping generationsGOtlosed economy populated by
identical individuals, identical firms and a government tiveances a public health programme

through a proportional wage income tax.

2.1. Individuals

Each generation is composed by a continuum of agentea$ure one. Population is stationary.
The typical agent lives for three periods. An agent labtiimet —1 draws utility from consumption

when middle-agedq, ) and old-agedd, ., ):

U, (C . Coraa), (1)

We assume thal () is increasing in its arguments and concave;hbisiogeneous of degree one
(homothetic preferences) and satisfies the Inadditions.
Workers inelastically supply one unit of effiot labour when middle-aged (young), while

receiving a unitary wage income at the ratge and d,,, units of efficient labour when old, and

receive earnings equal th, W1 in that case, where‘..1 is the wage individuals expect to earn at

timet+1.

The coefficientd defines the endowment of efficient labour when (eld)., the behaviour of the
productivity over life), and thus the slope of eags over the life cycle positively depends a: (
the individual health level when old, which, inrtudetermines the endowment of efficient labour

of the old-aged (of course, also an early or lateement age, which affects the labour supply of



workers in the second period of life, is strictjfated with the measure of individual healti);, the
effect of both age and experience on productiitierefore, a priori the supply of efficient labour
when old may be larger or smaller than that wheango and this crucially depends on two
counterbalancing forces: the negative effect ofrgauction in health when old, and the positive
effect due to the experience. In particular, welagsthat the efficient labour supply of the old-@&ge

at t+1, d,,, depends only on the individual health statas the same time which, in turn,

positively depends on health expendituretath (in a nutshell, the higher the public health

spending, the higher the health status and thusitteer the efficiency of labour when old). In
particular, we assume the relationship betweemkhage endowment of efficient labour and health
expenditure is described by the followimpn-decreasing— though bounded — function (see

Blackburn and Cipriani, 2002; Blackburn and 1s€02)?

_dy +dA(h)’

dt+1=d(h[) 1+A(h[)5

(2)

®> de la Croix and Michel (2007, p. 511): “The parameid [defines the income growth ability over life, and is
determined by different factors: health when old, detenyitie old-age endowment in efficient labor; retirenzaye;
effect of experience on human capital.”

® The age profile of the productivity due to the experierffeets, whose behaviour is empirically rather contrsie,

is left exogenous, in that we concentrate on the heddbt eff the productivity.

’ Although Blackburn and Cipriani (2002) assume the dependeiablaas the rate of longevity rate instead of the
coefficient of labour efficiency when old, and the indepemndariable is human capital instead of public healghitag
the line of reasoning to justify this formulation mag/the same. Realistically, in many cases healdsiments have a
more intense effect in promoting individual healthd@mus labour efficiency) when old when a certain thrigslevel

of public health expenditure is reached, while becoming dyaffective when efficient labour is close to itdusating
value (e.g., the functional relationship between heéaltestment and individual health (i.e. labour efficidmehen old

may be S-shaped).



— a_Ahor_l(d1 _ do)

where 3,A>0, 0<d,<d, d(0)=d,, lim, . d(h)=d,, d;(h)= b an] >0, d/(h)<0 if
+

1
-1 |o
6<1 and d;,'h(h);o for any hzhT = {(ﬁ—J;A} if 0>1.

Now, some clarification on Eq. (2) are in ord&e defined, as the value of the “natural” labour

efficiency when old, that is when any public heafiending is absent. The paramedegy instead,
captures the intensity of the efficiency of pulbigalth investments on the supply of efficient labou
when old® Finally, from Eg. (2) it can readily be seen thatise ind (A) reduces (increases) the
effectiveness of the public health spending asndadement to higher efficient labour of the old-
aged for different values of the health investmeateris paribusas regards the parameters of the
health technology. In other words, it measures bmwold-aged productivity reacts to a change in
h. In particular, whend <1 (J6>1) threshold effects of health investments on th#-agjed
endowment of efficient labour are absent (exist), amence, the functiom(h) is concave (S-
shaped), so that efficient labour increases lems gnoportionally (more [less] than proportionally
until [once] the turning pointy is achieved) from the starting poid}, to the saturating value,
ash rises.

The government levies a wage tax at the conséarrate0< 7 <1 only on the young workers’
wage. Therefore, the budget constraint of an iddiai born att —1 simply reads as:

oy +s =w(L-7), (3.1)

l.e. wage income — net of contributions paid t@fice the public provision of health expenditure —

is divided into material consumption when youang,and savingss .

& A rise in d, may be interpreted as exogenous medical advances dumsfance, to scientific research (i.e.,

antibiotics, vaccination programmes, innovationsigdical technologies and so on).
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When old, individuals work with either a larger smaller efficiency than young workers do
depending on their health status, and live with ah@unt of resources given by savings when
young plus the expected interest accrued from tin@timet +1 at the rater®.., and also by the
labour income they receive in that period. Henhe,ldudget constraint of an old individual started
working att can be expressed as

Coron = (L+1%)5 + dyyWoraa, (3.2)

wherec,,, is old-aged consumption.

The representative individual entering the vimgkperiod att must choose how much to save out
of her disposable income to maximise the lifetimigtyiEq. (1), which we assume, for simplicity,

to be of the logarithmic type, that is
U, =In(c, )+ A In(c,,.), (@)
subject to Egs. (3), wher@< S < idthe subjective discount factor. The constraimacimisation

of Eq. (4), where, as usual, actual and expectetbrfgrices and the future supply of efficient

labour are assumed as exogenously given, givesitbesing saving rate:

_/BtWt(l_T)_ d. W
~1+8 1+ B )+roe)

§ (5)

Although the subjective discount factor migle#pdnd on health when old (for instance, as a

“proxy” of the rate of longevity, see Chakrabor®)04), we assumgs, = S constant for anyt,

because this paper is essentially focused on tagoreship between health and labour efficiency

when old, rather than between health and longevity.

2.2. Firms

At time t firms produce a homogeneous goofl, combining capital and labout, and L,,

respectively, through the constant returns to sCaleb-Douglas technology, = AKt”Ltl‘”, where
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A>0 is a scale parameter andl< a <1 the output elasticity of capital. Labour supply is
L, =L(1+d,), whereL is the constant number of workers in each cohatrfg and old); then,
without loss of generality, we may assuroe=1. Therefore, output per efficient workey,{ as a
function of capital per efficient workeky() is

y, = Ak", (6)
wherey, =Y, /L, andk =K, /L.

Firms maximise profitsand perfect competition guarantees that factout®yare paid their

marginal products, that is
r=aAk’" -1, (7)

w, = (1-a)Ak”. (8)

2.3. Government

The government invests in public health (e.g. haigi vaccination programmes, new medical
health care services, scientific research and $phbyncollecting a constant wage tax at the rate
0<r7 <1 on young workers’ labour income (see Chakraba28§04). Therefore, the per capita
budget constraint faced by the governmerit egads as

h=1w, 9)

the left-hand side being the health expenditurethadight-hand side the tax receipt.

2.4, Equilibrium

® Without loss of generality, we assume the price of fingput is normalised to unity and capital totally depresiat

the end of each period.



Market-clearing in goods and capital market lead$é equilibrium condition:
Kol d,)=5. (10)

More in detail, using Eq. (5) to substitute fauts into Eq. (10), equilibrium implies:

‘. :( B d(k,) Won (1)

Y (R0 N T (RT3 Fev ey
where the relationship between the productivitytted old-aged and the capital stod(K), is
obtained by Eqg. (2) upon substitutiontpffrom Eq. (9) andy, from Eq. (8).

As known, it is usual in the dynamical analysE®LG models (see e.g., de la Croix and Michel,
2002) to investigate how the path of capital accatmn evolves depending on whether individuals
have either perfect or myopic expectations abaztofaprices. In the next section we deal with this
argument and go on studying the dynamics undeegteféresight for the interesting dynamical
features, as regards, in particular, the possilolithe emergence of non-monotonic behaviours and

deterministic endogenous fluctuations that the rhgeeerates in that case.
3. Dynamicsunder perfect foresight

With perfect foresight, the expected interest aagevrates depend on the future value of the stock

of capital per efficient worker, that is

{h (o = ARk, (12)

W = (1-a)AK,,"
Therefore, combining Egs. (8), (11), (12) amdrranging terms, the dynamic equilibrium

sequence of capital can be written as

_ HE”
K= ol )+ A+ aB (k) 13)
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where H = Ba(l-a)A(1-1) is a positive constant used to simplify notatiSabstituting out for
d(k,) from Egs. (2), (8) and (9) into (13), the law obtion for capital can alternatively be

expressed as:

_ HK? 1+ BK”)
kt+1 - G + EBK(;J ’ (14)

where B:=A[r(1-a)A’ >0, E:=a(l+p)+d(1+aB)>0, G:=a(l+p)+d,(1+aB)>0 and
E>G becaused, >d,> 0
Steady states of the time map Eq. (14) arerméted as k,, =k =k’. The following

propositions showi) the existence of a unique non-trivial time-inaati solution of Eq. (14), and
(i) despite the seemingly simplistic form implied bych a dynamic system, there exists a
decreasing relationship between capital stocke@tsuiccessive dates (i.e. the law of motion in Eq.
14 may be non-monotonic) that might also generateptex cycles. The latter result depends on
mutual relationship between the intensity of thect®n of the supply of efficient labour when old
to a change in the health spendidg,and the health tax rate,

Analysis of Eg. (14), therefore, gives thedwling propositions.

Proposition 1. (Existence and uniqueness of the steady state)TH#&)zero equilibrium of the

dynamic system described by Eq. (14) is unstab)dn(addition, a unique non-trivial steady state

k" >0 exists.

Proof. Define the right-hand side of Eq. (14) &). Differentiating J(k) with respect td gives:

oy aH (MK?? + Fk® + G
%)= k(l‘”(G +EBK?J |

(15)

where M:=EB?> Q F:=B[E+G-J(E-G) and E-G=(1+ap)d,-d,)>0. Moreover,
F>0 (F<0)ifandonlyifd<d (0>9), where

11



Qi

i
m
+
()

>1. (16)

m
[
®

SinceJ(0)=0 and

MK*® + Fk™ +G _

im, . Ji(k)=aHlim o (G " EBI<”‘5)2 = +00 (17)

then Point (1) of Proposition 1 holds.

Now, fixed points of Eq. (14) are determinedsalitions tok = J(k), that can also be rearranged

ad
as Z,(k) = Z,(k), whereZ,(k):= k" and z,(k) = HiL+BK?)

" G+EBK?

Therefore, since:

(i) z,(0)=0, z;,(k)=(1-a)k™ >0 for anyk >0 andlim, ., Z (k)= +w, and

(i) ZZ(O)=%>O’ Z;’k(k): - adHB(E - Gk

<0 for any k>0 and

(G +EBK?f
1
(=)
Iimkﬁmzz(k):cl‘(—:ﬂ>0, with =<3 then
W+EB E G

for any k >0 Z,(k)=2Z,(k) only once atk". This proves Point (2) of PropositionQ.E.D.

Proposition 2. (Stability and non-monotonic behaviour). (1) (Sk&i. Let 0<Jd <9, hold. Then,
the phase map (k) monotonically increases for arky>0 and the unigue non-trivial steady state
k" is locally asymptotically stable. (2) (Non momoto behaviour). If d>J, and

rl(k*)< r< rz(k*), then the law of motion in Eq. (14) is non-monatowhere

_ E+G+2VEG 55

o,
2 E-G

: (18)
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Tl(k*)::{—[E+G—J(E—G)]_\/K}(lx1

19
AP ale-a)aF o
1
A |-[E+G-3(E-G)+VA|°
r\k )= [ , 20
- 0
and A :=(E-G)3*-2(E-G)E+G)o+(E-G) >0 foranyd>J,.
Proof. Let first the proof of Point (1) be outlined. Frdeqg. (15) we find that:
F G
2a0 ao M +T +7a
im, 3 ()=im,  HMKT R G) T e e )
k(G + EBK?) kl_a(l?aa . 2(k3a|§B+ Eszj
Now, definek® := x as a new supporting variable. Then, Eq. (15) earebrranged as
| oH (MX? + Fx + G)
k,x)= : 22
i(kx) k(G + EBX/ (2)
Solving Eg. (22) forx gives
~ _—|E+G-0(E-G)|-+A
;= T[Exe-dE-c]-VR 3
22:—[E+G—5(E—G)]+\/K. (24)
2BE

Then, it is easy to verify thaf\ >0 if and only if either0<d <9, or d>9, holds, where

o, = E+(|3£_ZG‘ EG <1 and d, >J is defined by Eq. (18) above. Sinde< , itlcan be ruled out

becauseF <0 if and only if 0 >0 >1 (see Eq. 16).

Now, usingk® := x, from (21) and (22) we obtain

@:{'[E+G‘5(E-G)]—JK}03

2BE ’ (23)

13



(24)

lzzz{—[E+G—5(E—G)]+\/K};5’

2BE
which represent the two solutions of Eq. (15) for Therefore, if0<d<d, then F >0 and,
hence, no positive real roots of Eq. (20) can dristx. If d <d<J,, thenF <0 and A <0, and
no positive real roots of Eq. (20) can exist for Therefore, through Eq. (15), for ay< 6<9,,
no positive real roots can exist farand J; (k) >0 for any k > 0. Hence, since Proposition 1 holds,

k" >0 is the unique locally asymptotically stable steathte of the dynamic system Eq. (14) in
that case. This proves Point (1).

We now proceed to prove Point (2).df>J,, then it is straightforward to verify tha <O,
A >0 and, hence, two positive real roots of Eq. (20%tex that case, namely, > &nd X, > 0

(see Eqgs. 21 and 22). Therefore, through Eq. i), positive real roots exist fok as well,
namelyk, >0 andk, >0 (see Egs. 23 and 24). Thaf(k')>0 for any 0<k <k, J;(k')<0 for
any k, <k” <k,, and J;(k*)> 0 for any k' >k,, wherek, >0 and k, >0 represent the maximal
and minimal points of the time map(k) for any k >0, respectively. Hencej > J, is a necessary

condition for the law of motion in Eq. (14) to bscillatory around the steady stdte. Moreover,

from the numerator of Eq. (15, (k*)s 0 if and only if

T )@ +T,(k )P +G <0, (25)
where T,(k'):= (K F° 22[1- a)APE >0 and T, (k' ):= (k' f’Al(L-a)AP[E + G - 5(E-G)| <0 for
any J > d,. Defining nowr’ := p as a new supporting variable, (25) can be reaecag

Tk )p?+ T,k )p+G <0, (26)
SinceTl(k*)> 0, Tz(k* )< 0 for any d >9, and G >0, then applying the Descartes’ rule of sign we

find the two positive real solutions of (26) f@r when equality holds, that is:
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)z ~[E+G-dE-G)l-VA
R e

(27)

A -[E+G-3(E-G)|+/A
pz(k )-‘ 2(k* )aa' A[(l—a) A]J

(28)

where pz(k*)> pl(k*) and A >0 for any d > d,. Therefore, inequality (26) is verified if and wii,

for any 0 >9,, pl(k*)< p < pz(k*). Now, applying7r® := p, we get the two positive real solutions
of (25) for r when equality holds, namely Egs. (19) and (2O)erwh2(k*)> rl(k*). Therefore,
inequality (25) is verified if and only if, for ang > 3,, 7,(k’)<7 <7,(k’), which is sufficient to

have JI'((k*)< 0 for anyk <k™ <k,. This proves Point (2R.E.D.

Although Eq. (14) isot a unimodal function, Proposition 1 showed thetexise and uniqueness

of the steady state. Moreover, Proposition 2 predid) necessary and sufficient conditions for the

unique steady staté” (a closed-form solution fok', however, is prevented) to be locally
asymptotically stable; this is the case when tholesheffects of public health investments on the
level of the health and thus on the supply of &ffit labour when old are either absent or relagivel
scarce, andii) necessary and sufficient conditions for the lafvnmtion in Eq. (14) to be
oscillatory, this is the case when thresholds #dfegists and the size of the public health spendin
IS neither too small nor too large (iietermediate-sized The set of conditions stated in Point (2) of
Proposition 2 is indeedecessaryo generate endogenous fluctuations around thelsttate.
Therefore, we are now in a position to contrebio bring to light theufficientconditions for the
equilibrium to be non-stationary and, hence, fotedwinistic endogenous fluctuations to be
generated. The following proposition deals witlstArgument and characterises, for the case when
the law of motion in Eqg. (14) is oscillatory, alet possible outcomes as regards stability and

instability of the unique stationary state of raetlivity of the economy.
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Proposition 3. (Endogenous fluctuations). If Point (2) of Propmsit2 holds,d, < d < 5(1', k*) and,
1) if rl(k*)< r<g(r,k*), then the law of motion in Eq. (14) is non-monatand convergent to
K';

2)if r= g(r,k*), then a flip bifurcation generically occurs;

(3) if [(r,k*)< r< T(r,k*), then the law of motion in Eq. (12) is non-monat@nd divergent from
K';

@ifr= T(r,k*), then a reverse flip bifurcation generically ocspf

) if T(r,k*)< r< rz(k*), then the law of motion in Eq. (12) is non-mon@and convergent to

k™, where
S\ aHA
o) 4EG(E-G)K |* )
(k)= __TZ(T ‘(T)k )*/55 (30)
o [Tk ) va P
rlr k)= _ TZT:() ok (31)
T3(r,k*): (k )MAZ[(l aA]ZJE[aH+ E]>O
T,k )= [« YAl a)APlaH[E + G - o(E - 6)] + (k ) 2EG],

Q:=a’H?A-40HEG(E-G)K' } “6>0 for any J,<5<d(r.k’) and, we recall

H=H(r)=Ball-a)Al-7).

19 Numerically, we may show (see the next section) thit the flip bifurcation and reverse flip bifurcation aeper-

critical and, hence, attractive (i.e., the bifurcapaints are symmetrical and stable).
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Proof. The proof of Proposition 3 is articulated asdaet. From Eq. (15) we find that, (k*)s -1
if and only if
Ts(r, K )r” +T4(r,k* )r‘j +T5(r,k*)s 0. (32)
whereTs(r,k*):: G[aH + (k* )H’GI> 0. Using the definitiorr? := p, (32) can be rearranged as
Ts(r,k*)p2 +T4(r,k*)p+T5(r,k*)s 0, (33)
SinceT,(r,k’)>0, T,(,k )>0 and assuming,(r,k’)<0 for any 3, <5< d(r,k’), then applying
the Descartes’ rule of sign there exists the twsitp@ real solutions of (33) fop when equality

holds, as given by:

)= ke ‘ )ki)@ , (34)
plr.K )= “Trk )+ 0 , (35)

where E(r,k*)>9(r,k*). Therefore, inequality (33) is verified if and wgnlif, for any
0,<0< 5(r,k*), pl(k*)< p< pz(k*). Now, applying 7°:=p, we get the two positive real
solutions of (32) forr when equality holds, namely Egs. (30) and (31)ermf(r, k*)> z(r,k*).
Therefore, for any, <3< (r,k") we get, ) -1<J;(k)<0 if 7,(k')<7<z(r,k), i.e. the steady
state is stationary through oscillationsi) (J{((k*): -1if 7 :g(r,k*), i.e. a flip bifurcation
generically occurs,ii{) Ji(k')<-1 if z{r,k')<7 <7(r,k’), i.e. the steady state is non-stationary
and deterministic endogenous fluctuations occmiw,;(;(k*): -lif r= T(r,k*), i.e. a reverse flip
bifurcation generally occurs, and) (-1< J;(k')<0 if 7(r,k’)<7<7,(k’), ie. the steady state is

stationary through oscillationQ.E.D.

The phase map Eq. (14) is a first order noealirdifference equation ik and the law of motion

of capital accumulation may be oscillatory, i.e.may become a “backward-bending” capital
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accumulation function. In particular, this happembsen: () threshold effects of public health
investments exist as an inducement to higher efftclabour when old, andi) the provision of
public health care services, as measured by théhhea rater , isintermediate-size@see Point 2

of Proposition 2). In fact, when the public heattpenditure is either small or large enough the law
of motion is monotonic and the steady state islip@symptotically stable regardless of the size of
O (see Point 1 of Proposition 2).

Indeed, two different (negative) effects emendgen the health tax rate raises, and it is neither
too small nor too large. First, it reduces the dsgble income of the young and, through this
channel, it negatively affects savings and camtaumulation. Second, it increases health care
services and, hence, the individual health statushyin turn, implies a rise in the units of eiént
labour supplied when old; the rise @, therefore, reducing the need of savings for s the
old-age consumption contributes to depress capi@almulation further on at the steady state.

The final result of this two negative forcesertefore, may be such that, whér» Jd,, the phase

map J(k) is negatively sloped before the unique steady ssaéichieved, that ik > 121 at least for
an intermediate-sized provision of health careisesvthat affects the efficient labour supply o th
old-aged.

Figure 1 shows in a stylised way the behavafuhe capital accumulation function Eg. (14) and
the evolution of the unique steady stafewhen for different sizes of the public health syst in
the case of the existence of threshold effectaubfip health investments on the supply of efficient
labour when old (i.e.0>3,). It is easy to see that the phase map Eq. (14) bea either
monotonically increasing or bimodal, and the unigqgailibrium may be locally stable or unstable.
In the next section it is illustrated a completesatgption of the impact of different levels of the

public health system on the steady state.
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Figure 1. A pictorial view of the evolution of both the ¢ accumulation function Eq. (14) and

the steady state for different sizes of the puidialth system.

3.1. Steady state effects of changes in the hieadtiate

In order to elucidate how the main steady-staterommonomic variables react to a change in the
health tax rater , as well as to grasp the economic intuition beliedresults, we now perform a
sensitivity analysis by taking the following configtion of parameters (exclusively chosen for
illustrative purposes)a = 045 (which is an average value between the valuesllysederred to
developed countries, i.ex = 036, see e.g., Kehoe and Perri, 2002, and values lysuséd for
developing countries, i.e@ = 050, see Purdue University’s Global Trade Analysisj@u2005

database — GTAP)3 = 020d, =0, d, = 25. This parameter set genera@s=1.  32ZBBen we
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chooseA =22 and d =14", while also assuming\ =1 without loss of generality, given the purely

technical (and not economically interpretable) raf such a parameter.

d
[a—

let+1=lt

(5]
Tn

[
iz

15
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=

o 05 1 15 2 25 3 35 14

Figure 2. The phase map Eq. (14) with the correspondiredststate whem varies.

Table 1 below summarises Figure 2 from two poinwiefvs. The former is concerned with the
evolution of the steady state stock of capital &l ws the macroeconomic variables of interest
when 7 increases. The latter regards the slope of theegphmap evaluated at different equilibrium

points (to this purpose Table 1 reports the vabfdbe first derivative of Eq. 14 with respect kp
evaluated at the steady state, namﬂq’Jﬁk* )). As regards the former point, Table 1 illustraties
variations ofk” along with the per capita health expenditune, the supply of efficient labour

when old, d", the level of per capita GDFY, = A(k*)a(1+ d*), and the ratio of per capita health

M Note that we used a value of close to that adopted by de la Croix and Ponthiere (2009)asgumed) =10.
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spending to per capita GDRy /Y, as well as the steady state lifetime utility def the

representative individual) *.*?

Table 1. Macroeconomic variables at the steady state whearies.

r 0(A) | 004(B)| 0.075(C) 0.20(D 0.25 0.30 0.40
K 3.57 2.17 0.69 0.098 0.062 0.042 0.023
3 (k) 0.45 -0.85 -2.99 -4.26 -4.30 -4.29 -4.23
h 0 0.68 0.77 0.85 0.86 0.87 0.892
d 0 0.129 0.633 2.37 2.95 3.46 4.23
Y 39.05 35.27 30.5 26.08 24.94 23.77 21.24
NIy 0 0.019 0.025 0.032 0.034 0.036 0.042
U’ 3.45 3.22 2.72 1.73 1.46 1.22 0.78
r 0.60 0.80 0.92 0.94 0.96 0.98 0.99
K 0.0096 | 0.0047 | 0.003| 0.0027  0.0028  0.0018  0.0008
JI’((k*) -4.18 -4.30 -3.96 -3.64 -2.9 -0.98 0.43
h 0.899 0.87 0.81 0.79 0.76 0.69 0.49
d 4.63 3.28 1.44 1.04 0.60 0.14 0.001
Y’ 15.35 8.50 3.95 3.15 2.34 1.47 0.90
NIy 0.058 0.102 0.207 0.253 0.32 0.46 0.54
U’ -0.08 -1.21 -2.52 -2.92 -3.48 -4.47 -5.67

2 Note that in Table 1 are reported the different vatiieke variables of interest faf corresponding to Case A-Case

D in Figure 2 (i.e.,0<7 < 0.2) as well as for other several values of which are not reported in the figure for

reasons of clarity of the pictorial view.
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From Table 1, therefore, the following results hild

Result 1. The steady state stock of capital per efficientkenrk”, monotonically reduces whan

raises.

Result 2. The steady state health expenditure per cagifa, and the supply of efficient labour

when old,d”, are inverted U-Shaped functions of the healtvéde r .

Result 3. The per capita GDPY", monotonically reduces whan raises.

Result 4. The steady state lifetime utility index of the es@mtative individualy)~, monotonically

reduces wherr raises.

Result 1 is not entirely surprising, since a risghie health tax rate negatively acts lonthrough
two channels. First, the rise n reduces the disposable income of the young ameteh¢he saving
shrinks. Second, higher health tax rates mearvdtres ofr relatively low, an increasing health
expenditure, which is transformed into a higherpypf efficient labour when old. This, in turn,
determines a higher working income when old, sd tha saving rate shrinks because of the
reduced need to support consumption in the secamibd of life!* This effect eventually

contributes to depress capital accumulation furtimer

13 Note that these results are robust to different paramepnfigurations, as extensive numerical simulations
confirmed.

14 Of course, as mentioned in the introduction, the puigith spending may also increase the rate of longetit
people (see Chakraborty, 2004) and, through this channel, Virey gate. The analysis of this additional case is

certainly interesting and is left for further resdarc
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As regards Result 2, it can be noted that dadth expenditure is a humped function of the tax
rate because of the existence of a sort of “Lafteve” whenr raises. In fact, for increasing values
of such a tax, the tax base (i.e. the wage rat@ksh(see Result 1), meaning that the total health
spending is reduced even if the tax rate is ine@a#gs a consequence, the supply of efficient
labour of the old, which solely depends on the goweent health spending, shrinks as well when

the tax rate is high enough. This causes a poskifect on capital accumulation which,

nevertheless, is clearly of second order relativthe direct negative effect da of the rise in7 .
Therefore, as a final effect, we observe a stredgction in the steady state stock of capital.

As regards Result 3, even if the effects ohbaighealth taxes on per capita income may be a
priori ambiguous, given the negative monotonic @ffen capital accumulation and the possible
increase in the supply of efficient labour when, @ldmerical simulations revealed that the negative
effect of the reduced capital accumulation alwanes/gils on the possible increase in the efficient
labour productivity when old and, hence, per ca@@P shrinks> Finally, as a consequence of
Result 3, also the lifetime utility index at theatly state always shrinks as well.

This paper, however, is mainly concerned whig &nalysis of the effects of the introduction of a
public health care system which, in turn, influentiee efficient labour supply of the old, on the
stability issue along with the possible emergenteaterministic endogenous fluctuations in a
simple OLG model of neoclassical growth with pratlut under rational expectations which
otherwise would be unable to generate endogenasuéitions. Therefore, we do not proceed
further with a deeper investigation of the steaidyeseffects of the health tax rateon per capita
GDP and welfare, although interesting, and conesémton studying the possible emergence of

complex cycles under rational dynamics, which ecpgely the object of the next section.

> The impact of health expenditure on per capita GDP asteepm Table 1 (i.e. the ratib’ /Y*) is consistent with
many actual values. For instance, fd< 7 < 080 such a ratio varies from 2 per cent wharr= 004 to 10.2 per

cent when7 = 080, which is consistent with the actual value in sevepahtries in the world, as observed in many

empirical works (see, e.g., Leung and Wang, 2010).
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As regards the stability of the equilibrium,fdre starting with the numerical analysis of the
possible emergence of deterministic chaos, itter@sting to note that Table 1 makes also clear the
reason why stable or unstable non-monotonic bebesioccur only within a range of values of the
health tax rate (see Point 2 of Proposition 2 amgh&sition 3). In fact, for relatively small values
r, the negative effect on savings and capital actation due to the reduction in the disposable
income of the young is relatively small and, heremen if the supply of efficient labour when old
increases in that case (which, in turn, contributeseduce capital accumulation further on), the
final negative effect of a rise in (for 7 small enough) on the shape of the phase map Bjiq1
not strong enough to generate a decreasing redfiipiioetween two different values of the capital
stock per efficient worker at two successive ddtesontrast, for relatively high values of, even
if the negative effect on savings and capital aadation due to the strong reduction in the
disposable income when young, it is mitigated bg tieduction experienced in the health
expenditure and, hence, in the supply of efficlabbur when old (which, in turn, causes a positive
effect on capital accumulation). As a consequetite reduction caused by a rise inwhen the
health tax rate is already high is not strong ehotgycontinue to produce unstable oscillations
around the steady state, i.e. the law of motiorEeq (14) returns to be stable either through

oscillations or monotonically.

4. A numerical example of chaotic motions

In this section we wish to check for the possipibf chaotic motions that the phase map Eq. (14)

may generate under the hypotheses of Proposit@mo8e. To this purposes, an application of the

theorem of Li and Yorke (1975) could for exampleused*® However, given the economical rather

16 Mitra (2001) also provided sufficient conditions to chémktopological chaos when the Li-Yorke condition cannot

be satisfied. However, since Proposition 2.3 by Mitra (200143) holds only for unimodal maps, we cannot apply the
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than mathematical motivation of the paper, we aslg a graphical tool (e.g., bifurcation diagrams)
for a pictorial view of possible chaotic dynamichbgiours, thus without embarking in more
sophisticated analyses for the detection of cha@s Lyapunov’s exponents).

Below, we resort again to numerical simulatidosgive an example of the possible chaotic
behaviour generated by the financing of public tieedre services when threshold effects of public
health investments on the individual health staigch in turn affects the old-aged endowment of
efficient labour, exist (i.ed >9,).

Figure 3-5 below (where Figures 4 and 5 repieaa enlarged view of Figure 2) represent the
bifurcation diagrams and show, for the same parametlues used in the previous Section 3.1

(moreover, now we assunig = ab the initial value of the stock of capital péficeent worker),

the emergence of deterministic chaos dependingn@walues ofr . On the vertical axis we show
the limit points of the equilibrium sequence of ikalp and on the horizontal axis the value rof
(0<r1<1). Figure 2 shoes two-period bubbling phenomenahvare linked by a stable two-period
cycle (note that the scale of the figure preveiits vision of the second period bubbling
phenomenon whem is close to unity; such a case is in fact repregsem Figure 5 for reasons of
clarity). When the health tax is relatively lowe(i0 < 7 < 0.042) a unique limit point exists. Then a
flip bifurcation emerges followed by a period-dangl bifurcations cascade leading to chaotic
behaviours (see Figure 4): chaos occurs for thanpeairic interval0.055< 7 < 0.0985, which is
interwoven, as usually occurs, by small paramettizdows (for instance0.091< 7 < 0.915) in
which fluctuations become regular. At=0.0986 a reverse period-doubling bifurcations cascade
occurs, leading, for the large interv@all25< 7 < 0.924, to a stable two-period cycle. Subsequently,

the same qualitative change in the dynamics de=stritbove again holds (see Figure 5 in

result by Mitra in this model to ensure that the endogefioasiations generated in our model are chaotic, sinee th

phase map Eq. (14) is bimodal.
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comparison with Figure 4): f00.925< 7 < 098 a period-doubling route to chaos followed by a

reverse period-doubling route to stability occurs.
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Figure 3. Bifurcation diagram for when 5= 0.2
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Figure 4. An enlarged view of the bifurcation diagram fer when = 02 (window for

0.036<7< 013 and0<k < 25).
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Figure 5. An enlarged view of the bifurcation diagram fer when = 02 (window for

091< 7 <1 and0<k <0.0068).

Therefore, a schematic resume of the qual@atiynamics of this economy is the following.
When the size of the public health system increaseteris paribuswith respect to the other
economic parameters, the map Eq. (14) exhikitgo( low values ofr the classic period-doubling
route to chaos;ii( for a further increase im period-bubbling’ As regards the period-bubbling
phenomenon, the regular bifurcation pattern regeitself, undergoes period halving via flip
bifurcations, and eventually returns to a uniqueady state for larger parameter values. However,
as regards the outcome of the period-bubblinghis model we observe a return to a stable two-

period cycle instead of a return to a steady sfatewed, for further increases in, by a second

7 Pioneering discussions about this dynamical featurBiareand Bountis (1984) and Stone (1993).
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period-doubling route to chaos as well as a sego&dod-bubbling in which this time the
bifurcation pattern definitely returns to a statieady state.

In order to check for the robustness of theligaiave dynamics of the model, we now vary the
preference parametgd from 0.2 to 0.62

By using as the criterion to evaluate the $tglof the unique positive equilibrium of the mdde
the measure of the parametric intervalrofor which the equilibrium is unstable, we may dode
that a rise in the subjective discount factor redustability. In fact, while when3= 0.2he
economy is unstable f00.042<7 < 098, when S = 0.6the parametric window of instability is
enlarged t00.021< 7 < 0.9912 (see Figure 6)? Moreover, and most important, with this new value
of £ the map Eq. (14) exhibits even three period-dogblioutes to chaos followed by three
period-bubbling phenomena, each of which is sepdray two windows (fo10.058< 7 < 0.217 and
0.853< 1 < 0.9695) of two-period cycles (see Figures 7-9).

The above increase in the subjective discoactiof implies that:if the portion of the entire
domain of the health tax rate that guaranteeslgyabf the steady state shrinks from 6.2 to 3 per

cent; (i) the portion of the domain of in which 2-period cycles occurs, reduces from 82.4

18 In the economic literature several examples existeegards different values of the subjective discount faftor
used in numerical simulations. For instance, Str@®0g) usedf = 009, Strulik (2004) 8 = 0.2, de la Croix and
Michel (2002) 5 = 0.3, while Blackburn and Cipriani (2002), Zamac (2007) and Leung/éag (2010) considered

£ =06. In this paper, therefore, we have chosen two typiahles among those widely adopted in the economic
literature.

19 Similar to Figure 2, Figure 6 shows period-bubbling wifiefs close to unity even for the cagk= 0.6 (see Figure

9 for a clear pictorial view of it), thus giving rise datriple, rather than double (as in the casgfof 0.2), period-
bubbling phenomenon. Interestingly, we note that wirer 033, £ = 0.2 and 0 =30 (with the other parameters

being unchanged) the bifurcation diagram forallows to observe even quadruple period-bubbling. Foisdke of

brevity, however, we do not report such a case in the pape
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27.55 per cent, and finallyii) the higher periodicity or chaotic regime occurs the 69.5 of the
values ofr when = 0.6versus the 7.02 per cent whg= .02

Therefore, it follows that when the individuase more “parsimonious” and prefer to smooth
consumption over their second period of life (i,8.,is high), the occurrence of business cycles is

more likely while also becoming more irregular.
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Figure 6. Bifurcation diagram for when = 06
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Figure 7. An enlarged view of the bifurcation diagram fer when = 06 (window for

002<7<0.063 and0<k<105).
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Figure 8. An enlarged view of the bifurcation diagram fer when = 06 (window for
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Figure 9. An enlarged view of the bifurcation diagram fer when = 06 (window for

0.9675< 7 <1 and0< k <0.006).

Therefore, we may conclude that the presenceeiihier a pair or triple period-bubbling
phenomena linked each other by regular (i.e., tenasgd) cycles or irregular cycles instead of a
stable steady state, seems to be the major andtrdimamical feature of this simple economy.

It is worth noting that with plausible paranretets we obtain a very remarkable result: recadar
well as chaotic business cycles seems to be tleeratiher than the exception in an OLG growth
model a la Diamond (1965) extended with both a ipubéalth system financed at a balanced
budget and old-age working individuals.

Moreover, the complexity of the dynamics abascribed — i.e., the multiplicity of period-

bubbling — is notable for one-dimensional M&p.

29 n fact, in an influential paper, Stone (1993) claimedi&€period-doubling route to chaos is a well known featire
a range of simple, nonlinear difference equations relytinsed in modelling biological populations. It is not gratly
understood, however, that the process may easily break aogvisuddenly reverse, giving rise to distinctive period-

halving bifurcations.” (p. 617).
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Finally, we attempt to provide a “heuristic”tenpretation of the complicated equilibrium
dynamics of this economy. Although there is no $engiosed-form solutions for the steady-state of
Eq. (14), the above analysis has shown that thedgtstate equation has a unique interior fixed
point and, as illustrated by Figure 1, the map {44pimodal” whend >J,. This means that, as it
may be easily ascertained drawing the phase diagreem if the equilibrium occurs when the map
is negatively sloped and, thus, it is locally ubtathe spiralling trajectories outward from sach
unstable equilibrium remain entrapped thanks td'iaodality” feature of the map: in particular,
given such a shape of the map, the more the equitibappears in the intermediate portion of the
negatively inclined map — despite the higher negaticlination and thus the larger local instapilit
of such an equilibrium—, the more likely the ostithns displayed by the phase diagram are regular
(conversely, the more the equilibrium appears theeithe high or low portion of the negatively
inclined map — despite the map at the equilibrisrtess inclined and, thus, less locally unstable —,
the more likely we observe irregular fluctuations).

This intuitively explains (see the case joirtyrtrayed in Figure 2 — i.e., changes in the sludpe
the phase map when varies —, and Figures 3-5 — i.e., the bifurcatitegrams wherr varies)
because ifr increases, determining a downward shift in theetimap and, hence, at the
equilibrium it is initially less inclined, then becomes more inclined and, finally, again less
inclined, we observe initially irregular fluctuatio then regular fluctuations (e.g., a two-period
cycle) and finally again irregular fluctuations|léaved by a definitive stabilisation for large emybu

values of the health tax rare®*

1 As an example to illustrate this line of reasoning, weeoke that, although the slope of the phase map Eq. (1 at

OKig
K

equilibrium point whenr = 082 is, 3 _ =431 — which corresponds to the maximal local instability —

ke

akt+l
ok, 1

only a two-period cycle exists, while whegh= 0.945, e [1-350 - and thus the slope of the phase map is

lower, i.e., the local instability is smaller thamthe previous case — a chaotic behaviour exists.
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5. Conclusions

In this paper we studied the equilibrium dynami¢she Diamond’s (1965) model with perfect
foresight extended with endogenous health and gédedficient labour.

We show that a unique positive equilibrium &x&s Diamond (1965). However, while with the
equilibrium dynamics in the Diamond’s model thequa equilibrium cannot ever display either
temporary or permanent oscillations, in this papédas shown that the introduction of the link
between health and labour productivity of the adeéh may be responsible of the appearance of
robust endogenous fluctuations, which may be eitbgular or chaotic. In particular, a rise in the
public provision of health care services, as regmmg=] by a rise in the health tax rate collected on
the young’s labour income, reduces capital perciefit worker, per capita GDP and welfare,
because by raising the health status, and thugpitbeuctivity of the mature workers, savings
shrinks because of the reduced need to save @irsodi-age consumption.

Moreover, and more important, a rather low lesethe health tax may trigger deterministic
endogenous chaotic business cycles. The qualiteeateires of the equilibrium dynamics, despite
the simplicity of the one-dimensional map and tesuanption of rational expectations are very rich:

indeed, multiplicity of period-bubbling phenomesashowrf?

References

Aloi, M., Dixon, H.D., Lloyd-Braga, T., 2000. Endegous fluctuations in an open economy with

increasing returns to scale. Journal of Econominédyics and Control 24, 97-125.

%2 \We note that the presence of period-doubling revensajsbe economically interesting since they have thenpiai

to curb dangerous chaotic fluctuations in macroeconoariabies.

33



Benhabib, J., Day, R.H., 1982. A characterization eoratic dynamics in the overlapping

generations model. Journal of Economic Dynamics@umatrol 4, 37-55.

Bhattacharya, J., Qiao, X., 2007. Public and pevexpenditures on health in a growth model.

Journal of Economic Dynamics and Control 31, 255352

Bier, M., Bountis, T.C., 1984. Remerging Feigenbataes in dynamical systems. Physical Letters

A 104, 239-244.

Blackburn, K., Cipriani, G.P., 2002. A model of gmvity, fertility and growth. Journal of

Economic Dynamics and Control 26, 187—-204.

Blackburn, K., Issa, H., 2002. Endogenous life €xgecy in a simple model of growth. Centre for
Growth and Business Cycle Research, School of Hoan&tudies, University of Manchester,

Working Paper no. 13, availableldtp://www.ses.man.ac.uk/cgbcr/discussi.htm

Cazzavillan, G., 1996. Public spending, endogempawith, and endogenous fluctuations. Journal

of Economic Theory 71, 394-415.

Chakraborty, S., 2004. Endogenous lifetime and eeun growth. Journal of Economic Theory

116, 119-137.

Chen, H.J., Li, M.C., Lin, Y.J., 2008, Chaotic dgmas in an overlapping generations model with

myopic and adaptive expectations, Journal of Ecan@ahavior and Organization 67, 48-56.

34



de la Croix, D., and Michel, P., 2002. A TheoryEdonomic Growth. Dynamics and Policy in

Overlapping Generations. Cambridge University Rr€ssnbridge.

de la Croix, D., Michel, P., 2007. Education andvgh with endogenous debt constraints.

Economic Theory 33, 509-530.

de la Croix, D., Ponthiere, G., 2009. On the GolRaite of capital accumulation under endogenous

longevity. Mathematical Social Sciences, doi:108/pdnathsocsci.2009.07.007.

Diamond, P.A., 1965. National debt in a neoclasgicawth model. American Economic Review

55, 1126-1150.

Farmer, R.E., 1986. Deficits and cycles. Journ&ainomic Theory 40, 77-86.

Galor, O., Ryder, H.E., 1989. Existence, uniquenasd stability of equilibrium in an overlapping

generations model with productive capital. Jouaidconomic Theory 49, 360-375.

Global Trade Analysis Project database (GTAP) 200%2urdue  University,

https://www.gtap.agecon.purdue.edu/

Goodwin, R.M., 1967. A growth cycle. In Feinstei@,H., (Ed.), Socialism, Capitalism and

Economic Growth. Cambridge University Press, Cadu#®i

Grandmont, J.M., 1985. On endogenous competitiginbgs cycles. Econometrica 53, 995-1045.

35



Grossman, M., 1972. The demand for health: a theateand empirical investigation. NBER

Occasional Paper no. 119, Columbia University Press

Hicks, J.R., 1937. Mr. Keynes and the classicsuggsested interpretation. Econometrica 5, 147—

159.

Kehoe, P.J., Perri, F., 2002. International busnegles with endogenous incomplete markets.

Econometrica 70, 907-928.

Leung, M.C.M., Wang, Y., 2010. Endogenous healtte,cife expectancy and economic growth.

Pacific Economic Review 15, 11-31.

Li, T.Y., Yorke, J.A., 1975. Period three implidsaos. American Mathematical Monthly 82, 985—

992.

Lines M., 2001, The dynamics of capital accumulatia an overlapping generations model,

Structural Change and Economic Dynamics 12, 75-89.

Long, J.B., Plosser, C.1., 1983. Real businesssydournal of Political Economy 91, 39-69.

Longo, M., Valori, V., 2001. Existence and stalilaf equilibria in OLG models under adaptive

expectations. DiMaD Working Paper (Quaderni delddipnento di Matematica per le Decisioni),

Universita degli Studi di Firenze.

36



Medio, A., Negroni, G., 1996. Chaotic dynamics inedapping generations models with
production. In Nonlinear Dynamics and Economics,rnBt, W., et al. (Eds.), Cambridge

University Press, Cambridge.

Michel, P., de la Croix, D., 2000. Myopic and petféoresight in the OLG model. Economics

Letters 67, 53—60.

Mitra, T., 2001. A sufficient condition for topol@mgl chaos with an application to a model of

endogenous growth. Journal of Economic Theory 96;-152.

Reichlin, P., 1986. Equilibrium cycles in an ovegang generations economy with production.

Journal of Economic Theory 40, 89-102.

Stone, L., 1993. Period-doubling reversals and shasimple ecological models. Nature 365, 617—

620.

Strulik, H., 2004. Economic growth and stagnatidthvendogenous health and fertility. Journal of

Population Economics 17, 433-453.

Strulik, H., 2008. Geography, health, and the patelemo-economic development. Journal of

Development Economics 86, 61-75.

Wagener, A., 2003. Equilibrium dynamics with difet types of pay-as-you-go pension schemes.

Economics Bulletin 8, 1-12.

37



Wendner, R., 2003. Existence, uniqueness, andligtabf equilibrium in an OLG economy.

Economic Theory 23, 165-174.

Yokoo, M., 2000. Chaotic dynamics in a two-dimensiboverlapping generations model. Journal

of Economic Dynamics and Control 24, 909-934.

Zamac, J., 2007. Pension design when fertility tlates: The role of education and capital

mobility. Journal of Public Economics 91, 619-639.

38



