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Preface

The 1BM Scientific Center of Pisa, the University of Pisa and the Universi-
ty of Siena have been carrying on a research on Stochastic S$imulation of E-
conometric Models.

The first results have been summarized at the 2nd Meeting on «Teoria
dei Sistemi ed Economiar, Udine, October 1975, in the paper «Simulazione
Stocastica ed Analist di un Modello Aggregato dell’Economia Italianax (Sto-
chastic Simularion and Analysis of an Aggregated Model of the [ralian Eco-
nomy).

The following Technical Reports present in detail the mcthodolog1ca.l
aspects and the complete results of the research:

C. Bianchi,  «Comparison of Alternative Estimates of an Aggregated Mo-
del of the [talian Economy», Techuical Report CSP031/513-
3541,

P. Corsi, «Eigenvalues and Multipliers of Alternative Estimates of an

Aggregated Model of the Italian Economyw», Technical Re-
port CSP032/513-3542.

E. Cleur, «Spectral Analysis of an Aggregated Model ot the 1talian Eco-
nomy», Technical Report CSP033/513-3543,

G. Calzolari, T.A. Ciriani, P. Corsi,
«Generation and Testing of Pseudo-RundomNumbers with As-
signed Statistical Properties to be Used in the Stochastic Si-
milation of Economerric Models», Technical Report CSP034/
513-3544.

C. Bianchi et alii,
«Stochastic Simulation of an Aggregated Model of the Iralian
Economy: Methodological and Empirical Aspects», Technical
Report CSP035/513-3545.
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At all events, the fundamental characteristic of stochastic simulation is
that by executing a given number of replicanions, it is possible to start
studying the empirical distributions of the solutions yiclded by the rype (1)
class of models.
From the inferential aspect, there is immediate justification for adop-
| Introduction ting simulation methods for studying this class of madels, when their stan-

The methods used during the identification stage of economerric models stical propertics cannot bc-a_scgrtamcd by dl\'CC.t deducnpn. « o

' 4 . . By analyzing the distributions of the solutions obtained by simulation, it
generally involve the use of linear structures in the parameters so that econo- . ible to ascertain whether or not the values observed relate to th )
mic svstems of the usual form may be represented by mathematical models :SPOSS! wvoe orne ate to the popu

; ; ation illustrated by a given model.
of the following type: As regards the use of such models, via stochastic simulation tecniques it
Ay, + By, + Cx  + Mz, = ¢, is possit?le to definc' contjldcncc intervals for fo‘rccasts .and for the resul.ts. of
alternative cconomic policy measures, thus reintegrating-from the decision
Z, = NEYL, Yo X L aspect also - the probébi.\istic de'rncnt wlj:ich disapPears‘. so to speak, in eco-
nomic models after being determined during the estimation stage. (7).

tn the case of non-linear models, simulationis the only practicable way
of obtaining these distributions |6].

For linear models, useful information can be obtained by analytical
means also ‘", but it should be noted that analytical methods generally calt
for calculation of the eigenvalues of the characteristic equation of a system,
and this may raise difficulti¢s that cannot be resolved immediately in the mo-
re complex systems.

The order of the characteristic equation is defined by «mp», where «m»
represents the number of equations and «p» the extent of the maximum lag
relating to endogenous variables.

Where «m» = 30 (size of an average national econorny model) and «p»
= 3, the number of characteristic routs 3s about 90. The degree of accuracy

in which A, B, C. M, N are coefficient matrices, y,, Y., . X, ¢endogenous, lag-
ged endogenous and exogenous variable vectors respectively, z, a vector of

non-linear tuncrions of these ditterent wwpes of variables, ¢ a vector of sto-

chastic variables (disturbances) with zero mean and variance-covariance ma-

rix L.

In econometrics, the term simulation means the solution of a type (1)
mathematical model, in which the values of the curtent endogenous variables
are the unknowns, once the estimated values of the parameters of the model
and the actual or expecred values of the exogenous variables have been assi-
gned. _

Simulation is said to be deterministic when each disturbance therein is
equal to its expected value, that is zero.

Simulation is said to be stochastic when a randon disturbance taken from
2 multivariate distribution assigned a priori is attributed to each structural
equation in the model.

There is obviously no guarantee that when a single shock is applied in a
replication of stochastic simulation it gets any closer to the real value of the

' han when the shock applied is equal to the expected value of (1) Sec wricings on this subject by E. Cleur [1] and P. Corsi [3] in which the model con-
disturbance t an‘ when the shock app q p suruting the subject of the prescnt rescarchiis studied via the techniques of specural ana-
the disturbance in question.

lysis and dynamic analysis respecnively.



required for calculation of the strategic roots may exceed the precision of the
available algorithms ',

In conclusion, for both non-linear and linear models the use of Montecarlo
methods is justified for studying complete solutions of the systems used in
economic applications.

Via analysis of a smalt model of the Italian economy, we aim in the arti-
cle to demonstrate the use of Montecario methods in applications of this
kind. We shall limit our considerations to the case of linear models only, la-
ying emphasis on the charactenistics of the method used and on its practical
limitations, which are more obvious in Jinear models.

2. Some summary measures of the dicrepancy berween deterministic solu-
tion and stochastic mean. :

In the case of a linear model, (1) is simplified, in the sense that there is
no «z=» vector of non-linear functions. The structure is error-additive, not on-
ly in its stcuctural form, but ia the reduced and final forms also. This means
that it is possible 10 separate the contribution of the deterministic part of the
system from that of the stochastic part. )

In all practical applications based on 2 limited number of replications,
the discrepancy between the deterministic solution and the stochastic mean
for a linear model depends entirely on this experimental factor.

As stated, for a linear model (1) may be rewritten as follows:

Ay + By, + Cx =¢, (2)
If it is assumed as at the estimation stage that:
L=t
E(e)=0 Ele, €)= s (3)
b 0 3834

(1) Scc the writings oa this subject by P. Howrcy (5] and K. Mori [10], giving different re-
sults for calculation of the characteristic roots of an identical condensed version of the
Wharton model. See also the difficulties met by P. Corsi [3] in calculaung the spectrum of
cigeavalues for the versions of this model, estimated using the single-equation and full-in-
formation maximum likelihood methods.

6
the solution is given by:
y, =-A"! {ByM + Cx, } +, (4)
where: v = A™'e (5)
Q=AY I (ATY 1=t
with: E(v =0 E(V,l~ v'(j) = v )

0 ¥
i

The experimental discrepancy between the stochastic mean and the de-
terministic solution for the model considered, with 20V replications, is il-
Justrated in tables 3 - 16 of section 3 hereunder. Brief analysis of the col-
umns relating 1o the rwo types of solution reveals an average 2% discrepancy.

To illustrate the extent of the error commirtted by using a fairly limited
number of replications (20 in our example), in table 1 we have compared cer-
tain indices for the deterministic solution and for the stochastic mean. For
this, the stochastic solution was obtained by means of the McCarthy algo-
rithm [9]. The following indices were used:

2) RMSE, root-mean-square error between observed values O, and calculated
values C,

RMSE=0 if C=0

t [4

l/ 2 (G- 0 . | c=0
- =t 1 MSE=1 f
RMSE X R 1 ¢,

RMSE —> = if C>>0,

(1) The number of replications was established bearing 1n mind the information given in
[12, page 209] regarding the non-parametric tolerance interval and the valucs used in simi-
lar stochastic simulation experiments (see (2}, [4]. for example).



b) Theil inequality coefficients:

T - 2 (¢, - o) T, =0 if 0,7 ¢,
Y =1 if ¢, =0
T. = 2 (¢, - 0)? T, =0 if o, =¢,
T2 (0 - 0pq 1 =1 if ¢, =04
where:

¢, = annual percentage vartation of calculated values (deterministic or mean
stochastic) berween periods t and t-1.

o, = annual percentage variation of observed values between period t and t- 1.
The value of each of these two statstcs is zcrowhen both the size and

sign of the variables are accurately predicted.

T, has a value of 1 when no variation is predicted; T, has a value of }
when one variation is predicted, equal to that of the previous year. Values
higher than 1 are a clear indication of less accurarte forecasting capacity than
that of the previous formulae [13].

o) Regression coefficients of the model: C; =a + BCq, + v,

where C,, are the realizations of the stochastic simulation at different
periods, and Cy, the results of the deterministic simulation. When there 1s no
systematic correlation between the forecasting errors and the values predicted
(efficient forecasung): g = 1.

If the forecast i1s both efficient and correct, it follows that:a = 0.

Alongside the values of the coefficients are indicated the values generated
by test F on the combined zero hypothesis (a = 0, § = 1) and those of the se-
parate «t» tests on the unbias and efficiency hypotheses. For all variables,
these hypotheses are not rejected in 95% of cases.

The RMSE values are sausfactory for all variables in any case, as the
highest value is .06226 (ILIT); on the other hand, the values of the Theil ine-
quality coefficients tend to be high, even over 1 for KOCC (115) and CPN,
RNLCF (T2S).

As already stated, the previous results provide indications as to the expe-
rimental discrepancy (due to the small number of replications) between the

Table 1

Summary measurements - McCarthy’s Atgorithm

Regression

a+pC,,

at

C

RMSL

‘g

-0939 2363

Stoch.

Det.

Stoch.
.5883

Det.

. Stoch.
02215 02456 5346
05873 06226 6440

Pet.

1.0014 389761

-7.869

1.0376 1.1418

CPN

95.89
143.69

-.5087
3157 327.76

-9427

59304.

-18.113 1.0091

8190
6923

7172
5825
8689 1.0383

7355

11T

-28.421 1.0109 72413,

05269 06043 6980 .8296

M

9.872 1.0005 402003.

02241 02538 4084 4881

WIT

15.07
183.68

-0937
18.459 0.9999 1280128. 3134 46539

-.569 1.0071 262799
16.301 0.9981 214579

7883

7065

KOCC 02697 02809 9223 10291

PIT

3381

9358 9148
1.0027 1.0463

5967
3509

.03020 03115 .6105

01254 01330 3362

RNLCIF



deterministic solution and the stochastic mean. In order to have information
regarding the vanance-covariance matrix of the results of stochastic simula-
non, companson was drawn between the theoretical variance-covariance ma-
trix of reduced form A-' Z(A-') and the variance-covaziance matrix culeula?
ted with 20 replicarions for each year of the sample period 1952-71, indica-
ted in the table as ¥ ;.

It will be seen from Table 2 that in the particular case of 20 replications,
the percentage error on variances is 5% on average; in the experimental ap-
proximation of the convariances, however, the variability is greater.

Later in this study, we shall give closer attention to the problemof ex-
perimental error in relation to the number of replications, comparing the re-
sults obrained with the two error-generating algorithms used (Nagar and Mc-
Carthy) (see section 3).

Table 2

Comparison between theoretical and calculated variance-covariance matrix.

10
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3. Stochastic simulations over the sample period.

The results of the stochastic simulations carried out for the sample pe-
riod (1952-1971} in relation to the madel {11] - with coefficients estimated
via the O.L.5. method, 20 replicanons, Nagar and McCarthy error-genera-
ting algorithms - are given in the following tables (Tables 3 - 16).

For the sake of clariry, the results obtained with the two algorithms used
are shown in separate tables. In additon 1o the values observed, the deter-
ministic solution and the stochastic mean, each table also gives the following
values:

a) minimum and maximum value of the stochastic solution in the 20 re-
plications;

b) standard deviation in the stochastic solution;

¢) comparison between the annual percentage variation in the obsecved
values, in those calculated deterministically and in the stochastic mean
value.

The minimum and maximum values which define the stochasric simula-
lation interval, provide an immediate indication as to whether the sample
values belong to the population described by the model. This representation
is indicated on the graph, by way of example, to show the solutions obrained
with the McCarthy method, which is the one most written about '

Via the standard deviations in the stochastic solution it is naturally poss-
ible 1o define 2 confidence interval in relation 1o the sotution of the model.
In the case of linear models, this interval is 3 constant value for all en-
dogenous variables and, as jllustrated in the previous section, it can be de-
fined 2 priori on the basis of linear transformation of the variance-covariance
matrix of the strucrural errors. It may be seen from the standard deviation
columns of tables 3 - 16 that there is marked experimenral variability which
is due to the small number of replications adopted. In this case, the most
advisable solution is that of relating the standard deviation mean calculated
for the sample period to cach endogenous variable or, better still, estimating
the varance on all sample data.

(1) See writings on the subject by E. R. Sowey [12]), ].P Couper, B.Fisher [2), G.R.Green
[4]. erc.

12

In non-linear models vn the other hand. the variability of the standard
deviation is intrinsic and it constitutes one of the aspeers regarding which
stochastic simulation is most useful.

Likewise. the third index. which refates to the annuul percentage van-
ations and is also significanz in the analysis of turning points in the economy,
s not of great importance 1n the stochastic simulation of linear modetls {in
such cases, in fact, it is merely a measure ot the experimental discrepancy
between the deterministic solution and the stochastic mean, which we have
already analyzed mote thoroughly in relation to Table 1). The index be-
comes essential, however in the dynamic solution of non lineac models.

On the basis of examination of the indices, there is itrle to add regarding
the roral verification of the model used. The structure involved has atready
been amply tested ! The confidence intervals revealed by the stochastic
simulation are oo wide to be used in any application of economic policy.
This is also a consequence of the very aggregative structure of the model and
does not therefore make the experiments recorded any less valid as examples.

It is clear from the results that, if it is necessary to limit the number of
replications for cost reasons, it is also necessary 1o exercise a certain care in
using the results of stochastic simulation. In view of the importance of this
problem, in the next section we show a number of results in terms of both
mean and vanance, in which the number of replicazions ranged from 20 to
300.

(1) See writings on the subject by E. Cleur [1] and P Cora [3].
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1 Analysis of the results of stochastic simulation with
variation in the number of replications

We present in this section some of the preliminary results obrained, via
the Nagar and McCarthy algorithms, with varation in the number of rep-
Heations from a mimimum of 20 to a maximum of 300. For the sake of sim-
plicity and compactness, the results are presented as an RMSE comparison
(rable 17) and as 2 comparison between the Theil inequality coefficients of
the deterministic solution and the same ndices of the stochasnic mean solu-
tion (tables 18 - 19).

As regards the RMSE, when the number of replications is low, the results
obtained with the Nagar algoritm are nearer to the RMSE of the deterministic
solution: The best result is obrained with 200 replications: the McCarthy
algorithm prevails slightly when the number of replications reaches 3100
{though the differences berween the resuits with the rwo algerithms are very
smalf).

The same thing applies in the case of the Theil inequality coefficients. [t
seems we can therefore conclude that, when the number of replicarions used
is not very high (as is generally the. case, for reasons of time and cost), the
numbers generated on the basis of the Nagar algorithm prevail slightly and
this algorithm is also the quickest in this case.

In fact, even though the transformation matrix has ro be calculated for
the Nagar zlgorithm, it only has to be calculated once, and for each rep-
lication the vector of the independent normal random numbers (which serves
as starting point) contains only 5 elements, (the number of structural equa-
tions in the model). For the McCarthy algorithm, on the other hand, the
vectar used contains 20 elements (the same as the number of years in the
sample period).

The McCarthy algorithm has the advantage of being much more simple
fram the computational aspect, and it is the only one that can be used when
the number of structural equation in the model exceeds the number of yeurs
in the sample period.

As has already been implied, it must be noted that in the operarions car-

Table 17

RMSE values for the deterministic solution and for the stochastic mean with vaniation in the number of replications

McCarthy

50
1.183

300
1.041

200
986
748
599
.B63
736
921

100

1.053

29
1142

Determinise.

1.037

CPN

741
587
869
712
934
1010

783
.588
889

792
601
925
783
1.027

819
692
1038

717
582
869
706
936
1.003

LI

M

W|T

719
977
1.045

788

KQCC

PIT

915
1.046

976

1.096

BRNLCIE

Nagar

1.023

1.030

82
723
572
850
705
911
698

PN 1.037 1172 1.054

C
ILrr

749
596
869
721
961
1.000

739
587
874
715
913
986

789
615
963
747
878
984

764
558
959
761
1.069
1.126

T17
582
869
706
936
1.003

WIT

KOCC
PIT

RNLCF
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ried out starting from the same seed " for the generation of the random
numbers, the pseudo-random numbers used are not exactly the same, because
of the difference berween the two algorithms.

From analysis of tables 17 - 18 - 19 we may conclude that the number of
replications that has 1o be carried out before the experimental error becomes
negligible is tn fact too bigh, from the practical application aspect. It should
be noted, hawever, that to ensure the correct statistical use of the model, it is
sufficient for the experimental error to be less than the RMSE of the de-
terministic solution and, clearly, this result is also achieved with the 20 rep-
lications selected by way of example.

Similar results are obtained in rerms of variances 100. In this connection,
the following experiment was performed regarding the value of the standard
deviation of the stochastic solution, for the y1 (CPN) variable for 1953, gen-
erauing the errors by means of the McCarthy algorithm (see Table 3, line 1,
Standard Deviation column).

Tests were carried out with 20, 50, 100, 200, and 300 replications with
random numbers calculated on the basis of 4 different initial values. The asy-
mptotic value for the consumption variance, calculated on the basis of
A-TEZ(A-') is 437 (see Table 2).

In this case also, about 300 replications are necessary to render the ex-
perimental crror neghgible. Analysis of Table 20 (which contains these re-
sults) shows the influence of the initial value for generating the uniform ran-
dom numbers on the dispersion of the standard deviation of the CPN variable.

Whith 20 replications. for example, the dispersion due to the inital values
(294 - 395 - 453 - 519) is almost equal to that obtained with the first initial
value (294 - 341 - 417 - ... - 450) with 20 replications over the entire sample
period (see Table 3, column 4).

(1) This term signifies the starting value used to generate uniform random numbers.

32
Table 20

Standard deviation values of CPN variable, with variation of the nitial va-
lue and of the number of replications.

Replications

20 50 100 200 300
Sced 1 294 367 363 429 440
Seed 2 519 502 475 481 455
Seed 3 395 369 432 439 420
Seed 4 453 454 400 426 408

S. Conclusions

By the analysis of the results, we can conclude that, when a small
number of replicatians is performed, the experimental discrepancy between
deterministic solution and stochastic mean is not very lLittle. Moreover, 1t ts
possible to sece that the number of replications necessary o make this
experimental error negligible is too high. from the practical application
ﬂSP(‘CI.

Neverthcless, the correct statistical use of the model is ensured even with
the 20 rephcations performed by way of example.

As far as a comparison between the two error-generating algorithms is
concerned, we can say that there is no clear cut prevalence of any of them,
even if the Nagar's algorithm seems to be more convenient for a small number
of replications.

To sum up, even if the adopted model is linear. 1t is possible 1o get useful
information on the characteristics of stochastic simulauion and on its
practical hmitations.
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Appendix: Solution Algorithm

The Gauss-Seidel method was used for solution of the model, for the fol-
lowing main reasons:

a)  itis easy 1o put on to 2 compurer

b) 1t can be used for the solution of linvar and non-linear
models, without distinction

¢) it can be used without any difficulty for taking into ac-
count particular problems such as: saturation, discon-
nnuity. changes in modet parameters, etc.

Given 2 system of linear or nondinear equurtions, (leaving aside the dis-
turbance element):

Y T fi (yJ(' o Yoo Yier )lnrp' xl,(' qu-q) i=3 ..o
the Gauss algorithm used for the numerical solution of this system is (passing
from iteration r - 1 ta iteration r):

(¢ 1)

RIS

“"Ynl 'ylz-l'yn(-p’xh""xq(-q) i=1""n

Seidel’s modification consists in making use - in each iteration - of dara
already calculated ducing same iteration and, naturally, during the previous
one:

(n _ ry {r) (1) {e-1)
Yi( - f: (yl( v Yi'&( Yix v Yo Y e yn(-q‘ xll’ qu-q)
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The izerative process comes to an end when with € assigned:

Ce3 _(r-l)

DRI AR P v=1,...n
{r-1)

Vit

In our model, assuming that ¢ = 107°, convergence is generally reached
with less than 15 1terations.

Two factors atfect convergence in this algorithm: the first is the nor-
malization procedure (that is the choice of the variable rendered explicit for
each equation in the model), and the other is the ordcring of the equations
(but only if the Seidel modification method is used).

As regards economic models in particutar, it should be noted that corn-
vergence is facilitated if the equations are normalized and ordered so as to
reflect the causal flow of economic events, which is implicit in the modet. {8}



i

(21

131

[4]

(3]

(6)
(7]

(8]

(9

E.. Cleur.

} B.. Cooper, S, Fischer

P, Corsi,

35

Recferences

«Spectral analysis of an aggregated model of
the Iulian economy» [(BM lwha Technical
Report CSP 033/513-3543, 1976.
«Stochastic simulation of monetary rules in
two macroecanometric models», A5,
1973.

«Eigenvalues and multipliers of aiternative
estumates of an aggregated model of the ltalian
economy», IBM [wlia, Technical Repore
CSP 032/513-3542.1976

G.R., Green, M, Lienberg, A.A_, Hirsch

E.P, lowrey
£.P., Howrey,
L.R., Klemn,

«Short and long term simulanions with the
OBI: econometric model», in Economerric
models of cyclical bebaviour, edited by B.G.,
Hickman, Studies in income & Wealth, n.36,
Nationat Bureau for Economic Research, 1972,
«Dynamic properties of a condensed version
of theWharton model», in Ecorometrnic models
of cyclical bebaviour, edited by B.G., Hick-
man. Studies in Income & Wealth, n. 36, Na-
tional Bureau for Economic Research, 1972.
«Stabilization policy in linear stochastic sy-
stems», Rev. of Econ. and Stat., 1967.
«Dynamic analysis of economic systems», Int-
Journ. Muth. Educ. Sci. Tech., 1973.

L.R. Klein, M.K. Evans, M. Hartley

M. McCarthy,

Econometnc Gaming.a Computer kit for ma-
croeconomic analysis, Mac Millan Co, 1969.
«Some notes on the generation of pseudo-
structural ercors for use in stochastic simulatian
studies», in f‘conometric models of cyclical
behaviour, edited by B.G. Hickman, Studies in

[10] K. Mori,

(11] B. Sitzia, M. Tivegna,

(12] E.R. Sowey

[13] H. Theil

36

Income & Wealth n. 36, National Bureau for
Economic Research, 1972.

«Generalized eigenvalue problem of an econo-
metric model», mimeographed, paperdelivered
at the Second World Congress of the Econo-
metric Society, Cambridge, England, 1970.
«Un modeilo aggregato dell'economia iralia-
na». Contributi alla Ricerca Economica, Ban-
ca d’lralia, 1975.

«Stochastic simulation of macroeconometric
models: methodology and interpretation», in
Econometric studies of macro and monetary
relations, edited by A.A. Powell, R.A. Wil-
fiams, North Holland, 1973.

«Economic forecasts and policy», North
Holland, 1970.



