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ntroduction 
One approach is to consider the best risk 

premium (in the sense of the minimal 
weighted mean squared error). In the first 
section it is shown that it can be used as an 
approximation to the variance loaded 
premium, by truncating a series expansion. 
In the second section this premium is 
derived as an optimal estimator minimizing 
a suitable loss function. In the credibility 
theory so far the credibility results described 
are intended to estimate pure net risk 
premiums. An important question arises if 
one is interested in estimating the variance 
loaded premiums. In a top-down approach, 
the collective premium can be distributed 
proportionally to this loaded risk premium. 
Therefore we also consider credibility 
estimates for loaded risk premiums. 

Theory 
Replacing the loss function ( )2xy −  when 
y  is estimated instead of x  by a slightly 
more general weighted loss function 
( ) hyexy 2− , one gets the following best 
function of X  to estimate a random variable 
Y . 
Minimizing weighted mean squared error 
When X  and Y  are two random variables, 
and Y  must be estimated using a function 
( )Xg  of X , the choice yielding the 

minimal weighted mean squared error 
( )[ ]hYeXgYE 2)(−  is the best risk premium 

(in the sense of the minimal weighted mean 
squared error) for Y , given X : 

[ ] [ ] [ ]XeEXYeEXYH hYhY |/|| =       (1.1) 
Proof. Write: 

 
( )[ ] ( )[ ]{ }=−=− XeXgYEEeXgYE hYhY |)()( 22 ( )[ ]∫ =− xXexgYE hY |)( 2 ( )xdFX⋅  

 
For fixed x , the integrand can be written as: 
( )[ ]hZepZE 2− , with ( )xgp =  and Z  

distributed as Y , given xX =  

( ( )[ ]xXYZ
P

=≡ |
)(

). This quadratic form in 

p  is minimized taking p = [ ] [ ]hZhZ eEZeE /  
or what is the same 
( )xg = [ ] [ ]xXeExXYeE hYhY == |/| . 

 

Indeed: ( ) ( )[ ] ( ) ( ) ( )hZhZhZhZ
not

ZepEeEpeZEepZEp 2222
.

−+=−=ϕ . 
 
We have to solve the following 
minimization problem: 

( )pMin
p
ϕ           (1.2) 

Since (1.2) is the minimum of a positive 
definite quadratic form, it is suffices to find 

a solution with the first derivative equal to 
zero. Taking the first derivative with respect 
to p , we get the equation: 

( ) ( ) 022 =− hZhZ ZeEepE .  
So: ( ) ( )hZhZ eEZeEp /= , because: 

I
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( ) ( ) 02'' >= hZeEpϕ . 
If the integrand is chosen minimal for each 
x , the integral over all x  is minimized, too. 
Remark 1.1 (the best risk premium and 
variance premium) 

For small h , the best premium approaches 
the variance principle. This can be seen by 
approximating numerator and denominator 
of [ ]XYH  up to the first order in h: 

 

[ ] [ ] [ ]
[ ] ( ) [ ]( [ ] ( ))⋅++=

++
++

= 22
2

22

||
|1

)(||| hOXYhEXYE
hOXYhE

hOXYhEXYEXYH  

[ ] ( )( ) =+−⋅ 2|1 hOXYhE [ ] [ ] ( )2|| hOXYhVarXYE ++ .  
Indeed, we have: 

( )2
2

2 1...
!

...
!2!1

1 hOhY
n

YhYhYhe
n

nhY ++≈+++++= ,  

and so: ( )22 hOhYYYehY ++≅ . Therefore, from (1.1) we get: 
 

[ ]XYH | [ ]
[ ]

[ ( ) ]
( )[ ]

[ ] [ ] ( )
[ ] ( )2

22

2

22

|1
||

|1
|

|
|

hOXYhE
hOXYhEXYE

XhOhYE
XhOhYYE

XeE
XYeE

hY

hY

++
++

=
++
++

== .  

Also: ( ) ( ) ( )( ) ( )( ) ( ) ...
!

11...111...
!2

111
!1
111 21 +

+−−−−−
++

−−−
+

−
+=+ − nZ

n
nZZZ , 

 if: 1<Z . On taking [ ] ( )2| hOXYhEZ +=  
one obtains: 

[ ] ( )( ) 12|1 −
++ hOXYhE ⋅−≅ h1

[ ] ( )2| hOXYE + , and thus: 
[ ] [ ] [ ] ( )2||| hOXYhVarXYEXYH ++=  (1.3) 

In fact any loss function ( ) ( )ywxy 2−  with 
small h = ( ) )0(/0' ww  leads to the expression 
(1.3). From this remark we may conclude 
that to derive credibility estimates for 
premiums loaded with a fraction of the 
variance, as well as for the best risk 

premium, one may consider a weighted loss 
function. To be able to compute the loaded 
credibility estimates, we will need (co-) 
variances of squares of the observations. 
 
1. Credibility for the best risk premium 
Consider the original Bühlmann model. 
Applying (1.1) - of the previous section - to 
Y = 1+tX  and =X ( )'

1 ,..., tXXX = , we see 
that the best risk premium - in the sense of 
weighted mean squared error- to charge for 
period ( )1+t  is: 

 
[ ] [ ] [ ]XeEXeXEXXH tt hXhX

tt |/|| 11
11

++
++ =    (2.1) 

For small h , the expansion (1.3) for (2.1) can be rewritten as follows: 
[ ] [ ] [ ] ( ) [ ] [ ]XXhVarXXEhOXXhVarXXEXXH ttttt ||||| 11

2
111 +++++ +≅++= = E  

( )[ ] ( )[ ] ( )[ ]{ }XVarXEhX ||| 2 θμθσθμ ++    (2.2) 
Indeed, we have: 

( )[ ] ( )[ ] ( )[ ] ( )XXEXXXEEXXEEXE ttt ||,|||| 111 +++ === θθθμ    (2.3), 
and also: 

Var ( ) ( ) [ ]XXEXXEXX ttt ||| 1
22

11 +++ −=    (2.4) 
But: ( )[ ] ( )[ ] ( ) ( )[ ] }{ =−== +++ XXEXEEXXVarEXE ttt |||||| 1

22
11

2 θθθθσ  
( )[ ] ( )[ ] ( )[ ]−=−= +++ XXXEEXXEEXXEE ttt |,||||| 2

11
22

1 θθθ  
 

( )[ ] ( ) ( )[ ]XXEEXXEXXEE ttt ||||| 1
22

11
2 θθ +++ −=−    (2.5), 
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and: 
( )[ ] ( )[ ] ( )[ ] ( )[ ]−=−= + XXEEXEXEXVar t ||||| 1

222 θθμθμθμ  
( )XXE t |1

2
+−    (2.6), 

because from (2.3) we have: ( )[ ] ( )XXEXE t || 1+=θμ  and so: ( )[ ] ( )XXEXE t || 1
22

+=θμ . 
Furthermore:  

( )[ ] ( )[ ] ( ) ( )[ ]+−=+ ++ XXEEXXEXVarXE tt ||||| 1
22

1
2 θθμθσ  
( )[ ] ( ) ( ) ( )XXEXXEXXEXXEE tttt ||||| 1

22
11

2
1

2
++++ −=−+ θ = 

= ( )XXVar t |1+  (see (2.4)). 
Therefore, 
[ ] ( )[ ] ( )[ ] ( )[ ]{ }XVarXEhXEXXH t |||| 2

1 θμθσθμ ++=+

. Thus we have (2.2). 
Remark 2.1 The first term in (2.2) denotes 
the expected value part, the second term 
gives the variance part, the last term the 
fluctuation part. 
Remark 2.2 Apart from the optimal 
credibility result (2.1) for this situation, we 
are interested in obtaining a linearized 
credibility formula for estimating Xt+1. 

Therefore, we prove the following 
application of the formula (1.1). 
 
The main results of this paper 
In the following we present the main results 
leaving the detailed computations to the 
reader. 
An application of the formula (1.1) - 
Linearized credibility formula for 
exponentially weighted squared error loss 
function - 
The solution to the following problem: 

⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡
⎟
⎠

⎞
⎜
⎝

⎛
−− +∑

=
+

1

10

2

1
01,...,,

t

t

hX
t

r
rrtccc

eXccXEMin    (2.7), 

gives: 
( )[ ]
( )[ ] ( )[ ]θμ
θμ
θ

θ
θ

θ **
*

*
* |*

Ez
E

XHE
XzM a

⎭
⎬
⎫

⎩
⎨
⎧

−+=    (2.8) 

Here [ ]θ|XH  is the best risk premium for the conditional distribution of X given θ , and: 
[ ] ( )[ ] ( )[ ] [ ][ ]{ }θθμθμθ θ |/,| **** XVarEtVarXHtCovz +=    (2.9) 

The asterisks denote expectations taken over 
a weighted structure function *U  satisfying: 

( ) ( ) ( ) hh mdUmdU /* θθθ =    (2.10), with: 
( ) [ ]θθ |hX

h eEm =    (2.11), and  

( )[ ] ( ) ( )θθθ dUmmEm hhh ∫==    (2.12) 

Proof. To have a minimum in (2.7), the derivative with respect to 0c  must equal to zero, so: 

[ ] [ ] [ ]111

1
01

+++ ∑
=

+ += ttt hX
r

t

r
r

hXhX
t eXEceEceXE , or: 

[ ]
[ ]

[ ]
[ ]1

1

1

1
11

0 +

+

+

+ ∑
=+ −=

t

t

t

t

hX

t

r

hX
rr

hX

hX
t

eE

eXEc

eE
eXE

c , that is: 

0c [ ] ( )[ ] ( ) ( )[ ]hh

t

r
rhh mmEcmmXHE //|

1
θθμθθ θθ ∑

=

−=    (2.13), 

where ( )θhm  and hm  are as in (2.11) and (2.12), because: 

[ ] [ ]{ } ( )
( ) ( )

⎥
⎥
⎦

⎤
⎢
⎣

⎡
== +

+

=

++ +
++ θ

θ
θ

θ |
|

|
| 1

1

1
11 1

11
t

t

t
tt hX

hX

hX
thX

t
hX

t eE
eE

eXE
EeXEEeXE = 

= ( ) ( )[ ] ( ) ( )[ ]θθθθ θ hh mXHEmXHE || =  (see (1.1)). 
[ ] ( ) ( )[ ] ( )[ ]θθ h

hXhXhX mEeEEeEeE t ===+ |1
hm=  

[ ] ( )[ ] ( ) ( )[ ]=== +++ θθθ ||| 111 ttt hX
r

hX
r

hX
r eEXEEeXEEeXE  



Revista Informatica Economică nr.2(46)/2008 15

( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]θθμθθμθθ θ hh
hX mEmEeEXEE === || . 

Therefore, the verification of formula (2.13) is readily performed. Using the notation: 

( )[ ] ( ) ( ) ( ) ( ) ( ) ( ) ( )[ ]hh
h

h mmfEdU
m

m
fdUffE /** θθθ

θ
θθθθ θθ === ∫∫  

(2.13) can be written as: ( )[ ] ( )[ ]θμθ θθ
*

1

*
0 | EcXHEc

t

r
r∑

=

−=    (2.14) 

Inserting (2.14) into (2.7) the problem is reduced to: 

( )[ ] ( )[ ]( )
⎥
⎥
⎦

⎤

⎢
⎢
⎣

⎡

⎭
⎬
⎫

⎩
⎨
⎧

−−− +∑
=

+
1

2

1

**
1 | thX

t

r
rrtc

eEXcXHEXEMin θμθ θθ    (2.15), 

where: ( )'
1 ,..., tccc = . On taking the derivative of (2.15) with respect to tqcq ,1, =  and 

putting the result equal to zero, one obtains: 
( )[ ]( ) ( )[ ]( ){ }=−− +

+
1**

1 | thX
qt eEXXHEXE θμθ θθ  

( )[ ]( ) ( )[ ]( ){ }1**

1

+−−= ∑
=

thX
qr

t

r
r eEXEXc θμθμ θθ    (2.16) 

Using conditional expectations over θ  an dividing by hm , this equation can be written as: 
( ) ( )[ ]( ) ( ) ( )[ ]( ) ( ){ }=−− hh mmEXHEXHE /|| ** θθμθμθθ θθθ  

( ) ( )[ ]( ) ( ) ( )[ ]( ) ( ){ }+−−= ∑
≠
=

t

qr
r

hhr mmEEEc
1

** /θθμθμθμθμ θθθ  

[ ] ( )( )hhq mmXVarEc /| θθθ+    (2.17), 

since: [ ] [ ]{ } ( ) ( )[ ]=== +++
+++ θθθ ||| 111

111 q
hX

t
hX

qt
hX

qt XEeXEEeXXEEeXXE ttt  
( ) ( ) ( )[ ] ( ) ( ) ( )[ ]θμθθθμθθ θ hh mXHEmXHE || == , from which: 
[ ]=+

+ h
hX

qt meXXE t /1
1 ( )[ ( ) ( ) ]hh mmXHE /| θμθθθ ; 

( )[ ]{ } ( )[ ]{ }( ) ( )[ ]{ ( )}θθμθθμθμ θθθ || 111
1

**
1

*
1

+++
+++ == ttt hX

t
hX

t
hX

t eXEEEeEXEEeEXE = 
( )[ ] ( )[ ] ( )[ ] ( ) ( )[ ] ( )[ ]{ θμθθθμθθμ θθθθθ

**
1

* ||1 EEmXHEEeXEEE h
hX

t
t ==+

+ · 
· ( ) ( )}θθ hmXH | , from which: ( )[ ]{ }=+

+ h
hX

t meEXE t /1*
1 θμθ ( )[ ]{ ( )θθμθθ |* XHEE · 

· ( ) }hh mm /θ ; 
( )[ ]{ } ( )[ ] ( ) ( )[ ] ( )[ ⋅=== ++ θμθθθ θθθθ EXHEeXEXHEeXXHEE tt hX

q
hX

q |...|| *** 11  

( )] ( )[ ] ( ) ( ){ }θθμθθ θθ hh mXHEEm |*=⋅ , from which: ( )[ ]{ /| 1* +thX
qeXXHEE θθ  

} ( )[ ] ( ) ( ){ }hhh mmXHEEm /|/ * θθμθθθ= ; 
( )[ ] ( )[ ]{ } ( )[ ] ( )[ ] ( ) ( )[ ]θθμθθμθ θθθθθ |...|| ***** 11 XHEeEEXHEeEXHEE tt hXhX === ++ · 

· ( )[ ] ( )[ ]θθμθ hmEE * = ( )[ ] ( )[ ] ( )[ ] ( )[ ]{ θθθμθ θθθθθ || *** XHEEmEEXHE h = ( )[ ]θμθ
*E · 

· ( )}θhm , from which: ( )[ ] ( )[ ]{ } { ( )[ ]θθμθ θθθθ |/| *** 1 XHEEmeEXHEE h
hX t =+ · 

· ( )[ ] ( ) }hh mmE /* θθμθ ; if qr ≠  then we obtain: 
( ) ( )[ ] ( )[ ( ) ( )]=== +++ θθθθ |||| 111 ttt hX

qr
hX

qr
hX

qr eEXEXEEeXXEEeXXE  

= ( ) ( ) ( )[ ] ( ) ( ) ( )[ ]θθμθμθθμθμ θ hh mEmE = , from which: ( ) =+
h

hX
qr meXXE t /1  

= ( ) ( ) ( )[ ]hh mmE /θθμθμθ ; if qr =  then we obtain: 
( ) ( )[ ] ( ) ( )[ ] ( ) ( )[ ]θθθθθ h

hX
q

hX
q

hX
q mXEEeEXEEeXEEeXE ttt |||| 2222 111 === +++ = 
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= ( ) ( )[ ]θθθ hmXEE |2 , from which: ( ) ( )[ ( ) ]hhh
hX

q mmXEEmeXE t /|/ 22 1 θθθ=+ ; also, we have 

( )[ ]{ } ( )[ ]{ }( ) ( )[ ] ( ){ ( ||| 111 *** +++ == ttt hX
r

hX
r

hX
r eEXEEEeEXEEeEXE θθμθθμθμ θθθ  

| )} ( )[ ] ( ) ( ){ } ( )[ ] ( ) ( ){ }θθμθμθθμθμθ θθθ hh mEEmEE ** == , from which: E { rX · 

· ( )[ ] } ( )[ ] ( ) ( ){ }hhh
hX mmEEmeE t // ** 1 θθμθμθμ θθθ =+ , where tr ,1= ; similarly, we have: 

( )[ ]{ } ( )[ ] ( ) ( ){ }hhh
hX

q mmEEmeXEE t // ** 1 θθμθμθμ θθθ =+ , where tq ,1= ; we write: 

( )[ ]{ } ( )[ ] ( ) ( )[ ] ( )[ ] === ++ θθμθμθμ θθθ h
hXhX mEEeEEeEE tt 2*2*2* 11 { ( )[ ]θμθ

2*EE · 
( )} ( )[ ] ( ){ }θθμθ θθ hh mEEm 2*= , from which: ( )[ ]{ } { ( )[ ]θμθμ θθθ

2*2* /1 EEmeEE h
hX t =+ · 

· }h
hX me t /1+ ; finally, we observe that: 

( )[ ]( ){ } ( )[{ ( )[ ] ( )[ ] ( )]θθμθμθθμ θθθθ |2| *2*22* 1 XEEEXEEeEXE thX
q −+=− + · 

· ( )}θhm = ( ) ( ) ( )[ ] ( ){ } ( )[{ θθθθθ θθ ||2|| 2222 XEEmXEXEXEE h =−+ - 

- ( )] ( )} ( ) ( )[ ]θθθθ θ hh mXVarEmXE ||2 = , from which: ({ ( )[ ])2* θμθEXE q − · 

· } ( ) ( )[ ]hhh
hX mmXVarEme t /|/1 θθθ=+ , where: ( ) ([ 11 22 ++ = tt hX

q
hX

q eXEEeXE | 

| )] ( ) ( )[ ] ( ) ( )[ ] ( )[ θθθθθθ θ |||| 222 1 XEEmXEEeEXEE h
hX

q
t === + ( )]θhm , 

( )[ ]{ } ( )[ ] ( ) ( )[ ] ( )[ ] ( )[ ]{ ⋅==== ++ θμθθμθμθμ θθθθ
2*2*2*2* ...11 EEmEEeEEeEE h

hXhX tt ( )} θθ Emh =  
( )[ ] ( ){ }θθμθ hmE 2* , ( )[ ]{ } ( )[ ] ( )11 ** ++ = tt hX

q
hX

q eXEEeEXE θμθμ θθ = 

=…= ( )[ ] ( ) ( )[ ] ( )[ ] ( ) ( ){ }θθμθμθθμθμ θθθθ hh mEEmEE ** = = { ( )[ ] ( )θθμθθ |* XEEE · 

· ( )}θhm , with tq ,1= . 
Defining *Cov and *Var  by using *

θE  instead of θE  (2.17) becomes: 
( ) ( )[ ]( ( )([ ( )[ ]) ( ) ( )[ ]( )])θμθμθθθμθ θθθ

**** ||,| EXHEXHEXHCov −−= = 

= ( ) ( )[ ] ( )[ ] ( )[ ] ([ ||,
1

***

1

* XVarEcVarcXVarEcCovc
t

qr
r

qrq

t

qr
r

r ∑∑
≠
=

≠
=

+=+ θθ θμθθμθμ )]θ ,  

where tq ,1= . 
Because of the symmetry of this system of equations in the variables: tccc ,...,, 21  one obtains 

tccc === ...21  and therefore: 
( ) ( )[ ] ( )[ ] ( )[ ]{ }θθμθμθ θ |/,| *** XVarEtVarXHCovc +=    (2.18) 

Inserting (2.18) into (2.14) and taking ctz =*  as in (2.9) one obtains: 

[ ][ ] ( )[ ] [ ][ ] ( )[ ] [ ][ ]θθμθθμθ θθθθθ ||| **
*

*

1

**
0 XHEtE

t
zXHEEcXHEc

t

r
=−=−= ∑

=

- 

- ( )[ ]θμθ
**Ez . Consequently: 

[ ][ ] ( )[ ] +=+−=+= ∑∑
==

XzX
t
zEzXHEXccM

t

r
r

t

r
rr

a *

1

*
***

1
0 |

*

θμθ θθ  

+
[ ][ ]
( )[ ] ( )[ ]θμ
θμ
θ

θ
θ

θ **
*

* |
Ez

E
XHE

⎟⎟
⎠

⎞
⎜⎜
⎝

⎛
− , as was to be proven. Taking the limit for: 0→h , the 

original Bühlmann credibility formula results (see (1.1)). 
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Conclusions 
In this paper we have obtained the best risk 
premium - in the sense of weighted mean 
squared error - to charge for period ( )1+t , by 
truncating a series expansion. To be able to 
compute the loaded credibility estimates, we 
demonstrated the relevant (co-) variances of 
squares of the observations. The fact that it is 
based on complicated mathematics, involving 
conditional expectations, needs not bother 
the user more than it does when he applies 
statistical tools like SAS, GLIM, 
discriminant analysis, and scoring models. 
Apart from the optimal credibility result (2.1) 
for this situation, we have presented a 
linearized credibility formula for 
exponentially weighted squared error loss 
function (a linearized credibility formula for 
estimating Xt+1), using the greatest accuracy 
theory. 
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