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Strict stationarity testing and estimation of
explosive ARCH models

By CHRISTIAN FRANCQ®

University Lille 3, EQUIPPE-GREMARS
AND

BY JEAN-MICHEL ZAKOIAN*
CREST and Unwversity Lille 3

This paper studies the asymptotic properties of the quasi-
maximum likelihood estimator of ARCH(1) models without strict
stationarity constraints, and considers applications to testing prob-
lems. The estimator is unrestricted, in the sense that the value of the
intercept, which cannot be consistently estimated in the explosive
case, is not fixed. A specific behavior of the estimator of the ARCH
coefficient is obtained at the boundary of the stationarity region, but
this estimator remains consistent and asymptotically normal in ev-
ery situation. The asymptotic variance is different in the stationary
and non stationary situations, but is consistently estimated, with the
same estimator, in both cases. Tests of strict stationarity and non
stationarity are proposed. Their behaviors are studied under the null
assumption and under local alternatives. The tests developed for the
ARCH(1) model are able to detect non-stationarity in more general
GARCH models. A numerical illustration based on stock indices is
proposed.

1. Introduction. Testing for strict stationarity is an important issue in
the context of financial time series. A standard assumption is that the prices
are non stationary while the returns (or log-returns) are stationary. Numer-
ous statistical tools, such as the unit root tests, have been introduced for test-
ing the non-stationarity of prices. For the log-returns, the most widely used
models are arguably the GARCH introduced by Engle (1982) and Bollerslev
(1986). No statistical tools are available for testing strict stationarity in the
GARCH framework. This is the main aim of this paper to develop such tools.
The problem is non standard because, contrary to stationarity in linear time

*The authors are very grateful to Professor Y. Davydov and to Professor L. Horvath
for stimulating and instructive discussions on topics related to this paper.
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2 C. FRANCQ AND J-M. ZAKOTAN

series models, which solely depends on the lag polynomials, the strict sta-
tionarity condition for GARCH models has a non explicit form, involving the
distribution of the underlying independent and identically distributed (iid)
sequence.

The asymptotic properties of the quasi-maximum likelihood estimator
(QMLE) for classical GARCH models have been extensively studied; see
Berkes, Horvath and Kokoszka (2003), Francq and Zakolan (2004) and the
references therein. For valid statistical inference based on those results, strict
stationarity must hold. Thus, from the point of view of the validity of the
asymptotic results for the QMLE, strict stationarity testing in GARCH mod-
els is also an important issue. Surprisingly, this issue has not been addressed
in the literature, to the best of our knowledge.

1.1. Modes of divergence in the non stationary case. The complexity
of the statistical problem arises from the specificities of the probabilistic
framework, even for the simplest GARCH model. To fix ideas, consider the
ARCH(1) model, given by

(L.1) {et:\/h_mt, t=1,2,...

2
hy = wo + aoe;_4

with an initial value ey, where wy > 0, ag > 0, and () is a sequence of
independent and identically distributed (iid) variables such that En; = 0
and En? = 1. The necessary and sufficient condition for the existence of a
strictly stationary solution to (1.1) is (by Nelson, 1990)

(1.2) 7 <0 (i.e. ap < exp{—Elogn%}),

where v9 = Elog(agn?). More precisely, if (1.2) holds we have

(1.3) hi — o — 0 almost surely as t — oo,

where
n—1

00 o=t oo (14T obit i)
k=1

Let us now turn to the nonstationary case, for which it is necessary to con-
sider separately vy > 0 and ~y = 0. Under the assumption

(1.5) 7% >0 (i.e. g > exp{—Elogn%}),
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hi — oo almost surely as t — oo, as shown by Nelson (1990). In this case,
the increasing sequence Jt%n goes to infinity almost surely as ¢ — oo, by the
Cauchy root test. The case 79 = 0 is much more intricate. By the Chung-
Fuchs theorem, it can be seen that Jt%n goes to infinity almost surely as
t — oo. However, (1.3) may not hold when 79 = 0. Actually, Kliippelberg,
Lindner and Maller (2004) (see also Goldie and Maller (2000)) showed that

(1.6) when 79 =0, hy — oo in probability

instead of almost surely in the case 79 > 0 . The astonishing difficulties
encountered in the case 79 = 0 are related to the fact that the sequence
hy = at%t + afn?_, ... n?e3 does not increase with ¢.

1.2. The statistical problem. Denote by § = (w, ) the ARCH(1) param-
eter and define the QMLE as any measurable solution of

A . 1 €7 9
(1.7) 0, = (On,an) = arg min — ;Et(ﬁ), 0,(0) = 0359) + log o;(0),
where © is a compact subset of (0,00)?, and 62(0) = w+ae?_; fort =1,...,n

(with an initial value for €2). The rescaled residuals are defined by 7, = 1;(6,,)
where n,(0) = €;/0¢(0) for t =1,... ,n.

To construct a test of the strict stationarity assumption, we will establish
the asymptotic distribution, under (1.2), of the statistic

. . i .
Y = log & + — Zlognf.
i3
This will be accomplished by deriving the joint distribution of
(G, % S, log#A?), under the assumptions used to prove the asymptotic

normality of the QMLE 0,

To study the asymptotic power of the test, it is necessary to analyze the
asymptotic behavior of the QMLE when ~y > 0. Jensen and Rahbek (2004a,
2004b) were the first to establish an asymptotic theory for estimators of
non-stationary GARCH. 2 They considered a constrained QMLE of aq (in
the sense that the value of the intercept is fixed) which is consistent in the
non stationary case, but is inconsistent in the stationary case. We will estab-
lish the strong consistency and asymptotic normality of the (unconstrained)

IKlijppelberg7 Lindner and Maller (2004) noted that the arguments given by Nelson
(1990) for the a.s. convergence are in failure when o = 0.
2See Linton, Pan and Wang (2009) for extensions in the case of non iid errors.
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QMLE of «ag, the only component which matters for our testing problem,
when vy > 0. It turns out that, contrary to the strict stationarity case, the
asymptotic distribution of &, is extremely simple, and is given by

\/ﬁ(dn—ao)i/\/{o,(/{n—l)a%}, as n — 0o

where % stands for the convergence in distribution. When ¢ = 0, the QMLE
of aig will be shown to be weakly consistent with the same asymptotic normal
distribution as in the case 79 > 0. The asymptotic variances of &, when
Y0 > 0 and when 79 < 0 do not coincide, but we propose an estimator which
is consistent in both situations. This is in accordance with similar results for
autoregressive models with random coefficients derived by Aue and Horvath
(2009).

The rest of the paper is organized as follows. Section 2 is devoted to the
asymptotic properties of the QMLE. In Section 3, we first consider the prob-
lem of testing the value of o without any stationarity restriction. Then, we
consider strict stationarity testing. The asymptotic distributions of two tests
are studied when the null assumption is either the stationarity or the non sta-
tionarity. Section 4 is devoted to a power study. We start by establishing the
Local Asymptotic Normality (LAN) of the ARCH(1) model without station-
arity. The Fisher information matrix is degenerate in the case 79 > 0. The
LAN property is used to derive the local asymptotic power of the proposed
tests. Optimality issues are discussed. Necessary and sufficient conditions on
the noise density are derived for the tests to be uniformly locally asymptot-
ically most powerful. We also consider testing stationarity in more general
GARCH-type models. Numerical illustrations are provided in Section 6. In
particular, the stationarity of eleven major stock returns is analyzed. Proofs
and complementary results, in particular the inconsistency of the constrained
estimators in the stationary case, are collected in Section 7.

2. Asymptotic properties of the QMLE. In this paper we consider
the standard QMLE, which is the commonly used estimator for GARCH
models.

2.1. Consistency and asymptotic normality of ¢&,. The following result
completes those already established in the stationary case, which we recall for
convenience. The asymptotic distribution in the case 79 = 0 will be treated
separately.

THEOREM 2.1.  For the ARCH(1) model (1.1), let the QMLE defined in
(1.7).
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i) When 7o <0 and P(n} =1) <1
Gy — g and @, — Wy a.s. as m — oo.

i1) When ~y > 0,
Gy, — Q a.s. as m — oo.

iii) When vo =0,
ay, — Q wn probability as n — oo.

w) When vo < 0, k, = En{ € (1,00) and 6y = (wo, )’ belongs to the
interior é of ©,

(2.1) \/ﬁ(én—ﬁo) iN{O, (/{77—1),]_1}, as n — oo,

and
1 2
(2.2) J=E | lorad? luotad)
€1 €1

(w0+aoe§)2 (w0+aoe%)2
v) When v >0, K, € (1,00) and 0y € é,
(2.3) V1 (6 — o) > /\/{O, (kp — 1)a3} . asmn — oo.

To obtain the asymptotic distribution of &, in the case vy = 0, we need
an additional assumption on the distribution of n?. Let Z; = agn?. Note
thatyy = FlogZy = 0entails E(14+Z; 1+ Zi 1 Zyo+-+Zy1...Z1) >t
by Jensen’s inequality. We introduce the assumption

A: when t tends to infinity,

1 1
E =o|—).
<1+Zl+le2+"'+Zl---Zt—1> (\/E>

Note that A is obviously satisfied when Z; = 1 a.s., since the expectation is
then equal to 1/t.

THEOREM 2.2. Suppose that vog = 0, 0y € (2), kp € (1,00) and A is
satisfied. Then the QMLE &, is asymptotically normal and its asymptotic
distribution is given by (2.3).



6 C. FRANCQ AND J-M. ZAKOTAN

2.2. Estimator of the asymptotic variance of &y, with or without station-
arity. In view of (2.1)-(2.2), when 7y < 0 the asymptotic distribution of the
QMLE @&, of 0y is given by

(2.4) Vi (G — ag) 5 N A0, (ky — 1)E},  as n — oo,
with
(2.5) 40.2) p(p,q) = g4

$ T 0. 2.2) — 2 (12)

It is obvious to show that the empirical estimator of £

N 2p
F lu’fl(072) A~ 1 - Et

= — _ - ,  where ,q) = — E VRV L
" (0,20 (2.2) — 2(1,2) inlp0) = 5 205 aneya

is strongly consistent in the stationary case 79 < 0. The following result
shows that this estimator is also a consistent estimator of the asymptotic
variance of &, in the nonstationary case vy > 0.

THEOREM 2.3.  Assume 0y € O, £, € (1,00) and let iy = n~1 S0, Ay,
where My = €/0(0).

i) When o <0, we have iy, — K, and fn — £ a.s as n — 00.
i) When ~o > 0, we have iy — ky and fn — a3 a.s.
wwi) When o = 0, we have ky, — ky and, if A is satisfied, én — a3 in
probability.

In any case, (ky, —1)&, is a consistent estimator of the asymptotic variance

of the QMLE of ay.

The consequence of Theorem 2.3, from a practical point of view, is ex-
tremely important. It means that we can get confidence intervals, or tests
for ap without assuming stationarity /nonstationarity.

3. Testing. Before considering strict stationarity testing, we start with
tests on the parameter a.

3.1. Testing the ARCH coefficient. Consider a testing problem of the
form

(3.1) Hy: ag <o against Hy: ag > a”,

where o* is a given positive number. A value of particular interest is a® = 1,
because Ee? < oo if and only if ag < 1. Note however that we do not impose
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any constraint on a* so that some values of ap < o* may correspond to
nonstationary ARCH models. A direct consequence of Theorems 2.1-2.2-2.3
is the following result, in which ® denotes the N'(0, 1) cumulative distribution
function. Let a € (0,1).

COROLLARY 3.1.  Assume that 0y € é and the assumptions of Theorem
2.8 hold. For the testing problem (3.1), the test defined by the critical region

(3.2) co = {T;;f* = M > 3711 —g)}
(’%77 - 1)§n

has the asymptotic significance level o and is consistent.

Hence, assumption Hy can be tested without knowing if the observations
are generated by a stationary or an explosive ARCH. However, it is of interest
to test if a given series is stationary or not. This cannot be done by testing
an assumption of the form (3.1).

3.2. Strict stationarity testing. Consider the strict stationarity testing
problems

(3.3) Hy:v% <0 against Hy:v >0,
and
(3.4) Hy:v >0 against Hy:~ <0,

where 79 = Flog (04077%)- These hypotheses are not of the form (3.1)
because 7y not only depends on ag, but also on the unknown moment
¢ := Elogn? € RU{—oc}. Let ¢, = n 137, log /2. The following re-
sult gives the asymptotic joint distribution of fn and &y, and the asymptotic
distribution of a consistent estimator of 7p, under either the stationarity or
the nonstationarity conditions.

THEOREM 3.1.  Assume that Enf € (1,00), E ‘logn%‘z < oo and by € o.

i) If the stationarity condition vy < 0 holds, as n — oo,
(3.5)

fn —C d o 02+ 024204, —(02+ 0wl
ﬁ( 0 — B0 ) _)N{O’E B ( —(07 + ouw)fo op ]! ’
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_ 2 2 _ 2 _ 2 2 _ 2 _
where vi = 1 —n;, o = Evf, vy = logn; — (, 0, = Eui, oy =

Cov(ug,ve) and J is given by (2.2). Moreover

(3.6) Ap = Cn + log @ — o in probability as n — oo

and

3.7 Vilim —0) % N (0,02 + o2 £ asn — oo.

(3.7) Y = 10w+ ou o
0

ii) If vo > 0, or if vo = 0 and A holds, then
(3.8)
—C ) d o8+ 07+ 200 —(0F + ow)ag
vn ( G, — Qg —N10, —(0% + ou)an o2a? ’

Moreover (3.6) holds and we have
(3.9) Vilin =0) S N (0,02)  asn — oo

It is interesting to note that the asymptotic distribution of CAn is the same
in the cases 79 < 0 and 9 > 0 and that this distribution is independent of
Qo.

Let 62 =n~ ' Y7, (logf)” — &2

COROLLARY 3.2. Let the assumptions of Theorem 3.1 hold. For the test-
ing problem (8.3), the test defined by the critical region

(3.10) ST = {Tn = \/ﬁ@ > o1 — g)}
Oy
has its asymptotic significance level bounded by «, has the asymptotic prob-
ability of rejection o under vy = 0, and is consistent for all vo > 0.
For the testing problem (3.4), the test defined by the critical region

(3.11) N = {1, <27\ (a)}

has its asymptotic significance level bounded by o, has the asymptotic prob-
ability of rejection « under vy = 0, and is consistent for all vy < 0.

4. Asymptotic local powers. The section investigates the asymptotic
behavior under local alternatives of the tests (3.2) on «ap and of the strict
stationarity tests (3.10) and (3.11). We first establish the LAN of the ARCH
model without imposing any stationarity constraint. This LAN property will
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be used to derive the asymptotic properties of our tests, but the result is of
independent interest (see van der Vaart (1998) for a general reference on LAN
and its applications, and see Drost and Klaassen (1997), Drost, Klaassen and
Werker (1997) and Ling and McAleer (2003) for applications to GARCH and

other stationary processes).

4.1. LAN without stationarity constraint. Assume that 1, has a density
f with third-order derivatives, that

(4.1) lim y*f'(y) =0,

|y|—o0

and that for some positive constants K and §
f/ / f/ 1
(&) w|+#|(5) w

(4.3) Em® < co.

42) 7@)\ g +y?

<K (1+1y°),

These regularity conditions are satisfied for numerous distributions, in par-
ticular for the gaussian distribution with § = 2, and entail the existence of
the Fisher information for scale

= {1+ uf W)/ f )} fy)dy < oo.
Given the initial value €y, the density of the observations (e, ..., €,) satisfy-
ing (1.1) is given by L, ;(60) = [1/—1 07 *(6o) f {Jfl(eo)et} . Around 6 Eé,

let a sequence of local parameters of the form 6, = 6y + 7,,/\/n, where
(7,,) is a bounded sequence of R?. Without loss of generality, assume that
n is sufficiently large so that 6,, € ©. Under the strict stationarity condi-
tion 79 < 0, Drost and Klaassen (1997) showed that the log-likelihood ratio
Ay, 1 (00, 00) =log Ly, £(0,)/ Ly, ¢(60) satisfies the LAN property

(4.4)

1
A (00, 00) = 72501 (00) = 570357 + 0y, (1), Su,g(600) ~ N {0,37}

under Py, as n — oo. The following proposition shows that (4.4) holds
regardless of vg.

PROPOSITION 4.1.  When 6y € (2), under (4.1)-(4.3) we have the LAN
property (4.4). When ~y > 0, the Fisher information is the degenerate matrix

~ Ly 0 0
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4.2. Local asymptotic powers of the tests. Because the information matrix
(4.5) is singular, when ~y > 0 the LAN property does not entail the convo-
lution theorem of Hajek (see Theorem 2.2 of Drost and Klaassen (1997)).
The LAN property, with the help of Le Cam’s third lemma, allows however
to easily compute local asymptotic powers of tests. In view of Corollary 3.2,

Jm By, (CF) = Jim By, (CF) = o

when 6y = (wp,ap)’ is such that oy = exp(—FElogn?). Denote by P, .,
where 7 = (71, 72)’, the distribution of the observations (e1, ..., €,) when the
parameter is of the form (wo + 71/v/n, exp(—Elogn?) + 72/y/n) . We should
use the notation (€1, ..., €,,n) instead of (e1,.. ., €,) because the parameter
varies with n, but we will avoid this heavy notation. Local alternatives for
the CST-test (resp. the CNS-test) are obtained for 7, > 0 (resp. 5 < 0).

PROPOSITION 4.2.  Under the assumptions of Theorem 3.1 and Propo-
sition 4.1, the local asymptotic powers of the strict stationarity tests (3.10)
and (3.11) are given by

T2

(4.6) lim P, (C5T) =@ { — o1 - g)}

[e7sYu

and

Tim P, (CN) = CIJ{tID_l(g) S }

OO0y,

We now compute the local asymptotic power of the test defined by (3.2).
We thus consider a sequence of local parameters of the form 0% = (wg, a*)'+
7/y/n where 7 = (11, 72)" with 72 > 0. We denote by P,‘ji: the distribution of

the observations under the assumption that the ARCH(1) parameter is 6.

PROPOSITION 4.3.  Let the assumptions of Proposition 4.1 and Theorem
2.3 be satisfied. For testing (3.1), the test defined by the rejection region (3.2)
has the local asymptotic power

(4.7) lim Pg (C) :@{L—@‘l(l—g)},
)60

where & = a*? when Eloga*n? > 0 and & = & defined by (2.5) when
Eloga*n? < 0.
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4.3. Optimality issues. Let To be a subset of R containing 0. When
v > 0, the relations (4.4)-(4.5) imply that the limiting distribution of
Ay f(0p + 7/y/n,00) is that of the log-likelihood ratio in the statistical
model N (79,403/is) of parameter 5. In other words, the so-called local
experiments {L,, ;(6o + (0,72)"/y/n), 72 € To} converge to the gaussian ex-
periment {N (72,40/if), 7 € Tb} (see van der Vaart (1998) for details
about the notion of statistical experiments). Testing g < exp(—FElogn?)
against ag > exp(—E logn?) corresponds to testing 72 < 0 against 75 > 0
in the limiting experiment. The uniformly most powerful test based on
X ~N (7’2,4@% /is) is the Neyman-Pearson test of rejection region C' =

{X/\/4a%/Lf > o1 - g)}. This optimal test has the power

(4.8) P, (C) = (L —el(1 - g)) .
\/4ag/Lf

A test of (3.10) whose level and power jointly converge to « and to the bound
in (4.8), respectively, will be called asymptotically optimal. A similar result
holds for the dual testing problem (3.11). For the testing problem (3.1), the
optimal local asymptotic power is

(4.9) P (L — o711 — Q)) ,

1/4§O/Lf

where & is defined in Proposition 4.3.

PROPOSITION 4.4. Under the assumptions of Proposition 4.2, the strict
stationarity tests (3.10) (and/or (3.11)) is asymptotically optimal if and only

if
2
1 Qogly))? _o

=S et ° Y
2¢/|d|mwe

The test (3.2) is optimal for the testing problem (3.1) if and only if

(4.10) f(y) §<0.

a’ —ay?|,,12a—1 > a—1_—t
(4.11) fly) = e~ Yyl , a>0, F(a):/ t9 e dt.
(a) 0

Figure 1 displays the densities (4.11) and (4.10) for different values of a
and 6. Note that the gaussian density is obtained in (4.11) for a = 1/2.
The result was expected because the C® -test is based on the QMLE of
g, and the QMLE is efficient in the gaussian case. Note however that the
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0.7
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|
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0.3
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0.1

0.0
|

Fic 1. Densities (4.11) of s for which the test (3.2) on ayg is asymptotically optimal
(left panel) and densities (4.10) for which the strict stationarity tests (3.10) and
(3.11) are asymptotically optimal (right panel).

00 02 04 06 08 1.0

00 02 04 06 08 1.0
00 0.2 04 06 08 1.0

T T T T T T T T T T T T T T T T T T
0 100 200 300 400 500 0 20 40 60 80 0 5 10 15 20 25 30

v=2.1 v=3 v=10

Fic 2. Optimal asymptotic power (in full line) and local asymptotic power of the
strict stationarity test (3.10) (in dotted line) when n; follows a standardized Student
distribution with v degrees of freedom. .
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00 02 04 06 08 1.0

0.0 02 04 06 08 1.0
0.0 0.2 04 06 08 1.0

T T T T T T T T T T T T T T T T T T T
0 20 40 60 80 120 0 20 40 60 80 0 10 20 30 40 50 60

v=4.1 v=6 v=10

Fic 3. Optimal asymptotic power (in full line) and local asymptotic power of the
test (3.1) (in dotted line) for testing ag < o where a* = 2 exp(—() when n; follows
a standardized Student distribution with v degrees of freedom.

C* -test is also asymptotically optimal when 7, follows some non gaussian
distributions. The strict stationarity tests are not optimal in the gaussian
case. For densities which do not belong to the class (4.10), there is a price
to pay for the estimation of ( and/or for using an estimator of «y which
is asymptotically less accurate than the MLE. This point is illustrated by
Figures 2-3, in which the local asymptotic powers of the different tests (in
dotted lines) are compared to the optimal asymptotic powers given by (4.8)
and (4.9). In these two figures, the noise n; is assumed to satisfy a Student
distribution with v > 2 degrees of freedom, standardized in such a way that
En? = 1. Figure 3 considers tests of the null assumption ag < o*, where a* =
2exp(—Flogn?) is such that vg = 0 for this particular distribution. It can
be seen, in Figure 3, that the local asymptotic power is far from the optimal
power when v is small, but the discrepancy decreases as v increases. By
contrast, the discrepancy increases with v in Figure 2. This is not surprising
since the normal distribution belongs to the class defined by (4.11), but not
to that defined by (4.10).

5. Testing non stationarity in non linear GARCH. In this section
we study the behaviour of the stationarity tests of Section 3.2 when the data
are generated by the following GARCH-type model:

(5.1) & = Vhm, t=1,2,...
' he = wm-1)+a(n—1)hi—1

with an initial value hg, under the same assumptions on (7;) as in Model
(1.1). In this model, w : R — [w,400), for some w > 0, and a : R — RT.
This model belongs to the so-called class of augmented GARCH mod-
els (see Hormann, 2008) and encompasses many classes of GARCH(1,1)
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models introduced in the literature: for instance, with constant w(-), the

standard GARCH(1,1) when a(x) = agz? + Bo; the GJR model when
a(r) = aj(max{z,0})? + az(min{z,0})? + By. It can be shown that, if
Elog™ a(n) < oo,

(5.2) I':= FEloga(n) <0

is a necessary and sufficient condition for the strict stationarity of this model
(see e.g. Francq and Zakoian, 2006a). Our aim is to test strict stationarity,
without estimating the non parametric Model (5.1). We shall see that, sur-
prisingly, the tests developed for the standard ARCH(1) model still work in
this framework. Recall that the tests are founded on the statistics

1 1 2 (1 2
Ao =logén+— Y logi?, o2 == (logif) = - logi}
3 3 [t

where &, denotes the QMLE of the ARCH coefficient in an ARCH(1) model

and the squared rescaled residuals are given by

2 €
Ny = — ~ t=1,...,n.
" On + Gner |’ T
PROPOSITION 5.1.  Let €1,...,€, denote observations from Model (5.1).

Assume 0 < E|logni|* < oo, E|loga(m)* < oo, E{a(m)/n?} < oo, and
Elw(m)|® < oo for some s > 0.

IfT' > 0 then
o — L', and c}i — Varlog {77% a(7720)} >0, a.s.
"o

IfT' < 0 then, under regularity conditions implying the strong consistency
of 0, to the unique pseudo-true value

2

* *\ inE €4 1 2
(w*, ™) arg min o Fad + log (w +aet_1)

and if Varloge? < oo, we have, for some I'*,

w*+a*2

2
Ap — I* <0, and &2 — Varlog {67’5} >0, a.s.
€i—1

Thus, the (non)stationarity tests developed in the ARCH(1) case lead,
asymptotically, to the right decision, even if the ARCH(1) model is misspec-
ified (at least for the augmented GARCH(1,1), except in the limit case where
I' = 0). More precisely, we have the following result.
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COROLLARY 5.1.  Let the assumptions of Proposition 5.1 hold.
IfT' > 0 then
P(CN%) =0 and P(C°T) -1

where C3T and C3T are defined in Corollary 3.2.
IfT' <0 then
P(C®T)y =0 and P(CN®) — 1.

6. Numerical illustrations. Before illustrating our asymptotic results
for the tests, we study the behaviour of the QMLE in finite samples.

6.1. Inconsistency of @, in the non stationary case. The asymptotic be-
havior of the score leads us to think that the QMLE of wq is inconsistent
without the strict stationarity condition. A detailed discussion is provided in
Section 7.3. Figure 4 presents some numerical evidence on the performance
of the QMLE in finite samples through a simulation study. In all experi-
ments, we use the sample size n = 200 and n = 4,000 with 100 replications.
The data of the top panel are generated from the second-order stationary
ARCH(1) model (1.1) with the true parameter 6y = (1,0.95)". The data of
the middle panel are generated from the strictly stationary ARCH(1) model
with 6y = (1,1.5)" and infinite variance. In those two panels the results are
very similar, confirming that the second-order stationarity condition is not
necessary for the use of the QMLE. The bottom panel, obtained for the ex-
plosive ARCH(1) model with 6y = (1,4)’, confirms the asymptotic results
for the QMLE of «g. It also illustrates the impossibility of estimating the pa-
rameter wy with a reasonable accuracy under the nonstationarity condition
(1.5). The results concerning wy even worsen when the sample size increases.

6.2. Finite sample properties of the tests.

6.2.1. On simulated data. To assess the performance of the tests devel-
oped in Section 3, we simulated N = 1, 000 independent trajectories of size
n = 100, n = 500 and n = 1, 000 of an ARCH(1) model. We used different
values of o and a double Gamma distribution for n;, with shape parameter
k = 3 and scale parameter s = 1/2v/3. The density of that distribution is
f(n) = n*1/{2(k — 1)!}e~I"l/5 where k and s are such that Eng = 1 and
such that the assumptions of Proposition 5.1 are satisfied with a standard
GARCH(1,1) volatility.

The results concerning the test (3.2) on «g are presented in Tables 1-2.
With the density f, we have v = 0 for ag = 1.895. It has to be noted that
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Fic 4. Bozplots of estimation errors for the QMLE of the parameters wy and aq of
an ARCH(1), with ny ~ N(0,1).
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TABLE 1
Relative frequency of rejection (in %) for the test (3.2) of the null hypothesis
Hy:ag <1 against Hy : ag > 1 at the nominal level o = 5% when the errors
follow a double Gamma distribution.

ap 08 0.9 095 1 1.1 1.2 1.3

n = 100 00 04 12 23 7.7 178 329

n = 500 00 02 08 24 228 66.9 90.8

n =1, 000 0.0 00 07 49 389 886 994
TABLE 2

As Table 1, but for testing the null hypothesis Hy : ag < 3 against Hy : cg > 3.

ap 2.8 29 295 3 3.1 3.2 3.3

n = 100 04 13 14 25 4.0 8.9 125
n = 500 01 05 19 35 100 285 479
n =1, 000 00 04 1.0 52 19.7 46.6 78.6

the test behaves similarly when the value tested corresponds to a stationary
solution (Table 1) or to a non stationary process (Table 2).

We now illustrate the behavior of the strict stationarity tests (3.10) and
(3.11), through simulations of ARCH(1) models with values of «aq corre-
sponding to v < 0 (ag € {1.6,1.7,1.8}), 70 = 0 (a9 = 1.895) and vy > 0
(g € {2,2.1,2.2}). Tables 3-4 show that, as expected, the frequency of rejec-
tion of the CST-test increases with vy while, obviously, that of the CNS-test
decreases. The rejection frequencies of the two tests approach the nominal
level when ~y = 0 and n increases.

Now consider testing strict stationarity in a GARCH(1,1) model using
the tests developed for the ARCH(1). Tables 5-6 confirm the theoretical
result of Section 5. More precisely, for n sufficiently large, the tests give
the right conclusion when I' < 0 and I' > 0. Note that when I' = 0 the
rejection frequencies are far from the nominal 5% level corresponding to an
ARCH(1). This is not surprising since, except in the ARCH(1) case, the

TABLE 3
Relative frequency of rejection of the stationarity hypothesis Hy : vo < 0 of the
test (5.10) at the nominal level a = 5% in the ARCH(1) case. The parameter
ap = 1.895 corresponds to vy = 0.

ap 16 1.7 1.8 1.895 2 2.1 2.2
n = 100 02 14 29 6.4 11.8 21.3 338
n = 500 0.0 00 06 4.7 25.0 574 834
n =1, 000 0.0 0.0 0.3 5.9 38.2 822 983
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TABLE 4
As Table 3, but for testing the nonstationarity hypothesis Hy : v > 0 with the
test (3.11).
ap 1.6 1.7 1.8 1.895 2 21 2.2
n = 100 42.1 284 17.1 11.6 55 21 0.8
n = 500 90.0 614 238 6.7 0.9 0.0 0.0
n =1, 000 99.3 86.9 39.8 55 0.3 00 0.0
TABLE 5

As Table 3, but for standard GARCH(1,1) models with 5y = 0.8. The parameter
ap = 0.226 corresponds to I' = 0.

a 01 015 0.2 0226 035 04 0.5

n = 100 0.0 0.0 0.0 0.0 0.0 0.0 0.6
n = 500 0.0 0.0 0.0 0.0 1.6 499 96.2
n =1, 000 0.0 0.0 0.0 0.0 55.1 96.0 99.8

asymptotic relative frequencies of rejection are unknown under I' = 0.

6.2.2. On real data. The strict stationarity tests were then applied to
the daily returns of 11 major stock market indices. We considered the CAC,
DAX, DJA, DJI, DJT, DJU, FTSE, Nasdaq,? Nikkei, SMI and SP500, from
January 2, 1990, to January 22, 2009, except for the indices for which such
historical data do not exist. Table 7 displays the test statistics 7,, computed
on each series. Note that, as n — oo,

T, = vy n 2l o
Ou Oy
in probability when 9 < 0, and 7;, — +oo in probability when 9 > 0.
Because the values of T}, given in Table 7 are very small, a nonstationary
augmented GARCH(1,1) model is not plausible, for any of these series.

T o 1. N . .
Since the Nasdaq index level was halved on January 3, 1994, one outlier has been

eliminated for this series.

TABLE 6
As Table 4, but for testing the nonstationarity hypothesis Hy : T' > 0 with the test
(3.11).
Qo 0.1 0.15 0.2 0.226 035 04 0.5
n = 100 100.0 100.0  98.5 95.3 26.6 10.7 2.9
n = 500 100.0 100.0 100.0 93.9 1.1 0.2 0.1

n =1, 000 100.0  100.0 100.0  &89.1 0.5 0.1 0.0
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TABLE 7
Test statistic Ty, of the strict stationarity tests (3.10) and (3.11). The test
statistic is the realization of a random variable which is asymptotically N(0,1)
distributed when ~vo = 0, tends to —oo under the strict stationarity hypothesis
Yo < 0, tends to +00 when vy > 0.

CAC DAX DJA DJI DJT DJU FTSE Nasdaq Nikkei ~SMI  SP500
-86.1 -79 -80.8 -78.7 -87.2 -69.3 -75.3 -81.4 -86.7 -71.5 -80.8

7. Proofs and complementary results.

7.1. Asymptotic behaviors of (hy). As noted in the introduction, when
70 # 0 the asymptotic behavior of the sequences (h;) (defined by (1.1)) and
(02) (defined by (1.4)) is the same and is easily obtained by the Cauchy rule.
When 7o = 0 the asymptotic behavior of o7 can be obtained by the Chung-
Fuchs theorem. The behavior of h; is different in this case and is described
in the result below.

PROPOSITION 7.1.  For the ARCH(1) model (1.1), the following proper-
ties hold:

i) When vo >0, hy — o0 a.s. at an exponential rate:
for any p € (e7,1), p'hy — 00 and p'e? — o0 a.s. ast — oo.

ii) (Klippelberg, Lindner and Maller (2004))
When 49 =0, h; — oo and € — oo in probability.
i) Let 1 be a decreasing bijection from (0,00) to (0,00) such that Ei(e?) <
0o. When vo =0,
1 & 9 1 & B
(7.1) EZ¢(Et) —0 and —Z?/)(ht) —0 inL" asn — oo.

t=1 =
Proof. To prove i) we note that
t—1
he = oot o tics = {1+ S+ ot

i=1

t—1
(7.2) > wOHaong,
i=1
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Thus, for any constant p € (¢77°,1), we have

Nt ¢ .1 = 2
— > — -
htm inf ; log p*hy thm ; {log pwo + ,E_l log pagn;

= Elogpaon% =logp+ v > 0.

It follows that log p’h;, and hence p'h;, tends to +o0o as as n — oo.
For any real-valued function f, let f*(z) = max{f(z),0} and f~(z) =
max{—f(x),0}, so that f(z) = f*(x) — f~(x). Since Elogt n? < En? =1,
we have E|logn?| = oo if and only if Elogn? = —oco. Thus 79 > 0 implies
E|logn?| < oo, which entails that logn?/t — 0 a.s. as t — oo. Therefore,
liminf; o t~'log p'nZhy > Elog pagn? > 0, and pte? = p'n?hy — +oo a.s.
by already given arguments.

The proof of i) follows from Kliippelberg et al. (2004). Their condi-
tion E |log )\€%| < 0o becomes in our notations E |log 04077%| < o0, and this
condition is satisfied because E(logagn?)™ — E(logagni)™ = 40 = 0 and
E(log agn?)t < ag.

To prove iii) note that 49 > 0 implies ag > exp{—log Eni} = 1, by
Jensen’s inequality. Thus h; > €2 | and ¥(h;) < (e?_;). Therefore, the
second convergence in (7.1) will follow from first convergence. It suffices to
consider the case ¢y = 0 and to show that Et(e?) — 0ast — oo. Note
that, even if € does not increase with probability one, €? 1 is stochastically
greater than ¢? because

1
€§+1 = (wo+ woOéom2 et woag 77t2 : "775 +w004677t2 : "77%)7%2“
> (WO + WOCYOU? +oF woaénf T 77%)77?4—1
d 2
= Et

where £ stands for equality in distribution. The dominated convergence the-
orem and i)-ii) then entail

Ew(e?):/OOOP{E?<¢_1(u)}du—>/oootlinololP{e?<1/1_1(u)}du:0,

which completes the proof. O
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7.2. Asymptotic normality of the unrestricted QMLE of ay.

LEmMA 7.1.  When 9 > 0, we have
(7.3) isup i&t(H) < oo a
= veo | Ow
4 —_—
(7.4) t:121€18 &uaeﬁt(ﬁ) < 0 a
1. 92 1
7.5 — 14 —| = 1
(7.5) sup néa 3w, 00) = 27 o(1)
(7.6) LS| L@ = ow
' n = beo |0a3 ! B
When ~v9 = 0,
e s L a4 = o)
. eeg nt:l 8052 t\W, &0 a% =
(78) L | Zao)| = o
' ntzl geg 8@3 t N

wn probability,

wn probability.

21

Proof. Using Proposition 7.1, there exist a real random variable K and a

constant p € (e77°,1), independent of # and ¢, such that

(7.9) ‘%et(e)‘ -

w+ e,

—(wo + aoer_ )7 1
(w+ ae? ;)2

< Kp'(nf +1).

Since °7°, Kp'(n? 4+ 1) has a finite expectation, it is almost surely finite.
Thus (7.3) is proved, and (7.4) can be obtained by the same arguments. We

have
O (w,0) 1 (wo + aper_)n? €t
s e
O ol w + apef_q (w+ aper_;)?
4
€ 1
= 27]2 — 1 t—_l - + rlt
( t ) (w+ape? ;)2 o ’
1
= 2(nf—1) 5 +r+r
(7715 ) ozg 1,t 2t
where
2(wo — w)n} €4
sup |r1,¢| = sup =o0(1l) a.s.
0O Irid peo | (w + aper_;) (w + aper_;)? M)

1

2
Qp
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and

(2 2 1) 6?—1 1
”7 —_— - —
! (w+aoef_1)?  of

sup|re¢| = sup
[ISC) 0cO
2 2
9 w* + 2a0€;_4
= sup|(2n —1 =o(1l) as.
0co m ){04(2)(@+040€?—1)2} .

as t — oo. Therefore (7.5) is established. To prove (7.6), it suffices to remark

that
3 2 V2 2 3
8—3@(9) P G(WO + a0€t2—1)77t 6t—12
Oa w+ ;g w+ aep_y
1
foofz i)
woo«w e
We obtain (7.7) and (7.8) similarly in view of Proposition 7.1 ). O

Proof of Theorem 2.1. i) and 7v) have already been proven (see Berkes,
Horvath and Kokoszka (2003) and Francq and Zakotan (2004)).
To prove ii) note that (&, &,) = arg mingeg @, (0), where

Qu(0) == 3" {4(6) ~ t(00))
t=1
We have
1 & a7 (6o) 7(0)
Qn0) = = n2{t —1p+1
0) = 527\ 520 2(00)
1 & wo —w) + (g — a)e_ w4 ez
_ _Zmz(o ) (g )€; 1—|—log t21'
i3 W+ aep_y wo + Qo€

1 & —
Onto) = -3 120D 100 2
"= 0
and
a(wy — w) —w(ag — a)
dy =

we have, by Proposition 7.1,

(w+ ae? g
n(0) — = = i+ =) log —“ 0 as.
Q () Zm t—1 Z w0+a06t 1) — a.s
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Moreover this convergence is uniform on the compact set O:

(7.10) lim sup|@n(f) — On(a)| =0 as.

Let oy and aa’ denote two constants such that 0 < oy < g < ag' . Intro-
ducing &727 =n"131, n?, the solution of

a,, = arg min Op ()

is o, = aoﬁg. This solution belongs to the interval (ag , g ) for sufficiently
large n. Thus

(7.11) aff =arg min  Oy(a) € {ag,ad}
ag(ag,ag)
and
(7.12) Tim_ Op(ay) = min{ lim On(ag), lim On(ag)} > 0.

This result and (7.10) show that almost surely

lim min Qn(6) > 0.

"0 0e0, ag (o o)

Since ming Q,(0) < @y (6p) = 0, it follows that

—I—)‘

nh—>H<;lo argfgneig Qn(0) € (0,00) X (o ,
Because the interval (o, ozg' ) containing g can be chosen arbitrarily small,
ii) is proven.

Turning to the proof of 4ii) we first note that Proposition 7.1 entails
n=t 37, Esupgee |di—1| — 0, which implies 1 37 supyee n?di—1 — 0 in
L'. Using the elementary inequality |log(z/y)| < |z — y|/x + |z — y|/y for
x,y > 0, Proposition 7.1 also entails

n

2
el Z log (w+ aef_ 1) 0

Pt (wo + ape? )

in L' uniformly in 6. It follows that (7.10) can be replaced by

(7.13) lim Esup|@Q,(0) — Op(a)| = 0.

oo geo
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We now note that the asymptotic behavoir of O, («) is not affected by the
assumption on vp. Thus (7.11) and (7.12) still hold. For all € > 0, we clearly
have

P{ min Qn(0) < E} < P{ min On(0) < 25}

0€0, ag(ag o) 0€0, ag(ay ,ag)

+P {sup |Qn(0) — Op(ar)] > E} .

0cO

By (7.11)-(7.12), the first term of the right-hand side of the last inequality
tends to zero when ¢ < lim, . Op(a). The second term tends to zero
by (7.13) and the Markov inequality. Because Qn(6,) < Qn(60) = 0, we
conclude that P {dn € (ag, a8 )} — 1, which shows the weak consistency in

It remains to prove the asymptotic normality of &, when 9 > 0. Notice
that we cannot use the fact that the derivative of the criterion cancels at
én = (Wn, ) since we have no consistency result for w,. Thus the minimum
could lie on the boundary of ©, even asymptotically. However, the partial
derivative with respect to « is asymptotically equal to zero at the minimum
since &, — ag and (wp, ap) belongs to the interior of ©. Hence, an expansion
of the criterion derivative gives

1. xn 9 n A
(7.14) < v Zt:loawetw") ) = % t; %Et(eo) + /10, — o)

where J,, is a 2 x 2 matrix whose elements have the form

€t 07)

where 0 = (w},a}) is between 6,, and 6y. By Proposition 7.1 i) and from
the central limit theorem we have

i 8 1 & €2
il - = 1 —p2)—t=1
; O n ;( K )wo + ape?
1

(7.15)

1=
A~
[=)
=N
3
| |
—_
~
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y (7.4) in Lemma 7.1 and the compactness of ©, we have

(7.16) Jn(2,1)v/n(@n —wo) <Zsup

t— 196@

—wp) — 0 as.

&u@@ H \/_

An expansion of the function

« ! Z o U (w3, )
— =
n = oa2 2
gives
1 ¢ 82 * 1 g 63 * % *
Jn(27 2) = E ; ?@(w%ao) =+ E ; Wﬁt(w% (6% )(Oﬁz — 050)

where o is between o and ag. Using (7.5), (7.6) and i) we get
1
(7.17) Jn(2,2) = =  as.
a0
The conclusion follows, by considering the second component in (7.14) and
from (7.15), (7.16) and (7.17). O

Proof of Theorem 2.2. The proof of the asymptotic normality still relies
on the Taylor expansion (7.14). By the Lindeberg central limit theorem for
martingale differences (see Billingsley, 1995, p. 476), the asymptotic normal-
ity (7.15) of the score vector is obtained by showing that

1 & 2
Z (1— 77t Eti—% —
t:l wo + Qp€;_q

- ( 1)a0 ’

Et 1
wo —l—Oé()Et 1

3

which is a consequence of Proposition 7.1 4ii), and by noting that for all
e>0

Ky — 1 & e
n ZE wO—I—OéoE%_l L | Se
=1 \/H “’0+O‘O€t 1
Ky —1
L—P (L= | > agey/n) — 0.
0

To deal with the second term in the right-hand side of (7.14) we cannot use
(7.16) because (7.4) requires 7o > 0. Instead, noting that o2(63)/a?(0y) is
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bounded, we use

. K [ 2n?ci(6o) ) €
Jn2,l\/ﬁwn—w < — 7*—1—1 "
(2 1)Vn(Gn = wo)l ﬁgl( 205 ) e

K & 5?—1
< —= n +1 )\ 0
\/ﬁ;( ! ) o (03)

where K > 0 is a generic constant whose value can change along the proof.
Hence,

. K & € 1 K &

Moreover,

0r(00) =wo(l+Zi 1+ Zy 1 Zy o+ -+ Zs1... Z0) + Zi_1 ... Zoyop.
By Assumption A, it follows that
(7.18) E|J,(2,1)v/n(&n — wo)| — 0 as n — oo.

Finally, similarly to (7.17)

1
(7.19) Jn(2,2) — — in probability
o

using #4) in Theorem 2.1, (7.7) and (7.8). The conclusion follows as in the
case yp > 0. U

Proof of Theorem 2.3. The convergence results in i) can be shown in
a standard way, using Taylor expansions of the functions &, = /in(én) and
fn(pyq) = pn(p, q)(én) around 6y, and the ergodic theorem together with
the consistency of 0,.

Now consider the case ii). For some 0* = (w*, a*)" between 6,, and  we

have

n

. 1 2
(7.20) hy=—> ni—=
=1 ni3

n

4 2/ n* n
€ 1 9o (67) R 4
K6 ke o 0 )= g ;"t +hin

3

By Proposition 7.1, for some constants K > 0 and p € (0, 1),

K = * *
[Ral < =i (p'l” = wol + la* = aof ) = op(1)
t=1
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where the last equality follows from the strong consistency of &, and the
fact that |w* — wp| is bounded by compactness of ©. Hence the first part of
ii) is proven. Now note that

11 et 1
fin(2,2) = —+-— {f_A_
" a2z oon ; (@n + Gpe?)® a2
1 @k Wn
= — 0,2) —2— 1,2
Similarly we have
~ djn ~ 1 ~
/LTL(172) = = :un(072) + A_:un(ov 1)'
On, Qg

It follows that

- o 2o
(7.21) &, = a2 {1 -2 }

In order to show that &, — ag, it thus remains to show that
02(0,1)/1,(0,2) = o(1) a.s. First note that fi,(0,2) > n~'&, 2. Since

204 - A2 2 A 2.2 2 2
07 (On) = On + ann_10i_1(00) = wobmag “mi_1Mi—9 17,

we have

nfin(0,1) =Y — ! Z

t=1 Ut+1(én) —1 04077t77t 1 77%.

By the Cauchy root test, the last series is almost surely finite because

1/t
lim sup L =exp(—0) <1 a.s
N

We thus have shown that i2(0,1) = O(n™1) a.s., which completes the proof
of ).
Turning to 4ii), we note that in (7.20), R,, =: S, (6" — 6p) with

1

Kn
FElS,| < — E|—
| |_n; (a*e2

7 (1,5,?_1)> — (0,K)

by Proposition 7.1 iii). Since the first component of 8* — 6 is bounded, by
compactness of ©, and the second component tends to zero in probability, by
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Theorem 2.1 i), the first convergence is established. To complete the proof
we note that fi,(0,2) > Kn~! and that, in view of Assumption A,

E/1)f1,(0,1)] Z PO :0(1).
The conclusion follows from (7.21). O

7.3. Inconsistency of w, when o > 0. The previous results do not give
any insight on the asymptotic behavior of the QMLE of wqg. Similarly to
(7.15) it can be shown that the score vector satisfies

(7.22) % ; %et(eo) 4N {o, (ky — 1) < 8 022 ) } .

The form of the asymptotic variance shows that, for n sufficiently large
and almost surely, the variation of the log-likelihood n=1/2 27, log £;(8) is
negligible when 6 varies between (wg, ag) and (wo + h, ag) for small h.

Note that a score vector with a degenerate asymptotic variance J can arise
when a central limit theorem with a non standard rate of convergence ap-
plies. This is for instance the case in regressions with trends, or in unit root
and cointegration models. In such situations, the rate of convergence of the
QMLE is obtained by finding a diagonal matrix A, such that the asymp-
totic distribution of A, > i, %Et(ﬁo) is not degenerated. If, for instance,
A, = diag(n™!, n_l/z) then the second component of QMLE is expected to
converge at the standard rate y/n, and the first one at the faster rate n.
The situation here is completely different. In the proof of Theorem 2.1 it is
shown that %ft(ﬁo) = Op(p') with |p| < 1 (see Equation (7.9) below). The
equation (7.22) can thus be extended as

n
An;% (60) —>N{0,(/{n—1) ( 8 a‘;2 )} A — ( Aon n—01/2 )
for any sequence A\, tending to zero as m — oo. It means that the log-
likelihood is completely flat in the direction where « is fixed and wq varies.
Thus there is little hope concerning the existence of any consistent estimator
of wg. This is in accordance with the numerical illustrations provided in
Section 6.

7.4. A constrained QMLE of ag. The asymptotic behaviour of the QMLE
Gy, being independent of wy when ~g > 0, and the QMLE of wy being prob-
ably inconsistent in view of the previous remark, it seems natural to avoid
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estimating wg. To this aim a constrained QMLE of ag, in which the first
component of 6 is fixed to an arbitrary value w, can be introduced. The
estimator

(7.23) 4 (w) = arg OIlre%a1 - th w, ) ©1 compact C (0,00)

was studied by Jensen and Rahbek (2004a). They proved that, when ~y > 0,
(2.3) continues to hold when the QMLE &, is replaced by the constrained
QMLE &% (wp).* In the appendix we prove that:

under the assumptions of Theorem 2.2, in particular g = 0,

(7.24) Vi (65 (w) — ag) S N {O, (kp — 1)ag} , asn — oo.

However, the next result shows that the restricted QMLE of «q is generally
inconsistent in the stationary case.

PROPOSITION 7.2. Let (&) be a stationary solution of the ARCH(1)
model with parameters wy and g, such that Ee} < oco. Then, if w # wo

(7.25) 4y, (w) does not converge in probability to .
On the contrary, Theorems 2.1-2.2 show that
(7.26) the QMLE of «y is always CAN

(under A when vy = 0).
Proof of (7.24). First note that, by the arguments used to prove iii) in
Theorem 2.1, we have

(7.27) as(w) — ap in probability as n — oo.

A Taylor expansion of the criterion derivative gives

- 8
= Lt
"0
(7.28) = TZO_ t(w, ap) < 282 w,a” >\/_(0n—90)
TIn fact, the result was announced under the assumption v > 0 but their proof is only

valid under v > 0 because the a.s. convergence of ¢; to infinity is used (see their Lemma

1).
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where a* is between &5 (w) and ag. Another Taylor expansion yields, for o
between &< (w) and ayg

1 <& 02 1 & 02 . 1 | 02 "
ﬁ;@ 5L (w, ap _H;aoﬂ w,a”)| < o —ao\—; —8a3€t(u),a )
1 & 0°
< *_ — _
< o aolnéggg aagft(9)|

= o(1) in probability,

using (7.27) and (7.8). Therefore, using (7.7), the term in parentheses in
(7.28) converges to 1/a3. To conclude, it remains to prove that

1 & Kp — 1
(7.29) %;aaﬁt(w,ao) LA N(o, L )

aqp

We have

n

Z w w06t1.

w + ozoet 1 (w+ ape?_y)?

The last term tends to zero in probability, using A, similarly to (7.18). The
first term converges in distribution to the normal law of (7.29) by exactly
the same arguments as in the proof of Theorem 2.2. O

Proof of Proposition 7.2. The ergodic theorem entails that, almost
surely,

1 & €
Ln(@) = -3 — % 4logo?
n(Oé) n ; O'g((d,()é) + 0og Oy (W,Oé)
wo+aoe21
- L<“>:E{ﬁ“tt1“°g(w+aet 1)}

as n — 00. The dominated convergence theorem implies that

o 2
E_ {wo + Oé()et_l

D0 5 + log (w + aef_l) }

L'(a) =
() w+ aep

2
=F {(tﬁ{(w —wp) + (a — 040)63—1}} :

w+ aer_y)
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First suppose that w < wg. Then L'(a) < 0 for @ < ap. The intermediate
values theorem shows that the function L(-) has a minimum at a point o* >
ap and that L(a*) < L(agp). Now suppose that w > wg. Then L'(«) > 0 for
a > ap. This shows that L(-) has a minimum at a point a* € [0, ap), with
L(a*) < L(ap). Thus, we have shown that for any w # wp, the function L(-)
has a minimum at a point o # ap and L(a*) < L(ayp).

A Taylor expansion of Ly (-) yields

(7.30) Ln {a5,(w)} = Ln(eo) + Ly, (an){65, (@) — a0}
where &, is between &< (w) and ap. Note that since Fe} < oo, almost surely,
hmsupsup |Ly,(a)] < lim 1 z": (1 + i) E%—_l < 0.

n—00 n—oo n — w/) w
Now suppose that
(7.31) 4l (w) — ap, in probability as n — co.
Then, it follows from (7.30) that

L, {&(w)} — L(apg), in probability as n — oo.
Then, taking the limit in probability in the following inequality

Ln{dy (W)} < Ln(a7)

we find that L(ag) < L(a*), which is in contradiction with the definition of
a* # ap. Thus (7.31) cannot be true. O

7.5. Stationarity test. Proof of Theorem 3.1. First consider the case
Y < 0. Let ¢, = n~t Z?:l logn?. Note that én - Cn(én) and ¢, = Cn(HO)
with ¢,(0) = n=t 37 logn?(0) and 1:(0) = €;/0¢(0). A Taylor expansion
thus gives

(7.32) Gn = Cn + agggo) (0 — 00) + 0p(n /%)
with 5 L 552
o
Moreover the QMLE satisfies
1 80t 0)

(7.33) Vi, —0y) = —J ' — Z op(1).

=1 t
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In view of (7.32) and (7.33), we have

= _ 1 = ! 7— = 1 )
where Q = Eh;'00%(0y)/00. Note that

— QI — — = 0,0
' (ﬁ Yo 097 5 e ) i

=1

The Slutsky lemma and the central limit theorem for martingale differences
thus entail

o — ¢
al5)

2 2 /-1 2 r7—1
d | og (05 +20u)YT QR —(05 + 0wV T

Noting that 65002 (6y)/00 = hy almost surely, we have

1 97 (fo) 1 907 (fo)
E{— l1— ———=60 =0
{ht 09 he 0" 0 ’
which entails Jfp = Q. Thus J~1Q = 6y and Q' J71Q = 1, and (3.5) follows.
The convergence in probability in (3.6) is a straightforward consequence

of (3.5). By direct application of the delta method (see e.g. Theorem 3.1 in
van der Vaart, 1998), in the case 79 < 0

V1 (3m — 70) 4, N (0,LXL") where L= (1, 0, ao_l) :

It is easy to verify that LY.L/ = o2 + o2 {— - 1}
Now consider the case 79 > 0. Note that,

82§n(0)_ 1o~ 1 80t 0)80}2(0) (0 0
goag E;ag oo 7= o

a.s. (resp. in probability) as n — oo when ~y > 0 (resp. when vy = 0),
uniformly in @ € ©, by Proposition 7.1. Moreover the matrix A,J,(0)A,
converges to the same limit, where A,, is the diagonal matrix with elements
n'/* and 1. Thus

o0’

(7'34) én = (n + (én - 90) + %(én - 90)'A51Aan(9*)AnAﬁl (én - 00)-
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Noting that A;1(6, — 6) tends to zero (a.s. when 4y > 0, in probability
when vy = 0), we conclude that (7.32) still holds. By the same arguments,

1.1
2 Z h_aaée/ < aol ) a.s. (in probability when v = 0).
n —1 0

Therefore

03) V=0 = o= 3w = a5 Vi (an — a) +0p(1)
t=1

From the proof of (2.3) and Theorem 2.2, it can be seen that

(7.36) Vi (G — ag) = —agn” 2> v+ op(1),
t=1
and (3.8) follows. The rest of the proof is as in the case 7o < 0. O

Proof of Corollary 3.2. By arguments used in the proof of Theorem 2.3,
62 converges almost surely to o2 when v < 0 or v > 0. Therefore T,, =
V(A —Y0)/6u + v/1nY0/6 converges in probability to —oco when v < 0, to
+00 when v > 0, and in distribution to the A/(0,1) when ~y = 0. (]

Proof of Proposition 4.1. We consider the case 79 > 0 because the LAN
of GARCH models has already be established in the stationary case (see
Drost and Klaassen (1997), Lee and Taniguchi (2005)). A Taylor expansion
of 7, — Ay, (60 + 70 /+/1, 6p) around 0 yields

1
(7.37) A ¢ (00 + 70 /1, 00) = 75501 (60) — 57’,'13“(0;)7'”,
where 6} = 6y + 7,5 //n with 7.} between 0 and 7,,,

" Fm)\ 1 907 (6o)
(7.38) Sn,f(0o) = ;{Hm Fm) } 202(6) 800

and, introducing the function g(y) = 1+ 2y(f'/f)(w) + v>(f'/f) (y),

B - €t 1 90}(9) 95 (9)
_(1/471);9 (Ut(e)) Aq(0), Ay(0) = 0;1(0) 90 00"

As in the proof of Theorem 2.2, the Lindeberg central limit theorem for
martingale differences shows that

(7.39) Sy (60) ~5 N {0,734}
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Let the matrix norm defined by [|A|| = 3" |ai;| with standard notations. We
have

14:(6) — A (60|

IN

2 1 1
lwo — w| + +
wwo aw oW
2 1 1
+lap — @ ( + + )
aQ awo oW
= O([I0 = bol))-

Note that (4.2)-(4.3) implies E|g(n1)| < co. The law of large numbers then
entails

n—~00

i |3 o) (240) - 200
t=1
< 06— ol Jim = > lglm)l = 018 —boll) as.
t=1

and

Noting that
o 90

lim H% zn:g(m) {A(0,) — At(eo)}H =0 as.
t=1

@) = (V22

and that supy ||A(0)] = ( ), Assumptlon (4.2) and the mean value theo-
rem entail

%;{g (555) ~ ot} ato)

The Hélder inequality shows that E |n,|°T! < \/E [n,|* En?, which is finite
under (4.3). It follows that

{s <W> ~ glm) } Au8})

We thus have shown that, as n — oo,

< O(]|6 — ol|)~ ZW“

1 n
=D

t=1

(7.40) 13,(67) — T, (60)]| — 0 a.s.

Integrations by parts show that, under (4.1), we have [y%f"(y)dy =
=2 [yf'(y)dy = 2. It follows that Eg(n) = —¢s. Proposition 7.1 i) shows
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< Elgm)|E

that

n 1
Z wo-i-aoet 1 — 0,
t=1

wo +a0€$71

and thus, by the law of large numbers

(7.41)

TIn(6o) = S i —90y 0 + Op, (1) — J7 in probability as n — oo.
n( n & 1/ag 00 f

The conclusion follows from (7.37)—(7.41). O

Proof of Proposition 4.2. For simplicity, write P instead of P, o. By the
delta method and (7.36) we obtain

v/n (log &, — log o) = aio\/ﬁ(dn —ap)+op(l) = —%gw +op(1)

In view of (7.35), and noting ¢ + log oy = 0, we have

C — €+ log ay, — 1 1 &
Tn:\/ﬁC" ¢+ 0g n ogao:_nzﬂJrOP(l)_

Oy

By (4.4) and (7.38), it follows that under P

7.42 In LN ’ '
2\ dwso v ) NN -2 ) e g )

where

(7.43) = — f’(m)} _ ™

f(m) a0y
For the last equality, we used an integration by parts and we noted that

En? < oo entails lim, o 2 log 22 f(z) = 0. Le Cam’s third lemma (see e.g.
van der Vaart, 1998, page 90) shows that

Eu1 {1 +m
2000y,

Tniw( 2

,1) , under P, ..
QpOy
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The conclusion easily follows. O

Proof of Proposition 4.3. Distinguishing the cases 79 < 0 and 9 > 0,
and reasoning as in the proof of Proposition 4.2, it can be shown that &, is
a regular estimator of o, in the sense that

\/ﬁ(dn —aF — 7:2/\/5) g./\/'(O,l),

\/ ("%77 - 1)§n

The conclusion easily follows. O

.
under P, as n — oo.
)

Proof of Proposition 4.4. In view of (4.6) and (4.8), the CST-test is asymp-
totically optimal if and only if 72/agoy, = 72/\/4a3 /L, which is equivalent
to O'ZLf = 4. In the second equality of (7.43), we have seen that

/(log y* =) (1 + 'ff,((g)) y) fydy = —2.

Thus, the Cauchy-Schwarz inequality yields

/ 2

t < foogyt—ray [ (1+520) sy = o2y
f)
with equality iff there exists a # 0 such that 1 + n.f'(n)/f(n:) =
a (log n? — ¢) a.s. Such densities f must satisfy the differential equation
f'(y)/f(y) = 2alog |y|/y— (1+Ca)/y for almost every y. Setting a = —1/20>
and b = (/40?, the solutions are two-sided generalized log-normal densities
of the form

()

1 _ (ogy)?

B 20/ 2me2b?o? ¢y

Direct computations show that [logy?f(y)dy = 4bo? and [4>f(y)dy =
exp{20%(2b + 1)}, which shows that the test is optimal iff f is given by
(4.11).

We now give the proof of the first result. In view of (4.7) and (4.9), the
C® -test is asymptotically optimal if and only if (ky—1)ty = 4. By Corollary
1 in Francq and Zakotan (2006b), the solutions of this equation are given by
(4.11). 0

72 62 >0, beR.

Proof of Proposition 5.1. We start by considering the case I' > 0. By
the arguments given in the proof of Proposition 7.1 i), hy — oo and € — oo
a.s. at an exponential rate as t — o0o. Let

ay=F (CLE;Z;)) .
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Following the lines of the proof of Theorem 2.1, note that (w,,d&,) =
arg mingeg Qn(0), where

n 62
+ log(w + ae? |) — —5— —log(afel 1) ¢ .
tz {w + ae? age? |
Letting
1 n
_ 2 Z 77t 1) : @) —I—log%
ni4 nF 04040 Qg

we have (7.10) by arguments already used. Noting that

. o 1 < 2a(77t—1) *
argmolann(a) =—D> n— — ap, a.s.

ni4 Mt—1

we conclude, as in the proof of Proposition 7.1 ii), that &, — of, a.s. Note
that for ¢ large enough w®(n;)/hf < w®(n:)/t, and lim;_,oo w®(1:)/t — 0 a.s.
We thus have

€2
€

1 n
—Y logn; = —ZlgA 2
ntZl t

_ Ut{w Mi— 1)+a(77t 1)he— 1}
Zl +op(1)
anht lnt 1

op(1)

1

— - log ag,

and the first result follows. The convergence of 62 is obtained by similar
arguments. By assumption E|logn?|?> > 0, which entails that n? has a non-
degenerate distribution. It follows that the a.s. limit of 42 is positive.

Now consider the case I' < 0. Letting 7% = €7/(w* + a*e7_,), and using
the inequality |log(z*/x)| < |2* — x|/ min(x, z*) for all z,z* > 0, we have

’1 S log (i/12) | <

o Al
t=1

with w* > 0 and o™ > 0. By the arguments used in Berkes, Horvath, and

Kokoszka (2003, Lemma 2.3), we have E|e;|** < oo. Applying the ergodic
theorem to (logn;?), it follows that

|w* — & + (o — ép e%_l\
Z 5 — 0 as.
w* —i—oz*et 1

*2

= FEloga*n? = Eloga*e?/(w* + a*e? ;) < 0.

The convergence of 62 to a positive limit is obtained by arguments already
used. O
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