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Active Hedging Greeks of an Options Portfolio integrating churning and
minimization of cost of hedging using Quadratic & Linear Programing

Pankaj Sinha, Akshay Gupta and Hemant M udgal
Faculty of Management Studies, University of Delhi, Delhi




Abstract

This paper proposes a methodology for active hedging Greeks of an option portfolio integrating
churning and minimization of cost of hedging. In the first section, hedging strategy is implemented
by taking positions in other available options, while simultaneously minimizing the net premium
paid for the hedging and then churning the portfolio to take into account the changed value of
Greeks in the new portfolio. In the second section, the paper extends the model to incorporate the
transaction cost while hedging the portfolio and churning it in Indian Scenario. Both constant and
nonlinear shape of transaction cost has been considered as per the Security Transaction Tax and
Brokerage charges in India. A quadratic programming has been presented which has been
approximated by a linear programming solution. The prototype software has been developed in
MS Excel using Visual Basic.




1. Introduction

Options are one of the most essential instrumegitsgbused by the hedgers to reduce the volatilittheir
portfolio. However options themselves are volatilde change in the value of option portfolio can be
described using the Greek variables Delta, GamregaVTheta and Rho. Due consideration to thesesatu
essential to formulate any hedging strategy usptgpos portfolio. This is reflected in the reseaddne by
Papahristodoulou [1] who presented a linear prograng model to hedge options while incorporating the
Greeks so that one doesn’'t need to track the mavewfeoption portfolio with the underlying stocks.
Horasanl [2] is his work extended the above madéhcorporate multi-asset portfolio of options atdcks.

In the past Hull [3] and Rendleman [4] have alsrdssed ways to hedge an option portfolio. Sinhk&ar

[5] presents a model to hedge Greeks of an exigtortjolio by making use of the other availableiops in

the market while minimizing the premium paid foe ttonstruction of hedge.

There are two things which haven't been discussetlé above mentioned references. Firstly a stégiw of
portfolio has been considered and secondly tralmsacosts have been ignored. The value of Greeasggs
continuously over a period of time and hence thera need to rebalance the portfolio to incorpothte
changed value of Greeks while taking the previoedged portfolio as input. Transaction costs cay pla
significant part in determining whether the berse@it hedging are more than the costs of hedgingparin

the subsequent sections, we extend the methodalb&nha & Johar [5] to rebalance the option paidfo
while taking into account the changed value of ®seand we have further augmented our model by
incorporating transaction costs in Indian Scenan@. present a quadratic programming solution winah
been approximated by a linear programming solutimnwhich a prototype has been developed using MS-
Excel and Visual Basic.

2. Greeks Used & Calculations
We have hedged the option portfolio for Delta, Vega Gamma. The intent is to present a general imode

which can be later extended to incorporate therdBreek values as well. Consider a portfolionadptions.
The table below presents some of the notationsitbdtave used in this paper in regard to the option

Number of options of'foption

i Delta of a option of'loption

N
D
\/ Vega of a option ofioption
G

i Gamma of a option of'ioption

The overall Delta, Vega and Gamma of the portfbwe been calculated using the following formula,




n
Dportfolio = Z D; x N;

i=1

n
Vportfolio = Z Vi * N;

i=1

n
Gportfolio = Z Gi * N;

i=1

3. Greek Neutral Portfolio

Once we have the Greek values for our originalfplistwe can create take position in the optionailable

for hedging in the market such that the net Greskes become zero,

Dpet =0
Viet =0
Gpet =0

Suppose we need to take position in m options dg@é&reeks in our original portfolio. Here we veitld a

new notation P

P; Premium paid to buy an option of j" option (Paid in taking a long position and vice
versa

The overall Delta, Vega and Gamma can be calcuksed

n
Dpet = Dportfolio + Z D; * N;
i=1

n
Viet = Vportfolio + Z Vi * N;
i=1

n
Gret = Gportfolio + Z G; * N;

=1

Now while hedging using the available m optionshage to make sure that the cost of setting up ¢dgdis

minimal which implies that the net premium p&id\;jP;j is minimized. At this juncture we will introduce a

new variable,




X =

{0, if j*" lot of option is not selected
J

1,if jt" lot of option is selected

We now present the quadratic model as a solutiocrdate a Greek neutral portfolio in an active lglg
environment. We have used a methodology simil#éihnécmnce used by Li, Z.F., Wang, S.Y., & Deng, JoT.

Minimize,
m
D= N B e,
=1

Subiject to,

IA

m
_Dportfolio (1 + VarDelta) < Z(N] - Nj—l) * Xj * Dj _Dportfolio (1 - VarDelta)

Jj=1

IA

m
_Dportfolio (1 + VarGamma) < Z(N] - Nj—l) * Xj * Gj _Gportfolio (1 - VarGamma)

j=1
m
_Dportfolio (1 + VarVega) < Z(N] - Nj—l) * Xj * V} < _Vportfolio (1 - VarVega)
j=1
N € Integer

Varpeia, ValcammaaNd Vagq.are the variances allowed in the values of Delam@a and Vega of the original
portfolio to keep the scenario more realistic asqué hedge is almost impossible in real world.

We can also put a constraint on the maximum nurabeptions that we can use to make our portfolieekr

neutral. Suppose that we can use a maximum of idrgpthen we have an additional constraint,

insz

The above model is quadratic constrained quadmatigram which is typically NP-Hard to solve. This
coupled with the fact that we have constrained Kdan integer which also typically causes problarizse
NP-Hard.

We now present the approximations as has beenhys8thha & Johar [5] which will simplify the model,

» Drop the constraint of choosing at most Z options.




* Instead of constraining N to be integers we cantluséollowing constraint to impose variance limits

on N,

|N] — Round(Nj)| < Vary * N;

4. Final Model (Without Transaction Cost)

Minimize,

m
D= N B,
=1

Subject to,

m
_Dportfolio (1 + VarDelta) < Z(N] - Nj—l) * Xj * Dj < _Dportfolio (1 - VarDelta)
j=1

m
_Dportfolio (1 + VarGamma) < Z(N] - Nj—l) * Xj * Gj < _Gportfolio (1 - VarGamma)
j=1

m
_Dportfolio (1 + VarVega) < Z(N] - Nj—l) * Xj * V} < _Vportfolio (1 - VarVega)
j=1
|N] — Round(Nj)| < Vary x N;

Since have dropped the constraint of choosing &t @®ptions and we have used MS-Excel for soltireg
linear programming problem we need a limit on thenber of options to be used for the purpose ofticrga

Greek neutral portfolio. Hence we have used tHeviohg constraint,

By using the above constraint we have restrictedntiimber of options used for hedging to be less tha

number of options in our original portfolio.

5. Final Model (With Transaction Cost in Indian Scenario)

In Indian scenario transaction consists of theofelhg two components,




1. Security Transaction Tax (STT) — As per the FinaAce 2004, and modified by Finance Act 2008
(18 of 2008) STT on the transactions executed erEttchange is as under, NSE[6].

Sale of an option in securities 0.017% Paid byeBell

Sale of an option in securities, where option isreilsed 0.125% Paid by Purchaser

Hence STT per option can be considered to be aunsiad doesn’t change with the number of
contracts and would only depend on the premium pargceived.
2. Brokerage — Brokerage is charged by the variookdss and is often negotiable. Brokerage charges

generally decrease as the volume of the tradedares

To incorporate transaction cost in the model disedsn the previous section an additional condtiigin
provided to limit the transaction cost below a aertvalue which can be specified by the useg i the
maximum amount that the hedger would like to spendthe transaction cost then the additional
constraint for this model is,

(Cg + Corr) * (N] - Nj—1) <S

6. Illustration

Prototype software was developed using MS-Excel\dadal Basic to solve the above model.

For the purpose of illustration we have used tlmeesariginal portfolio as used by Papahristodoutbu The
following two sets of Ericsson options were avdiabas of 13th Feb, 2001. The stock price was tgpdin
SEK 96 at the Stockholm Stock Exchange. The fassb$ options corresponds to April options (daysxpire
were 66) and the second set corresponds to Juinggtays to expire were 122). The risk free dte
interest was 6%. Implicit volatility was estimatad 57% for April options and 55% for June optichise

three and six month volatilities were 68% and 68%pectively.

Our aim is to establish a portfolio for a traderonskishes to hedge a portfolio formed using Apritiops, as

per his trading strategy, with June options.

Number . . .
Option Type of ?:t:i”é: Prerg:crgvlz?jld E Delta Gamma Vega
Options
Call 0 95 10.25 0.5815 0.01407 15.944
Call 32 100 7.75 0.5118 0.01436 16.279
Call 0 105 6 0.4442 0.01423 16.126
Call 0 110 4.5 0.3816 0.01373 15.563
Call 28 115 3.1 0.3246 0.01295 14.685

Call 0 120 2.5 0.2736  0.01199 13.586




Put 0 95 8 -0.4185 0.01407 15.944

Put 0 100 10.75 -0.4887 0.01436 16.279
Put -25 105 14.25 -0.5558 0.01423 16.126
Put -25 110 17 -0.6184 0.01373  15.563
Put 0 115 21 -0.6754 0.01295 14.685
Put 0 120 25 -0.7264 0.01199 13.586

1 Original Portfolio (April 2001 Options)

Call 110 7.5 0.4448 0.011 21.93 0.001275 2 2
Call 115 6.5 0.3986 0.0107 21.42 0.001105 2 2
Call 120 4.75 0.3556 0.0103 20.67 0.0008075 2 2
Put 110 20 -0.555 0.011 21.93 0.0034 2 1.9
Put 115 22.25 -0.601 0.0107 21.42 0.0037825 2 1.9
Put 120 26.75 -0.644 0.0103 20.67 0.0045475 2 1.9
Put 120 24 0.5 0.0103 25 0.00408 3 1.7

2 June 2001 options available for hedging

Original Portfolio

Hedging options

Model parameters

Simulate hedged portfolio without transaction cost

Simulate hedged portfolio with transaction cost (linear)

Simulate hedged portfolio with transaction cost (non-linear)

Figure1 Main Interface




1. Without transaction cost
We have constrained the number of options usedhddging to be less than the number of options én th

original portfolio and hence the limit on the numbé options which can be used is 110. Now simntathe
hedge without transaction cost for the first tinneeg us the following results,

ModelInterface
Simulate hedged portfolio without transaction cost
Simulate hedged portfolio with transaction cost (linear)

0|

Before Hedging 0) 54.8214|  0.12312 139.883

0|
After previous Hedging cycle 0 54.8214| 0.12312| 139.883] 0 0
P Ag 9y Simulate hedged portfolio with transaction cost (non-linear)
After last Hedging cycle 762| -0.548214| 0.0525194| -1.39883 0) 110
New option portfolio 762| -55.369614| -0.070601| -141.2818 0| 110
Previous options portfolio used for hedging New options portfolio to be used for hedging New options to be transacted

1 75 -s46727ss01

0 0 0 0 Call Call E

0 0 0 0 Call 115 65 -2.661842637 Call 115 65 3
0 0 0 0 Call 120 475 2076781014 Call 120 475 2
0 0 0 0 Put 110 20 1426269874 Put 110 20 14
0 0 0 0 Put 115 225 1276270731 Put 115 225 13
0 0 0 0 Put 120 2675 23.48622426 Put 120 26.75 23

The magnified view of the results table is,

Before Hedging 0 54.8214| 0.12312 139.883 0 0

After previous Hedging cycle 0 54.8214| 0.12312| 139.883 0 0
After last Hedging cycle 762 -0.548214| 0.0525194| -1.39883 0 110
New option portfolio 762| -55.369614| -0.070601| -141.2818 0 110

Since we haven't considered the transaction costdrfirst simulation hence the transaction cogei®. The
first row in the table show the various paramefersthe option portfolio, the second row show tlesults
after the second last hedging cycle, the third shew the results after the last hedging cycle,thedast row
show the parameters for the new option portfoliedu® hedge the previous portfolio.

Since this is the first simulation the values af thortfolio in the second row is the same as theevin the

first row.

The table below shows the options wise positioas$ We need to take in order to make our portfolieeR

neutral,

New options portfolio to be used for hedging

Call 110 7.5 -54.67275501
Call 115 6.5 -2.661842637




Call 120 4.75 2.076781014

Put 110 20 14.26269874
Put 115 22.25 12.76270731
Put 120 26.75 23.48622426

The results obtained are same as obtained by Kidlahar [5].

Churning the Portfolio without transaction cost

Now the option parameters have changed after a amekve want to rebalance the portfolio to makaragek
neutral. The following table represents the charggrdmeters for the option available for the ofgtithrat are
available for hedging.

Bee  Price | Reved | Dota Ganma ve ST SOEEL Toa
Call 110 7.5 0.4448 0.011 21.93 0.001275 2 0
Call 115 6.5 0.555 0.0107 21.42 0.001105 2 0
Call 120 4.75 0.3556 0.0103 20.67 0.0008075 2 0
Put 110 20 -0.555 0.02 21.93 0.0034 2 0
Put 115 18 -0.601 0.0107 24 0.00306 2 0
Put 120 21 -0.644 0.0103 20.67 0.00357 2 0

The values in red reflect the changed values opdrameters available for hedging. In reality allues will
change including the values of the options usethé original portfolio. Our model is robust enouigh

incorporate all such changes. The table below suimegathe results obtained after churning the pbaotf
with the changed values,

Premium Paid/ Total options

Received Delta Gamma  |Vega Transaction cost |long/short
Before Hedging 0 54.8214| 0.12312| 139.883 0 0
After previous Hedging cycle 762| -0.96452619| 0.1815968| 31.503429 0 110
After last Hedging cycle 688| -0.548214| 0.002502( -1.39883 0 110
New option portfolio -74| -55.369614| -0.120618| -141.2818 0 110

Now as we can the premium value given in the secdomdwas for the first round of hedging, while the
premium given in the third row represents the tptaimium paid/received till now, while the premiwadue

in the fourth row gives us the premium paid/recéidearing the last hedging cycle. Here we can saevile
have received some premium but the total numbeptibns in which we have taken positions have repthi
constant. The table below shows the option wiséipaos that we need to take in addition to the foss that
we took in the previous hedging cycle,




New positions in options to be taken in addition to
the original positions

Option Strike Prlggiltljl;m NumF)er of
Type Price | Received per options
option long/short
Call 110 7.5 0
Call 115 6.5 0
Call 120 4.75 0
Put 110 20 -16
Put 115 18 16
Put 120 21 -2

2. With transaction cost in Indian Scenario

There are two components to a transaction costdiah Scenario as already discussed,

a. Brokerage — Brokerage depends on the number obrgptransacted. In the current case we
have assumed stepwise decreasing function of kagkewrith respect to transaction cost. The
table below shows a sample of brokerage costswkahave assumed with respect to the

number of options transacted,

Number of Options Transacted Brokerage Charged Per Option (INR)
0-10 2
11-20 1.9
21-30 1.8
31-40 1.7

Our model is robust enough to incorporate condbamiterage per option irrespective of the

volume of trade.

b. Security Transaction Cost — Security transacticst per option remains constant irrespective

of the number of options transacted. We have assuheefollowing STT for our simulation.

Option  Premium

Option ; : STT (Per Option) =
TF;/pe Sptrri'::(: RF;?:]gvgéd (0.17* I(Dr emi n?u m)/) 100
Call 110 7.5 0.001275
Call 115 6.5 0.001105
Call 120 4.75 0.0008075
Put 110 20 0.0034
Put 115 22.25 0.0037825

Put 120 26.75 0.0045475




Now we will again consider the same original pditf@nd same options available for hedging. Howeker
difference would be to limit the transaction castiflR 1000. Simulating the portfolio we get theldaling

results,
Premium Paid/ Total options
Received Delta Gamma  |Vega Transaction cost |long/short
Before Hedging 0 54.8214| 0.12312| 139.883 0 0
After previous Hedging cycle 0 54.8214 0.12312| 139.883 0 0
After last Hedging cycle 762| -0.548214| 0.0525194| -1.39883 185.2 110
New option portfolio 762| -55.369614( -0.070601| -141.2818 185.2 110

Since the transaction cost limit was set to INRQL@Mile to obtain a Greek neutral portfolio onlyRNL85.2

were required hence the results are similar asdrcase of hedging without transaction costs.

Now we will limit the transaction cost to INR 15@drerun the model from the scratch, i.e. considethe

original portfolio again. We get the following rétsuwith the limit,

Premium Paid/ Total options

Received Delta Gamma  |Vega Transaction cost |long/short
Before Hedging 0 54.8214 0.12312| 139.883 0 0
After previous Hedging cycle 0 54.8214| 0.12312 139.883 0 0
After last Hedging cycle 579.75| 10.5464938| 0.0525675| -1.39883 150 86
New option portfolio 579.75| -44.2749062| -0.070552| -141.2818 150 86

Now since our transaction cost was limited to INBO Jour Greeks in the hedged portfolio haven't been
hedged completely and hence showing a more readiséinario. The options positions that we needke in

order to hedge our portfolio are,

New positions in options to be taken in addition to
the original positions

Option Strike Prsg?(lellm NumPer of
Type Price Received per el
lot long/short
Call 110 7.5 -45
Call 115 6.5 -1
Call 120 4.75 0
Put 110 20 13
Put 115 22.25 13
Put 120 26.75 14

Now we will churn the portfolio again by changingnse of the parameters as in the previous case witho
transaction costs. The transaction cost has begn given a limit of INR 150. The table below shothe
changed parameter values of the options availableddging,




Option

Option

Premium Paid &

Type Stp:;lé: Recaived Delta Gamma Vega
Call 110 7.5 0.4448 0.011 21.93
Call 115 6.5 0.555 0.0107 21.42
Call 120 4.75 0.3556 0.0103 20.67
Put 110 20 -0.555 0.02 21.93
Put 115 18 -0.601 0.0107 24
Put 120 21 -0.644 0.0103 20.67
Simulating the hedging we get the following resaltter churning the portfolio,
Premium Paid/ Total options
Received Delta Gamma  [Vega Transaction cost |long/short
Before Hedging 0 54.8214| 0.12312| 139.883 0 0
After previous Hedging cycle 579.75| 10.4478249| 0.1689846| 33.131687 150 86
After last Hedging cycle 573.5 0.414 -4E-05 -1.253 267.1 106
New option portfolio -6.25 -54.4074| -0.12316| -141.136 117.1 106

We can see that the transaction cost in the semumtl has been INR 117.1 and which is again less the

limit of INR 150 and the portfolio is almost Greekutral. The new positions that we need to takedulition

to the original positions are,

Hence we can conclude that the option portfolio lmamade Greek neutral using the methodology destri

above. In addition to a static view our methodoldggorporates an active hedging environment and

New positions in options to be taken in addition to
the original positions

Option Strike Prlggiltljl;m Numper of
Type Price Received per options
lot long/short
Call 110 7.5 -9
Call 115 6.5 -3
Call 120 4.75 1
Put 110 20 -13
Put 115 18 28
Put 120 21 -8

transaction costs in Indian Scenario.
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