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Abstract

We consider a market consisting of multiple assets under jump-diffusion dynamics with
European style options written on these assets. It is well-known that such markets are
incomplete in the Harrison and Pliska sense. We derive a pricing relation by adopting a
Radon-Nikodym derivative based on the exponential martingale of a correlated Brow-
nian motion process and a multivariate compound Poisson process. The parameters
in the Radon-Nikodym derivative define a family of equivalent martingale measures
in the model, and we derive the corresponding integro-partial differential equation for
the option price. We also derive the pricing relation by setting up a hedge portfolio
containing an appropriate number of options to “complete” the market. The market
prices of jump-risks are priced in the hedge portfolio and we relate these to the choice
of the parameters in the Radon-Nikodym derivative used in the alternative derivation
of the integro-partial differential equation.
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1 Introduction

The problem of pricing options on an underlying that is subject not only to diffusion risk,
but also to jump risk was initiated in a classical paper by Merton (1976) who extended the
celebrated Black and Scholes (1973) option pricing model to consider option pricing based
on a stock following jump-diffusion dynamics. Merton (1976) considered a constant arrival
intensity, log normally distributed jump sizes, set the market price of jump risk to zero
and obtained a Poisson weighted sum of Black-Scholes type formulae. He also considered
the same hedge portfolio used by Black and Scholes, namely one consisting of a position
in the stock, the option and the risk-free asset only. In this case a perfect hedge does not
exist and hedging was achieved by Merton by averaging out idiosyncratic risk. However,
this leaves the market price of jump risk unpriced, and also the distribution of the jump
components remain unchanged. Further extensions to the Merton (1976) model include
those by Anderson (1984) and Aase (1988). However these authors also make assumptions
that amount to leaving the jump risk unpriced. Furthermore these later derivations do not
appeal to the traditional hedging argument but rather appeal directly to the risk-neutral

valuation principle and change of measure arguments.

Whilst there are now a number of derivations of option pricing under jump diffusion dynamics
(see below) these are usually derived either within a dynamic general equilibrium framework,
or using risk-neutral valuation and change of measure arguments. The way in which the
traditional economic hedging argument carries over to the jump-diffusion situation has not
been treated very much in the literature, so the link between this approach and the approach

based on change of measure arguments remains obscure.

In this paper we consider a market consisting of multiple assets driven by jump-diffusion
dynamics and European style options written on these assets. We derive the option pricing
relation by the risk-neutral valuation/change of measure approach, which may be considered
a generalization of the approach of Aase (1988). We then show how to extend the traditional

hedging argument to price options under jump-diffusion dynamics. We do this by adding to



the hedge portfolio an appropriate number of options of different maturities. As we allow
the jump sizes to be drawn from some continuous distribution it is only possible to hedge
perfectly for a particular set of draws from the jump size distribution. Thus we can only
hedge in some approximate manner, and here we choose to eliminate the jump risks by
averaging over the distribution of the jump sizes so that the portfolio is hedged against
jump risks “on average”. We show that the resulting pricing relationship is equivalent to
that obtained under the earlier derivation if the market prices of jump risk are chosen in an

appropriate manner.

The market we consider is incomplete in the Harrison and Pliska (1981) sense. As we consider
the market prices of jump risks, then there are many equivalent martingale measures to
choose from, each yielding different distributions for the jump components. For a single
stock market, one could for example, apply a local risk-minimizing trading strategy in the
manner of Schweizer (1991), Colwell and Elliott (1993), or a minimum entropy martingale
measure approach in the manner of Miyahara (2001). Jeanblanc-Piqué and Pontier (1990)
applied a general equilibrium model to the problem and used two assets driven by the same
Wiener and Poisson noise factors. Jarrow and Madan (1995) included additional traded
assets in order to hedge away the jump-risk in interest rate term-structure-related securities.
Mercurio and Runggaldier (1993), and Runggaldier (2003), suggested that other assets driven
by the same Wiener and Poisson noise factors as the stock be included in the hedge portfolio.
Jarrow and Madan (1999), and Bjork et al. (1997) considered infinite asset cases that allow
for measure-valued trading portfolios, the latter also in the case of bond market structure.

However, we do not take such an approach in this paper.

For our market consisting of multiple but finite number of assets, we adopt a Radon-Nikodym
derivative based on the exponential of a correlated Brownian motion process and a multi-
variate compound Poisson process. The parameters in the Radon-Nikodym derivative define
a family of equivalent martingale measures in the model, from which a suitable choice is
made. The approach of selecting an equivalent martingale measure based on the selection

of suitable parameters in a Radon-Nikodym derivative is not new. Gerber and Shiu (1994)



applied a similar approach using Radon-Nikodym derivatives based on Esscher transforms
of Lévy processes for single stock markets under complete market conditions. The parame-
ters in our Radon-Nikodym derivatives are based on the local characteristics of the various
independent Poisson measures used, and many pairs of choices are possible. After selecting
particular values of the parameters of the Radon-Nikodym derivative that determine the new
local characteristics of the Poisson measures under the measure transformation, we derive
an integro-partial differential equation for the option price where there is a change in the
distributions of the jump components from that of the original physical measure. As stated
above we also set up a hedge portfolio as another method of deriving the same integro-partial
differential equation. In our case, a certain number of options of different maturities are re-
quired to “complete” the market. The jump risks are priced in our portfolio and we relate
the market prices of these jump risks to the choice of the parameters in the Radon-Nikodym
derivative used in the alternative derivation of the integro-partial differential equation based

on the measure change approach.

The paper unfolds as follows. Section 2 lays out the framework of the model and states the
main result for the pricing of options under jump-diffusion dynamics. Section 3 outlines the
change of measure result for jump-diffusion processes. Section 4 discusses the market prices
of Wiener and jump risks and the role these play in the change of measure to a martingale
measure. Section 5 then uses the change of measure result to derive the option pricing
relationship. Section 6 considers a hedge portfolio that includes an appropriate number of
options of different maturities and shows how the portfolio may be made riskless on average.
It is then shown that the resulting pricing relation is equivalent to the one obtained in Section

5 if market prices of jump risk are chosen appropriately. Section 7 concludes.



2 Preliminaries and the Extended Merton’s Model for
Multiple Assets

We consider an economy consisting of d stocks with the ith stock paying dividends at the
continuously compounded rate §;;. The dynamics of each stock are exposed to both diffu-
sion and jumps components. There are two jump components, the first is a unique jump
component that corresponds to idiosyncratic shocks to the individual stock price, and the
second a common jump component with correlated relative jump sizes that arrive at the
same time. The jumps that arrive at the same time for all the stocks can be interpreted
as macroeconomic shocks. The dynamics for the stock prices can be written as (5) below.
However, in order to understand the details of the model, we first introduce some necessary

mathematical notation.

Let (Q,F,{F:},P) be a probability measure space and assume that the filtration {F;} is
well-defined to contain all the basic processes necessary in our multi-stock market model.
These processes include a d-dimensional Wiener process with correlated components denoted
by Wy = (Wi, Way, ... ,Wd7t)T. The Wiener components are correlated with

pijdt, i F ]

i {dt, i =

where p;; = pj; may be time-varying and the correlation matrix at time ¢ = u is

1 Pij

Pji 1
with possibly time-varying entries in the off-diagonals. In order to exclude some trivial cases
in our model, we also require that |p;;|] < 1 and that 3, is Lebesgue-almost-everywhere ¢

invertible.

We also have d+1 independent Poisson arrival processes adapted to the filtration F; denoted
by Not, N1y and so on until Ny, each with possibly non-homogeneous arrival intensities

(with respect to the measure P) denoted by \; = \;; for i =0, ..., d. Following the notation



in Runggaldier (2003), if (75, Yi,) are independent point processes and the marks Y; ,, form
a sequence of random variables taking values in a set A;, then for any set G € o(A;) C F,

the arrival process [V;; is associated with the counting process

Niy(G) = Z Uiz, <1y ecy-

n>1

We shall assume that Y;,, € R and Y, € R?. The associated counting measure is
(1) pi((0,t],G) = Ni+(G), G e a(4).

This measure allows us to obtain more concise expressions for the marked point process

terms via integrals of the form

t Nit
(2) / / H(Sayl)pz(d57dyz) = ZH(E,mK,n)H{ngt} = ZH(E,nay;',n)?
0 A; =1

n>1 n=

where H(t,-) is F;-predictable. We assume for simplicity that the intensity takes the form

)\i,t(dy) = )\i,tmz’,t(dyi),

where \;; is non-negative while m;(dy;) is a probability measure on A; and the Y;, are
independently and identically distributed (and independent from the intensity A;:), so that

one has

(3) B { I/ iH(s,y»pi(ds,czy»] —E: { I/ (o) bl

The pair (\; 4, m;¢(dy;)) is called the (P, F;)-local characteristic of p;(ds, dy;) and
(4) pildt, dy;) = pi(dt, dy;) — N e (dy;)dt

is the corresponding compensated Poisson measure.

Given all of the above notation we can write the dynamics of the d stock prices as

dS;
Sit—

(5) n / (28t 90) — D)po(dt, dyo)

= dt + o;dW; 4 + / (Zi(t,ys) — V)pi(dt, dy;)
Ay



for i =1,2,--- ,d. For the ith stock, its unique relative jump size, should a jump occur at

time ¢ is Z;(t,y;) — 1, where Z;(t,y;) > 0 and F;-predictable, so that

(6) / (Zi(t,ys) — Vp(dt, dy;) = (Zi(t, yi) — 1)dNjy,
A;
and its average jump size increment (taken in the measure P) is
(7) Kit = Ep[Z; — 1] = / (Zi(t, yi) — 1)mi,t(dyi)-
A;

The relative jump size of its common jump component is Z(()i) (t,y0) — 1, where Z((]i) (t,y0) >0

and F;-predictable, so that

(8) / (Z§(t, yo) — Dpldt, dys) = (Z5(t,y0) — 1)dNoy,

and its average jump size increment is

(9) R = BplZ) — 1] = / (Z9(t, o) — Dymo(dyo).
Ao

Since the marks for the jumps (Z(()l), ZéZ), ey Zéd)) are drawn from the probability density

function my ¢(dyo), the jumps (Zél), Zé2), o Zéd)) are allowed to be correlated and thus allow

for the macroeconomic shocks across all stock prices to be correlated.

Where no confusion arises, we drop the time subscript ¢ for brevity and refer to (7) and (9)
as k; and /ﬁ((f) respectively. Similarly for other time dependent parameters in the model of
this paper, we drop the time subscript ¢ for brevity if necessary. Thus we can rewrite (5) in

the form involving the jump component compensators as

[ tf :(,Uz — )\i/ii — Aoﬁé))dt + O'Z'dWM
(10) + (Zi(t,y:) — 1)dNyy + (Z8 (¢, y0) — 1)dNos

fori=1,2,---  d. Integrating (10), the stock prices are given by

t o2 , t
Si = Si0 exp {/ (Mi — ?Z — A\ikj — Aoff(()l)> du + / UidVVi,u:|
0 0

N, No,¢

(11) <[] 2(Tin. Vi) T [ 287 (T, You)-
k=1

n=1



We state a key result concerning the pricing of options underlying jump-diffusion processes.
Note that throughout this paper, we assume for simplicity that the options have non path-
dependent final payoffs Xr(Sir,...,Ssr). In other words, we are not considering path-

dependent options, such as barrier options for instance.

Theorem 2.1. Let X;(S14,--- ,S4¢) be a non-path dependent option written on the d stocks,
with return dynamics given by (5) in the market measure P, and the final non path-dependent
payoff specified by Xo(Svr---,Sar). Then the option price process satisfies the integro-

partial differential equation

0Xi(S1p—y -+, Sau-)
ot
d ~
+ 3 (=€ [ (2000 - st
i=1 Ai
3 i - OXe(S14—y- -+, Sar—
o [ [Zékt,yo)—umo,t(dyo)) 5 PXeB o Sue)
Ao f
+ LX (S, Sas—)
+ZM/ XU(Stos e 2 SieZon e San) = XulSuemse -+ Saa i)
+5\0’t/ (X (Sa- 2+ SauZ57) = Xi(Sracs -+, Saa—) i (dy)
Ao
(12) = TtXt(Sl,t—; T 7Sd,t7)7

where the operator L is defined as

d d 2
Z Z PijOi0jSit—Sjt— ma

i=1 j=1

N | —

(13)

and the Poisson counting measure p;(dt, dy;) has (Q, F)-local characteristics (Aiy, i (dy;))

for some equivalent martingale measure Q. The local characteristics are given by
S\i,t = wi,t)\i,t and mi,t(dyi) = hi,t(yi)mi,t(dyi)a

for some Fi-predictable and positive 1;; and h;y, for i = 0,1,--- ,d, where the (P, F;)-local

characteristics of p;(dt, dy;) are given by (Xit, m;+(dy;)) in the market measure P.



The integro-partial differental equation (12) can be derived by both a martingale approach
as well as a hedge portfolio approach. The proof of Theorem 2.1 is found in Sections 5
and 6, where in Section 5, the integro-partial differential equation (12) is derived using a
martingale approach and in Section 6, it is derived using a hedging argument. Theorem 2.1
also demonstrates that the option price is not necessarily unique since the martingale measure
Q depends on the choice of ¥;; and h;;. What is novel in this paper is that d + 2 options
are used to hedge away Wiener diffusion risks and jump-component risks “on average” and
that by judicious choice of the market prices of jump risk the resulting pricing formula is the

same as that obtained from the equivalent martingale measure approach.

As special cases, Cheang and Chiarella (2007) specialise the model of this paper to the
one asset case and derive a pricing formula for a call option under similar assumptions to
those used by Merton (1976), but make explicit the role of the market price of jump risk
parameters. Formulae could also be similarly derived for the double exponential jump size

distribution of Kou and Wang (2004).

3 Transformation of Measures

In the classical Black-Scholes model (Black and Scholes 1973), no arbitrage arguments lead
to the pricing of options in the risk-neutral measure Q. The expected value of the payoff
of the option at maturity must be adjusted by a state-price density if the expectation is
calculated using the historical measure P. The state-price density is actually a Radon-

Nikodym derivative % adjusted by a suitable discounting factor.

When the underlying stock price dynamics are modelled by a jump-diffusion model, the mar-
ket is incomplete in the Harrison and Pliska (1981) sense, and so there are many equivalent
martingale measures. A particular martingale measure Q can be chosen by specifying the
parameters in the Radon-Nikodym derivative %. The following theorem illustrates the form

of the Radon-Nikodym derivative that we will be applying in our model.

Theorem 3.1. On a finite time interval [0, T] let p;(dt, dy;) be independent Poisson measures



with (P, F;)-local characteristics (N, m;(dy;)), independent from the correlated Brownian
motion components Wy = (Wi, Way, ..., Wa)". Let 1y > 0 be Fy-predictable and h;y > 0
an Fi-predictable and o(A;)-measurable process, such that P-almost surely and for all t €

[0, T, they satisfy

t
/ Vi uNipdu < 00, and / hiw(y)miu(dy;) =1,  fori=0,1,--- d.
0 A,

Let 0y = (014,094,...,04:)" be square integrable F;-predictable processes. Then

dQ t 1 [
—| = — [ (Z,'0,) " aw, — —/ 0,3, 0,d
|, eXp{/O(u) 3 ) O Oudu
d t Ni
X exp [/ / (1- wzuhzu<yz>>>\zumzu(dyz>du:| H Vi, bz, (Yin)
i=1 0 JA; n=1
t No,¢
(14) X exp [/ / (1- wo,uho,u(yo)))\o,umo,u(dyo)du} H Yo,1,ho1, (Yon)
0 JAo n=1

is a Radon-Nikodym derivative process under which p;(dt,dy;) has (Q, F;)-local characteris-

tics (Nig, mi(dy;)) where
S\i,t = wi,t)\i,t and mi,t(dyi) = hi,t(yi)mi,t(dyi)a

fori=0,1,---.d and
AW,y = 0;,dt + dW;,

where /I/I7Z-7t 18 a standard Brownian motion component under Q and Wt = (/let, o ,/Wvdjt)T

has the same correlation structure as Wy = (Wi, Way, ..., Way) .

Proof. The Radon-Nikodym derivative (14) is a product of terms all of which are Radon-
Nikodym derivatives, and independent of each other since in our model, the Brownian motion
components are assumed to be independent from the jump components. The first term is
the usual Radon-Nikodym derivative for correlated Brownian motion and the change in
the distributions of the Brownian motion components follows from the results of the usual
Girsanov’s measure transformation for Brownian motion. The remaining terms, again inde-

pendent of each other, are Radon-Nikodym derivatives of the marked point processes. Details

10



on Girsanov’s measure transformation for Poisson measures and marked point processes can

be found in Runggaldier (2003) or Cont and Tankov (2004). O

Aase (1988) gives a simplified version of Theorem 3.1 for one Wiener and one compound

Poisson noise factor only, and the parameter 6 there was set to be the usual Black-Scholes

market price of Wiener risk #— for the single stock case. Although Merton (1976) did not use
a Radon-Nikodym derivative approach, his arguments based on systematic and idiosyncratic
risks essentially also led to the same Black-Scholes market price of Wiener risk. In our
application of Theorem 3.1, the distribution of the jump components can be changed under
the transformation from the historical measure P to a martingale measure QQ given a choice
of 1;; and h;;. In Sections 4 and 5, we will see that the choices of ;; and h;; determine the
prices of the jump-risks. The 6, ;, which relates to the market prices of risk of the 7th Wiener
component, is then determined by a martingale condition on the discounted stock yield
processes following specific choices of v¢;; and h;;. The multi-asset equivalent of Merton’s
(1976) model under which the distribution of the jump components does not change under
the transformation corresponds to the particular choice of setting both 1;, and h;; equal to

one, leaving the jump risks unpriced.

4 The Market Prices of Risk and Equivalent Martin-
gale Measures

An equivalent martingale measure Q under which all the discounted stock yield processes
{S@tefg(fiv“_”)d“} are martingales can be obtained by specifying choices of 1;; and h;,
in the Radon-Nikodym derivative (14) prior to solving for the values of ; that appear in
that formula. It is not the goal of this paper to discuss the various methods under which an
equivalent martingale measure may be obtained, for example the minimal entropy martingale
method of Miyahara (2001), the R-minimality method of Schweizer (1991) just to name a
few. We simply assume that ¢;; and h;; have already been chosen or calibrated. Then from

Theorem 3.1, the Poisson measure p;(dt, dy;) has (Q, F;)-local characteristics (A; ¢, 0, +(dy;))

11



where S‘i,t = YN and My (dy;) = hi(yi)mi(dy;) for such a measure Q associated with

such ¢;; and h;;. Thus from (4) and (5), the stock price dynamics can be expressed as

gii’t = pdt + 0 d Wiy + /A (ult i) = it )
e [ (2t = ) Wahald) = D)
+/Av(Zéi)(t,yg) — 1)qo(dt, dyo)
(15) hae [ (20 (t0) = D odhouldn) — Drmo ()it
:

where,

gi(dt, dy;) = pi(dt, dy;) — i giphi e (ys)mae(dys)dt = pi(dt, dy;) — i g (dy;)dt

is the Poisson measure p;(dt, dy;) compensated in the measure Q. The application of Theorem

3.1 and the martingale condition allows us to express (15) as

dsS; =~ .
g L= (r— ip)dt + o dWiy +/ (Zi(t,yi) — 1)qi(dt, dy;)
it— A;
(16) + [ @) = it ),
Ao
if and only if there exists a correlated Brownian process Wt = (Wig...,Way)" in the

measure Q where

dWi’t - 9i7tdt + dWi’t

and
Ty 4 0i0ir + Nit /A'[Zz'(t, Yi) — (1 — 4 1hy () ) o (dy;)
+ )\o,t/A Z87 (¢, y0) — 1)(1 — o,chos(yo)) ot (dyo)
(17) = i ‘:fi,t
for i = 1,2,...,d. The set of equations in (17) are the market price of risk equations for

the d stocks and they relate the risk premia of the stocks to the risk premia due to the

Wiener components (the second term on the left hand side of (17)), the idiosyncractic jump

12



component (the third term on the left hand side of (17)) and, the common jump component
(the last term on the left hand side of (17)). Following Runggaldier (2003), we may interpret
(Vithit(yi) — 1)m;¢(dy;) as the risk premium per unit jump volatility due to the ith jump

component.

By rewriting the average jump size increment taken in the measure Q as

(18) Ri = kip = EglZ; — 1] = /A(Zi(t’ yi) — )m,(dy;),
and the average relative jump size of its commoln jump component as
(19) )= R = Bl =11 = [ (2 (t.0) = Do)
0
the market prices of risk equations (17) can be written as
(20) 9i,t = lz Wi + fi,t — Ty — (Ai,t/‘éi,t - 5\z‘,t/?&i,t) - ()\o,tﬁ(()?g - S\O,t/%(()?f)]
for i = 1,2,...,d, which express the market price of risk of each Wiener component as the

risk premium of the respective stock less the jump-risks per unit volatility. From (16), the

1th stock price can be expressed as

¢ 2 o t
Sit = Si€exp [/ <7’u —&iu — % — NiR; — /\0/?6(()1)) du —|—/ O'z'dVVi,u:|
0 0

Nit No,¢
(21) < [[ 2T, Vi) [ | Z3 (Toe, You),
n=1 k=1

where the Poisson arrivals N;; now have intensities A; in the martingale measure Q.

Three special cases arise depending on the choices of the parameters 1; ; and h; ; in the Radon-
Nikodym derivative (14). As discussed in Section 3, the setting of both v, and h;; to one
leaves the distribution of the jump sizes and the jump-arrival intensities unchanged under
the transformation of measures and thus the jump-risks remain unpriced. This generalizes
the situation considered in Merton (1976) to the multi-asset case. When all the ¢;; = 1 but
at least one h;; # 1, then there are no changes to the jump-arrival intensities but there is a
change to the distribution of at least one of the jump sizes. Lastly, when all the h;, = 1 but
at least one 1);; # 1, then there are no changes to the distribution of the jump sizes, but at

least one of the jump-arrival intensities change.

13



5 An IPDE for Option Pricing

Let X(S14,S24,- - ,Sar) be an option written on the d stocks, for which we adopt the

short-form notation
X = Xt(Sl,ta SQ,ta T >Sd,t) and X;_ = Xt<Sl,t—7 SQ,t—a T >Sd,t—)-

By the application It6’s Lemma for jump-diffusion processes to the option price X; with (16)
as the dynamics of the underlying stock prices, the dynamics of the option price are given

by

aX, = [aXt_JrZ(Tt §it — /A[ i(t,yi) — 1w (dys)

3 i - 0X,_
oo [ 1200w - D)) 5.- 25 + £ a

" ST
d
0X,;_
+ 121 UiSi,t—a—SdeVzt
d ~
+ Z )\i,t/ [Xt(sl,tfa T 7Si,thi7 e 7Sdt ) Xt ]mz,t(dyz)dt
i=1 A;
d
Y / Xe(Stese SirZire o Sax) — Xo Jau(dt, dy)
i=1 Y Ai
+)\O,t/ (X (S14-Z, ,“ , Sdi—Z, ) X o (dyo)dt
Ao
(22) " / XS 20, Sae-ZE) — Xo_Jdoldt, dyo),
Ao

where the operator £ has been defined in (13). We require the discounted option price

process {Xte_fff T“du} to be a martingale under the martingale measure Q. From (22), the

14



stochastic differential satisfied by this quantity is

y y X, d . N
d(Xte_ jo T‘udu) — e_.lo rudu [_t — ’I"tXt_ + Z (Tt — gi,t — )\i,t / [Zz(t, yz) — 1]m27t(dyz)
i=1 Ai

ot
0X,_
—)\Ot/ [z, yo)—l]mOt(dyo)) it a§ +cxt} dt
Ag 7
X,
+ZUz lorudus t—aaé dVVzt
d ~ t
+Z/\i,t€f°“du/ (Xi(S1p—y-, Sin—Ziy -+, Sap—) — Xe—|my o (dy;)dt
- Ay
+Z€ forudu/ [(Xe(S1amy - Sin—Ziy -+, Sar—) — Xa—]qi(dt, dy;)
Az
+5\o,t€_f° 7"“du/ [Xt(Sl,t— e Sq- 2 ) X ¢ (dyo)dt
Ao
(23) e Jo rudu / (Xe(S1- 25"+ Sau-Z57) — Xo-)do(dt, dyo),
Ao

In (23) the coefficient of dt must be zero so that the martingale condition on the discounted
option price is satisfied. Hence we obtain the integro-partial differential equation (12),
subject to the terminal condition X7 (Sir,---,Sqr) being the non-negative valued final
payoff of the option. For example, a basket call option with strike K has the terminal
payoft Xr(S1r, -+ ,Sar) = (Z?Zl Sir— K)T. From the Feynmann-Kac Theorem for jump-
diffusion processes, the solution for the option price in the form of a conditional expectation

is
(24) Xt(Sl,t> . 7Sd,t) - ]EQ [e*ftTr(u)duXT(Sl’T’ - ,Sd,T)’ .’F}} )

Using the Radon-Nikodym derivative (14) from Theorem 3.1 with some particular choices

of ¢;+ and h;; and the martingale condition on the choice of 6;, the option price (24) is

)= gl

equivalent to

T
e e T X (S g Sy

@) XS - (5]) B |F

15



6 The Hedging Portfolio

Now in order to obtain some economic intuition behind the derivation of the integro-partial
differential equation (12) we here derive it by use of a hedging argument. Jarrow and Madan
(1999) suggested that market completion may require dynamic trading in more than one
European option. Runggaldier (2003) considered an option written on a stock following a
jump-diffusion process, with a fixed jump size. He found that a hedge portfolio consisting of
the underlying asset and another asset driven by the same noise process (such as a derivative)
was sufficient to create a risk-free portfolio; one asset to hedge away the Wiener diffusion
risk, the other to hedge away the jump-risk. Here we note the suggestion by Jarrow and
Madan, and extend the approach of Runggaldier and set up a hedge portfolio consisting of
d stocks and d + 2 (European) options of different maturities !, of which the d stocks and
one option are needed to hedge away the d Wiener diffusion risks and the remaining d + 1
options to hedge away the d + 1 jump-risks, for a given jump-size. We use the d + 1 options
on the d stocks for the remaining d + 1 assets in the portfolio since these options are driven

by the same Wiener and Poisson noise factors as the d stocks.

Let the options be X, -+, Xgio:, where X, is the option in which we are originally
interested and Xy, - -+, X442, are other options on the same d stocks that are traded in the
market with different maturities. Let the corresponding maturities be T, ..., Ty with each
T; < T, that is, all the options have finite maturities. Although not expressed explicitly,
the price of option Xj, is also function of its maturity time 7 and once selected into the

portfolio, option maturities do not change over time. The portfolio selected is

d d+2
(26) I, = Z H;Siy + Z Qi X1,
i— =1

where H; are F;-predictable positions held in the stock, and @); are F;-predictable positions
held in the respective options. In the interests of brevity, we drop the subscripts ¢ in all the

parameters, asset holding positions and prices where there is no confusion, although these

!Technically, we could have also chosen d + 2 options of the same class on the same d stocks with the
same maturity but with different strikes.
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quantities are always functions of time and time-varying.

The dynamics of the option price X, obtained after application of Ito’s lemma for jump-

diffusion processes may be conveniently written (similar in form to (10)) as

d
dX 0) (i)
A A dt AW,
X%t ( Z HX OKXJ) * Z Tx; Wit

i=1

d
(27) +> (28 = DN, + (2 — 1Ny,
=1

where the drift of the option is defined as

d

an7t_ (7,) an,t—
81& + ;(Mz — )\ifii — /\(]KZO )Si,t,a—‘si

1

Hx; =X

Jt=

d
+ ,Cin_ + Z )\llig?] Xj,t— + )\O/fgngj,t—] s

i=1

with the option price increments due to the ith idiosyncratic jump component given by

(20 - DXdNi = [ XiSuasee SuZoee  San) = Xpu Ipildt, dy)
A;
= [Xj,t(Sl,tfvu' ,Si’t,ZZ',"' 7Sd,t7) _Xj’t,]dNi’t,

and the expected option price increment due to the ith idiosyncratic jump component is

X]t /fg? = E]P’[Xj,t(sl,t—a"'>sit iyt Sdt) Xj,t—}

)

/[Xj,t(sl,t—,"‘ Szt e Sdt) Xj,t—]mz‘,t(dyz‘)o
A;

Similarly, the option price increment due to the common jump component is given by

(29 = 1)X;4-dNp, = / [ Jt(Su W 5 2D S Z9) — X, Jmos(dyo)
Ao

= [Xj7t(817t— S Zo o Sap-2, ) Xje-]dNoy,
and the expected option price increment due to the common jump component is

Xj,t—’ﬁ'/‘()?]). = ]EP [Xj,t(sl,t—Zél)a e 7Si,t—Z(gi)7 Tt 7Sd,t—Z(§{0)> - Xj,t—]

/ [X0(S10- 20, Sy Z8) e S Z) — X Imo(dyo).
Ao
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Finally the volatility of the option with respect to the ith Wiener component is
S0 _ OiSie- 0Xj4-
X Xy 0S8
The infinitesimal change in the portfolio value dIl; over the time interval [¢,t + dt) evolves

according to

d+2

(28) dIl, = ZHdStJrZHS,t fldt+ZdeX

That is, it is the sum of the weighted change in the stock prices, the weighted sum of the
dividends accrued, and the sum of the weighted change in the option prices. By (10) and
(27), the change in the value of the portfolio dIl, is thus given by

d
dll, = [Z Hi(pi +& — Niki — Ao’f(()l))sz‘,t—

i=1
d+2
+ZQ3 git— /Lx—Z)\/ﬂX—)\K )]d
d d+2
Z H;S;—0; + ZQJU l)XJ t] dWiy
i=1 7=1
d d+2 '
+> | HiSiu(Zi — 1) +ZQJ e Z (2§ —1)] dN;,
=1 =1
d d+2
(29) + D H S (2 - 1) + ZQ] it 1)] dNo,.
=1

The portfolio (29) is riskless over [t,t + dt) when the weights satisfy the conditions

d+2
(30) HiSi-oi+ Y Qo Xje =0,  fori=1,--d,

j=1
and

d+2 '
(31) HiSip(Zi— 1)+ QX (20 —1)=0, fori=1- 4,
as well as

d d+2

(32) ZH’S (23" - +ZQJ jit— —1) =0,

=1
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for some particular values of the jump-sizes 71, ..., Z; and Z(()l)7 e Z(()d). The change in the

value of portfolio (29), now riskless over [t,t + dt), becomes

d
dHt = Z Hz(,LLz + fl — /\ilii — )\0/181))51'715_
=1
d+2 d '
(33) 3 Qilpx, = DNk, = o)) X | dt,
j=1 i=1

where the weights H; and @); satisfy (30), (31) and (32).

At this point, it is already possible to compute the weights of the portfolio that would hedge
it best given the particular jump-sizes 21, ..., Z; and Z(gl), cee Z(()d). Consider the ratios of
the pre-jump dollar values of the options ();X;;— to the dollar value of the option QX
and string them out along a vector

Q2X2 ¢
Q1X1,t—
Q3X3,4—
(34) q — le'l,t—

Qat+2Xay2,t—
Q1 X1t

Similarly consider a vector z where the entries are

@ ;
(2% —1) - 2;11( )%(zy - 1)
(Z¢) —1) - Z(z, - 1)

'J(d>
(28— 1) - (24— 1)

and let the matrix A be a (d+ 1) x (d + 1) matrix with entries
. d Ugé)‘ '
ap; = (2§ —1)= > =2z - 1)

0',
=1 ¢

and ,
0 .

0;

fori =1,2,...,dand j = 2,3,...,d+ 2. From (30), (31) and (32), it can be shown (see
Appendix) that the ratios of the pre-jump dollar values of the options ;X to the dollar
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value of the option @);.X;, form a linear system
(36) Aq=z.

Since no two options are identical, no two columns of the matrix A are linearly dependent.
The linear system (36) is invertible Lebesgue-almost-everywhere ¢ (from Proposition A.1 in
the Appendix), so that a unique solution for the vector g exists. Thus the solution for the

option dollar amount ratios, that is, for the entries of g must be of the form

+ZCM

for j = 2,3,...,d + 2, where the weights (;; are some polynomial functions of the entries

(%)
79 1) - Dz, 1)

g;

d ()
QiXju— ) le
o0 Qo8 ol v -3

in the matrix A. Since option X; is the option of interest, we can always set (); = 1 and

compute the other weights ); from the solution to g in (37).
On the other hand, since the portfolio II; is now riskless over [t,t + dt), it must grow at the
risk-free rate to avoid arbitrage opportunities, so that

dHt = Tt]-_-[t dt
d+2

(38> = ZHSzt—+ZQ] got—

Equating (33) with (38), one obtains

d
Z H;Si— (i +& —re — Niki — )\ofiéz))
i=1

d+2

(39) +ZQ]-XJ-¢, px; — Tt — Z)\Kz )\HX) 0.
j=1

Recall the expression for the market price of Wiener risk 6;; in (20) for the Wiener compo-
nents in Section 4, which is obtained after a choice of v;; and h;; is made in the Radon-
Nikodym derivative (14). Recall also that the choice of ¢;; and h;; determine the martingale
measure (Q which is used in the martingale approach in the derivation of the integro-partial

differential equation (12) in Section 2. The market price of Wiener risk 6;; in (20) depends
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only on the choice of v, and h;,;, and then the integro-partial differential equation (12)
is derived using the martingale approach. In what follows in the rest of this section, we
complete the derivation of the integro-partial differential equation (12) using the hedging
approach. Other than the use of the common market price of Wiener risk 0;,, we stress that
the derivation of the integro-partial differential equation (12) using the hedging approach is

completely independent of the derivation using the martingale approach.

Multiply (30) by the market price of Wiener risk (20) and sum over the d stocks to obtain

d
D HiSim s+ & = e = (ki = M) = (orf) = Joi()

d+2 d ag? ~ , -
+ 2 QX1 z; 0; [Mi & — 1 — (ki — i) — (Mory) — /\0’%(()1))}
j= i=
(10) = o

Also multiply (31) by A, (for some positive and Fi-predictable ¢;) and sum over the d

stocks to obtain

d d+2 d
(41) Z H;Si s Ni(Zi — V)i + Z Qi Xj4— Z )\i(Z%_ —1)p; =0.
i=1 =1
Similarly multiply (32) by Agpo (for some positive and Fi-predictable ¢g) to obtain
d d+2
(42) > H;Sig-Mo(Z5) — 1) + Z QiXji-Mo(Zx, — 1)gpo = 0.
i=1

The terms ¢; (for ¢ = 0,...,d) in (41) and (42) are chosen so that \;p; (for i = 0,...,d)

decomposes as

so (ys)
Aipi = A / ©i(yi)m;+(dy;)
A; ( ) ! fA Soz Yi mzt(dyz)

7

@1(92)

(oD@ equal to the

where [ A, Pi (y:)m;+(dy;) is set equal to the particular 1;; and v
particular h;(y;) in the Radon-Nikodym derivative (14) in Theorem 3.1 that in turn induces

the market price of Wiener risk 6, in (20).

Rewrite (41) and (42) respectively as

d+2

d
(43) > HiSi-Nitie(Zi — Dhay(ys) + ZQJX] . Zwt (2% = Dhig(ys) =0

i=1
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and

d d+2
(44) Z H;S:e- Moo e (28 — 1)hos(yo) + Z Qi X Aot (2 — 1hos(yo) = 0.
i—1 =1

Now we integrate both sides of (43) over the regions A; x --- x A, with respect to the
measures my (dy;) - - - ma(dyg). This is analogous to taking expectations of both sides of
(43) under the measure P restricted to the jump-sizes only, since the jump-sizes Z; and Z§§j
are by definition functions of the marks y;. Define the expected option price increment due
to the ith idiosyncratic jump component under the measure Q, now the same equivalent

martingale measure Q as used in the martingale approach in Section 5, by
Xk = Eq[Xju(Sur, Su-Ziy o Sues) — Xju]
= [ S S i Sar) = X bl meddy)
A;

and the expected option price increment due to the common jump component under the

measure Q by
X i = Bo | XS 2 S 20 S Z0) — X |

= / X008 280 o iy Z8 v S ZO) — X ho (o) mo. (dyo).
Ao

Hence (43) becomes
d+2

(45) ZHS” >\/@+ZQJ I Zw”

by recalling the definitions of \;, #; and ! X Similarly integrate both sides of (44) over the

region Ay with respect to the measures mg(dyp) and recall the definitions of )\0, ko and & X3

to obtain
dt2 )

(46) Z H;Si MRS + Z Qi Xj - M) = 0.
Finally subtract (40) from the sum of (39), (45) and (46) to obtain

d+2 . ~

ZQij,t— Ux; — Tt — Z (Ai "fX ) (Ao ’ﬁ&) )‘0’%2(()3-)

j=1

o) ~ o

(47) B Z o S+ & — e — Nk + i — )\O’f(()l) - /\0’?0((11)) = 0.
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In (47), the terms @);X,,— are pre-jump dollar amounts of the options and can never be

identically zero simultaneously (unless all the options have expired). Thus it follows that

o, == D2 — AL — Qorld) — i)

J

d (i)
7x;, Y = i Y 0
(48) = Z_; Ui] (i + & — 1o — Nk + NiRy — )\olfé) - >\0/€((]))7
for options X, ..., Xgyo. Since (48) holds for any of the options X; whose maturities were
arbitrarily chosen, it holds for any option X written on the same d stocks Sy, ..., Sy, that is
d o )
Ux — T — Z()\Zlig? — )\ﬂ%&?) — (/\Qlﬁ}g?) — Aol’%g?))
i=1
Ug? 3 (1) _ y @)
(49) = Zl o (i +& — 10 — Niky + NiRi — Aok’ — MoKy '),

where the risk premium of the option less jump-risk is expressed as the weighted sum of
the market prices of risk of the Wiener components. Multiplying (49) by the pre-jump
option price X;_ and the substitution of the equivalent expressions for all the drift, volatility
and expected jump-size increment terms yields again the integro-partial differential equation

(12).

In Section 5, the integro-partial differential equation for the option price is obtained after
selecting a martingale measure based on the choice of the parameters in the Radon-Nikodym
derivative in Theorem 3.1. In this section, the choice of our equivalent martingale measure
corresponds to a perfect hedge only when the marks g, y1, -+ ,yq take on some particular
values that in turn induce particular values of the jump-sizes 7, ..., Z; and Zél), ceey Zéd)
that makes the portfolio (29) riskless over [t,t + dt). Thus the distribution of the jump
components (induced by the Poisson counting measures p;(dt,dy;)) may change, and we
have seen that the market prices of jump-risk due to each jump component are present in

our model in contrast to Merton’s (1976) hedge portfolio with one option only.
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7 Conclusion

In this paper we have extended the hedging argument in Merton (1976) to multi-asset markets
where asset prices exhibit jump-diffusion dynamics, allowing in particular for both asset
specific jumps as well as economy wide jumps. We first derive an integro-partial differential
equation for the option price using the usual martingale conditions after the parameters of the
Radon-Nikodym derivative have been selected, and the local characteristics of the Poisson
measures driving the asset price return dynamics change accordingly under the measure
transformation. We then derive an integro-partial differential equation for the option price
by including more than one option written on the underlying assets in a hedge portfolio.
The derivation of this integro-partial differential equation takes the market prices of jump-
risks into account, hedges away the jump risks “on average” and provides financial economic
interpretations for the steps in the derivation. The choice of parameters of the Radon-
Nikodym derivative in the first derivation of the integro-partial differential equation via a
martingale approach can be chosen so that we obtain the same integro-partial differential
equation using the hedging argument. In doing so, we demonstrate how the market prices

of jump-risks are priced in the hedge portfolio.

Our focus here has been on drawing out the relationship between the martingale approach
and the hedging argument approach to option pricing under jump-diffusion dynamics. We
have not derived any particular pricing formulae, though such could be derived by specifying
the intensities for the Poisson arrival process and distributions for the jump sizes. The
reader is referred to Cheang and Chiarella (2007) for a pricing formula for a call option,
based on a single stock, that is a Poisson weighted average of a Black-Scholes type formula,
but with jump-arrival intensities and jump-sizes distributions changed under the measure

transformation (in contrast to Merton 1976).
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Appendix

The weights of the portfolio (29), made riskless over the interval [t,¢ 4 dt) for particular
values of the jump-sizes 71, ..., Z; and Zél), c Zéd), satisfy (30), (31) and (32). From (30),
the pre-jump dollar amount of the ith stock is related to the pre-jump dollar amount of the

d + 2 options by

d+2 g{)
(50) H;S;y- = — Z QX
Substitute (50) into (31) to get
o) d+2 g()
Q1X1t— Xl Zi—1 +ZQ] ji-—(Zi = 1)
d+2
(51) =X (29— +ZQJ (29 = 1), fori=1,--.d.
The substitution of (50) into (32) yields
)
QX1 ( Z@lxl 1z 1)
d+2 d i
52 -Staw i -n-3%
=1 v

Divide both sides of (51) and (52) by the pre-jump dollar values Q1.X;;_ of the first option.
Then the ratios of the pre-jump dollar values of the options @;X;,- to the dollar value of

the option Q1X;; form the linear system (36).

In order to ensure the Lebesque-almost-everywhere t invertibility of the matrix A in the
linear system (36), we have applied the following proposition from Bjork et al. (1997), which

we reproduce here for the convenience of the reader.
Proposition A.1. Let fi,... far be a set of real-valued functions such that
i. For each 1, the function f; is real-valued analytic.

1. The functions f1,... far are linearly independent.
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For each choice of reals T, ..., Ty, consider the matriz B defined by
(53) B(Ty, ..., Ty) = {fi(T}) }i;-

Then, given any finite interval Iy, Ir| of a positive length, we can choose Ty,..., Ty in
(I, Ir] such that B is invertible. Furthermore, apart from a finite set of points, we can

choose Ty, ..., Ty arbitrarily in [I1, Ir| as long as they are distinct.
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