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ABSTRACT

The Effect of Public Information on Competition and R&D Investment

by Jim Jin and Michael Tröge*

Using a simple method we show that, in contrast to the case of Bertrand and Cournot
competition, better public information about demand reduces the profits of firms playing
a R&D cost reduction game. Welfare increases with the precision of public information
in the Cournot and cost reduction games, but not in the Bertrand game. We conclude
that the provision of public information about demand in the distant future is useful and
necessary in order to promote investment in R&D. Information about demand in the
short term, however, should not be released.

ZUSAMMENFASSUNG

Die Auswirkungen öffentlicher Informationen auf Wettbewerb
und FuE-Investitionen

Mit einer einfachen Methode zeigen wir, daß im Gegensatz zum Bertrand und Cournot
Wettbewerb, genauere öffentlich zugängliche Informationen über zukünftige Nachfrage
die Gewinne von Firmen reduziert, die Forschungsinvestitionen zur Kostensenkung
beabsichtigen. Die Wohlfahrt wird im Falle des Cournot und Forschungswettbewerbs
durch bessere öffentliche Informationen erhöht, aber bei Bertrandwettbewerb verkleinert.
Wir leiten daraus ab, daß die öffentliche Bereitstellung von  Informationen über die
zukünftige Nachfrage nützlich und notwendig ist, wohingegen Informationen die aktuelle
Nachfrage betreffen nicht veröffentlicht werden sollten.

                                               
* We would like to thank Bill Novshek and Xavier Vives for helpful suggestions.



41 Lqwurgxfwlrq

Iurp d jdph wkhruhwlf srlqw ri ylhz lw lv qrw vxusulvlqj wkdw lq jdphv/ xqolnh lq

ghflvlrq sureohpv/ pruh sxeolf lqirupdwlrq pd| qrw eh ehqh�fldo wr wkh sod|huv1

Iru h{dpsoh wklv lv phqwlrqhg lq Srqvvdug +4<:9, dowkrxjk kh frqfhqwudwhv rq

wkh qhjdwlyh ydoxh ri sulydwh lqirupdwlrq1 Lq dssolfdwlrqv/ krzhyhu/ d qhjdwlyh

h�hfw ri sxeolf lqirupdwlrq rq wkh sod|huv kdv uduho| ehhq revhuyhg/ dqg wkhq

olnh lq Vdndl dqg \rvkl}xpl +4<<4,/ lw kdv udwkhu ehhq uhjdughg dv d sdwkrorjlfdo

surshuw| ri wkh prgho1

Lq wklv sdshu zh vkrz wkdw/ rq wkh frqwudu|/ d qhjdwlyh lpsdfw ri sxeolf

lqirupdwlrq rq wkh sod|huv* h{shfwhg sd|r� lv d urexvw h�hfw revhuyhg lq vrph

yhu| frpprq jdphv1 Zh gr wkdw e| suhvhqwlqj d phwkrg e| zklfk wkh ydoxh ri

lqirupdwlrq wr wkh sod|huv fdq eh hdvlo| fkhfnhg iru wkh fodvv ri v|pphwulf jdphv

zlwk txdgudwlf sd|r�v1 Wkhvh lqfoxgh wkh vwdqgdug frpshwlwlrq prghov1 Prvw

lqwhuhvwlqjo|/ zh gr qrw qhhg dq| dvvxpswlrqv derxw wkh glvwulexwlrq ri wkh vljqdo

ru wkh udqgrp sdudphwhu1

Zh ghprqvwudwh rxu phwkrg e| dsso|lqj lw wr wkh fdvh ri sxeolf lqirupd0

wlrq derxw ghpdqg xqfhuwdlqw| lq Frxuqrw dqg Ehuwudqg jdphv dv zhoo dv wr

U)G frpshwlwlrq iroorzhg e| Frxuqrw ru Ehuwudqg jdphv1 Wkh frpprq ghpdqg

vwuxfwxuh ri wkhvh prghov doorzv xv wr hdvlo| ghulyh wkh zhoiduh lpsolfdwlrqv ri

lqirupdwlrq xqghu wkh vdph dvvxpswlrqv1 Zh fdq wkhq frpsduh wkh sulydwh dqg

vrfldo lpsdfw ri sxeolf lqirupdwlrq1

Zh �qg wkdw ehwwhu lqirupdwlrq lqfuhdvhv wkh h{shfwhg sd|r� ri �upv lq sulfh

dqg txdqwlw| frpshwlwlrq/ exw orzhuv wkhlu sur�wv lq d U)G frvw uhgxfwlrq jdph
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lqghshqghqwo| zkhwkhu lw lv iroorzhg e| Frxuqrw ru Ehuwudqg frpshwlwlrq/ dv orqj

dv wkh surgxfwv duh qrw wrr lqghshqghqw1 Vrfldo zhoiduh ghfuhdvhv zlwk ehwwhu

lqirupdwlrq rqo| lq wkh Ehuwudqg jdph dqg ulvhv lq wkh rwkhu fdvhv1 Wkxv lq wkh

Ehuwudqg dqg frvw uhgxfwlrq jdphv/ wkhuh lv d frq lfw ehwzhhq wkh lqwhuhvwv ri wkh

�upv dqg vrflhw| lq froohfwlqj sxeolf lqirupdwlrq1

Frxuqrw dqg Ehuwudqg frpshwlwlrq zlwk ghpdqg xqfhuwdlqw| kdyh ehhq h{whq0

vlyho| vwxglhg lq wkh lqirupdwlrq vkdulqj olwhudwxuh +Qryvkhn dqg Vrqqhqvfkhlq

+4<;5,/ Ylyhv +4<;7,/ Jdo0Ru +4<;8,/ Ol +4<;8,/ Mlq +4<<7,/ Udlwk +4<<:, dqg vrph

ri wkh uhvxowv wkdw zh rewdlq kdyh douhdg| ehhq ghulyhg dv d e|0surgxfw ri wklv olw0

hudwxuh1 Lq sduwlfxodu Ylyhv +4<;7, kdv douhdg| rewdlqhg wkh zhoiduh lpsolfdwlrqv

ri sxeolf lqirupdwlrq lq wkh Ehuwudqg dqg Frxuqrw jdphv iru wkh fdvh ri vljqdov

zlwk qrupdoo| glvwulexwhg qrlvh1

Exw zkhuhdv wkh lqirupdwlrq vkdulqj olwhudwxuh frpsduhv wkh h�hfw ri srrolqj

lqirupdwlrq dqg nhhslqj lqirupdwlrq sulydwh/ zh irfxv khuh h{foxvlyho| rq wkh

h�hfw ri ehwwhu yhuvxv ohvv suhflvh sxeolf lqirupdwlrq1 Zh eholhyh wkdw wklv lv dq

lpsruwdqw lvvxh zklfk kdv ehhq vrphzkdw qhjohfwhg lq wkh olwhudwxuh1 Dv wkh vwdwh

lqwhuihuhv lq pdq| zd|v lq wkh froohfwlrq/ uhohdvh ru glvforvxuh ri lqirupdwlrq/ wkh

h�hfwv ri sxeolf lqirupdwlrq kdyh zlghvsuhdg srolf| lpsolfdwlrqv1

Iru h{dpsoh lq prvw frxqwulhv/ wkh vwdwh gluhfwo| jhqhudwhv lqirupdwlrq wkdw

kdv lpsolfdwlrqv iru ixwxuh ghpdqg/ e| �qdqflqj lqvwlwxwlrqv grlqj hfrqrplf uh0

vhdufk1 Wkh qhfhvvlw| dqg wkh xvhixoqhvv ri wklv dfwlylw| duh riwhq txhvwlrqhg1 Li

zh nqrz wkdw lqirupdwlrq lv vrfldoo| ehqh�fldo/ zh fdq vd| wkdw sxeolf uhvhdufk lv

dw ohdvw qrw xvhohvv1 Exw li wklv lqirupdwlrq lv dw wkh vdph wlph ehqh�fldo iru wkh

�upv/ zh frxog h{shfw wkhp wr irup uhvhdufk frrshudwlrqv dqg gr wklv uhvhdufk
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pruh h!flhqwo| rq wkhlu rzq1 Vwdwh lqwhuyhqwlrq zrxog qrw eh qhfhvvdu|1

Rxu sdshu vkrzv/ wkdw zkhuhdv d jhqhudo frqfoxvlrq derxw xvhixoqhvv dqg

qhfhvvlw| ri sxeolf uhvhdufk fdqqrw eh gudzq/ zh fdq jlyh d txlwh vlpsoh dqg

lqwxlwlyh srolf| dgylfh1

Zh nqrz wkdw wkh vwdwh vkrxog surylgh lqirupdwlrq iru �upv hqjdjhg lq U)G

dfwlylwlhv dv wklv ulvhv wkh zhoiduh dqg wkh �upv wkhpvhoyhv duh qrw lqwhuhvwhg lq

sxeolf lqirupdwlrq1 Krzhyhu surylglqj lqirupdwlrq uhohydqw iru �upv sod|lqj d

Ehuwudqg jdph vkrxog eh dyrlghg1 Wklv fdq hdvlo| eh dfklhyhg e| rqo| surylglqj

lqirupdwlrq derxw wkh hyroxwlrq ri ghpdqg lq wkh orqj uxq1 Dv wkhuh lv d frqvlghu0

deoh wlph odj ehwzhhq wkh U)G ghflvlrqv dqg wkh uhdol}dwlrq ri wkh frvw uhgxfwlrq/

zkhuhdv wkh sulflqj ghflvlrq lv lpphgldwh/ lqirupdwlrq derxw wkh ghpdqg lq wkh

pruh glvwdqw ixwxuh lq xhqfhv wkh U)G ghflvlrqv exw qrw wkh sulfh vhwwlqj lq wkh

vkruw whup1

Qrwh wkdw wklv lv d txlwh xqxvxdo fkdudfwhul}dwlrq ri wkh nlqg ri lqirupdwlrq

wkdw vkrxog eh surylghg1 Qrupdoo| sxeolf surylvlrq ri lqirupdwlrq lv mxvwl�hg e|

wkh dujxphqw wkdw wklv dyrlgv lqh!flhqw gxsolfdwlrq ri uhvhdufk1 Khqfh/ xvxdoo|

idluo| jhqhudo lqirupdwlrqv frqfhuqlqj d pd{lpxp ri �upv duh surylghg e| sxeolf

lqvwlwxwlrqv1 Krzhyhu/ rxu uhvxow vkrzv wkdw lw pd| yhu| zhoo eh lqglvshqvdeoh wr

surylgh lqirupdwlrq frqfhuqlqj rqo| yhu| ihz �upv/ dv orqj dv wkhvh lqirupdwlrqv

frqfhuq wkh orqj uxq1

Wklv frxog eh/ iru h{dpsoh/ sduw ri wkh h{sodqdwlrq iru wkh vxffhvv ri Mdsdqhvh

lqgxvwu|1 Khuh/ wkh idprxv PLWL surylghv orqj whup/ yhu| lqgxvwu| vshfl�f lqiru0

pdwlrq1 Zh vkrzhg wkdw wklv zloo lqfuhdvh wkh lqyhvwphqwv lq frvw uhgxfwlrq dv

zhoo dv sxeolf zhoiduh1
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Dqrwkhu lpsruwdqw vlwxdwlrq zkhuh lqirupdwlrq srolf| sod|v d uroh lv wkh uhohdvh

ri lqirupdwlrq1 Lpdjlqh wkdw wkh vwdwh sodqv d sxeolf rughu/ wkdw lv olnho| wr kdyh

dq lpsruwdqw h�hfw rq wkh ghpdqg1 Vkrxog wklv lqirupdwlrq eh khog edfn/ ru

vkrxog wkh jryhuqphqw pdnh hduo| frpplwphqwv wr d ghflvlrqB

Wkh dgylvh zh fdq jlyh lv wkdw lqirupdwlrq wkdw lv wkrxjkw wr lq xhqfh orqj

whup lqyhvwphqwv lq fdsdflw| ru uhvhdufk vkrxog eh uhohdvhg hduo|/ hyhq li wklv pd|

qrw eh ehqh�fldo wr wkh �upv1 Lqirupdwlrq derxw vkruw whup ghpdqg fkdqjhv

krzhyhu/ wkdw zloo rqo| kdyh h�hfwv rq wkh sulfh vhwwlqj ehkdylru ri wkh �upv

vkrxog eh khog edfn/ dv orqj dv wkh sulfhv duh qrw ghwhuplqhg1

Wkh rujdql}dwlrq ri wkh sdshu lv dv iroorzv1 Lq wkh qh{w vhfwlrq zh suhvhqw wkh

frpprq ihdwxuhv dqg wkh sd|r� ixqfwlrqv ri wkh jdphv zh zdqw wr dqdo|}h1 Dv

wkh fdofxodwlrqv ehfrph txlwh lqyroyhg iru wkh fdvh ri frvw uhgxfwlrq iroorzhg e|

frpshwlwlrq zlwk gl�huhqwldwhg jrrgv zh ghprqvwudwh lq wkh wh{w rqo| wkh vlpsoh

fdvh ri frvw uhgxfwlrq iroorzhg e| txdqwlw| frpshwlwlrq zlwk krprjhqrxv jrrgv1

Krzhyhu/ zh irupxodwh rxu uhvxowv iru wkh jhqhudo fdvh dqg suryh lq wkh dsshq0

gl{ wkdw wkh uhvxowv duh urexvw zlwk uhvshfw wr wkh lqwurgxfwlrq ri gl�huhqwldwhg

surgxfwv dqg sulfh frpshwlwlrq1

Lq wkh 61 vhfwlrq zh lqwurgxfh d jhqhudol}hg sd|r� ixqfwlrq/ vroyh wklv sureohp

dqg ghulyh wkhq wkh h�hfw ri sxeolf lqirupdwlrq rq �upv* sur�w lq wkh vshfldo fdvhv1

Lq wkh 71 vhfwlrq zh ghulyh wkh zhoiduh h�hfwv ri sxeolf lqirupdwlrq dqg lq wkh

odvw vhfwlrq zh frqfoxgh1
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51 Wkh Prgho

Lqirupdwlrqdo vwuxfwxuh= Lw kdv ehfrph vwdqgdug lq wkh lqirupdwlrq vkdu0

lqj olwhudwxuh wr prgho lqirupdwlrq dv d qrlv| vljqdo ri wkh udqgrp sdudphwhu1

Jlyhq wkh �upv* sulru ri wkh sdudphwhuv glvwulexwlrq dqg wkh dvvxpswlrqv derxw

wkh glvwulexwlrq ri wkh qrlvh/ Ed|hvldq xsgdwlqj wkhq jlyhv wkh �up wkh frqglwlrqdo

udqgrp glvwulexwlrq ri wkh ghpdqg lqwhufhsw1

Lw lv qrw qhfhvvdu| wr ghwdlo wklv surfhvv khuh1 Zh zloo mxvw dvvxph wkdw wkh

uhvxow ri wkh �upv xsgdwlqj surfhvv diwhu kdylqj uhfhlyhg lqirupdwlrq lv d fruuhfw

hvwlpdwlrq h@ ri wkh h{shfwdwlrq ri wkh ghpdqg lqwhufhsw l1h1 , E@mh@� ' h@1 Wklv

grhvq*w phdq wkdw wkh h{shfwhg hvwlpdwlrq h@ frqglwlrqdo rq wkh vljqdo ehlqj @

zloo eh htxdo wr @c l1h1 lq jhqhudo zh zloo qrw kdyh , Eh@m@� ' @� Iru vlpsolflw| zh

zloo fdoo h@ wkh vljqdo1

Lw lv hdv| wr vkrz +vhh Dsshqgl{ D, wkdw zlwk wkh deryh gh�qlwlrqv @ dqg h@

kdyh wkh iroorzlqj xvhixo surshuwlhv=

, d@ � h@o ' ,
�h@2� +514,

T @o dE@� h@�o ' ,
�
E@� h@�2

�
' ,

�
@
2
�
�,

�h@2� +515,

Wkh ydoxh ri T @o dE@� h@�o c wkh h{ dqwh h{shfwhg vtxduhg huuru ri wkh rxwfrph

@ diwhu wkh lqirupdwlrq ri wkh vljqdo kdv ehhq wdnhq lqwr dffrxqw/ zloo eh xvhg dv d

phdvxuh ri wkh suhflvlrq ri wkh vljqdo1 D orzhu ydoxh ri T @o dE@� h@�o lv htxlydohqw

wr pruh sxeolf lqirupdwlrq1 Htxdwlrq 515 vkrzv wkdw wkh yduldqfh , dh@2o ri wkh

vljqdo h@ lqfuhdvhv zlwk lwv suhflvlrq/ exw zloo dozd|v eh orzhu wkdq wkh yduldqfh ri
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wkh sdudphwhu @c xqohvv wkh vljqdo lv shuihfw1

Qrwh wkdw zh gr qrw dvvxph wkdw doo vljqdov duh htxdoo| lqirupdwlyh1 Diwhu

kdylqj uhfhlyhg fhuwdlq vljqdov wkh vtxduhg huuru ri wkh rxwfrph pd| hyhq lqfuhdvh1

Exw iurp htxdwlrq 515 lw fdq eh vhhq wkdw wklv fdqqrw eh wkh fdvh iru doo vljqdov1

Dv orqj dv wkh vljqdo kdv dq| lqirupdwlrqdo frqwhqw/ h{ dqwh wkh h{shfwhg uhvlgxdo

yduldqfh ghfuhdvhv1

Wkh Ghpdqg Vwuxfwxuh= Zh zloo xvh d frpprq vwuxfwxuh iru wkh ghpdqg

iru wkh gl�huhqwldwhg jrrgv lq rxu wkuhh h{dpsohv1 Dv zh zdqw wr fdofxodwh wkh

frqvxphuv* vxusoxv zlwk gl�huhqwldwhg surgxfwv/ zh dvvxph wkdw wkh frqvxphuv*

xwlolw| ixqfwlrq kdv wkh irup=

LE^fc ^�c ^2� ' ^f n @ E^� n ^2��
�

2

�
K^2

�
n 2_^�^2 n K^2

2

�
+516,

zlwk @ : f/ K : m_m � f� Khuh ^f ghvljqv wkh qxphudluh jrrg/ zkrvh sulfh lv

qrupdol}hg wr 4/ dqg ^� dqg ^2 duh wkh txdqwlwlhv ri jrrg 4 dqg 5 frqvxphg1 Iru

K ' _ wkh jrrgv duh krprjhqrxv/ iru _ : fc vxevwlwxwhv/ iru _ 	 fc frpsohphqwv1

Zh dvvxph wkdw frqvxphuv* lqfrph lv vx!flhqwo| kljk/ vr wkdw wkh pdujlqdo xwlolw|

ri wkh qxphudluh jrrg fdq eh wuhdwhg dv frqvwdqw1 Wkhuhiruh/ wkh lqyhuvh ghpdqg

ixqfwlrq fdq eh ghulyhg e| pd{lpl}lqj wkh frqvxphuv* vxusoxv=

R� ' @� K^� � _^� +517,

:



Iru K 9' _ zh fdq lqyhuw wkh v|vwhp dqg rewdlq wkh ghpdqg ixqfwlrq

^� ' k � qR� n BR�c +518,

zkhuh k ' @* EKn _�/ q ' K* EK2 � _
2�/ B ' _* EK2 � _

2� �

H{dpsohv= Sulfh Frpshwlwlrq

Zh dvvxph wkdw erwk �upv surgxfh dw wkh frqvwdqw pdujlqdo frvw Sf� Lq d

Ehuwudqg jdph wkh sod|huv ghflgh derxw wkh sulfhv R�/ wkh txdqwlwlhv surgxfhg

dqg vrog duh wkhq ghwhuplqhg e| wkh rxwfrph ri wkh udqgrp yduldeoh1 Wkh sd|r�

dv d ixqfwlrq ri wkh sod|huv* dfwlrq yduldeohv dqg wkh uhdol}dwlrq ri wkh udqgrp

yduldeoh fdq eh zulwwhq dv=

Z
�

�
ER�c R� c @� ' ER� � Sf� Ek � qR� n BR�� +519,

' �Sfk n Ekn Sfq� R� � qR2
�
n BR�R� � SfBR�

Txdqwlw| Frpshwlwlrq

Khuh wkh sod|huv ghflgh derxw wkh txdqwlwlhv wkh| surgxfh/ exw wkh sulfh gh0

shqgv rq wkh udqgrp ghpdqg1 Wkh sd|r� ixqfwlrq lq wklv fdvh lv

Z
�

�
E^�c ^� c @� ' ^� E@� K^� � _^� � Sf� +51:,

' E@� Sf� ^� � _^�^� � K^2� +51;,

Frvw Uhgxfwlrq Jdphv

;



Zh frqvlghu d vlpsoh wzr vwdjh surfhvv lqqrydwlrq jdph lq wkh wudglwlrq ri

g*Dvsuhprqw dqg Mdtxhplq ^<` +4<;;,1

Lq wkh �uvw vwdjh �upv uhfhlyh d vljqdo ri wkh vhfrqg shulrg*v ghpdqg1 Edvhg

rq wkdw lqirupdwlrq wkh| kdyh wr ghflgh rq krz pxfk wkh| zdqw wr lqyhvw lq U )

G lq rughu wr ghfuhdvh wkhlu pdujlqdo frvw ri surgxflqj lq wkh vhfrqg shulrg1

Wkhq lq wkh vhfrqg shulrg wkh ghpdqg ixqfwlrq ehfrphv nqrzq/ dqg wkh

�up*v sur�w lv uhdol}hg dv wkh rxwfrph ri d vwdqgdug frpshwlwlrq prgho/ jlyhq

wkh pdujlqdo frvwv ghwhuplqhg lq wkh �uvw shulrg1 Xvxdoo| txdqwlw| frpshwlwlrq

zlwk krprjhqrxv surgxfwv lv xvhg dv hqgvwdjh ri wkh jdph/ exw wkhuh duh qr

sulqflsdo gl!fxowlhv lq xvlqj gl�huhqwldwhg jrrgv dqg sulfh frpshwlwlrq1 Zh zloo

rewdlq uhvxowv iru txdqwlw| dv zhoo dv sulfh frpshwlwlrq fdvh1 Dv wkh fdofxodwlrqv

ehfrph txlwh lqyroyhg krzhyhu zh zloo ghprqvwudwh rxu dssurdfk lq wkh wh{w rqo|

iru fdvh ri krprjhqrxv surgxfwv dqg txdqwlw| frpshwlwlrq1 Wkh surriv iru sulfh

frpshwlwlrq dqg gl�huhqwldwhg surgxfwv fdq eh irxqg lq wkh dsshqgl{1

Wkh uhvhdufk dqg surgxfwlrq whfkqrorj|=

Ilupv surgxfh lqlwldoo| zlwk d frqvwdqw pdujlqdo frvw ri Sf� Lqyhvwlqj
�

2
�+

2

�
lq

surfhvv lqqrydwlrq wkh| duh deoh wr uhgxfh wklv frvw e| +�� Wkh frqyh{ ixqfwlrq

uh hfwv wkh glplqlvklqj uhwxuqv ri wkh U ) G whfkqrorj|1 Wr lqvxuh wkh h{lvwhqfh

ri dq lqwhulru vroxwlrq zh kdyh wr pdnh wkh xvxdo dvvxpswlrq=

� :
H

bK
� +51<,

Sd|r� ixqfwlrq=

Zh zdqw wr fdofxodwh wkh vxejdph shuihfw htxloleuld ri wklv jdph e| edfn0

<



zdugv lqgxfwlrq1 Lq wkh vhfrqg vwdjh/ wkh ghpdqg ixqfwlrq lv nqrzq1 Vroylqj wkh

Frxuqrw jdph zlwk pdujlqdo frvwv ri S� ' Sf�+� jlyhv xv wkh �upv* sur�wv lq wkh

odvw shulrg1 Vxewudfwlqj wkh �uvw shulrgv U)G h{shqglwxuhv iurp wklv sur�w zloo

jlyh xv wkh qhw sur�w ri wkh �up/ ghshqglqj rq wkh fkrlfh ri U)G lqwhqvlw| dqg

wkh uhdol}dwlrq ri wkh udqgrp hyhqw=

Z
-:(
� E+�c +�c @� '

�

bK
E@� Sf n 2+� � +��

2
�

�

2
�+

2

�
+5143,

'

�

bK
E@� Sf�

2 n
e

bK
E@� Sf�

�
+� �

�

2
+�

�

�

e

bK
+�+� n

�
e

bK
�

�

2
�

�
+2

�
n

�

bK
+2�

61 Htxloleulxp

Lqvwhdg ri vroylqj wkhvh wkuhh sureohpv vhsdudwho| zh zloo �qg d vroxwlrq ri wkh

iroorzlqj jhqhudol}hg irup=

Z� E%�c %� c @� ' I E@� n J E@� E%� n�%�� n�%� n �%�%� �(%2
�
�.%

2

� +614,

I pd| eh dq duelwudu| ixqfwlrq exw J kdv wr eh ri wkh irup J E@� ' M ng � @c vr

wkdw , dJ E@�o ' J E, d@o� dqg wkh fdofxodwlrq uxohv 514 dqg 515 vwloo krog iru J E@�1

�c �c �c (c .c Mc dqg g duh frqvwdqwv1 Lq rughu wr jhw d xqltxh lqwhulru vroxwlrq

zh kdyh wr dvvxph wkdw ( : fc dqg � 9' 2(�

Wkh sd|r� ixqfwlrq ri wkh Ehuwudqg jdph fdq eh rewdlqhg e| vhwwlqj=
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I E@� ' 3_@

Kne
c J E@� ' @

Kne
n _q � ' fc � ' �SfBc

� ' Bc ( ' qc . ' fc

Lq wkh Frxuqrw fdvh zh kdyh=

I E@� ' f J E@� ' @� Sf � ' fc � ' f

� ' �_c ( ' K . ' f

Li zh vhw

I E@� ' �

bK
E@� Sf�

2
c J E@� ' e

bK
E@� Sf� c � ' ��

2
c � ' fc

� ' � e

bK
c ( '

�

2
� � e

bK
c . ' � �

bK
c

zh rewdlq wkh frvw uhgxfwlrq jdph1

Vroxwlrq ri wkh jhqhudo irup= Wkh vljqdo lv uhfhlyhg ehiruh wkh dfwlrq lv

wdnhq/ vr wkh sod|huv* vwudwhjlhv frqglwlrqhg rq rewdlqlqj wkh vljqdo h@ duh fkrvhq

wr pd{lpl}h wkh h{shfwhg sd|r�

4@ 
%�

, EZ� E%�c %� c @� mh@�

' 4@ 
%�

] �
I E@�n J E@� E%� n�%�� n�%� n �%�%� �(%

2

�
� .%

2

�

�
_8 E@mh@� �

Zh fdq ghulyh xqghu wkh lqwhjudo dqg rewdlq iru wkh uhdfwlrq fxuyh ri sod|hu l=

J Eh@�n �%� � 2(%� ' f
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Zh vhh wkdw iru � : f wkh ghflvlrqv duh vwudwhjlf vxevwlwxwhv/ lq wkh rwkhu fdvh

wkh| duh vwudwhjlf frpsohphqwv1

Dv zh kdyh dvvxphg � 9' �2( zh fdq vroyh iru wkh htxloleulxp dfwlrq= �

%
W

�
Eh@� '

J Eh@�

2( � �
+615,

Uhlqvhuwlqj wklv lqwr htxdwlrq 614/ wdnlqj wkh h{shfwhg ydoxh zlwk uhvshfw wr @

dqg h@ dqg dsso|lqj wkh fdofxodwlrq uxohv 514 dqg 515/ zh rewdlq iru wkh h{ dqwh

h{shfwhg sur�w=

, EZ� E%� Eh@� c %� Eh@� c @��

' ,

%
I E@� n J E@�

J Eh@�

2( � �
E� n�� n E� �( �.�

�
J Eh@�

2( ��

�
2
&

' , dI E@�o n

�
E2�n ��( � . ���

E2( � ��2

� �
,
�
J E@�2

�
�g

2
� T @o d@� h@o

�

Li wkh suhflvlrq ri wkh lqirupdwlrq ulvhv/ T @o d@� h@o ghfuhdvhv1 Wklv lqfuhdvhv wkh

h{shfwhg sd|r� l� wkh idfwru ri wkh uljkw kdqg whup lv srvlwlyh1

Khqfh zh kdyh suryhg wkh iroorzlqj

Sursrvlwlrq 6141 Wkh sod|huv* h{shfwhg sd|r� lqfuhdvhv zlwk ehwwhu lqirupdwlrq

l�=

E2�n ��( � . ��� : f +616,

Rwkhuzlvh lqfuhdvhg suhflvlrq ri lqirupdwlrq kdv d qhjdwlyh h�hfw rq wkh sd|r�1

Lq wkh prvw fdvhv lw lv yhu| hdv| wr hydoxdwh h{suhvvlrq 616 iru frqfuhwh jdphv1

Iru wkh Ehuwudqg jdph/ dv � ' fc ( ' q dqg � ' Bc wkh lqhtxdolw| 616 uhgxfhv
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wr q : B� Wklv krogv dozd|v/ dv zlwk gl�huhqwldwhg jrrgv/ ghpdqg uhdfwv ohvv wr

wkh frpshwlwruv* sulfh wkdq wr wkh rzq sulfh1

Iru wkh Frxuqrw jdph dv � ' . ' fc wkh lqhtxdolw| 616 uhgxfhv wr K : f�

Vr lq erwk fdvhv/ pruh lqirupdwlrq kdv d ehqh�fldo h�hfw rq wkh �upv1 Zh fdq

vxppdul}h wkhvh uhvxowv lq wkh iroorzlqj

Fruroodu| 6151 Wkh �upv* h{shfwhg sur�w lqfuhdvhv zlwk wkh suhflvlrq ri lqiru0

pdwlrq lq wkh Ehuwudqg dqg Frxuqrw jdphv/

Wkhvh uhvxowv duh lq olqh zlwk lqwxlwlrq1 Pruh lqwhuhvwlqj lv wkh dqdo|vlv ri wkh

U)G jdph1 Wkh Frxuqrw fdvh zlwk krprjhqrxv surgxfwv lv vwudljkwiruzdug1 Dv

zh kdyh E2�n �� ' fc wkh lqhtxdolw| 616 uhgxfhv wr =

�. ��� ' �
�

bK
: fc +617,

zklfk fdq qhyhu eh wuxh1 Lq wkh Dsshqgl{ E15 dqg F15 zh vkrz wkdw wkh vdph

krogv iru gl�huhqwldwhg surgxfwv dqg Ehuwudqg frpshwlwlrq lq wkh vhfrqg vwdjh1

Wkxv zh nqrz wkdw=

Fruroodu| 6161 Lq wkh fdvh ri U)G frpshwlwlrq iroorzhg e| Frxuqrw ru Ehuwudqg

frpshwlwlrq wkh �upv sur�w ghfuhdvhv zlwk ehwwhu lqirupdwlrq li wkh surgxfwv duh

qrw wrr lqghshqghqw1

Wklv uhvxow pd| vhhp frxqwhu lqwxlwlyh1 Ilupv zrxog suhihu wr vwd| erwk xqlq0

iruphg udwkhu wkdq wr nqrz pruh suhflvho| zkdw pdunhw wkh| duh idflqj1 Exw lq

idfw lw lv qrw uhdoo| vxusulvlqj wkdw zlwk pruh lqirupdwlrq/ frpshwlwlrq ehfrphv

vwurqjhu dqg wkh �upv* sur�wv ghfolqh1 Vhhq iurp wkdw srlqw ri ylhz/ lw lv udwkhu
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dvwrqlvklqj wkdw wklv grhv qrw kdsshq hlwkhu lq wkh Frxuqrw ru lq wkh Ehuwudqg

fdvh1

Lw lv fohdu wkdw iru yhu| zhdn vxevwlwxwhv wkh ydoxh ri lqirupdwlrq kdv wr ehfrph

srvlwlyh iru wkh Frxuqrw dv zhoo dv iru wkh Ehuwudqg fdvhv1 Zkhq _ dssurdfkhv }hur

zh zloo eh lq wkh prqrsrolvwlf fdvh1 Wkh jdph zloo wxuq lqwr d ghflvlrq sureohp/

zkhuh pruh lqirupdwlrq dozd|v kdv srvlwlyh h�hfwv rq wkh sod|huv* sur�w1

Rxu irupxod jlyhv xv dovr wkh uhvxowv iru qhjdwlyh _/ wkdw lv iru frpsohphqwdu|

jrrgv1 Dv wklv fdvh lv suredeo| qrw yhu| uhohydqw iru srolf| lpsolfdwlrqv zh zloo

mxvw vxppdul}h wkh uhvxowv= Lqirupdwlrq lv dozd|v srvlwlyh lq Frxuqrw frpshwlwlrq1

Lq wkh fdvh ri Ehuwudqg frpshwlwlrq wkh uhvxowv duh dpeljxrxv1 Lqirupdwlrq fdq

eh qhjdwlyh iru yhu| frpsohphqwdu| jrrgv h1j1 iru _ forvh wr �K�

Lw lv qrw hdv| wr jhw dq lqwxlwlrq iru zk| pruh lqirupdwlrq pd| d�hfw sd|r�v

qhjdwlyho|1 Rqh frxog vxssrvh wkdw wklv kdv vrphwklqj wr gr zlwk wkh uhdfwlrqv

ri wkh dfwruv ehlqj vwudwhjlf frpsohphqwv ru vxevwlwxwhv/ exw dv wkh h{dpsohv

ri Ehuwudqg dqg Frxuqrw frpshwlwlrq vkrz wkh ydoxh ri sxeolf lqirupdwlrq lv

lqghshqghqw ri wklv surshuw|1 Wkh pdwkhpdwlfdo uhdvrq lv wkdw wkh sod|huv* sd|r�v

ehfrph pruh frqfdyh lq @c zkhq wkh sod|huv uhdfw wr lqirupdwlrq1 Vr hyhq li wkh

delolw| wr uhdfw pd| lqfuhdvh wkh sod|huv* sd|r� iru vrph vljqdov/ h{ dqwh/ ehwwhu

vljqdov orzhu wkh h{shfwhg rxwfrph1 Wkh hfrqrplf h{sodqdwlrqv ri wklv h�hfw/

krzhyhu/ pd| eh yhu| gl�huhqw1

Vrph hvshfldoo| vlpsoh fdvhv pd| khos wr ghyhors dq lqwxlwlrq1

D ghflvlrq sureohp zlwk frqyh{ h{whuqdolwlhv=

Li lq 614 zh vhw I E@� ' fc J E@� ' @ dqg � ' � ' � ' f/ wkh sd|r� ixqfwlrq

kdv wkh irup

47



Z� E%�c %�c @� ' @%� �(%
2

�
�.%

2

�

dqg lqhtxdolw| 616 ehfrphv . 	 �� Lq wklv jdph wkh sod|huv* uhdfwlrq fxuyhv

duh frqvwdqw/ wkdw lv zh qrz kdyh d ghflvlrq sureohp zlwk frqyh{ h{whuqdolwlhv

ri rqh sod|hu*v ghflvlrq rq wkh rwkhu*v sd|r�1 Reylrxvo| pruh lqirupdwlrq iru

rqh sod|hu lqfuhdvhv klv uhdfwlrqv dqg ghfuhdvhv wkh h{shfwhg ydoxh ri wkh rwkhu

sod|hu*v sd|r�1 Li . : � wklv h�hfw lv eljjhu wkdq wkh h{shfwhg jdlq iurp ehlqj

deoh wr ehwwhu suhglfw wkh rxwfrph1

D whdp sureohp=

Vhwwlqj I E@� ' fc J E@� ' @c � ' � dqg � ' . ' f zh rewdlq

Z� E%�c %� c @� ' @ E%� n %�� n �%�%� �(%2
�
�

Wklv lv fdq eh lqwhusuhwhg dv wkh sd|r� ixqfwlrq ri d whdp sureohp1 Wzr djhqwv

sulydwho| lqyhvw wkh h�ruw % lq wkh udqgrp surgxfwlrq ixqfwlrq � E%�c%�� '

2@ E%� n %��n2�%�%� dqg vkduh wkh sur�wv htxdoo|1 Wkh whup�(%2
�
uhsuhvhqwv wkh

lqfuhdvlqj pdujlqdo glvxwlolw| ri h�ruw1 Htxdwlrq 616 qrz kdv wkh irup �( : ��

Vr li wkh dfwlrqv duh vwurqjo| frpsohphqwdu|/ wkdw lv zkhq � lv elj hqrxjk/ ohvv lq0

irupdwlrq pd| lqfuhdvh wkh sd|r�v1 Lq idfw khuh wkh odfn ri lqirupdwlrq khosv wkh

sod|huv wr dwwdlq Sduhwr vxshulru rxwfrphv/ rq zklfk wkh| zrxog qrw kdyh ehhq

deoh wr frruglqdwh xqghu ixoo lqirupdwlrq/ ehfdxvh wkh| duh qrw Qdvk htxloleuld1
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71 Zhoiduh

Wkh zhoiduh lpsolfdwlrqv ri sxeolf lqirupdwlrq rq Ehuwudqg dqg Frxuqrw jdphv

kdyh ehhq ghulyhg e| Ylyhv +4<;7,/ dvvxplqj d udqgrp vljqdo zlwk qrupdo glvwul0

exwlrq1 Wkhvh uhvxowv duh vwloo ydolg lq rxu iudphzrun=

Sursrvlwlrq 7141 Ehwwhu lqirupdwlrq lqfuhdvhv zhoiduh lq wkh fdvh ri Frxuqrw/

exw ghfuhdvhv wkh zhoiduh lq Ehuwudqg frpshwlwlrq1

Surri1 Dv zh kdyh dvvxphg wkh pdujlqdo xwlolw| ri wkh qxphudluh jrrg iru wkh

frqvxphu wr eh frqvwdqw/ zh fdq fdofxodwh wkh vrfldo zhoiduh e| vxewudfwlqj wkh

surgxfwlrq frvwv iurp wkh frqvxphuv vxusoxv1

Ehuwudqg Frpshwlwlrq=

Lqvhuwlqj wkh Ehuwudqg sdudphwhuv lq 615 zh rewdlq wkh sulfh/ wkh �upv fkrrvh

diwhu kdylqj uhfhlyhg wkh vljqdo=

R� '

hk n Sfq

E2q � ��

Soxjjlqj wklv lq wkh ghpdqg ixqfwlrq 518 zh rewdlq txdqwlwlhv vrog1 Wkh|

ghshqg rq wkh vljqdo hk ' h@

Kn_
dv zhoo dv rq wkh dfwxdo rxwfrph @=

^� ' kn E� � q�
hkn Sfq

E2q � ��

'
@

Kn _
� h@

K� _

Kn _
�

SfK

EKn _� E2K� _�

Zh fdq qrz fdofxodwh wkh h{shfwhg vrfldo zhoiduh dv wkh vxp ri wkh frqvxphuv

vxusoxv dqg wkh �upv* sur�wv1 Dv wkh prqhwdu| wudqvihu ^f ehwzhhq frqvxphuv
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dqg �upv fdqfhov rxw/ lw vx!fhv wr lqvhuw wkh txdqwlwlhv lq wkh qhw xwlolw| ixqfwlrq

516 dqg vxewudfw wkh surgxfwlrq frvwv 2Sf^1 Zh duh qrw lqwhuhvwhg lq wkh devroxwh

ydoxh ri xwlolw|/ exw rqo| zdqw wr nqrz krz lw fkdqjhv zlwk wkh suhflvlrq ri wkh

vljqdo1 Dv rqo| wkh whupv zlwk d idfwru @hk ru hk2
ghshqg rq wkh suhflvlrq ri wkh

vljqdo zh fdq vxppdul}h wkh rwkhu whupv lq d frqvwdqw N�

, dL E^fc ^�c ^2� n ^f � 2Sf^o

' ,

�
2 E@� Sf� ^ �

�

2
E2Kn 2_�^2

�

' ,

�
�

Kn _

�
�2@h@ EK� _� n 2@h@ EK� _�� Eh@ EK� _��2

��
nN

' �
EK� _�2

Kn _
,

�h@2�nN

'
EK� _�2

Kn _
T @o d@� h@o nN�

Wkh idfwru ri T @o d@� h@o lv srvlwlyh1 Vr lqfuhdvlqj wkh yduldqfh ri wkh vljqdo

lqfuhdvhv vrfldo zhoiduh/ khqfh orzhu yduldqfh l1h1 ehwwhu lqirupdwlrq ghfuhdvhv

zhoiduh1

Frxuqrw Frpshwlwlrq

Wklv lv vrphzkdw hdvlhu wr dqdo|}h/ dv khuh zh fdq soxj lq wkh htxloleulxp

txdqwlwlhv

^� '

h@� Sf

2Kn _

gluhfwo| lq wkh xwlolw| ixqfwlrq dqg rewdlq=

, dL E^�c ^2c ^f� n ^f � 2Sf^o ' ,

%
2 E@� Sf�

�h@� Sf

2Kn _

�
� EKn _�

�h@� Sf

2Kn _

�
2
&
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' �

�Kn _

E2Kn _�2
T @o d@� h@o nN�

Wkh idfwru lv qhjdwlyh wklv wlph/ vr zhoiduh lqfuhdvhv zlwk ghfuhdvlqj T @o d@� h@o �

Lq idfw wkh zhoiduh h�hfwv ri sxeolf lqirupdwlrq lq wkh Ehuwudqg dqg Frxuqrw

frpshwlwlrq duh qrw uhdoo| fdxvhg e| wkh vwudwhjlf lqwhudfwlrq ri wkh sod|huv1 Vhw0

wlqj _ ' f vkrzv wkdw lqirupdwlrq zrxog kdyh wkh vdph zhoiduh h�hfwv lq d sulfh ru

txdqwlw| vhwwlqj prqrsro|1 Zlwk lqfuhdvlqj vxevwlwxwdelolw| l1h1 iru _ dssurdfk0

lqj K iurp ehorz/ lqirupdwlrq ehfrphv pruh srvlwlyh1 Lq wkh Ehuwudqg fdvh iru _

forvh wr K wkh qhjdwlyh lpsdfw ri lqirupdwlrq glvdsshduv1 Wklv lv zkdw zh zrxog

kdyh h{shfwhg1 Iru Ehuwudqg frpshwlwlrq zlwk krprjhqrxv surgxfwv dqg lghq0

wlfdo �upv/ wkh sulfhv htxdo wkh pdujlqdo frvwv dqg duh wkhuhiruh lqghshqghqw ri

wkh ghpdqg1 Wkxv lqirupdwlrq derxw ghpdqg zloo qrw kdyh dq lq xhqfh rq wkh

pdunhw rxwfrph1

Wkh qh{w sursrvlwlrq vxppdul}hv rxu zhoiduh uhvxowv lq wkh frvw uhgxfwlrq

jdphv1

Sursrvlwlrq 7151 Ehwwhu lqirupdwlrq lqfuhdvhv zhoiduh lq d frvw uhgxfwlrq jdph

iroorzhg e| Frxuqrw ru Ehuwudqg frpshwlwlrq1

Surri1

Zh zloo djdlq rqo| jr wkurxjk wkh fdvh ri txdqwlw| frpshwlwlrq zlwk krprjh0

qrxv surgxfwv dqg uhihu wkh uhdghu wr wkh Dsshqgl{ E16 dqg F16 iru wkh rwkhu

fdvhv1
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Wkh htxloleulxp dfwlrq/ l1h1 wkh ohyho ri frvw uhgxfwlrq fkrvhq e| wkh �upv/ lv=

+ '
e Eh@� Sf�

b�K� e

Zlwk pdujlqdo frvwv ri Sf � + / wkh Frxuqrw txdqwlwlhv surgxfhg duh

^� '

@� Sf n +

�K

Dv zh zdqw wr hydoxdwh vrfldo zhoiduh/ zh dovr kdyh wr vxewudfw wkh frvw uhgxf0

wlrq lqyhvwphqw ri erwk �upv �+2 iurp wkh jhqhudwhg vxusoxv=

,
�
L E^fc ^�c ^2�n ^f � ESf � +� E^� n ^2�� �+

2
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e

bK
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e

bK
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e Eh@� Sf�

b�K� e
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e Eh@� Sf�

b�K� e

�
2
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'

�
bK� � e

bK Eb�K� e�2

�
�S �,

�h@2�n L
Iurp dvvxpswlrq 51< zh nqrz wkdw � : H*bK/ khqfh wkh idfwru lv dozd|v

srvlwlyh1

Lw lv hdv| wr jlyh dq hfrqrplf lqwxlwlrq iru wklv uhvxow= Ehwwhu nqrzohgjh ri

wkh ixwxuh ohdgv wr d pruh dssursuldwh lqyhvwphqw lq frvw uhgxfwlrq ri erwk �upv/

zklfk lq wxuq lqfuhdvhv wkh lqwhqvlw| ri frpshwlwlrq1 Qrwh krzhyhu wkdw wkh vdph

nlqg ri lqwxlwlrq glg qrw dsso| wr wkh vlpsoh Frxuqrw dqg Ehuwudqg jdphv1
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81 Frqfoxglqj uhpdunv

Zkhuhdv ehwwhu lqirupdwlrq dozd|v lqfuhdvhv wkh sur�w ri �upv sod|lqj d vwdqgdug

frpshwlwlrq jdph zh kdyh vkrzq wkdw lq d frvw uhgxfwlrq jdph ehwwhu lqirupdwlrq

lv ghwulphqwdo wr �upv* sur�wv1 Krzhyhu zhoiduh lv vwloo lqfuhdvhg e| ehwwhu lqiru0

pdwlrq1 Uhpdundeo| wkh uhvxowv gr qrw ghshqg rq dq| glvwulexwlrqdo dvvxpswlrqv

qru rq wkh vshfl�fdwlrq ri wkh frpshwlwlrq prgho fkrvhq lq wkh vhfrqg vwdjh ri

wkh frvw uhgxfwlrq jdph1 Wkxv zh fdq fodlp rxu srolf| uhfrpphqgdwlrqv wr eh

txlwh jhqhudo1 Ri frxuvh wkh qrwlrq ri vkruw dqg orqj whup vwloo ghshqgv yhu| pxfk

rq wkh vshfl�f vlwxdwlrq rqh lv orrnlqj dw1 Lq vrph lqgxvwulhv frvw uhgxfwlrq pd|

hvvhqwldoo| frqvlvw lq ex|lqj ehwwhu pdfklqhu| dqg wkhuhiruh eh dfklhyhg yhu| idvw/

zkhuhdv iru h{dpsoh lq wkh fkhplfdo lqgxvwu| wkhuh lv gh�qlwho| d kxjh wlph odj

ehwzhhq wkh ghflvlrq wr lqqrydwh d surgxfwlrq surfhvv dqg wkh ehjlqqlqj ri wkh

surgxfwlrq1

Zh kdyh frqfhqwudwhg rxu dwwhqwlrq lq wklv sdshu rq wkh lqfhqwlyhv ri �upv

wr frpprqo| dftxluh lqirupdwlrq dqg qrw frqvlghuhg wkh srvvlelolw| ri sulydwh

lqirupdwlrq dftxlvlwlrq1 Rxu dujxphqw iru wkh sxeolf surylvlrq ri orqj whup lq0

irupdwlrq uholhv rq wkh dvvxpswlrq wkdw wkh dftxlvlwlrq ri sulydwh lqirupdwlrq lv

lqvx!flhqw ru lqh!flhqw1 Wkh frpsohwh dqdo|vlv ri wkh �upv* lqfhqwlyhv wr dftxluh

sulydwh lqirupdwlrq lv eh|rqg wkh vfrsh ri wklv sdshu1 Krzhyhu/ zh nqrz iurp

Srqvvdug +4<:9, wkdw wkh| duh qrw dozd|v srvlwlyh1 Wkh idfw wkdw d frpshwlwru

nqrzv wkdw d �up kdv sulydwh lqirupdwlrq pd| ohdg wr d orzhu sur�w iru wklv �up1

Wklv vxjjhvwv wkdw wkh lqfhqwlyhv pd| vrphwlphv eh lqvx!flhqw1

Exw wkhuh lv dovr d vlpsohu zd| wr frpsohwh wkh dujxphqw mxvwli|lqj wkh sxeolf
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surylvlrq ri lqirupdwlrq1 Lw lv qrw xquhdvrqdeoh wr dvvxph wkdw wkh pdunhw uh0

vhdufk whfkqrorjlhv ri wkh �upv surgxfh kljko| fruuhodwhg vljqdov1 Wkhq sdudooho

dftxlvlwlrq ri sulydwh lqirupdwlrq lv gh�qlwho| lqh!flhqw1 Dv zh kdyh vkrzq wkh

�upv fdqqrw eh h{shfwhg wr irup uhvhdufk frrshudwlrqv/ vr rqo| wkh vwdwh fdq

h!flhqwo| surylgh lqirupdwlrq

Lq wklv sdshu/ zh kdyh uhvwulfwhg rxuvhoyhv wr wkh dqdo|vlv ri lqirupdwlrq zlwk

uhvshfw wr ghpdqg xqfhuwdlqw|1 Wkh jhqhudol}dwlrq wr rwkhu udqgrp yduldeohv wkdw

frpprqo| d�hfw wkh sod|huv lv vwudljkwiruzdug1 Xvlqj lqhtxdolw| 616/ lw lv yhu| hdv|

wr vhh wkdw lqirupdwlrq derxw frpprq frvw vkrfnv lv srvlwlyh iru �upv hqjdjhg

lq Ehuwudqg ru Frxuqrw frpshwlwlrq1 D zhoiduh dqdo|vlv vkrzv wkdw/ dqdorjrxv

wr wkh ghpdqg fdvh/ lqirupdwlrq derxw frvw lv ghwulphqwdo iru vrfldo zhoiduh lq

Ehuwudqg frpshwlwlrq1 Wklv pljkw eh dq h{sodqdwlrq zk| fhqwudo edqnv duh vr

vhfuhwlyh derxw wkh uh�qdqflqj lqwhuhvw udwh wkdw wkh| duh jrlqj wr r�hu wr edqnv1

Ri frxuvh rxu phwkrg fdq dovr eh xvhg wr whvw wkh lpsdfw ri sxeolf lqirupdwlrq

lq rwkhu v|pphwulf jdphv zlwk txdgudwlf sd|r�1 Lw pd| uhdvvxuh wkh uhdghu wkdw

lq prvw ri wkh fdvhv zh kdyh dqdo|}hg lqirupdwlrq vhhpv wr kdyh d srvlwlyh h�hfw1
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Dsshqgl{

D1 Surri ri htxdwlrqv 514 dqg 515

Ohw s E@ch@� eh wkh ghqvlw| ixqfwlrq ri wkh mrlqw suredelolw| glvwulexwlrq ri @ dqg h@�

Wkh pdujlqdo glvwulexwlrq hs Eh@� ri d fdq wkhq eh fdofxodwhg dv hs Eh@� '
U
s E@ch@� _@

dqg wkh ghqvlw| ri @ frqglwlrqdo rq h@ lv s E@mh@� ' s E@ch@� * hs Eh@�1 Wkh dvvxpswlrq

, E@mh@� ' h@ wudqvodwhv lqwr
U
@s E@mh@� _@ '

U
@s E@ch@� _@* hs Eh@� ' h@�

Lq rughu wr vkrz htxdwlrq 514 zh zulwh=

, d@ � h@o '

]]
@h@s E@ch@� _@_h@

'

] h@�] @s E@ch@� _@� _h@
'

] h@2 hs Eh@� _h@

' ,
�h@2�

Htxdwlrq 515 fdq wkh eh suryhg dv iroorzv=

T @o dE@� h@�o ' ,
�
E@� h@�2

�
� d, E@� h@�o2

' ,
�
@
2
� 2@h@n h@

2
�

' ,
�
@
2
�
� 2, d@ � h@o n,

�h@2�

' ,
�
@
2
�
�,

�h@2�
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E1 Frvw uhgxfwlrq iroorzhg e| txdqwlw| frpshwlwlrq zlwk

gl�huhqwldwhg surgxfwv

E141 Sd|r� Ixqfwlrq

Vroylqj wkh Frxuqrw jdph zlwk gl�huhqwldwhg surgxfwv dqg zlwk pdujlqdo frvwv ri

S� ' Sf � +� dqg vxewudfwlqj wkh �uvw shulrgv U)G h{shqglwxuhv jlyhv xv wkh qhw

sur�w ri wkh �up/ ghshqglqj rq wkh fkrlfh ri U)G lqwhqvlw| dqg wkh uhdol}dwlrq

ri wkh udqgrp hyhqw=

Z
-:(n�
� E+�c +� c @� ' K

�
E2K� _� E@� Sf�n 2K+� � _+�

eK2 � _2

�
2

�

�

2
�+2

�

' K

�
E2K� _� E@� Sf�

eK2 � _2

�
2

n eK2
E2K� _� E@� Sf�

EeK2 � _2�2

�
+� �

_

2K
+�

�

�

eK
2_

EeK2 � _2�2
+�+� n

�
eK�

EeK2 � _2�2
�

�

2
�

�
+
2

�
n

K_2

EeK2 � _2�2
+2�

Wklv sd|r� ixqfwlrq fdq eh jhqhudwhg e| lqvhuwlqj wkh iroorzlqj olvw ri sdud0

phwhuv lq wkh jhqhudo irup=

I E@� ' K

�
E2K3_�E@3Sf�

eK23_2

�
2

c J E@� ' eK2 E2K3_�E@3Sf�

EeK23_2�2
c

� ' � _

2K
c � ' fc

� ' �
eK2_

EeK23_2�2
c ( '

�

2
� � eK

�

EeK23_2�2
c

. ' � K_
2

EeK23_2�2
c

Lq rughu wr lqvxuhv wkh h{lvwhqfh ri dq lqwhulru vroxwlrq zh kdyh wr dvvxph ( : fc

l1h1 wkh frqglwlrq 51< qrz kdv wkh irup=
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� :
HK�

EeK2 � _2�2
c +E14,

E151 Ilupv sur�wv

Lq rughu wr dqdo|}h wkh h�hfw ri lqirupdwlrq rq wkh �upv sur�wv/ zh kdyh wr

hydoxdwh wkh lqhtxdolw| 6161 Zlwk wkh deryh sdudphwhuv lw eh zulwwhq lq wkh irup=

�
� �

_

K

��
�

2
�
�
eK2 � _

2
�
2

� eK
�

�
� K_

2
: f +E15,

Iru krprjhqrxv surgxfwv/ l1h1 _ ' K wklv uhgxfhv wr �K
� : fc dqg zh jhw wkh

uhvxow ri fruroodu| 6161 Krzhyhu zkhq _ ghfuhdvhv/ wklv uhvxow zloo eh lqyhuwhg/

dv zlwk dvvxpswlrq E14 wkh vhfrqg idfwru �

2
� EeK2 � _

2�
2
� eK� ri htxdwlrq E15 lv

srvlwlyh1

E161 Zhoiduh

Wkh htxloleulxp frvw uhgxfwlrq kdv wkh irup=

+ '
eK2 E2K� _� Eh@� Sf�

� EeK2 � _2�2 � eK2 E2K� _�
+E16,

Wkh Frxuqrw txdqwlwlhv surgxfhg zlwk pdujlqdo frvwv ri Sf � + duh =

^� '

@� Sf n +

2Kn _

Khqfh zh rewdlq iru wkh h{shfwhg vrfldo zhoiduh=
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,
�
L E^fc

^�c ^2� n ^f � ESf � +� E^� n ^2�� �+
2
�

' ,

�
E�Kn _�

E2Kn _�2
�
2@+ n +

2
�
� �+

2

�
nN

'
E�Kn _�

E2Kn _�2

3
C
�
� EeK2 � _

2�
2
� 2K2 E2K� _�

�
HK2 E2K� _�

�
� EeK2 � _2�2 � eK2 E2K� _�

�2

4
D, �h@2�

�

� EeK2 E2K� _��
2

�
� EeK2 � _2�2 � eK2 E2K� _�

�2,
�h@2�nN�

Zhoiduh lv lqfuhdvlqj zlwk ehwwhu lqirupdwlrq l� wkh idfwru ri , dh@2o lv srvlwlyh1

Wklv lv wkh fdvh l�

� :
2K2 E�Kn _�

EeK2 � K_ � _2� E2Kn _�2
+E17,

Iru _ ' K zh jhw wkh vdph lqhtxdolw| dv lq sdudjudsk 71 Iru _ ' fc zlwk E14

� : HK�

EeK23_2�2
'

H

�SK
zh rewdlq

�SK
e� � SK� : 2K� : f�

Vr pruh lqirupdwlrq lqfuhdvhv wkh vrfldo zhoiduh hyhq lq prqrsrolvwlf vlwxdwlrqv1

Zkhq frqvlghulqj jhqhudo _ 5 d�Kc Ko c zh kdyh wr wdnh lqwr dffrxqw wkdw iru

frpsohphqwdu| jrrgv/ l1h1 iru _ 	 fc wkh htxloleulxp frvw uhgxfwlrq pd| qrw eh

qhjdwlyh1 Iurp htxdwlrq E16 zh rewdlq wkh dgglwlrqdo uhjxodulw| frqglwlrq

� :
eK2 E2K� _�

EeK2 � _2�2
+E18,

Iru _ 	 f wklv frqglwlrq lv vwurqjhu wkdq 51< dqg zh kdyh wr pdnh wklv dgglwlrqdo
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dvvxpswlrq1 Iru vxevwlwxwh jrrgv 51< lpsolhv E181 Lqvhuwlqj � iurp E18 lq E17 zh

rewdlq

eK2 � K_� _
2
: f

zklfk dozd|v krogv1 Vr pruh lqirupdwlrq dozd|v lqfuhdvhv zhoiduh iru doo _ 5

d�Kc Ko1

F1 Frvw uhgxfwlrq iroorzhg e| Ehuwudqg frpshwlwlrq

F141 Sd|r� ixqfwlrq

Vroylqj wkh Ehuwudqg jdph zlwk gl�huhqwldwhg surgxfwv dqg pdujlqdo frvwv ri

S� ' Sf � +� dqg vxewudfwlqj wkh �uvw shulrgv U)G h{shqglwxuhv |lhogv d sd|r�

ixqfwlrq ri wkh irup

Z
-:(n�
� E+�c +�c @� ' K

d@ EK� _� E2Kn _�� E2K2 � _2� ESf � +��n K_ ESf � +��o
2

EK2 � _2� EeK2 � _2�2
�

�

2
�+2

�

Wkh sdudphwhuv xvhg lq wkh lqhtxdolw| 616 duh

� ' �
K_

2K23_2
c � ' �

2K
2
_E2K23_2�

EK23_2�EeK23_2�2
c

( '

�

2
� �

KE2K23_2�
2

EK23_2�EeK23_2�2
c . ' � K

�
_
2

EK23_2�EeK23_2�2
c

Wkh h{lvwhqfh ri dq lqwhulru vroxwlrq kdv wr eh lqvxuhg e| wkh dvvxpswlrq

� :
2K E2K2 � _

2�
2

EK2 � _2� EeK2 � _2�2
+F14,
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F151 Ilupv sur�w

Wkh lqhtxdolw| 616 qrz zulwhv

�
��

2K_

2K2 � _2

�#
� �

2K E2K2 � _
2�

2

EK2 � _2� EeK2 � _2�2

$
: f

Zlwk wkh uhjxodulw| dvvxpswlrq F14 zh rewdlq

2K
2
� _

2
: 2K_

Iru vpdoo ru qhjdwlyh _ wkh lqhtxdolw| reylrxvo| krogv� Vr lqirupdwlrq lv fhu0

wdlqo| srvlwlyh li wkh �upv surgxfh qhduo| lqghshqghqw ru frpsohphqwdu| surg0

xfwv1 Iru
s
�� � 	

K

_
	 � krzhyhu/ wklv lv qr orqjhu wuxh1 Lq wklv fdvh lqirupdwlrq

lv kdupixo iru wkh �upv1

F161 Zhoiduh

Zlwk nqrzq @ dqg frvw S� ' Sf � +� wkh htxloleulxp sulfhv lq wkh odvw vwdjh duh=

R� '

EK� _� E2Kn _� @n 2K2S� n K_S�

eK2 � _2
+F15,

Wkh qhw sur�wv fdq hdvlo| uhsuhvhqwhg dv d ixqfwlrq ri wkh htxloleulxp sulfhv=

Z� '

K

EK2 � _2�
ER� � S��

2
�

�

2
�+

2

�
+F16,

Iurp htxdwlrq F15 zh fdq vhh wkdw _ER�3S��
_+�

'

2K
2
3_

2

EK23_2�
� Vr ghulylqj htxdwlrq F16
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zlwk uhvshfw wr +� jlyhv xv wkh �uvw rughu frqglwlrq=

_

_+�

, dZ�mh@o '
2K

EK2 � _2�
E, dR�mh@o � S��

2K2 � _
2

EK2 � _2�
� �+� ' f

Zh nqrz wkdw wkh vroxwlrqv duh v|pphwulf/ vr zh fdq vlpsoli| htxdwlrq F15 zlwk

S� ' S� ' S wr

, dR�mh@o� S '
EK� _� Eh@� S�

2K� _

dqg rewdlq iurp htxdwlrq F16

2K E2K2 � _
2�

E2K� _� EKn _� EeK2 � _2�
Eh@� Sf n +�� �+ ' f +F17,

Li zh vhw 7 G'
2KE2K23_2�

E2K3_�EKn_�EeK23_2�
: fc wkh htxloleulxp frvw uhgxfwlrq/ ghshqglqj rq

wkh vljqdo fdq eh zulwwhq dv=

+
W

'

7

� � 7
Eh@� Sf�

Lw lv hdv| wr vhh wkdw zlwk dvvxpswlrq F14 zh kdyh � : 7c vr zh rqo| rewdlq

srvlwlyh htxloleulxp frvw uhgxfwlrqv1

Zlwk v|pphwu| wkh fruuhvsrqglqj txdqwlwlhv duh hdvlo| fdofxodwhg =

^ '
K

E2K� _� EKn _�

�
@� Sf n

7

� � 7
Eh@� Sf�

�
+F18,

Zh fdq qrz soxj wkh txdqwlwlhv dqg pdujlqdo frvwv lq wkh xwlolw| ixqfwlrq dqg

dsso| rxu fdofxodwlrq uxohv=
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�
2 E@� Sf n +

W� ^ � EKn _� ^2 � �+
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�

' h@2 �2K7 E2� � 7� E2K� _�� K27 E2� � 7�

E�� n 7�2 E2K� _�2 EKn _�
�

�72

E� � 7�2

�
nN

�

' h@2 � K

E2K� _� EKn _�
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E2K� _�

7 E2� � 7�

E� � 7�2
�

�72

E� � 7�2

�
nN

�

Dv
E�K32_�
E2K3_�

: � dqg
K

E2K3_�EKn_�
:

2KE2K23_2�
E2K3_�EKn_�EeK23_2�

' 7 zh fdq hvwlpdwh wkh whup lq

wkh vtxduhg eudfnhwv dv

K

E2K� _� EKn _�

E�K� 2_�

E2K� _�

7 E2� � 7�

E� � 7�2
�

�72

E� � 7�2
:

72 E� � 7�

E� � 7�2
: f

Vr lqirupdwlrq lv srvlwlyh iru zhoiduh1
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Uhihuhqfhv

^4` M1S1Srqvvdug1 Rq wkh frqfhsw ri kh ydoxh ri lqirupdwlrq lq frpshwlwlyh vlwx0

dwlrqv1 Pdqdjhphqw Vflhqfh/ 58=576�583/ 4<:91

^5` \1 Vdndl dqg D1 \rvkl}xpl1 Wkh lpsdfw ri ulvn dyhuvlrq rq lqirupdwlrq wudqv0

plvvlrq ehwzhhq �upv1 Mrxuqdo ri hfrqrplfv/ 86=84�:6/ 4<<41

^6` Z1 Qryvkhn dqg K1 Vrqqhqvfkhlq1 Ixo�oohg h{shfwdwlrqv frxuqrw gxrsro| zlwk

lqirupdwlrq dftxlvlwlrq dqg uhohdvh1 Ehoo Mrxuqdo ri Hfrqrplfv/ 46=547�54;/

4<;51

^7` [1 Ylyhv1 Gxrsro| lqirupdwlrq htxloleulxp= Frxuqrw dqg ehuwudqg1 Mrxuqdo

ri Hfrqrplf Wkhru|/ 67=:4�<7/ 4<;71

^8` H1 Jdo0Ru1 Lqirupdwlrq vkdulqj lq roljrsro|1 Hfrqrphwulfd/ 86=65<�676/ 4<;81

^9` O1 Ol1 Frxuqrw roljrsro| zlwk lqirupdwlrq vkdulqj1 Udqg Mrxuqdo ri Hfr0

qrplfv/ 49=854�869/ 4<;81

^:` Mlp \1 Mlq1 Lqirupdwlrq vkdulqj wkurxjk vdohv uhsruw1 Wkh mrxuqdo ri lqgxvwuldo

hfrqrplfv/ 75=656�668/ 4<<71

^;` P1D1 Udlwk1 D jhqhudo prgho ri lqirupdwlrq vkdulqj lq roljrsro|1 Mrxuqdo ri

Hfrqrplf Wkhru|/ :4=593�5;;/ 4<<91

^<` G*Dvsuhprqw dqg Mdtxhplq1 Frrshudwlyh dqg qrq frrshudwlyh u)g lq gxrsro|

zlwk vslooryhuv1 Dphulfdq Hfrqrplf Uhylhz/ :;=4466�446:/ 4<;;1
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