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Abstract

Least squares estimation of the gravity model in log-linear form
is, under certain assumptions, statistically efficient. Computational
efficiency (essential when the number of nodes distinguished 1is large)
is obtained by estimation via the so-called covariance transformation.
This transformation can only be applied when flows are observed between
all nodes. It therefore breaks down in the generic case where there are
no flows observed from node i to itself. In the paper, an alternative
transformation is presented that allows for efficient computation of the

estimates in the generic case.



l. Introduction

In this paper we present a computationally efficient calibration
methodl) for the widely used gravity model. In log-linear form the model
can be written as follows:

(1.1) y1j -y % Yj + B dij + e 1,0 = LieeesRs

3
i3

where Y13 is the logarithm of the traffic flow from node i to node 1 oy
and Yj are generation and attraction factors respectively, specific to
nodes i and j; dij is some measure of the distance between i and s eij
is a random disturbance term, which we assume to be normally distributed
with mean zero and constant variance, 02, for all 1 and j. The parame-
ters oy Yj and B are unknown and have to be estimated.

Depending upon the particular context to which the model is ap—
plied, a different operationalisation of dij will be used. A fairly
general specification would be to replace B dij by zi—lskxijk’ where
the Bk are parameters and xijk are different measures of the distance

between i and j. This transforms model (1.1) into

K

CL.2) y =a, +y,+ I B

15 1 &2 B3 = [yesak

it f1y 0
If we would have observations on Y13 and X4 3k for all 1, j and k, esti-
mation of (l.2) by means of ordinary least squares would be statistical-
ly efficient, i.e. satisfy the Gauss-Markov theorem. Although the number
of parameters may be large in practice, namely 2R + K, use of the well-
known covariance transformation reduces the computational burden of
calibration to manageable proportions. For later reference, we give
these computationally efficient formulas for the estimates of as Yj
and Bk in a Lemma.

Define:

1) We will use the terms "calibration" and "estimation" interchangeably,
but the latter more frequently.
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1 1
(1l.3) X = =I X , X = =1I X , X = LI =x o
i.k ° R F 13k’ .k TRy 4k’ Touk T pZ ] ijk
k= L;esspk
and Yy, ¥ It y analogously. Next define
(1.4) % = - x - . % laes 5
(1.8) Xy T X~ Fk " Tkt K., KT LK

iy V4= Yy, "V 4t e

Furthermore, let bk be the OLS-estimate of Bk’ k= 1,.00,K, in, the

transformed model

K
(1.5) 74y = kfl B *14k

where Eij E Eij = = s_j i € in obvious notation.

Lemma. Least squares estimates of B and y, in model (1.2) are bk,

Kk %1

|

ay and cj’ respectively, where

s IR e e IR
(573 o348 ¥ J - i(x.jk—x..k)bk Ve "5 Eat
The estimates of Bk are unique, those of a, and Yj are unique up to an

additive constant.

Proof: e.g. Scheffé (1959), Cesario (1975), Judge et al. (1980, Ch. 8).

The non-uniqueness of the estimates of oy and Yj

clear from model (1.2) where we can add a constant to all oy and sub-

is already

tract the same constant from all Yj without affecting the Yi4° This lack
of uniqueness can be used to obtain a slightly more elegant expression
for cye Notice that the a; sum to zero. We can introduce a constant

term BO in (1.2) and impose the restriction that both the a; and the c

i



add up to zero. In that case the last two terms on the right hand side
of (1.7) drop out, giving (1.6) and (1.7) a similar structure. The esti-
mate of 80 is then

X b. s

(1.8) by =y sk k

5
.o K
The obvious advantage of the least squares solution here is its
computational simplicity. Rather than having to invertl) a matrix of
order (2R+K) x (2R+K), when applying OLS to (1.2) directly, we can carry
out a simple transformation of the data, first estimate the Bk which
requires inversion of a KxK-matrix only and then compute the estimates
of the a, and ¥y

i 3
A typical characteristic of traffic flow data is that there will

straightforwardly.

be no observations for i = j, i.e. one does not observe a flow from node
i to itself. As a result, the lemma cannot be applied. Although one
could still try to apply least squares to (1.2) directly, this will turn
out to be non-feasible for many realistic problems where R may large (we
return to this in section 3). Hence, we require results similar to those
presented in the lemma, for the model where observations are missing
whenever 1 = j. These results are the main objective of this paper and

are collected in the theorem below.

Define:
(1.9) X, B E % .. Eotep ® o HEa— &
¢ *1.k T R-1 j ke Yok TR *1jk* *..k T R(R-D) 13 ik

k= 1,5e6,K,
and ;i = ; It ; 5 Ei 5 Py D b analogously. To appreciate the defini-
tions, notice that the total number of observations is now R(R-1) in-
stead of RZ and that for given k and i (and for given k and j), there
are R-1 observations xijk’ Next define

(B-1)" ~ (R-1)” R-1 ~

(1.10) %y 5 = %450 ~ ReR=2) “1.k = R(R-2) *.jk ~ R(R-2) “j.k

1) Since this matrix has at most rank 2R + K-1, a generalized inverse
has to he taken, of course.



Bl - R
TRMR-2) ik TRZ Xk 0 k=LK

and ;ij and Eij analogously. Note that for large R, iijk will be close

to xijk defined by (1.4). Furthermore, let bk be the OLS-estimate of
Bk’ k =1,...,K, in the transformed model

(1.11) = I B x + ¢

then we define 5 as 9 = oz(i'i)_l, where X is the R(R-1) x K matrix with

typical element ;ijk and denote a typical element of § by @, .. The quan—

k&
tity 52 is defined as the "usual" best quadratic unbiased estimator of

var(;ij) in this model, and

€112) rij = yij - E gkxijk

(11 3) r, = E%T § rij’ r = E%T-i rij’ r = i?%:TT i § rij .
In addition we define:

(L1 g E{z%)szxi.kJ'R(g—:;)x.ik 'ﬁ"..k

(1.15) s = i?%E%T X5k + %%%%%; x.jk - %E% X e

Theorem. Let in model (1.2) observations be missing if and only if i = j.

Least squares estimates of Bk’ oy and Yj are bk’ ay and cj, where

2
= {iel) R-1 1
(R0}, 5 ey 5. *aay Ta T,
- R-1 (R-1)2 R-1
(1.17) c + r

“MR-Zy "3 T R(R-2) T3 " B2 L., *

.
i

The estimates of Bk are unique, those of ay and Yj are unique up to an

additive constant. The variance covariance matrix of the estimates bk

12_5. The best quadratic unbiased estimator of gz_ii



~2 _ ~2 R(R-1)-K
(1.18) o &® R(R-1)-(2R+K-1)

The coefficient of determination is

2 _ [R(R-1)-(2R+K~1) } 2

(1.19) R =1 -1%5 T,y )2
¥ -

The variances of a, and c, are

1 h|

~2 2R2-3R-1

(1.20) var(ai) =0 ifi:ijzi:ij-+ g 91940 Weq 0 1= lseass®

k £
(1.21) varte) = a2 —SED2 4 v s 6. s J=1,..0,R
* j RE(R-2) ~ g JeTike ? U

Section 2 will be devoted to a proof of this theorem and section

3 to a discussion of its practical importance.

2. Proof of the Theorem

Rewrite model (1.2) in matrix form as follows,
(2.1) y =28 + XB + ¢,
where

- Al
(2.2) y = (ylz.y13.---,le,YZI.y23.---.y2R.~--,le.---,yR,R_l)

3 1]
€2s3) € = (€12’€13’""elR’€21’€23""’EZR""’ERI"’"ER,R—I)

X is a R(R-1) x K matrix of which the k-th column X is

(

v
(2.4) X, lek’xl3k’""lek’XZIk’x23k""’XZRk""’lek""’xR,R-l,k)

(2.5) Z=(2,2) , R(R-1) x 2R,



with
1 o 1
1 KR-1) 1 (R-1)
1 1
1 1 0
(2.6) Zl = 1 (R-1) Z2 = 1 (R-1)
S 1
b —_ — — —"'1_" P — —— - —— — —
1 [(R-1) 1 (R-1)
1 1 0
i ) " |

(2.7) B = (B4ByeeesB)" 5 6 2 (a'yy")'
with

(2.8) o

(al,az,...,aR)', Y = (Yl,yz,...,YR)'

In a slightly more compact form, (2.1) can be written as
(2.9) Yy = Hp 't gy

with

(2.10) W

mn

(Z,X), p = (B',6")'

The matrix Z defined by (2.5) has rank 2R-1 and hence W will
generally be of rank 2R-1+K. Consequently, there is no unique least
squares solution for the (2R+K)-vector p. It 1is well-known however,
(cf., e.g., Searle, 1971, Ch. 5), that all least squares solutions for

p are generated by



(2.11)  p = (W'W)~ W'y,

where (W'W)™ is a g-inverse of W'W. By varying over the set of all pos-
sible g-inverses of W'W we generate all possible solutions p. Further-

more,
(2.12) warlp) = ¢ 0" WW(W'W)

and the best quadratic unbiased estimator of 02 is

"2 y'[I-W(W'W) W']y
= "R(R-1)-rank(W)

.

(2.13)

The coefficient of determination is

32 - - YLI-WQW'W) W]y
(2.14) R" =1 y'y-R(R-Dy? °

The proof of the theorem consists of an elaboration of these

formulas, with respect to the model at hand. We will start with (2+11)%
(2.15) W'W = ’

so that a g-inverse of W'W is (cf. Rohde, 1965):

(z'2)'+(z'z)'z'x(x'PX)'1x'2(z'z)' -(Z'Z)_Z'X(X'PX)—I

(2.16) (W'W) = 4 ) .

-(X'"PX) "X'2(z2'2)" (X'PX)~

where (Z'Z)” 1is a g-inverse of Z'Z and P = I—Z(Z'Z)-Z; P is idempotent
and invariant under the choice of (Z'Z)”. Using (2.16) to elaborate
(2.11) yields

1

Qo

(z'2)"z'{y-(X'PX)” X'Py}

© >
"
"

(2.17) .
(X'PX) X'Py

o'
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Notice that P and hence g is invariant under the choice of a g—inverse
of Z'Z, 1.e, B is unique, as claimed in the theorem. The non-uniqueness
of 8 can be investigated formally by employing the theory of estimable
functions. For the sake of brevity, this part of the proof is omitted
here.

The next step is to elaborate the matrix P, to obtain a formula

for b that is computationally efficient. First, notice that

(R-1)1 T
(2.18) 7'z = R R 'R
3.1 (R-DI

R R
where Ip 1is the identity matrix of order R and Jp is a square RxR-matrix
of ones. It can be verified directly that the following matrix is a g-

inverse of Z2'Z:

1 1 1
S e T ey | ®DZ R ®T R
Al = S —————
(2.19) (Z'Z) + R(R=2) . =
0 . e
with ER = IR --% JR. Next, it is a matter of straightforward manipula-

tion to show that

(2.20) 2(2'2)72' = —=1_{(R-1)Z 2! + Z.2! + 22!

TE)) + (R-1)Z,Z} -

1% * 5% ¥ 5,4 2% ~ w1 Inbs

where JN is an NxN-matrix of ones, N = R(R-1). For P we thus obtain
(2.21) P = 1-2(2'2)"2' =

- - L ] ' 1_ I - L} l—
= v T w7 GIE) Y e GrE 72" Y ey

To see how this works out for b, consider as an example the expression

= [ = 1 = ' P
for Py. Define n, = Zly, n, = Zzy, Ny = 14, with 1 an N-vector of

N
ones. This yields

n
1

1 1
2.22 N I e . _n__
228 By =y~ ug Wz e) ¢ R(R-2) 172000 ™) * sy 'y

Thus the (i,j)-element of the vector Py is
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1 1 n
(2.23) ()45 = ¥i5™ 770125 + "y MMy 202yt DD

or

(2.24)  (By)y =55,

as defined on the previous section (cf. (1.10) and below). Premultipli-
cation of X by P transforms the columns of X analogously, so that Xq ik
is Ffplaced by xijk’ cf. (1.10). As a result we recognize the formula
for b as the least squares estimate of g in model (1.11), as claimed in
the theorem.

-~ ~ -~

Now consider d = (a',c')', where = (al,az,...,aR)',

-~ - -~

c = (cl,cz,...,cR)'. The expression for

ar o

in (2.17) can be rewritten as
(2.25) d=(z'2)2'r ,
where r = y - Xg. Define
(2.26) P, = Zir, p, = Zér, Pz

Using (2.19), we can write

1 i .1 _p
A R-1 P1 | GT P+ P~ R W
(2.27) d = +-m
o R-1 P1 v Py TR R
2 - P -
i (R=1) Py + P -~ %1 = &
~ R(R-2) 1 =

Py + (R-1) Py = Pl

0

R

Inserting the expressions for Py Py and p in (2.27) directly yields
(1.16) and (1.17) of the Theorem.

Now consider the variances of the estimators. It is easy to

verify that (2'Z)” given by (2.19) is a reflexive g—inverse of Z'Z and
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that (W'W)” given by (2.16) is a reflexive g-inverse of W'W. Hence the
variance covariance matrix of ; is oz(w'w)_. Consequently OZ(X'PX)-I is
the variance covariance matrix of g and this 1is nothing else than
defined below (l.11), as claimed in the Theorem.

From (2.16), we have that the variance covariance matrix of 3 is

equal to

-~

" a
(2.28) var(d) = var = o2{(2'2) (2 2) 2 (X" PX)

~

1x'Z(z'z)'}

Cc

To prove (1.20) and (1.21) in the Theorem, we will show that these ex-
pressions correspond to diagonal elements of the matrix on the right
hand side of (2.28). First consider (Z'Z)”. From (2.19) it is clear that
its diagonal elements in the upper left (RxR)-block are equal to
(2R2-3R—1)/R(R-1)(R—2). The diagonal elements in the lower right (RxR)-
block are equal to (R-1)2/R’(R-2). Next, comsider (2'Z)~z'X(X'PX)~l.
X'2(Z'2Z)". To evaluate this expression, we note that the k-th column of
(Z'2)72'X has the same structure as 3, given in (2.25). By analogy with
(2.27) and (1.16) and (1.17) it is clear that

= Q
(2.29) (2'2) 2'Xx = ( ) >
S

where the (RxK)-matrices Q en S have typical elements 94 and sjﬁ’ de-

fined in (1.14) and (1.15). Denoting the (k,%)-element of oz(X'PX)— by

Opg as in section 1, we obtain as typical diagonal elements of
(z'z)"z'x(x'px)"1x'2(2'2)", &
left (RxR)-block and zkzlsjksjlmkl’ |
(RxR)-block. Combining this with the results for (Z'Z)” yields (1.20) and

(1.21) of the Theorem.

kZ&qikqizwkl’ i = 1,...,R, 1in the upper

= 1,...,R, in the lower right

To arrive at the best quadratic estimate for 02 we note that in
(2.13) y'[I-W(W'W)7W']y 1is equal to y'P(I-PX(X'PX)"'X'P)Py, which {is
simply the residual sum of squares for model (1.11). However, when ap-
plying least squares to (1l.11), we would divide the residual sum of
squares by R(R-1)-K to arrive at the best quadratic estimator of 02 in
that model, whereas in (2.13) we divide by R(R-1)-(2R+K-1), which ex-

plains the "degrees of freedom corrections" 1in (1.18) of the Theorem.
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Finally, (2.14) immediately implies (1.19).
3. Discussion

As with the standard model, we can use the indeterminateness of
the estimates of ay and Yj
a and ¢, to sum to zero. It 1is easily seen from (l1.17) that the c

i 3 3

already add up to zero, so that we only have to adapt the r  -term in

to introduce an intercept BO’ and to restrict

(1.16); (1.16) is hence replaced by

2
. 0L (R=1) R-1 _ Bl
(1.16)" a; = pR-2y T1. Y R(r-2) F.1 ~ R2 T..

and the estimate of BO is then

o>
1]

(3.1) 0 r 5

which is analogous to (1.8).

A comparison of the formulas in the Theorem with the correspond-
ing ones in the Lemma, shows that for R + = they become pairwise iden-
tical. This is what one might have expected, because for increasing R the
missing observations make up a smaller proportion of the total number of
observations.

The formulas in the Theorem look a bit more complicated than
those in the Lemma, but their computational complexity is the same. Given
the estimate for B, g, the computation of all other quantities
(;1221’ etc.) requires at most O(N) time (N = R(R-1)). The computation
of b itself requires simple manipulations of the data to arrive at model
(1.11). These manipulations and the computation of B also require O(N)
time. In contrast, if least squares would be applied to (1.2) directly,
one would have to invert a (2R+K) x (2R+K)-matrix, which requires
O((2R+K)3) time. Thus, application of the Theorem reduces the computing
time required approximately by a factor of R. In practice, where R may be
in the hundreds, this may very well be the difference between feasibility
and non-feasibility of the estimation task.
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