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Abstract

The likelihood of an exact ARMA model under the assumption of normality is
investigated. Using a closed form expression of the covariance matrix the
elements of the matrix of second derivatives of the concentrated likelihood
function are derived. These elements consist in general of four or five
terms. Two terms come from the determinant, one of them belonging to the
information matrix. These terms are sums of the elements of the covariance
matrix or its inverse. The next two terms are quadratic forms of the error
vector. The last term is based on the matrix of independent variables, and
thus only present in a regression model and not in the pure time series
model.

The general form of second derivative does not permit conclusions about the

existence of global maximum of the likelihood function.

JEL code: C22
Keywords : Autoregressive moving average process; exact ARMA covariance

matrix; concentrated likelihood; second derivative.

1. Introduction
In Van der Leeuw (1993) it was shown how first order conditions for the

parameters of a linear model with ARMA-errors can be derived and solved.

11 am indebted to H.H. Tigelaar for many suggestions and comments on an
earlier draft.
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Under the assumption of normality and using a closed form for the exact
covariance matrix the (concentrated) likelihood function can be regarded as
a function of the ARMA parameters and the error vector. The exact
covariance is written in the form of lag matrices, which can simply be
differentiated. This was done for the pure MA case, the pure AR case and
the general ARMA model. The resulting first order conditions have at least
one solution.

The solutions for the AR and MA parameters depend on the (computed) values
of the error vector, which in turn }s based upon the covariance matrix.
Only in the pure MA and AR case of a time series model without explanatory
variables direct solutions are found. In the general ARMA model the results

for the MA part depend on the AR parameters and vice versa.

Supposing a linear model of the form y=XB+g, with normally distributed
errors, we maximize the likelihood function, which is equivalent to
minimizing S=|VI1/Te'V_1e (Judge et al., p.284). Here e=y-Xb, b being the
Aitken estimator of B, X a matrix of independent variables and 02V=Eee'. It
is clear, that this model reduces to a pure time series model in case X is
zero: e is identical to € and y (see, e.g., Anderson and Mentz, 1982). A
convenient way to start with is to use T, the number of observations, times
the logarithm of S :\S.=TxlogS. It consists i.a. of the covariance matrix
and the error vector. The first derivative is simple enough to permit a
useful expression for the second derivative.

First we will give a general expression of the second derivative, next we
will discuss the details for the different cases: MA, AR and ARMA. It will

become clear that conclusions about the existence of a global minimum

cannot be based solely upon the behavioral of the second derivative.
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Before we start, let us make clear what we mean when we use some
expressions. Let A and B be two matrices. Then element (i,]j) of matrix A
is denoted as A[i,j)]. If A[i,i+k]=A[i,i-k] for every i we will write A[k].
Furthermore dAB should be read as d(A)B and not d(AB) and dA+B as (dA)+B.

When we use trAB it should be understood as tr(AB), not (trA)B.

2. First and second differential

As S'=TxlogS. its differential becomes

ds’= d{log|V| +T logle'V'e)}

or

as’= trv'av +T (e'vle)e’avle (1)
because e’ Vlde= (y -Xb) V'ld(y -Xb)= -(y V''X =b X V''X)db= 0. This is
what Magnus (1978) called the ®-equation(s). This expression shall be our
starting point. It has the advantage above using S, that the number of
terms will be less, while it has the same stationary points.

Putting e V'e/T equal to s? we have as’= trvlav +e’dvlessc.

In case an expression for V and its differential is available we rewrite
dv! as -v''avw! and have s’trv 'dv= e'v''dvv''e as first order condition.
When we have at our disposal the inverse of V - as in the AR case - we use
vav'l= -v7'av and get s’trvav'= e'dvle.

Before we differentiate (1) again we first take the differential of

e= y=Xb:

de= =Xdb= =Xd((X' V)X 'vly)=

XX V)X avIxx v X vy —x(x' v I avTly=

= XX VX)X avi(y -x(x' V)X vly)
= =x(X'Vx)"'x avle.

Hence e dV 'de 18 —e av %X V%)% av .
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Straightforward differentiation of (1) gives for the second differential:
a%s"= a({trviav +T (e'V'e)le’avle)

trdv lav +teV %Y +Td(e Vi) te av e +T(e vV'e) e d®v e #2e” v lde)

trdv lav +trv1d?v -T(e' Vvie)2(e’dvield(e’ vie)

+Tle'V3ie) te’d®vle +2T(e'V'ie) e’ av lde
or

2
+ -1 ’ 2 -1 ’ =1 4 =1, =17 4,1
4%s’= trdv-lay +trvladv _% (e de e) L& d;’ e _,¢ dv X(X V 2X) X dav ‘e
s s s

(2)

Of course the last term is not present in the pure time series model. The
derivative corresponding to the first part of this expression, trdV-ldV, is
equal to minus the information matrix as shown by Magnus (1978).
Therefore it has to be negative:
trav 'dv= —trv'dvwldv= -vec(VT'avv ! )vec(dV)

= -vec(dV) (VeV!) vec(dV)

<0.
Furthermore it is obvious that the third term and the last one, if present,
are always negative. This is a far from encouraging situation as we are
looking for a minimum. On the other hand the sign of the second and fourth
term are not clear without any information about the structure of V. We
will show that at least in the MA case these expressions are always

positive.

When V is known, rewrite dv’? and a®vl:
av'l= -vlaww’!
a1z daav )= d( -vlaw = 2vlavwlavw! -viladwol,

Substituting in (2) we get
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2
_1le’viawle|  e'vawvlawle
T 2 2
S S

d%s"= -trvlawlav +trvla?v

e vid®wle e’ viiawxx'vi X vavw e

or

a%s’= -trvldawlav +trvid®v -

e’ viaviv! svixx' vy vihavw e
2 z 5 (3)
S

Here the last expression at the right hand side is positive, while the sign
of the fourth one is not clear.
On the other hand, when V-1 is known we rewrite dV and dZV:

avl= —-vlavww! or dv= -vav'ly,

a2v = 2vilavwlaw™ —vla?wwt or d®v= 2vavlvavilv -vdvilv.

Substitution in (2) gives

. -1 2
e dV e

2 o1
T 2
s

a%s’= —trav lvav'lv +trvt(2vavlivavlv -va?vily)

e’d®vle e'avix(x'vx)'x'av’e
2 2
S S

or

2
_ilefavilel e'dVTle e'avixx'vx)'x'av’e
T 2 2 2
S S S

d%s"= trdavlvav'lv -trvd®v

(4)
Observe that the first term is positive and that the third and last one are
always negative. The sign of the second and fourth one are unknown.
Next we will use these expressions to give a more detailed description of

the second derivatives for the different ARMA cases.
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3. The ARMA covariance matrix

The general form of ARMA distributed errors is given by

€= —‘Elﬁict_1+vt+‘§1axvt_,, =000 e

q

. T,

where v, is a sequence of independently and identically distributed random

variables. 9 denotes the vector (¢,,9,,.

vector (ay,ay,.

§
510 )

q

,Gp)l of AR-parameters, « is the

of MA-parameters. We assume that the invertibility

conditions are fulfilled. By definition 9, and @, are equal to 1. Use o2V

to denote the covariance matrix of e: oc2V=Eee .

Following Pagan (1974), we introduce two matrices for both the AR

parameters and the MA parameters. We define a (square) lower band matrix P

of dimensions TxT, and a Txp matrix Q as follows:

1
Yy

9, 1

O, Oy
0

0

0

%

0

-

The upper triangular part of a lower band matrix consists of zeros and the

lower part has off-diagonals with the same elements. Q consists of an upper

pxp part with an upper band matrix and a lower (T-p)xp part, which consists

of only zeros. Like P and Q will be used to describe the AR part of the

error vector, so are M and N defined for the MA part, where ¥ is replaced

by @ and p by q. As is proven elsewhere (Van der Leeuw, 1992) the exact

covariance matrix for ARMA errors is equal to V=[N MI[P'P-QQ 17 (N M1,

where P is like P, but of order (T+p)x(T+p) and Q like Q, but of order

(T+p)xp. In the MA case this expression reduces to V=[N M][N M]” and in the

AR case it becomes [P P-QQ’ 17 .
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For our purpose it is obvious to rewrite the matrices of which the
covariance matrix consists in such a way that they can be differentiated
easily. To do this we introduce the lagmatrix, as described in Van der
Leeuw (1993). Define ¢, as the Txl vector of which all elements are zero,

except element h, being 1. Then the lagmatrix, for which we shall use the
T-m+k

symbol L, 1is Lk(n.m)= Z LhL;_k, n,mzmax(0,k). If both n and m are zero we
h=n+1

write L, and if n is equal to m L,(n). L, is the unit matrix, Lp the null

matrix. Its transpose, L;(n.m), is gqual to Log(n=k,m~k).
P P

Using lag matrices we write P as Z L;(i)9; and Q as ( Z L9 (1 ) 8
1=0 1=0

where I, is the pxp unit matrix: forms which are linear in the parameters
and that can be differentiated easily. Of course M and N are rewritten in a

similar form.

4. The Moving Average case

In the pure MA case we have V=[N M][N M] =NN"+MM' . Its first differential
is dV=dNN’+NdN’+dMM’ +MdM’. As M and N are linear functions of « d°M=d’N=0
and the second differential becomes d?v=2dNdN’ +2dMdM’ . First we will show
that the parts containing the second differential of V (of which the sign

was not clear) are positive. Define the matrices of derivatives to ay:

_ON ._0OM
N;: 3a, and M"-aa{

Then dN= ) %docﬁ Y Nida, and dM= ) %da‘= ) Myde.
i i i 1

A quadratic form like ¢ld2V¢ is positive:

¢  d°Vo= 2¢  dNAN' ¢+2¢ dMaM’ ¢

2] ¢'Nydo; | Njgda;+2) ¢'Mida, | Mjgda;
i J i J

2n'n+2m'm > 0.
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Here n=z ny, n;= N3¢daJ and m=z my, m;= M;¢daJ. all (Txl1)=-vectors. The term
J J

containing the second differential is also positive:
trvd?v= trv ! (2dNdN’ +2dMdM’ )= 2tr(dN'V 'dN+dM vV 'dM)>0, as both terms

within parentheses are TxT positive definite matrices.

Using lagforms, we write the MA-covariance matrix as

q i q
v=Y (Y Ljnepr T oLjeye.
1=0 j=0 J=1+1
Its differential is

q 1 q
av=§ () (Ly gL pag+ ) (LyyLioy)ey)de.
i=0 j=0 J=1+1

The corresponding derivatives are :

q
aa, z (L_yy-1] +L_|J g dej, i=1,..,q
j=0
and
2
av _ . - o
5&,8_&)—1“‘“'” +L'|J‘il' 1= 1,..,({, J= 1,..,q.

From (3) we obtain the second derivative of the modified likelihood

function:

Theorem 1

Second derivative MA-case.

2_* 2
as _ -18V -18V -1 8V 1 13V ’ 6V
aalaaj— i day Fa, 5&; *ery aaiaaj T ¢ ¢
1 .+ 3%V ’ 9V 8V
" ;5 ¢ Bocy By ¢ By aaj
where
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q qT-lk-tl1-]1-3]
-18V,,-18V _

1.trva—ai-vaTj-2{Z Z Z

k=0 1=0 h=1 g=1

(V' g+l1=31,h1V 7 (g, h+lk=111+V ' [g,h]V  [g+]1=]],h+|k=1]])ea,
z T-l1-31
-1 8V _ -1 -

2. trv Wz Z V' [h+li=jl,h]

h=1

q T-|k-1] a 1= 1-3|
s aV ., .18V

3. ¢ aa1¢ ¢ Ba, = 44 Z Z PP k-1 |2 H Z Z SgPge |-y}

k=0 h=1 1=0 g=1
¢= Ve

’ T-|3-11
4. ¢ %Y 4= 2 St ‘
’ 6a‘6aJ - Z hPhs | -1
h=1
q q
$ 8V, 8V ,_ . i ; - B
> ¢ 3a,19a,%" Y (@UIKk=11)+¢(=1k=11))e ) H( ] $C1J=11)+¢(=1J=11)e;).
k=0 1=0

(k)= (Pyay --- ¢ 0 .. O

— k >
@(=k)= (0 .. 0 ¢y ... ¢y )

— ko

1

e T i o

The proof is given in Appendix 1. Here we give a brief outline. Substitute
the lagform of the covariance matrix in the expression of the derivative,
next rewrite if necessary and use the properties of the trace operator.

Eventually use the definition of the lagmatrix and the result follows.

The first part and the most complicated one is trV_ljaiv_IEDL.
oy L

It is a function of the elements of the inverse of the

covariance matrix, with many elements if T is large. The next

-1 azv

, is rather simple and consists of the sum of
aaiaaj

part, trVv

the elements of the Ii-jlth diagonal of the inverse of the

dispersion matrix.
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2
For the third and fourth part, ¢'i§£¢ ¢lj2L¢ and ¢'—J21L—¢, we define
doy aaj aalaaJ

¢=V'1e. The resulting expressions are simple sums and products of this
vector.

For the last part, if present, we first define ¢(k)= (¢;4, ... ¢ O .. 0)’
— k>

to compute the vector ggg¢. Next we premultiply and postmultiply the
J

quadratic form H with the appropriate vectors.

S. The Auto Regressive Case

The approach to the AR case is more or less as in the preceding section.
However there are several differences. First, in this case we have an
expression for the dispersion matrix in stead of the covariance matrix
itself. As a consequence all elements of the off diagonals of several
matrices we encounter are equal, which makes computations considerable
easier. Second, both expressions, of which the sign is not clear, are not
necessarily positive, be it that the quadratic form is almost always
positive. Only if the T, the number of observations, is small compared to
p, the number of parameters, it may become negative. Third, the determinant
of the covariance matrix is equal to that of the submatrix consisting of
the first p rows and columns.

In the AR-case we have V '=P'P-QQ’, with dvV''= dP’P+P’dP-dQQ’ -QdQ’ and
d2V4= Z(dP'dP—deQ'), as P and Q are linear functions of the parameter
vector. Write V, P and Q for the pxp upper left submatrix of V, P and Q.
Then !-1=E'E-QQ'. and |V|=|V| (see Van der Leeuw, 1992). Therefore we have
trvd®v '= trvd®v'= 2trV(dP dP-dQdQ’ )= 2trdPVdP’ -2trdQ’ VdQ, the difference

of the traces of two positive definite matrices. For the quadratic form

hessian_36 27.06.94 10



e d°v e we have e dP dPe-e’dQdQ’e, again the difference of two positive

terms.

The lagform of the dispersion matrix is

P P
Vi ¥ YL (e,
i=0 j=0
with as differential
P 1 4
avil= T T Ly ()L (5))0,d0,.
1=0 j=0

The representation of V in lagform is

p p-i-1 P
vi= TV Lae= ¥ oL e-epe,
1=0 J=0 J=p-1+1
with differential
p p-i-1 P

i=0 j=0 j=p-i+1

avl= T Y AL (DL (o= T ALy (p1)+L] L (p-1) e )doy.

Using these expressions we give the second derivative of the modified

likelihood function.

Theorem 2

Second derivative AR-case.

2.°* -1 -1 2, -1

a°s av av aVv 1
—— tr! = !—_ —try___'-_ -——
39,89, 89, ~ a9, 89,69, T _
where

hessian_36 27.06.94
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av'! av!

1. tr!§37¥55—=
p-i-1 p-j-1 p-i p-i-1 p p-i 1
2 Z Z L Z L L L 1
=0 g"lok h=1+1 k=0 1=p-j+1 g=1+k h=1l+p-}

p p-j-1 p-) P P k

r'F f I+f I § &

k=p-i+1 1=0 g=1+p-i1 h=1+1 k=p-1+1 l=p-j+1 g=1+p-1 NNhh+p-)

{V[h-1+j-g]V(g-k+i=h] +V[h-g] VIg-k+i-h+1-j]}9, 0,

aZV—l
2 tr!%rgﬁ—J_‘ le-i-le[J_ll
" p T-i-k p T-j-k
18V~ ¥\ '
3. e %e e a—e= 4 Z ( Z €ph+kChet ) Ok H Z ( Z €hek€he ) Ok}
By k=0 h=1
5 T=5=1]
vt
4. e a—ﬂia—ﬁj—e— 2 Z eh,Jeh,‘
h=1
,av av™!
5.
aoj
P <]
(] Cel1, kel 1) 9 XX VIXITX M Y (e(J, k) ve(k, §))oy)
k=0 k=0
ell, Jhe= 00 .. D&y coo By @ oo DY
— 1 — j-o

The derivation of this formula can be found in Appendix 2. As in the MA
case the information matrix gives most complications, be it that the number
of computations is rglatively small, because of the structure of the
determinant. The second part is very simple: the second derivative is here
equal to one of the elements of V times a scalar. At the same time it makes
clear, that the sign is not certain.

The differential corresponding to this term is t.rdeV-1 or

P P
Y T2lp-i-jIvlj-ilds,de,.
1=1 J=1

hessian_36 27.06.94 12



If p=1 we get trVd2V'1=Zy[O], which is clearly positive. For p=2 it becomes

a matrix with one positive and one

= dd
trVd2V 1=[d91 dﬂz] [ 0 2![1]] 1

2v[1] ayv([o]||av,|"

negative root.

The fourth term, containing the second derivative of V-i. is
) aZV-l T=1~-) P P T
e We= 2 Z €h+j€hsey OT ZZ z X €,-1€h-y- The corresponding
h=1 1=1 j=1 h=1+1+}

matrix of derivatives is almost sure positive. The differential e'dZV-le

can be split up in two parts, of which the larger one is always positive.

P P T
e’ d®vle= Z X z €h-1€p-ydv,dd,

1=1 j=1 h=1+i+)

P P 2p T
=7 T ] enienydvdops ) e ey jdo,do)
i=1 J=1 h=1+i+} h=2p+1

The former trem in this expression contains only pz(p-l), the latter one

pz(T-Zp) terms and is positive:

P P T T p
z Z Z €n-i€h-;dv;do ;= z ( z eh_kdﬂk)z.
1=1 J=1 h=2p+1 h=2p+1 k=1

The sign of the former term is indeterminate. It can be split up again,
such that the first part has the same structure as the complete expression,

while the second part can be positive, zero or negative.

p P 2p
z z Z eh_leh_JdbxdﬂJ=

1=1 J=1 h=1+i+})

p-1 p-1 2p P 2p
=Y )V ] enienjdvdog2) Y en-pen-kdOnddy
i=1 j=1 h=1+i+j k=1 h=1+p+k

For the last term of the second derivative, if present, we first compute a
vector containing the derivative. It is obvious, that the corresponding

matrix of second derivatives is positive definite.
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6. The ARMA case

As can be expected the ARMA case is the most complicated one. The
differential of the MA part is quite easy to find. For the AR part we only
have the inverse in a form which can be rewritten in lagmatrices. Therefore
formulas become longer and more complicated, but essential technical
problems do not arise. In the sequel symbols containing a bar denote
’enlarged’ matrices or vectors of order T+p in stead of T for expressions
without a bar. Moreover we will use p for the number of parameters. This
give no loss of generality as we can fill up the shorter vector with zeros.
First we will treat the second differential in the direction of the MA
parameter, next in the AR direction and eventually the mixed case.

The expression for V we will use is [N MI [P P-QQ 17'IN M]’, and thus we use
(3) as the equation for the second differential. To facilitate notations we
will use A for the (inverted) AR part, 515-66'. As A™' is a covariance
matrix, every diagonal has the same elements. From this expression it is
clear, that the MA-differential of V will always contain the AR covariance
matrix. This results in sums over all the elements of A. On the other hand
the AR differentials of V suffer from the fact that only the inverse of a
differentiable form is available. The consequence is second differential of

two parts.

6.1 The ARMA case: MA-part
What we need is an expression for the covariance matrix that can simply be
differentiated to «;. To do this we first rewrite those parts of the

covariance matrix containing MA parameters in such a way, that the

hesslan_36 27.06.94 14



parameter vector becomes explicit. Observe that [N M] can be written as
T
[0 I]M, where [0 I]= Z th;,p and M= Z L,(i,1)a;. Then [0 I]M becomes:

h=1 i=0
T

(o Ilﬁ: Z"h h*pz Z ¢ _c,; yo%y

h=1 1=0 g=1+1
P T

- -y
Z z Lht hopLh¢pLh~p-lal

The covariance matrix is
P

V= ( Z Z Lth,p ey Y Z Z Gl Gap-3 )I

1=0 h=1 j=0 g=1

P P T
Z z z ZA-l[h—i-gﬂ-j]LhL;aiaJ.
1=0 J=0 h=1 g=1
Its differential is
p p T T
Y 1 T T @ in-g-i+51+07 (h-g=j+iD)epeqaydey
1=1 j=0 h=1 g=1
or
p p T T
=} T ¥ ] @'n-g-ivj1aT (gmhmit 3] e g da
i=1 j=0 h=1 g=1

as A [k)=A"'[—k].

Theorem 3.1

Second derivative ARMA-case; MA-part.

2. 2 2
s _ -18V ,-18V av 1 1 + 3V s 8V 2.4 Y
8, By Ly EE:V 5&; v da, Ba T2 ? aali da = 6a,6aJi "
s s
. aV av
e aa, aa ¢
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with

1ty “5!,2 L

hy=1 ho=1 gy=1 gp=1

P
€} (a7 (hy—gy=1+k 1487 (g, =hy=i+k, ey }
k1=0
P
=1 & -1 3 -1 -1
(Z(A (ho=ga=ka*J1+A™ [ga=ha=kp*j1)ey IV [g2,hy 1V (g4, hy]
k5=0
i ¥ T
-1 azv -1 T |
2. trv sz ZA (h-g-i+j1V"" [h,g]
h=1 g=1
$ 3V sV
3. ¢ 5t Tt
b ) T P 3 T P
2] V(] hegmikle g ] T (] 87 (h-g=jekla ) ¢ndy)
h=1 g=1 k=0 h=1 g=1 k=0
¢= qu
T T
g #0204 2) Y aTih-g-itjleng
’ da; Oax g h¥g
h=1 g=1
T T T T
‘v v,
S Vet L L L 1L
hi=1 gy=1 hy=1 gy=1
€} (87 (hy =g =14k 1487 [gy=hy =ik Dey, )
k=0
P
{ Z (A'l[hz_gz-j+k2]+A'1[gz-hz—j+k2])akz) Hlhy,hyldg ¢}
k2=0
H= (V' =vxx v v,

The proof can be found in Appendix 3.1. The derivations are similar to the

those in the MA and AR part. The first part, minus the information matrix

has a simple structure but contains for large T many terms, consisting of

elements of the (enlarged) AR covariance matrix and the dispersion matrix.
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The second term looks like the first one, but in a simplified form. The
quadratic parts are similar to the MA case, but now weighted with the
elements of the AR covariance matrix. The last term with the quadratic form

is again a complicated expression.

6.2 The ARMA case: AR-part

From V= [N M]Aq[N M]' with A= Flﬁ-aal we conclude that we need the
differential of A or dV= —[N M]A™'dAA™'[N M]’. Hence the second
differential is a less friendly expression with two terms:

d°v= 2(N M1a"'daa™'daa™ [N M1 =[N M]a"'d®Aa'[N M]'. It implicates that the
resulting second derivatives become correspondingly longer. Otherwise the
derivation brings no specific problems. Furthermore, contrary to the pure
AR case, the determinant is not equal to the upper left submatrix of the

covariance matrix.

a q
From A= Z Z EJ_,(j)ﬁjﬂx
1=0 =0
we get
a q
da= Y Z(EJ_‘(j)*I:;_,(j))ﬂjdﬁl
1=0 j=0

and as derivative

q
;TA,: T (Caes (k)+Dyey Tk D0y 1= 1,000,
k=0
Theorem 3.2

Second derivative ARMA-case; AR-part.

22 2 2
8°s 18V 18V 48V 11 Jav, .8V, 2. 8%V
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+ 8V  av
2% 35,55,"
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+ 88 88
5. <55 aﬂc (] (€0, 1)+€(1,k))9, 1 6L | (g(k,1)+8(1,k))8L )
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For the proof see Appendix 3.2. To describe the information matrix we
introduce U, a mixture of the AR covariance matrix, a matrix with MA
parameters and the dispersion matrix. We get an expression as in the pure
AR case, but with much more elements. For the second and fourth part
(containing the second derivative of V) we need two terms. For the
quadratic form we introduce &, a transformation of the error vector, like ¢

in the preceding sections.

6.3 The ARMA case: mixed part
In the preceding sections the direction of the differential was clear. Here

however, we have to make clear which differential is meant. Therefore we

av av
introduce d,V= Eada and dyV= 55d§

For the MA- direction we use as before

P p T T

= -1= ’
dy V= Z Z Z Z (Lh,p lA Cogip-s g+Lh,p_ B tg,p-i)tptgagday
1=0 s=0 h=1 g=1

or

P P & F
Z Z z Z(A (h-g-i+s]+A” [g=h- l*s])LhL [

{=0 s=0 h=1 g=1
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For the ® direction we have dgV= —[N M]A 'dgaa™ '[N M]* and

P P
doa= ¥ Y (Lyy00)+L_5(K))0,d0).
-0 k=0

Taking the differential of d,V in the ®-direction gives, as shown in

appendix 3.3,

P P P P T T#p=)

W”-ZZZZZZZ

1=0 j=0 s=0 t=0 h=1 g=1 r=1+t

(A'l[h+p—i-r]A_1Lr-t+j-g-p+s]+A'1[h+p-1-r+t-j]A_1[r-g—p+s]+
A'l[h+p-s-r]A_1[r-t+j—g—p+i]+A_1[h+p-s-r+t-j]A [r-g- p+i])LhL §9¢doday,

which shows that we may expect complicated expressions.

Theorem 3.3

Second derivative ARMA-case: AR/MA-part

8%s" . 88 8V 8%v
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For the proof see appendix 3.3. In line with the foregoing cases, the

result is as may be expected: rather complicated expressions. The

information matrix part is maybe less complicated than expected, a

consequence of the relatively simple form of the first derivative in the

9-direction.
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7.Conclusion

The differential of the logarithm of the concentrated likelihood consists
of two parts: the differential of the determinant and the differential of
the quadratic form of the errors. Another differentiation gives five terms,
two of them coming from the determinant, the other three from the quadratic
form. Some of these are positive definite, some negative definite. In
several cases the sign is not clear or can be either positive or negative.
All terms can be expressed as function of the covariance matrix or matrices
of which the covariance matrix is composed. The resulting algorithms are in
several cases very computer time consuming because of the number of
summations. The second derivative cannot assure us whether a stationary

point is a unique global optimum.
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Appendix

The appendix is available upon request.
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