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ABSTRACT

Policymakers increasingly view short-term nominal interest rates as the main instrument of

monetary policy, often in conjunction with some inflation target. Interest rates on short-term indexed

government debt (i.e., a real interest rate) have also been used as policy instruments. To understand the

pros and cons of different policy rules and instruments, this paper derives some basic equivalences among

different policy rules. It is shown that, under certain conditions, the following three rules are exactly

equivalent: (i) a ''k-percent'' money growth rule; (ii) a nominal interest rate rule combined with an inflation

target; and (iii) a real interest rate rule combined with an inflation target. These policy rules, however,

become increasingly complex: the first rule requires no feedback mechanism; the second rule requires

responding to the inflation gap; while the third rule involves responding to both the inflation gap and the

output gap.  It is also shown that policy rules which respond to the output gap may avoid a deflationary

adjustment.

Carlos A. Végh
Department of Economics
UCLA
Los Angeles, CA 90095-1477
and NBER
cvegh@ucla.edu
http://vegh.sscnet.ucla.edu



4 Lqwurgxfwlrq

Prqhwdu| srolf| lq vpdoo rshq hfrqrplhv lv w|slfdoo| fdvw dv d fkrlfh ehwzhhq
dq h{fkdqjh udwh dqfkru +�{hg ru suhghwhuplqhg h{fkdqjh udwhv, ru d prqh|
dqfkru + rdwlqj h{fkdqjh udwhv,1 Xqghu vxfk uhjlphv/ wkh udwh ri jurzwk ri
wkh qrplqdo dqfkru lv vhw dffruglqj wr wkh ghvluhg orqj0uxq lq dwlrq udwh1
Lq uhvsrqvh wr d vkrfn/ dqg diwhu xqghujrlqj d srvvleo| frvwo| dgmxvwphqw
surfhvv/ wkh hfrqrp| zrxog hyhqwxdoo| uhdfk wkh orqj0uxq lq dwlrq udwh1

Lq sudfwlfh/ krzhyhu/ srolf|pdnhuv kdyh fhuwdlqo| qrw uhvwulfwhg wkhp0
vhoyhv wr vxfk d olplwhg phqx ri srolf| lqvwuxphqwv1 Sxuh  rdwlqj udwhv duh/
dw ehvw/ uduh/ dv srolf|pdnhuv w|slfdoo| lqwhuyhqh lq iruhljq h{fkdqjh pdunhwv
wr vprrwk h{fkdqjh udwh  xfwxdwlrqv ru dfklhyh vrph lqwhuqdwlrqdo uhvhuyhv
wdujhw14 Zkloh suhghwhuplqhg h{fkdqjh udwhv duh pruh frpprq/ lw lv vwloo wkh
fdvh wkdw/ pruh riwhq wkdq qrw/ srolf|pdnhuv dgmxvw wkh ghydoxdwlrq udwh lq
uhvsrqvh wr fkdqjhv lq wkh grphvwlf dqg h{whuqdo hqylurqphqw/ ru hqjdjh lq
uhdo h{fkdqjh udwh wdujhwlqj15

Dw dq hyhq pruh ixqgdphqwdo ohyho/ srolf|pdnhuv lqfuhdvlqjo| ylhz vkruw0
whup qrplqdo lqwhuhvw udwhv dv wkh pdlq qrplqdo dqfkru1 Lq ghyhorshg frxq0
wulhv/ vkruw0whup lqwhuhvw udwhv duh/ e| dqg odujh/ wkh prvw frpprq srolf|
lqvwuxphqw1 Wkh prvw surplqhqw h{dpsoh lv/ ri frxuvh/ wkh Xqlwhg Vwdwhv=
wkh Ihghudo Uhvhuyh frqgxfwv prqhwdu| srolf| e| vhwwlqj wkh ihghudo ixqgv
udwh +wkh lqwhuhvw udwh dw zklfk frpphufldo edqnv eruurz ryhuqljkw,1 Zkhq
lq dwlrq udlvhv lwv xjo| khdg/ wkh Ihghudo Uhvhuyh hqjdjhv lq d judgxdo wljkw0
hqlqj ri prqhwdu| srolf| e| udlvlqj wkh ihghudo ixqgv udwh +vhh/ iru h{dpsoh/
Wd|oru +4<<;,,1

Lq ghyhorslqj frxqwulhv/ vkruw0whup lqwhuhvw udwhv kdyh dovr sod|hg d nh|
uroh lq wkh frqgxfw ri prqhwdu| srolf|1 Lq wkh plg04<;3*v/ iru lqvwdqfh/
frxqwulhv vxfk dv Dujhqwlqd dqg Eud}lo zrxog vxssruw uhshdwhg vwdelol}dwlrq
dwwhpswv e| klnlqj lqwhuhvw udwhv rq vkruw0whup jryhuqphqw ghew wr lqfuhdvh
ghpdqg iru grphvwlf dvvhwv dqg wkxv suhyhqw vshfxodwlyh dwwdfnv djdlqvw wkh
grphvwlf fxuuhqf| +vhh Fdoyr dqg Yìjk +4<<8,,1 Lq wkh fdvh ri Ph{lfr/ dqd0
o|vwv srlqw wr wkh prqhwdu| dxwkrulwlhv* uhoxfwdqfh wr udlvh lqwhuhvw udwhv dv d
nh| idfwru lq wuljjhulqj wkh Ghfhpehu 4<<7 fulvlv1 Lq wkh zdnh ri Wkdlodqg*v
ghflvlrq wr dedqgrq lwv �{hg0h{fkdqjh v|vwhp lq Mxo| 4<<:/ Eud}lo dqg Krqj
Nrqj uhshdwhgo| udlvhg lqwhuhvw udwhv wr ghihqg wkhlu fxuuhqf| shj dqg wkzduw

4Vhh Fdoyr dqg Uhlqkduw +5333, dqg Odklul dqg Yìjk +5334,1
5Vhh/ iru lqvwdqfh/ Euxqr +4<<6,/ Fdoyr/ Uhlqkduw/ dqg Yìjk +4<<8,/ dqg Odklul +4<<:,1
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fxuuhqf| vshfxodwruv1 Pruh uhfhqwo| � dqg lq uhvsrqvh wr wkh Dujhqwlqh ghew
fulvlv � Eud}lo kdv djdlq xvhg kljkhu lqwhuhvw udwhv wr suhyhqw wkh fxuuhqf|
iurp ghsuhfldwlqj wrr udslgo|1

Zlwk wkh dgyhqw ri lqgh{hg jryhuqphqw ghew/ vrph frxqwulhv � Fkloh
ehlqj wkh prvw qrwdeoh h{dpsoh � kdyh dfwxdoo| xvhg wkh lqwhuhvw udwh rq
vxfk lqvwuxphqwv +l1h1/ d uhdo lqwhuhvw udwh, dv wkh pdlq srolf| lqvwuxphqw +vhh/
iru h{dpsoh/ Fruer dqg Ilvfkhu +4<<7,,1 Hyhq zkhq srolf|pdnhuv gr qrw vhw
d uhdo lqwhuhvw udwh/ d uhdo lqwhuhvw udwh wdujhw vhhpv wr eh yhu| pxfk lq wkhlu
plqgv1 Uhlqkduw +4<<6,/ iru lqvwdqfh/ dujxhv wkdw wkh Ihghudo Uhvhuyh pd|
eh ylhzhg dv dlplqj dw vhwwlqj d uhdo lqwhuhvw udwh zklfk lv frqvlvwhqw zlwk
ixoo0hpsor|phqw rxwsxw1 Lq idfw/ wkh ohyho ri wkh Ihghudo Ixqgv udwh lq uhdo
whupv lv riwhq dq lpsruwdqw frqvlghudwlrq lq zkhwkhu wr udlvh ixuwkhu lqwhuhvw
udwhv ru qrw1

Lq sudfwlfh/ wkh xvh ri lqwhuhvw udwhv dv wkh pdlq srolf| lqvwuxphqw kdv
riwhq wdnhq sodfh lq frqmxqfwlrq zlwk vrph lq dwlrq wdujhw1 Lq rwkhu zrugv/
srolf|pdnhuv vhw � h{solflwo| ru lpsolflwo| � dq lq dwlrq wdujhw dqg fkdqjh
lqwhuhvw udwhv zlwk wkh dlp ri dfklhylqj vxfk d wdujhw1 Zkhq lq dwlrq wdujhwv
duh h{solflwo| dqqrxqfhg/ vxfk srolflhv kdyh ehhq uhihuuhg wr dv Rlq dwlrq
wdujhwlqj�16 Lq dwlrq wdujhwlqj kdv ehhq lpsohphqwhg lq lqgxvwuldo frxqwulhv
vxfk dv Qhz ]hdodqg/ Fdqdgd/ Xqlwhg Nlqjgrp/ Vzhghq/ Ilqodqg/ Dxvwudold/
dqg Vsdlq1 Dowkrxjk/ lq sulqflsoh/ d p|uldg ri srolf| lqvwuxphqwv frxog eh
xvhg wr dfklhyh d jlyhq lq dwlrq wdujhw/ lq sudfwlfh vkruw0whup lqwhuhvw udwhv
kdyh ehhq wkh pdlq srolf| lqvwuxphqw1 Khqfh/ wkh prvw frpprq pdqlihvwd0
wlrq ri lq dwlrq wdujhwlqj dsshduv wr eh dq lq dwlrq wdujhw dffrpsdqlhg e|
vrph/ h{solflw ru lpsolflw/ lqwhuhvw udwh uxoh ghvljqhg vr dv wr dfklhyh vxfk d
wdujhw1 Dprqj ghyhorslqj frxqwulhv/ Fkloh lv wkh frxqwu| wkdw vhhpv wr frph
wkh forvhvw wr xvlqj dq lq dwlrqdu| wdujhwlqj vfkhph +vhh Pdvvrq/ Vdydvwdqr/
dqg Vkdupd +4<<:,,1

Dw dq dqdo|wlfdo ohyho/ wkh xvh ri qrplqdo lqwhuhvw udwhv dv d srolf| lqvwux0
phqw kdv udlvhg vrph lpsruwdqw txhvwlrqv uhjduglqj lwv lpsdfw rq sulfhv dqg
lq dwlrq1 Qrplqdo lqwhuhvw udwh wdujhwlqj pd| ohdg wr dq lqghwhuplqdwh sulfh
ohyho xqghu  h{leoh sulfhv +Vdujhqw dqg Zdoodfh/ 4<:8, ru lqghwhuplqdwh lq d0
wlrq udwh xqghu vwlfn| sulfhv +Fdoyr/ 4<;6,1 Lqghwhuplqdf| sureohpv fdq eh
dyrlghg e| h{solflwo| lqwurgxflqj d jryhuqphqw exgjhw frqvwudlqw +Dxhuq0
khlphu dqg Frqwuhudv/ 4<<6,> e| ghvljqlqj dssursuldwh lqwhuhvw udwh uxohv

6Vhh/ iru h{dpsoh/ Ohlghupdq dqg Vyhqvvrq +4<<8,/ Pdvvrq/ Vdydvwdqr/ dqg Vkdupd

+4<<:,/ Vyhqvvrq +5333,/ dqg Vlnorv +5334,,1
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+vhh/ iru lqvwdqfh/ Uhlqkduw +4<<5,,> ru e| ohwwlqj srolf|pdnhuv vhw wkh lqwhu0
hvw udwh rq oltxlg erqgv lvvxhg e| wkh jryhuqphqw +Fdoyr dqg Yìjk +4<<8/
4<<9,,1 Srolf| uxohv zklfk uho| rq uhdo lqwhuhvw udwhv pd| dovr hdvlo| ohdg wr
ydulrxv lqghwhuplqdflhv +Uhlqkduw +4<<6,,1 Wkh xvh ri wkh uhdo lqwhuhvw udwh
dv d srolf| lqvwuxphqw kdv uhfhlyhg sduwlfxodu dwwhqwlrq lq wkh fdvh ri Fkloh
+vhh/ iru h{dpsoh/ Urmdv +4<<6,/ Fruer dqg Ilvfkhu +4<<7,/ dqg Phqgr}d
dqg Ihuqdqgh} +4<<7,,1 Dowkrxjk vrph lpsruwdqw lqvljkwv kdyh iroorzhg
iurp wklv odujh olwhudwxuh/ wkh surihvvlrq lv vwloo idu iurp uhdfklqj dq| vruw ri
frqvhqvxv rq wkh frpsdudwlyh dgydqwdjhv ri gl�huhqw lqvwuxphqwv dqg srolf|
uxohv1

Wklv sdshu vwduwv iurp wkh suhplvh wkdw/ lq rughu wr dvvhvv gl�huhqw srolf|
uxohv/ lw lv xvhixo wr hvwdeolvk vrph edvlf htxlydohqfhv dprqj srolf| uxohv1
Htxlydohqw srolf| uxohv duh gh�qhg dv uxohv zklfk |lhog h{dfwo| wkh vdph
g|qdplfv lq uhvsrqvh wr/ vd|/ d orqj0whup uhgxfwlrq lq wkh lq dwlrq udwh1 Lq d
irupdo vhqvh/ �qglqj htxlydohqw srolf| uxohv lv d wulyldo h{huflvh1 Frqvlghu wkh
h{huflvh ri d shupdqhqw uhgxfwlrq lq wkh udwh ri prqhwdu| jurzwk lq d forvhg0
hfrqrp| prgho1 Wklv h{huflvh zloo jhqhudwh dv dq rxwfrph vrph htxloleulxp
sdwk iru wkh qrplqdo lqwhuhvw udwh1 Fohduo|/ li srolf|pdnhuv frxog dqqrxqfh
d fuhgleoh lq dwlrq wdujhw +zklfk zrxog dqfkru wkh orqj0uxq lq dwlrq udwh,
dqg vhw wkdw vdph sdwk iru wkh qrplqdo lqwhuhvw udwh/ wkh udwh ri prqhwdu|
jurzwk zrxog hqgrjhqrxvo| idoo rq lpsdfw dqg uhpdlq dw wkdw orzhu ohyho
iruhyhu1 Wkhvh wzr srolf| uxohv � wkh �{hg prqh|0jurzwk uxoh dqg wkh
lqwhuhvw udwh uxoh � zrxog wkhuhiruh eh htxlydohqw1

Wr wklqn derxw wkh uhdo srolf| zruog/ krzhyhu/ wklv irupdo htxlydohqfh
zloo eh uhohydqw rqo| li wkh hqgrjhqrxv sdwk ri wkh qrplqdo lqwhuhvw udwh lq
wkh �{hg prqh|0jurzwk uxoh lv d olqhdu ixqfwlrq ri revhuydeoh yduldeohv/ vxfk
dv wkh ghyldwlrq ri wkh dfwxdo lq dwlrq udwh iurp lwv orqj0uxq vwhdg|0vwdwh1 Lq
wkdw fdvh/ dq lqwhuhvw udwh uxoh zklfk vhwv wkh lqwhuhvw udwh dffruglqj wr wkh
ghyldwlrq ri wkh dfwxdo lq dwlrq udwh iurp dq lq dwlrq wdujhw zrxog dfklhyh
wkh vdph uhvxowv1 Rwkhuzlvh/ srolf|pdnhuv zrxog qrw eh deoh wr lpsohphqw
wkh lqwhuhvw udwh uxoh zklfk uhsolfdwhv wkh �{hg prqh|0jurzwk uxoh1

Wklv sdshu looxvwudwhv/ lq wkh frqwh{w ri d forvhg0hfrqrp| prgho/ wkh h{0
lvwhqfh ri vrph edvlf htxlydohqfhv dprqj srolf| uxohv +l1h1/ srolf| uxohv zklfk
duh lpsohphqwdeoh lq sudfwlfh,1 Lq dwlrq lv dvvxphg wr eh d suhghwhuplqhg
yduldeoh/ uh hfwlqj wkh kljko| lqhuwldo qdwxuh ri lq dwlrq lq pdq| prghudwh
lq dwlrq frxqwulhv1 Zh �uvw frpsduh wkh xvh ri d prqh| dqfkru/ d qrplqdo
lqwhuhvw udwh dqfkru/ dqg d uhdo lqwhuhvw udwh dqfkru/ zkhuhe| srolf|pdnhuv
vhw d �{hg ohyho ri wkh fruuhvsrqglqj srolf| lqvwuxphqw +wkdw lv/ wkhuh lv qr
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ihhgedfn phfkdqlvp,1 Lw lv vkrzq wkdw rqo| d prqh| dqfkru +l1h1/ d n0shufhqw
prqh| jurzwk uxoh, |lhogv d zhoo0ehkdyhg v|vwhp1 Erwk d �{hg ohyho ri wkh
qrplqdo lqwhuhvw udwh dqg wkh uhdo lqwhuhvw udwh ohdg wr xqvwdeoh g|qdplfv1
Wklv �uvw uhvxow/ zklfk lv khuh ghulyhg iru wkh fdvh ri vwlfn| lq dwlrq/ lv wkxv
lq wkh vslulw ri wkh lqghwhuplqdflhv irxqg lq wkh olwhudwxuh1 Lq wkhru|/ wkhq/
wkhuh lv qr vxevwlwxwh iru d n0shufhqw prqh| uxoh1 Lq sudfwlfh/ krzhyhu/ wkhuh
duh zhoo0nqrzq sureohpv dvvrfldwhg zlwk n0shufhqw uxohv vxfk dv wkh lqvwd0
elolw| ri prqhwdu| djjuhjdwhv dqg wkh fkrlfh ri wkh dssursuldwh prqhwdu|
djjuhjdwh1

Zh wkhq lqyhvwljdwh wkh h{lvwhqfh ri vlpsoh lqwhuhvw udwh uxohv zklfk frxog
uhsolfdwh wkh n0shufhqw prqh| jurzwk uxoh1 Wkh iroorzlqj uxoh lv dqdo|}hg=
ohw srolf|pdnhuv dqqrxqfh dq lq dwlrq wdujhw dqg wkhq fkdqjh wkh qrplqdo
lqwhuhvw udwh dffruglqj wr wkh gl�huhqfh ehwzhhq wkh fxuuhqw lq dwlrq udwh
dqg wkh lq dwlrq wdujhw1 Lw lv vkrzq wkdw/ surylghg wkdw wkh lq dwlrq wdujhw
lv ixoo| fuhgleoh/ vxfk d srolf| jhqhudwhv wkh vdph txdolwdwlyh g|qdplf dg0
mxvwphqw dv wkh rqh gholyhuhg e| wkh n0shufhqw prqh| uxoh1 Lq idfw/ d vlpsoh
fdvh lv irxqg +zkhq uhdo prqh| ghpdqg lv ri wkh Fdjdq w|sh dqg wkxv kdv
d frqvwdqw lqwhuhvw udwh vhpl0hodvwlflw|, lq zklfk wkh lq dwlrq wdujhw0fxp0
lqwhuhvw udwh uxoh h{dfwo| uhsolfdwhv wkh n0shufhqw prqh| jurzwk uxoh1 Lq
rwkhu zrugv/ wkh dgmxvwphqw ri wkh hfrqrp| wr wkh dqqrxqfhphqw ri d orzhu
lq dwlrq wdujhw uhsolfdwhv h{dfwo| wkh uhvsrqvh ri wkh hfrqrp| wr d orzhu udwh
ri prqhwdu| h{sdqvlrq1 Zh wkhq dqdo|}h wkh iroorzlqj uhdo lqwhuhvw udwh uxoh=
ohw srolf|pdnhuv dqqrxqfh dq lq dwlrq wdujhw dqg fkdqjh wkh uhdo lqwhuhvw
udwh dffruglqj wr wkh gl�huhqfh ehwzhhq +d, wkh fxuuhqw lq dwlrq udwh dqg
wkh lq dwlrq wdujhw dqg +e, ghyldwlrqv ri rxwsxw iurp lwv ixoo0hpsor|phqw
ohyho1 Zh vkrz wkdw/ xqghu d frqvwdqw vhpl0hodvwlflw| prqh| ghpdqg/ wklv
uxoh dovr uhsolfdwhv wkh n0shufhqw prqh| jurzwk uxoh1

Khqfh/ wkhvh wkuhh uxohv � wkh n0shufhqw prqh| uxoh/ dq lq dwlrq wdujhw0
fxp0qrplqdo lqwhuhvw udwh uxoh/ dqg dq lq dwlrq wdujhw0fxp0uhdo lqwhuhvw udwh
uxoh � duh lghqwlfdo iru d Fdjdq prqh| ghpdqg1 Krzhyhu/ dv rqh pryhv
dzd| iurp wkh pruh wudglwlrqdo lqvwuxphqw +d prqhwdu| djjuhjdwh, wrzdug
ohvv wudglwlrqdo rqhv +d qrplqdo lqwhuhvw udwh dqg wkhq d uhdo lqwhuhvw udwh,/
wkh srolf| uhjlph ehfrphv pruh frpsolfdwhg dv wkh ihhgedfn phfkdqlvpv
pxowlso|1 Wklv vkrxog suryh d xvhixo frqfhswxdo ehqfkpdun1 Lq sudfwlfh/ wklv
lqfuhdvhg ohyho ri frpsoh{lw| zrxog qhhg wr eh zhljkwhg djdlqvw zkdwhyhu
sudfwlfdo dgydqwdjhv wkhuh pd| h{lvw1 Iru lqvwdqfh/ vhwwlqj d vkruw0whup
qrplqdo lqwhuhvw udwh pd| eh rshudwlrqdoo| hdvlhu wkdq vhwwlqj d frqvwdqw
jurzwk ri wkh prqh| vxsso|1
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Wkh wkuhh htxlydohqw srolf| uxohv mxvw phqwlrqhg lpso| dq dgmxvwphqw
wrzdug d orzhu orqj0uxq lq dwlrq udwh zklfk lqyroyhv d surorqjhg shulrg
ri Rgh dwlrq� +gh�qhg dv lq dwlrq idoolqj ehorz lwv orqj0uxq ohyho gxulqj
wkh dgmxvwphqw surfhvv,1 Wklv lv qhhghg iru uhdo prqh| edodqfhv wr dfklhyh
d kljkhu vwhdg|0vwdwh ohyho1 Lq sudfwlfh/ srolf|pdnhuv pd| zdqw wr dyrlg
wklv gh dwlrqdu| shulrg vlqfh lw hvvhqwldoo| lpsolhv wkdw wkh prqhwdu| srolf|
vwdqfh lv wrr wljkw1 Lw lv vkrzq wkdw srolf| uxohv zklfk uhvsrqg wr wkh rxwsxw
jds pd| suhyhqw wklv gh dwlrqdu| shulrg dqg hqvxuh d prqrwrqlf idoo ri wkh
lq dwlrq udwh wrzdugv lwv orzhu vwhdg|0vwdwh ydoxh1 Lq idfw/ xqghu fhuwdlq
frqglwlrqv/ wkhvh wkuhh srolf| uxohv gholyhu h{dfwo| wkh vdph rxwfrph= +d, dq
lq dwlrq wdujhw frpelqhg zlwk d prqh|0jurzwk uxoh zklfk uhvsrqgv wr wkh
rxwsxw jds> +e, dq lq dwlrq wdujhw frpelqhg zlwk d qrplqdo lqwhuhvw udwh
uxoh zklfk uhvsrqgv wr erwk wkh lq dwlrq jds dqg wkh rxwsxw jds> dqg +f,
dq lq dwlrq wdujhw frpelqhg zlwk d uhdo lqwhuhvw udwh uxoh zklfk uhvsrqgv wr
erwk wkh lq dwlrq jds dqg wkh rxwsxw jds1 Lw lv vwloo wkh fdvh wkdw wkh prqh|
jurzwk uxoh lv wkh vlpsohvw ri wkh wkuhh uxohv1 Exw/ djdlq/ d qrplqdo lqwhuhvw
udwh uxoh fdq dfklhyh wkh vdph uhvxowv zlwkrxw dgglqj wrr pxfk frpsoh{lw|
+dv wkh lq dwlrq jds pd| eh hdvlo| prqlwruhg e| srolf|pdnhuv,1

D �qdo zrug ri fdxwlrq ehiruh surfhhglqj wr wkh irupdo dqdo|vlv1 Zh
ylhz wkh htxlydohqfh uhvxowv ghulyhg lq wklv sdshu dv d xvhixo frqfhswxdo
ehqfkpdun1 Qr jhqhudolw| lv fodlphg1 Txlwh wr wkh frqwudu|/ wkh zkroh srlqw
ri wkh h{huflvh lv wr �qg frqglwlrqv +krzhyhu vwurqj wkh| pd| eh, xqghu zklfk
gl�huhqw srolf| uxohv duh htxlydohqw1 Dv lv w|slfdo ri dssolhg hfrqrplf wkhru|
+wklqn/ iru h{dpsoh/ ri wkh Ulfdugldq htxlydohqfh ru wkh Prgljoldql0Ploohu
wkhruhp,/ wkh lghd lv wkdw xqghuvwdqglqj +dgplwwhgo| h{wuhph, fdvhv zkhuh
vxfk htxlydohqfhv krog vkrxog wkhq pdnh lw hdvlhu wr xqghuvwdqg zkdw duh
wkh pdlq idfwruv lq wkh uhdo zruog wkdw pd| h{sodlq ghyldwlrqv iurp vxfk
ehqfkpdunv1 Lq wklv frqwh{w/ d prgho lq zklfk vrph edvlf srolf| htxlydohqfh
uhvxowv krog vkrxog krshixoo| surylgh d xvhixo vwduwlqj srlqw wr wklqn derxw
gl�huhqw prqhwdu| srolf| uxohv dqg lqvwuxphqwv1 Sxw gl�huhqwo|/ wkh lghd lv
wr surylgh d xvhixo frqfhswxdo ehqfkpdun wr wklqn derxw wkhvh lvvxhv udwkhu
wkdq wr frqvwuxfw d prgho zklfk uhsolfdwhv wkh uhdo zruog1

Wkh sdshu surfhhgv dv iroorzv1 Vhfwlrq 5 ghyhorsv wkh edvlf prgho1 Vhf0
wlrqv 6/ 7/ dqg 8 dqdo|}h wkh xvh ri wkh prqh| vxsso|/ wkh qrplqdo lqwhuhvw
udwh/ dqg wkh uhdo lqwhuhvw udwh dv srolf| lqvwuxphqwv/ uhvshfwlyho|1 Vhfwlrq
9 ghulyhv wkh �uvw htxlydohqfh sursrvlwlrq1 Vhfwlrq : dqdo|}hv srolf| uxohv
dlphg dw dyrlglqj h{fhvvlyho| wljkw prqhwdu| srolf| dqg ghulyhv wkh vhfrqg
htxlydohqfh sursrvlwlrq1 Vhfwlrq ; frqfoxghv1

9



5 Wkh prgho

Frqvlghu d forvhg hfrqrp| lqkdelwhg e| d yhu| odujh qxpehu ri lghqwlfdo
frqvxphuv1 Djhqwv kdyh shuihfw iruhvljkw1 Wkh Ilvfkhu htxdwlrq krogv/ vr
wkdw �| ' o| n Z|/ zkhuh �| lv wkh qrplqdo lqwhuhvw udwh/ o| lv wkh uhdo lqwhuhvw
udwh dqg Z| lv wkh lq dwlrq udwh1

514 Frqvxphuv

Wkh olihwlph xwlolw| ri wkh uhsuhvhqwdwlyh frqvxphu lv jlyhq e|
]
"

f

�ES|� i TE�q|�_|c +4,

zkhuh S| ghqrwhv frqvxpswlrq/ qE: f� lv wkh vxemhfwlyh glvfrxqw udwh/ dqg
wkh ixqfwlrq �E�� vdwlv�hv ��E�� : f dqg ���E�� 	 f1

Frqvxphuv krog wzr dvvhwv= d erqg +lqgh{hg wr wkh sulfh ohyho dqg lq
}hur qhw vxsso| lq wkh djjuhjdwh, dqg prqh|1 Ohw @| ghqrwh wkh krxvhkrog*v
�qdqfldo zhdowk lq uhdo whupv1 Khqfh/

@| ' K| n6|c +5,

zkhuh K| dqg 6| ghqrwh wkh uhdo vwrfnv ri erqgv dqg prqh|/ uhvshfwlyho|1
Wkh erqg hduqv d qrplqdo uhwxuq ri �|1

Lq wklv hfrqrp|/ wudglqj lv d frvwo| dfwlylw| +lq whupv ri uhvrxufhv,1 Frq0
vxphuv krog prqh| lq rughu wr uhgxfh wudqvdfwlrqv frvwv1 Wudqvdfwlrqv frvwv
duh wkxv jlyhq e| �E6|�/ zkhuh �

�E6� 	 f dqg ���E6� : f17

Wkh frqvxphu*v  rz frqvwudlqw lv jlyhq e|

�@| ' o|@| n +| n � | � S| � �|6| � �E6|�c +6,

zkhuh +| ghqrwhv rxwsxw ri wkh jrrg dqg � | duh oxps0vxp wudqvihuv iurp wkh
jryhuqphqw1

Wkh frqvxphu fkrrvhv iS|c 6|j iru doo | 5 dfc4� wr pd{lpl}h olihwlph
xwlolw| +4,/ vxemhfw wr +6,/ iru jlyhq sdwkv ri o|/ +|/ � |/ dqg �|/ dqg d jlyhq
ydoxh ri @f1 Wkh �uvw0rughu frqglwlrqv iru wklv vwdqgdug rswlpdo frqwuro
surjudp duh=

7Vhh/ dprqj rwkhuv/ Gruqexvfk dqg Iuhqnho +4<:6,1 Iru vlpsolflw|/ zh dvvxph wkdw wkh

wudqvdfwlrqv whfkqrorj| grhv qrw ghshqg rq frqvxpswlrq/ zklfk lpsolhv wkdw wkh ghulyhg

uhdo prqh| ghpdqg zloo rqo| ghshqg rq wkh qrplqdo lqwhuhvw udwh1

:



��ES|� ' b|c +7,

���E6|� ' �|c +8,
�b| ' b|Eq � o|�c +9,

zkhuh b| lv wkh fxuuhqw ydoxh pxowlsolhu dvvrfldwhg zlwk frqvwudlqw +6,1 Htxd0
wlrq +7, lqglfdwhv wkdw/ dw dq rswlpxp/ wkh krxvhkrog htxdwhv wkh pdujlqdo
xwlolw| ri frqvxpswlrq wr wkh pdujlqdo xwlolw| ri zhdowk1 Htxdwlrq +9, lv wkh
odz ri prwlrq ri wkh pxowlsolhu1 Frqglwlrq +8, vwdwhv wkdw/ dw dq rswlpxp/
wkh ehqh�wv ghulyhg iurp kroglqj dq dgglwlrqdo xqlw ri uhdo prqh| edodqfhv
zloo eh htxdo wr wkh fruuhvsrqglqj rssruwxqlw| frvw1 Wklv htxdwlrq lpsolflwo|
gh�qhv d prqh| ghpdqg ixqfwlrq=

6| ' uE�|�c u�E�|� ' �
�

���E6|�
	 f1 +:,

Iru ixuwkhu uhihuhqfh/ qrwlfh wkdw gl�huhqwldwlqj htxdwlrq +7, zlwk uhvshfw
wr wlph dqg frpelqlqj lw zlwk +9, ohdgv wr wkh idploldu Hxohu htxdwlrq=

�S| '
��ES|�

����ES|�
Eo| � q�1 +;,

Khqfh/ li/ vd|/ wkh uhdo lqwhuhvw udwh lv deryh wkh udwh ri wlph suhihuhqfh/
wrgd|*v frqvxpswlrq lv h{shqvlyh uhodwlyh wr Rwrpruurz*v� dqg khqfh frq0
vxpswlrq zloo eh lqfuhdvlqj ryhu wlph1

515 Jryhuqphqw

Wkh jryhuqphqw sod|v qr dfwlyh uroh1 Lw jlyhv edfn wr frqvxphuv dv oxps0
vxp wudqvihuv wkh surfhhgv iurp prqh| fuhdwlrq dqg wudqvdfwlrqv frvwv1 Wkh
jryhuqphqw*v frqvwudlqw lv wkxv

� | ' >
|
6| n �E6|�� +<,

Wkh idfw wkdw �E6|� dsshduv lq wkh jryhuqphqw*v  rz frqvwudlqw uh hfwv wkh
dvvxpswlrq wkdw �E6|� lv d sulydwh frvw iru frqvxphuv exw qrw d vrfldo frvw1
Irupdoo|/ rqh fdq wklqn ri vrph ihghudo djhqf| surylglqj +dw }hur frvw, wkh
wudqvdfwlrqv frvwv qhhghg e| frqvxphuv1 Wkh sur�wv ri wklv ihghudo djhqf|
duh uhwxuqhg wr krxvhkrogv dv oxps0vxp wudqvihuv1 Wklv dvvxpswlrq lv pdgh
wr holplqdwh zhdowk h�hfwv dvvrfldwhg zlwk fkdqjhv lq lq dwlrq zklfk zrxog
xqqhfhvvdulo| frpsolfdwh wkh dqdo|vlv1

;



516 Vxsso| vlgh

Rxwsxw lv hqgrjhqrxv dqg dvvxphg wr eh ghpdqg0ghwhuplqhg> wkdw lv/ +| '
S|1 Wkh lq dwlrq udwh lv dvvxphg wr eh suhghwhuplqhg dw hdfk srlqw lq
wlph1 Wklv irupxodwlrq lv phdqw wr fdswxuh d vlwxdwlrq lq zklfk zlghvsuhdg
edfnzdug0orrnlqj lqgh{dwlrq ri sulfhv dqg zdjhv lpsduwv d kljk ghjuhh ri
lqhuwld wr wkh lq dwlrq udwh18 Wkh fkdqjh lq wkh lq dwlrq udwh lv jlyhq e|

�Z| ' �E>
|
� Z|� n kES| � 7+�c +43,

zkhuh 7+ ghqrwhv wkh Rixoo0hpsor|phqw� ohyho ri rxwsxw1 Htxdwlrq +43, vd|v
wkdw wkh udwh ri lq dwlrq zloo lqfuhdvh zkhqhyhu wkh udwh ri lq dwlrq lv ehorz
wkh udwh ri prqh| jurzwk/ >

|
/ ru djjuhjdwh ghpdqg h{fhhgv ixoo0hpsor|phqw

rxwsxw1

517 Htxloleulxp frqglwlrqv

Vlqfh erqgv duh Rlqvlgh prqh|� lq wklv hfrqrp|/ djjuhjdwh erqg kroglqjv
pxvw eh }hur=

K| ' f� +44,

Ri frxuvh/ vxevwlwxwlqj wkh odwwhu dqg jrrgv pdunhw htxloleulxp/ +| ' S|/ lqwr
wkh frqvxphu*v  rz frqvwudlqw/+6,/ |lhogv wkh jryhuqphqw*v exgjhw frqvwudlqw/
+<,/ zklfk lv vlpso| d pdqlihvwdwlrq ri Zdoudv Odz1

Ilqdoo|/ dqg iru ixuwkhu uhihuhqfh/ qrwh wkdw vlqfh/ e| gh�qlwlrq/ 6 '
�*� / lw iroorzv wkdw

�6| ' 6|E>|
� Z|�� +45,

6 D �{hg prqh| jurzwk uxoh

Dv d ehqfkpdun/ frqvlghu wkh fdvh lq zklfk srolf|pdnhuv vhw wkh lqlwldo ohyho
dqg wkh udwh ri jurzwk ri wkh qrplqdo prqh| vxsso| +ghqrwhg e| 7>,1 Khqfh/
htxdwlrqv +43, dqg +45, ehfrph=

�Z| ' �E7>� Z|� n kES| � 7+�c +46,

8
Zlghvsuhdg lqgh{dwlrq kdv orqj fkdudfwhul}hg fkurqlf lq dwlrq frxqwulhv> vhh/ iru lq0

vwdqfh/ Gruqexvfk dqg Vlprqvhq +4<;:,/ Hgzdugv +4<<4,/ dqg Euxqr +4<<6,1

<



�6| ' 6|E7>� Z|�� +47,

Vxevwlwxwlqj lqwr htxdwlrq +;, wkh Ilvkhu htxdwlrq dqg htxdwlrq +8,/ zh
rewdlq=

�S| '
��ES|�

���ES|�
dq n ��E6|� n Z|o 1 +48,

Htxdwlrqv +46,/ +47,/ dqg +48, frqvwlwxwh d gl�huhqwldo htxdwlrq v|vwhp
lq Z|/ 6|/ dqg S|/ iru d jlyhq ydoxh ri wkh srolf| yduldeoh 7>1 Erwk Z| dqg 6|

duh suhghwhuplqhg yduldeohv1
Wkh v|vwhp*v vwhdg|0vwdwh lv jlyhq e|

Zrr ' 7>c +49,

Srr ' 7+c +4:,

���E6rr� ' q n 7>� +4;,

Olqhdul}lqj wklv v|vwhp durxqg wkh vwhdg|0vwdwh/ zh rewdlq=
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�Z|

�6|

�S|

6
:8 '
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�6rr f f
�

�E7+�
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�E7+����E6rr�

���E7+�
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::8
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97
Z| � 7>
6| �6rr

S| � 7+

6
:8 �

Wkh wudfh dqg ghwhuplqdqw ri wkh pdwul{ dvvrfldwhg zlwk wkh olqhdu ds0
sur{lpdwlrq duh/ uhvshfwlyho|/

Ao ' �� 	 fc +4<,

{ ' �k6rr

��E7+����E6
rr
�

���E7+�
: fc +53,

zklfk lpsolhv wkdw wkhuh lv rqh srvlwlyh urrw dqg wzr urrwv zlwk qhjdwlyh
uhdo sduw19 Vlqfh wkhuh duh wzr suhghwhuplqhg yduldeohv/ wkh v|vwhp h{klelwv

9Lq zkdw iroorzv/ dqg wr vlpsoli| wkh h{srvlwlrq/ lw zloo eh dvvxphg wkdw wkh urrwv zlwk

qhjdwlyh uhdo sduw duh uhdo qxpehuv1 Lw fdq eh fkhfnhg wkdw urrwv zloo eh uhdo +frpsoh{,

qxpehuv zkhq � lv odujh +vpdoo, uhodwlyh wr �1 Wklv pdnhv lqwxlwlyh vhqvh vlqfh/ dv fdq eh

vhhq iurp +46,/ d uhodwlyho| odujh � hqvxuhv wkdw wkh udwh ri fkdqjh ri wkh lq dwlrq udwh lv

uhodwlyh pruh uhvsrqvlyh wr wkh lq dwlrq udwh gl�huhqwldo1

43



vdggoh0sdwk vwdelolw|= iru jlyhq lqlwldo ydoxhv ri Z dqg 6/ S zloo dgmxvw vr dv
wr srvlwlrq wkh v|vwhp dorqj lwv xqltxh shuihfw iruhvljkw htxloleulxp sdwk1

Ohw B�/ � ' �c 2/ ghqrwh wkh wzr qhjdwlyh urrwv/ zlwk B� : B21 Ohw ���/
� ' �c 2c �/ ghqrwh wkh hohphqwv ri wkh hljhqyhfwru dvvrfldwhg zlwk urrw B��
Khqfh/ iru � ' �c 2/ lw iroorzv wkdw
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�� � B� f k
�6rr �B� f
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:8 � +54,

Wkhuhiruh/

���
��2

' �
B�
6rr

: f� +55,

Dv zloo ehfrph fohdu ehorz/ wklv zloo surylgh d fuxfldo slhfh ri lqirupdwlrq
zkhq lw frphv wr ghulylqj wkh g|qdplf ehkdylru ri wkh v|vwhp1

Vhwwlqj wr }hur wkh frqvwdqw fruuhvsrqglqj wr wkh xqvwdeoh urrw/ wkh vr0
oxwlrq wr wklv g|qdplf v|vwhp wdnhv wkh irup=

Z| � 7> ' ����� i TEB�|� n �2�2� i TEB2|�c +56,

6| �6rr ' ����2 i TEB�|� n �2�22 i TEB2|�c +57,

S| � 7+ ' ����� i TEB�|� n �2�2� i TEB2|�c +58,

zkhuh ��/ � ' �c 2/ ghqrwhv wkh frqvwdqw dvvrfldwhg zlwk urrw B�1 Vlqfh B2 �
B� 	 f/ lw iroorzv wkdw=

*�4
|<"

Z| � 7>

6| �6rr

'
���
��2

: f�

Wklv lpsolhv wkdw dv | ehfrphv odujh/ lq dwlrq dqg uhdo prqh| edodqfhv zloo
frqyhujh wr wkhlu vwhdg|0vwdwh ydoxhv iurp wkh vdph gluhfwlrq1 Sxw gl�huhqwo|/
wkh Rgrplqdqw hljhqyhfwru ud|/� zklfk lv looxvwudwhg lq Iljxuh 4/ lv srvlwlyho|
vorshg +vhh Fdoyr +4<;:,,1 Judsklfdoo|/ wkh v|vwhp pxvw frqyhujh dv|pswrw0
lfdoo| wr wkh grplqdqw hljhqyhfwru ud|1 Iurp +47,/ zh dovr nqrz wkdw zkhq
Z| : 7> +Z| 	 7>,/ uhdo prqh| edodqfhv duh idoolqj +ulvlqj,1 Wkh fruuhvsrqglqj
gluhfwlrqdo duurzv duh gudzq lq Iljxuh 41

Zh qrz kdyh doo wkh hohphqwv qhhghg wr vwxg| krz wklv hfrqrp| dgmxvwv wr
dq xqdqwlflsdwhg dqg shupdqhqw idoo lq wkh udwh ri prqhwdu| jurzwk1 Vxssrvh
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wkdw lq wkh lqlwldo vwhdg|0vwdwh +l1h1/ iru | 	 f,/ wkh udwh ri prqhwdu| jurzwk
lv 7>M 1 Dw | ' f/ srolf|pdnhuv dqqrxqfh dq xqdqwlflsdwhg dqg shupdqhqw
uhgxfwlrq ri wkh prqh| jurzwk udwh iurp 7>M wr 7>u/ zkhuh 7>M : 7>u1 Lq
whupv ri Iljxuh 4/ wkh lqlwldo kljk0lq dwlrq vwhdg|0vwdwh lv dw srlqw D1 Wkh
qhz vwhdg| vwdwh � zlwk orzhu lq dwlrq dqg kljkhu uhdo prqh| edodqfhv �
lv dw srlqw E1 Jlyhq wkh frqglwlrqv wkdw pxvw eh vdwlv�hg e| d frqyhujhqw
sdwk/ wkh hfrqrp| pxvw iroorz wkh duurzhg sdwk looxvwudwhg lq Iljxuh 41:

Iljxuh 5 looxvwudwhv wkh wlph sdwk ri wkh pdlq yduldeohv1 Wkh sdwkv ri
lq dwlrq dqg uhdo prqh| edodqfhv iroorz gluhfwo| iurp Iljxuh 41 Vlqfh wkh
lq dwlrq udwh lv d suhghwhuplqhg yduldeoh/ wkh uhgxfwlrq lq wkh udwh ri prqh0
wdu| jurzwk lpsolhv wkdw uhdo prqh| edodqfhv idoo lq wkh hduo| vwdjhv1 Jlyhq
wkh sdwk ri 6|/ wkh sdwk ri �| iroorzv iurp +8,1 Wkh qrplqdo lqwhuhvw udwh
pxvw ulvh hduo| rq wr dffrpprgdwh wkh orzhu ohyho ri uhdo prqh| edodqfhv1
Vlqfh o| ' �| � Z|/ wkh sdwk ri o| iroorzv iurp wkh sdwkv ri �| dqg Z|1

; Wkh
idfw wkdw o| lv deryh q gxulqj doo wkh dgmxvwphqw surfhvv lpsolhv wkdw/ diwhu
mxpslqj grzqzdug rq lpsdfw/ frqvxpswlrq ulvhv wkurxjkrxw1

Wkh lqwxlwlrq ehklqg wkh uhvxowv mxvw glvfxvvhg lv dv iroorzv1 Wkh shu0
pdqhqw uhgxfwlrq lq wkh udwh ri prqhwdu| jurzwk lpsolhv wkdw/ lq wkh qhz
vwhdg|0vwdwh/ lq dwlrq/ dqg wkxv wkh qrplqdo lqwhuhvw udwh/ zloo eh orzhu1
Khqfh/ uhdo prqh| ghpdqg lq wkh qhz vwhdg|0vwdwh zloo eh kljkhu1 Krz zloo
wklv lqfuhdvh lq uhdo prqh| edodqfhv frph derxwB Vlqfh wkh qrplqdo prqh|
vwrfn grhv qrw mxps dw | ' f +lw lv d srolf| yduldeoh,/ wkh rqo| zd| iru wkh
hfrqrp| wr jhqhudwh kljkhu uhdo prqh| edodqfhv lv iru wkh lq dwlrq udwh wr
idoo ehorz wkh orzhu udwh ri prqhwdu| jurzwk/ 7>u1 Khqfh/ lq dwlrq qhhgv wr
Rxqghuvkrrw� lwv orqj0uxq ydoxh iru uhdo prqh| edodqfhv wr hyhqwxdoo| ehjlq
wr ulvh wrzdug wkhlu kljkhu vwhdg|0vwdwh ydoxh1 Sxw gl�huhqwo|/ Rwljkw� prqh0
wdu| srolf| +lq wkh irup ri d vkdus uhgxfwlrq lq wkh udwh ri prqhwdu| jurzwk,
irufhv wkh hfrqrp| wr xqghujr d gh dwlrqdu| shulrg1 Wklv Rwljkw� prqhwdu|
srolf| pdqlihvwv lwvhoi lq kljk qrplqdo dqg uhdo lqwhuhvw udwhv lq wkh hduo|
vwdjhv ri wkh vwdelol}dwlrq1

Lw zloo suryh xvhixo wr ghulyh dqdo|wlfdoo| wkh wlph sdwkv ri wkh qrplqdo
dqg uhdo lqwhuhvw udwhv1 Gl�huhqwldwlqj �uvw0rughu frqglwlrq +8, dqg uhfdoolqj

:Dv irupdoo| vkrzq lq wkh Dsshqgl{/ lw fdq eh uxohg rxw wkdw/ vwduwlqj iurp srlqw D/

wkh v|vwhp zloo �uvw khdg lq d qruwkzhvwhuq gluhfwlrq1 Lq rwkhu zrugv/ b�3 ? 3= Wr vkrz

wklv/ zh �uvw pxvw vkrz wkdw frqvxpswlrq mxpsv grzqzdugv rq lpsdfw +vhh Dsshqgl{,1
;Lq sulqflsoh/ zh fdqqrw uxoh rxw wkdw wkh vorsh ri wkh sdwk ri uw fkdqjhv vljq pruh

wkdq rqfh1 Zkdw lv lpsruwdqw/ krzhyhu/ lv wkdw/ gxulqj wkh dgmxvwphqw surfhvv/ uw zloo

dozd|v eh deryh lwv xqltxh vwhdg|0vwdwh ydoxh1
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wkdw �6|*6| ' 7>� Z|/ lw iroorzv wkdw

��| ' 6|�
��E6|�EZ| � 7>u�� +59,

Khqfh/ dorqj wkh dgmxvwphqw sdwk/ wkh qrplqdo lqwhuhvw udwh ghshqgv rq
wkh gl�huhqfh ehwzhhq wkh fxuuhqw lq dwlrq udwh dqg wkh orqj0uxq lq dwlrq
udwh +zklfk htxdov 7>u,1 Dv pdgh fohdu ehorz/ wklv douhdg| vxjjhvwv wkdw
dq lq dwlrq wdujhw frpelqhg zlwk dq lqwhuhvw udwh uxoh zkhuhe| wkh qrplqdo
lqwhuhvw udwh lv udlvhg li wkh dfwxdo lq dwlrq udwh lv deryh wkh lq dwlrq wdujhw
pd| |lhog d vlplodu g|qdplf sdwk wr wkh n�shufhqw prqh| jurzwk uxoh1

Dv idu dv wkh uhdo lqwhuhvw udwh lv frqfhuqhg/ xvlqj wkh Ilvfkhu htxdwlrq
dqg htxdwlrqv +46, dqg +59,/ zh rewdlq=

�o| ' d� n6|�
��E6|�o EZ| � 7>u�� kES| � 7+�� +5:,

Khqfh/ wkh uhdo lqwhuhvw udwh lqfuhdvhv zkhqhyhu lq dwlrq lv deryh lwv orqj0uxq
ydoxh dqg idoov li frqvxpswlrq lv deryh wkh ixoo0hpsor|phqw ohyho ri rxwsxw1
Wkh lqwxlwlrq iru wkh odwwhu fkdqqho lv dv iroorzv= rwkhu wklqjv ehlqj htxdo/
zkhq frqvxpswlrq lv deryh lwv ixoo hpsor|phqw ohyho/ wkh lq dwlrq udwh lv
ulvlqj +uhfdoo +46,,/ zklfk lpsolhv wkdw wkh uhdo lqwhuhvw udwh lv idoolqj1 Djdlq/
wklv vxjjhvwv wkdw dq lq dwlrq wdujhw frpelqhg zlwk d uhdo lqwhuhvw udwh uxoh
zklfk uhvsrqgv wr erwk +d, wkh jds ehwzhhq wkh fxuuhqw lq dwlrq udwh dqg
dq lq dwlrq wdujhw dqg +e, wkh rxwsxw jds vkrxog |lhog vlplodu g|qdplfv wr
wkh n0shufhqw prqh| jurzwk uxoh1

7 Wkh qrplqdo lqwhuhvw udwh dv dq lqvwuxphqw

714 D sxuh lqwhuhvw udwh shj

Vxssrvh wkdw srolf|pdnhuv vhw wkh qrplqdo lqwhuhvw udwh dw d frqvwdqw ohyho
7�1 Wklv lv dfklhyhg e| ohwwlqj wkh prqh| vxsso| dgmxvw wr zkdwhyhu ohyho lv
qhhghg iru wkh wdujhwhg lqwhuhvw udwh wr suhydlo1 Lw zloo eh vkrzq wkdw dq
lqwhuhvw udwh shj ohdgv wr d pxowlsolflw| ri htxloleulxp sdwkv1

Li �| ' 7�/ lw iroorzv iurp �uvw0rughu frqglwlrq +8, wkdw �6| ' f/ dqg wkhuhiruh
wkdw Z| ' >|1 Htxdwlrq +43, wkhq ehfrphv

�Z| ' kES| � 7+�� +5;,
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Wdnlqj lqwr dffrxqw wkh Ilvkhu htxdwlrq/ wkh Hxohu htxdwlrq +;, fdq eh uhzulw0
whq dv

�S| '
��ES|�

���ES|�
Eq n Z| �7�� � +5<,

Htxdwlrqv +5;, dqg +5<, frqvwlwxwh d gl�huhqwldo htxdwlrq v|vwhp lq Z|

dqg S|/ iru d jlyhq ydoxh ri 7�1 Dw wkh vwhdg|0vwdwh/ Srr ' 7+ dqg Zrr ' 7� � q1
Olqhdul}lqj wkh v|vwhp durxqg wkh vwhdg|0vwdwh=

%
�Z|

�S|

&
'

%
f k
��E7+�

�
�� E7+�

f

& %
Z| � Zrr

S| � 7+

&
1

Wkh wudfh dqg ghwhuplqdqw ri wkh pdwul{ dvvrfldwhg zlwk wkh olqhdu ds0
sur{lpdwlrq duh jlyhq e|/ uhvshfwlyho|/

Ao ' fc

{ ' �k
��E7+�

���E7+�
: f�

Wklv lpsolhv wkdw wkhuh duh wzr frpsoh{ urrwv zlwk uhdo sduw htxdo wr }hur1<

Wkh g|qdplf v|vwhp h{klelwv d Ryruwh{� dqg lv wkxv xqvwdeoh1 Iru d jlyhq
lqlwldo ydoxh ri wkh lq dwlrq udwh +h{fhsw li lw kdsshqv wr eh wkh vwhdg|0
vwdwh ydoxh,/ wkhuh lv qr ydoxh ri frqvxpswlrq zklfk sodfhv wkh hfrqrp| rq
d frqyhujhqw sdwk1 Doo srvvleoh ydoxhv lpso| wkdw wkh v|vwhp zloo rvfloodwh
iruhyhu zlwkrxw hyhu uhdfklqj wkh vwhdg|0vwdwh1 Wkhuhiruh/ lq wklv prgho d
sxuh qrplqdo lqwhuhvw udwh shj grhv qrw surylgh d vhqvleoh zd| ri frqgxfwlqj
prqhwdu| srolf|1

Lqwxlwlyho|/ wkh sureohp olhv lq wkh idfw wkdw/ xqghu d sxuh lqwhuhvw udwh
shj/ wkh hfrqrp| orvhv lwv qrplqdo dqfkru dv wkh udwh ri prqhwdu| jurzwk
sdvvlyho| dffrpprgdwhv lq dwlrq1 Lqghhg/ dv pdgh fohdu e| htxdwlrq +5;,/
wkhuh lv qr orqj0uxq ydoxh ri wkh lq dwlrq udwh +l1h1/ qr qrplqdo dqfkru, wr
jxlgh wkh lq dwlrq udwh wr d vshfl�f ydoxh1 Lq frqwudvw/ xqghu d n0shufhqw
prqh| uxoh +uhfdoo htxdwlrq +46,,/ wkh udwh ri fkdqjh ri wkh lq dwlrq udwh lv
d�hfwhg e| wkh gl�huhqfh ehwzhhq wkh fxuuhqw lq dwlrq udwh dqg lwv orqj0uxq
ydoxh1

<Wkh urrwv duh jlyhq e| �4>5 @.
�

}

t
��

x3+�|,

x
33

+�|,
/ zkhuh }

5 @ �41
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715 D qrplqdo lqwhuhvw udwh uxoh zlwk dq lq dwlrq wdu0

jhw

Frqvlghu wkh iroorzlqj srolf| uhjlph= srolf|pdnhuv dqqrxqfh dq lq dwlrq
wdujhw/ 7Z/ dqg iroorz wkh lqwhuhvw udwh uxoh

�� ' wEZ| � 7Z�c +63,

zkhuhe| wkh qrplqdo lqwhuhvw udwh lv udlvhg +uhgxfhg, lq d judgxdo zd| zkhq0
hyhu wkh lq dwlrq udwh lv deryh lwv wdujhw143 +Qrwh wkdw lq wklv vhw0xs/ wkh
qrplqdo lqwhuhvw udwh lv e| frqvwuxfwlrq d suhghwhuplqhg yduldeoh1, Gl�huhq0
wldwlqj �uvw0rughu frqglwlrq +8, dqg xvlqj +63,/ zh jhw=

�6| '
�w

���E6|�
EZ| � 7Z�� +64,

Frpelqlqj wkh odvw htxdwlrq zlwk +43, dqg +45, |lhogv

�Z| '
�w

6|���E6|�
E7Z � Z|� n kES| � 7+�� +65,

Wkh odvw htxdwlrq/ wrjhwkhu zlwk +48, dqg +64, irup d g|qdplf v|vwhp lq
Z|/ 6|/ dqg S| zkrvh g|qdplf surshuwlhv duh txdolwdwlyho| wkh vdph dv wkrvh
ri wkh v|vwhp +46,/ dqg +47,/ +48, vwxglhg iru wkh �{hg prqh| jurzwk uxoh1
Khqfh/ li dw wlph 3/ srolf|pdnhuv dqqrxqfh d uhgxfwlrq lq wkh lq dwlrq wdujhw
dqg iroorz srolf| uxoh +63,/ wkh hfrqrp| zloo iroorz +lq txdolwdwlyh whupv, wkh
dgmxvwphqw surfhvv ghslfwhg lq Iljxuh 5/ h{fhsw iru >

|
1

Qrwlfh wkdw >
|
lv qrz dq hqgrjhqrxv yduldeoh zkrvh sdwk lv jlyhq e|=

>
|
'

w

6|���E6|�
7Z n

%
��

w

6|���E6|�

&
Z|� +66,

Wr �{ lghdv/ qrwlfh wkdw6|��E6|� lv wkh lqyhuvh ri wkh +devroxwh ydoxh ri wkh,
vhpl0hodvwlflw| ri uhdo prqh| ghpdqg +ghqrwhg e| #r,> wkdw lv/ #r

|
� �

6|��E6|�
1

Li uhdo prqh| ghpdqg lv ri wkh Fdjdq0w|sh +l1h1/ lw h{klelwv d frqvwdqw vhpl0
hodvwlflw|,/ wkhq lw iroorzv iurp +66, wkdw rq lpsdfw >

|
zloo idoo e| pruh wkdq

wkh lq dwlrq wdujhw li #r : �*w dqg e| ohvv li #r 	 �*w1 Lq wkh fdvh lq zklfk
#r ' �*w/ >

|
' 7Z iru doo |/ dqg wkh v|vwhp ehkdyhv h{dfwo| dv lw grhv xqghu

d �{hg0prqh| jurzwk uxoh1 Lq rwkhu zrugv/ dq rxwvlgh revhuyhu zrxog qrw

43
Xqohvv rwkhuzlvh lqglfdwhg/ doo srolf| sdphwhuv duh srvlwlyh1
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eh deoh wr whoo zkhwkhu d jlyhq uhgxfwlrq lq wkh orqj0uxq lq dwlrq udwh zdv
eurxjkw derxw e| d shupdqhqw uhgxfwlrq lq 7> ru e| wkh dqqrxqfhphqw ri d
orzhu lq dwlrq wdujhw wrjhwkhu zlwk lqwhuhvw udwh uxoh +63,1

8 Wkh uhdo lqwhuhvw udwh dv srolf| lqvwuxphqw

814 D sxuh uhdo lqwhuhvw udwh shj

Vxssrvh wkdw srolf|pdnhuv vhw wkh uhdo lqwhuhvw udwh dw wkh frqvwdqw ydoxh
7o1 D qhfhvvdu| frqglwlrq iru vxfk d uhdo lqwhuhvw udwh shj wr eh frqvlvwhqw
zlwk d frqyhujhqw htxloleulxp sdwk lv wkdw 7o ' q1 Rwkhuzlvh/ frqvxpswlrq
zrxog hlwkhu lqfuhdvh ru ghfuhdvh iruhyhu/ dv iroorzv iurp +;,1 Wkh shj 7o ' q
wkhuhiruh lpsolhv wkdw �S

|
' f1 Khqfh/ S

|
' 7+ iru d frqyhujhqw sdwk wr h{lvw1

Iurp +43,/

�Z
|
' �E>

|
� Z|�� +67,

Uhfdoolqj wkh Ilvkhu htxdwlrq/ lw wkhq iroorzv iurp +:, dqg +67, wkdw

�Z|

%
�

�
�

u�E�|�

uE�|�

&
' fc

zklfk lpsolhv wkdw/ dorqj d shuihfw iruhvljkw htxloleulxp sdwk/ �Z| ' f1 Lq0
wxlwlyho|/ li wkh udwh ri prqhwdu| jurzwk zhuh/ vd|/ deryh wkh lq dwlrq udwh/
uhdo prqh| edodqfhv zrxog eh lqfuhdvlqj ryhu wlph1 Iru prqh| pdunhw htxl0
oleulxp wr krog/ wkh qrplqdo lqwhuhvw udwh zrxog qhhg wr idoo ryhu wlph1 Vlqfh
wkh uhdo lqwhuhvw udwh lv frqvwdqw/ wklv lpsolhv wkdw wkh lq dwlrq udwh zrxog
eh idoolqj ryhu wlph1 Rq wkh rwkhu kdqg/ li wkh udwh ri prqhwdu| jurzwk
zhuh deryh wkh lq dwlrq udwh/ htxdwlrq +67, lqglfdwhv wkdw lq dwlrq pxvw eh
lqfuhdvlqj ryhu wlph1 Wkh rqo| frqvlvwhqw sdwk lv iru lq dwlrq wr uhpdlq  dw
ryhu wlph1

Ohw Z| ' 7Z1 Khqfh/ dorqj d shuihfw iruhvljkw htxloleulxp sdwk/ >
|
' 7Z/

�| ' 7o n7Z/ dqg 6| ' uE7o n 7Z�1 Wkh hfrqrp| lv wkxv dozd|v lq d vwdwlrqdu|
htxloleulxp1 Wklv htxloleulxp/ krzhyhu/ lv qrw xqltxho| ghwhuplqhg1 Wr vhh
wklv/ vxssrvh wkdw/ iru zkdwhyhu uhdvrq/ wkh sxeolf fdph wr h{shfw wkdw wkh
lq dwlrq udwh zloo eh 27Z1 Wkhq/ e| wkh deryh uhdvrqlqj/ >

|
' 27Z dqg �| ' 7o

n27Z1 Vlqfh wkh qrplqdo lqwhuhvw udwh lv kljkhu/ uhdo prqh| ghpdqg zrxog
eh orzhu> wkdw lv/ 6| ' uE7o n 27Z�1 Wkh qrplqdo prqh| vwrfn zrxog idoo
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wr dffrpprgdwh wkh orzhu uhdo prqh| ghpdqg1 Lq vxp/ srolf|pdnhuv zloo
ydolgdwh dq| lq dwlrq udwh h{shfwhg e| wkh sxeolf1 Wkhuh lv qrwklqj wr wlh
grzq wkh ohyho ri wkh frqvwdqw udwh ri lq dwlrq1

815 D uhdo lqwhuhvw udwh uxoh zlwk dq lq dwlrq wdujhw

Frqvlghu wkh iroorzlqj srolf| uhjlph= srolf|pdnhuv dqqrxqfh dq lq dwlrq
wdujhw/ 7Z/ dqg iroorz wkh uhdo lqwhuhvw udwh uxoh

�o| ' wEZ| � 7Z�c +68,

Frpelqlqj +:,/ +43,/ dqg +68,/ zh jhw=

�Z| '
w� u

�E�|�
uE�|�

�� � u�E�|�
uE�|�

EZ| � 7Z� n
k

�� � u�E�|�
uE�|�

ES| � 7+�� +69,

Htxdwlrqv +;,/ +68,/ dqg +69, frqvwlwxwh d g|qdplf v|vwhp lq Z|/ S|/ dqg o|1
Surfhhglqj dv lq wkh fdvh ri wkh �{hg prqh|0jurzwk uxoh/ wklv g|qdplf v|vwhp
pd| eh vroyhg e| frpsxwlqj wkh grplqdqw hljhqyhfwru ud|1 Lq uhvsrqvh wr
dq xqdqwlflsdwhg uhgxfwlrq lq wkh lq dwlrq wdujhw/ wkh v|vwhp dgmxvwv wr wkh
qhz vwhdg|0vwdwh iroorzlqj vlplodu g|qdplfv dv lq Iljxuh 5/ h{fhsw iru wkh
ehkdylru ri >

|
/ zklfk pd| ydu| ryhu wlph1

9 Dq htxlydohqfh sursrvlwlrq

Lw kdv ehhq vkrzq deryh wkdw erwk d qrplqdo lqwhuhvw udwh uxoh dqg d uhdo
lqwhuhvw udwh uxoh/ lq frqmxqfwlrq zlwk dq lq dwlrq wdujhw/ zloo |lhog txdolwd0
wlyho| wkh vdph uhvxowv dv d n�shufhqw prqh| jurzwk uxoh1 Zh qrz vkrz d
sduwlfxodu fdvh lq zklfk wkhvh wkuhh uxohv duh h{dfwo| wkh vdph1

Vxssrvh wkdw wkh wudqvdfwlrqv frvwv whfkqrorj| wdnhv wkh irup=

�E6|� ' 6|

�
�

j
*L}E6|�� �

�
c +6:,

zkhuh � lv d srvlwlyh sdudphwhu1 Wkhq/ xvlqj +8,/ wkh uhdo prqh| ghpdqg
ehfrphv=

6| ' �e3j�|c � � ej�3�1 +6;,

4:



Wklv lv d Fdjdq0w|sh uhdo prqh| ghpdqg vlqfh lw h{klelwv d frqvwdqw vhpl0
hodvwlflw|=

#rE6|� �
�YuE�|�

Y�|

�

6|

'
�

6|��E6|�
' j� +6<,

Xqghu vxfk d vshfl�fdwlrq/ wkh sdwkv iru wkh qrplqdo lqwhuhvw udwh dqg
wkh uhdo lqwhuhvw udwh iru wkh n0shufhqw prqh| jurzwk uxoh vwxglhg deryh duh
jlyhq e|/ uhvshfwlyho| +dv iroorzv iurp +59,/ +5:,/ dqg +6<,,=

��| '
�

j
EZ| � 7>�� +73,

�o| '
�
� n

�

j

�
EZ| � 7>�� kES| � 7+�� +74,

Htxdwlrq +73, lqglfdwhv wkdw/ xqghu d Fdjdq prqh| ghpdqg/ wkh udwh ri
fkdqjh ri wkh qrplqdo lqwhuhvw udwh lv d olqhdu ixqfwlrq ri wkh jds ehwzhhq
wkh fxuuhqw lq dwlrq udwh dqg wkh orqj0uxq lq dwlrq udwh +jlyhq e| 7>,1 Iurp
+74,/ lw iroorzv wkdw wkh udwh ri fkdqjh ri wkh uhdo lqwhuhvw udwh lv dovr d olqhdu
ixqfwlrq ri wkh lq dwlrq jds dqg/ lq dgglwlrq/ ri wkh jds ehwzhhq frqvxpswlrq
+djjuhjdwh ghpdqg, dqg ixoo0hpsor|phqw rxwsxw1 Uhfdoo dovr iurp Iljxuh 5
wkdw qhlwkhu wkh qrplqdo lqwhuhvw udwh qru wkh uhdo lqwhuhvw udwh mxps rq
lpsdfw +l1h1/ dw | ' f,1

Vxssrvh qrz wkdw srolf|pdnhuv vhw dq lq dwlrq wdujhw/ 7Z/ zklfk slqv grzq
wkh orqj0uxq lq dwlrq udwh dqg wkhuhiruh sod|v wkh uroh ri 7>1 Lq frqmxqfwlrq
zlwk wklv lq dwlrq wdujhw/ wkh| iroorz lqwhuhvw udwh uxohv ri wkh irup +73, dqg
+74,/ zkhuhe| wkh qrplqdo lqwhuhvw udwh dqg wkh uhdo lqwhuhvw udwh duh fkdqjhg
judgxdoo| ryhu wlph lq uhvsrqvh wr fkdqjhv lq hlwkhu wkh lq dwlrq jds ru wkh
rxwsxw jds1 Ixuwkhupruh/ vxssrvh wkdw srolf|pdnhuv vhw wkh srolf| uhdfwlrq
frh!flhqwv htxdo wr �

j
iru wkh lq dwlrq jds lq wkh fdvh ri wkh qrplqdo lqwhuhvw

udwh uxoh dqg htxdo wr � n �

j
iru wkh lq dwlrq jds dqg �k iru wkh rxwsxw jds

lq wkh fdvh ri wkh uhdo lqwhuhvw udwh uxoh1 Xqghu wkhvh frqglwlrqv/ lw iroorzv
wkdw wkhvh wzr srolf| uxohv zloo eh h{dfwo| htxlydohqw wr wkh �{hg prqh|
jurzwk0uxoh vwxglhg deryh1

Zh vxppdul}h wklv htxlydohqfh uhvxow lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 4 Vxssrvh wkdw wkh wudqvdfwlrqv whfkqrorj| lv jlyhq e| +6:,/
zklfk jlyhv ulvh wr d Fdjdq prqh| ghpdqg ixqfwlrq +6;,/ zlwk vhpl0hodvwlflw|

4;



htxdo wr j1 Wkhq/ wkh iroorzlqj wkuhh prqhwdu| srolf| uxohv duh h{dfwo| htxly0
dohqw=

+d, srolf|pdnhuv vhw d �{hg0prqh| jurzwk uxoh=

�| ' 7>( +75,

+e, srolf|pdnhuv dqqrxqfh dq lq dwlrq wdujhw/ 7Z +htxdo wr 7>,/ dqg iroorz
wkh qrplqdo lqwhuhvw udwh uxoh

��| ' wEZ| � 7>�c w '
�

j
( +76,

+f, srolf|pdnhuv dqqrxqfh dq lq dwlrq wdujhw/ 7Z +htxdo wr 7>,/ dqg iroorz
wkh uhdo lqwhuhvw udwh uxoh

�o| ' w�EZ| � 7>� n w2ES| � 7+�c w� ' � n
�

j
c w2 ' �k� +77,

Wklv srolf| htxlydohqfh lpsolhv wkdw li srolf|pdnhuv zlvk wr uhgxfh lq0
 dwlrq/ dq| ri wkh wkuhh srolf| uhjlphv duh irupdoo| htxlydohqw1 Dvvxplqj
wkdw wkh prgho lv d uhdvrqdeo| jrrg ghvfulswlrq ri uhdolw|/ wkh fkrlfh ehwzhhq
gl�huhqw uxohv zloo frph grzq wr sudfwlfdo dgydqwdjhv1 Vhyhudo uhpdunv duh
lq rughu=

+d, Dv rqh pryhv iurp wkh pruh ruwkrgr{ lqvwuxphqw +wkh prqh| vxsso|,
wr wkh ohvv ruwkrgr{ lqvwuxphqw +wkh uhdo lqwhuhvw udwh,/ wkh uxohv ehfrph pruh
frpsolfdwhg lq wkh vhqvh wkdw pruh ihhgedfn phfkdqlvpv duh uhtxluhg1 Khqfh/
lq sudfwlfh/ wkhvh srolf| uxohv zloo eh lqfuhdvlqjo| frpsoh{ wr lpsohphqw1

+e, Wkh uhdo lqwhuhvw uxoh udwh lv qrw rqo| wkh pruh frpsolfdwhg +dv lw
ghshqgv rq wkh rxwsxw jds zklfk lv fohduo| gl!fxow wr hvwlpdwh lq sudfwlfh,
exw grhv qrw kdyh/ lq sulqflsoh/ dq| dgydqwdjh ryhu wkh qrplqdo lqwhuhvw udwh1
Lq dgglwlrq/ wkh uhdo lqwhuhvw udwh uxoh uhtxluhv wkdw wkh uhdo lqwhuhvw udwh
eh uhgxfhg zkhq wkhuh lv h{fhvv djjuhjdwh ghpdqg/ zklfk lv wkh rssrvlwh ri
zkdw wkh sxeolf pd| wkrxjkw vkrxog eh grqh144 Wklv pljkw ohdg wr fuhglelolw|
sureohpv1

+f, Lq sudfwlfh/ prqhwdu| dxwkrulwlhv kdyh prvwo| dedqgrqhgprqh| jurzwk
uxohv edvhg sulqflsdoo| rq wkh lqvwdelolw| ri prqh| ghpdqg dqg wkh sureohpv

44Ri frxuvh/ d uhdo lqwhuhvw udwh uxoh ri wkh irup +68, � zklfk grhv qrw uhvsrqg wr wkh

rxwsxw jds � fdq vwloo gholyhu d txdolwdwlyho| vlplodu dgmxvwphqw wr wkh �{hg prqh|0jurzwk
uxoh/ dowkrxjk lw fdqqrw uhsolfdwh lw h{dfwo|1 Hyhq lq wklv fdvh/ krzhyhu/ wkh uhdo lqwhuhvw

udwh grhv qrw kdyh dq| dgydqwdjhv ryhu wkh qrplqdo lqwhuhvw udwh dv d srolf| lqvwuxphqw1
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dvvrfldwhg zlwk fkrrvlqj ehwzhhq gl�huhqw prqhwdu| djjuhjdwhv1 D qrpl0
qdo lqwhuhvw udwh uxoh dyrlgv wklv sureohp dqg wkhuhiruh frxog eh suhihudeoh1
Wklv pljkw h{sodlq wkh lqfuhdvlqj srsxodulw| ri lq dwlrq wdujhwlqj uhjlphv/
ri zklfk uxoh +63, pd| eh frqvlghuhg d sduwlfxodu fdvh1

: Dyrlglqj gh dwlrq= Dowhuqdwlyh uxohv

D ohjlwlpdwh txhvwlrq wkdw pd| dulvh lv zk| vkrxog wkh �{hg0prqh| jurzwk
uxoh eh wkh ehqfkpdun djdlqvw zklfk rwkhu uxohv duh frpsduhg1 Wkhuh duh
vhyhudo uhdvrqv wkdw pdnh lw wkh qdwxudo ehqfkpdun1 Iluvw/ lw lv wkh wudglwlrqdo
srolf| lqvwuxphqw sdu h{fhoohqfh1 Vhfrqg/ dv vkrzq deryh/ lw lv wkh rqo|
lqvwuxphqw wkdw fdq eh vhw zlwk qr ihhgedfn uxohv1 Lq wkh devhqfh ri ihhgedfn
uxohv/ qhlwkhu wkh qrplqdo qru wkh uhdo lqwhuhvw udwh fdq surylgh d qrplqdo
dqfkru iru prqhwdu| srolf|1

Lq vslwh ri wkh deryh/ wkhuh lv d fdvh wr eh pdgh wr frqvlghu rwkhu srvvleoh
ehqfkpdunv1 Wkh pdlq udwlrqdoh iru grlqj vr lv wkh idfw wkdw/ dv glvfxvvhg
deryh/ d �{hg prqh|0jurzwk uxoh uhsuhvhqwv lq vrph vhqvh dq h{fhvvlyho|
wljkw prqhwdu| srolf| vwdqfh dv lw uhtxluhv d surorqjhg shulrg ri gh dwlrq
+lq wkh vhqvh ri wkh lq dwlrq udwh idoolqj ehorz lwv orqj0uxq ydoxh, lq rughu
wr exlog uhdo prqh| edodqfhv/ dv looxvwudwhg lq Iljxuh 5/ Sdqho E1 Rqh pd|
wkhuhiruh zrqghu zkhwkhu wkhuh pd| qrw eh rwkhu uxohv zklfk frxog dyrlg
wklv gh dwlrqdu| shulrg dqg wkxv surylgh d ehwwhu ehqfkpdun1

Vlqfh wkh h{fhvvlyho| wljkw prqhwdu| srolf| lv uh hfwhg lq dq lqlwldo idoo
lq frqvxpswlrq/ lw vhhpv qdwxudo wr dvn zkhwkhu dq lqwhuhvw udwh uxoh zklfk
dovr uhvsrqgv wr wkh rxwsxw jds zrxog eh fdsdeoh ri dyrlglqj wkh gh dwlrqdu|
shulrg145

:14 D qrplqdo lqwhuhvw udwh uxoh zlwk rxwsxw ihhgedfn

Vxssrvh wkdw/ lqvwhdg ri +63,/ wkh lqwhuhvw udwh uxoh wdnhv wkh irup=

�� ' wEZ| � 7Z� n 1ES| � 7+�� +78,

Wklv uxoh fdswxuhv srolf|pdnhuv* frqfhuqv zlwk frqvxpswlrq +dqg wkxv rxw0
sxw, idoolqj ehorz lwv ixoo0hpsor|phqw ohyho1 Li frqvxpswlrq lv ehorz lwv

45Iru vlpsolflw|/ zh zloo frqvlghu wkh fdvh lq zklfk uhdo prqh| ghpdqg lv jlyhq e| +6;,1
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ixoo0hpsor|phqw ohyho/ wkh qrplqdo lqwhuhvw udwh lv uhgxfhg146

Xvlqj +8,/ +43,/ dqg wkh idfw wkdw �6|*6| ' >
|
� Z|/ zh jhw

�Z| ' �w#rE7Z � Z|� n Ek� �1#r�ES| � 7+�� +79,

Vlqfh zh duh pdlqo| lqwhuhvwhg lq surylglqj dq h{dpsoh lq zklfk d qrplqdo
lqwhuhvw udwh zlwk rxwsxw ihhgedfn dyrlgv wkh gh dwlrqdu| shulrg/ zh zloo
frqvlghu wkh fdvh lq zklfk k� �1#r ' f147 Htxdwlrq +79, wkhq vlpsol�hv wr=

�Z| ' �w#rE7Z � Z|�� +7:,

Vlqfh wklv lv d vwdeoh gl�huhqwldo htxdwlrq lq Z|/ lw iroorzv lpphgldwho| wkdw
dq xqdqwlflsdwhg dqg shupdqhqw uhgxfwlrq lq wkh lq dwlrq wdujhw frpelqhg
zlwk uxoh +78, zloo ohdg wr lq dwlrq idoolqj prqrwrqlfdoo| ryhu wlph wrzdugv
lwv orzhu vwhdg|0vwdwh ydoxh1

Wr vroyh iru wkh zkroh g|qdplf v|vwhp/ frpelqh wkh Ilvkhu htxdwlrq dqg
htxdwlrqv +78, dqg +7:, wr rewdlq wkh odz ri prwlrq iru wkh uhdo lqwhuhvw udwh=

�o| ' wE� n �#r�EZ| � 7Z� n 1ES| � 7+�� +7;,

Qrwlfh wkdw/ xqolnh lq wkh n0shufhqw prqh| jurzwk uxoh fdvh lq zklfk �o|
ghshqghg qhjdwlyho| rq h{fhvv ghpdqg +uhfdoo htxdwlrq +74,,/ khuh lw ghshqgv
srvlwlyho|1 Wkh lqwxlwlrq lq wklv fdvh lv dv iroorzv1 H{fhvv ghpdqg grhv qrw
gluhfwo| d�hfw wkh fkdqjh lq wkh lq dwlrq udwh/ dv iroorzv iurp +7:,1 Khqfh/
rwkhu wklqjv ehlqj htxdo/ h{fhvv djjuhjdwh ghpdqg ohdgv wr dq lqfuhdvh lq
wkh qrplqdo lqwhuhvw udwh � dffruglqj wr uxoh +78, � dqg khqfh lq wkh uhdo
lqwhuhvw udwh1

Htxdwlrqv +;,/ +7:, dqg +7;, irup d gl�huhqwldo htxdwlrq v|vwhp lq Z|/
o|/ dqg S|1 Erwk Z| dqg o| duh suhghwhuplqhg yduldeohv148 Olqhdul}lqj wklv
v|vwhp durxqg wkh vwhdg|0vwdwh/ zh rewdlq=
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46
Wkh srolf| uxoh fdswxuhg lq htxdwlrq +78, lv/ ri frxuvh/ lq olqh zlwk wkh vr0fdoohg

�Wd|oru uxoh�> vhh Wd|oru +4<<6,1
47Wklv lpsolhv dvvxplqj wkdw srolf|pdnhuv vhw � @ �

��v
lq wkh srolf| uxoh jlyhq e|

htxdwlrq +78,1
48Qrwh wkdw e| frqvwuxfwlrq lw lv suhghwhuplqhg1 Vlqfh �w lv dovr d suhghwhuplqhg ydul0

deoh/ vr lv uw1
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Wkh wudfh dqg ghwhuplqdqw ri wkh pdwul{ dvvrfldwhg zlwk wkh olqhdu ds0
sur{lpdwlrq duh/ uhvshfwlyho|/

Ao ' ��w#r 	 fc

{ '
��E7+�

����E7+�
1�w#r : f�

Wkh v|vwhp kdv wkhuhiruh wzr qhjdwlyh urrwv149 Ohw B�/ � ' �c 2/ ghqrwh
wkh wzr qhjdwlyh urrwv14: Ohw ���/ � ' �c 2c �/ ghqrwh wkh hohphqwv ri wkh
hljhqyhfwru dvvrfldwhg zlwk urrw B�� Khqfh/ iru � ' �c 2/ lw iroorzv wkdw
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Vhwwlqj wr }hur wkh frqvwdqw fruuhvsrqglqj wr wkh xqvwdeoh urrw/ wkh vr0
oxwlrq wr wklv g|qdplf v|vwhp wdnhv wkh irup +qrwlfh wkdw �2� ' f,=

Z| � 7Z ' ����� i TEB�|�c

o| � q ' ����2 i TEB�|� n �2�22 i TEB2|�c

S| � 7+ ' ����� i TEB�|� n �2�2� i TEB2|�c

zkhuh ��/ � ' �c 2/ ghqrwhv wkh frqvwdqw dvvrfldwhg zlwk urrw B�1 Vlqfh B� �
B2 	 f/ lw iroorzv wkdw=

*�4
|<"

o| � q

S| � 7+
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49Vlqfh rqh ri wkh qhjdwlyh urrwv lv ����v/ lw iroorzv wkdw wkh wzr qhjdwlyh urrwv duh

uhdo qxpehuv1

4:Wkh urrwv duh �4 @ ����
v dqg �5 @ �

t
�

x3+�|,

�x33+�|, 1 +Lw zloo eh dvvxphg/ zlwk qr orvv ri

jhqhudolw|/ wkdw �4 ? �51,
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Wklv lpsolhv wkdw dv | ehfrphv odujh/ wkh uhdo lqwhuhvw udwh dqg frqvxpswlrq
zloo frqyhujh wr wkhlu vwhdg|0vwdwh ydoxhv iurp rssrvlwh gluhfwlrqv1 Lq rwkhu
zrugv/ wkh grplqdqw hljhqyhfwru ud| lv qhjdwlyho| vorshg +Iljxuh 6,1 Iurp
+;,/ lw iroorzv wkdw frqvxpswlrq lqfuhdvhv +idoov, wr wkh uljkw +ohiw, ri o| ' q1
Wkh fruuhvsrqglqj gluhfwlrqdo duurzv duh gudzq lq Iljxuh 61

Ohw xv qrz vwxg| wkh hfrqrp|*v uhvsrqvh wr d uhgxfwlrq lq wkh lq dwlrq
wdujhw/ 7Z1 Vxssrvh wkdw lq wkh lqlwldo vwhdg|0vwdwh +l1h1/ iru | 	 f,/ wkh lq dwlrq
wdujhw lv 7ZM 1 +Wkh lqlwldo vwhdg|0vwdwh lv ghqrwhg e| srlqw D lq Iljxuh 61, Dw
| ' f/ srolf|pdnhuv dqqrxqfh dq xqdqwlflsdwhg dqg shupdqhqw uhgxfwlrq ri
wkh lq dwlrq wdujhw iurp 7ZM wr 7Zu/ zkhuh 7ZM : 7Zu1 Qrwlfh wkdw/ lq whupv ri
Iljxuh 6/ wkh vwhdg|0vwdwh uhpdlqv dw srlqw D1 Lq rughu wr eh rq d frqyhujhqw
sdwk/ S| pxvw mxps grzq rq lpsdfw wr d srlqw vxfk dv E14; Wkh v|vwhp wkhq
iroorzv wkh duurzhg sdwk edfn wr srlqw D1

Iljxuh 7 +ixoo olqh, looxvwudwhv wkh wlph sdwk ri wkh pdlq yduldeohv1 Li
w ' �

#r
/ wkh sdwk ri wkh udwh ri prqhwdu| jurzwk lv jlyhq e|

>| ' 7Zu �
1

w
ES| � 7+�� +7<,

Khqfh/ rq lpsdfw wkh prqh| jurzwk udwh zloo idoo e| ohvv wkdq wkh lq dwlrq
wdujhw1 Gxulqj wkh wudqvlwlrq/ wkh udwh ri prqh| jurzwk pxvw eh kljkhu +dw
ohdvw gxulqj vrph shulrg ri wlph, wkdq wkh lq dwlrq udwh wr doorz uhdo prqh|
edodqfhv wr jurz ryhu wlph zlwkrxw wkh qhhg iru lq dwlrq wr idoo ehorz lwv
vwhdg|0vwdwh ydoxh1 Uhdo prqh| edodqfhv idoo lq wkh lqlwldo vwdjhv dqg lqfuhdvh
odwhu rq +sdqho F, dqg wkh qrplqdo lqwhuhvw udwh lqfuhdvhv hduo| rq dqg idoov
odwhu rq +sdqho G,1

Ghshqglqj rq wkh sdudphwhu frq�jxudwlrq/ wkh udwh ri prqh| jurzwk
udwh frxog ulvh rq lpsdfw +dv fdswxuhg e| wkh gdvkhg sdwk lq sdqho D,14<

Lq wkdw fdvh/ uhdo prqh| edodqfhv zloo jurz iurp wkh yhu| ehjlqqlqj dqg
wkh qrplqdo lqwhuhvw udwh zrxog idoo wkurxjkrxw wkh dgmxvwphqw sdwk +gdvkhg
sdwkv lq sdqhov F dqg H/ uhvshfwlyho|,1

4;Li frqvxpswlrq glg qrw mxps grzqzdugv rq lpsdfw/ wkh v|vwhp zrxog glyhujh lq d

qruwkhdvwhuq gluhfwlrq1 Wr vhh wklv qrwlfh wkdw/ li f3 � �|/ wkhq bu3 @ �+4 . ��v,+�3 �

��, . �+f3 � �|, A 31 Wkh ulvlqj uhdo lqwhuhvw udwh zrxog lq wxuq ohdg wr d ulvlqj sdwk ri

frqvxpswlrq1
4<Vlpxodwlrqv ri wkh v|vwhp vxjjhvw wkdw/ dv rqh zrxog h{shfw/ wklv kdsshqv iru kljk

ydoxhv ri � +zklfk/ iurp +78,/ lpsolhv d odujhu uhvsrqvh ri wkh qrplqdo lqwhuhvw udwh wr wkh

rxwsxw jds,1
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:15 D vhfrqg htxlydohqfh sursrvlwlrq

Lw iroorzv lpphgldwho| iurp +7<, wkdw/ lq frqmxqfwlrq zlwk dq lq dwlrq wdu0
jhw/ d prqh| jurzwk uxoh zklfk uhvsrqgv wr wkh rxwsxw jds zrxog hqdeoh
srolf|pdnhuv wr uhgxfh lq dwlrq zkloh dyrlglqj d surwudfwhg gh dwlrqdu| sh0
ulrg1 Ixuwkhupruh/ d uhdo lqwhuhvw udwh uxoh wkdw wrrn wkh irup jlyhq e| +7;,
zrxog dovr dyrlg wkh gh dwlrqdu| shulrg1 Qrwlfh wkdw d nh| ihdwxuh ri wklv
uxoh lv wkdw qrz wkh uhdo lqwhuhvw udwh zrxog eh udlvhg zkhq wkh hfrqrp| lv
ryhukhdwhg/ xqolnh uxoh +77, zklfk lpsolhv wkh rssrvlwh1

Zh kdyh wkhuhiruh hvwdeolvkhg dqrwkhu htxlydohqfh ehwzhhq wkh gl�huhqw
srolf| uxohv dqg lqvwuxphqwv/ zklfk lv vxppdul}hg lq wkh iroorzlqj sursrvl0
wlrq1

Sursrvlwlrq 5 Vxssrvh wkdw wkh wudqvdfwlrqv whfkqrorj| lv jlyhq e| +6:,/
zklfk jlyhv ulvh wr d Fdjdq prqh| ghpdqg ixqfwlrq +6;,/ zlwk vhpl0hodvwlflw|
htxdo wr j1 Wkhq/ wkh iroorzlqj wkuhh prqhwdu| srolf| uxohv duh h{dfwo| htxly0
dohqw +xqghu wkh pdlqwdlqhg dvvxpswlrq wkdw w ' �

#r
,=

+d, srolf|pdnhuv dqqrxqfh dq lq dwlrq wdujhw/ 7Z/ dqg iroorz wkh prqh|0
jurzwk uxoh=

>
|
' 7Z � 1jES� 7+�(

+e, srolf|pdnhuv dqqrxqfh dq lq dwlrq wdujhw/ 7Z/ dqg iroorz wkh qrplqdo
lqwhuhvw udwh uxoh=

�� ' wEZ| � 7Z� n 1ES| � 7+�c

+f, srolf|pdnhuv dqqrxqfh dq lq dwlrq wdujhw/ 7Z/ dqg iroorz wkh uhdo lq0
whuhvw uxoh=

�o| ' w�EZ| � 7Z� n w2ES| � 7+�c w� ' wE� n �j�c w2 ' 1�

Lw lv vwloo wkh fdvh wkdw wkh prqh| uxoh lv wkh vlpsohvw rqh1 Rq wkh rwkhu
kdqg/ doo uxohv ghshqg rq wkh rxwsxw jds/ zklfk lv qdwxudoo| gl!fxow wr jdxjh
lq sudfwlfh1 Iurp wklv srlqw ri ylhz/ wkhuhiruh � dqg jlyhq wkh gl!fxowlhv
dvvrfldwhg zlwk prqh| uxohv � wkh qrplqdo lqwhuhvw udwh0fxp0lq dwlrq wdujhw
srolf| uhjlph frqwlqxhv wr orrn olnh d yhu| uhdvrqdeoh dowhuqdwlyh wr prqh|
uxohv1
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; Ilqdo uhpdunv

Wklv sdshu kdv hvwdeolvkhg vrph edvlf htxlydohqfhv ehwzhhq dowhuqdwlyh lq0
vwuxphqwv dqg srolf| uxohv lq wkh frqwh{w ri d vwlfn|0lq dwlrq/ forvhg0hfrqrp|
prgho1 Lw kdv ehhq vkrzq wkdw d orqj0uxq uhgxfwlrq lq wkh lq dwlrq udwh fdq
eh dfklhyhg zlwk wkuhh gl�huhqw uxohv � d n0shufhqw prqh| jurzwk uxoh/ dq
lqwhuhvw udwh uxoh/ dqg d uhdo lqwhuhvw udwh uxoh � zklfk gholyhu h{dfwo| wkh
vdph rxwfrph1 Wkh prqh| uxoh lv/ krzhyhu/ wkh vlpsohvw dv lw lqyroyhv qr
ihhgedfn phfkdqlvpv1 Li srolf|pdnhuv zlvk wr dyrlg d surwudfwhg gh dwlrq0
du| shulrg/ wkhuh duh dovr wkuhh gl�huhqw srolf| uhjlphv zklfk gholyhu h{dfwo|
wkh vdph rxwfrph1

Wkh jrdo ri wkh dqdo|vlv kdv ehhq wr sxw hqrxjk vwuxfwxuh lqwr wkh prgho
vr dv wr hvwdeolvk vrph edvlf srolf| htxlydohqfhv/ zklfk vkrxog eh khosixo
lq wklqnlqj derxw dowhuqdwlyh srolf| uhjlphv1 Wkh pdlq srolf| frqfoxvlrq ri
wkh dqdo|vlv lv shukdsv wkdw d qrplqdo lqwhuhvw udwh uxoh frpelqhg zlwk dq
lq dwlrq wdujhw fdq/ lq sulqflsoh/ uhsolfdwh h{dfwo| wkh zrunlqjv ri d prqh|
jurzwk uxoh1 Wdnhq dv d qrupdwlyh uhvxow/ lw surylghv vwurqj vxssruw iru
xvlqj qrplqdo lqwhuhvw udwh uxohv jlyhq wkh zhoo0nqrzq sudfwlfdo gl!fxowlhv ri
frqwuroolqj prqhwdu| djjuhjdwhv1 Dv d srvlwlyh lpsolfdwlrq/ lw pd| h{sodlq
wkh gudpdwlf vkliw lq dfwxdo srolf|pdnlqj dzd| iurp prqhwdu| wdujhwv dqg
wrzdugv uhjlphv zklfk/ lq hvvhqfh/ lqyroyh � lpsolflwo| ru h{solflwo| � dq
lq dwlrq wdujhw dqg d qrplqdo lqwhuhvw udwh uxoh dlphg dw dfklhylqj wkdw
wdujhw1

Krz zrxog wkh pdlq frqfoxvlrqv ri wkh dqdo|vlv eh d�hfwhg e| uhod{lqj
vrph ri wkh pdlq dvvxpswlrqvB Zkloh wklv uhpdlqv dq duhd iru ixwxuh uh0
vhdufk/ vrph frqmhfwxuhv pd| eh pdgh1 Ohw xv frqvlghu wkh fdvh ri dq rshq
hfrqrp|1 Lq olqh zlwk wkh vslulw ri wkh prgho/ lw frxog eh dvvxphg wkdw
sulfhv ri wudgdeohv jrrgv duh  h{leoh dqg ghwhuplqhg e| sxufkdvlqj srzhu
sdulw|/ zkloh lq dwlrq ri krph jrrgv lv vwlfn| dqg ghwhuplqhg lq wkh vdph
zd| dv lq wkh forvhg0hfrqrp| prgho1 Lq vxfk d prgho/ dqg xqghu  h{leoh h{0
fkdqjh udwhv/ wkh vdph uhvxowv vkrxog jr wkurxjk1 Wkh uhdvrq lv vlpso| wkdw/
xqghu  h{leoh h{fkdqjh udwhv/ wkh prqh| vxsso| uhpdlqv wkh pdlq qrplqdo
dqfkru> wkh vdph htxlydohqfhv zlwk lqwhuhvw udwh uxohv zrxog wkhuhiruh krog1
Zh zrxog wkxv frqmhfwxuh wkdw/ wr d �uvw dssur{lpdwlrq/ rxu uhvxowv vkrxog
krog iru  h{leoh h{fkdqjh udwh uhjlphv1

Xqghu �{hg ru suhghwhuplqhg h{fkdqjh udwhv/ wkh qdwxuh ri wkh srolf|
uxohv vwxglhg lq wkh sdshu zrxog qhhg wr eh prgl�hg wr dffrxqw iru wkh idfw
wkdw wkh qrplqdo prqh| vxsso| lv hqgrjhqrxv1 Wklv lpsolhv wkdw/ xqolnh lq
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wklv sdshu*v prgho/ wkh qrplqdo lqwhuhvw udwh +dqg uhdo lqwhuhvw udwh, frxog
mxps rq lpsdfw1 Khqfh/ rqh zrxog qhhg wr vwxg| lqwhuhvw udwh uxohv zklfk
pd| lqfoxgh dq lqlwldo glvfuhwh fkdqjh lq lqwhuhvw udwhv153 Zkloh wklv pd|
frpsolfdwh wkh irupdo dqdo|vlv/ L vhh qr uhdvrq wr eholhyh wkdw lw zrxog dowhu
wkh pdlq phvvdjh ri wklv sdshu1

Zkdw li wkh hfrqrp| zhuh vxemhfw wr vwrfkdvwlf vkrfnvB Zkloh wklv lv dq
h{whqvlrq zruwk dgguhvvlqj/ lw vkrxog eh srlqwhg rxw wkdw/ iurp d frqfhswxdo
ohyho/ lw lv qrw reylrxv zk| lw vkrxog ixqgdphqwdoo| dowhu dq| ri wkh pdlq
frqfoxvlrqv1 Vxssrvh wkhuh zhuh vwrfkdvwlf vkrfnv wr prqh| ghpdqg1 D
n0shufhqw prqh| uxoh zrxog devrue vxfk vkrfnv e| yduldwlrqv lq qrplqdo
+dqg/ khqfh/ uhdo, lqwhuhvw udwhv1 D qrplqdo +ru uhdo, lqwhuhvw udwh uxoh zklfk
uhvsrqghg wr vxfk vkrfnv vkrxog gholyhu d vlplodu rxwfrph1 Li/ rq wkh rwkhu
kdqg/ fhuwdlq w|sh ri vkrfnv zhuh pruh suhydohqw wkdq rwkhuv/ wklv pljkw
d�hfw wkh fkrlfh ri lqvwuxphqwv dorqj wkh olqhv ri Srroh +4<:3,/ dv dqdo|}hg
e| Vxeudpdqldq +5334,1 Lw lv xqfohdu/ krzhyhu/ krz vxfk frqvlghudwlrqv
zrxog d�hfw wkh suhvhqw dqdo|vlv vlqfh wkh w|sh ri lqghwhuplqdflhv hpskdvl}hg
e| wkh pruh prghuq/ udwlrqdo0h{shfwdwlrqv olwhudwxuh gr qrw ghshqg rq wkh
vshfl�f vkrfnv zklfk klw wkh hfrqrp|1

Uhihuhqfhv

^4` Dxhuqkhlphu/ Ohrqdugr dqg Ehqmdplq Frqwuhudv/ RD Qrplqdo Lqwhuhvw
Udwh Uxoh lq wkh Rshq Hfrqrp|/� plphr +Wh{dv D)P/ 4<<6,1

^5` Euxqr/ Plfkdho/ Fulvlv/ Vwdelol}dwlrq/ dqg Uhirup= Wkhuds| e| Frqvhq0
vxv +R{irug= R{irug Xqlyhuvlw| Suhvv/ 4<<6,1

^6` Fdoyr/ Jxloohupr D1/ RUhdo H{fkdqjh Udwh G|qdplfv zlwk Qrplqdo
Sdulwlhv/� Mrxuqdo ri Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 55 +4<;:,/ ss1 4740
4881

^7` Fdoyr/ Jxloohupr D1/ dqg Fduphq P1 Uhlqkduw/ �Ihdu ri Iordwlqj/R
QEHU Zrunlqj Sdshu Qr1 :<<6 +5333,1

^8` Fdoyr/ Jxloohupr D1/ Fduphq P1 Uhlqkduw/ dqg Fduorv D1 Yìjk/ �Wdu0
jhwlqj wkh Uhdo H{fkdqjh Udwh= Wkhru| dqg Hylghqfh/� Mrxuqdo ri Gh0
yhorsphqw Hfrqrplfv/ Yro1 7: +Mxqh 4<<8,/ ss1 <:04661

53Ri frxuvh/ wkh vdph orjlf zrxog dsso| wr d forvhg0hfrqrp| prgho lq zklfk wkh uhdo

prqh| ghpdqg dovr ghshqghg rq frqvxpswlrq +zklfk lv qrw wkh fdvh lq wklv prgho,1
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^9` Fdoyr/ Jxloohupr D1/ dqg Fduorv D1 Yìjk/ RIljkwlqj Lq dwlrq zlwk Kljk
Lqwhuhvw Udwhv= Wkh Vpdoo Rshq Hfrqrp| Fdvh xqghu Ioh{leoh Sulfhv/�
Mrxuqdo ri Prqh|/ Fuhglw dqg Edqnlqj/ Yro1 5: +4<<8,/ ss1 7<0991

^:` Fdoyr/ Jxloohupr D1/ dqg Fduorv D1 Yìjk/ RGlvlq dwlrq dqg Lqwhuhvw0
Ehdulqj Prqh|� Wkh Hfrqrplf Mrxuqdo/ Yro1 439 +4<<9,/ ss1 4879048961

^;` Fruer/ Ylwwrulr/ dqg Vwdqoh| Ilvfkhu/ ROhvvrqv iurp wkh Fklohdq Vwd0
elol}dwlrq dqg Uhfryhu|/� lq Eduu| S1 Ervzruwk/ Uxgljhu Gruqexvfk/
dqg Udxo Odedq/ hgv1/ Wkh Fklohdq Hfrqrp| +Zdvklqjwrq/ G1F1= Wkh
Eurrnlqjv Lqvwlwxwlrq,/ ss1 5<0;31

^<` Gruqexvfk/ Uxgljhu dqg Mdfre Iuhqnho/ RLq dwlrq dqg Jurzwk= Dowhuqd0
wlyh Dssurdfkhv/� Mrxuqdo ri Prqh|/ Fuhglw/ dqg Edqnlqj/ Yro1 8 +4<:6,/
ss1 4740891

^43` Gruqexvfk/ Uxgljhu dqg Pdulr K1 Vlprqvhq/ Lq dwlrq Vwdelol}dwlrq zlwk
Lqfrphv Srolf| Vxssruw= D Uhylhz ri Uhfhqw H{shulhqfh lq Dujhqwlqd/
Eud}lo/ dqg Lvudho +Qhz \run= Jurxs ri Wkluw|/ 4<;:,1

^44` Hgzdugv/ Vhedvwldq/ �Vwdelol}dwlrq dqg Olehudol}dwlrq Srolflhv lq Fhqwudo
dqg Hdvwhuq Hxursh= Ohvvrqv iurp Odwlq Dphulfd/� QEHU Zrunlqj
Sdshu Qr1 6;49 +4<<4,1

^45` Odklul/ Dpduw|d/ RFrqwuroolqj Fdslwdo Iorzv= Wdujhwlqj Vwrfnv yhuvxv
Iorzv�/ plphr +XFOD/ 4<<:,1

^46` Odklul/ Dpduw|d dqg Fduorv D1 Yìjk/ �Olylqj zlwk wkh Ihdu ri Iordwlqj=
Dq Rswlpdo Srolf| Shuvshfwlyh/� QEHUZrunlqj Sdshu Qr1 ;6<4 +5334,1

^47` Ohlghupdq/ Ohrqdugr dqg Oduv Vyhqvvrq/ hgv1/ Lq dwlrq Wdujhwv +Orq0
grq= Fhqwhu iru Hfrqrplf Srolf| Uhvhdufk/ 4<<8,1

^48` Ol}rqgr/ M1 Vdxo/ �Uhdo H{fkdqjh Udwh Wdujhwv/ Qrplqdo H{fkdqjh Udwh
Srolflhv/ dqg Lq dwlrq/� Uhylvwd gh Dqdolvlv Hfrqrplfr/ Yro1 9 +4<<4,/
ss1 80541

^49` Pdvvrq/ Sdxo U1/ Pljxho D1 Vdydvwdqr/ dqg Vxqlo Vkdupd/ �Wkh Vfrsh
iru Lq dwlrq Wdujhwlqj lq Ghyhorslqj Frxqwulhv/� LPI Zrunlqj Sdshu
<:24631
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^4:` Phqgr}d/ Hqultxh/ dqg Ihuqdqgr Ihuqdqgh}/ �Prqhwdu| Wudqvplvvlrq
dqg Ilqdqfldo Lqgh{dwlrq= Hylghqfh iurp wkh Fklohdq Hfrqrp|/� SSDD
<724: +LPI,1

^4;` Srroh/ Zlooldp/ �Wkh Rswlpdo Fkrlfh ri Prqhwdu| Srolf| Lqvwuxphqwv
lq d Vlpsoh Pdfur Prgho/� Txduwhuo| Mrxuqdo ri Hfrqrplfv/ Yro1 ;7
+4<:3,/ ss1 4<505491

^4<` Uhlqkduw/ Ylqfhqw/ �Wkh Ghvljq ri dq Lqwhuhvw Udwh Uxoh zlwk Vwdjjhuhg
Frqwudfwlqj dqg Frvwo| Wudqvdfwlqj/� Mrxuqdo ri Pdfurhfrqrplfv/ Yro1
47 +4<<5,/ ss1 99609;;1

^53` Uhlqkduw/ Ylqfhqw/ �Uhdo Lqwhuhvw Udwhv lq wkh Prqhwdu| Srolf| Sur0
fhvv/� plphr +Erdug ri Jryhuqruv ri wkh Ihghudo Uhvhuyh V|vwhp/ 4<<6,1

^54` Urmdv/ Sdwulflr/ �Ho Glqhur frpr xq Remhwlyr Lqwhuphglr gh od Srolwlfd
Prqhwduld hq Fkloh/� Fxdghuqrv gh Hfrqrpld/ Yro1 63 +Dxjxvw 4<<6,/
ss1 46<04:;1

^55` Vdujhqw/ Wkrpdv M1 dqg Qhlo Zdoodfh/ �Udwlrqdo H{shfwdwlrqv/ wkh Rswl0
pdo Prqhwdu| lqvwuxphqw/ dqg wkh Rswlpdo Prqh| Vxsso| Uxoh/� Mrxu0
qdo ri Srolwlfdo Hfrqrp|/ Yro1 ;6 +4<:8,/ ss1 57405871

^56` Vlnorv/ Slhuuh O1/ �Fhqwudo Edqn Ehkdylru/ wkh Lqvwlwxwlrqdo Iudphzrun/
dqg Srolf| Uhjlphv= Lq dwlrq yv1 Qrq0Lq dwlrq Wdujhwlqj Frxqwulhv/�
plphr +Zloiulg Odxulhu Xqlyhuvlw|/ 5334,1

^57` Vxeudpdqldq/ Fkhwdq/ �Rswlpdo Fkrlfh ri Prqhwdu| Srolf| Lqvwux0
phqwv/� plphr +XVF/ 5334,1

^58` Vyhqvvrq/ Oduv H1R1/ �Rshq0Hfrqrp| Lq dwlrq Wdujhwlqj/� Mrxuqdo ri
Lqwhuqdwlrqdo Hfrqrplfv/ Yro1 83 +5333,/ ss1 48804;61

^59` Wd|oru/ Mrkq E1/ �Glvfuhwlrq yhuvxv Srolf| Uxohv lq Sudfwlfh/� Fduqhjlh0
Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ Yro1 6< +4<<6,/ ss1 4<80
5471

^5:` Wd|oru/ Mrkq E1/ �Dq Klvwrulfdo Dqdo|vlv ri Prqhwdu| Srolf| Uxohv/�
QEHU Zrunlqj Sdshu Qr1 9:<; +4<<;,1
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< Dsshqgl{= Il{hg prqh| jurzwk uxoh

Lqlwldo mxps lq frqvxpswlrq Zh qrz vkrz wkdw/ iroorzlqj dq xqdqwlf0
lsdwhg uhgxfwlrq lq wkh udwh ri prqhwdu| jurzwk/ frqvxpswlrq pxvw mxps
grzqzdugv rq lpsdfw1 Zh surfhhg lq wkuhh vwdjhv1

Iluvw/ zh qhhg wr vljq gl�huhqw hohphqwv ri wkh hljhqyhfwruv1 Zlwk qr orvv
ri jhqhudolw|/ ohw ��� ' �2� ' �1 Khqfh/ iurp +55,/ lw iroorzv wkdw

��2 ' �
6

rr

B�
: fc +83,

�22 ' �
6

rr

B2
: fc +84,

�22 � ��2 ' 6
rr

�
�

B�
�

�

B2

�
	 f� +85,

+Wr vljq wkh odvw h{suhvvlrq/ uhfdoo wkdw/ e| frqvwuxfwlrq/ B� � B2 : f,1 Dovr/
iurp +54,/ lw iroorzv wkdw

��� '
� n B�
k

c � ' �c 2� +86,

Vhfrqg/ zh vroyh iru wkh frqvwdqwv ri wkh v|vwhp1 Iurp wkh vroxwlrq wr
wkh g|qdplf v|vwhp/ jlyhq e| +56, 0 +58,/ zh fdq zulwh=

Zf � 7>u ' /� n /2c +87,

6f �6rr ' /���2 n /2�22c +88,

Sf � 7+ ' /���� n /2�2�� +89,

Xvlqj +87, dqg +88,/ zh fdq vroyh iru /� dqg /2=

/� '
�22EZf � 7>u�� E6f �6rr�

�22 � ��2
	 fc +8:,

/2 '
6f �6rr � ��2EZf � 7>u�

�22 � ��2
: fc +8;,

zkhuh wkh vljqv iroorz iurp +83,0+84, dqg wkh idfw wkdw Zf � 7>u : f dqg
6f �6rr 	 f1
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Ilqdoo|/ zh fdq vljq wkh h{suhvvlrq iru wkh lqlwldo mxps lq frqvxpswlrq1
Vxevwlwxwlqj +86,/ +8:,/ dqg +8;, lqwr +89, |lhogv

Sf � 7+ '
�

k

�
6f �6rr

6rr

B�B2 n E� n B� n B2�EZf � 7>u�
�
	 f� +8<,

Wr vljq wkh odvw h{suhvvlrq/ qrwlfh wkdw �nB�nB2 	 f/ zklfk iroorzv iurp wkh
idfw wkdw B� n B2 n B� n � ' f +uhfdoo/ iurp +4<,/ wkdw wkh wudfh ri wkh v|vwhp
lv ��, dqg B� : f1 Htxdwlrq +8<, lpsolhv wkdw Sf 	 7+1 Khqfh/ frqvxpswlrq
mxpsv grzqzdug rq lpsdfw +l1h1/ dw | ' f,1

Vljq ri �Zf Wr fkhfn wkdw/ lq whupv ri Iljxuh 4/ wkh v|vwhp zloo qrw lqlwldoo|
khdg lq d qruwkzhvwhuq gluhfwlrq vwduwlqj iurp srlqw D/ lw lv hqrxjk wr vkrz
wkdw �Zf 	 f1 Wr wkdw h�hfw/ xvlqj htxdwlrq +46,/ qrwlfh wkdw

�Zf ' �E7>u � Zf� n kESf � 7+� 	 fc +93,

vlqfh 7>u � Zf 	 f dqg/ dv mxvw vkrzq/ Sf � 7+ 	 f1
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