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Abstract

In this paper we analyse the higher order asymptotic properties of the em-
pirical likelihood ratio test, by means of the dual likelihood theory. It is shown
that when the econometric model is just identi ed, these tests are accurate to
an order o (1=n), and this accuracy can always be improved to an order O i1=n2¢
by means of a scale correction, as in standard parametric theory. To show this,
we rst develop a valid Edgeworth expansion for the empirical likelihood ratio
test under a local alternative in terms of an \induced" local alternative. As
a by-product of the expansion, we nd an explicit expression for the Bartlett
correction in terms of cumulants of dual likelihood derivatives which is slightly
di®erent from the standard adjustment reported in the literature on Bartlett

corrections of the empirical likelihood ratio. We then highlight the connection
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between the empirical likelihood method and the bootstrap by obtaining a valid
Edgeworth expansion for a bootstrap based empirical likelihood ratio test. The
theory is then applied to some standard econometric models and illustrated by

means of some Monte Carlo simulations.



1 Introduction

The method of empirical likelihood is introduced in Owen (1988) as a semiparamet-
ric likelihood technique for testing hypothesis and (by inversion) building con dence
regions for a vector of parameters characterising a given nonparametric (i.e. distrib-
ution free) statistical model. It can be cast in the theory of least favourable family
(Stein, 1956) developed for the bootstrap by Efron (1981), who showed that nonpara-
metric inference problems can be reduced to parametric ones by applying parametric
techniques to an appropriate smooth sub-family of distributions (assumed to con-
tain the true unknown distribution F generating the data) supported on the sample.
The parametric subfamily used by the empirical likelihood is asymptotically least
favourable (i.e. the information of the resulting parametric subfamily at the true
distribution is no greater than for the original nonparametric one), being in fact a
multinomial likelihood assumed to have atoms at the observed data (see Section 2,
below). This fact implies that in terms of distributional approximation, empirical
and parametric likelihood are very similar, as it will become clear in the remainder of
the paper. By pro ling this multinomial likelihood with respect to certain constraints
representing the only information available about F, one gets pro led or implied (us-
ing Back and Brown's (1993) terminology) probabilities which can then be used to
construct a nonparametric likelihood ratio test which shares many higher order as-
ymptotics properties of its fully parametric analog, such as Bartlett correctabilty as
shown in DiCiccio, Hall and Romano (1991).

In this paper we make the following contributions: rstly we develop a valid
Edgeworth expansion for the empirical likelihood ratio test under a local alternative in
terms of an \induced" local alternative. As a by-product of this expansion, we nd an
explicit expression for the Bartlett correction under the null hypothesis. Secondly, we
emphasise the connection between the empirical likelihood method and the bootstrap

by obtaining a valid Edgeworth expansion for a bootstrap based empirical likelihood



ratio. The approach we follow is based on an arti cial likelihood* characterisation of
the empirical likelihood ratio which allows to fully exploit the higher order asymptotic
machinery developed for regular parametric models.

The class of econometric models that can be cast into the empirical likelihood
framework, is quite wide: as it will become clear in the next sections, the method
of empirical likelihood is in fact theoretically justi able provided that a set of (arbi-
trary) estimating equations can be speci ed. We shall refer to this set of estimating
equations as a generalised score function: moment based estimates, least squares,
and more generally M and Z type estimators are examples of generalised scores, GS
henceforth.

It should be noted that our arguments are valid for exactly identi ed models
(i.e. the dimension of the GS equals the dimension of the unknown parameter); the
introduction of nuisance parameters or considering overidenti ed models do change
the higher order asymptotics quite dramatically as recently shown by Lazar and
Mykland (1999) and Bravo (1999), respectively.

The remainder of the paper is organised as follows: in the next section, after a brief
review of the basic empirical likelihood method, we emphasise its interpretation as an
arti cial likelihood by using Mykland's (1995) dual likelihood theory and develop the
necessary stochastic expansions for analysing the higher order asymptotic properties
of the empirical likelihood ratio test. The coverage and power properties are then
derived via standard Edgeworth expansion theory, as shown in Section 3. In Section
4 we develop the bootstrap approach to empirical likelihood inference and show the
e®ectiveness of the proposed higher order asymptotics corrections with some Monte
Carlo experiments. Section 5 is a conclusion.

Our arguments are based on the assumption that the data come in the form of
an i.i.d. random sample. We can relax this assumption by allowing the data to

be sampled conditionally on some nite k £ 1 vector of weakly exogenous variables,



) >T
say Wi = wi; o Wik (with T denoting transpose), by considering empirical

likelihood ratios for triangular arrays. All the following results are still valid under
some additional moments conditions.

Notice that throughout the rest of the paper we use (unless otherwise stated)
tensor notation and the summation convention (i.e. for any two repeated indices,
their sum is understood). All the indices r;s;::: run from 1 to ¢, and the sum P IS

. P .
always intended as = [L, unless otherwise stated.

2 The Relationship between Empirical and Dual
Likelihood

Suppose that fzigi_, is a sequence of independent m £ 1 random vectors from an
unknown distribution F, depending on an unknown parameter vector g 2 £ p RS,
Let Py; P, be the probability measures associated with F, and F, (where F, = 1=n
is the empirical distribution function), and assume that P, ¢, Pn.

The information about F is available in the form
Er, fr zi;1) =0;

for some speci ed value o of |, with the GS f, (zj;) : RYE££ ¥ RY g £ 1 vector
of known measurable functions. Assume that the following conditions hold with
probability 1 (w.p.1 henceforth):

GS1 EF“fr (zi; ) =0 for a unique p° 2 int f£q,

GS2 i) Er, Tr (zis Ho) Ts (zi; o) Is positive de nite and ii) Er,@F (zi; W) =@u° is of full

column rank q:

Assumptions GS1 and GS2 are standard; in particular,GS2ii) is made in order to

assure (local) identi ability for the underlying parameter of interest .

5



The problem of testing the hypothesis Hy : 1 = |p can be formulated in terms of
- nding a probability measure P, which is consistent with the constrain Ep, fr (zi; o) =
0 and is closest, as measured by the Kullback-Liebler divergence, to the empirical
measure P,. This is essentially what the empirical likelihood technique does. By the
restriction P, ¢ Py, it turns out that the original constrained estimation of P, can
be expressed as a simple maximisation of a multinomial likelihood supported on the
data over the empirical counterpart of the constraint Eg, T, (zi; o) = 0.

Let p; denote the ith element of the unit simplex in R™ and iy = F, be the
nonparametric maximum likelihood estimator for p;. The empirical likelihood ratio
function for testing the hypothesis Hyp : g = lg is then given by solving the following

program:

n>< < < o

LR (ko) =2 =sup lognpi jpi . 0;  pifr (Zijpo) =0;  pi=1: 1)
Let ch fSg denote the convex hull for the set S  RY and ktk be the Euclidean norm;

assume now that w.p.1:
7 Y
E1 02ch f, (zi M) i T (Zni o) for n suzciently large,

E2 Er kf, (zi; )k 3 < 1

it then follows (from E1) that LR (o) exists and it is positive? (hence the dis-
tribution F,, attaining the supremum is unique). The required implied probabilities
satisfying (1) can be found by a standard Lagrange multiplier argument, and are
given by:

Pi (. (o)) = 1= (1 + ." (o) Fr (zi; o)) N

where ." (o) is a q £ 1 vector of Lagrange multipliers. Moreover, by assumption E2,
following Owen's (1990), we can show that LR (i) =2 i A (@) +0(1) that it is a
nonparametric version of Wilks' theorem. For notational simplicity, let _" (1) = .".

An empirical likelihood ratio test for the hypothesis Hy : 1 = g is based on
> > .
Wi (L)=2=i lognpi=log(1+  "fr (zi; o)) )
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which depends only on the Lagrange multipliers " which become therefore the pa-
rameters of interest. This last observation is the starting point of the dual likelihood
approach to empirical likelihood inference. Testing the hypothesis Hy : 1 = lo can be
thought of as testing the dual hypothesis Hg : . = 0; such a test can be formulated

as in standard parametric inference with a dual likelihood ratio type test:

3 3 -~

max Wy, (.)=2= W, (0) i W =2 = W,,=2:

Ho >

Indeed, following Mykland's (1995) approach, we can consider the empirical log-
likelihood function W, (,) as an arti cial log-likelihood: it is in fact a dual likelihood
in ,. Itis easy to see that, subject to integrability conditions, Er expW,, (,) =1

(more generally for , # 0, Er expW,,(,) ¥ 1), and Bartlett type identities as

developed by Mykland (1994) hold for _ to rst order. Let us introduce some notation:
let Ug, denote the vth mixed derivative array with respect to the dual parameter _:
U = Wi ()
Ry —
0.10Q,2::0,"

with W, (,) de ned as in (2), for any set of indices 1 - ry;rp; 551, - ¢ in the set

Ry. Evaluating the resulting derivatives at the null dual hypothesis H5 : , =0, it is
straightforward to see that:
- vil >
Unrpon Jo=0= GO (vi DY @sw) fe, zih) ©)

One of the most interesting feature of the dual likelihood approach to empirical
likelihood theory is given by the existence of Bartlett type identities for the dual
parameter _ which relate, as in parametric likelihood theory, linear combinations of
expectations of the Ugr, arrays de ned in (3). Speci cally, under the appropriate
regularity conditions (see assumption D3 below), for any set R, of indices, we have
that:

=<
= EURViURVj UR,, =0 @)



where the sum is over all partitions Ry, j 1] Ry, of the set R,. As shown in the
next section, this is an important result, because one way of proving the Bartlett
correctability of the statistic (2) can be based on the Bartlett type identities in (4).

Let -, = EUgr,, -ry,r. = EUgr,,;Ur,. etc. denote the joint moments and
cumulants of the Ug's, all assumed to be O (n). For example, consider the (usual)
third Bartlett identity

rst ¥[8 -rst + rst = 0;

where [3] -yt = “rst + -srt + -trs @nd in general the symbol [K] indicates the sum

over k similar terms obtained by suitable permutation of indices; using (4) one gets
X< =< =< - 33X =< -
E fr@w f@w f@w = BE  f@w EGwf@w i

3
28 f @z fs @ fu(ziow
i.e. a third order Bartlett type identity for the dual likelihood (2).

In order to deal simultaneously with accuracy (i.e. size and coverage probabilities)
and power properties of the empirical likelihood ratio test, we consider local analysis
by specifying a Pitman alternative H,, : U, = o + #=n*? ( £ is a non random
g £ 1 vector such that: 0 < f'# < 1). The alternative hypothesis H,, induces a
(local) dual alternative of the form H® : _, = ©=n'"2 hence in order to examine
the local power of an empirical likelihood ratio test we should be considering the
augmented hypothesis H2 : £, = #, + + =n'2 with the 2p £ 1 vector #, = g :
However, given the particular functional form of the dual likelihood (and hence of its
derivatives), following Chesher and Smith's (1997, p.636) argument (see also Mykland
(1995, p. 411)), it is easy to see that we can focus on the following local alternative
He: .r = .. %®=n2_ (1t should be noted that we are implicitly assuming that the
density of the empirical likelihood test under the alternative is in the same parametric
subfamily of the density under the null hypothesis).

We now derive a stochastic expansion for the empirical likelihood ratio test under

the sequence of dual local alternatives H;. Note that all the following inequalities

8



should be intended as componentwise.

Let j, := i (0;¢) be an open sphere on A_ with raglius ¢ >0, f(ziipo) =
: : , P s i
Ur Urs Upst Ursw b€ @ vector in RK with k = @*ail and ° a positive
a=1

constant; assume that the following regularity conditions hold on some compact set

A_ of the sample space for which assumptions GS1, GS2 and E1 hold w.p.1:

D1 Interchanging di®erentiation with respect to _ and integration with respect to

z is allowed in Wy, (.), and sup Ejf (z; 1o)j*"™ < 1
D2 sup sup j@®W,, (,%)=@,"::@,"™*" <1; jri+unj=0=5;

200k, Pk

D3 E:URViURvj :::URVk: < 1 for any partition R,; j i1 j Ry, of the set R, (see (4)).

Assumptions D1 and D2 are standard in higher order asymptotics, ensuring that
the various error bounds of the asymptotic expansions given in the next section are
uniform over compact subsets of A_. First notice that under D1 and D2, we have for
®=1;23and 0< <3=8

-

P je®W, (,)=0."::0." i E (@°W,(.)=0."::0,™)j=n*?>>1tn =o0(l=n); +>0

for jry + ::iry) = ®, uniformly in A_. It then follows by Chebyshev' s inequality that
5 -
P jo®W,, (0)=0."::0." j E@°W,(,)=0,"::0,™")j=n""?>+"n =o(=n); >0
5 .

P jRaji>j."i*"n" =o(l=n); ">0

for

iRnj - 0. supk k‘@“WLlo (.°)=0.":0. ™" =24n; jri+n+rj=4.

Then, following Bhattacharya and Ghosh's (1978) approach, it is possible to show
that on the set A_, the maximum dual likelihood estimator E’MDL satis es the dual

likelihood equations @W,, (,) =@." = Owith P4 probability 1 j o (1=n) (by von Bahr's
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inequality). Also notice that the resulting maximiser is unique given the concavity of
the objective function in _:

Finally, assumption D3 implies that the Bartlett type identities hold to rst order.

As we are dealing with asymptotic expansions under a local alternative, it is con-
venient to express the dual likelihood derivatives (3) in terms of nomalised derivatives
at pn; let
Z, = in-p)=n?  Z=(Us i N-rs)=n*2 Zige = (Upse § N - rsr) =NY5

®)

be a sequence of O, (1) centered random arrays, under D1 and D2.

Some straightforward algebra shows that E’MDL admits the following stochastic

expansion:
3 -
ro— i_rsZS+;l?+ _rs_tuzstzu i _UVW_ru_sv_thSthz =n1=2 + (6)
3

- s tu vw ru sv tw -
| I ZstZuva+ Tuvw T . ZsZtquI

E3

rs tu vw -9 = rs tw uz vz —
-t T ZsuthZv—zl T " " 'wzzZstZqu—2+

rv_sw tz _uz —_ -
“vwzz " ” T ZsZtZu—GI

-

0 0 0,0 0 0 _
. . rre _ss’ _tu’ v _ww — — 3—n3=2.
B A BN ZSZVZW—Z =N +°>=n""";

= o+3=n%2

where " = NS00 and -"° is the matrix inverse of -5 and the remainder 3
satis es P_ j3j >»,n'*2 = o(1=n) for some sequence », ¥ 0;»,n'*> ¥ 1 asn ¥
1. We can then use Gibisov's (1972) general result to show that the Edgeworth
expansion for _ (up to the order o (1=n)) is equal to that for @ on the set B de ned
in Appendix B.

To derive now an asymptotic expansion for W, we Taylor expand the empirical
likelihood ratio about Pypy, obtain;ng (after a further Taylor expansion about the

normalised deviation n1=2'F = ¥ = r; ¥ )

3 - 3 - 3
- — - r s—on . t— r s— 1=2 . -
W=2 = 1 "rs. - =2 1 er + 'rst‘et + “rst. =3 = 2n 1 Zrstletl

5 5
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-

ertbt:3 + - rstulet‘ﬁ:2 i- rstubt‘ﬁ:3 + - rStubtbuzlz L= (2n) + Op (1=n):

Plugging the stochastic expansion for the maximum dual likelihood estimator (cf. 6)
into this last expansion, we obtain the required stochastic expansion for the empirical

likelihood ratio under a local alternative:

3 -3 - 3
W = | Zrj 'rrO;.FO Zs i 'ssobt_O S _rst_ru_sv_thuZVZW:3+ @)
NZ ZZy i Zes B+ (=g o0
3 3 -3 .

0 ud? 0 0
i 'tqutZu * - rw St ZpZ =2 'VWZSVZW * -svw S Z 0 Zy=2 -
0 s 0 uld
crsty- eSS W7 70 Z0Z0=12 § Y- Y7 Z0Z 203

ert;'?-'g-ﬁ:3 i "rs fﬁfﬁzlz =N +0p (1:n)

5 5 tus 5 5 o

In order to characterise the higher order asymptotic behaviour of W, we consider its

(signed) square root version W,: working with W, is in fact extremely convenient
o . P

for the justi cation of Bartlett corrections. As -, = i T, (zi; 1) fs (zi; 1) we can

replace j -rs With - s, whence we can nd a q £ 1 vector W,

2 1= _ s
W, = Zo ror + ;ﬁ il:g_i + Z0 752+ - TOStZSZt:Gi ®)
; i -
ngs;'gzz i rostZS;ﬁ:G + - rostF;ﬁ:G Lo 1=2 -n¥2 +
3
ngstZSZtZG +3Z0 Zyy Y EVZ.=8+

3

— thu_ szt u_
. rOStu_8 + s Tt =3 Z2°2°7"=3+

5.5t WZe ZYZV=12 § SV W ZeZa =4 g

120790 06 § %2020 =8
. !

24 -V 2920812+ 70 B =6+

"rstu r r'sts »
3
st st thul - st - -
T estuv ot " stt? " uluv ;ﬁ;ﬁzrg_24 + - tuerOS;ﬁ;ﬁ_lz 1
2 ] IREE
sh:t0 _ _ rlr 74 _ —AY
+ S0 o o= FEEzg . =n + 0, (1=n);

"rstu
with Z" = -"sZ¢ and (-"%)™ is the matrix square root of the inverse symmetric

matrix -"°, such that W = W Wt" + 0, (1=n).
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It is interesting to note that the signed square root of the empirical likelihood
ratio test belongs to the general class of (parametric) tests described in Chandra and
Joshi (1983).

In the next section we analyse the higher order properties of W. By nding a
valid Edgeworth expansion, we show that an ® level coverage error for the con dence
region Re = fllo : W - ceg With the constant ce : Pr (A% (q) < ce) = ® is 0 (1=n); we
then show that this rate can be improved, by means of a Bartlett correction, to an
order O (1=n?).

3 Higher Order Asymptotics for the Empirical Like-
lihood Ratio Test

Our higher order asymptotic analysis begins with evaluating the ~rst four cumulants
of W,, from which the cumulants of W are readily obtained. Since the signed square
root is approximated by simple functions of the random arrays Zg,, we need to
evaluate their asymptotic moments in order to obtain an asymptotic expansion of
W,. Similarly to Lawley (1956), it is not diZcult to see that under our assumptions,

the following holds (up to o (1=n)):

E (ZRVZRW) = "RyiRw: E (ZRVZRWZRX) = - RV;RW;RX:nlzz;
3 -
E ZRVZRWZRXZRy = [3] "RviRw "RziRy + -RV§RW§RX;Ry:n;
3 - 3 h
E Zry,Zr,, = O 1=n®id=2  fork _ 5

After lengthy algebra, using the relations between moments and cumulants, (see
for example McCullagh (1987, p. 31)), and the Bartlett type identities as de ned in

(4) to simplify where possible, we obtain the following approximate cumulants:

3 -3 -
1=2 = 0. 1=2
ke = ;ﬁ Tror + kEO:nl 2+ kfozn o +0 (lzn) : (9)
3 -3 - 3 -
- 0., 1=2 0. 1=2
krs = £°+ kKao=n'?+khg=n -7 -S4+ 0(1=n);

12



3 122 0 123 ) T
— 13 Yr 7 Us -7 roo -n) -
Krst = kro;so;t0 i - . =n +o0(1=n);

Keyoor, = 0(1=n) v _ 4;

.....

where k, = E (W), kr.s = COV (W,; Ws), etc. with

3
2 — . sit— *-q. 3 _— . ._su_tv —f = _sit —
kKoo = 1-pse =6+ 'rost;'gbt—& Ko= i-7"- 'ro;s;t'u;v;w;ﬁ"6 1 'r;s;t;u;ﬁ—24+
3 - -
- — shtd — . 2 — _n.
i-rstu=4+ - - risst = thru=18 ;E;ﬁ;ﬁ ) kr;s - 'TO:SO:t;ﬁ_&
3
3 — - - -9 - - tu - —Q -
krO;SO - (I 'ro;so;t;u—6 + 'rot;sou—2 1 4'r0;so;tu—3) - 1 (10'r0tv'50uw—3l

_ - tu v,w tu viw—
4- oty - souw—3 + - oty - so;u;w—36) - +5- r0shtTuvw T T =3+

— —n - — - tu —
(5 - ro;so;t;u—6 +2- ro;so;tu—3 [ ro;sotu—3) ;ﬁ;ﬁ 1 2- rO;tu " slvw - ;ﬁ;ﬁ;_g
tufy ﬁ:3 .

i -roshtuvw - )

3 —_ - - uyv - uyv fy—o-
krO;SO;tO = 1 "r0shthu ;ﬁ—z + - r0:s0:¢% “uvw - =12 + - r0;stu " tovw * - =2:

Notice that the order of magnitude of the higher order cumulants ky,....., forv _ 5
is deduced by applying the general formulag of James and Mayne (1962). Also, the
third and fourth cumulants are 0 up to o 1=n'*? and o (1=n) respectively, as in
standard parametric theory.

Having characterised the order of magnitude of the rst four cumulants of the
signed square root of empirical likelihood ratio test, we can derive its Edgeworth
expansion. The expansion for the distribution of the empirical likelihood ratio test
under a local alternative is then obtained from W, by using the transformation A :
W, ¥ W, Wgt"s,

Let gq., (X) and Gg, (X) denote the density and the distribution function of a
noncentral chi-square random variate with q degrees of freedom and non centrality
parameter ;. Also, let r*g,., (x) be the kth (dgu,ble) di®erence operator applied to the
density gg.; (X) (i.e. r*gq, (X) = P}‘zo (i 1)j 'J‘ Ug+2kij). (X). The following lemma
will be used in Theorem 2 below; essentially, it expresses the density of noncentral

\generalised™ quadratic forms in normal vectors in terms of linear combinations of

noncentral chi-square random variates and it is of its own interest:
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Lemma 1 Let A, (°T;£"S) be the multivariate normal distribution with mean vector
°f= ol e " and identity covariance matrix +"$, and bRv be a g dimensional
array of constants not depending on n (i.e. b";b"; 1), v =1;:::14. Also let hg, be the
vth order Hermite tensor de ned by (il)"@,::@r,Aq (°"; ™) (where @,, = @=GwW"™),
whose structure is reported in the Appendix for completeness. Assume that

L1 the dominance condition ; sup j@°Aq (°T; ") exp (W't™Stg)jdx < A holds w.p.1.
on an set N of t =0. =

Then the following holds:

b'h"A(°";£") = b™°"rgy, (X); (10)
b™hTA(PT£) = bTrgg, (X) + 07T gg, (X))
bH'TA (P 7) = [3]D"ET gy, (X) + bt gy, ()
brMhISA (o1 £70) = [3]D gy, (X) + 6] gy, (X) +

brstuorososou r4gq" (X) .
16 '
where ¢ = °"°" and [k] indicates sum over k terms obtained by permuting the indices.

Proof. See Appendix A. &

Let

B™ = (i- r;s;t;u:6 + - rt;su:2 i4- r;s;tu:3 i 20- oy msuw - =3+ (11)

8- ritv “suw " VW=3+10- rs;t"uvw " V;W:3) -t
We can now prove the following theorem.

Theorem 2 Let 1> = j1; assume that the vector f (Xy;,) de ned in Section 2 sat-

is es the following Cram§r's condition:

. 3 -z
limsup Eexp t'f (X;; ) <1
ktk ¥ 1

14



Then, there exist constants &, (not depending on n), such that the following holds

(uniformly over compact subsets of ¢):
x %= - X -
sup P, (W - u) j 1=n172 &, geaak; (X)dx-=0(1=n)  (12)

U2R+ j=0k=0 il

where ¢ = °"°%- .4, and

S0 = 1L Fo=1q(Crst+2-rst) " FEFg 2, =(j st -rst) FER=3;

5 5 5 5 5

FERGE 6i-7) 4

— Ef- a  —
FEK 6 20—('r;t;v's;u;w+5'rtv'suw)b 5 5 5 s

a
12 — rsits s s

(1 rtyv suw=18 T 5-rst-uww=72 + -1ty - suw=12) - RER W

5 5 5 5

(i "rstu=2 + ~rsu=4 + “r50=3 | “ristu=6) FERE (5-rsitmuvw=24+

5- v suw=12 + 5+ pe - www=24) - % - tu ;ﬁ;ﬁ + (11-5;u=24+

+'r;s;tu:3 i 'r;stu:6) _r;s;ﬁ;ﬁ + Br;s;ﬁ;ﬁzz j BNs.rs=p

FERGE B8+ (7., -t

a -
21 — I('r;s;v't;u;w+2'rtu'SVW)b 5 5 5 5

5 5 5 5

- — — — r;s
Forst- uvw—3 + oty s;u;w—18 +2- rtv - suv—9 + oo suw—g) SESTELT +
(5 - r;s;t;u:6 + - rstu:4 +2- r;s;tu:3 i- r;stu:3) ;l?;lé;ﬁ;ﬁ + ( i 11- r;s;t;u:24 i
- — R = tu—q - tu— risH -
| r;s;tu—3 + - r;stu—6 I "rsit uvw” =3 1 2- ritv “suw ° =3 - 5 t;ﬁ 1

Br;sf‘lg + BFS.Ms=p-

2 = (rsyvrtuw=12 + -1 - svw=18) FEREV &, (i5 sy tuw=24+

5 5 5 5 5 5

+- rityv - s;u;w=12) b r;s;ﬁ;ﬁ;ﬁ;ﬁ, + ( i 5- r;s;v - tuw=12 i 7- ritu” s;v;W:18) o Wfﬁ_ﬁﬁ

5 5 5 5
3

= L3 6_|_

I "rstus » “rsitus
3

rs—q\ K - tu_Viw—_n - tu _viw_
+2- rs;tu” —3) bt;ﬁ + i oS- rtv “suw © = ° =3 1 7- rtvsiuw ™ T =72+

-

tv _uw— tu_viw—_q
7- rtusvw " ° =72+7- rs;t"uvw " T =8 K

5 5

rs—q - rs—
r;'g 3 “r;stus r;E 6+ - “rs;tu” —3I “rtsu”t =4

s .
Ry = i "rsyv" t;u;w;ﬁ;ﬁ:]-S +5- rs;t uvw " VW=T2 + - rs;v - tuw " VW=12 § - rs;t; u=12 ;f;lé;ﬁ;ﬁ,
Ry = “risyv tuwfflﬁ;ﬁ;ﬁﬁ_72

Proof. See Appendix B. B
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Theorem 3.2 above gives a valid (in Bhattacharya and Ghosh's (1978) sense)
second order Edgeworth expansion for the empirical likelihood ratio test under a
contiguous alternative. Let T,, = ITW > zgg den%te the ze level empirical likelihood
ratio test (where the constant zg is such that Pr Ag (¢) >z = ®, and Iftg is the
indicator function); it then follows that the local power %y of T,, is given by: Yy =
Pr(T,, =1jH;:. =.n). In the next corollary we give a second order asymptotic

expansion for Yay .

Corollary 3 (Local Power Function for W) Assume that the condition set forth
in Theorem 3.2 holds. Then the second order power function for the empirical likeli-

hood ratio test is:
Yaw =1 i Ggy (Ze) + C1(2e) =n*™ + C; (o) =N + +0(1=n) (13)

with the constants C; (ze) and P; (ze)

yAR yAR yAR
Ci(ze) = 10 Gg )AX+Fy1 gz, (X)AX+F1n Ggray, (X) dX;
Z® Z® ®
yAR yAR yAR
Ca(ze) = 20 Jg )AX+F ggezy (X)AX+F9 ggray, (X)X +
Z® Z® ®
pa¥ n
F3 Ggre (X)AX+F24 gguay, (X) AX
Z® ®

and the various 2 are as in Theorem 2.

Proof. Immediate, since (11) is a direct consequence of expansion (12), and

z
Agw"; e dw =1 j Gg; (Ze):

wrwr _ ze

It is interesting to note that the power function depends (to second order) also on

the constant B"*-"S de ned in (11). As it will become clear in the next theorem and
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its corollary, this constant can be used to improve the order of the approximation
of the distribution of the empirical likelihood ratio through to O (1=n?) . Hence
according to the sign and magnitude of this constant, we should expect that the
uncorrected test statistic could perform better in terms of power that the corrected
one. However, no general conclusion can be drawn from our analysis.

We now focus on the higher order asymptotic behaviour of the empirical likeli-
hood ratio test under the null (dual) hypothesis Hy : " = 0. First note from (9)
thgt the third and fourth order cumulants of the signed square root W, of W are
O 1=n*? and O (1=n?), respectively. This order of magnitude of the (higher or-
der) cumulants of W, is the crucial feature of the empirical likelihood method, as
the Bartlett correctability for the density of its square depends essentially on the
higher order cumulants; in the next theorem, we give an asymptotic expansion for

the empirical likelihood ratio test under the null hypothesis.

Theorem 4 Let 2 = j1; assume that the vector f (X1; o) de ned in D2 satis es the

following Cram§r's condition:

- 3 -

limsup Eexp t'f (xi;po) ~ < 1
ktk ¥ 1

Then there exists constants a%k (not depending on n) such that the following holds:

- X X3 24
sup Po (W - u) j 1=n’ & gougj (X)dx- = 0(1=n) (14)
UZR+ j=0k=0 il

where

0 — 1. 0l — -prs_rs—on. al — prs rs—n.
aoo—ll all_lB - =2 12—B - =2

Proof. The proof is similar to Theorem 2; the only di®erence is that under the null

hypothesis, we can exploit the symmetry of the standard normal distribution together
By .

with the orthogonality property of the Hermite tensors to infer that the O 1=n'*?

R ]
term vanishes, as well as the integral g, h™ (W) Aq (W) dw (for r & s) The validity of
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expansion (13) follows by using Chandra’s (1985) Theorem which holds for all Borel

subset C of C satisfying:

z

sup .0g, )dx=0(3); 2#0:
c2c (ec)

Theorem 4 gives a valid second order Edgeworth expansion for the empirical
likelihood ratio test under the null hypothesis. It is interesting to note that the
signed square root of the empirical likelihood is N (0;£"%) + O 1=n®? (in terms
of a formal Edgeworth expansion) as in standard parametric theory. Moreover, by
examining the structure of the expansion, it is easy now to see that adjusting the test
statistic W by a scale constant of the form (1 + B'=n) where B = B"S-"S=¢ makes

the second order term vanish.

Corollary 5 (Bartlett Correction for W) Under the conditions set forth in The-

orem 3.4, then the following holds:

Z Zu Z
sup Po (W=(1+B'=n) - u) j  gq(x)dx==0(1=n): (15)

u2R 4+ =1
1

with B? (cf. (11)) the Bartlett correction factor for the empirical likelihood ratio test.

Proof. Immediate given the expansion (14) and hence omitted. B

Remark 1 It should be noted that the approximation error o(1=n) is obtained by
considering a valid Edgeworth expansion for W. In terms of a formal Edgeworth
expansion, the error can be replaced by O (1=n?) given the odd-even property of the
third order Hermite tensors (Barndor®-Nielsen and Hall, 1988). (Of course by an
appropriate strgngthen,ing of moments, we can still obtain a valid Edgeworth expansion

to the order o 1=n32 ).
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Remark 2 It should also be noted that the Bartlett adjustment as given in (11) di®ers
from the \standard" adjustment obtained by DiCiccio et al. (1991), being expressed
in terms of expectations of product of derivatives of a dual likelihood (see e.g. Lawley
(1956)) as opposed to simple moments. This fact should not come as a surprise

though, given the \likelihood" approach adopted in this paper.

In the next section, we analyse some applications of empirical likelihood method

to some econometric models.

4 Some Econometric Applications

So far we have seen that for a given data set, if the hypothesised model admits a
GS, then the use of empirical likelihood methods is theoretically justi able. We st
discuss how we can estimate the Bartlett correction.

As noted in Remark 2 of the previous section, the Bartlett adjustment (10) is
characterised by the presence of expectations of products of derivatives of a dual
likelihood. This latter fact implies that the estimation of B? itself is more complicated

as we need to estimate these product of derivatives. Under the additional assumption:

D4 The vector f (X3; o) de ned in D2 satis es the following moment condition
E kf (xi; po)k® < 1.,

we can consistently estimate the Bartlett factor B® (i.e. the consistency follows
by a straightforward application of Chebyshev' s inequality) by introducing the ar-
ray »'> for any set of indices i;j;::: in lo and 1 - i;j;:: - n such that its co-
excients satisfy the criterion of unbiasedness and are given by the general formula
G E iD= i) Pwithe - nand(n i D P=m il i2)=(nic°+1)
(see McCullagh (1987, Chapter 4) for more details). Let f! denote the (i; r)th compo-

nent of the matrix f!; dropping temporarily the summation convention for the indices
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I;J;:::, the sample analog of the various components of the Bartlett adjustment are

>x< . >x< X"k"k
K.s = »Efl=n, K= ffifl=n; K= H»YFFIfF=n
% T
Ritsu =  OIVFRFIFI=n;, Regw = »IFIFIFEF =n;
_ ijkI-Eifi kel —
Krstu = YL f,=n
ijkl

and are evaluated at any root n consistent estimator of u. The sample (i.e. the

feasible) version of the Bartlett correction is:

3

B =  iKsiu™6+ Kegsum2 § 4Ks;0=3 i 20Ky Kouw - =3+ (16)
8Kt Rsuw Khv=3 + lof%r;s;t@uvm@lwzg s pcdu=>

It should be noted that replacing the theoretical correction with its sample ver-
sion does not a®ect the (formal) O (1=n?) order of approximation. A simple Taylor

expansion about o shows in fact that:
B = B'+ C" () U"=n'"? + O, (1=n)

(where CE; Ww=( B:O:@pr) ju=1o) Which implies that the di®erence between W= (1 + B’=nq)

and W= 1+ B*=nq is given by the following integral:
z

Aq (W' £7) w'w"CS (1) wedw=n32
which is again 0 by symmetry (Barndor®-Nielsen and Hall, 1988).

As the computation of the sample adjustment is rather complicated, an alternative
approach to achieve higher order asymptotic re nements to the limiting distribution of
the empirical likelihood ratio test seems preferable. We propose to use the bootstrap
method. The bootstrap calibration can be implemented in two di®erent ways: we
can either bootstrap the distribution of W or the Bartlett correction B’ itself. Both
methods relies essentially on the following theorem, which shows that bootstrapping

the distribution of W under the null hypothesis leads to the same level of accuracy
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of the Bartlett corrected W. Let fx?g;_, denote a bootstrap sample obtained by
the original sample fxigi_, . Let also f7 (x{;p) denote a centered bootstrap GS;
recentering here is essential as it makes the boostrapped GS unbiased conditionally

UD

rstu

on the original sample. Let f* (z3;l) = U7 US U: ] be the bootstrap

rst
vector analogous to the one described in Section 2. Assume that with bootstrap
probability P* 1 (w.b.p.1) the following holds

Yo Ya
BEL1 02ch £ (x5 o) = P (%) for nsuxciently large

which justi es the existence and positiveness of a bootstrapped empirical likeli-
hood ratio for the parameter .

Assume also that w.b.p.1.

BD1 sup Ejf° (zi; )i < 1
BD2 sup sup jO®W,, (,)=@.":@.""" <A, jr+:urnj=0=5;
22k, 'K-¢

BD3 Eiu;Viu;Vj 1iUR,, - < 1 for any partition Ry, j ::: j Ry, of the set Ry (see (4)).

We can then prove the following theorem:

Theorem 6 (Bootstrap empirical likelihood test) Under conditions BE1, BD1,
BD2 and BD3, assuming that.

3 -

limsup Eexp TtTF° (x1;po) ~ < 1
ktk ¥ 1

holds, then conditional on the original sample A, there exist constants 2 (k=12

(not depending on n) such that the following holds:

- X %3 - -
sup Py (W™ - u) i 1=} &4 gg+ax (X)dx-=o0(1=n): (17)

i
UZR+ j=0k=0 i1
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Proof. See Appendix C. R

Let zg be now a constant such that P* (W* _ zg) = ® (i.e. an ® level for the boot-
strap test W?”). Recalling Remark 1, we can deduce that the formal approximation

error is actually O (1=n?): We can then state the following corollary:

Corollary 7 (Higher order accuracy for W?) The level of the empirical likelihood

ratio test with bootstrap corrected critical value zg is given by:

3 -

Po(W _ z8)=®+0 1=n® : (18)
®

Proof. By direct comparison of expansion (13) with its bootstrap analog, as the

di®erence Fjk i =k = 0p (1), it follows that

3 -

sup jPo(W _ z) j Pg(W"® _ 2)j=0 1=n? ;

2R+

and hence the results follows immediately replacing z with zg. B

As originally suggested by Hall and LaScala (1991), the bootstrap distribution
W*® of W can be used to estimate directly a bootstrap based Bartlett correction, say
By. Speci cally, let n, denote the number of bootstrap replications. Then a bootstrap
based Bartlett correction can be found by solving the equation:

3¢
Wg = q (1 + By=n) (19)

B=1
for By. It should be noted that B, § B’ forn, ¥ 1, as it can easily deduced by the
expansion (17).
We now turn to some examples that will illustrate the applications of the empir-

ical likelihood method to some econometric problems.

EXAMPLE 1. Moment condition models
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We consider the case where the assumed (unconditional) moment restrictions are
of intrinsic interest (for example they might have been derived by economic theory)
and there is no parametric speci cation of the data generating process; in this set-up
the GS is given by the vector of moment conditions itself. Given the unconditional

nature of the problem, the bootstrapped centered moment condition is
s -
7060 = F 05 § E°F R
where R is a simple moment estimator. The following model, which can be related to
real business cycle models and is adapted from Burnside and Eichenbaum (1994), is

analysed:

Ef (xi;ho)' =E X5 1 Mo X5 1 Mo T X i Hoo , (20)
The g = 5 elements of the vector X are either standard normal or are t (5) distributed,
and the null hypothesisto be testedare Hp : i = 1 1 1 ] andyy, = 2, = 1, )
(1, =5(i (1=2) i 5=2))** (i (3:2))2 = 5=3), respectively. Tables 1 and 2 report the
empirical sizes of the original empirical likelihood ratio, the feasible Bartlett corrected
analog (16) and its bootstrap based counterpart (18) for 0:10, 0:05 and 0:01 nominal

sizes.
Tables 1 and 2 here

Notice that both corrected tests improve upon the standard rst order asymp-
totics based empirical likelihood ratio test. The bootstrap based correction seems to
perform slightly better that the empirical one, but this fact is hardly surprising given
the notorious diZculty to estimating empirical cumulants. Also notice that as the

sample size grows the relevance of the correction diminishes.

EXAMPLE 2. Regression models
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We consider semiparametric (i.e. with unknown distribution of the innovations)
possibly non linear regression models. In regression models, the GS is obtained by

considering (see e.g. Newey (1990)) a regression residual function
X ) =Yid 9k )
for some known measurable function g (¢) such that under the true distribution of the
data
ECixi; )ix)=0

which implies an unconditional moment restriction of the form
EAX) ° (yirxi; ) =0

for some g £ n matrix of instruments A(x{). The matrix of optimal instruments
is A(x)) = i"°" (where i = @°(yiix}i )=+ = i09(x5; $)=0 r and °5 =
E °(i:xis ¢)° Vi Xj, ¢ JX ); assuming further that the conditional variance takes
the following functional speci cation ©; = h(x]), for some measurable function

h@) :RY ¥ R* (q° - q) we obtain the optimally weighted GS
Ej"olte (yi;xh; ) =0
The corresponding bootstrapped GS is then based on
E°09 (6 7s) =0 °" () i 9 (X i ") =0;

where y® = x' P, + "2 js the ith bootstrap pseudo-observation, ®; is a heteroskedas-
ticity corrected non linear least square estimator the unknown q £ 1 vector ", "}
is the bootstrap sample drawn from ¥ =v; i x{b,, X" are sampled (independently
from "7) from the empirical distribution of x", and "} = E®". In the Monte Carlo
study, we consider the following speci cation for g (¢): yi = exp (o + 1X}) +"; with

innovations "'; » N (0; 1) or » t (4) and heteroskedasticity function ©; = x3,. Tables 3
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and 4 report the empirical sizes of the original empirical likelihood ratio, the feasible
Bartlett corrected analog (16) and its bootstrap based counterpart (18) for 0:10, 0:05

and 0:01 nominal sizes..

Tables 3 and 4 here

EXAMPLE 3. Robust regression models
We consider robust regression models with xed regressors; the GS in this case is
given by
Ex(A(ii X[ r)=0
for the psi-function A : R ¥ R satisfying EA (";) = 0. The bootstrapped GS is

EX{AQTix i) =0

n

o

where y* = x'. + " is the bootstrap pseudo-observation, ®; is an M-estimator for
the unknown g £ 1 vector —*, "2 is the bootstrap sample drawn from B =vy; j X',
and "2 = E°"?. Following Huber (1973), we specify the psi-function A (t) as

(yi i X{_r) I nyI i X{_rj - kg +k sgn (yl i X{_r) I nyI i X{_rj = kg
with the constant k = 1:4, the scale parameter %2 = 1, sgn(¢t) and | ftg are the
sign and indicator function, respectively. Table 5 and 6 report some Monte Carlo
results for a simple 2 covariates design with an intercept and a single xed regressor
X; generated as equally spaced grid of numbers between j1 and 1 and points at j3

and 3, so that we have a rather substantial leverage e®ect. The innovation process is
speci ed to be N (0;1) and t(4). The null hypothesisis o= 1 1

Table 5 and 6 here
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EXAMPLE 4. Quasi and Pseudo-likelihood models
We consider quasi and pseudo-likelihood models together because the analysis in
rather similar from the point of view of empirical likelihood based inference. In the

case of \classical" quasi-likelihood approach, the GS is given by the g £ 1 quasi-score
B 3 3 d
E@” (X{;_r) =@ °Y () Yii i XE;_r =0;
with Ey; =~ (X{; ) for some known link function ~ (¢) and V (yi) = ©i; ( r)(we as-
sume known dispersion parameter A = 1). For this class of models, the bootstrapped
GSis
E"@” (Xi; ) :@_SOij (r) j_r=br "; =0
. . P )
where "7 is a bootstrap sample drawn from the centered residuals %, = % § ; %=n with
3 -3 3 -7
—o0il?2

; = ol rYi 1~ X5 and P is the quasi-maximum likelihood estimator for

r-
For pseudo-maximum likelihood based models, we need to take into account the
possible misspeci cation of the model (i.e. the second standard Bartlett identity does

not hold as in quasi-likelihood models), hence a pseudo-score is
3 3 - -
E 0 (X; =0T (e X7s =0 ¢ 0" (X =0 Vi (K ))=0
3 3 3 e
for agiven speci cation of the matrixvi; ( ) =COV (yii “(Xi; ) Yii X r
The bootstrap analog is (as in the quasi-likelihood case)

3 - -

E° 07 (5 =000 ()07 X575 =07 07 (x ) =0 =0;

the only (important) di®erence being that the estimated residuals are obtained by

using the matrix v;i'

. Notice that we have been implicitly assuming a xed regres-
sors set-up; as in the case of nonlinear regression, though, we can assume stochastic
regressors which implies resampling also from the empirical distribution of the X's
in the bootstrap algorithm. More importantly, it is worth noting that in this case

the bootstrap calibration is based not on a GS evaluated at the null, but on the
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(estimated) residuals. This is due to the fact that both quasi and pseudo-likelihood
models have not the structure of an expected term plus noise typical of regression
type models. However using the same argument used to justify the application of an
estimated Bartlett correction, we are still able to achieve higher order accuracy.

We analyse the Poisson model with a speci cation error discussed in Gourier-
oux, Monfort and Trognon (1984). Suppose that y; >» Pois(&)with parameter
& = exp (X , +3;), where x" is a q £ 1 vector of exogenous variables and 3; is a
speci cation error. We assume that: E (exp3;) = 1 and VAR (exp3;) = 1, and use
N (&; 1)and P ois (&)as kernels for the pseudo-likelihood; the resulting pseudo-scores
can be found in Gourieroux et al. (1984). In the Monte Carlo simulation we take
3 » N (i 0:35;0:7056) (so that E (y;) = 1); Tables 7 and 8 report the results, for the
null hypothesisHo: = — = 0.

Tables 7 and 8 here

Remark 3 (Using second moment information) So far, we have assumed that
the information available is given (essentially) in the form of a moment restriction
for the mean of the model. The empirical likelihood framework can easily incorporate
additional information, most noticeably information about the second moment. For
example, in regression analysis we can augment the residual regression function to
allow the conditional variance to depend on an additional p £ 1 parameter vector ",
(which may include  as well), so that residual speci cation. The resulting GS is
E (° (yi; X{; Mro) J X) = 0 with the 2 £ 1 vector

TOEXEH) =y i (G i i 904T)) T h(KTa)
depending on the r'£1 (r’ = q+s) vector of parameters, for some measurable function
h() : R® ¥ R™. A straightforward.galculation shows that the optimal instryiment ma-
=9 @° (yis Xi; Hr) =@ 0
@h(x{;72)=0 r Oh(X{; a)=0"a

trix is given in this case by " £ and joint

27



covariance matrix of ; and "2. In the quasi-likelihood case we can introduce unknown
overdispersion via an extended quasi-likelihood , while for the robust regression model

we could introduce an estimating equation for the scale parameter %?2.

5 Conclusions

We have shown how the empirical likelihood method can be applied to inferential
problems based on moment restrictions, emphasising the interpretation of the empir-
ical likelihood ratio test statistics as a dual likelihood. Provided that the econometric
model is identi ed, it is easy to test a simple hypothesis about the parameters of in-
terest by means of the dual empirical likelihood ratio test: one needs just to specify a
constraint (which in the case of moment conditions based models is given by the em-
pirical counterpart of the moment condition itself) and maximise the dual empirical
log-likelihood ratio with respect to the dual parameter. The accuracy of the resulting
test can be improved to third order by applying a Bartlett correction factor to the
test statistic itself; this latter feature is, possibly, the most interesting property of
empirical likelihood based inference, as no other nonparametric technique is known
to be Bartlett correctable. The dual likelihood approach gives a simple explanation
of this peculiar phenomenon. We have also investigated analytically the power prop-
erties of the dual empirical log-likelihood: from our analysis, it is clear that any loss
in power is typically a second order e®Rect and hence its impact can be considered
negligible when the sample size is reasonably big, however no general conclusion can
be drawn.

Empirical likelihood can also be adapted to dependent processes (Kitamura, 1997).
In particular for smooth functions of ® mixing processes, Kitamura (1997)3prove§ that
it is still possible to obtain higher order accuracy (speci cally up to O ni5% ) for
the empirical likelihood ratio test statistic by using blockwise resampling techniques

analog to those used in the bootstrap literature. This should be of particular relevance
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for time series based models.

6 Notes

1 We use the term arti cial to stress the fact that we are dealing with a mathematical
object which shares some properties of a parametric likelihood but it cannot be de ned
as a formal Radon-Nikodym derivative with respect to some dominating measure.

2 To show this essential point, we restrict the collections of sets C on the Borel eld
(RY; B%) supporting the unknown measure P, to some pointwise separable, (to en-
sure measurability) Vapnik-Cervonenkis classes of sets (see e.g. Gaenssler (1983)).
Let e and E be a unit and the set of unit vectors in RY respectively. By the clas-
sical Glivenko-Cantelli theorem generalised to uniform convergence to half spaces
(Ranga Rao, 1962) we get

sup :(P i Pn)eTf(Z;UO): 0 as;

e2E

this implies (Owen, 1990) that for any " > 0,

7 3 - Y,

Pr 'Qé Pn e"f(z;l0) >0 >"=2 all but nitely often w.p.1 (21)
e

and as we are considering VC classes of sets, we can conclude that the latter prob-
ability converges to 0 at an exponential rate by the Vapnik-Cervonenkis inequal-
ity (see for example Gaenssler (1983, Lemma 10)). This fact in turns implies that
0 2 chf (z1; 1o) ;5 T (z2; Ho)g as an interior point (as in ED1 above), whence the

empirical likelihood ratio exists and its positive.
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APPENDIX

A Proof of Lemma 1

The rst four Hermite tensors are:

hr — Wr i or; hrs — hrhs i irs; hrst — hrhsht i [3] hriSt; (22)
hrstu — hrhshthu i [6] hrhsitu +[3] irsitu:

Let ; = °"°", A, (°";£™) be the g variate normal density with mean °" and identity
covariance matrix +"S, and t, be a vector of auxiliary real variables: Also, let wR° =
wriw'2::w™ and bR = bnrz=re . To prove the lemma, we use the transformation
T:wr X (x;v") (with x = w'w", v\ = w'= (Wwsws)'™ and Jacobian J = x%2i1=)

and the following identity:
" < o, .
WRobRoAq (or; irS) - e bRo@ (Aq (or; irS) eXp (Wrirsts)) jto=0

where PRO indicates summation over the partition ~~ = f°4;:::;,g of © indices into
p non-empty blocks such that the resulting homogeneous polynomial in °R° is even
or odd according to the number of indices in the set Ro.(i.e.e the components of the
b array). Using T, the density for x is obtained by integrating out the vector v' over

the unit sphere v'v" =1 in RY, that is:

z

1 iq=2X Re - L) — ° n 1=2,,r rs © rayr
(2%) b~ expfij (X+¢)=29J0 exp X “Vv'z"ts t=0(v dv'). (23)

Ro  yryr=1

Interchanging di®erentiation and integration which is permissible by assumptions
D1, D2 and L1 (note that the transformation T is essentially a polar coordinate type
transformation), we can then use Theorem 7.4.1 in Muirhead (1982), to get:

=< Ro n© r{r r{r :
C(x¢) o b7°@ oF1(a=2;x (¢ +t't" +2°7t") =4) i, =g
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. ] - P

with C (x;¢) = x¥2ilexp Fj (X +¢)=29=292] (4=2), oF1 (a;2) = = z=(a) k!
and (a), = i (a+k)=j (a). Di®erentiating now oF; (;¢;¢) (up to © = 4) , evaluating
the resulting derivatives at t, = 0, and taking into account the symmetric structure

of the b arrays, we obtain:

x
b'@ oF1 (;¢;0) =0t, ji=o=b"°"XoF1 (;q=2 + 1; X;=4) =2 (9=2) ;

r=1

X
b™@% oF1 (; ¢ 6) =0t 0ts j =0 = b""XoF1 (;q=2 + 1;x¢;=4) =2 (q=2) +

r;s=1

brseresx? oFy (; =2 + 2; X;,=4) =2 (4=2), ;

X
b™'@3 oFy ;6 6) =0t 0ts@t: j =0 = [3]b™°°"X?oF1 (;q=2 + 2; x;=4) =2 (q=2), +

r;s;t=1

bretereset oFy (;9=2 + 3; x;=4) =80 (4=2)5;

b"™M@* oFy (; ¢;¢) =0t 0ts@t:0ty | =0 = [3]b"°X?oF1 (;0=2 + 2; X =4) =2 (4=2), +
[6]b7°" %" oF1 (;4=2 + 3; x; =4) =80 (4=2); +

brstuorosotoux4 OFl (, q:2 + 4, X(', :4) :16q (q:2)4 ;

from which the following can be easily deduced

b"WAq (°T£) = b""gguz, (X)) (24)
b"SW'WoA, (°7; ) = B™°"°%ge. s, (X) + b Ggury (X);
bW WAW A (O %) = BTSN (X) + 30T Gga (X))
bW WS WIWIAG (O %) = prTHeresetotgy g, (X) + 6D Gqugy (X) + 30" ggra, (X)

Expression (10) follows immediately after simple algebra, and applying the di®erence

operator rk (k = 1;:::;4) to the various g+ (¢). ®
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B Proof of Theorem 2

Let B be the class of Borel sets satisfying :

Z
sup  Agei. (W) dw =0 (3%); 2#0

B2B (0B)°
where (@B), (@B)” are the boundary of B and 2-neighbourhood of (@B), respectively
a2R, and Aq;o;_ () is the g dimensional multivariate normal distribution with mean
°" and covariance matrix -s. Using Bhattacharya and Ghosh's (1978, Theorem
2(b)), it follows that a formal Edgeworth expansion for the distribution of W, is

given as follows:

_ 7 _
supP_ (W, 2B) i . H (w) Ag.e.. (w) dw- = 0 (1=n) (25)

B2B

where H (w) = (j1)" @rl:::@rvA'q o.. (0) =@wW"@wW"2:::@w"™ (see e.g. (22)) is the (fourth

order) Edgeworth polynomial:

3 - 3

A .
Hw) = 1+ Kh' (W)+kf;shrs w)=2 =n*?+ Kk3h" (w) + kf;5:2+kfks2 £26)
N ; .

h's (W) + K2 =6 + k2k2,=2 hrst (w) + k2.k2,h™% (W) =8 =n:

r;s;t™ r

In (26), the k's are the approximate cumulants obtained by the delta method as in
(9). Hence a valid Edgeworth expansion for W, is given by:

zu
P (Wr-u= HW)Age. (w)dw +o(l=n): (27)

il
which can be shown to be valid by the stgnda;d argument of Bhattacharya and Ghosh
(1978) as the set A_ is such that Pry, A‘f = 0(1=n) given the assumptions. We
can then apply Lemma 3.1 to the integral in (27), by considering the approximate
cumulants k as the constants bRv appearing in the lemma and replacing ° with -%fszfg.
After some algebra it follows that:

- xx .7 -
cac i=0k=0 ¢
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for all Borel subset C of C satisfying:
z

su . (X)dx=0(); 2#0
CZE (@C)zgqvc() ()

where 2 is as in (12)and is obtained after some simpli cations in H(w). The
validity of (28) follows from the classical result of Chandra and Ghosh (1980). B

C Proof of Theorem 4

Under the assumptions, it is not dixcult to show that the bootstrap maximum
dual likelihood estimator Pgyp. satis es the bootstrapped dual likelihood equations
oW, (.)=0." = 0 with bootstrap probability Pr"‘ 1§ 0(1=n) and it admits a stochas-
tic expansion of the same form of (6) admits a stochastic expansion of the form (2:6)

(under the null hypothesis i.e. = 0); also, we can derive the stochastic expansion

E3

for the bootstrap empirical likelihood ratio and its signed square root version as in

Section 2. Next, let B be the class of Borel sets satisfying :

Z
sup Ager- (W)dw =0 (3); 2#0

B2B (@B)°

for some a > 0. We can then use Bhattacharya's (1987, Theorem3.3) to deduce that

7 Z
P WS 2B) i H (W) Aqe;. (W)dw" = o (1=n) (29)

sup
B2B

where H® (w) is the Hermite polynomial as in (26) with coe=cients replaced by their
bootstrap analog. Proceeding then as in Theorem 3.2 we obtain the required result.

The validity of the expansion follows by using Chandra's (1985) theorem. B
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D Tables

TABLE 1Y. Moment condition model, N (0;1) observations

Nominal size 0:100 0:050 0:010
n =50 0:145% 0:127° 0:121° 0:091* 0:080° 0:073° 0:036% 0:029° 0:015°
n =100 0:1322  0:119° 0:119° 0:079% 0:069° 0:064° 0:028% 0:020° 0:014°
n =200 0:124% 0:110° 0:109° 0:068% 0:061° 0:059° 0:024% 0:019° 0:013°
n =500 0:1112 0:109° 0:105° 0:061* 0:060° 0:058° 0:015% 0:015° 0:013°

y Based on 5000 replications. a original, b feasible Bartlett adjusted (16), and ¢ bootstrapped empirical likelihood ratio

test (18)

Table 2Y. Moment condition model, t(5) observations

Nominal size 0:100 0:050 0:010
n =50 0:1922  0:150° 0:143° 0:121% 0:093° 0:083° 0:052% 0:042° 0:032°
n =100 0:1512 0:130° 0:123° 0:093* 0:083° 0:075° 0:039% 0:030° 0:021°
n = 200 0:1322 0:126° 0:119° 0:081* 0:076° 0:070° 0:024 0:020° 0:018°
n =500 0:129% 0:120° 0:110° 0:073* 0:069° 0:065° 0:021% 0:018° 0:015°

y Based on 5000 replications. a original, b feasible Bartlett adjusted (16), and ¢ bootstrapped empirical likelihood ratio,

ratio test (18)

Table 3. Nonlinear heteroskedastic regression model

with N (0;1) innovations

Nominal size 0:100 0:050 0:010
n =50 0:1312 0:118° 0:113° 0:083* 0:73" 0:067° 0:035% 0:031¢ 0:026°
n =100 0:115% 0:111° 0:109° 0:072% 0:065° 0:062° 0:026% 0:022° 0:020°
n =200 0:109% 0:109° 0:108° 0:065% 0:062° 0:059° 0:021% 0:017° 0:013°
n =500 0:105% 0:105° 0:105° 0:061* 0:060° 0:057¢ 0:018% 0:016° 0:016°

y Based on 5000 replications. a original, b feasible Bartlett adjusted (16), and ¢ bootstrapped empirical likelihood ratio

ratio test (18)
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Table 4Y. Nonlinear heteroskedastic regression model

with t(4) innovations

Nominal size 0:100 0:050 0:010
n =50 0:178% 0:164° 0:156° 0:113% 0:090° 0:072° 0:043% 0:034° 0:026°
n =100 0:1422  0:134° 0:125° 0:092% 0:081° 0:069° 0:037% 0:030° 0:023°
n =200 0:135% 0:129° 0:114° 0:073% 0:067° 0:063° 0:027% 0:021° 0:019°
n =500 0:129% 0:120° 0:116° 0:070* 0:065° 0:062° 0:024% 0:021° 0:018°

y Based on 5000 replications. a original, b feasible Bartlett adjusted (16), and ¢ bootstrapped empirical likelihood ratio

ratio test (18)

Table 5: Robust regression model, N (0; 1) innovations

Nominal size 0:100 0:050 0:010
n =50 0:1672 0:149° 0:121° 0:096% 0:082° 0:076° 0:0362 0:030° 0:025°
n=100  0:142% 0:0131° 0:119° 0:079% 0:071° 0:064° 0:029% 0:023" 0:019°
n = 200 0:1302 0:121° 0:114° 0:068% 0:061° 0:059° 0:0262 0:021° 0:017°
n = 500 0:120* 0:118° 0:113° 0:0612 0:059° 0:058° 0:020% 0:018" 0:016°

y Based on 5000 replications. a original, b feasible Bartlett adjusted (16), and ¢ bootstrapped empirical likelihood ratio

test (18)

Table 6Y: Robust regression model, t(4) innovations

Nominal size 0:100 0:050 0:010
n =50 0:1872 0:169° 0:158° 0:116* 0:093° 0:086° 0:0572 0:043° 0:039°
n=100  0:1522 0:141° 0:132° 0:099 0:084° 0:072° 0:043% 0:034° 0:030°
n=200  0:141* 0:135° 0:127° 0:081* 0:075° 0:068° 0:036% 0:027° 0:023°
n=500  0:1322 0:126" 0:120° 0:075 0:064° 0:060° 0:029 0:021° 0:021°

y Based on 5000 replications. a original, b feasible Bartlett adjusted (16), and ¢ bootstrapped empirical likelihood ratio

test (18)
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Table 6”: Pseudo-likelihood model with N (%';1)

Nominal size 0:100 0:050 0:010
n =50 0:128% 0:116° 0:081% 0:077° 0:0332 0:021°
n=100  0:112% 0:110° 0:072* 0:061° 0:027% 0:016"
n =200 0:111% 0:104° 0:067% 0:059° 0:0192 0:013°
n =500 0:109% 0:105° 0:061* 0:058° 0:0162 0:012°

y Based on 5000 replications. a original and b bootstrapped empirical likelihood ratio test

Table 7¥: Pseudo-likelihood model with Pois (')

Nominal size 0:100 0:050 0:010
n =50 0:1382 0:121° 0:084% 0:076° 0:0382 0:025°
n=100  0:121® 0:115" 0:081* 0:065" 0:030® 0:019"
n =200 0:1202 0:116° 0:069% 0:061° 0:0212 0:015°
n =500 0:1142 0:110° 0:065* 0:059° 0:0202 0:014°

y Based on 5000 replications. a original and b bootstrapped empirical likelihood ratio test
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