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Abstract

This paper extents Karanasos (1999a) results for the n Component GARCH(1,1) and the two Com-
ponent GARCH(2,2) models and it further examines the n Component GARCH (n,n) model. In particular,
we present the GARCH(n?,n?) representation of the aggregate variance and we give the condition for
the existence of the fourth moment of the errors. In addition, we use the canonical factorization of the
autocovariance generating function for the univariate ARMA representations of the component variances,
the aggregate variance and the squared errors to obtain their autocovariances and cross covariances. Fi-
nally, we illustrate our general results giving three examples: the three component GARCH(1,1), the two
component GARCH(2,2) and the three component GARCH(2,2) models.
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1 INTRODUCTION

Since the beginning of the eighties the ARCH'model and its various generalizations have
been used extensively in the modeling of the conditional volatility of financial time series.
Within this class of models, it is almost a “stylized fact” that the sum of the estimated
coefficients in the conditional variance function is insignificantly different from unity,
especially for high-frequency financial data. These models were called by Engle and
Bollerslev(1986) Integrated GARCH(IGARCH) and have the characteristic that shocks
to the conditional variance are persistent in the sense that current information remains
important for long-term volatility forecasts. This non-stationary behaviour is important
both from a theoretical point of view and for the construction of long-horizon volatility
forecasts which are essential in many asset-pricing models (see, for example, Poterba and
Summers, 1986).

However, Ding and Granger (1996), hereafter DG, proved that the autocorrelation
function for an IGARCH(1,1) process is exponentially decreasing and is very different
from the sample autocorrelation function found for several long speculative asset return
series (e.g. stock and exchange rate returns). As DG(1996, p199) wrote: “It is quite
clear from the sample autocorrelation (of the various speculative returns) that there are
different volatility components that will dominate different time periods. Some volatility
components may have a very big short-run effect, but die out very quickly. Some of them
may have a relatively smaller short-run effect, but they last for a long time period”.

Motivated by this empirical result they introduced the N-component GARCH(1,1) (C-
GARCH) model®. In this model the aggregate conditional variance, hereafter av, of the
errors (h;) is a weighted sum of n component variances, hereafter cv, (hy), (i =1,---,n)
with w; (i = 1,---,n) as weights, respectively. Each component is a GARCH(1,1)-
type specification. DG also mentioned that the n component model corresponds to a
GARCH(n,n) model®. This GARCH(n,n) representation together with the autocovariance
function of the squared errors? hereafter se, is obtained in Karanasos(1999a), hereafter K5.
In addition, K(1999a) derived the GARCH(2n,2n) representation of the two component
GARCH(n,n) model and the autocovariance function of the squared errors for this model.

The goal of this article is to provide a comprehensive methodology for the analysis of
the general n component GARCH(n,n) model. First, it derives the VARMA representa-
tion of the cv and it shows that they follow a n-th order VARMA (n,1) model. Second,

!The ARCH model was originally proposed by Engle(1982), whereas Bollerlsev(1986) presented the GARCH
model. The existence of the huge literature which uses these processes in modelling conditional volatility in
high frequency financial assets demonstrates the popularity of the various GARCH models [see, for example,
the surveys by Palm(1996), Shepard(1996) and Pagan(1996); see also the book by Gourieroux(1997) for a detail
discussion of the GARCH models and financial applications].

?Karanasos, Psaradakis and Sola (1999), hereafter KPS, derive the ARMA-GARCH representation that linear
aggregates of ARMA processes with multivariate-GARCH errors (the S-GARCH model) admit, and establish
conditions under which persistence in volatility of the aggregate series is higher than persistence in the volatility
of the individual series. They illustrated empirically the practical implications of their results in the context of
an option pricing exercise. KPS(1999) also show that the C-GARCH model is a special case of the S-GARCH
model. The issue of contemporaneous aggregation of GARCH processes has also been examined in K(1999b) and
Zaffaroni (1999).

8Moreover, they derived the GARCH(2,2) representation of the two-component GARCH(1,1) model.

“The autocovariance function of the squared errors of the simple GARCH(p,q) model is given in
Karanasos(1999a) (see also He and Terasvirta, 1999).

SK(1999a) derived the GARCH(n,n) representation using the Ding and Granger’s (1996) method.



it provides the univariate ARMA representations of the cv, the av and the se and it
shows that they can be represented as an ARMA(n? n?) model. Third, it gives the
GARCH(n?,n?) representation of the av. Finally, it uses the canonical factorization of
the autocovariance generating function of a stationary stochastic process to obtain: (i)
the autocovariances of the av, the cv and the se, (ii) the cross covariances between the cv,
and (iii) the cross covariances between the av and the cv, and between the av and the se.
It should be noted that we only examine the case of distinct roots in the autoregressive
(AR) polynomial of the univariate ARMA representations and we express the autocov-
ariances in terms of the roots of the AR polynomial and the parameters of the moving
average polynomials of the univariate ARMA representations.

Section 2 provides the results for the general n component GARCH(n,n) model. Be-
cause of the highly complicated nature of the algebraic derivation involved and in order
to familiariaze the reader with the notation used, we start by presenting the results of two
special cases: the n component GARCH(1,1) model and the two component GARCH (n,n)
model. In addition, for illustrative purposes, we give three examples: the three component
GARCH(1,1) model, the two component GARCH(2,2) model, and the three component
GARCH(2,2) model. Finally, Section 3 concludes.



2 COMPONENT GARCH MODELS

2.1 N Component GARCH(1,1) Model

In what follows we will examine the N component GARCH(1,1) model. In this model the
conditional variance of the errors (h;) is a weighted sum of N components (h;,i = 1,--- ,n)
with (w;, i =1,---,n) as weights, respectively. Each component is a GARCH(1,1)-type
specification:

€t/Qt 1 N.D 0 ht Zwl ity Z'UJZ = ]_ (21)

1 ifi=1
hiy = Siwy + ai€;_y + Bihiy 1, 6 = s i (2.2)
0 otherwise
Proposition 1a. The univariate ARMA representations of hy, i =1,--- ,n are given
by
B(L)hy = wf + A;j(L)v;, B(L) = 1+ZBZLZ [[(-ByL), Ai ZAdL
j=1 (23)
I on—(-k) 1
By = Bu + Ba, Pu :H Z Hﬁfk , Jo=0, fa = Zarwra
k=1 fa=fr_ 141 k=1 r=1 (2.3a)

-1 n—[(I-1)—k -1 n—(I—1-k) [-1
52121_[ Z ]Hﬁfk Zarwra l—aiH Z ]Hﬁfk ,
k=1 fr=fr_1+1 k=1 k=1 f_f 41 k=1 .3b)
S fe#i
n—1
w1[1+ZB}] ifi=1
Ay =a;, wi= =1 _— , U= ef — hy, (2.3¢)

awiwi[l+ Y B4]  otherwise
i=1

l n—(l—k)
=B+ 0 B =111 > Hﬁfk , fo=1,8, =~ Zarwr,

k=1 f=f 41 k=1 r=1
fr#i r#

-1 n—[(I-1)—k] | n

ﬁ;l - H ]Hﬁfk Z arWr, fO =1 (23d)

k=1 41 k=1 r=1
fk fik¢21 T;ﬁfk-,i
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The proof of Proposition la is given in Appendix A.
Ezample 1: For the three component GARCH(1,1) model the univariate ARMA rep-
resentation for the first component conditional variance (hy;) is

{1 = (81 + B2+ Bs + wiar + waay + wzaz) L+ [B1 2 + f18s + Baff3 + wiar (B2 + Bs) +
+ waas (B + B) + wsaz (B + Bo)|L* — (515255 + wiar (Bf3) + woas(B183) +
+ wsag (5152)]L3}h1t =wi+ a1 L —ai (B2 + 53)[12 + a15253L3]vt (2.4)

Corrolary 1a. The ARMA (n,n) representation of hy is given by

n n—1
B(L)hy =w* + A(L)vy, A(L) = AL, w* =wunll+Y B, A =P
=1 =1

(2.5)
Moreover, the GARCH(n,n) representation of hy is given by
B*(L)hy = w* + A(L)e}, B*(L) =1+ Byl (2.6)
=1

Proof. The proof of equation (2.5) is given in Appendix A. The proof of equation (2.6)
follows immediately from (2.5), using v; = € — hy.

Ezample 1: For the 3 component GARCH(1,1) model the ARMA(3,3) representation
of the aggregate conditional variance is

{1 = (Br+ By + B3 + wiay + waay + wsaz) L+ [B1 02 + G103 + Bo 33 + wiai(Be + Bs) +
+ waaa (B + B) + wsaz (B + Bo)|L* — (515255 + wiar (Bf3) + woas(B133) +
+ wsag(B102)| L Yhy = {(wra1 + waay + wsas) L — [wyay (B + Bs) + waaz(B1 + ) +

+ w3az(B1 + Bo)]L” + [wiar (B2Bs) + waaz(B183) + wsas(Bifa) L boy + w* (2.7)

In addition, the GARCH(3,3) representation of the aggregate conditional variance is

{1—(B1+ Bo+ Bs)L + (Bif2+ B3 + Baf33) L* — (B f2B3) L}y =
{(wrar + waas + wzaz) L — [wiar (B2 + B3) + waaa (B + Bs) + waasz (B + Bo)]L? +

+ wia1(B2Bs) + waaz(183) + wsas(6152)| L% e 4 w* (2.8)
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Assumption 1a. All the roots of the autorergressive polynomial B(L) are lie outside
the unit circle (Stationarity Condition).

Assumption 1b. The polynomials B(L) and A;(L) (i =1, -+ ,n), A(L) are left coprime.
In other words the representations % and g ; are 1rreduc1ble

In what folows we only examine the case where the roots of the autoregressive poly-
nomial [B(L)] are distinct.

Proposition 1b. Under Assumptions 1a and 1b the cross-covariances between the hj
and the hj,_,m components are given by

> GrmAd 00, if m >0

Vigm = €0 (Rig, hjpm) = "0’ : (2.9)
> GmNl 00, if m <0
r=1
Be n—1+m
Crm = ( r) n ) (29&)
[T(1 = BB IT(By - By)
k=1 k=1
k#r
n—1 n—c m*
)\?’ ZZAMAJ#H-C C+ZZAjdAZ d+c + Z ZAJdAZ d+c C 2m
=0 d=1 e=1 d=1 c=m+1 d=1 (2.9b)
where m* = min(n — 1,m) and 02 = 2E(e}) (under conditional normality) and is

given below. When i = j the above formula gives the autocovariance function of h;.
Moreover, the cross-covariances between hy and h;; ., are given by

N CrmAito? if m>0

Yim = cov(hy, hjym) = "ot , , (2.10)
> GmNon i m <0
r=1

n—1 n—c

)\g"j» Z AdAJ d+C “+ Z Z A]dAd+c ‘+ Z Z A]dAd+c C Zm
c=0 d=1 =1 d=1 c=m+1 d=1 (2.10a)
n—1 n—c m*

)\LZ":_ Z AJ:dAd-i-C c + Z Z AdA],d—i—c ‘+ Z Z AdA],d—i—c C 2m
=0 d=1 e=1 d=1 c=m+1 d=1 (2.10b)

When hjy = hy, Ajare = Adre, Ny = AN = Ay, the above formula gives the autocov-
ariance function of hy.

The proof of Proposition 1b is given in Appendix A.

Proposition 1c. The condition for the existence of the fourth moment of the errors
(under conditional normality) is



Yo < —, Yo = Zfr())\ro (2.11)

Furthermore, the univariate ARMA (n,n) representation of the squared errors € is

given by

B(L)e? = w* + A°(L)v,, A%(L ZA@U L)+ A(L)], A5=1
(2.12)

Assumption 1c. The polynomials B(L) and A¢(L) are left coprime.
Under assumptions 1a and 1c the autocovariance function of the squared errors is given

by

Ve, = cov(el e ) ZCrm r O (2.13)

Ai,m—ZA“+ZZAe (B (B S S A (B + (B
e=1 d=0 c=m+1 d=0 (2.13a)

Finally, the cross covariances between the squared errors and the aggregate conditional
variance are given by

cov(€2, hy ) = cov(hy, hy ), cov(hy, el ) = cov(el, €2, ) (2.14)

t—m

Proof. Using the form for the variance of h; and var(h,) = $E(e}) — [E(€])]?, 02 =
2E(ef) we get equation (2.11) The proof of (2.12) follows from (2.5) on rearanging terms.
The proof of (2.13) is given in Appendix A. Equation (2.14) follows from the law of

iterated expectations.

2.2 2 Component GARCH(n,n) Model

In this subsection we will examine the two component GARCH(n,n) model. In this
model the conditional variance of the errors (h;) is a weighted sum of two components
(hit, i = 1,2) with w;, i = 1,2 as weights, respectively. Each component is a GARCH(n,n)-
type specification:



€t|Qt71 ~ D(O, ht), ht = wlhlt + ’LUtht, Wy + Wy = 1, (215)

1 ifi=1
Bi(L)hyy = 601 + AS(L)e2, i=1,2, ;=4 ', (2.15a)
0 ifi=2
BiL) = = S" ALY 8 =1, AL = S al ! (2.15h)
=0 =1
Proposition 2a. The univariate representations of hy (i = 1,2) are given by
2n 2n
B(L)hy = w + Ai(L)v, vy =€ —h,, B(L)=1+>» BL'=]][(1-BL,
I=1 I=1 (2.16)
2n
Al(L) = ZAULZ, Ail = '”,naz- - gl’nazﬂg,i, 1= 1, 2, (216@)
I=1
% wl[Bg(l) — ngg(l)] ifi=1
wr =
wlwlAg(l) if 1 =2
B, = — ’u,n[ﬁ1 + B2 + wia; + waay] + %Izl,n[ﬂlﬂ2 + wia1 B + weazfi]
(2.160)
where R, . s given by

mln —

R o §le,n ifl:m,---,an
0 otherwise

R denotes the set of all the combinations of m numbers taking values from 1 to n
and adding to l. As an example consider, the case where n = 3 and m = 2.

T {5}%25,3 if 1=2,3,4,5,6

mi,n 203 = . , Mgz =11, Roz3 =12, 21,--- , Rys3 = 33
’ ’ 0 otherwise

When for example we multiply (5152 + wia1 B2 + weas By by Rog s we get

(8165 4+ wiay B3 + weay57) + (618, + wiai By + waa3fy)

In addition the ARMA (2n,2n) representation of the aggregate conditional variance is
n 2n

B(L)hy = w* + A(L)v,, A(L) =Y wiA;i(L) =Y AL, (2.17)
i=1 1=1

A= §R,1z,n(wlal + waap) — §Rl2l,n(w10462 +waasBr), w*=wiwi + wowy
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Finally, the GARCH(2n,2n) representation of the aggregate conditional variance is

2n
B*(L)hy =w*+ A(L)e;, B (L) =1+ Y B{L', Bf = R}, (B + B2) + R, .01 b2
—1 (2.18)

Proof. The proof of equation (2.16) is given in Appendix A. The proof of (2.17) follows
immediately from (2.15) and (2.16). The proof of equation (2.18) follows immediately from
(2.17) using v, = €2 — hy.

Ezample 2. For the two component GARCH(2,2) model the univariate ARMA(4,4)
representation of the first component conditional variance is

{1—(B] + B +wiay + waaz) L + [— (67 + B3 + wiaf + woa3) +
+ (8183 + wiayfBy + waayB))|L? + [(B1 55 + wia f5 + waay7) +
+ (BiBy + wiai By + waasBy)| L + (8785 + wiai fBs + wea3Bi) L hy =

=wi +{a L+ (a7 — a1 0,) L% — (a3 + aiBy) L — a{ By L }vy (2.19)

Moreover, the ARMA(4,4) representation of the aggregate conditional variance is

B(L)hy = w* 4+ {(wia1 + wyay) L + [(wia? + wyad) — (wial By + wyazBi)]L?

— (w101 35 + waay 57 + wiai By + waa3 ) L — (wiai B + wya357) L vy
(2.20)

where the autoregressive polynomial is the same with that of hy, in eq (2.19).
Finally, the GARCH(4,4) representation of the aggregate conditional variance is

{1 = (B + B) L+ [=(B] + B3) + (B1B)]L* + (8153 +
BiBy) L + (BY3) L he = w” + A(L)e] (2:21)

where the ARCH polynomial is the same with the moving average polynomial in
equation (2.20).

Proposition 2b. Under assumptions 1a and 1b the cross-covariances between the hyy
and hyy components are given by (2.9) where now i =1, j =2 and n is replaced by 2n.

Moreover, the cross covariances between hy and hji_p,, j = 1,2 are given by (2.10)
where now n is replaced by 2n. The proof is similar to that of Proposition 1b.

The condition for the existence of the fourth moment of the errors is given by (2.11)
where now n is replaced by 2n.

Furthermore, the univariate ARMA (2n,2n) representation of the squared errors € is

¢
given by (2.12) where now n is replaced by 2n. The proof follows from (2.17) on rearanging

terms.



Under assumptions 1a and Ic the autocovariance function of the squared errors is
given by (2.13) where now n is replaced by 2n. Finally, the covariances between the
squared errors and the conditional variance are given by (2.14). The proof is similar to
that of Proposition lc.

2.3 N Component GARCH(n,n) Model
In what follows we will examine the N component GARCH(n,n) model. In this model the

conditional variance of the errors (h;) is a weighted sum of N components (hy,i = 1,--- ,n)
with (w;, i =1,--+,n) as weights, respectively. Each component is a GARCH(n,n)-type
specification:

€/U_1 ~ D(0, hy), Zwl i) Zwl =1 (2.22)

where
1 ifi=1
Bi(L)hy = 0wy + AYL)e, i=1,---,n, &;=4_ ' (2.23)
0 otherwise
Bi(D) = - 3.8, 8= -1, AyD) =3 il (2.230)
1=0 1=1
Theorem 1a. The univariate ARMA representations of hy (i =1,---,n) are given by

B(L)hi = wf + ALy, ! = |
CU1’U]1[A ( ) + ZgRlH_l m nﬂll] Otherw1se (224)

n2
=1+ Z BL'=[[1-BL Z AL (2.24a)
=1
In addition, the ARMA (n* n?) representation of hy is given by
B(L)h; = w* + A(L)vy, Z AL =Y wiAy (L), (2.25)

n
w* = E wiwy
i=1

10



Moreover, the GARCH(n?,n?) representation of h; is given by

nz
B*(L)h, = w*+ A(L)e;, B*(L)=1+Y BfL, (2.26)
=1

Proof. The proof of equation (2.24) together with the B;’s, the A;;’s and the §R'(l+1)m,n

are given in Appendix B. The B} and 3, are defined in Proposition la. The proof of
equation (2.25) follows immediately from (2.22) and (2.24). The proof of equation (2.26)
follows immediately from (2.25), using v; = €2 — hy. The B}’s are given in Appendix B.

Ezample 3. For the three component GARCH(2,2) model the univariate ARMA(6,6)
representation for the first component conditional variance is:

{1— (B} + By + B3 + wia; + waal + wza) L +

{= (87 + B3 + B3 + wia? + wya3 + wza3) + (61 55 + 183 + Ba s

+wiar(By + B3) + weaz (8] + ;) + waaz(By + By)] L7 +

{= (87 + B5 + B3 + wiaf + weas + wsaz) + (6155 + BBy + L 65 + 6105 + 5305 + 5365
+wiay (65 + B3) + wial (B3 + B3) + waay (57 + 53) + waa3 (8] + B3) + wsaz (67 + 57) +

wsas(By + By] — 81 B2 05 + wiar (ByB5) + waaz (81 B5) + wsaz (81 B2)|}L° +

{+8765 + 81083 + B305 +wiai (85 + B3) + wea5(67 + 3) + wsa3 (B + 57) —

(610385 + 810385 + 810585 + wia (By05) + wiay (83 65) + wiai(8y83) +

wea3 (01 B3) + waas (B B3) + waa3 (81 83) + wsaz (81 B3) + wsay (B 5y) + wsaz (61 5;)]} L
— [BL3 85 + B10505 + 815365 + wia?(8385) + wiat (85 03) + wiar (0363) +

w5 (87 B5) + waas (B 53) + waas (87 53) + wsaz (87 6y) + wsaz (B 57) + wsaz (87 67)]L°
— 8103 85 + w1l (03 53) + wea3 (57 B3) + wsa3 (57 B3)|L° thyy = wi +

{a1L + [af — a1 (By + B3)1L% + {=[a1 (83 + B3) + ai(0; + B3)]

+ a8y B3 YL + [—ai (B3 + B3) + a10505 + a1 3305 + ai By B3] " +

+ (a1 8385 + a3y 65 + o B3 65117 + ai 5355 L° buy (2.27)
In addition the ARMA(6,6) representation for the aggregate conditional variance is

B(L)h; = w* + {(wlai + w2aé + wgaé)L + {(wla? + w2a§ + wgag) — (2.28)
— [wia; (By + B5) + waay(By + B5) + wsaz (B + Bo)}L? + {(wia] + waas + wsaz) —

— [wiai (B3 + B3) + wiai (B + By) + waay(B7 + B3) + waa3(By + B3) + wsaz(67 + 53) +
wsaz (By + B] + [wiag(By83) + waas (81 83) + wsaz (61 8;)1} L7 + {=[wiaf (B3 + B3) +
was (7 + 03) + wsaz (87 + B7)] + [wiag (6;03) + wiay (6503) + wiai(Gy03) +

waay (81 B3) + waas (87 05) + waa3 (81 03) + waaz (81 B3) + wsaz (67 By) + wsaz (61 5;)1} L
+ {wial (636;) + wial (By05) + wiay (6505) + waas (67 83) + waas (B 53) + waas (67 55) +
wsaz (67 0y) + wsas (B 07) + wsaz (87 65)} L +

+ [wia3 (B3 63) + waas (67 55) + wsaz (57 63)] L vy

11



where the autoregressive polynomial is the same with that of hy; in eq (2.27). Finally,
the GARCH(6,6) representation for the aggregate conditional variance is

{1 (81 + By + B3) L+ [—(BY + B3 + B3) + B1 B3 + B1 B3 + B3] L7 +
(= (B + B3 + B3) + i35 + P18, + Bi5 + BiB5 + B,55 + 5385 — BiBafs]L +
+ 6205 + 865 + 8305 — (810355 + Bi 6305 + 57652 63)]L" —
— (B2 8385 + B7 B2 85 + 1 53 B31L° — B7 B3 85 L° thy = w* + A(L)e; (2.29)
where the ARCH polynomial is the same with the moving average polynomial in
equation (2.28).

Theorem 1b. Under assumptions 1a and 1b the cross-covariances between the h; and
the hj; ., components are given by

Z(,«,m)\f{mag, if m>0
= : (2.30)
SO o2, if m<0

r=1

Yijm = COU(hita hj,t—m) =

By o

CGrm = — - , (2.30a)
[1(1-BBy) [1(B; — By)
k=1 k=1
k#r
n2—1n2—c m* n2—c n2—1 n2—c
Afn{m = Asz],d—l—c c + Z Z A]dAz d+c ‘+ Z Z AgdAz d+c C 2m
c=0 d=1 c=1 d=1 e=m+1 d=1 (2 300)

where m* = min(n® — 1,m) and o2 = 2E(¢;) (under conditional normality) and is
given below. When ¢ = j the above formula gives the autocovariances of h;;. Moreover, the
cross-covariances between the h, and hji—n (vjm) are as (2.30) where now hy; is replaced
by hy, A is replaced by Ay, A4 is replaced by M and M is replaced by M. In
addition, when hj;, and h;; are replaced by hy, A;q and A;4 are replaced by Ag and \Y s
replaced by A,,, the above formula gives the autocovariances of h;. The proof is similar
to that of Proposition 1a.

Proposition 3a. The condition for the existence of the fourth moment of the errors for
’I'L2
this model is 7 < 3, 7 = > GoAro-
=1

Moreover, the univariate ARMA (n?,n?) representations of the squared errors €; is
given by

B(L)é? = w* + A°(L)v,, A°(L ZAeLl L)+ A(L)|v, AZ=1
(2.31)

12



In addition, the autocovariance function of the squared errors is given by (2.30) where
now hy and hj, are replaced by €, Aiq and Ajqy. are replaced by AG and N, is replaced
by A7,

Finally, the covariances between the squared errors and the conditional variance are
given by cov(€?, hy_p,) = cov(hy, hy_p,), cov(hy,€l_,) = cov(e?, €2, ).

Proof. The derivation of the condition for the existence of the fourth moment is similar
to that of Proposition lc. The proof of equation (2.31) follows from (2.25) on rearranging

terms. The equalities above follow from the law of iterated expectations.

3 Conclusions

This paper extendend K(1999a) results for the n Component GARCH(1,1) and the two
Component GARCH(2,2) models and it further examined the n Component GARCH(n,n)
model. First, we derived the VARMA representation of the component variances. Next,
we used these VARMA representations to obtain the univariate ARMA representations
of all the component variances, of the aggregate variance, and of the squared errors. In
addition, we presented the GARCH(n?, n?) representation of the aggregate variance and
we gave the condition for the existence of the fourth moment of the errors. Moreover, we
used the canonical factorization of the autocovariance generating function of the above
univariate ARMA representations to obtain (i) the autocovariances of the component
variances, the aggregate variance and the squared errors, (ii) the cross covariances between
the component variances, and (iii) the cross covariances between the aggregate variance
and the component variances, and between the aggregate variance and the squared errors.
Finally, we illustrated our general results using three examples: the three component
GARCH(1,1), the two component GARCH(2,2) and the three component GARCH(2,2)
models.

The potential generalisations of the simple Component GARCH model are numer-
ous. To state a few: The Component Exponential GARCH(C-EGARCH), the Compon-
ent GARCH-in-mean-level (C-GARCH-M-L), the Assymetric Power Component ARCH
(C-APGARCH), the Fractional Integrated Component GARCH (C-FIGARCH), and fi-
nally the Multivariate Component GARCH (C-MGARCH) models®. Since this study
only examined the case where the roots of the autoregressive polynomial are distinct,one
potentially important issue relates to the effect of equal roots.
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A PROOF OF CORROLARY 1a, PROPOSITIONS 1a, 1b, 2a

Proof of Proposition 1a

We add and subtract a;h; ; in (2.2) and we use (2.1) to get

n
hie = 6w + a; Y wihjer + (B; + apwi)higoy + awp_y, i=1,-+-,n,

j=1 (A.1)
J#
v, =€ —hyy, E(v;) =0, cov(vy,v; ) =0 (A.la)
Rewriting the system in a VARMA form we have
Bhy, = & + v, (A.2)
. —agw, £
where B is a n X n matrix. It’s ijth element is b;; = @it 1 Z 7 ] a is
l—aw; — 3 ifi=j

a n x 1 column vector. It’s ilth element is a;. Bt is the n x 1 column vector of the n
components. @ is a n x 1 column vector. Its ilth element is ;w;.

The univariate ARMA representations of (A.1) are given by (in what follows B denotes
determinant)’

Z BlLlh,it = u): + Z ilAl let (A3)
=0 =1

l n—(l—k)
=[] > ]HBf’“ . fo=0, By=1 (A.30q)

k=1 fr=[fr-1t1 k=1

By denotes the sum of the determinants of all the (I x I) submatrices of the (n x n)
matrix B. As an example, consider the case where n =3 and [ = 2:

bll b12
b21 b22

bll b13
b31 b33

b22 b23

By =By, =B}, + B} + Ba; = b o

l n—(l—k) l

"a=100 Y IICAHEY T h=0, A =0 (A.30)

k=1 fi=fe—1+1 k=1

"The proof is similar to the one used in K(1999b)
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‘A denotes an (n x n) matrix. It is obtained from matrix B by substituting its ith
column with the column vector a. As an example consider the case where n =3, ¢ = 2:

B bii ar bis
A= |by ay b

bs1 a3z bss

2

" A denotes an (n x n)matrix. It is obtained from matrix "A by moving the ith row
(column) into the first row (column). As an example, consider the case where n = 3,
1= 2:

B az bor Do
A= |ay by b
az b1 bsg

21

ilfll denotes the sum of the (I 4+ 1) x (I 4+ 1) submatrices of the (n x n) matrix " A
which include elements of its first row and column. As an example, consider the case
where n =3,¢ =2, and [ = 1:

21;11 _ {GQ 521] + [az 523]

ar bn az  bss
From (A.3), (A.3a) and (A.3b) after some algebra we get (2.3).
Proof of Corrolary 1a

Multiplying (2.1) by B(L) and using (2.3) we obtain

B(L)hy =Y wiw! + > w; ¥ Ay (A.4)
=1 =1

i=1
or alternatively (2.5). W
An alternative derivation of the above result is given by K (1999a) (He derived it by
using the DG, 1996 technique).
Proof of Proposition 1b

From (2.3a) we get

Ly (B (A.5)
=t (1= Bpz)(1 - Bz"Y) [1(B; — By)(1 - B By)

k=1
k£l

Moreover, after some algebra, we can show that
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Ai(2) A=) LS i o
— N2 N T (BT
(1-Bpz)(1—Bfzt)  1—(By)? ,;)( b " ) (A.5a)

From (A.5) and (A.5a), after some algebra, we get the cross-covariance generating
function g;;(2)

Ai(2)A;(271) o i m i _—m
95(2) = BBy O = 2 Do mGinNid” + Mo (A5)
[=1 m=0
where f,, = 5 dfm :,0 . Thus,
1 otherwise

n
3 ComAid 02, if m >0
r=1

Viggm = cov(hit, hjpm) = (A.5c)

n

oy
Y CmAlt o5, if m <0
r=1

The proofs for the cross-covariances between h; and h;;, and the autocovariances of
the squared errors are similar. ll

Proof of Proposition 2a
In (2.15a) we add and subtract A$(L)h; and we use (2.15) to get
Bl(L)hlt = 5Z~wi + AS(L)Ut + wlAf(L)hlt + szf(L)h}Qt =
[BZ(L) — w,Af(L)]hzt = 5Z~wi + AS(L)Ut + wg_iAf(L)hg_i,t, 1= ]_, 2 (A6)
We multiply the above equation by Bs_;(L) — ws_;A§_;(L) and after some algebra we

get (2.16). W

B PROOF OF Theorem 1a

Proof of Theorem 1a

Adding and subtracting Y alhy ;, (i = 1,-+-,n) in (2.23), using v; = € — hy, and
=1

writing the system in a VARMA representation form we get
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=1 =1
[h
}t b o bin o
iLt _ ‘ , B R R : bZJ — a/iwj + 57,/87,7 o= .
I I R . (Bla)
I but e bun ;
-1 ! aq all
bll “ee bln 1 'f . i .
Bl: ........... 76Z:{0 lfl;],d: . ,dl: .
........... I 2 i
b, .. bl ' 1 (B.15)
L Qp, a,

The univariate ARMA representations of (B.1) are given by (in what follows B denotes
determinant)®

2

> B L'hiy =w!+Y " Aug L've, Bom=1, i=1,---n (B.2)
=0

=1

where

n—(m—k) m

(> O IIBHED™ =0

k=1 fo=fr_1+1 k=1 (B.2a)

s

Blm = Xn: éR;nl,n Bma Bm =
m=1

where B,, denotes the sum of the determinants of all the (m x m) submatrices of the
(n x n) matrix B. As an example, consider the case where n =3 and m = 2:

= = — = = by b by b )
_ _ 12 13 23 11 12 11 13 22 23
B =By =Bt Bis B0 = |y, o) T lbsr bss| T Jbss bas
=5 ge—(m—k).n]
% fl = .. X mn min|l— gt—(m— ,n
§R;nl,n = min ,nf-L, " " ) %mlyn = H O - k-1 9k
0 otherwise b1 gk:mal‘[l,l*[(m*k)wrtizjlgtﬂ

where R, ,, denotes the set of all the combinations of m numbers taking values from
1 to n and adding to 1. As an example, consider the case where n = 2 and m = 2:

Ry if 1 =234
/ : { A T Ragp =11, Rogp = 12,21, Royp = 22

Im — 212 = .
men 0 otherwise

8The proof is similar to the one used in K(1999b)
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klkz---kmBm (ki = 1,--- ,n) denotes the B,, sum of determinants where now the b’s in
the ith column (i = 1,---,m) are taken from the B, matrix. As an example, consider the

case where n = 3 and m = 3:

1 2 1

U
121B3 = - b21 b22 b23
1 2 1

b31 b32 b33

When we multiply B,, by R we get

(et B+ (), B

where (I -+ +lp)i, i =1,---, f denotes the set of all the f different combinations of m
numbers which take values from 1 to n and sum to 1. As an example, consider the case
where n =3, m =2 and [ = 3:

A _ & n _rlbin blo| b bis| | |by b3
Rasa o = BB = [yf1 b1 ol o+ oty od 1
b2, bl b2, bl b2, bl
L% Oz (01 Oig) (022 U
e, oho| ¥ {2, bl e, ol
_ n—1 ) _ m n—(m—k) m )
ZlAlm = ZgRl(erl)l,n “Ama ZlAm = H( )H(“Atﬁ)(_l)ma fU =1
m=0 k=1 fr=fr_141 k=1 (B.2b)

where ‘A denotes a (nx n) matrix. It is obtained from matrix B by substituting its ith
column with the column vector a. As an example, consider the case where n =3, i = 3:

u{agz}

bs1 b3y as

" A denotes a (n x n) matrix. It is obtained from matrix ‘A by moving the ith row
(column) into the first row (column). As an example, consider the case where n = 3,7 = 3:

Aﬁﬁiﬂ

as boy by

31

Of all the (m + 1) x (m + 1) submatrices of the (n x n) matrix ilfi, " A, denotes the
sum of those which include elements of its first row and column. As an example, consider
the case where n =3, 1 =3 and m = 1:

31[11 _ {03 531] + [a?, b32}

a; by as b
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5  Rgin ifl=m+1,---,(m+1)n
0 otherwise

*_1
m+1 mm[lf > gi—(m+1—k*),n]

é\R(m+1)l,n = H U = k*—1 gk*

k=1 Orx=maz[Ll=[(m+1-k*)n+ > gi]]
t=1

R (m+1),n denotes the set of all the combinations of (m + 1) numbers which take values
from 1 to n and sum to 1. As an example, consider the case where n = 2, [ = 5 and
m = 2:

Risp = 221,212,122

From (B.2) using (B.1a), (B.1b), (B.2a) and (B.2b) after some algebra we get

B(L)hi = wi + Ai(L)vy, (B.3)

Z By, L' = f"[ 1—B/L Z“Alm L' = iAﬂLl
=1 =1

(B.3a)
where
n
Z R, By B = Bim + Bom, Bor = — Z w;a;
i=1
m n—(m—k) m mln(mflkml
ﬁlm = H Z H Bfk 52m szaz H H ﬁfk
k=1 fr=[fr_1+1 k=1 k=1 fo=fr_1+1 k=1
Se#
where éR;nl . 1s defined as above.
kle,_,kmﬂm denotes the 3,, where now the ith terms in each of the products of m terms
(1t =1,---,m) are taken from the By, matrix. As an example consider the case where

n =4 and m = 3.
11 Bs = —[(B1B3BY + BLBIBL + BLA3 6L + B33 81) + wial (8305 + B3B1 + B351)

+ waay (B By + Br 6y + B3 By) + wsas (87 By + BBy + B3 81) + waay(Br By + 563 + B353)]
When we multiply Bm by Rpin we get
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ll lm ﬁm : ll lm ﬁm

where (Iy--+1y)j, 7 =1,---, f denotes the set of all the f different combinations of m
numbers which take values from 1 to n and sum to 1. As an example, consider the case
where n =3, m =2 and [ = 3:

Roz30m = 1002 + 2102 = (B1 82 + BL82 + B3 52) + (B0s + 5285 + B2B3) +
+ [wiai (B3 + B3) + waoab (8] + B3) + wzay (85 + 53)]

+ [wial (B3 + B3) + waa3(Bf + B5) + wsa3 (8] + 53)]

nZ—1 m n—(m—k) m
Zlféllm = Z §R,(m_|_1)l,ndima &zm = a; H Z H Bfk m, diO = QGg, fO =0.
m=0 k=1 fe=fr_1+1 k=1 (B3d)
Tr#i

where R/ (m+ 1)l is defined as above.
ket kg ke Qi denotes the a;,, where now the first term in each of the products of m terms
(j =1,---,m) are taken from the d, matrix and the next j-1 terms are taken from the
By; matrix. As an example consider the case where n =4 and m = 2.
121013 = a1 03503 + a; 0381 + a1 556,

When we multiply a;,, by éRl(erl)l,n we get

(ll---lm+1)1aim +--- (ll---lm+1)faim

where (I; - lpn41)j, j =1,---, f denotes the set of all the f different combinations of
m + 1 numbers which take values from 1 to n and sum to 1. As an example, consider the
case where n =3, m =2 and [ = 4:

%’24,3&1m = 11201m + 121010 + 21101 = 015305 + a1835 03 + a3 535
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