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Qrqsdudphwulf Olnholkrrg Udwlr Whvwv4

Sdwulfn Z1Q1 Pduvk

Ghsduwphqwv ri Pdwkhpdwlfv dqg Hfrqrplfv

Xqlyhuvlw| ri \run

Khvolqjwrq/ \run

\R4 8GG/ X1N1

who2id{= .77 +3,4<37 7663;7263:4

h0pdlo= szqp4C|run1df1xn

Rfwrehu 43wk 5333

44<<4 Vxemhfw Fodvvl�fdwlrqv= Sulpdu|095J43/ Vhfrqgdu|095J531

Nh| Zrugv= h{srqhqwldo vhulhv ghqvlw| hvwlpdwru/ qrqsdudphwulf lqihuhqfh/ Kdxvpdq whvw/

lq�qlwh glphqvlrq sdudphwhu vsdfh1

Wkdqnv duh gxh wr Ndulp Dedglu/ Jlrydqql Irufklql/ Judqw Kloolhu/ Shwhu Skloolsv iru xvhixo

frpphqwv dqg glvfxvvlrqv/ dqg sduwlfxoduo| Dqguhz Fkhvkhu iru lqwurgxflqj ph wr wkh

sureohp dqg iru dgylfh rq wkh lpsohphqwdwlrq ri wkh ghqvlw| hvwlpdwru frqvlghuhg khuh1

Ilqdqfldo vxssruw lq wkh irup ri d Ohyhukxoph Vshfldo Uhvhdufk Ihoorzvkls lv judwhixoo|

dfnqrzohgjhg1



Devwudfw

D qrqsdudphwulf olnholkrrg udwlr whvw lv ghulyhg yld wkh h{srqhqwldo vhulhv ghqvlw| hv0

wlpdwru h{dplqhg lq Eduurq dqg Vkhx +4<<4,1 Pruhryhu/ xwlolvlqj wkh uhvxowv ri Fkrz

dqg Whlfkhu +4<;;, dqg Sruwqr| +4<;;, dq dv|pswrwlf wkhru| +glvwulexwlrq xqghu wkh

qxoo dqg frqvlvwhqf| xqghu wkh dowhuqdwlyh, lv ghyhorshg1 Fuxfldoo|/ wkh qxoo k|srwk0

hvlv +xvxdoo| d sdudphwulf ghqvlw|, qhlwkhu qhhgv wr eh d phpehu ri wkh h{srqhqwldo

idplo| qru frpsohwho| vshfl�hg/ ohdglqj wr d qrqsdudphwulf sur�oh olnholkrrg udwlr

whvw/ zklfk lv lqwhusuhwhg dv d Kdxvpdq +4<:;, whvw iru ghqvlw| hvwlpdwruv1 Lq d vhulhv

ri h{shulphqwv/ edvhg rq wkh vshfl�fdwlrq ri d olqhdu uhjuhvvlrq wkh vl}h dqg srzhu

surshuwlhv ri wkh whvw duh h{dplqhg dqg frpsduhg wr h{lvwlqj whvwv1

Sursrvhg Uxqqlqj khdg= Qrqsdudphwulf O1U1 Whvwv



4 Lqwurgxfwlrq

Dowkrxjk dvvhvvlqj wkh dghtxdf| ri d �wwhg sdudphwulf prgho iru d vdpsoh jhqhudwhg

e| vrph xqnqrzq srsxodwlrq glvwulexwlrq lv shuihfwo| ihdvleoh/ vhh Zklwh +4<;5,/ li

wkdw dghtxdf| lv uhmhfwhg zh duh riwhq ohiw zlwk qr uhdvrqdeoh ghvfulswlrq ri wkh ixqgd0

phqwdo surshuwlhv ri wkdw vdpsoh1 Iru wklv uhdvrq d ydulhw| ri qrq dqg vhplsdudphwulf

hvwlpdwlrq whfkqltxhv kdyh  rxulvkhg uhfhqwo|1 Vxfk whfkqltxhv xvxdoo| idoo lqwr wzr

glvwlqfw fdwhjrulhv> wkrvh edvhg rq qrqsdudphwulf ghqvlw| hvwlpdwlrq/ zkhwkhu e|

Nhuqho edvhg phwkrgv +vhh Vloyhupdq +4<:;,,/ ru edvhg rq hpslulfdo olnholkrrg +vhh

Rzhq +4<;;,, dqg wkrvh edvhg rq glvfulplqdwlqj ehwzhhq wzr frpshwlqj +lqfruuhfwo|

vshfl�hg, sdudphwulf prghov +vhh Qlvkl +4<;;, ru Nlwdpxud +4<<;,,1

Wkh sxusrvh ri wklv sdshu lv wr surylgh erwk d qhz vshfl�fdwlrq whvw edvhg rq

d qrqsdudphwulf ghqvlw| hvwlpdwru lqwurgxfhg e| Eduurq dqg Vkhx +4<<4, dqg wkh

uhohydqw dv|pswrwlf glvwulexwlrq wkhru|1 Xvxdoo|/ zlwklq wklv jhqhudo frqwh{w +iru h{0

dpsoh/ vhh Hxedqn dqg Vshljhopdq +4<<3,/ Kçugoh dqg Pdpphq +4<<6, ru Krurzlw}

dqg Kçugoh +4<<7,,/ d jrrgqhvv0ri0�w whvw lv hpsor|hg edvhg xsrq wkh uhodwlyh �w ri

wkh ghqvlw| hvwlpdwruv ryhu wkh vdpsoh srlqwv1 Wr looxvwudwh/ vxssrvh wkdw R?E%� lv

d nhuqho0edvhg ghqvlw| hvwlpdwru edvhg rq d vdpsoh ri vl}h ?c jhqhudwhg e| d srsx0

odwlrq ghqvlw| RE%�c zlwk nhuqho gE�� dqg edqgzlgwk �?� Wkhq whvwv/ edvhg rq wkh

lpsolflw qxoo k|srwkhvlv wkdw % � RE%�/ pd| eh edvhg xsrq wkh iroorzlqj ixqgdphqwdo

dv|pswrwlf uhvxow> ohw �? ' S?3�*Dc wkhq li RE%� lv wzlfh frqwlqxrxvo| gl�huhqwldeoh/

?2*D dR?E%�� RE%�o� >

j
$_ �Efc ��c +4,

zkhuh

> ' S2R��E%�
] "

3"
�2gE��_� ( j2 ' S3�RE%�

] "

3"
gE��2_�c

dqg wkh edqgzlgwk sdudphwhu S lv fkrvhq wr plqlplvh hlwkhu Dv|pswrwlf ru Lqwhjudwhg

Phdq Vtxduh Huuru1 Vhh Vloyhupdq +4<:;,/ Vwrqh +4<;3, dqg Krurzlw} +4<<;, iru wkhvh

dqg rwkhu uhodwhg uhvxowv1 Dssolfdwlrq ri +4, wr ghulyh qrqsdudphwulf vshfl�fdwlrq

whvwv duh frqwdlqhg lq ]khqj +4<<9, dqg Idq dqg Olqwrq +4<<<,1
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Khuh/ zh ghyhors dqdorjrxv dv|pswrwlf uhvxowv iru wkh h{srqhqwldo vhulhv ghqvlw|

hvwlpdwru sursrvhg lq Eduurq dqg Vkhx +4<<4,/ vshfl�fdoo| lq rughu wr ghvljq d whvw0

lqj surfhgxuh iru d fodvv ri vshfl�f qxoo k|srwkhvhv djdlqvw duelwudu| dowhuqdwlyhv1

Vxssrvh wkdw wkh qxoo k|srwkhvlv vshfl�hv d idplo| ri srsxodwlrq glvwulexwlrqv/ xs wr

vrph xqnqrzq sdudphwhuv1 Lpsruwdqwo| wkhvh sdudphwhuv pd| hlwkhu eh ri lqwhuhvw

+l1h1 wkh glvwulexwlrq lv ixoo| vshfl�hg, ru qxlvdqfh +l1h1 rqo| d idplo| lv vshfl�hg,1

Pruhryhu/ wklv qxoo pd| eh hlwkhu ixoo| sdudphwulf/ ru vhplsdudphwulf lq wkdw rqo|

d vhtxhqfh ri prphqwv lv vshfl�hg1 Wkh dowhuqdwlyh lv vlpso| wkdw wkh qxoo lv qrw

wuxh1 Dgdswdwlrq ri Kdxvpdq*v +4<:;, whvw/ vxssolhv wkh uhtxluhg dssurdfk1 Wkdw

lv zh frpsduh wkh shuirupdqfh ri wzr ghqvlw| hvwlpdwruv/ erwk frqvlvwhqw xqghu wkh

qxoo/ exw rqo| rqh ri zklfk lv frqvlvwhqw xqghu wkh dowhuqdwlyh1 Lq wkh frqwh{w ri

h{srqhqwldo vhulhv hvwlpdwlrq wklv ohdgv wr d qrqsdudphwulf olnholkrrg udwlr whvw1

Wkh dv|pswrwlf wkhru| ghulyhv iurp wkh idfw wkdw wkh hvwlpdwlrq surfhgxuh lv vhw

xs lq vxfk d zd| wkdw frqvlvwhqf| pd| eh ghprqvwudwhg wkurxjk frqyhujhqfh ri vlp0

soh ixqfwlrqv ri wkh vdpsoh1 Wklv rffxuv ehfdxvh wkh hvwlpdwlrq urxwlqh/ vhh htxdwlrq

+9, ehorz/ htxdwhv wkh prphqwv ri wkh hvwlpdwlqj ghqvlw| zlwk wkrvh ri vlpsoh ixqf0

wlrqv/ xvxdoo| sro|qrpldov/ ri wkh vdpsoh1 Frqvhtxhqwo|/ k|srwkhvhv frqfhuqlqj wkh

srsxodwlrq pd| eh irupxodwhg e| wkh irup dqg qxpehu ri wkhvh ixqfwlrqv uhtxluhg iru

frqvlvwhqf| ri wkh ghqvlw| hvwlpdwru1 Iru h{dpsoh/ wr whvw zkhwkhu wkh vdpsoh frphv

iurp d phpehu ri wkh h{srqhqwldo idplo|/ ri glphqvlrq 6�c vd|/ rqo| 6� ixqfwlrqv ri

wkh gdwd zloo eh uhtxluhg iru frqvlvwhqf|1 Iru dq duelwudu| qrqsdudphwulf dowhuqdwlyh/

lq�qlwho| pdq| zloo eh uhtxluhg1

Lq�qlwh glphqvlrqdo lqihuhqfh/ zklfk lq jhqhudo lv zkdw zh kdyh khuh/ kdv dovr

ehhq h{whqvlyho| vwxglhg1 Sruwqr| +4<;;, jlyhv dv|pswrwlf wkhru| iru d olnholkrrg

udwlr whvw ri d vlpsoh qxoo k|srwkhvlv lq dq lq�qlwh glphqvlrq h{srqhqwldo prgho/

zkloh Pxusk| dqg ydq ghu Ydduw +4<<:, frqvlghu whvwv rq d vfdodu sdudphwhu lq

wkh suhvhqfh ri lq�qlwho| pdq| qxlvdqfh sdudphwhuv1 Wklv sdshu gl�huv lq wkdw zh

frqvlghu wkh fdvh ri pdq| lqwhuhvw sdudphwhuv +li wkh qxoo lv d sdudphwulf ghqvlw|,/
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dqg pruhryhu wkhvh sdudphwhuv duh qrw uhvwulfwhg xqghu wkh qxoo1 Suhflvh vshfl�fdwlrq

ri wkh nlqg ri k|srwkhvhv frqvlghuhg khuh lv frqwdlqhg lq Vhfwlrq 61 Wkh dv|pswrwlf

wkhru| suhvhqwhg lq wkh sdshu iroorzv iurp h{whqvlrq ri Sruwqr|*v +4<;;, dqdo|vlv

wr wkh fdvh zkhuh wkh vhtxhqfh ri sdudphwhuv/ lq wkh lq�qlwh glphqvlrq h{srqhqwldo

idplo|/ gr qrw wdnh �{hg ydoxhv xqghu wkh qxoo1 Dv d frqvhtxhqfh/ wkh whvw pd|

dfwxdoo| eh ylhzhg dv d sur�oh olnholkrrg udwlr/ dv lq Pxusk| dqg ydq ghu Ydduw

+4<<:,/ exw iru pruh duelwudu| qxoo k|srwkhvhv1

Wkh pdmru sudfwlfdo dgydqwdjh ri edvlqj vxfk whvwv rq wkh Eduurq dqg Vkhx +4<<4,

hvwlpdwru lv wkdw hyhq lq wkh hyhqw ri uhmhfwlrq ri wkh qxoo/ zh kdyh d uhodwlyho| vlpsoh

dqdo|wlf dssur{lpdwlrq iru wkh srsxodwlrq ghqvlw|1 Vxfk d ihdwxuh lv lpsruwdqw li/

iru lqvwdqfh dv lq Fkhvkhu +4<<<, dqg Nrr/ Nrrshuehuj dqg Sdun +4<<<,/ d wudfwdeoh

ghqvlw| hvwlpdwru lv uhtxluhg1 Pruhryhu/ ehfdxvh wkh hvwlpdwru lv d phpehu +doehlw

lq�qlwh, ri wkh h{srqhqwldo idplo|/ lw hpehgv pdq| ri wkh sdudphwulf ghqvlwlhv zh

zrxog zlvk wr whvw iru1 Krzhyhu/ gxh wr wkh  h{lelolw| ri wkh phwkrgv/ wkh whvw dovr

kdv dq dssolfdwlrq dv d vshfl�fdwlrq whvw/ lq wkh vslulw ri ]khqj +4<<9, dqg Idq dqg

Olqwrq +4<<<,1 Lqghhg/ lq Vhfwlrq 7 zh dsso| wkh whvw wr wkh uhjuhvvlrq k|srwkhvlv

frqvlghuhg lq wkrvh sdshuv/ lq rughu wr dvvhvv wkh vl}h dqg srzhu surshuwlhv ri wkh

qrqsdudphwulf olnholkrrg udwlr whvw1

Wkh sodq ri wkh sdshu lv dv iroorzv1 Wkh qh{w vhfwlrq ghwdlov wkh ghqvlw| hvwlpd0

wlrq surfhgxuh dqg lw*v uhohydqw surshuwlhv1 Vhfwlrq 515 h{dplqhv frqvlvwhqf| ri wkdw

surfhgxuh lq whupv ri odzv ri odujh qxpehuv +OOQ, iru ixqfwlrqv ri wkh vdpsoh/ zklfk

ohdgv wr d fhqwudo olplw wkhruhp +FOW, iru wkh sdudphwhuv ri wkh hvwlpdwlqj ghqvlw|/

jlyhq lq Vhfwlrq 5161 Vhfwlrq 6 ghwdlov wkh fodvv ri k|srwkhvhv ri lqwhuhvw/ ghulyhv wkh

irup ri wkh olnholkrrg udwlr whvw/ dqg surylghv wkh uhohydqw dv|pswrwlf wkhru|1 Vhfwlrq

7 frqwdlqv d eulhi qxphulfdo vwxg| ri wkh surshuwlhv ri wkh whvw/ lq wkh frqwh{w ri vshf0

l�fdwlrq whvwlqj lq d uhjuhvvlrq prgho/ Vhfwlrq 8 wkhq frqfoxghv1 Ilqdoo| dq Dsshqgl{

frqwdlqv wkh surriv ri doo wkhruhpv dqg wdeohv xvhg lq wkh qxphulfdo dqdo|vlv1
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5 Wkh H{srqhqwldo Vhulhv Hvwlpdwru

Prvw ri wkh surshuwlhv ri wkh ghqvlw| hvwlpdwru zh frqvlghu duh frqwdlqhg lq Eduurq

dqg Vkhx +4<<4,/ vhh lq sduwlfxodu Wkhruhp 4 dqg Uhpdunv 4 wkurxjk 91 Khuh/ wkrxjk/

zh vxppdulvh vrph edvlf surshuwlhv/ exw lqwhusuhw/ lq sduwlfxodu/ frqvlvwhqf| lq vxfk d

zd| dv wr lqirup wkh whvwlqj surfhgxuh wkdw lv hyhqwxdoo| vhw xs1 Pruhryhu/ zh suhvhqw

d FOW/ zklfk lq frqmxqfwlrq zlwk wkh frqvlvwhqf| uhvxow/ gulyhv wkh dv|pswrwlfv ri

wkh whvw1

514 Edvlf Surshuwlhv

Ehiruh frqvlghulqj k|srwkhvlv whvwv/ zh vxssrvh wkdw zh zlvk wr hvwlpdwh wkh ghqvlw|

ri vrph vfdodu udqgrp yduldeoh %c zlwk glvwulexwlrq � E%�c vdwlvi|lqj wkh iroorzlqj

dvvxpswlrq1

Dvvxpswlrq +l, Ohw % eh gh�qhg rq wkh erxqghg vdpsoh vsdfh lf ' d@c Koc +zlwkrxw

orvv ri jhqhudolw| dfc �o, zlwk ghqvlw|

RE%� ' _� E%� G

�
lf $ Uc

]
lf

_� E%� ' �c RE%� � f

�
c

dqg dq| vdpsoh E%�c ���c %� � frqvlvwv ri l1l1g1 frslhv ri %�

+ll, Wkh orj0ghqvlw| ri % vdwlv�hv

,RE%� ' *? dRE%�o 5 ` o
2 c

zkhuh ` o
2 lv wkh Vrerohy vsdfh ri ixqfwlrqv/ vr wkdw ,REo3��E%� ' _o3�,RE%�

_%o3� lv

devroxwho| frqwlqxrxv dqg ,REo�E%� lv vtxduh lqwhjudeoh rq dfc �o iru doo o � 2�

Wkh ghqvlw| hvwlpdwru lv d phpehu ri wkh h{srqhqwldo idplo|

RwE%� ' RfE%� i T
q[6

&'�
w&�&E%�� )6Ew�

r
c +5,

zkhuh lq +5, wkh fxpxodqw ixqfwlrq lv gh�qhg e|

)6Ew� ' *L}

]
lf

RfE%� i T
q[6

&'�
w&�&E%�

r
_%c +6,
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zkhuh w ' Ew�c ��c w6�
� 5 U

6 dqg RfE%� lv d uhihuhqfh suredelolw| ghqvlw| ixqfwlrq rq

dfc �o dqg wkh �&E%� duh d vhw ri olqhduo| lqghshqghqw ixqfwlrqv/ iruplqj d edvlv iru

vrph olqhdu vsdfh/ 76� Dowkrxjk wkh fkrlfh ri 76 lv vrphzkdw duelwudu|/ srsxodu

fkrlfhv ehlqj sro|qrpldov/ wuljrqrphwulf +dqg2ru h{srqhqwldo, vhulhv dqg vsolqhv/ zh

zloo eh frqfhuqhg zlwk wkh sro|qrpldo fdvh1 Wkrxjk qrqh ri wkh uhvxowv ghshqg rq

wklv uhvwulfwlrq/ wkhlu lqwhusuhwdwlrq zloo1

Lpsohphqwdwlrq ri wkh ghqvlw| hvwlpdwru surfhhgv dv iroorzv1 Jlyhq dq lqghshq0

ghqw vdpsoh/ E%�c ���c %?�c wkh hvwlpdwru/ R	wE%� lv gh�qhg dv wkh Pd{lpxp Olnholkrrg

Hvwlpdwru +POH, lq wkh idplo| +5,� Wkdw lv/ lq whupv ri wkh orj0olnholkrrg

	w G 4@ 
w

,Ew� ' *?dRfE%�o n
[?

�'�

[6

&'�
w&�&E%��� ?)6Ew�� +7,

Iurp qrz rq/ wr vdyh qrwdwlrq/ doo vxpv ryhu � uxq iurp � wr ?c zkloh wkrvh ryhu &

uxq iurp � wr 6 dqg doo lqwhjudov duh ryhu wkh vdpsoh vsdfh/ dfc �o� Iurp +7, vrph

surshuwlhv duh lpphgldwho| rewdlqdeoh1 Iluvw/ wkh vfruh=

,&Ew� '
[

�
�&E%��� ?)&

6Ew�c +8,

zkhuh wkh vxshuvfulsw+v, lqglfdwhv/ zlwk uhvshfw wr zklfk yduldeoh+v, zh duh ghulylqj1

Iurp +6,/zh kdyh

)&
6Ew� '

_
_w&

U
RfE%� i T i

S6
&'� w&�&E%�j _%U

RfE%� i T i
S6

&'� w&�&E%�j _%
'

]
�&E%�RwE%�_%c

dqg khqfh wkh POH lv vlpso| wkh vroxwlrq wr wkh 6 hvwlpdwlqj htxdwlrqv/]
�&E%�RwE%�_% '

�

?

[
�
�&E%��c & ' �c ���c 6� +9,

Olnhzlvh zh fdq fdofxodwh wkh Khvvldq/ wkh vhfrqg ghulydwlyh ri wkh orj0olnholkrrg

lv

,�c&Ew� ' �?)�c&
6 Ew� '

_

_w&

]
��E%�RwE%�_%

' �?

�]
��E%��&E%�RwE%�_%�

]
��E%�RwE%�_%

]
�&E%�RwE%�_%

�
� +:,
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Lq wkh ixoo| sdudphwulf fdvh/ l1h1 6 �{hg dqg �qlwh/ zh pd| rewdlq wkh xvxdo dv|ps0

wrwlf uhvxow �
?)�c&

6 Ew�
��*2

,&Ew� $_ �6Efc U6�c +;,

iurp zklfk d FOW iru wkh POH/ 	w/ lwvhoi pd| eh rewdlqhg1 Krzhyhu/ qrqsdudphwulf

hvwlpdwlrq uhtxluhv 6 $ 4 dv ? $ 4c khqfh vwdqgdug dv|pswrwlf uhvxowv duh qrw

dssolfdeoh1 Pruhryhu/ vlqfh zh zloo qrw/ lq jhqhudo/ dvvxph RE%� lv dq h{srqhqwldo

ghqvlw|/ wkh hvwlpdwhg sdudphwhuv gr qrw qhfhvvdulo| kdyh dq| vljql�fdqw phdqlqj1

Frqvhtxhqwo|/ lq wklv sdshu/ zh frqfhqwudwh rq wkh fdvh zkhuh wkh �&E%� duh sro|qr0

pldov/ zkhuh iru lqvwdqfh/ lq wkh vlpsohvw fdvh/

�&E%� ' %&�

Frqvlghulqj wkh hvwlpdwlqj htxdwlrqv +9,/ dqg gh�qlqj .Rw d�o dv h{shfwdwlrqv zlwk

uhvshfw wr wkh vhulhv h{srqhqwldo idplo|/ zh kdyh

.R	w
d%&o '

�

?

[
�
%&� c

ru lq jhqhudo .R	w
d�&E%�o '

�
?

S
� �&E%��� Wkdw lv +9, htxdwhv cprphqwv* iurp wkh idplo|

RwE%� zlwk wkh vdpsoh prphqwv1 Dowhuqdwlyho|/ wkh qrqsdudphwulf POH fkrrvhv dv

wkh ghqvlw| hvwlpdwh/ wkh phpehu ri RwE%� kdylqj prphqwv �
?

S
� �&E%��� Pruhryhu/

vlqfh wkh vdpsoh vsdfh lv erxqghg/ wkhq

._� E%�d�&E%�o '

]
�&E%�_� E%�c ;&

' >& 	 4c

vr wkdw wkh prphqwv ri �E%� duh wkhpvhoyhv erxqghg1 Frqvhtxhqwo|/ iru wkh sxusrvhv

ri wkh dv|pswrwlf dqdo|vlv wr iroorz/ wkh surshuwlhv ri wkh ghqvlw| hvwlpdwru zloo eh

forvho| uhodwhg wr wkrvh ri wkh vdpsoh prphqwv/ lq sduwlfxodu odzv ri odujh qxpehuv

dqg FOWv1 Lq vxppdu|/ wkhq/ ohwwlqj � ' E��E%�c ��c �6E%��
� c �� gh�qhg dqdorjrxvo|/

dqg 7� ' ?3�
S

� ��c zh kdyh wkh vhw ri 6 hvwlpdwlqj htxdwlrqv]
��R	wE%�_% ' 7�� +<,
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Dowkrxjk iru wkh sxusrvhv ri wkh ghyhorsphqw ri wkh wkhru| zh dvvxph wkdw % kdv

erxqghg vxssruw/ lq sudfwlfh wklv dvvxpswlrq lv ehqljq1 Dv dq h{dpsoh/ vxssrvh d

udqgrp yduldeoh %W 5 U kdv glvwulexwlrq � �E%W�� Ohwwlqj 8 E�� eh dq| glvwulexwlrq ixqf0

wlrq gh�qhg rq U dqg ohw % ' 8 E%W�c vr wkdw % 5 dfc �o� Qrz li 8 E%W� ' � �E%W�c wkhq

% zloo eh xqlirupo| glvwulexwhg/ rwkhuzlvh vxssrvh wkdw wkh ghqvlw| ri % lv hvwlpdwhg

yld +<,/ jlylqj R	wE%�c wkhq vlqfh %
W ' 83�E%�c wkh ghqvlw| ri %Wc R�E%W� ' _8 E%W�c pd|

eh hvwlpdwhg yld

	R�E%W� ' R	wE8 E%
W��sE%W��

Pruhryhu/ surylghg 8 E�� �r gl�huhqwldeoh/ wkhq wkh dv|pswrwlf surshuwlhv ri wkh ghq0

vlw| hvwlpdwruv/ R	wE%� dqg 	R�E%W� duh lghqwlfdo1 Lq wkh iroorzlqj vhfwlrq zh ghyhors

wkhvh dv|pswrwlf surshuwlhv/ vwhpplqj iurp d ZOOQ iru wkh +lq�qlwh, yhfwru ri vdp0

soh prphqwv 7��

515 Frqvlvwhqf|

Xqolnh lq wkh Eduurq dqg Vkhx +4<<4, dqdo|vlv/ zh duh gluhfwo| lqwhuhvwhg lq wkh

sdudphwhuv 	wc lq wkh vhqvh wkdw dq| k|srwkhvlv zh whvw zloo wdnh wkh irup ri d +sur�oh,

olnholkrrg udwlr whvw/ dqg wkhuhiruh zloo lqyroyh d vwdwlvwlfdo phdvxuh ri wkh glvwdqfh

ehwzhhq 	wc dqg vrph rwkhu srlqw lq U
6�

Iluvw/ gh�qh wkh prphqw yhfwru > ' E>�c ��c >6�
� iru 6 $ 4/ dqg ohw � ghqrwh

wkh k|shu0sodqh ri ghqvlwlhv/ _�c vdwlvi|lqj Dvvxpswlrq 4 dqg

� '

�
_� G

]
�_� ' >

�
�

Frqvlghu wkh srsxodwlrq dqdorjxh ri +<,

]
��RwE%�_% ' >c +43,

wkhq wkh iroorzlqj Ohppd/ suryhg gluhfwo| iurp Wkhruhp 4 dqg Uhpdun 9 ri Eduurq

dqg Vkhx +4<<4,1

:



Ohppd 4 Ohw 7w eh d vroxwlrq ri +43, wkhq

+l, R7wE%� lv wkh xqltxh phpehu ri +5, lq � dqg pruhryhu/

+ll, wkh uhodwlyh hqwurs| +Nxooedfn0Ohleohu glyhujhqfh, ri R7wE%� wr _� E%� lv]
*?

�
R7wE%�

RE%�

�
_� E%� ' �o

�
632o� c

zkhuh o lv wkh cvprrwkqhvv* ri wkh orj0ghqvlw| ,RE%� dv lq Dvvxpswlrq 41

+lll, vxssrvh wkdw 6�*? $ f dv 6c? $ 4c wkhq wkh pd{lpxp olnholkrrg hvwlpdwru lq

wkh idplo| +5,/ R	wE%�c jlyhq e| +<, frqyhujhv/ lq uhodwlyh hqwurs|/ wr _� E%� dffruglqj

wr ]
*?

�
R	wE%�

RE%�

�
_� E%� ' �Ro

�
632o n6*?

�
+44,

Lqwhusuhwdwlrq ri wkh suhylrxv ohppd lv dv iroorzv> R7wE%� lv wkh phpehu ri idplo|

+5, forvhvw/ lq whupv ri hqwurs|/ wr wkh xqghuo|lqj suredelolw| phdvxuh _� E%�c dqg

kdv ghwhuplqlvwlf huuru ri rughu 632o dv 6 $ 4� Frqyhujhqfh ri wkh POH wkhq

iroorzv iurp erxqgv rq wkh glyhujhqfh ri R	wE%� wr R7wE%� dqg iurp R7wE%� wr RE%�� Dq

lqwhuhvwlqj fruroodu| dulvhv zkhq zh rswlplvh wkh udwh ri frqyhujhqfh ri +44,/ zlwk

uhvshfw wr 6� Grlqj vr/ |lhogv wkh rswlpdo udwh ri lqfuhdvh

6 2 ?
�

2on� c +45,

jlylqj frqyhujhqfh lq +44, ri rughu �Ro

�
?

32o
2on�

�
� Khqfh lq wkh devhqfh ri dq| nqrzo0

hgjh rq _� E%�c rwkhu wkdq lw vdwlv�hv dvvxpswlrq 4/ wklv lpsolhv d plqlpd{ udwh ri

6 2 ?
�
D c zklfk pluuruv wkh fruuhvsrqglqj rswlpdo edqgzlgwk vhohfwlrq/ lq nhuqho

edvhg hvwlpdwlrq1

Iru rxu dqdo|vlv/ dq| olnholkrrg udwlr whvw zloo eh edvhg xsrq d phdvxuh ri glv0

wdqfh ri 	w wr 7w lq U
6c exw xqolnh lq Sruwqr| +4<;;, dqg Pxusk| dqg ydq ghu Ydduw

+4<<:,/ 7w lv qhlwkhu nqrzq/ qru lv R7wE%� uhvwulfwhg wr eh wkh xqghuo|lqj suredelolw|

phdvxuh1 Wkxv dq| uhvwulfwlrqv lpsrvhg rq wkh hvwlpdwlrq surjudp pxvw eh sodfhg

rq wkh hvwlpdwlqj htxdwlrqv wkhpvhoyhv/ lq wkh irup ri uhvwulfwlrqv rq wkh vdpsoh

;



prphqw vhtxhqfhv1 Ghwdlov ri wkhvh uhvwulfwlrqv zloo eh jlyhq odwhu1 Wkhuhiruh/ iru wkh

xquhvwulfwhg fdvh/ zh suryh �uvw suryh d OOQ iru wkh vdpsoh prphqw vhtxhqfh/ dqg

lw lv wklv edvlf uhvxow zklfk gulyhv wkh dv|pswrwlfv ri dq| k|srwkhvlv zh pd| zlvk wr

lpsrvh1

Ohw +&c� ' �&E%�� � >& eh wkh ghyldwlrq ri wkh vdpsoh prphqwv iurp wkhlu +wuxh/

exw xqnqrzq, h{shfwdwlrqv1 Reylrxvo|/ vlqfh & ' �c ���c 6 dqg 6 $ 4c vwurqj odzv

iru 7� duh suhfoxghg1 Krzhyhu/ d vwurqj odz fdq eh hvwdeolvkhg iru hdfk lqglylgxdo

�&E%��c vlqfh lw*v prphqwv duh erxqghg/ wkhq surylghg 6 lv vxfk wkdw 6*? $ f/ d

zhdn odz zloo iroorz1 Iluvw qrwh wkh iroorzlqj Ohppd1

Ohppd 5 Kdmhn0Uhq|l lqhtxdolw|

Ohw it�j?�'� ghqrwh d vhtxhqfh ri lqghshqghqw udqgrp yduldeohv/ vxfk wkdw .dt�o ' f

dqg �@odt�o 	 4� Li S�c ���c S? lv d qrq0lqfuhdvlqj vhtxhqfh ri srvlwlyh frqvwdqwv/ wkhq

iru dq| srvlwlyh lqwhjhuv oc rc zlwk o 	 r dqg vrph duelwudu| 0 : f

�hd4@ 
o	�	r

S�mt� n ��n t�m � 0o � �

02

�
S2o
[o

�'�
�@odt�o n

[r

�'on�
S2� �@odt�o

�
� +46,

Iru d surri ri wkh Kdmhn0Uhq|l lqhtxdolw| vhh/ iru h{dpsoh/ Udr +4<:6,/ sureohp

+616,1 Gluhfw dssolfdwlrq ri wkh lqhtxdolw| ohdgv wr wkh iroorzlqj wkhruhp/ zklfk lv

suryhg lq Dsshqgl{ D41

Wkhruhp 4 Ohw m�m ghqrwh wkh Hxfolghdq qrup lq U
6c dqg jlyhq dq " : fc wkhq xqghu

Dvvxpswlrq 4/

*�4
?c6<"

�h
���7�� >

�� : "
�
' fc +47,

zkhuh 7� dqg > duh gh�qhg deryh1

Wkhruhp 4 hvwdeolvkhv wkdw

7� $R >c

<



zlwk frqyhujhqfh +lq suredelolw|, rewdlqhg dw d udwh �E
s
6*?�� Dowhuqdwlyho|/ lq oljkw

ri wkhlu gh�qlwlrqv dqg htxdwlrq +<,/ zh kdyh]
�R	wE%�_%�

]
�R7wE%�_% ' �E

6

?
�c +48,

zkhuh � ' i��E%�c ���c �6E%�j�c li 6*? $ fc vhh dovr Eduurq dqg Vkhx +4<<4/ ht1

5143,1 Frqvhtxhqwo|/ dsso|lqj Mhqvhq*v lqhtxdolw| dqg e| wkh Ohehvjxh grplqdwhg

frqyhujhqfh wkhruhp zh hvwdeolvk]
E*L}dR	wE%�o� *L}dR7wE%�o� _� E%� ' �E

6

?
�c

ru/ zlwk uhvshfw wr wkh grplqdwlqj phdvxuh _� E%�c

E*L}dR	wE%�o� *L}dR7wE%�o� ' �RE
6

?
�c +49,

wkdw lv frqyhujhqfh ri wkh orj0ghqvlwlhv/ dowhuqdwlyho| wkh Nxooedfn0Ohleohu glyhujhqfh

ri R	wE%� iurp R7wE%�c lv rewdlqhg dw wklv udwh1 Pruhryhu/ dqdo|vlqj wkh sureohp lq

wklv zd| jlyhv d gluhfw olqn ehwzhhq wkh dv|pswrwlfv ri wkh vdpsoh prphqwv uhodwlyh

wr wkhlu srsxodwlrq frxqwhusduwv dqg wkh POH uhodwlyh wr wkh hqwurs| plqlplvlqj

ghqvlw|1

516 D Fhqwudo Olplw Wkhruhp

Rxu k|srwkhvlv whvwv duh jrlqj wr eh edvhg xsrq wkh vwrfkdvwlf gl�huhqfhv lpsolhg e|

htxdwlrqv +44, dqg +49,1 Lq sduwlfxodu/ wklv gl�huhqfh wdnhv wkh irup ri d orj0olnholkrrg

udwlr1 Krzhyhu/ wkhuh duh vrph whfkqlfdo dvshfwv zklfk qhhg wr eh frqvlghuhg ehiruh

dsso|lqj dq| vwdwlvwlfdo surfhgxuh1 Iluvw/ +44, lv d zhdn/ qrw d vwurqj odz/ frqyhujhqfh

ri wkh ghqvlw| hvwlpdwru lv rewdlqhg lq suredelolw| rqo|1 Lq idfw/ xqohvv RE%� lv lwvhoi d

+�qlwh, phpehu ri wkh h{srqhqwldo idplo|/ hyhq dv|pswrwlfdoo|/ wkh vhulhv orj0ghqvlw|

hvwlpdwru grhv qrw frqyhujh srlqwzlvh wr wkh wuxh orj0ghqvlw|1 Vhfrqg/ lq wkh olplw

wkh ghqvlw| hvwlpdwru lv d phpehu ri dq lq�qlwh glphqvlrqdo h{srqhqwldo idplo|/ dqg

khqfh wkh qxpehu ri sdudphwhuv wr eh hvwlpdwhg glyhujhv1 Frqvhtxhqwo|/ vwdqgdug

fhqwudo olplw wkhruhpv gr qrw dsso|1 Krzhyhu/ Sruwqr| +4<;;, dqg Pxusk| dqg ydq
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ghu Ydduw +4<<:, ghwdlo wkh dqdo|vlv ri hvwlpdwlrq dqg whvwlqj lq h{srqhqwldo idplolhv dv

wkh qxpehu ri sdudphwhuv glyhujhv1 Lq wkrvh sdshuv wkrxjk/ lw lv wdflwo| dvvxphg wkdw

wkh wuxh ghqvlw| lv lwvhoi d phpehu ri wklv idplo|1 Khuh/ zh duh xqdeoh wr pdnh vxfk

dq dvvxpswlrq1 Wkhuhiruh/ vrph vxewoh uh�qhphqwv ri wkh Sruwqr| +4<;;, dqdo|vlv

duh uhtxluhg1 Wr ehjlq/ dv lq wkh odwwhu sdshu/ zh uhtxluh wkh iroorzlqj fhqwudo olplw

wkhruhp iru pduwlqjdoh gl�huhqfhv1

Ohppd 6 +Wkhruhp <1614/ Fkrz dqg Whlfkhu +4<;;,,

Ohw -? eh d vhtxhqfh ri pduwlqjdoh gl�huhqfhv/ zlwk dvvrfldwhg vljpd0�hog I?c vxfk

wkdw .5?d-?n�o ' .d-?n�mI?o ' f� Ohw 7? '
S?

�'�-� dqg r? '
S

� j
2
� c zkhuh j2� '

.dE7� � 7�3��2o ' .d-2
� oc wkhq li -? vdwlv�hv wkh Olqghehuj frqglwlrq

[
�
.
�m-�m�

�
' JEr�?�c +4:,

dqg dovr wkdw wkh frqglwlrqdo yduldqfhv duh erxqghg/ vr wkdw

[
�
.
���. �

-2
� m I�3�

�� j2�
��� ' JEr2?� +4;,

wkhq
7?
r?

$_ �Efc ���

Lq rughu wr dsso| Ohppd 6 zh qhhg wr hvwdeolvk vrph qrwdwlrq/ qrwh wkdw wkh

vfruh yhfwru lv gh�qhg e|

,&Ew� '

]
�&E%�RwE%�_%� �

?

[
�
�&E%��c

dqg kdv yduldqfh

�@od,&Ew�o ' �@od
�

?

[
�
�&E%��o '

�
?)�c&

6 Ew�
�3�

c

frqvhtxhqwo| zh ohw A6 '
�
?)�c&

6 E%�
��*2

c t� ' �� � >c dqg �qdoo| gh�qh

~� ' A6t� dqg 7~ '

S
� ~�

?
' A6E 7f � >��
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Lq wklv vhw xs zh dsso| Ohppd 6 gluhfwo| wr wkh vxp ri vtxduhg hohphqwv ri 7~c jlylqj

wkh iroorzlqj Wkhruhp/ suryhg lq Dsshqgl{ D51

Wkhruhp 5 Ohw �? ' ?2 7~ � 7~ � ?6c wkhq xqghu Dvvxpswlrq 4

d, �? lv d pduwlqjdoh dqg

e, li 6 2 ?
�

2on� dv ? $ 4

�?

?
s
26

'
? 7~ � 7~ �6s

26
$_ �Efc ��� +4<,

Wkh wkhruhp hvwdeolvkhv d fhqwudo olplw wkhruhp iru wkh vwdqgduglvhg vxp ri vtxduh

hohphqwv ri

7~ ' A6E 7f � >�c

rewdlqhg iurp wkh hvwlpdwlqj htxdwlrqv +9,1 Zh pd| dovr slfn rxw wzr vshfldo fdvhv iru

frqvlghudwlrq/ lq rughu wr jhqhudwh vrph xvdeoh dv|pswrwlfv/ vlqfh wkh dv|pswrwlfv

lq +4<, ghshqg xsrq wkh xqnqrzq o� Ohwwlqj 6 ' k?
�

2on� jlyhv/ lq wkh devhqfh ri

nqrzohgjh ri oc +l1h1 zh dvvxph o ' 2,

?
��
�f 7~ � 7~ � k?

�
�fs

2k
$_ �Efc ��c +53,

ru dowhuqdwlyho| li ,RE%� lv dqdo|wlf

? 7~ � 7~ � ks
2k

$_ �Efc ��� +54,

Wkhvh dowhuqdwlyh dv|pswrwlf uhsuhvhqwdwlrqv duh lpsruwdqw ehfdxvh/ lq sudfwlfh o zloo

qrw eh nqrzq/ krzhyhu/ iru dq| h{shulphqw zh pd| frqvwuxfw wr dqdo|vh wkh ghqvlw|

hvwlpdwru/ ,RE%� zloo eh dqdo|wlf1

Lq wkh iroorzlqj vhfwlrq/ zh zloo uhodwh wkh txdqwlw| �? ri Wkhruhp 5 wr wkh orj0

olnholkrrg gl�huhqfh lq +49,/ dqg khqfh ghulyh dq dv|pswrwlf glvwulexwlrq iru wkh

olnholkrrg udwlr whvw iru wkh ydolglw| ri fhuwdlq uhvwulfwlrqv sodfhg rq wkh hvwlpdwlqj

htxdwlrqv1
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6 Qrq0Sdudphwulf Olnholkrrg Udwlrv

Lq wkh suhylrxv vhfwlrq/ zh kdyh �uvw vkrzq wkdw wkh vdpsoh cprphqwv* jhqhudwhg e|

wkh hvwlpdwlqj htxdwlrqv frqyhujh lq suredelolw| wr wkhlu wuxh exw xqnqrzq h{shfwd0

wlrqv1 Wklv/ dv d frqvhtxhqfh/ lpsolhv suredelolvwlf frqyhujhqfh ri wkh orj0olnholkrrg

vhulhv hvwlpdwru wr wkh cwuxh* orj ghqvlw|1 Lw wkhuhiruh vhhpv reylrxv wr frqvwuxfw dq|

whvwlqj surfhgxuh iru wkh ydolglw| ri dq| uhvwulfwlrqv sodfhg rq wkh hvwlpdwlqj htxd0

wlrqv wr eh edvhg rq wkh vwrfkdvwlf gl�huhqfh ehwzhhq wkh wzr1 Vhfrqg/ d fhqwudo

olplw wkhruhp iru wkh vdpsoh cprphqwv* zdv hvwdeolvkhg/ zklfk lq wklv vhfwlrq zloo

eh xvhg wr ghulyh wkh dv|pswrwlf glvwulexwlrq ri dq| uhvxowdqw whvw vwdwlvwlf1 Lqghhg/

xqghu wkh dvvxpswlrq wkdw RE%� lv d phpehu ri +5, dqg pruhryhu wkdw wkh k|srwkhvlv

xqghu frqvlghudwlrq zdv vlpsoh/ l1h1

Mf G RE%� ' RwfE%�c

iru vrph �{hg vhtxhqfh/ wf ' *�46<"iw&j6&'�/ wklv zdv suhflvho| zkdw zdv dfklhyhg

lq Sruwqr| +4<;;,1

Krzhyhu/ khuh zh gr qrw qhfhvvdulo| zlvk wr sodfh vxfk uhvwulfwlrqv rq wkh sureohp1

Vxssrvh wkdw RE%� lv vshfl�hg rqo| lq wkdw wkh qxpehu ri hvwlpdwlrq htxdwlrqv lq +9, lv

�{hg/ wkdw lv xqghu wkh qxoo k|srwkhvlv wkh hvwlpdwlrq surjudpph lv lq idfw vwdqgdug

�qlwh glphqvlrqdo pd{lpxp olnholkrrg1 Khqfh/ ohw wW eh wkh vroxwlrq wr wkh vhw ri

htxdwlrqv

?3�
[

�&E%�� '

]
�&E%�RwWE%�_% ' 7�&c & ' �c ���c 6�c

*�4
6<"

s�
�
7��c ���c 7�6�

�
'

]
��E%�RwWE%�_%c � � 6� n �c +55,

zkhuh 6� lv �{hg dqg �qlwh/ dqg wkh is&E��j6&'� duh nqrzq ixqfwlrqv ri wkh �uvw 6�

vdpsoh prphqwv1 Hvwlpdwlrq surjudpph +55, wkxv doorzv iuhh hvwlpdwlrq zlwk uhvshfw

wkh �uvw 6� cprphqwv*/ exw uhvwulfwv doo ixuwkhu prphqwv wr eh nqrzq ixqfwlrqv ri

wkrvh �uvw 6� +dv dq looxvwudwlrq/ iru wkh h{srqhqwldo glvwulexwlrq wkh &|� udz prphqw

lv sursruwlrqdo wr wkh �uvw prphqw udvhg wr wkh srzhu &,1 Qrwlfh wkdw wkh dqdo|vlv
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ri Sruwqr| +4<;;, lv rqo| dssolfdeoh zkhq zh erwk dvvxph wkdw wkh zkroh vhw ri

prphqwv/ i>&j lv nqrzq xqghu wkh qxoo k|srwkhvlv dqg wkdw RE%� �r d phpehu ri

+5,/ lq zklfk fdvh lq zklfk fdvh zh rewdlq wW ' 7wc ri Ohppd 41 Irupdoo| wkhq/ wkh

vshfl�f k|srwkhvlv zh whvw lv

Mf G >� ' s�E>�c ��c >6�� �r�

M� G >� 9' s�E>�c ��c >6�� iru � � 6� n �� +56,

Wr vxppdulvh/ zh kdyh xqfrqvwudlqhg hvwlpdwlrq/ dv lq +9,/ zklfk jlyhv wkh sd0

udphwhu 	wc zkloh frqvwudlqhg hvwlpdwlrq/ dv lq +55,/ jlyhv wWc zklfk lq wkh ixoo| sdud0

phwulf fdvh htxdov wkh dssur{lpdwlqj sdudphwhu/ 7w� Uhvshfwlyho|/ wkhvh sdudphwhuv

jlyh ghqvlwlhv R	wE%�c RwWE%� dqg R7wE%�c hdfk ri zklfk duh phpehuv ri +5,1 Ilqdoo|/ zh

kdyh wkh cwuxh* ghqvlw| RE%��

Iru d jlyhq vdpsoh/ zh zlvk wr whvw +56,/ yld

�2 *L} \ ' �2 *L}
�
RwWE%�

R	wE%�

�
c +57,

zklfk irupv d sur�oh orj0olnholkrrg udwlr whvw1 Qrwlfh dovr wkdw xqghu hlwkhu irupxod0

wlrq ri wkh qxoo k|srwkhvlv +55, erwk R	wE%�c wkh cxquhvwulfwhg* ghqvlw| hvwlpdwru dqg

RwWE%� wkh cuhvwulfwhg* hvwlpdwru duh frqvlvwhqw hvwlpdwruv iru RE%�� Krzhyhu/ xqghu wkh

lpsolflw dowhuqdwlyh wkdw wkh uhvwulfwlrqv gr qrw krog/ rqo| R	wE%� lv frqvlvwhqw1 Khqfh

wkh surfhgxuh zh sursrvh lv hvvhqwldoo| d Kdxvpdq +4<:;, whvw/ dssolhg wr ghqvlw|

hvwlpdwlrq1

Wr frqwlqxh/ zh ghfrpsrvh wkh olnholkrrg udwlr/

*L}

�
RwWE%�

R	wE%�

�
' *L}

�
R7wE%�

R	wE%�

�
n *L}

�
RwWE%�

R7wE%�

�

' *L}

�
R7wE%�

R	wE%�

�
n *L}

�
RwWE%�

RE%�

�
n *L}

�
RE%�

R7wE%�

�
c +58,

dqg h{dplqh frqyhujhqfh lq wkh odvw wzr whupv lq +58,1 Vxssrvlqj wkh uhvwulfwlrqv lq

+55, duh ydolg/ wkhq iurp Wkhruhp 4/ zh kdyh

�hdm7�� >m : 0o ' �E?3��c
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ehfdxvh wkh hyhqw m7��>m : 0 pd| eh ghfrpsrvhg lqwr d �qlwh xqlrq/ udwkhu wkdq wkh

lq�qlwh +74,1 Khqfh/ dsso|lqj Mhqvhq*v lqhtxdolw|/ zh kdyh

*L}

�
RwWE%�

RE%�

�
' �RE?

3�*2�c +59,

li Mf lv wuxh1 Pruhryhu/ iurp Ohppd 4/ li 6 2 ?
�

2on� c

._� E%�

�
*L}

�
RwWE%�

R	wE%�

�
� *L}

�
R7wE%�

R	wE%�

��
' �RE?

3 2o
2on� �c

dqg khqfh

�2 *L} \ ' �2 *L} 7\ n�R

�
?3

2o
2on�

�
c +5:,

zkhuh 7\ ' *L}
k
R7wE%�

R	wE%�

l
c dqg �2 *L} 7\ lv d olnholkrrg udwlr whvw iru whvwlqj wkh vlpsoh

k|srwkhvlv/

M �
f G w '

7w �r� M �
� G w 9' 7wc +5;,

lq wkh idplo| ri h{srqhqwldo ghqvlwlhv +5,1

Kdylqj hvwdeolvkhg wkdw wkh orj0olnholkrrg udwlr whvw iru wkh lpsrvhg uhvwulfwlrqv lv

dv|pswrwlfdoo| sursruwlrqdo wr �2 *L} 7\c lq zh fdq uhodwh wkh dv|pswrwlf glvwulexwlrq

ri wklv dssur{lpdwh fulwhulrq zlwk wkdw ghulyhg lq Wkhruhp 51 Ohwwlqj 7w eh gh�qhg

dv ehiruh/ zh ohw wkh udqgrp yduldeoh T 5 U
6c kdyh ghqvlw|

R7wE�� ' Rf i T
�
7w�� � )6E7w�

�
c

l1h1 T � R7w� Qrwh wkdw/ e| gh�qlwlrq

.R7w
dT o '

_)6E7w�

_7w
'

_)6Ew�

_w

����
w'7w

' > ' ._� E%�d�oc

dqg khqfh ohw L ' T � >� Vlqfh zh kdyh ghfrpsrvhg wkh orj0olnholkrrg udwlr dv lq

+5:,/ lw lv dv|pswrwlfdoo| htxlydohqw/ wr rughu �E?3
2o

2on� �c wr wkh fulwhulrq lq Sruwqr|

+4<;;,1 Dv d frqvhtxhqfh/ wkh dv|pswrwlf glvwulexwlrq ri �2 *L} 7\ lv jlyhq e| wkh

iroorzlqj Wkhruhp/ suryhg lq Dsshqgl{ D61

Wkhruhp 6 Ohw �2 *L} 7\ eh wkh olnholkrrg udwlr whvw iru wkh vlpsoh k|srwkhvlv +5;,/

wkhq li 6 2 ?
�

2on� dv ? $ 4
�2 *L} 7\�6s

26
'

? �~ � �~ �6s
26

n JRE��c +5<,
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zkhuh �~ '
�
)��6E7w�

�3�*2
E� � >�dqg/ dv d frqvhtxhqfh/ li wkh uhvwulfwlrqv lpsolhg e|

+55, duh wuxh/ wkhq
�2 *L} \�6s

26
$_ �Efc ��c +63,

zkhuh \ ' *L}
k
RwWE%�
R	wE%�

l
c rwkhuzlvh wkh fulwhulrq glyhujhv1

Qrwlfh wkdw wkh h�hfw ri qrw dvvxplqj wkdw wkh wuxh RE%� lv d ixoo| vshfl�hg phpehu

ri +5, lv d vorzhu udwh ri frqyhujhqfh ri wkh fulwhulrq wr lw*v dv|pswrwlf glvwulexwlrq/

wkdq lq Sruwqr| +4<;;,1 Krzhyhu/ zkdw zh jdlq lv wkh delolw| wr whvw zkhwkhu wkh

vdpsoh frphv iurp d idplo| ri glvwulexwlrqv/ udwkhu wkdq d vshfl�f phpehu ri wkdw

idplo|1 Qrwlfh dovr wkdw iru vshfl�f ydoxhv ri oc l1h1 iru o ' 2 dqg dqdo|wlf ixqfwlrqv/

wkh dv|pswrwlf uhvxowv iroorz iurp +53, dqg +54, uhvshfwlyho|1

Lq wkh iroorzlqj vhfwlrq d eulhi h{shulphqw lv frqvlghuhg lq rughu wr looxvwudwh wkh

lpsohphqwdwlrq ri wkh ghqvlw| hvwlpdwlrq whfkqltxh/ dqg wkh qxphulfdo surshuwlhv ri

wkh olnholkrrg udwlr whvw1

7 Dq Dssolfdwlrq

714 Lpsohphqwdwlrq

Ghwdlov ri wkh qxphulfdo surshuwlhv ri wkh ghqvlw| hvwlpdwru +5, lwvhoi duh frqwdlqhg

lq wkh ruljlqdo duwlfoh e| Eduurq dqg Vkhx +4<<4, dqg lq dssolfdwlrqv gxh wr Fkhvkhu

+4<<<, dqg Nrr/ Nrrshuehuj dqg Sdun +4<<<,1 Lq wklv vhfwlrq/ lq rughu wr frpsduh

zlwk h{lvwlqj uhvxowv/ zh zloo dsso| wkh qrqsdudphwulf olnholkrrg udwlr whvw +57, dv

d vshfl�fdwlrq whvw lq wkh iroorzlqj uhjuhvvlrq prgho dv dqdo|vhg lq Elhuhqv +4<<3,/

]khqj +4<<9, dqg Idq dqg Olqwrq +4<<<,>

.d+�m5�o ' }E5�c q� ( � ' �c ��c ?c +64,

zkhuh 5� dqg q duh &�� yhfwruv ri fryduldwhv dqg frh!flhqwv/ uhvshfwlyho|/ dqg }E�c ��

lv d srvvleo| qrqolqhdu ixqfwlrq1 Dv lq wkh odwwhu sdshuv zh zloo dvvxph wkdw wkh qxoo
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k|srwkhvlv vshfl�hv d Jdxvvldq olqhdu uhjuhvvlrq prgho/ yl}1

Mf G +� ' 5��q n 0� ( 0� � �U(Efc ��� +65,

Dffruglqj wr fodvvlfdo k|srwkhvlv whvwlqj wkhru| +Fr{ dqg Klqnoh| +4<:7, dqg

Kloolhu +4<;:,,/ ohw + ' E+�c ��c +?�
�c ~ ' E5�c ���c 5?�

�/ gh�qh �~ ' U? � ~E~ �~�3�~ �

wkhq wkh E?� &� yhfwru � ' � �+c zkhuh � lv wkh vlqjxodu ydoxh ghfrpsrvlwlrq ri �~

+l1h1 �� � ' �~ dqg � �� ' U?3& , fkdudfwhulvhv erwk wkh fodvv ri vlplodu +kdylqj vl}h

lqghshqghqw ri wkh qxlvdqfh sdudphwhu q, dqg lqyduldqw +zlwk uhvshfw wr d!qh jurxs

dfwlrq rq +, whvwv ri Mf� Lqghhg/ wkh pdmrulw| ri wkh sursrvhg whvwv iru vshfl�f dowhu0

qdwlyhv +h1j1 rplwwhg yduldeohv/ ixqfwlrqdo irup/ ghshqghqfh lq wkh huuru vwuxfwxuh/

qrq0qrupdolw| hwf1, duh ixqfwlrqv ri wkh gdwd rqo| wkurxjk +c dqg jhqhudoo| wdnh wkh

irup

|er| ' ���EM���c

zkhuh �EM�� lv d pdwul{ fkrvhq iru hdfk dowhuqdwlyh M�� Krzhyhu/ dowkrxjk rqh

pd| ghgxfh dq crswlpdo* +krzhyhu rswlpdolw| lv gh�qhg, whvw iru d jlyhq dowhuqdwlyh/

wkhuh lv qr jxdudqwhh wkdw wklv whvw zloo hyhq eh xqeldvhg ru frqvlvwhqw djdlqvw rwkhu

dowhuqdwlyhv/ ohw dorqh crswlpdo*1 Wr dsso| rxu whvw lq wklv frqwh{w qrwh wkdw xqghu

Mfc

� � �Efc U?3&�c

dqg vr li zh ohw %W� ' xE���c zkhuh �� lv wkh �|� hohphqw ri � dqg xE�� lv wkh vwdq0

gdug qrupdo fxpxodwlyh glvwulexwlrq ixqfwlrq/ wkhq xqghu Mfc %
W
� lv xqlirup rq dfc �o�

Pruhryhu/ xqghu dq| dowhuqdwlyh zkdwvrhyhu/ %W� kdv vrph rwkhu glvwulexwlrq rq dfc �oc

frqvhtxhqwo| vr orqj dv wkh qxoo dqg dowhuqdwlyh glvwulexwlrqv ri %W� pd| eh frqvlvwhqwo|

hvwlpdwhg e| +5,/ wkhq wkh qrqsdudphwulf olnholkrrg udwlr whvw zloo eh frqvlvwhqw1

Dv lw wxuqv rxw/ gluhfw qrqsdudphwulf hvwlpdwlrq ri d xqlirup ghqvlw| suryhv qx0

phulfdoo| wurxeohvrph/ frqvhtxhqwo| zh ohw %� ' E%W� �
2 dqg dsso| wkh surfhgxuh gh0

vfulehg lq Vhfwlrq 514 wr hvwlpdwh wkh ghqvlw| ri %�� Sudfwlfdo lpsohphqwdwlrq ri wkh

4:



surfhgxuh lv dv iroorzv= E| gh�qlwlrq wkh POH vdwlv�hv +7,/ zklfk zh uhzulwh dv

,Ew�� *?dRfE%�o '
[?

�'�

[6

&'�
w&E�&E%��� 7�&�

�? *L}

] �

f

i T
q[6

&'�
w&E�&E%��� 7�&�

r
_%c +66,

dqg vlqfh/ dw wkh POH/ wkh frqwulexwlrq ri wkh �uvw whup ri +66, lv }hur/ 	w irupdoo|

plqlplvhv/

*�4
6c?ca<"

-�Ew� '
�

a n �

a[
�'�

i T
q[6

&'�
w&E�&Eq��� 7�&�

r
+67,

vxemhfw wr 6*? $ fc dqg zkhuh q� ' E� � ��*a� Uhdvrqdeoh ghqvlw| hvwlpdwruv duh

wkhq irxqg e| vhwwlqj 6 dqg a wr odujh srvlwlyh lqwhjhuv1

Htxdwlrq +67, gholyhuv wkh xqfrqvwudlqhg ghqvlw| hvwlpdwru iru %c jlyhq dq lqgh0

shqghqw vdpsoh E%�c ��c %?�1 Iroorzlqj wkh dqdo|vlv rxwolqhg lq wkh suhylrxv vhfwlrq/

xqghu hlwkhu ri wkh qxoo k|srwkhvhv/ zh hvwlpdwh wkh ghqvlw| xvlqj wkh uhvwulfwlrqv dv

lq +55,1 Dv deryh/ lq wklv fdvh/ wkh uhvwulfwhg POH/ plqlplvhv

*�4
6c?ca<"

-oEw� '
�

a n �

a[
�'�

i T

�[6
�

&'�
w&E�&Eq���� 7�&� n

[6

&'6�
w&E�&Eq��� s&E7���

�
c

+68,

zkhuh sE�� lv d nqrzq ixqfwlrq ri E7��c ��c 7�6��� Djdlq/ wkh ydoxhv a ' �Df dqg 6 ' .

zhuh xvhg/ zkloh wkh ydoxh 6
�

ghshqgv xsrq wkh sduwlfxodu qxoo k|srwkhvlv xqghu

frqvlghudwlrq1

Iru wkh qxoo k|srwkhvlv +65,/ vlqfh
s
%� lv xqlirup/ wkhq xqghu Mf wkh prphqw

vhtxhqfh ri %� lv jlyhq e|

.d%&� o '
2

�& n 2
c

iru doo &� Frqvhtxhqwo|/ vhwwlqj 6� ' �c wkh uhvwulfwlrqv wr eh lpsrvhg duh ri wkh irup

s�E7�� ' 7�� � D

�� n 2
c iru � ' 2c ��c 6c

dqg 7�� '
S?3&

�'� %�*? lv wkh rqo| hvwlpdwhg prphqw1 Frqvhtxhqwo|/ ohwwlqj 	w eh

wkh xquhvwulfwhg POH +zklfk plqlplvhv +67,, dqg wW eh wkh uhvwulfwhg POH +zklfk

4;



plqlplvhv +67,, wkh qrqsdudphwulf olnholkrrg udwlr whvw lv wkhq

u- '
�2 *L} \�6s

26
c +69,

zkhuh \ ' *L}dRwWE%�*R	wE%�oc dqg zh uhmhfw +65, iru vpdoo ydoxhv ri u-�

715 Qxphulfdo Surshuwlhv

Lq wklv vxevhfwlrq/ uhvxowv iurp dPrqwh Fduor vwxg| duh xvhg wr hydoxdwh wkh qxphulfdo

surshuwlhv ri wkh whvw +69, iru wkh qxoo k|srwkhvlv vshfl�hg lq +65,1 Doo qxphulfdo

fdofxodwlrqv zhuh shuiruphg lq Pdwkhpdwlfd +vhh Zroiudp +4<<<,,1 Iroorzlqj ]khqj

+4<<9,/ zh ohw & ' � dqg l�� dqg l2� eh lqghshqghqw gudzlqjv iurp wkh vwdqgdug

qrupdo glvwulexwlrq/ dqg vr wkh wkuhh uhjuhvvruv lqfoxghg lq +65, duh 5�� ' �c 52� ' l��

dqg 5�� ' El�� n l2��*
s
2c dqg vr irupdoo| wkh k|srwkhvlv wr eh whvwhg lv

Mf G +� ' q� n q252� n q�5�� n 0� ( 0� � �U(Efc ��� +6:,

Ydoxhv iru l�� dqg l2� iru � ' �c ���c effc zhuh jhqhudwhg rqfh dqg iru doo1

D qxpehu ri uhohydqw dowhuqdwlyh k|srwkhvhv zhuh frqvlghuhg/ lqyroylqj erwk wkh

phdq ixqfwlrq dqg wkh huuru whup/ yl}1

M� G +� ' q� n q252� n q�5�� n
@

�f
52�5�� n 0�

M2 G +� ' Eq� n q252� n q�5���
�3@*b n 0�

M� G +� ' q� n q252� n q�5�� n ��c zkhuh

�� �
;?
= �Efc �� zlwk suredelolw| �� @*�f

L d�2c 2o zlwk suredelolw| @*�fc
+6;,

dqg zh frqvlghu ydoxhv ri @ ' �c 2c ��c �f +iru M2 wkh uhdo urrw lv xvhg, dqg ydulrxv

vdpsoh vl}hv/ ? ' Dfc �ffc 2ffc eff1 Qrwlfh wkdw wkh qxoo +6:, lv hpehgghg lq hdfk ri

wkh dowhuqdwlyhv yld @ ' f� Lq sduwlfxodu wkh dowhuqdwlyhv frqvlghuhg e| ]khqj +4<<9,

duh uhfryhuhg iurp M� zlwk @ ' � dqg M2 zlwk @ ' S�

Wkh uhpdlqlqj lvvxh lv wkh fkrlfh ri wkh glphqvlrq ri wkh vhulhv ghqvlw| hvwlpdwru/

l1h1 6� Vlqfh lq doo fdvhv wkh orj0ghqvlw| ri %� lv dqdo|wlf zh pd| fkrrvh 6 wr jurz

4<



duelwudulo| vorzo| zlwk ?c f1i1 +45,1 Lq idfw/ zh vhw 6 ' e iru ? ' Dfc dqg lqfuhdvhg

6 e| � dv ? grxeohg1 Doorzlqj 6 wr jurz hlwkhu pruh udslgo| ru pruh vorzo| kdg

dq lqvljql�fdqw lpsdfw xsrq wkh rxwfrphv ri wkh h{shulphqwv/ dqg vr ghwdlov duh qrw

uhsruwhg1

Lq wkh �uvw h{shulphqw wkh qxoo glvwulexwlrq ri wkh whvw u-/ +69,/ zdv vlpxodwhg

zlwk 53/333 uhsolfdwlrqv dqg iru vdpsoh vl}hv ri ? ' Dfc �ffc 2ff dqg eff� Wdeoh

4 ehorz uhsruwv wkh qrplqdo +edvhg rq wkh olplwlqj vwdqgdug qrupdo, yhuvxv wkh

vlpxodwhg uhmhfwlrq iuhtxhqflhv ri u-/ iru hdfk vdpsoh vl}h1 Ixuwkhupruh/ Wdeoh 5/

frqwdlqhg lq wkh Dsshqgl{ uhsruwv wkh qrplqdo yhuvxv vlpxodwhg txdqwlohv iru wkh qxoo

glvwulexwlrq ri u-c djdlq iru hdfk vdpsoh vl}h1

Wdeoh 4 G Qrplqdo yv1 Wuxh Vl}h ri wkh

u- whvw +69, xqghu Mf edvhg rq 53/333 uhsolfdwlrqv1

? ' Df ? ' �ff ? ' 2ff ? ' eff

4( 1337 1339 133: 133;

8( 1367 136< 1376 1379

43( 13:; 13;7 13<5 1434

E| zd| ri frpsdulvrq/ wkh nhuqho edvhg vshfl�fdwlrq whvw ri ]khqj +4<<9, vhhpv

wr r�hu ohvv �qlwh vdpsoh dffxudf| xqghu wkh qxoo k|srwkhvlv1 Qrw qhfhvvdulo| lq

whupv ri devroxwh dffxudf|/ exw fhuwldqo| lq whupv ri wkh prqrwrqlflw| ri dffxudf|

dv wkh vdpsoh vl}h lqfuhdvhv/ dowkrxjk wklv pd| eh h{sodlqhg e| wkh uhodwlyho| vpdoo

qxpehu ri uhsolfdwlrqv/ dqg khqfh kljk vwdqgdug huuru lq wkdw vwxg|1 Idq dqg Olqwrq

+4<<<, suhvhqw uhvxowv iru d kljkhu0rughu fruuhfwlrq wr d Nhuqho edvhg vshfl�fdwlrq

whvwv1 Frpsdulqj Wdeoh 4 deryh zlwk wkhlu Wdeohv 4 dqg 5 zrxog vxjjhvw wkdw wkh

olnholkrrg edvhg dssurdfk r�huv uhdvrqdeoh dffxudf| hyhq frpsduhg wr wkhlu kljkhu0

rughu fruuhfwlrq1

Wkuhh ixuwkhu h{shulphqwv zhuh frqgxfwhg/ lq rughu wr dvvhvv wkh srzhu surshuwlhv

ri u- +69,/ jlyhq hdfk ri wkh dowhuqdwlyhv1 Vshfl�fdoo| wkh whvw zdv vlpxodwhg xqghu

hdfk ri wkh dowhuqdwlyhv jlyhq lq +6;, iru vdpsoh vl}hv ri ? ' �ffc 2ff dqg effc dqg
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iru hdfk ydoxh ri @ ' �c 2c ��c �fc edvhg rq 8/333 uhsolfdwlrqv1 Iru wkh sxusrvhv ri

wkhvh h{shulphqwv zh �{hg q� ' q2 ' q� ' � +djdlq iru frpsdulvrq zlwk ]khqj

+4<<9,,1 Wkh srzhu zdv vlpxodwhg xvlqj wkuhh vljql�fdqfh ohyhov +�Ic DI dqg �fI,

dqg wkh fulwlfdo ydoxhv xvhg zhuh wkrvh rewdlqhg lq wkh qxoo vlpxodwlrq vwxg| ghwdlohg

deryh1 Wdeohv 6 wkurxjk 8 frqwdlqhg lq wkh Dsshqgl{ frqwdlq wkh vlpxodwhg uhmhfwlrq

iuhtxhqflhv xqghu hdfk ri wkh dowhuqdwlyhv olvwhg lq +6;, iru hdfk ydoxh ri @ dqg iru

hdfk vdpsoh vl}h1 Djdlq/ zkhuh frpsdulvrqv fdq eh pdgh zlwk wkh uhvxowv ri ]khqj

+4<<9/ Wdeohv 5 dqg 6,/ wkh srzhu ri wkh u- whvw/ +69,/ frpsduhv idyrxudeo| zlwk

wkdw ri wkh nhuqho edvhg whvw1

Ehiruh frqfoxglqj/ vrph lpsruwdqw txdolwdwlyh glvwlqfwlrqv ehwzhhq wkh olnholkrrg

edvhg dssurdfk ri wklv sdshu dqg suhylrxv nhuqho edvhg dssurdfkhv qhhg wr eh h{0

dplqhg1 Dowkrxjk khuh/ wkh udwh dw zklfk 6 lqfuhdvhv zlwk ? kdv dq lqvljql�fdqw

lpsdfw xsrq wkh uhvxowv/ wkh vdph lv qrw wuxh iru wkh fkrlfh ri edqgzlgwk/ � ' S?�*D

iru nhuqho ghqvlw| hvwlpdwruv1 Lqghhg Idq dqg Olqwrq +4<<<, �qg wkdw odujhu ydoxhv ri

S whqg wr ghjudgh wkh dffxudf| ri wkh qrplqdo vl}h dv dq dssur{lpdwlrq wr wkh cwuxh*

vl}h/ xqghu wkh qxoo1 Krzhyhu/ ]khqj +4<<9, �qgv wkdw odujhu ydoxhv ri S lqfuhdvh

wkh srzhu ri wkh whvw1 Wklv lpsolhg wudgh0r� grhv qrw dsshdu wr eh suhvhqw lq wkh

dssurdfk ri wklv sdshu1

8 Frqfoxvlrqv

Wkh jrdo ri wklv sdshu kdv ehhq wr ghyhors vrph dv|pswrwlf wkhru| iru d whvw edvhg

xsrq wkh h{srqhqwldo vhulhv ghqvlw| hvwlpdwru sursrvhg e| Eduurq dqg Vkhx +4<<4,1

E| h{sorlwlqj erwk wkh surshuwlhv ri wkh hvwlpdwru lwvhoi dqg wkh ixqgdphqwdo lghd ri

Kdxvpdq +4<:;, d qrqsdudphwulf olnholkrrg udwlr pd| eh frqvwuxfwhg/ zklfk pd| eh

vhhq dv dq dowhuqdwlyh wr rwkhu qrqsdudphwulf dssurdfkhv/ vxfk dv hpslulfdo olnholkrrg

ru nhuqho edvhg phwkrgv1

Dv lq wkh dqdo|vlv ri Sruwqr| +4<;;, dqg Pxusk| dqg ydq ghu Ydduw +4<<:, wkh

dv|pswrwlf wkhru| iru wkh whvw lv qrqvwdqgdug/ lqyroylqj frqyhujhqfh ri lq�qlwh gl0
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phqvlrqdo vhuhv/ dqg khqfh frqyhujhqfh lv vorz lq frpsdulvrq zlwk wkh fodvvlfdo fdvh1

Krzhyhu/ wkh dv|pswrwlfv lqyroyhg zlwk wkh whvw duh fohduo| pluuruhg zlwk wkrvh

whvwv ghulyhg iurp nhuqho ghqvlw| hvwlpdwruv +h1j1 vhh Vloyhupdq +4<:;, dqg Krurzlw}

+4<<;,,1

Vlqfh lw lv edvhg xsrq d qrqsdudphwulf ghqvlw| hvwlpdwru/ wkh  h{lelolw| ri wkh whvw

lv lpsuhvvlyh1 Krzhyhu/ zkhq dssolhg wr d sduwlfxodu h{dpsoh/ suhylrxvo| vwxglhg lq

wkh olwhudwxuh/ zh �qg idyrxudeoh qxphulfdo surshuwlhv/ dv frpsduhg wr pruh hvwde0

olvkhg whfkqltxhv1 Htxdoo|/ wkh whvw ehqh�wv iurp wkuhh ehqh�fldo surshuwlhv1 Iluvw/

wkh lqwxlwlrq ehklqg wkh whvw frphv iurp Kdxvpdq*v +4<:;, sulqflsoh/ vhfrqgo| wkh

whvw lv uhodwlyho| vlpsoh wr lpsohphqw dqg �qdoo|/ hyhq zkhq wkh whvw lv uhmhfwhg/ rqh

lv vwloo ohiw zlwk dq dqdo|wlf dssur{lpdwlrq wr wkh ghqvlw| ri wkh vwdwlvwlf ri lqwhuhvw1
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Dsshqgl{ D= Surriv
D4= Surri ri Wkhruhp 41

Zh dsso| Ohppd 4 wr wkh +&c�c ohwwlqj S� ' �3�/ r ' ? dqg gh�qlqj 7+�c& '

�3�
S�

�'� +&c�c wkhq

�hd4@ 
o$�$?

m7+�c&m : "&o � �

"2&

�
�

o2

[o

�'�
�@od+&c�o n

[?

�'on�
�32�@od+&c�o

�
� +6<,

Vlqfh % lv d erxqghg udqgrp yduldeoh/ wkhq

�@od+&c�o ' ._� E%�d�&E%��
2o� >2&

�
]

E�&E%��
2 _� E%� ' �E��c

dqg khqfh [o

�'�
�@od+&c�o ' �Eo��

Vxevwlwxwlqj lqwr +6<,/ zh wkhq kdyh

*�4
?<"

�hd4@ 
�$?

m7+�c&m : "&o ' �E?3��c

zklfk lpphgldwho| hvwdeolvkhv d VOOQ iru �&E%��c qdpho|

�

?

[
�
�&E%��� >& $@�r fc

zkhuh wkh vxevfulsw @�r� ghqrwhv frqyhujhqfh doprvw vxuho|1 Htxdoo|/ gluhfw dssolfd0

wlrq ri Fkhe|fkhy*v Wkhruhp |lhogv/

�hd

�����?
[

�
�&E%��� >&

���� : "&o ' �E?3��� +73,

Qrz frqvlghu wkh 6 whupv lq wkh hvwlpdwlqj htxdwlrqv +9,/
�
�
?

S
� �&E%��

�6
&'�

dv

6c? $ 4c zkloh 6*? $ f� Ohw @& eh wkh hyhqw wkdw
�� �
?

S
� �&E%��� >&

�� : "&c dqg vr

iurp +73,/

�hd@&o ' �E?3���

Ohw wkh 6 yhfwru �6 ' E@�c ��c @6�c vr wkdw wkh suredelolw| vwdwhphqw lq +47, pd| eh

zulwwhq

*�4
?c6<"

�hdm�6m : "oc

56



dqg frqyhujhqfh lv hvwdeolvkhg li wklv olplwlqj suredelolw| lv }hur1 Zh ohw � eh wkh

hyhqw wkdw m�6m : "c wkhq iru vxlwdeo| fkrvhq "�c ���c "6c zh pd| zulwh

*�4
6<"

� ' *�4
6<"

^6

&'�
@&� +74,

Vlqfh/

*�4
6<"

�hE�� � *�4
6<"

[6

&'�
�hE@&�

� *�4
6<"

6 t�T
&$6

� E@&�c

dqg qrwlqj � E@&� ' �E?3�� ' K�?
3�/ vd| iru vrph frqvwdqw K�c wkhq

*�4
6<"

�hE�� � *�4
6<"

K�
6

?
c

dqg vr vlqfh 6*? $ fc wkhq wkh wkhruhp lv suryhg1

Dsshqgl{ D5= Surri ri Wkhruhp 5

Ohw I? eh wkh vljpd0�hog I i�E%��c ���c �E%?�j ' I i��c ���c �?j jhqhudwhg e|

wkh vhw ri hvwlpdwlqj htxdwlrqv +9,/ dqg gh�qh iru dq| srvlwlyh lqwhjhu ?W � ?c

7~E?W� ' E?W�3�
S?W

� ~�� Iru wkh sxusrvhv ri wklv surri/ doo h{shfwdwlrqv/ xqohvv lq0

glfdwhg rwkhuzlvh/ duh wdnhq zlwk uhvshfw wr wkh grplqdwlqj phdvxuh dqg wr vdyh

rq qrwdwlrq zh zulwh .d�o ' ._� E%�d�o� Zh dvvxph wkdw wkh qxpehu ri hvwlpdwlqj

htxdwlrqv jurzv dffruglqj wr lwv rswlpdo udwh/ l1h1 6 2 ?
�

2on� c vr wkdw doo rughuv ri

pdjqlwxgh pd| eh zulwwhq vroho| lq whupv ri srzhuv ri ?� Dv|pswrwlfv duh gulyhq

e| wkh xvxdo wuldqjxodu duud|/ vr wkdw _�4 7~E?W� ' _�4 7~E?� iru doo ?W 	 ?c dowkrxjk

qrwdwlrq zloo eh vxssuhvvhg1

Frqvlghu wkh gl�huhqfh

-? ' �? � �?3� ' ?2 7~ � 7~ � ?6� E?� ��2 7~ �E?3�� 7~E?3�� � E?� ��6

' 2E?� ��~ �? 7~E?3�� n E~ �?~? �6� c +75,

wkhq wkdw -? lv d pduwlqjdoh gl�huhqfh/ dqg khqfh �? lv d pduwlqjdoh iroorzv iurp

.d~ �? 7~E?3��o ' fc dqg .d~?~
�
?o ' U6c
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e| gh�qlwlrq/ dqg vr iurp +75,/ zh kdyh

. d-? m I?3�o ' fc

. d�? m I?3�o ' �?3��

Dv idu dv wkh olplwlqj glvwulexwlrq lv frqfhuqhg/ lq rughu wr dsso| Ohppd 5 zh

phuho| kdyh wr fkhfn wkdw frqglwlrqv +4:, dqg +4;, duh vdwlv�hg1 Iru wkh �uvw/ ohwwlqj

j2� dqg r2? eh gh�qhg dv lq wkh vwdwhphqw ri Ohppd 5/ zh kdyh

j2� ' .
�
-2
�

�
' eE�� ��2.

�
~ �� 7~E�3�� 7~

�
E�3��~�

�
n eE�� ��.

�
~ �� 7~E�3��~

�
�~�

�
n.

�
E~ ��~� �6�2

�
' .

�
-2
�

�
' eE�� ��2.

�
~ �� 7~E�3�� 7~

�
E�3��~�

�
n .

�
E~ ��~� �6�2

�
c

vlqfh -� lv d pduwlqjdoh gl�huhqfh/ wkhuhiruh/

r2? '
[

�
j2� ' e

[
�
E�� ��2.

�
AoE 7~E�3�� 7~

�
E�3��~�~

�
��
�

n
[

�
.
�
AodE~�~

�
��
2o
�
n ?62�

Djdlq 7~E�3�� dqg ~� duh lqghshqghqw/ vr

.
�
AoE 7~E�3�� 7~

�
E�3��~�~

�
��
�
' Ao

�
.d 7~E�3�� 7~

�
E�3��o.d~�~

�
�o
�
c

dqg ixuwkhu vlqfh . dAodE~�~
�
��
2oo ' �E62� ' �E?

2
2on� �c zh kdyh

r2? ' e
[

�
E�� ��2Ao

�
.d 7~E�3�� 7~

�
E�3��oU6

�
n�E?

2on�
2on� � +76,

' 2?E?� ��6n�E?
2on�
2on� �

' 2?
eon�
2on� E� n�E��� c

zklfk hvwdeolvkhv wkh udwh ri glyhujhqfh ri wkh uljkw kdqg vlgh ri +4:,1

Dv iru wkh ohiw kdqg vlgh ri +4:,/ iurp +75,/ zh kdyh

[
�
.
�m-�m�

�
'

[
�
.
k��2E�� ��~ �� 7~E�3�� n E~ ��~� �6�

���l
'

[
�
.

�q�
2E�� ��~ �� 7~E�3�� n E~ ��~� �6�

�Sr�*2
�
� +77,
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Iru dq| udqgrp yduldeoh ( ' (E%�c zkhuh % kdv vxssruw ryhu dfc �oc zh pd| gh�qh

wkh u2 qrup mm(mm2 ri wkdw udqgrp yduldeoh e|

mm(mm2 '
�] �

f

m(m2_� E%�
�2

c

vhh dovr Ur|ghq +4<;;,/ Fkdswhu 91 H{shfwdwlrqv zlwk uhvshfw wr _� E%� wkhq vdwlvi|

�
.
�m(m2��2 ' mm(mm2c

dqg vr gluhfw dssolfdwlrq ri Mhqvhq*v lqhtxdolw| lpsolhv

E. dm(mo�2 � .
�m(m2� � +78,

Dsso|lqj lqhtxdolw| +78, wr +77, zh �qg

[
�
.
�m-�m�

� �
[

�

�
.
k�
2E�� ��~ �� 7~E�3�� n E~ ��~� �6�

�Sl��*2

�
[

�

����2E�� ��~ �� 7~E�3�� n E~ ��~� �6�
�����

2
c +79,

lq whupv ri wkh u2 qrup1 Wkxv dsso|lqj wkh Plqnrzvnl lqhtxdolw| wr +79,

[
�
.
�m-�m�

� � [
�

�
.
k�
2E�� ��~ �� 7~E�3��

�Sl��*2

n
[

�

�
.
k
EE~ ��~� �6��

S
l��*2

c

zklfk rq dffrxqw ri . dE~ ��~��
So ' �E6S� ' �E?

S
2on� �c jlyhv/ iru vrph srvlwlyh frq0

vwdqw K2c

[
�
.
�m-�m�

� � H
[

�

�
.
k�
2E�� ��~ �� 7~E�3��

�Sl��*2

n K2?
2one
2on� �

Ilqdoo|/ zulwlqj E����~ �? 7~E�3�� ' ~ �?
S?3�

� ~�c dqg qrwlqj wkh lqghshqghqfh ri wkh wzr

whupv/ Sursrvlwlrq +D16, ri Sruwqr| +4<;;, lv dssolfdeoh wr wkh uhpdlqlqj h{shfwdwlrq/

jlylqj iru vrph srvlwlyh frqvwdqw K�

[
�
.
�m-�m�

� � K�?
�fonb
2E2on��

�
� n�

�
?3

o

2on�

��
' JEr3�? �c

vr wkdw wkh Olqghehuj frqglwlrq krogv1
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Frqvlghulqj qrz wkh h{shfwdwlrqv ri wkh frqglwlrqdo yduldqfhv/ dqg xwlolvlqj erwk

Mhqvhq*v dqg Plqnrzvnl*v lqhtxdolwlhv/ vlplodu erxqgv pd| eh irxqg/ lq sduwlfxodu

[
�
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� m I�3�

�� j2�
��� �

[
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��. �
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� m I�3�

�� j2�
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2
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Djdlq Sursrvlwlrq +D16, ri Sruwqr| +4<;;, lv dssolfdeoh wr wkh uhpdlqlqj h{shfwdwlrq/

zklfk |lhogv/ iru vrph srvlwlyh frqvwdqw Ke
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vr wkdw +4;, krogv/ dqg �qdoo| qrwlqj/ iurp +76,/ zh jhw wkh dv|pswrwlf htxlydohqfh

r? � ?
s
26c

wkh wkhruhp lv hvwdeolvkhg1

D6= Surri ri Wkhruhp 6

Frqvlghu wkh idplo| ri ghqvlwlhv RwE��c wkhq e| wkh lqwhuphgldwh ydoxh wkhruhp/

wkhuh h{lvwv vrph �w o|lqj ehwzhhq 	w dqg 7wc vxfk wkdw wkh iroorzlqj h{sdqvlrqv krog/
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dqg rq dffrxqw ri
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dqg vr +5<, pd| eh hvwdeolvkhg dv lq Wkhruhp 615/ Sruwqr| +4<;;,1 Dv iru +63,/ vlqfh���	w � 7w
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c wkhq

?s
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7~ � 7~ n JRE��c

zklfk lpphgldwho| jlyhv wkh olplwlqj glvwulexwlrq iurp Wkhruhp 51 Li krzhyhu/ wkh

uhvwulfwlrqv lpsrvhg lq +55, gr qrw krog lq wkdw s�
�
7��c ��c 7�6�

�
dqg �

?

S
� ��E%��c gr qrw

kdyh wkh vdph suredelolw| olplw/ iru doo � : 6
�

c wkhq wkh vhfrqg whup lq +58, glyhujhv/

dqg khqfh vr grhv 32 *L}\36I
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Dsshqgl{ E= Wdeohv
Wdeoh 5 G Dv|pswrwlf +�Efc ��, dqg hpslulfdo txdqwlohv ri wkh u- whvw +69,/

xqghu Mf +6:, edvhg rq 53/333 uhsolfdwlrqv1

^ �Efc �� ? ' Df ? ' �ff ? ' 2ff ? ' eff

4 0415;5 041496 041554 041569 04159:

5 031;75 031;59 031;69 031;7; 031;79

6 031857 031884 031885 031874 03186:

7 031586 031673 031666 0315<4 0315:7

8 3 03144: 0313<6 031364 031353

9 31586 31454 31468 31557 31578

: 31857 316;< 31747 317<4 3184;

; 31;75 31:63 31:;4 31;4: 31;67

< 415;5 4156< 4164< 41638 415<:

Wdeoh 6 G Vlpxodwhg srzhu ri wkh u- whvw +69, xqghu

M� ri +6;, edvhg rq 8/333 uhsolfdwlrqv1

? ' �ff ? ' 2ff ? ' eff

@ �I DI �fI �I DI �fI �I DI �fI

4 3134 3138 3143 3134 313: 3145 3135 3139 3143

5 3135 3139 3144 3135 3144 314; 3137 3144 314;

6 3136 3143 314; 313: 3153 3165 313< 3155 3167

7 3139 314: 315: 3148 3169 317< 3156 3179 3194

8 3144 315< 3177 3169 3199 31:9 3189 31:9 31;8

9 3154 3177 318< 3197 31;: 31<5 31;9 31<8 31<;

: 3168 3196 31:8 31;9 31<9 31<< 31<< 4133 4133

; 3187 31;3 31;; 31<9 4133 4133 4133 4133 4133

< 31:8 31<6 31<9 31<< 4133 4133 4133 4133 4133

43 31<4 31<: 31<< 4133 4133 4133 4133 4133 4133
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Wdeoh 7 G Vlpxodwhg srzhu ri wkh u- whvw +69, xqghu

M2 ri +6;, edvhg rq 8/333 uhsolfdwlrqv1

? ' �ff ? ' 2ff ? ' eff

@ �I DI �fI �I DI �fI �I DI �fI

4 3134 3139 3144 3134 3138 3145 3134 313: 3146

5 3135 313; 3146 3135 313: 3148 3137 3146 3156

6 3136 3145 3155 3136 3146 3156 313< 3155 3166

7 3137 3148 3159 3138 3149 315: 314; 3169 317:

8 3138 3153 3166 313: 3155 3168 3158 317; 3194

9 313; 315: 3174 3144 3165 3178 3173 3195 31:7

: 3143 315< 3176 314: 3174 3186 3187 31:: 31;9

; 314: 3174 3186 3159 3187 319: 31:9 31<4 31<8

< 3157 317< 3197 3175 319; 31:< 31;< 31<: 31<<

43 3167 3196 31:9 3199 31;9 31<6 31<; 4133 4133
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Wdeoh 8 G Vlpxodwhg srzhu ri wkh u- whvw +69, xqghu

M� ri +6;, edvhg rq 8/333 uhsolfdwlrqv1

? ' �ff ? ' 2ff ? ' eff

@ �I DI �fI �I DI �fI �I DI �fI

4 3134 313: 3146 3134 313: 3147 3135 3143 3153

5 3135 3143 3153 3136 3145 3154 3138 3149 3158

6 3136 3145 3155 3137 3148 3158 3144 315: 316;

7 3137 3148 3159 313: 3157 3168 314; 316; 3187

8 3138 314; 3164 313< 3163 3177 3158 317< 3196

9 313: 3158 316< 3147 316: 3184 3169 3194 31:6

: 3143 315< 3178 314; 3175 3189 317; 319< 31;4

; 3145 3166 317; 3158 3185 319; 318< 31;5 31<3

< 3146 316; 3188 3163 3193 31:6 31:3 31;: 31<7

43 314< 3178 3198 316< 319< 31;3 31;5 31<8 31<;
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9 Eleolrjudsk|

Eduurq/ D1U1 dqg F0K1 Vkhx/ 4<<4/ Dssur{lpdwlrq ri ghqvlw| ixqfwlrqv e| vhtxhqfhv

ri h{srqhqwldo idplolhv1 Dqqdov ri Vwdwlvwlfv/ 4</ 467:0469<1

Elhuhqv/ K1 M1/ 4<<3/ D frqvlvwhqw frqglwlrqdo prphqw whvw ri ixqfwlrqdo irup/ Hfrqr0

phwulfd/ 8;/ 4776�478;1

Fkhvkhu/ D1/ 4<<4/ Wkh h�hfw ri phdvxuhphqw huuru/ Elrphwulnd/ :;/ 78407951

Fkhvkhu/ D1/ 4<<</ Vwuxfwxudo hvwlpdwlrq lq wkh suhvhqfh ri fryduldwh phdvxuhphqw

huuru/ plphr/ Xqlyhuvlw| ri Eulvwro/ X1N1

Fr{/ G1U1 dqg G1Y1 Klqnoh|/ 4<:7/ Wkhruhwlfdo Vwdwlvwlfv/ +Fkdspdq dqg Kdoo/ Orq0

grq,1

Fkrz/ \1V1 dqg K1 Whlfkhu/ 4<;;/ Suredelolw| wkhru|/ 5?_ hg1/ +Vsulqjhu0Yhuodj/ Qhz

\run,1

Fvlv}du/ L1 4<:8/ L0glyhujhqfh jhrphwu| ri suredelolw| glvwulexwlrqv dqg plqlpl}dwlrq

sureohpv/ Dqqdov ri Suredelolw|/ 6/ 479048;1

Hxedqn/ U1O1 dqg F1K1 Vshljhopdq/ 4<<3/ Whvwlqj wkh jrrgqhvv ri �w ri d olqhdu

prgho yld qrqsdudphwulf uhjuhvvlrq whfkqltxhv/ Mrxuqdo ri wkh Dphulfdq Vwdwlvwlfdo

Dvvrfldwlrq/ ;8/ 6;:06<51

Idq/ \1 dqg R1 Olqwrq/ 4<<:/ Vrph kljkhu rughu wkhru| iru d frqvlvwhqw qrqsdudphwulf

prgho vshfl�fdwlrq whvw/ plphr/ Orqgrq Vfkrro ri Hfrqrplfv/ X1N1

Kçugoh/ Z1 dqg H1 Pdpphq/ 4<<6/ Frpsdulqj qrqsdudphwulf yhuvxv sdudphwulf

uhjuhvvlrq �wv/ Dqqdov ri Vwdwlvwlfv/ 54/ 4<5904<7:1

Kdxvpdq/ M1 D1/ 4<:;/ Vshfl�fdwlrq whvwv lq hfrqrphwulfv/ Hfrqrphwulfd/ 79/ 4584�

45:41

Kloolhu/ J1K1/ 4<;:/ Fodvvhv ri vlplodu uhjlrqv dqg wkhlu srzhu surshuwlhv iru vrph

hfrqrphwulf whvwlqj sureohpv/ Hfrqrphwulf Wkhru|/ 6/ 40771

Krqj/ \1 dqg K1 Zklwh/ 4<<8/ Frqvlvwhqw vshfl�fdwlrq whvwlqj yld qrqsdudphwulf

vhulhv uhjuhvvlrq/ Hfrqrphwulfd/ 96/ 44660448<1

Krurzlw}/ M1O1/ 4<<;/ Vhplsdudphwulf phwkrgv lq hfrqrphwulfv/ Ohfwxuh qrwhv lq vwd0
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wlvwlfv +Vsulqjhu0Yhuodj/ Qhz \run,1

Krurzlw}/ M1O1 dqg Z1 Kçugoh/ Z1/ 4<<7/ Whvwlqj d sdudphwulf prgho djdlqvw d vhpl0

sdudphwulf dowhuqdwlyh/ Hfrqrphwulf Wkhru|/ 43/ ;540;7;1

Nlwdpxud/ \/ 4<<;/ Frpsdulqj plvvshfl�hg g|qdplf hfrqrphwulf prghov xvlqj qrq0

sdudphwulf olnholkrrg/ plphr/ Xqlyhuvlw| ri Plqqhvrwd1

Nrr/ M0\1/ Nrrshuehuj/ F1 dqg M1 Sdun/ 4<<</ Orjvsolqh ghqvlw| hvwlpdwlrq xqghu

fhqvrulqj dqg wuxqfdwlrq/ Vfdqglqdyldq Mrxuqdo ri Vwdwlvwlfv/ 59/ ;:�4381

Pxusk|/ V1D1 dqg D1Z1 Ydq ghu Ydduw/ 4<<:/ Vhplsdudphwulf olnholkrrg udwlr lqihu0

hqfh/ Dqqdov ri Vwdwlvwlfv/ 58/ 47:40483<1

Qlvkl/ U1 4<;;/ Pd{lpxp olnholkrrg sulqflsoh dqg prgho vhohfwlrq zkhq wkh wuxh

prgho lv xqvshfl�hg/ Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 5:/ 6<507361

Rzhq/ D1E1/ 4<;;/ Hpslulfdo olnholkrrg udwlr frq�ghqfh lqwhuydov iru d vlqjoh ixqf0

wlrqdo/ Elrphwulnd/ :8/ 56:057<1

Udr/ F1U1/ 4<:6/ Olqhdu vwdwlvwlfdo lqihuhqfh dqg lw*v dssolfdwlrqv/ +Zloh|/ Qhz \run,1

Sruwqr|/ V1/ 4<;;/ Dv|pswrwlf ehkdylrxu ri olnholkrrg phwkrgv iru h{srqhqwldo idpl0

olhv zkhq wkh qxpehu ri sdudphwhuv whqgv wr lq�qlw|/ Dqqdov ri Vwdwlvwlfv/ 49/ 68906991

Tlq/ M1 dqg M1 Odzohvv/ 4<<7/ Hpslulfdo olnholkrrg dqg jhqhudo hvwlpdwlqj htxdwlrqv/

Dqqdov ri Vwdwlvwlfv/ 55/ 63306581

Urelqvrq/ S1P1/ 4<<4/ Frqvlvwhqw qrqsdudphwulf hqwurs|0edvhg whvwlqj/ Uhylhz ri

Hfrqrplf Vwxglhv/ 8;/ 76:07861

Ur|ghq/ K1O1/ 4<;;/ Uhdo Dqdo|vlv/ 6o_ hg1/ +Pdfploodq/ Qhz \run,1

Zklwh/ K1/ 4<;5/ Pd{lpxp olnholkrrg hvwlpdwlrq ri plvvshfl�hg prghov/ Hfrqrphw0

ulfd/ 83/ 40581

Zroiudp/ V1/ 4<<</ Wkh Pdwkhpdwlfd errn/ 6o_ hg1/ +Fdpeulgjh Xqlyhuvlw| Suhvv,1

]khqj/ M1[1/ 4<<9/ D frqvlvwhqw whvw ri ixqfwlrqdo irup yld qrqsdudphwulf hvwlpdwlrq

whfkqltxhv/ Mrxuqdo ri Hfrqrphwulfv/ :8/ 596�5;<
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