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Ohduqlqj zlwk Erxqghg Phpru| lq
Vwrfkdvwlf Prghov

Vhssr Krqndsrkmd dqg Ndxvkln Plwud
Xqlyhuvlw| ri Khovlqnl dqg Xqlyhuvlw| ri \run

Mxqh 47/ 5333

Devwudfw

Ohduqlqj zlwk erxqghg phpru| lq vwrfkdvwlf iudphzrunv lv lqfrpsohwh lq wkh
vhqvh wkdw wkh ohduqlqj g|qdplfv fdqqrw frqyhujh wr dq udwlrqdo h{shfwdwlrqv htxl0
oleulxp +UHH,1 Wkh surshuwlhv ri wkh g|qdplfv dulvlqj iurp vxfk uxohv duh vwxglhg
iru prghov zlwk vwhdg| vwdwhv1 Li lq vwdqgdug olqhdu prghov wkh UHH lv lq d fhu0
wdlq vhqvh h{shfwdwlrqdoo| vwdeoh +H0vwdeoh,/ wkhq wkh g|qdplfv duh dv|pswrwlfdoo|
vwdwlrqdu| dqg iruhfdvwv duh xqeldvhg1 Zh dovr surylgh vlplodu orfdo uhvxowv iru d
fodvv ri qrqolqhdu prghov zlwk vpdoo qrlvh dqg wkhlu dssur{lpdwlrqv1

Mrxuqdo ri Hfrqrplf Olwhudwxuh Fodvvl�fdwlrq Qxpehuv= F46/ F55/ F86/ G;6/
H65/ H6:1

Fruuhvsrqghqw= Vhssr Krqndsrkmd/ Ghsduwphqw ri Hfrqrplfv/ S1R1Er{ 87
+Xqlrqlqndwx 6:, ILQ0 33347/ Xqlyhuvlw| ri Khovlqnl/ Ilqodqg>
hpdlo= Vhssr1KrqndsrkmdCkhovlqnl1�1

Dfnqrzohgjhphqwv= Wkh uhvhdufk zdv grqh zkloh wkh vhfrqg dxwkru zdv vwloo
d!oldwhg zlwk Uhvhdufk Xqlw rq Hfrqrplf Vwuxfwxuhv dqg Jurzwk/ Ghsduwphqw
ri Hfrqrplfv/ Xqlyhuvlw| ri Khovlqnl1 Ixqglqj iurp wkh Dfdghp| ri Ilqodqg dqg
wkh \umù Mdkqvvrq Irxqgdwlrq lv judwhixoo| dfnqrzohgjhg1 Zh duh judwhixo wr
Jhrujh Hydqv/ Hg Juhhqehuj/ Dqwwl Nxsldlqhq/ Udprq Pdulprq dqg sduwlflsdqwv
lq ydulrxv vhplqduv iru frpphqwv1 Wkh xvxdo glvfodlphu dssolhv1
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4 Lqwurgxfwlrq
Wkhuh h{lvwv e| qrz d vl}hdeoh olwhudwxuh wkdw vwxglhv wkh g|qdplfv ri dgdswlyh ohduqlqj
lq pdfurhfrqrplf dqg pdunhw htxloleulxp prghov1 Wzr ixqgdphqwdo lvvxhv dgguhvvhg
lq wklv olwhudwxuh duh +l, fdq hfrqrplf djhqwv/ zkr uho| rq �rq0olqh� hvwlpdwlrq uxohv dqg
iruhfdvwlqj zlwk gdwd rq uhohydqw yduldeohv/ ohduq wr kdyh udwlrqdo h{shfwdwlrqv lq wkh
orqj uxq dqg +ll, zkdw duh wkh vwdeoh rxwfrphv ri vxfk ohduqlqj surfhvvhv1 Wkh olwhudwxuh
kdv ehhq uhfhqwo| vxuyh|hg lq +Hydqv dqg Krqndsrkmd 4<<<, dqg +Pdulprq 4<<:,1

D frpprq vwduwlqj srlqw lq wklv uhvhdufk lv wr srvwxodwh wkdw hfrqrplf djhqwv ehkdyh
olnh hfrqrphwulfldqv/ l1h1 wkh| xvh vwdqgdug hfrqrphwulf whfkqltxhv wr hvwlpdwh wkh
sdudphwhuv ri wkh vwrfkdvwlf surfhvv ri wkh uhohydqw yduldeohv dqg iruhfdvw wkh ixwxuh
ydoxhv xvlqj wkhvh hvwlpdwhg sdudphwhu ydoxhv1 Wkh dvvxphg irup ri wkh vwrfkdvwlf
surfhvv/ wkh shufhlyhg odz ri prwlrq +SOP,/ lv wdnhq wr eh fruuhfwo| vshfl�hg lq wkh vhqvh
wkdw zlwk uljkw sdudphwhu ydoxhv lw frlqflghv zlwk wkh udwlrqdo h{shfwdwlrqv htxloleuld
+UHH, ri lqwhuhvw14 Lq wkh prvw frpprqo| vwxglhg iudphzrunv ohduqlqj lv frpsohwh lq
wkh vhqvh wkdw wkh hfrqrp| vhwwohv lq dq UHH li wkh ohduqlqj g|qdplfv frqyhujhv1 Iru
prvw flufxpvwdqfhv wkh frqglwlrq iru wkh frqyhujhqfh ri ohduqlqj g|qdplfv kdv wxuqhg
rxw wr eh wkh vr0fdoohg h{shfwdwlrqdo vwdelolw| +H0vwdelolw|, frqglwlrq1 Zh zloo gh�qh
H0vwdelolw| suhflvho| ehorz1

Wkh srvvlelolw| ri qrqfrqyhujhqfh ri ohduqlqj g|qdplfv kdv dovr ehhq frqvlghuhg lq
wkh olwhudwxuh1 Lw pd| eh wkh fdvh wkdw wkh hfrqrp| kdv qr vwdeoh UHH iru sduwlfxodu
ydoxhv ri wkh prgho sdudphwhuv15 Dqrwkhu srvvlelolw| lv wkdw ohduqlqj g|qdplfv lv lq0
frpsohwh lq wkh vhqvh wkdw lw kdv qr fkdqfh ri frqyhujlqj wr dq UHH iru dq| sdudphwhu
frq�jxudwlrq/ vhh h1j1 Vhfwlrq 8 ri +Hydqv dqg Krqndsrkmd 4<<<, iru d glvfxvvlrq dqg
uhihuhqfhv1 Wkh lqfrpsohwhqhvv ri ohduqlqj pd| dulvh iru gl�huhqw uhdvrqv1 Iluvw/ wkh
SOP pd| eh lqfruuhfwo| vshfl�hg1 Vhfrqg/ wkh surfhgxuh iru hvwlpdwlqj wkh SOP pd|
qrw |lhog h{dfw frqyhujhqfh1 Qhyhuwkhohvv/ g|qdplfv ri lqfrpsohwh ohduqlqj pd| jlyh d
jrrg dssur{lpdwlrq wr dfwxdo hfrqrplf gdwd16

Vhyhudo sdshuv lq wkh olwhudwxuh kdyh frqvlghuhg ohduqlqj zlwk d �qlwh phpru|/ dqg
vxfk uxohv kdyh ehhq vkrzq wr uhvxow lq frpsohwh ohduqlqj lq ydulrxv ghwhuplqlvwlf prghov1
Jlyhq vxlwdeoh ydoxhv ri vwuxfwxudo sdudphwhuv/ wkh ohduqlqj hfrqrp| fdq lqghhg �qg dq
UHH/ vhh h1j1 +Jxhvqhulh dqg Zrrgirug 4<<4,/ +Judqgprqw 4<;8,/ +Judqgprqw dqg
Odurtxh 4<;9,/ +Edodvnr dqg Ur|hu 4<<9,/ +Judqgprqw 4<<;,/ +Hydqv dqg Krqndsrkmd
5333d,/ dqg Vhfwlrq 5/ Fkdswhu : ri +Hydqv dqg Krqndsrkmd 5333e,/ wkrxjk iru rwkhu

4Qrwh wkdw wkh g|qdplfv duh hfrqrphwulfdoo| plvvshfl�hg gxulqj ohduqlqj/ exw wkh plvvshfl�fdwlrq
zloo glvdsshdu lq wkh olplw li wkh ohduqlqj g|qdplfv frqyhujhv wr dq UHH1

5Wklv lv glvfxvvhg h1j1 e| +Judqgprqw dqg Odurtxh 4<<4,/ +Exoodug 4<<7, dqg +Judqgprqw 4<<;,1
6+Pdufhw dqg Qlfrolql 4<<;, dujxh wkdw g|qdplfv zlwk fhuwdlq w|sh ri lqfrpsohwh ohduqlqj surylghv

d jrrg ghvfulswlrq ri wkh lq dwlrq surfhvvhv lq Odwlq Dphulfd1 +Vdujhqw 4<<<, vxjjhvwv wkdw d vlplodu
irup ri lqfrpsohwh ohduqlqj pd| eh dq hvvhqwldo lqjuhglhqw lq wkh ulvh dqg ghfolqh ri lq dwlrq lq srvw0zdu
Dphulfd1
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sdudphwhu ydoxhv wkh UHH pd| eh xqvwdeoh1 Lq frqwudvw/ ohduqlqj zlwk d �qlwh phpru|
lv nqrzq wr ohdg wr lqfrpsohwh ohduqlqj lq wkh vdph prghov zkhq udqgrp vkrfnv duh
suhvhqw1 Iru h{dpsoh/ li djhqwv wu| wr ohduq d vwhdg| vwdwh e| frpsxwlqj d vdpsoh
phdq iurp d �qlwh gdwd vhw ri �{hg ohqjwk/ wkh uhvxowlqj g|qdplfv fdqqrw frqyhujh wr d
udwlrqdo h{shfwdwlrqv vroxwlrq iru dq| sdudphwhu ydoxhv zkhq d udqgrp vkrfn lv suhvhqw/
vhh +Hydqv dqg Krqndsrkmd 4<<8e,1

D gl�huhqw prwlydwlrq iru ohduqlqj zlwk erxqghg +ru �qlwh, phpru| lv wkh revhuydwlrq
wkdw lw pd| eh rswlpdo iru dq| vlqjoh djhqw wr xvh d sduwlfxodu �qlwh phpru| ohqjwk li
doo rwkhu djhqwv lq wkh hfrqrp| duh xvlqj wkh vdph phpru| ohqjwk1 Lq rwkhu zrugv/
ohduqlqj zlwk erxqghg phpru| pd| dulvh dv d vhoi0frq�uplqj htxloleulxp zklfk lv lq
wkh vslulw ri +Vdujhqw 4<<<,1 +Plwud 5333, frqvlghuhg wklv srvvlelolw| lq vhwwlqjv zlwkrxw
vhoi0uhihuhqwldo dvshfwv1 Klv uhvxowv duh dssolfdeoh wr rxu iudphzrun dqg looxvwudwh wklv
srvvlelolw|1 Wklv jlyhv d ixuwkhu uhdvrq wr fkdudfwhul}h wkh g|qdplfv dulvlqj iurp ohduqlqj
zlwk erxqghg phpru|1

Wkhvh frqvlghudwlrqv lqylwh d ixuwkhu vwxg| lqwr wkh qdwxuh ri lqfrpsohwh ohduqlqj
zlwk �qlwh phpru| zkhq wkh hfrqrp| lv vxemhfw wr udqgrp vkrfnv1 Lq wklv sdshu zh vkrz
wkdw/ ghvslwh lqfrpsohwhqhvv/ g|qdplfv ri ohduqlqj fdq kdyh vhyhudo dwwudfwlyh surshuwlhv
lq vwdqgdug iudphzrunv1 Prvw lpsruwdqwo|/ H0vwdelolw| kdv d nh| uroh iru vwdwlrqdulw| ri
wkh ohduqlqj g|qdplfv1 Jhqhudoo| vshdnlqj/ xqghu H0vwdelolw| wkh vwdwh ri hfrqrp| kdv d
xqltxh lqyduldqw glvwulexwlrq lq wkh orqj uxq1 Ohduqlqj lv wkhq dv|pswrwlfdoo| xqeldvhg
lq wkh vhqvh wkdw wkh phdq ri wkh �uvw prphqw ri wkh iruhfdvw lv fruuhfw1 Wkhuh lv dovr
dssur{lpdwh frqyhujhqfh ri wkh kljkhu prphqwv zlwk wkh dssur{lpdwlrq lpsurylqj dv
wkh vxssruw ri wkh vkrfn ehfrphv vpdoo1 Ilqdoo|/ zh rewdlq vrph uhvxowv rq wkh lq xhqfh
ri wkh phpru| ohqjwk rq wkh uhvlgxdo yduldqfh ri wkh iruhfdvwv1

Wkhvh surshuwlhv vhhp uhodwlyho| lqwxlwlyh/ exw wkhlu suhflvh vwdwhphqwv uhtxluh frq0
vlghudeoh fduh1 Lq wklv sdshu zh ghulyh wkhvh uhvxowv iru vwdqgdug iudphzrunv/ zkhuh
djhqwv wu| wr ohduq d vwhdg| vwdwh1 Vhyhudo zhoo0nqrzq prghov idoo lqwr wkh fdwhjrulhv ri
prghov dqdo|}hg lq wklv sdshu/ dqg zh vwduw e| glvfxvvlqj wzr h{dpsohv1

H{dpsoh 41 +Wkh Pxwk pdunhw prgho, Frqvlghu d frpshwlwlyh pdunhw zlwk d sur0
gxfwlrq odj1 Ghpdqg lv dvvxphg wr eh d grzqzdug0vorslqj ixqfwlrq ri wkh pdunhw sulfh/
zkloh vxsso| ghshqgv rq wkh h{shfwhg sulfh lq frqvhtxhqfh ri d surgxfwlrq odj1 Iru vlp0
solflw|/ dvvxph wkdw vxssolhuv duh lghqwlfdo lq wkhlu hfrqrplf fkdudfwhulvwlfv/ lqfoxglqj
h{shfwdwlrqv dqg ohduqlqj uxohv1

Srvwxodwh wkh ghpdqg ixqfwlrq

^_| ' �� ��R|

dqg wkh vxsso| ixqfwlrq
^r| ' �2 n(.W

|3�R| n �|c

zkhuh ^�|c � ' _c rc ghqrwh txdqwlwlhv ghpdqghg dqg vxssolhg/ R| lv wkh pdunhw sulfh/
.W
|3�R| ghqrwhv wkh +lq jhqhudo qrq0udwlrqdo, sulfh h{shfwdwlrq ri wkh vxssolhuv/ dqg �| lv

dq ��_ udqgrp vkrfn zlwk phdq f1 �c��c �2 dqg ( duh srvlwlyh sdudphwhuv1
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Xvlqj htxdolw| ri vxsso| dqg ghpdqg/ wkh uhgxfhg irup ri wklv prgho wdnhv wkh irup

R| ' k n q.W
|3�R| n �|c +4,

zkhuh �| ' ��3��|/ k ' �3�E�� � �2� dqg q ' ��3�(17 D +vwrfkdvwlf, vwhdg| vwdwh
htxloleulxp fdq eh zulwwhq lq wkh irup

	R| '
k

�� q
n �|�

Wr prgho ohduqlqj lw lv srvwxodwhg wkdw djhqwv wklqn wkdw wkh hfrqrp| lv lq d vwhdg|
vwdwh exw gr qrw nqrz wkh ydoxh ri wkh frqvwdqw1 Lq rwkhu zrugv/ wkh| kdyh d SOP ri
wkh irup R| ' �n�| dqg wkh| irup dq hvwlpdwh ri wkh ydoxh ri � xvlqj sdvw revhuydwlrqv
rq sulfhv1 Lq wklv prgho wkh hvwlpdwh lv dovr wkh iruhfdvwhg sulfh .W

|3�R|1 Frpsxwlqj
wkh vdpsoh phdq iru d vhw ri gdwd lv wkh vwdqgdug vwdwlvwlfdo whfkqltxh iru hvwlpdwlqj dq
xqnqrzq phdq/ vr wkdw d qdwxudo hvwlpdwh ri � dw wlph | lv jlyhq e|

�| ' A3�
A[
�'�

R|3�

li djhqwv xvh sdvw A sulfhv lq frpsxwlqj wkh vdpsoh phdq1 Vxevwlwxwlqj wkh hvwlpdwh
lqwr +4, |lhogv

R| ' k n
q

A

A[
�'�

R|3� n �| +5,

zklfk lv dq dxwruhjuhvvlyh surfhvv ri rughu A +dq �-EA � surfhvv,1 Wkh iruhfdvw iru
wkh htxloleulxp sulfh lv dovr �

A

SA

�'� R|3� zklfk lv d udqgrp yduldeoh zlwk d qrqwulyldo
dv|pswrwlf yduldqfh li R| iroorzv +5,1 Wklv vkrzv wkdw iruhfdvwv iurp �qlwh0phpru| uxohv
fdqqrw frqyhujh wr udwlrqdo h{shfwdwlrqv htxloleuld1 Lq wklv sdshu zh duh lqwhuhvwhg lq
wkh surshuwlhv ri wkh g|qdplfv +5,1

H{dpsoh 51 Vhyhudo frpprq hfrqrplf prghov ohdg wr wkh uhgxfhg irup

+| ' kn q.W
| +|n� n �| +6,

lq zklfk wkh fxuuhqw ydoxh ri wkh hqgrjhqrxv yduldeoh ghshqgv rq lwv h{shfwhg ydoxh iru
qh{w shulrg1 Djdlq �| lv dq ��_ udqgrp vkrfn1 +Vrphwlphv dq h{rjhqrxv qrq0llg yduldeoh
lv dgghg wr wkh uhgxfhg irup1 Zh rplw lw iru vlpsolflw|1,

Iru h{dpsoh/ wkh ghpdqg iru prqh| lv dvvxphg wr eh d olqhdu ixqfwlrq ri h{shfwhg
lq dwlrq lq wkh vlpsoh prqhwdu| lq dwlrq prgho1 Dvvxplqj d frqvwdqw qrplqdo vwrfn ri
prqh| wkhq |lhogv +6, dv wkh uhgxfhg irup1 Rwkhu h{dpsohv ohdglqj wr +6, duh wkh prgho
ri d vpdoo rshq hfrqrp| zlwk sxufkdvlqj srzhu sdulw| rq sulfhv dqg rshq lqwhuhvw udwh

7Vrph rwkhu prghov/ h1j1 d yhuvlrq ri wkh +Oxfdv 4<:6, lvodqg prgho/ dovr ohdg wr wkh vdph uhgxfhg
irup1 Lq Oxfdv* prgho � A 3=
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sdulw|/ dqg wkh prgho ri ulvn0qhxwudo dvvhw sulflqj lq zklfk wkh fxuuhqw dvvhw sulfh lv wkh
suhvhqw ydoxh ri h{shfwhg sulfh qh{w shulrg soxv glylghqgv18

Prgho +6, kdv d vwrfkdvwlf vwhdg| vwdwh vroxwlrq ri wkh irup +| ' 	� n �|/ zkhuh
	� ' k

�3q
c dqg d qdwxudo ohduqlqj uxoh wr hvwlpdwh wkh frqvwdqw/ dvvxphg xqnqrzq/ lv

frpsxwdwlrq wkh vdpsoh phdq iurp d vhw ri sdvw ydoxhv ri +|/ l1h1 wkh hvwlpdwh lq shulrg
| lv jlyhq e| �| ' A3�

SA

�'� +|3�1 +Wklv dvvxphv wkdw fxuuhqw ydoxh ri +| lv qrw xvhg lq
wkh hvwlpdwlrq1 Wklv dyrlgv d vlpxowdqhlw| sureohp lq wkh prgho1, Djdlq wkh g|qdplfv
ri ohduqlqj fdq eh ghvfulehg e| dq �-EA � surfhvv1

Wkhvh wzr h{dpsohv kdyh d frqyhqlhqw olqhdulw| surshuw|/ dqg wkh ohduqlqj g|qdplfv
fdq eh dqdo|}hg e| vwdqgdug whfkqltxhv iurp wlph vhulhv dqdo|vlv1 Zh zloo vwxg| wkh
�uvw dqg vhfrqg prphqwv ri wkh ohduqlqj g|qdplfv ghvfulehg e| wkh �-EA � surfhvv lq
Vhfwlrq 51 Lq Vxevhfwlrq 518 zh zloo looxvwudwh wkh srvvlelolw| wkdw ohduqlqj zlwk erxqghg
phpru| pd| eh d vhoi0frq�uplqj htxloleulxp1

Qrqolqhdu prghov zlwk vwrfkdvwlf vwhdg| vwdwhv dovr dsshdu lq wkh olwhudwxuh1 Lq
Vhfwlrq 6 zh wdnh xs d jhqhudo fodvv ri qrqolqhdu prghov zklfk zdv dqdo|}hg iru frpsohwh
ohduqlqj e| +Hydqv dqg Krqndsrkmd 4<<8e,1 Lw wxuqv rxw wkdw/ iru prghov zlwk vpdoo
vkrfnv/ H0vwdelolw| lpsolhv xvhixo dv|pswrwlf surshuwlhv iru ohduqlqj g|qdplfv orfdoo|
durxqg d vwhdg| vwdwh zkhq djhqwv wu| wr ohduq d +vwrfkdvwlf, vwhdg| vwdwh zlwk d qdwxudo
�qlwh0phpru| uxoh1 Zh dovr olqhdul}h wkh surfhvv dqg rewdlq dq dssur{lpdwlrq zklfk lv
dq �-��EAc A � surfhvv1

Vwdwlrqdulw| ri wklv �-�� dssur{lpdwlrq lv eulh | dqdo|}hg lq Vhfwlrq 71 Wkhuh
zh dovr frqvlghu d jhqhudol}dwlrq ri prgho +6, lq H{dpsoh 5 wr lqfrusrudwh revhuydwlrq
huuruv1 Lw lv vkrzq wkdw H0vwdelolw| |lhogv vwdwlrqdulw| ri erwk surfhvvhv1

Vhfwlrq 8 frqfoxghv1

5 Olqhdu DU Prghov

514 Suholplqdulhv

Zh vwduw zlwk wkh fodvv ri prghov phqwlrqhg lq H{dpsohv 4 dqg 5 ri wkh Lqwurgxfwlrq1
Uhfdoo wkdw wkhvh duh ri wkh iroorzlqj jhqhudo irup

%| ' k n q.W
|3�%| n �|c +7,

ru

%| ' kn q.W
| %|n� n �| +8,

ghshqglqj rq wkh gdwlqj ri wkh h{shfwdwlrqv dqg wlph shulrg wkh| frqfhuq1 Khuh %| lv
dq hqgrjhqrxv yduldeoh/ .W

| %|n� lv wkh vxemhfwlyh h{shfwdwlrq ri %|n� khog e| djhqwv dw
wlph | dqg �| lv d vhtxhqfh ri zklwh qrlvh vkrfnv1

8Vhh Vhfwlrq 61614 ri +Hydqv dqg Krqndsrkmd 4<<<,/ ru Vhfwlrq :/ Fkdswhu < ri +Hydqv dqg
Krqndsrkmd 5333e,/ iru pruh ghwdlohg glvfxvvlrqv dqg uhihuhqfhv1
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Zh irfxv rq vwhdg| vwdwh vroxwlrqv ri prghov +7, dqg +8,19 Wkhvh udwlrqdo h{shfwdwlrqv
vroxwlrqv pd| eh zulwwhq dv %| ' 	�n�|c zkhuh 	� ' k

�3q
� Dv glvfxvvhg deryh/ lq prgholqj

ohduqlqj zh srvwxodwh wkdw djhqwv wklqn wkdw wkh| duh lq d vwhdg| vwdwh exw gr qrw nqrz
wkh ydoxh ri wkh frqvwdqw 	�1 Lq rwkhu zrugv/ wkh| kdyh d SOP ri wkh irup %| ' � n �|
dqg wkh| irup dq hvwlpdwh ri wkh ydoxh ri � xvlqj sdvw revhuydwlrqv rq %|1 Lq wkh fodvv
ri prghov fryhuhg e| H{dpsoh 4 wkh hvwlpdwh lv dovr wkh iruhfdvw .W

|3�%| +ru .
W
| %|n� iru

wkh fodvv fryhuhg e| H{dpsoh 5,1
Ehiruh frqvlghulqj ohduqlqj zh gh�qh suhflvho| wkh frqfhsw ri H0vwdelolw| zklfk/ dv

qrwhg/ zloo sod| d nh| uroh1 Zlwk wkh SOP ri wkh deryh irup djhqwv xvh wkh hvwlpdwhg
ydoxh ri wkh frqvwdqw dv wkhlu iruhfdvw1 Li � lv wkh ydoxh ri wkh iruhfdvw wkh whpsrudu|
htxloleulxp ru dfwxdo odz ri prwlrq +DOP, ri wkh hfrqrp| lv jlyhq e|

%| ' kn q�n �|�

Wklv gh�qhv d pdsslqj iurp wkh SOP wr wkh DOP zklfk wdnhv wkh irup A E�� ' knq�1
H0vwdelolw| lv gh�qhg e| frqvlghulqj wkh ruglqdu| gl�huhqwldo htxdwlrq

_�

_�
' A E��� ��

Li wklv gl�huhqwldo htxdwlrq lv orfdoo| dv|pswrwlfdoo| vwdeoh +o1d1v1, dw wkh UHH 	� ' k
�3q

/
wkhq wkh htxloleulxp lv vdlg wr eh zhdno| H0vwdeoh1 Wkh irupdo H0vwdelolw| frqglwlrq lv
A �E 	�� ' q 	 �1 Wklv irupxodwlrq ri H0vwdelolw| lv forvho| frqqhfwhg wr frqyhujhqfh ri
uhdo0wlph ohduqlqj vfkhphv/ vhh +Hydqv dqg Krqndsrkmd 4<<<, iru d uhfhqw vxuyh| dqg
+Hydqv dqg Krqndsrkmd 5333e, iru d ghwdlohg glvfxvvlrq1

Wklv qrwlrq kdv ehhq vwuhqjwkhqhg lq vhyhudo zd|v lq wkh olwhudwxuh1 Iru wkh uhvxowv
ri wklv sdshu wkh frqfhsw ri lwhudwlyh H0vwdelolw| wxuqv rxw wr eh fhqwudo1 Zh vwd| wkdw
wkh UHH lv lwhudwlyho| H0vwdeoh li lw lv orfdoo| dv|pswrwlfdoo| vwdeoh lq lwhudwlrqv ri wkh
A �6@R/ l1h1 li wkh gl�huhqfh htxdwlrq

�?n� ' A E�?�

lv orfdoo| dv|pswrwlfdoo| vwdeoh dw 	�1 Wkh irupdo frqglwlrq iru lwhudwlyh H0vwdelolw| lv���A �E 	��
��� ' mqm 	 � lq wklv fdvh1

Wkh qrwlrq ri lwhudwlyh H0vwdelolw| lv uhodwhg wr frqfhswv ri udwlrqdol}delolw| lq jdph
wkhru|/ dqg wkh frqqhfwlrq ehwzhhq wkhvh frqfhswv kdv ehhq h{soruhg e| +Jxhvqhulh 4<<5,
dqg +Hydqv dqg Jxhvqhulh 4<<6, lq wkh frqwh{w ri udwlrqdo h{shfwdwlrqv1 Zh dovr uhpdun
wkdw dqrwkhu uhodwhg frqfhsw lv vwurqj H0vwdelolw| lq zklfk wkh H0vwdelolw| lv uhtxluhg wr
eh urexvw wr ryhusdudphwhul}dwlrqv ri wkh SOP ri wkh djhqwv1 Iru wkh olqhdu iudphzrunv
+7, dqg +8, ri wklv vhfwlrq zhdn dqg vwurqj H0vwdelolw| kdsshq wr frlqflgh/ zkloh iru wkh
qrqolqhdu prghov lq wkh qh{w vhfwlrq wkh frqglwlrq iru lwhudwlyh H0vwdelolw| lv lghqwlfdo wr
wkdw ri vwurqj H0vwdelolw|1:

9Dv lv zhoo0nqrzq/ +8, fdq kdyh rwkhu vroxwlrqv ehvlghv vwhdg| vwdwhv1
:Glvfxvvlrqv ri wkh H0vwdelolw| frqfhswv iru gl�huhqw iudphzrunv duh jlyhq lq +Hydqv dqg Krqndsrkmd

4<<8d,/ +Hydqv dqg Krqndsrkmd 4<<<, dqg +Hydqv dqg Krqndsrkmd 5333e,1

9



515 Vwdwlrqdulw| dqg Xqeldvhgqhvv

Diwhu wkhvh suholplqdulhv zh ehjlq wr dqdo|}h ohduqlqj g|qdplfv zlwk erxqghg phpru|
iru prghov +7, dqg +8,1 Dv qrwhg deryh/ frpsxwlqj wkh vdpsoh phdq iru d vhw ri gdwd lv
wkh vwdqgdug zd| iru hvwlpdwlqj dq xqnqrzq frqvwdqw/ vr wkdw dq hvwlpdwh ri � dw wlph
| lv jlyhq e|

A3�
A[
�'�

%|3� +9,

li djhqwv xvh sdvw A sulfhv lq frpsxwlqj wkh vdpsoh phdq1; Zh zloo fdoo A wkh phpru|
ohqjwk1 Iru vrph uhvxowv zh fdq lq idfw frqvlghu iruhfdvwlqj e| d zhljkwhg vdpsoh phdq/
l1h1

A[
�'�

>�%|3�/ zkhuh ;� G >� � f dqg
A[
�'�

>� ' �� +:,

+9, lv reylrxvo| d vshfldo fdvh ri +:,1
Vxevwlwxwlqj wkh zhljkwhg phdq lqwr +7, ru +8, |lhogv

%| ' k n q
A[
�'�

>�%|3� n �| +;,

zklfk lv dq dxwruhjuhvvlyh surfhvv ri rughu A +dq �-EA � surfhvv,1 Wkh �uvw txhvwlrq
rqh qhhgv wr dvn derxw vxfk d surfhvv lv zkhwkhu lw lv vwdwlrqdu| ru qrw1 Wklv txhvwlrq
lv dqvzhuhg lq wkh iroorzlqj sursrvlwlrq1

Sursrvlwlrq 4 +l, Li wkh vwhdg| vwdwh lv lwhudwlyho| H0vwdeoh/ l1h1 mqm 	 �c wkhq %| lv
+fryduldqfh, vwdwlrqdu| iru doo A � ��

+ll, Li lw lv zhdno| H0xqvwdeoh/ l1h1 q : �/ wkhq wkh surfhvv lv qrq0vwdwlrqdu|1<

Surri1 Frqvlghu wkh iroorzlqj htxdwlrq

�� qPA
�'�>�5

� ' f +<,

Zh qhhg wkh urrwv ri +<, wr eh rxwvlgh wkh xqlw flufoh iru vwdwlrqdulw|1
Vxssrvh wkdw mqm 	 �� Wkhq zh kdyh

� 	

���� �q
���� ' ��PA

�'�>�5
�
�� � PA

�'�>� m5m� c +43,

zkhuh wkh �qdo lqhtxdolw| iroorzv iurp wkh wuldqjoh lqhtxdolw|1 Vxssrvh wkdw iru d urrw
	5 zh kdyh m	5m � �� Wkhq iru doo �c m	5m� � �� Lw wkhq iroorzv iurp +43, wkdw

� 	 PA
�'�>� m5m� � PA

�'�>� ' �

;Zh qrwh wkdw/ xqolnh lq lq�qlwh phpru| ohduqlqj/ lw lv qrw srvvleoh wr frpsxwh wkh vdpsoh phdq ri wkh
suhylrxv W sulfhv iurp wkh fruuhvsrqglqj dyhudjh lq wkh suhylrxv shulrg/ wkh qxpehu ri revhuydwlrqv
dqg wkh qhz revhuydwlrq1 Lq rwkhu zrugv/ erxqghg phpru| ohduqlqj fdqqrw eh zulwwhq lq uhfxuvlyh
idvklrq1

<Wkh surfhvv lv dovr qrq0vwdwlrqdu| iru � @ 41

:



zklfk lv d frqwudglfwlrq1 Wklv suryhv +l,1
Wr suryh +ll, frqvlghu wkh fkdudfwhulvwlf sro|qrpldo

REb� ' bA � q>�b
A3� � q>2b

A32 � ���� q>A3�b� q>A +44,

Li q : � zh kdyh RE�� 	 f/ vr wkdw e| frqwlqxlw| REb� pxvw kdyh d urrw juhdwhu wkdq rqh1
Wklv suryhv +ll,1 +Qrwh wkdw li q ' �/ wkhq b ' � lv d urrw1,

Zhdn H0vwdelolw| kdv dovr d ixuwkhu lpsolfdwlrq=

Fruroodu| 5 Li wkh vwhdg| vwdwh lv zhdno| H0vwdeoh/ l1h1 q 	 �/ wkhq lq wkh fdvh +9, ri
htxdo zhljkwv <A W G ;A � A W wkh surfhvv lv vwdwlrqdu|1

Surri1 Zh frqvlghu rqo| wkh fdvh q 	 �� gxh wr Sursrvlwlrq 41 Zh edvlfdoo| uhsolfdwh
wkh surri ri +Jlrqd 4<<4,1 Frqvlghu wkh fkdudfwhulvwlf sro|qrpldo +44, zklfk pd| eh
uhzulwwhq lq wklv fdvh dv

REb� ' bA n
mqm E�� bA �

E�� b�A

Gh�qh ^Eb� G' E��b�REb��Revhuylqj wkdw b ' � lv qrw dq hljhqydoxh +vlqfh RE�� : f�/
wkh urrwv ri ^Eb� duh wkh vdph dv wkdw ri REb�� Wkh urrwv ri ^Eb�c rq wkh rwkhu kdqg/ duh
jlyhq e| vroylqj wkh htxdwlrq

bAi�b n E�� mqm
A

�jn mqm
A

' f� +45,

Iurp +45, zh kdyh +rq uh0duudqjlqj,

mbm '
������ mqm

A
n

mqm
AbA

���� �
������ mqm

A

���� n mqm
A
��bA ��

Wkh surri qrz surfhhgv e| frqwudglfwlrq1 Dvvxph wkdw wkhuh h{lvwv vrph hljhqydoxh b
vxfk wkdw mbm : �� Wkhq zh fdq fkrrvh A W vxfk wkdw ;A � A W zh kdyh �q�

A
	 � dqg��bA �� : 2� Frqvhtxhqwo| ;A � A W lw lv wuxh wkdw

mbm 	 �� mqm
A

n
mqm
2A

' �� mqm
2A

	 �

zklfk frqwudglfwv mbm : �� Qrz ohw xv dvvxph wkdw ;A � A W wkhuh h{lvwv dw ohdvw rqh
hljhqydoxh rq wkh xqlw flufoh/ wkdw lv/ b ' e�w� Lq wklv fdvh zh kdyh

� '

���� mqmA e3�A w n E�� mqm
A

�

����
Wklv odvw htxdwlrq lpsolhv w ' fc exw zh kdyh douhdg| uxohg rxw b ' � dv dq hljhqydoxh1

Khqfh ;A � A Wc doo wkh hljhqydoxhv duh lqvlgh wkh xqlw flufoh1
Wkh uhvxowv ghprqvwudwh wkdw lwhudwlyh dqg zhdn H0vwdelolw| duh forvho| frqqhfwhg

wr vwdwlrqdulw| surshuwlhv iru ohduqlqj g|qdplfv zlwk qdwxudo �qlwh0phpru| uxohv iru

;



ohduqlqj d vwrfkdvwlf vwhdg| vwdwh1 Zlwk vxfk uxohv h{dfw frqyhujhqfh fdqqrw rewdlq/
exw vwdwlrqdulw| suhydlov li wkh xqghuo|lqj prgho kdv dq lwhudwlyho| H0vwdeoh UHH dqg lw
pd| suhydlo hyhq zlwk mxvw zhdn H0vwdelolw|1

Li wkh g|qdplfv lv vwdwlrqdu|/ lw pdnhv vhqvh wr frqvlghu ixuwkhu surshuwlhv ri ohduqlqj
zlwk wkhvh �qlwh0phpru| uxohv1 Lqvshfwlqj +;, lw lv lpphgldwho| vhhq wkdw wkh xqfrq0
glwlrqdo phdq ri %| frqyhujhv wr wkh udwlrqdo vwhdg| vwdwh k

�3q
xqghu wkh srvwxodwhg

ohduqlqj uxoh/ dqg wkhuhiruh wkh +xqfrqglwlrqdo, phdq ri wkh iruhfdvw dovr frqyhujhv wr
wkh vdph ydoxh1 Wkxv zh kdyh=

Sursrvlwlrq 6 Li wkh g|qdplfv +;, lv vwdwlrqdu|/ wkhq ohduqlqj lv dv|pswrwlfdoo| xqel0
dvhg iru doo A � �/ l1h1 wkh phdq ri wkh iruhfdvw

SA

�'� >�%|3� frqyhujhv/ dv | $ 4/ wr
wkh vwhdg| vwdwh 	� ' k

�3q
1

Wklv uhvxow vkrzv wkdw dw hdfk phpru| ohqjwk wkh iruhfdvwv surylgh/ rq dyhudjh/ wkh
fruuhfw hvwlpdwh ri wkh vwhdg| vwdwh1

516 Vhfrqg Prphqw Surshuwlhv

Khuh zh duh lqwhuhvwhg lq ghwhuplqlqj wkh dv|pswrwlf yduldqfh ri hvwlpdwlrq huuruv zkhq
wkh surfhvv lv vwdwlrqdu|1 Zh wkxv lpsrvh zhdn H0vwdelolw|/ l1h1 q 	 � +dqg vwuhqjwkhq
lw li qhfhvvdu|,1 Lq rughu wr frpsxwh wklv yduldqfh zh �uvw qhhg wr fdofxodwh wkh vhfrqg
prphqwv ri wkh %| surfhvv1 Wklv lv d vwdqgdug sureohp lq wlph vhulhv hfrqrphwulfv/ dqg
rqh pdnhv xvh ri wkh \xoh Zdonhu htxdwlrqv/ vhh h1j1 Fkdswhu 6 ri +Kdplowrq 4<<7,1 Wkh
\xoh Zdonhu htxdwlrqv iru wklv �-EA � surfhvv |lhog d v|vwhp ri A vlpxowdqhrxv olqhdu
htxdwlrqv zklfk fdq eh vroyhg iru wkh �uvw A dxwr0fruuhodwlrqv ri wkh surfhvv1

Iluvw gh�qh wkh �� |� dxwr0fruuhodwlrq dv

4� G'
�J�E%|3�c%|�

T @oE%|�
c

zkhuh �J�E%|3�c%|� ghqrwhv wkh fryduldqfh ehwzhhq %|3� dqg %| dqg T @oE%|� ghqrwhv
wkh yduldqfh ri %|� Wr hfrqrpl}h rq qrwdwlrq zh dovr gh�qh @ G' q

A
1 Wkh \xoh Zdonhu

htxdwlrqv lq rxu fdvh duh

4� ' @n @E4� n 42 n ���n 4A3��

42 ' @4� n @n @E4� n 42 n ��� n 4A32�

4� ' @E42 n 4�� n @n @E4� n 42 n ���n 4A3��

�������

4A3� ' @E4A32 n 4A3� n ��� n 4�� n @ n @4�
4A ' @E4A3� n 4A32 n ��� n 4�� n @

Wkh vroxwlrq wr wklv v|vwhp lv jlyhq lq wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 7 Li mqm 	 �c wkhq wkh deryh v|vwhp ri htxdwlrqv kdv d xqltxh vroxwlrq
4� ' 4 ' q

E�3q�Anq
c iru doo � vxfk wkdw � � � � A�

<



Surri1 Wkh A olqhdu vlpxowdqhrxv htxdwlrqv qhhg wr eh vroyhg iru wkh A xqnqrzqv
4�c 42c ���c 4A � Krzhyhu/ rq fduhixo revhuydwlrq rqh vhhv wkdw wkh iroorzlqj lv wuxh 4� ' 4A >
42 ' 4A3�> 4� ' 4A32 ru/ lq jhqhudo/ 4� ' 4A3�n��

Wklv phdqv wkdw zh fdq uhgxfh wkh glphqvlrqdolw| ri wkh htxdwlrqv wr eh vroyhg iru1
Dv phqwlrqhg deryh/ rqh fdq pdwfk wkh dxwr0fruuhodwlrqv sdluzlvh/ vr wkdw zh kdyh wr
glvwlqjxlvk ehwzhhq wzr fdvhv= zkhq A lv hyhq dqg zkhq A lv rgg1 Zh �uvw frqvlghu wkh
fdvh zkhq A lv hyhq1

FDVH 4= A ' 2� ( � lv d srvlwlyh lqwhjhu juhdwhu wkdq ru htxdo wr 2� Lq wklv fdvh zh
fdq uhgxfh wkh deryh vhw ri A htxdwlrqv lqwr � htxdwlrqv wr vroyh iru wkh � xqnqrzqv
4�c 42c ���c 4� � Wkh uhvxowlqj � htxdwlrqv duh

4� ' @n @E4� n 242 n ��� n 24��

42 ' @4� n @ n @E4� n 42 n 24� n ��� n 24��

�������

4�3� ' @E4�32 n 4�3� n ���n 4�� n @n @E4� n ��� n 4�3� n 24��

4� ' @E4�3� n 4�32 n ���n 4�� n @n @E4� n ��� n 4�3� n 4���

Wkhuh lv dq hdv| zd| wr vroyh wkh deryh vhw ri htxdwlrqv1 Iluvw/ vxewudfw wkh vhfrqg
htxdwlrq iurp wkh �uvw wr jhw 4�� 42 ' @E 42� 4�� ru E4�� 42�E�� @� ' f� Vlqfh mqm 	 �
lpsolhv wkdw m@m 	 � iru doo A � �c zh jhw 4� ' 42� Dqdorjrxvo|/ lq jhqhudo/ vxewudfwlqj
htxdwlrq � n � iurp htxdwlrq � +zkhuh � � � � � � �� rqh jhwv E4� � 4�n��E�� @� ' fc
vr wkdw 4� ' 4�n��

Wklv suryhv wkdw doo wkh dxwr0fruuhodwlrqv duh wkh vdph vr wkdw zh fdq jhw wkh frpprq
ydoxh/ vd| 4c iurp d vlqjoh htxdwlrq1 Wklv |lhogv E�� @� 2@E� � ���4 ' @ ru

4 '
@

�� @� 2@E� � ��
'

@

�� @EA � ��
�

FDVH 5= A ' 2� n �( � lv d srvlwlyh lqwhjhu juhdwhu wkdq htxdo wr 2� Lq wklv fdvh
zh fdq uhgxfh wkh deryh vhw ri A htxdwlrqv lqwr � n� htxdwlrqv wr vroyh iru wkh � n�
xqnqrzqv 4�c 42c ���c 4� c 4�n�� Wkh uhvxowlqj � n � htxdwlrqv duh

4� ' @ n @E4� n 242 n ���n 24� n 24�n��

42 ' @4� n @n @E4� n 42 n 24� n ���n 24� n 4�n��

��������

4� ' @E4�3� n 4�32 n ���n 4�� n @ n @E4� n ���n 4� n 4�n��

4�n� ' @E4� n 4�3� n ���n 4�� n @n @E4� n ���n 4�3� n 4���

Qrwh wkdw lq wklv fdvh zh jhw dq h{wud htxdwlrq fruuhvsrqglqj wr wkh xqpdwfkhg
dxwrfruuhodwlrq dw odj�n�� Khuh/ dqdorjrxvo| dv iru wkh �uvw fdvh/ vxewudfwlqj htxdwlrq
� iurp htxdwlrq � n � iru doo � � � � � zh jhw 4� � 4�n� ' �@4� n @4�n� zklfk lpsolhv
E4� � 4�n��E�� @� ' f/ dqg vlqfh @ 9' � zh jhw 4� ' 4�n��

Wklv suryhv wkdw djdlq zh kdyh 4� ' 4 iru doo � � � � � n�� Xvlqj wklv idfw zh fdq
qrz hdvlo| jhw 4 iurp wkh �uvw htxdwlrq1 Wklv djdlq jlyhv xv 4 ' @

�3@EA3��
�
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Qrwh wkdw wklv dovr vkrzv wkdw wkh vroxwlrq lv xqltxh1 Vr �qdoo| zh jhw wkh frpprq
ydoxh ri 4 iru doo A � � dv

4 '
@

�� @EA � ��
'

q

A

�� q

A
EA � ��

'
q

E�� q�A n q
�

Wklv suryhv wkh sursrvlwlrq iru doo A � e� Rqh fdq dovr fkhfn hdvlo| wkdw wkh vdph lv
wuxh iru A ' �c 2c ��

Zh duh qrz lq d srvlwlrq wr jhw wkh dv|pswrwlf yduldqfh ri %|� Iluvw gh�qh �� wr eh
wkh �|� dxwrfryduldqfh/ vr wkdw

4� '
��
�f

c

zkhuh �f lv wkh dv|pswrwlf yduldqfh ri %|� Iurp +Kdplowrq 4<<7,/ s1 8</ zh kdyh �f '

@
SA

�'� �� n j2 ' @�f
SA

�'� 4� n j2 ' �f@A4n j2 ' �fE
q2

E�3q�Anq
� n j2� Vr �qdoo| vroylqj

iru �f |lhogv

�f ' j2E�� q2

E�� q�A n q
�3� ' j2E

E�� q�A n q

E�� q�EA n q�
��

Fohduo| �f lv ghfuhdvlqj lq A dqg lq j2 li wkh surfhvv lv vwdwlrqdu|1
Zh �qdoo| wxuq wr wkh iruhfdvw huuru wr vhh krz lw ehkdyhv zlwk A� Ghqrwh wkh iruhfdvw

huuru ri wkh ohdvw vtxduhv hvwlpdwh iurp wkh UHH edvhg rq phpru| A dv t|EA �� Zh kdyh/
e| gh�qlwlrq/

t|EA � '
A[
�'�

�

A
%|3� � 	��

Sursrvlwlrq 8 Li mqm 	 �c wkh dv|pswrwlf yduldqfh ri iruhfdvw huuru/ Ydu+t|EA ��c gh0
fuhdvhv prqrwrqlfdoo| zlwk A dqg lqfuhdvhv zlwk j2� Dv A $ 4c Ydu+t|EA �� $ f�

Surri1 T @oEt|EA �� ' T @oE
SA

�'�
�
A
%|3��1 Wkxv

T @oEt|EA �� ' E
�

A
�2d

A[
�'�

T @oE%|3�� n
A[
�'�

A[
�'�c� �'�

�J�E%|3�c %|3��o

' E
�

A
�2d

A[
�'�

�f n 2
A[
�'�

A[
�'�c�	�

�J�E%|3�c %|3��o

' E
�

A
�2dA�f n 2�f4iEA � �� n EA � 2� n ���n 2 n �jo

' E
�

A
�2dA�f n 2�f4

A EA � ��

2
o '

�fd� n EA � ��4o

A
'

j2

E�� q�Eq n A �
�

Li m q m	 �c wklv lv fohduo| ghfuhdvlqj prqrwrqlfdoo| lq A dqg lqfuhdvlqj lq j2� Dovr
qrwh wkdw *�4A<" T @oEt|EA �� ' f�

Zh qrwh wkdw lw fdq vlploduo| eh vkrzq wkdw wkh dv|pswrwlf yduldqfh ri wkh iruh0
fdvw huuru dv fdofxodwhg iurp wkh dfwxdo sulfh/ l1h1

SA

�'�
�
A
%|3� � %| iru prgho +7, dqg
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SA

�'�
�
A
%|3� � %|n� iru prgho +8,/ uhvshfwlyho|/ duh ghfuhdvlqj lq A dqg lqfuhdvlqj lq j21

Lq wkh olplw A $ 4 wkh| erwk jr wr j21
Zh looxvwudwh wkh g|qdplfv +;, iru htxdo zhljkwv zlwk vlpxodwlrqv1 Zh vhw k ' Dc q '

�e dqg dvvxph d xqlirupo| glvwulexwhg vkrfn zlwk vxssruw d�f��c f��o1 Wkh g|qdplfv
zhuh uxq iru Dfff shulrgv dqg wkh �jxuhv vkrz wkh odvw �ff shulrgv1 Iljxuh 4D glvsod|v
wkh dfwxdo ydoxh iru %| iru wzr vlpxodwlrqv zkhq phpru| ohqjwkv D dqg Df zhuh dvvxphg
+vwdu ghqrwhv wkh g|qdplfv zlwk wkh kljkhu phpru| ohqjwk lq Iljxuhv 4D dqg 4E,1 Zh
qrwh wkh fohdu uhgxfwlrq lq wkh yrodwlolw| iru wkh orqjhu phpru| ohqjwk1 Iljxuh 4E vkrzv
wkh vdph vlpxodwlrq zlwk phpru| ohqjwkv Df dqg Dff1 Lqwhuhvwlqjo|/ wklv ixuwkhu whq0irog
lqfuhdvh lq phpru| ohqjwk glg qrw uhgxfh wkh yrodwlolw| pxfk ixuwkhu1 Ilqdoo|/ Iljxuh
4F frpsduhv wkh g|qdplfv zlwk phpru| ohqjwk Df wr wkh UH vroxwlrq zklfk lq wklv fdvh
lv mxvw frqvwdqw soxv qrlvh +vtxduhv lqglfdwh wkh UH ydoxhv dqg wuldqjohv wkh ohduqlqj
vroxwlrq,1 Wkhvh wzr surfhvvhv duh dssduhqwo| udwkhu forvh wr hdfk rwkhu1

ILJXUHV 4D/ 4E DQG 4F DERXW KHUH

517 Jhqhudol}dwlrq wr Kljkhu Rughu Prghov

Wkh suhfhglqj uhvxowv fdq eh hdvlo| jhqhudol}hg iru wkh vwhdg| vwdwhv ri vrph kljkhu rughu
olqhdu prghov1 Iru h{dpsoh/ frqvlghu wkh prgho

%| ' k n qf.
W
|3�%| n q�.

W
|3�%|n� n �|

�uvw dqdo|}hg lq +Hydqv 4<;8, iru H0vwdelolw|1
Li wkh djhqwv kdyh d SOP ri wkh vwrfkdvwlf vwhdg|0vwdwh irup

%| ' @n �|

wkh lwhudwlyh H0vwdelolw| frqglwlrq lv mqf n q�m 	 �143 Dvvxph qrz wkdw djhqwv pdnh
iruhfdvwv ri wkh xqnqrzq frqvwdqw @ e| frpsxwlqj wkh vdpsoh phdq @| '

SA

�'�
�
A
%|3�

iurp sdvw gdwd %|3�c � � � c %|3A dqg xvlqj wkh hvwlpdwh dv wkh iruhfdvw1 Wkh dfwxdo odz ri
prwlrq lv jlyhq e|

%| ' k n Eqf n q��@| n �| ' k n Eqf n q��
A[
�'�

�

A
%|3� n �|c

zklfk lv dq �-EA � surfhvv1 Wklv surfhvv lv d yhu| plqru prgl�fdwlrq wr +;,/ dqg wkh
deryh uhvxowv dsso| wr wklv iudphzrun144

43Vhh +Hydqv 4<;8,1 Hydqv* gh�qlwlrq ri H0vwdelolw| lv lwhudwlyh H0vwdelolw| lq rxu whuplqrorj|1 +Wkh
glvwlqfwlrq ehwzhhq H0vwdelolw| dqg lwhudwlyh H0vwdelolw| zdv pdgh rqo| pruh uhfhqwo|1, Qrwh wkdw rqh
frxog pdnh d glvwlqfwlrq ehwzhhq zhdn dqg vwurqj lwhudwlyh H0vwdelolw|/ exw wklv lv qrw qhhghg lq wklv
sdshu1

44Wkh qhz ihdwxuh eurxjkw e| wkh jhqhudol}dwlrq lv wkdw wklv iudphzrun kdv rwkhu htxloleuld ehvlghv
vwhdg| vwdwhv1
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518 ErxqghgPhpru| Ohduqlqj dv Vhoi0Frq�uplqj Htxloleulxp

Wkh suhfhglqj uhvxowv fkdudfwhul}h wkh g|qdplfv ri %| zkhq doo djhqwv xvh wkh vdph �qlwh
phpru| ohqjwk1 Lq hduolhu zrun +Plwud 5333, vkrzhg wkdw xvh ri �qlwh phpru| pd| eh
rswlpdo iru d vlqjoh djhqw lq vkruw whup iruhfdvwlqj ri dq h{rjhqrxv vwdwlrqdu| �-E��
surfhvv1 Khuh zh vkrz wkdw lq d vhoi0uhihuhqwldo vhwwlqj lw pd| vrphwlphv eh rswlpdo iru
dq| vlqjoh djhqw wr xvh erxqghg phpru| ohduqlqj zkhq doo rwkhu djhqwv dovr gr vr1

Lq prgho +7, vxssrvh wkdw doo djhqwv xvh phpru| ohqjwk A ' � lq wkhlu iruhfdvwlqj1
Grhv dq| vlqjoh djhqw kdyh dq lqfhqwlyh wr xvh A : �c jlyhq wkdw doo rwkhu djhqwv frqwlqxh
wr xvh A ' �B Lq wklv dqdo|vlv zh dvvxph wkdw wkh remhfwlyh ixqfwlrq iru wkh djhqw lv
wkh plqlpl}dwlrq ri wkh dv|pswrwlf +| $ 4, Phdq Vtxduhg Huuru +PVH, ri klv iruhfdvw
huuru1 Lw wxuqv rxw wkdw wkh djhqw grhv qrw zdqw wr ghyldwh iurp xvlqj phpru| ohqjwk
A ' � li � : q : f�D�

Zkhq doo djhqwv xvh A ' �c wkh wuxh odz ri prwlrq ri wkh sulfh R| lv dq �-E��
surfhvv e| +5,1 D vlqjoh djhqw frpsxwhv wkh iruhfdvw ri R| e| A3�

SA

�'� R|3�� Irupdoo|/
wkh txhvwlrq lv wr �qg wkh ydoxh ri A wkdw plqlpl}hv

*�4 |<".dA3�

A[
�'�

R|3� � R|o
2�

Lw fdq eh vkrzq wkdw wklv lv h{dfwo| wkh sureohp vwxglhg lq +Plwud 5333,/ dqg zh fdq
dsshdo wr wkrvh uhvxowv1 A ' � plqlpl}hv wkh dv|pswrwlf PVH ri wkh iruhfdvw huuru ri
d vlqjoh djhqw jlyhq wkdw rwkhu djhqwv xvh A ' � lq wkhlu iruhfdvwlqj li q : f�D1 Lq wklv
vhqvh A ' � lv d vhoi0frq�uplqj htxloleulxp lq phpru| ohqjwkv1

Zh qrwh wkdw wkh rswlpdolw| ri A ' � kdv qrwklqj wr gr zlwk dq| frpsxwdwlrqdo
frvwv ri dftxlulqj pruh gdwd1 Li/ dv pljkw eh uhdolvwlf/ rqh dvvxphv wkdw lw lv frvwo| wr
dftxluh pruh gdwd wklv uhvxow fdq suredeo| eh vwuhqjwkhqhg1 Wkh uhvxow deryh lv rqo|
sduwldo/ dqg zh ohdyh d v|vwhpdwlf vwxg| ri wkh rswlpdolw| ri erxqghg phpru| ohduqlqj
wr d vhsdudwh sdshu1

6 Qrqolqhdu Prghov

614 Suholplqdulhv

Lq wklv vhfwlrq zh frqvlghu ohduqlqj ri d vwhdg| vwdwh iru wkh fodvv ri qrqolqhdu prghov

%| ' MECE%|n�c �|n��
ec �|�c +46,

glvfxvvhg lq +Hydqv dqg Krqndsrkmd 4<<8e,1 KhuhM dqgC duh jlyhq wzlfh gl�huhqwldeoh
ixqfwlrqv/ %| lv wkh ydoxh ri wkh +vfdodu, yduldeoh ri lqwhuhvw dw wlph |c dqg �| lv d vhtxhqfh
ri lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg udqgrp vkrfnv zlwk phdq f dqg yduldqfh
j2�1 CE%|n�c �|n��

e ghqrwhv wkh vxemhfwlyh h{shfwdwlrqv ri CE%|n�c �|n�� iruphg lq shulrg
|� Zh zloo lqwurgxfh vrph ixuwkhu dvvxpswlrqv odwhu1
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D udwlrqdo vwhdg| vwdwh lv d ixqfwlrq %E�� vxfk wkdw

;� G %E�� ' ME.�CE%E��c ��c ��c

zkhuh wkh h{shfwdwlrq .� lv wdnhq zlwk uhvshfw wr d udqgrp yduldeoh zklfk kdv wkh
vdph glvwulexwlrq dv wkh llg vkrfnv �|� Iru odwhu sxusrvhv 	% ghqrwhv wkh vwhdg| vwdwh ri
wkh fruuhvsrqglqj qrqvwrfkdvwlf prgho/ l1h1 	% ' MECE	%c f�c f�� +Hydqv dqg Krqndsrkmd
4<<8e, surylgh dq h{lvwhqfh wkhruhp iru wklv nlqg ri vwhdg| vwdwh zkhq wkh vxssruw ri
wkh vkrfn �| lq +46, lv vx!flhqwo| vpdoo145

H{dpsoh 61 +Wkh edvlf ryhuodsslqj jhqhudwlrqv prgho zlwk vkrfnv1, Lq wkh edvlf
ryhuodsslqj jhqhudwlrqv +RJ, prgho zlwk surgxfwlrq djhqwv vxsso| oderu ?| dqg surgxfh
+shulvkdeoh, rxwsxw zkhq |rxqj dqg frqvxph S|n� zkhq rog1 Wkh xwlolw| ixqfwlrq ri wkh
uhsuhvhqwdwlyh djhqw ri jhqhudwlrq | lv LES|n���T E?|�� Kroglqj prqh| lv wkh rqo| phdqv
ri vdylqj/ dqg wkhuh lv d �{hg txdqwlw| ri prqh| �f1 Rxwsxw lv dvvxphg wr eh htxdo wr
oderu vxsso| soxv dqg dq dgglwlyh surgxfwlylw| vkrfn/ vr wkdw rxwsxw ^| lv jlyhq e|

^| ' ?| n b|c

zkhuh b| lv dq ��_ srvlwlyh surgxfwlylw| vkrfn1 Wkh exgjhw frqvwudlqwv duh R|n�S|n� ' �|

dqg R|^| ' �|� Wkh �uvw0rughu frqglwlrq soxv wkh pdunhw fohdulqj frqglwlrq ^|n� ' S|n�
dqg R|*R|n� ' ^|n�*^| |lhogv

E?| n b|�T
�E?|� ' .W

| EE?|n� n b|n��L
�E?|n� n b|n����

Vlqfh E?n b�T �E?� lv vwulfwo| lqfuhdvlqj lq ?c dqg ohwwlqj �| � b| �.Eb|�c wklv htxdwlrq
fdq eh vroyhg iru ?| Ohwwlqj %| � ?| wkh prgho fdq eh sxw lq wkh vwdqgdug irup +46,1

Uhwxuqlqj wr wkh jhqhudo iudphzrun/ vxssrvh wkdw djhqwv duh wu|lqj wr ohduq wkh
vwhdg| vwdwh1 Djhqwv kdyh wr iruhfdvw wkh txdqwlw| CE%|n�c �|n��

e zklfk lv d frqvwdqw
.�CE%E��c �� lq wkh vwhdg| vwdwh1 Wkh ohduqlqj sureohp iru wkh djhqwv lv wr �qg wklv
ydoxh1 Wkh gdwd duh jlyhq e| wkh sdvw revhuydwlrqv CE%�c ���c CE%2c �2�c �����c CE%|3�c �|3��c
dqg wkh djhqwv duh dvvxphg wr xvh wkh vdpsoh phdq ri wkhvh revhuydwlrqv wr iruhfdvw
CE%|n�c �|n��

e�
Zh frqwlqxh wr irfxv rq ohduqlqj zlwk d �qlwh phpru| ohqjwk A G Dw gdwh | djhqwv

xvh A sdvw revhuydwlrqv wr hvwlpdwh CE%|n�c �|n��
e� Wkh hvwlpdwh dqg iruhfdvw dw gdwh |c

B|c lv jlyhq e|

B| '
A[
�'�

>�CE%|3�c �|3��c

zkhuh >� lv d zhljkw vxfk wkdw
SA

�'� >� ' �c >� � f� Wkh jhqhudo uhvxowv lq wklv vhfwlrq
krog iru jhqhudo zhljkwlqj vfkhphv/ exw lq Vhfwlrq 7 dwwhqwlrq zloo eh irfxvhg rq wkh
prvw lpsruwdqw fdvh ri wkh vdpsoh phdq/ l1h1 wkh zhljkwv duh htxdo >� ' A3�1

45Wr rxu nqrzohgjh/ h{lvwhqfh ri wkh vwrfkdvwlf vwhdg| vwdwh htxloleuld kdv qrw ehhq dqdo|}hg lq ixoo
jhqhudolw|1

47



Jlyhq wkh iruhfdvw B|c wkh dfwxdo odz ri prwlrq ri %| iurp +46, lv jlyhq e|

%| ' MEB|c �|��

Vxevwlwxwlqj iru B| lq wkh deryh htxdwlrq/ zh �qdoo| jhw wkh g|qdplfdo v|vwhp

%| ' ME
A[
�'�

>�CE%|3�c �|3��c �|� +47,

+47, lv wkh odz ri prwlrq zh duh frqfhuqhg zlwk1 Wklv irup fdq fryhu d zlgh ydulhw|
ri ryhuodsslqj jhqhudwlrqv prghov zlwk vkrfnv wr hlwkhu suhihuhqfhv ru whfkqrorj|1 D
vshfldo fdvh dulvhv li C lv lqghshqghqw ri lwv vhfrqg dujxphqw146

615 Pdunryldq Irupxodwlrq

Zh qrz vwduw wr dqdo|}h wkh surfhvv +47, iru vrph jhqhudo surshuwlhv1 Iluvw/ revhuyh
wkdw +47, fdq eh zulwwhq dv d Pdunry surfhvv lq wkh iroorzlqj pdqqhu1 Gh�qh wkh vwdwh
yhfwru

f|3� ' E%|3�c %|32c ��c %|3A c �|3�c �|32c��c �|3A �
��

Lqwurgxflqj wkh qrwdwlrq f�c|3� iru wkh � � |� frpsrqhqw ri f|3�c zh fdq zulwh
5
99999999997

%|
%|3�
���
%|3An�
�|
�|3�
��
�|3An�

6
::::::::::8
'

5
99999999997

	MEf|3�c �|�
f�c|3�

���
fA3�c|3�

�|
fAn�c|3�

��
f2A3�c|3�

6
::::::::::8
c +48,

zkhuh

	MEf|3�c �|� � ME
A[
�'�

>�CE%|3�c �|3��c �|�� +49,

Wklv fdq eh zulwwhq frpsdfwo| dv

f| ' 8 Ef|3�c �|�c +4:,

zkhuh wkh uljkw kdqg vlgh ri +48, gh�qhv 8�
Vlqfh f|3� dqg �| duh lqghshqghqw/ f| lv d Pdunry surfhvv zlwk vrph vwdwh vsdfh

� � U
2A 1 Wkh �uvw txhvwlrq zh vwxg| lv zkhwkhu wkhuh h{lvwv d xqltxh lqyduldqw sured0

elolw| iru +4:, dqg zkhwkhu dq| lqlwldo suredelolw| glvwulexwlrq frqyhujhv wr wklv lqyduldqw

46Iru h{dpsoh/ wkh g|qdplfv lq dq ryhuodsslqj jhqhudwlrqv prgho zlwk d pxowlsolfdwlyh vkrfn wr wkh
glvxwlolw| ri oderu dqg zlwk djhqwv wu|lqj wr ohduq d vwrfkdvwlf vwhdg| vwdwh zrxog iroorz d surfhvv lq
zklfk wkh fxuuhqw ydoxh ri wkh vwdwh yduldeoh ghshqgv rqo| rq wkh fxuuhqw vkrfn dqg sdvw vwdwhv1
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suredelolw| dv|pswrwlfdoo|1 Lw vkrxog eh hpskdvl}hg wkdw wklv dqdo|vlv zloo eh orfdo vlqfh
zh zloo dvvxph wkdw wkh xqghuo|lqj qrlvh lv vpdoo +lq d vhqvh wr eh pdgh suhflvh vkruwo|,/
vlqfh wkh h{lvwhqfh ri htxloleuld lv nqrzq rqo| iru wklv fdvh dqg vlqfh wkh olqhdul}dwlrq ri
+47, fdq eh mxvwl�hg rqo| lq prghov zlwk vpdoo qrlvh1

616 Dv|pswrwlf Surshuwlhv

Lw wxuqv rxw wkdw wkh h{lvwhqfh ri wkh xqltxh lqyduldqw glvwulexwlrq zlwk vpdoo qrlvh dqg
vwduwlqj srlqwv lq d qhljkerukrrg ri wkh vwhdg| vwdwh fdq eh hvwdeolvkhg/ li wkh vwhdg|
vwdwh ri wkh fruuhvsrqglqj qrqvwrfkdvwlf prgho lv lwhudwlyho| H0vwdeoh147 Wr rewdlq wklv
frqglwlrq vxssrvh wkdw lq wkh qrqvwrfkdvwlf prgho djhqwv kdyh d SOP w derxw wkh
h{shfwdwlrqv CE	%c f�e/ zkhuh 	% lv wkh xqnqrzq vwhdg| vwdwh1 Wkhq wkh A �6@R lv jlyhq
e|

A Ew� ' CEMEwc f�c f�

|lhoglqj wkh frqglwlrq iru lwhudwlyh H0vwdelolw| jlyhq lq Frqglwlrq 5 ehorz1
Zh qrz surfhhg wr wkh jhqhudo dqdo|vlv ri +47, ru +4:,1 Zh pdnh wkh iroorzlqj

dvvxpswlrqv1

Frqglwlrq 4 �| 5 d�0�c 0�o iru doo |�

Frqglwlrq 5 +Lwhudwlyh H0vwdelolw|, m (�MECE	%c f�c f�(�CE	%c f� m	 ��

Zh �uvw vkrz wkdw zlwk Frqglwlrqv 4 dqg 5 dqg zlwk 0� vpdoo hqrxjk/ wkh vwdwh vsdfh
ri wkh Pdunry surfhvv +4:, pd| eh dvvxphg wr eh frpsdfw1 Wklv lv wkh frqwhqw ri wkh
iroorzlqj ohppd1

Ohppd 9 Dvvxph Frqglwlrqv 4 dqg 5 dqg 0� vpdoo hqrxjk1 Wkhq wkh vwdwh vsdfh ri
+4:,/ fdoo lw �E0�� � �c pd| eh dvvxphg wr eh frpsdfw1

Surri1 Zh zdqw wr vkrz wkdw li n f|3� n� 0 dqg m �| m� 0�c wkhq zh kdyh n f| n� 0c
wrr1 +Wkh yhfwru qrup zloo eh vshfl�hg odwhu1, Jlyhq wkh vwuxfwxuh ri +48, lw lv fohdu
wkdw lw lv edvlfdoo| wkh �uvw frpsrqhqw ri wkh yhfwru zklfk lv sureohpdwlf +dv wkh rwkhu
frpsrqhqwv duh phuho| gh�qlwlrqv,1 Wkh �uvw frpsrqhqw ri f| ghvfulehv wkh surfhvv
+47, iru %|1 Zh zloo qrz suryh wkdw iru vxlwdeoh 0% li m %|3� m� 0% iru doo � ' �c 2c ��c A
dqg m �|3� m� 0� iru doo � ' fc �c 2c ��c A wkhq zh kdyh m %| m� 0% wrr1 E| fkrrvlqj vrph
dssursuldwh yhfwru qrup +olnh wkh pd{ qrup,/ wklv lq wxuq vkrzv wkdw li n f|3� n� 0
dqg m �| m� 0�c wkhq zh kdyh n f| n� 0c wrr1

Dvvxph/ zlwkrxw orvv ri jhqhudolw|/ wkdw wkh shuihfw iruhvljkw vwhdg| vwdwh lv 	% ' f�
Zh olqhdul}h +47, durxqg wkh yhfwru Efc fc ����c f� 5 U

2An� dqg jhw d vhfrqg rughu uhvlgxdo
whup lq wkh Wd|oru vhulhv h{sdqvlrq lq wkh iroorzlqj pdqqhu=

%| '
A[
�'�

k�%|3� n qf�| n
A[
�'�

q��|3� n oE%|3�c ��c %|3A c �|c ��c �|3A �c +4;,

47Iru wklv fodvv ri prghov lwhudwlyh H0vwdelolw| lv lq idfw htxlydohqw wr vwurqj H0vwdelolw|/ frpsduh
+Hydqv dqg Krqndsrkmd 4<<8e,1
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zkhuh k� ' >�(�M(�Cc q� ' >�(�M(2Cc iru � ' �c 2c ��c A dqg qf ' (2M( (�M ehlqj
wkh sduwldo ghulydwlyh ri M zlwk uhvshfw wr wkh �|� dujxphqw/ hwf1 Wkhvh ghulydwlyhv duh
hydoxdwhg dw ydoxhv fruuhvsrqglqj wr wkh qrqvwrfkdvwlf vwhdg| vwdwh1 Qrwh dovr wkdw/
zlwk wkh qrupdol}dwlrq 	% ' fc wkh frqvwdqw whup lq wkh Wd|oru vhulhv lv f�

Xvlqj wkh phdq ydoxh wkhruhp/ wkh uhvlgxdo oE�� vdwlv�hv

moE%|3�c ��c %|3A c �|c ��c �|3A �m � gEm%|3�mn ��n m%|3A mn m�|mn m�|3�mn ��n m�|3A m��
Wdnlqj devroxwh ydoxhv lq +4;, zh jhw

m%|m � m k� m m%|3�mn ��n m kA m m%|3A mn m qf m m�|mn m q� m m�|3�mn ��n

m qA m m�|3A mn moE%|3�c ��c %|3A c �|c ��c �|3A �m

�
A[
�'�

Eg n mk�m� m%|3�mn
A[
�'�

Eg n mq�m� m�|3�mn Eg n mqfm� m�|m

� EAg n m(�M(�Cm�0% n EAg n m(�M(2Cm�0� n Eg n m(2Mm�0�
li m%|3�m � 0% iru doo �1

Vlqfh Yo
Y%|3�

dqg Yo
Y�|3�

duh }hur zkhq hydoxdwhg dw wkh ruljlq +zklfk lv wkh vwhdg| vwdwh
khuh,/ wkh frqvwdqw g fdq eh pdgh dv forvh wr }hur dv ghvluhg e| uhvwulfwlqj wkh dqdo|vlv
wr d vpdoo hqrxjk qhljkerukrrg ri wkh ruljlq1 Zh fkrrvh wkh qhljkerukrrg vr wkdw
�� Ag � m(�M(�Cm : f1 Wkhq zh fkrrvh 0% vxfk wkdw

EAg n m(�M(�Cm�0% n EAg n m(�M(2Cm�0� n Eg n m(2Mm�0� � 0%

ru lq rwkhu zrugv

0% � EAg n m(�M(2Cmng n m(2Mm�0�
�� Ag � m(�M(�Cm +4<,

E| frqglwlrq 5 dqg wkh fkrlfh ri g wklv lqhtxdolw| lv zhoo gh�qhg1 Wklv suryhv wkh
ohppd148

Zh qrz suryh wkdw xqghu vxlwdeoh dvvxpswlrqv wkhuh h{lvwv d xqltxh lqyduldqw sure0
delolw| iru +4:, dqg wkdw wkh ?�vwhs wudqvlwlrq suredelolw| ri wklv Pdunry surfhvv frq0
yhujhv zhdno| wr wklv lqyduldqw suredelolw|/ dv ? $ 4c iru hyhu| srlqw lq wkh vwdwh vsdfh1
Zh xvh wkh uhvxowv ri +Ekdwwdfkdu||d dqg Ohh 4<;;, wr suryh wkhvh dvvhuwlrqv1

E| Ohppd 9 wkh vwdwh vsdfh �E0�� ri +4:, pd| eh dvvxphg wr eh frpsdfw1 Khqfh0
iruwk/ zh dvvxph wkdw 0% lq +4<, lv vhw vr wkdw htxdolw| krogv1 Wkxv �E0�� lv d frpsdfw
phwulf vsdfh1 Zh ehjlq e| surylqj wkh iroorzlqj ohppd1

Ohppd : Wkhuh h{lvwv 0� vx!flhqwo| vpdoo vxfk wkdw iru doo �| 5 d�0�c 0�o ' �� wkh
surfhvv +4:, lv d vwulfw frqwudfwlrq rq �E0��/ l1h1 n8 E�c ��� 8 Efc ��n 	 n�n iru doo
� 5 �E0��c � 9' f1

48Zh qrwh khuh wkdw lq jhqhudo wkh frqvwdqw N zloo ghshqg rq W= Lq sduwlfxodu/ wkh odujhu lv W
wkh vpdoohu pxvw N eh1 Wkhuh duh/ krzhyhu/ vshfldo fdvhv zkhuh d xqlirup uhvxow lv rewdlqdeoh zkhq
�l @ r+W�4,1 Wklv kdsshqv zkhq wkh ixqfwlrq aK+[w�4> yw, lv hlwkhu lqghshqghqw ri yw ru dgglwlyh dqg
olqhdu lq lw1
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Surri1 Zh frqwlqxh wr dvvxph/ zlwkrxw dq| orvv ri jhqhudolw|/ wkdw wkh ghwhuplqlvwlf
vwhdg| vwdwh lv Efc fc ��c f�� Iluvw/ qrwh wkdw

8 E�c ��� 8 Efc �� ' (8 Efc ���n oE�c ��

Khuh (8 ghqrwhv wkh Mdfreldq ri 8 zlwk uhvshfw wr �uvw +yhfwru, dujxphqw1 Lw wkhq
iroorzv wkdw

n8 E�c ��� 8 Efc ��n ' n(8 Efc ���n oE�c ��n +53,

� n(8 Efc ��n n�nn noE�c ��n

Wkh 2A � 2A Mdfreldq pdwul{ (8 Efc f� dw wkh vwhdg| vwdwh wdnhv wkh irup
�
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Khuh zh kdyh lqwurgxfhg wkh qrwdwlrq i ' (�M(�Cc V ' (�M(2C1
Frqvlghu qrz wkh hljhqydoxhv ri (8 Efc f�1 Iurp wkh sduwlwlrqhg irup lw lv vhhq wkdw

wkh pdwul{ (8 Efc f� � bU2Af2A lv eorfn wuldqjxodu/ vr wkdw lwv ghwhuplqdqw lv htxdo wr
wkh surgxfw ri wkh ghwhuplqdqwv ri 8�� � bUAfA dqg 822 � bUAfA 1 Wkxv wkh hljhqydoxhv
ri (8 Efc f� frqvlvw ri wkh hljhqydoxhv ri 8�� dqg 8221 ]hur lv wkh rqo| hljhqydoxh ri 8221
Wkh vshfldo irup ri 8�� lpsolhv wkdw lwv hljhqydoxhv pxvw vdwlvi| wkh sro|qrpldo htxdwlrq

REb� ' bA � i>
�
bA3� � ���� i>A3�b� i>A ' fc

vhh h1j1 +Kdplowrq 4<<7,/ Sursrvlwlrq 4141 Li b 9' f/ glylglqj wkurxjk e| bA dqg vhwwlqj
5 ' b3� zh rewdlq htxdwlrq +<, zlwk q ' i1 Wkh dujxphqw lq Sursrvlwlrq 4 |lhogv wkdw
wkh urrwv ri wklv htxdwlrq pxvw kdyh prgxoxv ohvv wkdq rqh li m i m	 ��
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Wkxv Frqglwlrq 5 lpsolhv wkdw wkh vshfwudo udglxv ri wkh pdwul{ (8 Efc f� lv vwulfwo|
ohvv wkdq rqh1 Wkhq wkhuh h{lvwv vrph pdwul{ qrup vxfk wkdw n(8 Efc f�n 	 �c vhh +Kruq
dqg Mrkqvrq 4<;8,/ Ohppd 8191431 Qrz/ e| xqlirup frqwlqxlw| ri wkh pdwul{ qrup lq
lwv hohphqwv/ lw iroorzv wkdw wkhuh h{lvwv 0� vx!flhqwo| vpdoo vxfk wkdw iru ;�| 5 d�0�c 0�o
' �� G n(8 Efc �|�n 	 B 	 �� Pruhryhu/ noE�c ��n � 	B n�n2 iru vrph 	B vlqfh oE�c �� lv 5qg
rughu lq �1

Lw qrz iroorzv iurp +53, wkdw iru doo n�n vpdoo hqrxjk zh kdyh

n8 E�c ��� 8 Efc ��n � En(8 Efc ��nn 	B n�n� n�n 	 n�n �

Wklv suryhv wkdw 8 E�c �� lv d vwulfw frqwudfwlrq rq wkh vwdwh vsdfh �E0���

Sursrvlwlrq ; Wkhuh h{lvwv d xqltxh lqyduldqw suredelolw| iru wkh Pdunry surfhvv 8 rq
wkh vwdwh vsdfh �E0�� dqg wkh ?�vwhs wudqvlwlrq suredelolw| ri 8 frqyhujhv zhdno| wr wklv
lqyduldqw suredelolw|/ dv ? $ 4c iru hyhu| srlqw lq �E0���

Surri1 Ohppdwd 9 dqg : vkrz wkdw wkh frqglwlrqv ri Fruroodu| 516 ri +Ekdwwdfkdu||d
dqg Ohh 4<;;, duh vdwlv�hg rq ��

Wklv uhvxow ghprqvwudwhv krz/ zlwk vpdoo qrlvh/ lwhudwlyh H0vwdelolw| ri wkh vwhdg|
vwdwh ri wkh qrqvwrfkdvwlf prgho |lhogv dwwudfwlyh olplwlqj surshuwlhv iru wkh ohduqlqj
g|qdplfv zlwk vpdoo qrlvh1 Reylrxvo|/ li �| � f iru doo |c lwhudwlyh H0vwdelolw| dovr
jxdudqwhhv orfdo vwdelolw| ri wkh g|qdplfdo v|vwhp +47, ru +4:,1

617 Huuru Erxqgv

Wr rewdlq ixuwkhu lqirupdwlrq rq prgho +47,/ lw dsshduv qhfhvvdu| wr uhyhuw wr olqhdul}d0
wlrq1 Wklv zloo eh grqh lq wkh qh{w vhfwlrq1 Khuh zh eulh | glvfxvv huuruv erxqgv iru wkh
uhvlgxdo whup oE%|3�c ��c %|3A c �|c ��c �|3A � lq wkh Wd|oru vhulhv h{sdqvlrq +4;,1

Uhzulwh +47, dv
%| ' -E%|3�c ��c %|3A c �|c ��c �|3A � +54,

Frqvlghu wkh olqhdul}dwlrq ri +54,1 Wkh uhvlgxdo oE%|3�c ��c %|3A c �|c ��c �|3A � lq wkh Wd|0
oru vhulhv +4;, frqvlvwv ri whupv ri wkh irup Y2-

Y%|3�Y%|3�
Ej�E%|3�%|3��/ Y2-

Y�|3�Y�|3�
Ej�E�|3��|3��

dqg Y2-
Y%|3�Y�|3�

Ej�E%|3��|3�� dw vrph srlqw j149 Dvvxplqj wkdw doo wkh vhfrqg rughu sdu0
wldo ghulydwlyhv duh erxqghg/ lw fdq eh vkrzq wkdw wkh phdq uhvlgxdo lv erxqghg deryh
e| wkh h{suhvvlrq �02�1 Iru h{dpsoh/

����.d
Y2-

Y%|3�Y�|3�
Ej�E%|3��|3��o

���� � .

���� Y2-

Y%|3�Y�|3�
Ej�E%|3��|3��

����
� ��. m%|3��|3�m � ��

t
.%2|3�.�2|3� ' ��0%0� � �20

2

�c

49Qrwh wkdw zh kdyh djdlq dvvxphg/ z1o1r1j/ wkdw wkh qrqvwrfkdvwlf vwhdg| vwdwh a{ @ 3=
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zkhuh �� duh frqvwdqwv1 Olnhzlvh/ wkh devroxwh ydoxh ri wkh phdqv ri wkh rwkhu whupv
Y2-

Y�|3�Y�|3�
Ej�E�|3��|3�� dqg Y2-

Y%|3�Y%|3�
Ej�E%|3�%|3�� duh erxqghg e| h{suhvvlrqv ri wkh

vdph irup1
Frqvlghu qh{w wkh vhfrqg rughu prphqwv ri %|� Ylhzlqj wkh %| surfhvv dv d olqhdu

�-��EAc A � surfhvv soxv d uhvlgxdo/ wkhvh prphqwv fdq eh frpsxwhg iurp wkh \xoh
Zdonhu htxdwlrqv zlwk huuru whupv1 Li wkhvh uhvlgxdov fdq eh vkrzq wr eh vpdoo/ wkhq
wkh vhfrqg rughu prphqwv ghulyhg iurp wkh olqhdul}hg surfhvv zloo eh forvh wr wkh wuxh
vhfrqg rughu prphqwv ri %|�

Uhfdoo wkdw wkh \xoh Zdonhu htxdwlrqv duh ghulyhg e| pxowlso|lqj %| lq +54, e|
%|3� E� ' �c 2c ��c A � dqg wkhq wdnlqj h{shfwdwlrqv ri erwk vlghv1 Wkxv dq lqglylgxdo
uhsuhvhqwdwlyh whup lq wkh uhvlgxdo ri wkhvh htxdwlrqv lv ri wkh irup

Y2-

Y�|3�Y%|3�
Ej�E�|3�%|3�%|3��

zlwk wkh devroxwh ydoxh ri wkh phdq erxqghg deryh e|
����.d

Y2-

Y�|3�Y%|3�
Ej�E�|3�%|3�%|3��o

���� � ��0�
�
.E%e|3��.E%e|3��

� �

e � �e0
�

�

zkhuh zh kdyh dssolhg Kùoghu*v lqhtxdolw| wzlfh1 Khuh zh kdyh dovr xvhg wkh idfw wkdw
%2| � 02% � ��02� iru vrph �� 1 Vlplodu erxqgv fdq eh irxqg iru wkh rwkhu whupv lqyroyhg
lq wkh uhvlgxdov ri wkh \xoh Zdonhu htxdwlrqv1

Wkhvh frqvlghudwlrqv |lhog wkh iroorzlqj frqfoxvlrq=

Uhpdun 4 Wkh phdq devroxwh uhvlgxdov lq wkh \xoh Zdonhu htxdwlrqv duh ri wklug rughu
lq wkh vxssruw ri wkh qrlvh1

Wr looxvwudwh wkh jrrgqhvv ri wkh dssur{lpdwlrq zh vlpxodwhg wkh prgho lq H{dpsoh
6 zlwk wkh xwlolw| ixqfwlrqv LES� ' S�3r*E� � r�/ T E?� ' ?�ne*E� n e� zlwk sdudphwhu
ydoxhv r ' e�f dqg e ' �1 Wkh surgxfwlylw| vkrfn b zdv dvvxphg wr eh xqlirupo|
glvwulexwhg zlwk vxssruw df��c f�bo1 Iljxuh 5 looxvwudwhv wkh g|qdplfv iurp wkh ruljlqdo
qrqolqhdu prgho dqg lwv olqhdu dssur{lpdwlrq +gldprqgv duh wkh g|qdplfv ri wkh ruljlqdo
prgho dqg vtxduhv lwv dssur{lpdwlrq,1

ILJXUH 5 DERXW KHUH

7 Olqhdu DUPD Prghov
Lq wkh suhfhglqj vhfwlrq lw zdv vhhq wkdw wkh olqhdul}dwlrq ri wkh jhqhudo qrqolqhdu iudph0
zrun |lhoghg dq �-��EAc A � surfhvv dv dq dssur{lpdwlrq ri wkh ruljlqdo prgho1 Lq wklv
vhfwlrq zh vwxg| ixuwkhu wkh g|qdplfv ri wkh olqhdul}hg surfhvv +exw zlwk wkh uhvwulfwlrq
wkdw ohduqlqj lv edvhg rq hvwlpdwlrq e| wkh vdpsoh phdq,1
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Wkh vljql�fdqfh ri wkh �-�� vhwxs lv qrw olplwhg wr wklv fdvh1 D forvho| uhodwhg
iudphzrun fdq dulvh lq �qlwh0phpru| ohduqlqj lq vrph olqhdu iudphzrunv zkhq revhuyd0
wlrq huuruv suhydlo1 Zh suhvhqw dq h{dpsoh ehiruh surfhhglqj wr wkh pdlq uhvxow1

H{dpsoh 71 +D prgho zlwk revhuydwlrq huuruv1, Frqvlghu prgho +6, dv lq H{dpsoh
51 Dvvxph qrz wkdw djhqwv gr qrw gluhfwo| revhuyh +|/ exw rqo| d yduldeoh %| ' +| n �|/
zkhuh �| uhsuhvhqwv wkh revhuydwlrq huuru/ dvvxphg wr eh ��_ zlwk }hur phdq/ frqvwdqw
yduldqfh j2�c dqg lqghshqghqw ri wkh vkrfn �|1 Dv ehiruh/ �| lv dvvxphg wr eh ��_ zlwk
}hur phdq dqg frqvwdqw yduldqfh j2�1

Djhqwv kdyh wkh shufhlyhg odz ri prwlrq

%| ' Kn ?J�re

dqg wkh| hvwlpdwh K e| wkh vdpsoh phdq iurp A sdvw revhuydwlrqv

K| ' A3�
A[
�'�

E+|3� n �|3���

Vxevwlwxwlqj lqwr +6, ohdgv wr d vrphzkdw qrq0vwdqgdug �-��EAc A �0w|sh surfhvv

+| ' kn
q

A

A[
�'�

E+|3� n �|3�� n �|

ghvfulelqj wkh g|qdplfv ri ohduqlqj zlwk phpru| ohqjwk A 1 Qrwh wkdw wklv lv qrw d vwdq0
gdug �-��EAc A � surfhvv lq wkdw wkh fxuuhqw vkrfn �| lv shuplwwhg wr kdyh d gl�huhqw
glvwulexwlrq iurp wkh odjjhg revhuydwlrq huuruv �|3�1 Vxfk d surfhvv fdq qhyhuwkhohvv eh
wdfnohg xvlqj vwdqgdug wlph vhulhv whfkqltxhv zlwk plqru prgl�fdwlrqv1

Zh qrz vhw xs d iudphzrun wkdw fryhuv erwk wklv h{dpsoh dqg wkh olqhdul}dwlrq ri
wkh qrqolqhdu prgho ri Vhfwlrq 61 Diwhu fhqwhulqj erwk surfhvvhv fdq eh zulwwhq dv

5| ' @
A[
�'�

5|3� n S�| n K
A[
�'�

�|3�c +55,

zkhuh 5| ' +| � .+|c @ ' B
A
c K ' �

A
� Irupdoo| lq H{dpsoh 7 zh kdyh B ' � ' qc dqg lq

wkh olqhdul}hg prgho +4;, �| ' �| dqg B ' (�M(�Cc � ' (�M(2C1
Surfhhglqj zlwk wkh jhqhudo dqdo|vlv/ zh duh lqwhuhvwhg lq �qglqj wkh frqglwlrq iru

vwdwlrqdulw| ri wklv surfhvv1 Djdlq lwhudwlyh H0vwdelolw| |lhogv wklv surshuw|=

Sursrvlwlrq < Li m B m	 �/ wkhq wkh surfhvv +55, lv +fryduldqfh, vwdwlrqdu|1

Surri1 Iluvw/ lw lv hdvlo| vhhq wkdw wkh phdq ri 5| lv }hur1 Zh wkhq frqvlghu wkh wzr
fdvhv �| 9' �| dqg �| ' �| vhsdudwho|1
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Fdvh 4= �| 9' �|� Xvlqj wkh odj rshudwru dqg vxevwlwxwlqj lq wkh ydoxhv iru @ dqg K zh
fdq zulwh +55, lq wkh irup

d�� B

A
Eun u2 n ���n uA �o5| ' S�| n

�

A
Eun u2 n ���n uA ��|�

Xvlqj wkh phwkrg ri surri lq Sursrvlwlrq 4 lw lv vhhq wkdw wkh sro|qrpldo lq wkh odj
rshudwru � � B

A
Eu n u2 n ��� n uA � lq wkh ohiw0kdqg vlgh kdv doo urrwv rxwvlgh wkh xqlw

flufoh li m B m	 �1 Glylglqj erwk vlghv e| wklv sro|qrpldo vkrzv wkdw 5| lv wkh vxp ri wzr
lqghshqghqw fryduldqfh0vwdwlrqdu| surfhvvhv

S�|

�� B
A
Eun u2 n ���n uA �

dqg
�

A
Eun u2 n ���n uA ��|

�� B
A
Eun u2 n ��� n uA �

�

Wkhuhiruh/ lw lv lwvhoi fryduldqfh vwdwlrqdu|1
Fdvh 5= �| ' �|� Lq wklv fdvh/ djdlq xvlqj wkh phwkrg ri surri lq Sursrvlwlrq 4/ lw lv

hdvlo| vhhq wkdw wkh surfhvv lv vwdwlrqdu| li m B m	 �1
Wkh iroorzlqj ixuwkhu uhvxowv duh dovr hylghqw1

Uhpdun 5 Li wkh frqglwlrq iru zhdn H0lqvwdelolw| B : � krogv/ wkh surfhvv +55, lv qrw
vwdwlrqdu|/ dqg xqghu zhdn H0vwdelolw| B 	 � wkh surfhvv lv vwdwlrqdu| iru A vx!flhqwo|
odujh1

Li wkh ohduqlqj g|qdplfv +55, lv vwdwlrqdu|/ lw lv srvvleoh wr surfhhg dv lq Vhfwlrq 5
dqg ghulyh wkh dv|pswrwlf vhfrqg prphqwv ri wkh surfhvv iru 5| xvlqj wkh whfkqltxh wr
ghulyh \xoh Zdonhu htxdwlrqv1 Jlyhq nqrzohgjh ri wkhvh prphqwv rqh fdq dovr rewdlq
wkh yduldqfh ri wkh iruhfdvw huuru lq whupv ri wkh phpru| ohqjwk A dqg wkh yduldqfh
ri wkh glvwxuedqfhv �| dqg �|1 Xqiruwxqdwho|/ lw dsshduv wkdw xqdpeljxrxv dqdo|wlf
uhvxowv rq surshuwlhv ri wkh yduldqfh ri wkh iruhfdvw huuru/ zklfk zrxog eh frpsdudeoh
wr Sursrvlwlrq 8/ duh qrw dydlodeoh1 Zh ohdyh wkh ohqjwk| ghwdlov dqg ixuwkhu dqdo|vlv wr
dqrwkhu sdshu1

8 Frqfoxglqj Uhpdunv
Iudphzrunv lq zklfk dgdswlyh ohduqlqj lv lqfrpsohwh duh ehjlqqlqj wr uhfhlyh dwwhqwlrq1
Wklv sdshu kdv surylghg edvlf dqdo|wlfdo uhvxowv iru g|qdplfv ri dgdswlyh ohduqlqj zkhq
wkh ohduqlqj uxoh kdv d �qlwh phpru| dqg wkh suhvhqfh ri udqgrp vkrfnv suhfoxghv h{dfw
frqyhujhqfh wr wkh UHH1

Zh irfxvhg rq wkh fdvh ri ohduqlqj d vwrfkdvwlf vwhdg| vwdwh1 Rxu fhqwudo uhvxow lv wkdw
wkh H0vwdelolw| sulqflsoh/ zklfk sod|v d fhqwudo uroh lq vlwxdwlrqv ri frpsohwh ohduqlqj/
dv glvfxvvhg h1j1 lq +Hydqv dqg Krqndsrkmd 4<<<, dqg +Hydqv dqg Krqndsrkmd 5333e,/
uhwdlqv lwv lpsruwdqfh lq wkh dqdo|vlv ri lqfrpsohwh ohduqlqj/ wkrxjk lw wdnhv d qhz
irup1 Lq rxu vhwxs H0vwdelolw| jxdudqwhhv wkh vwdwlrqdulw| ri wkh g|qdplfv ri wkh ohduqlqj
hfrqrp| dqg wkh xqeldvhgqhvv ri wkh iruhfdvwv1
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Vhyhudo rshq lvvxhv phulw d ixuwkhu vwxg|1 Fohduo|/ wkh qdwxuh ri wkh olqhdu dssur{0
lpdwlrq ri wkh qrqolqhdu iudphzrun lq Vhfwlrq 6 lv zruwk| ri d ixuwkhu dqdo|vlv1 Lw
zrxog dovr vhhp xvhixo wr jhqhudol}h rxu dssurdfk lq wkh qrqolqhdu vhwwlqj iru f|fohv dqg
Pdunry fkdlq vxqvsrw htxloleuld zklfk zhuh vwxglhg iru frpsohwh ohduqlqj lq +Hydqv dqg
Krqndsrkmd 4<<8e, dqg +Hydqv dqg Krqndsrkmd 4<<7,1

Zh qrwh wkdw rxu dssurdfk wr lqfrpsohwh ohduqlqj lv txlwh gl�huhqw iurp wkdw ri
+Krpphv dqg Vrujhu 4<<:, zkr lqwurgxfh wkh qrwlrq ri d frqvlvwhqw h{shfwdwlrqv htxl0
oleulxp +FHH, lq d vlplodu qrqolqhdu vhwxs1 Lq wkh FHH wkh shufhlyhg odz ri prwlrq
lv olqhdu dqg wkxv plvvshfl�hg/ exw lw lv uhtxluhg wkdw wkh vdpsoh phdq dqg dxwrfru0
uhodwlrqv frlqflgh zlwk wkhlu wkhruhwlfdo frxqwhusduwv1 Wkhuh fdq eh gl�huhqw w|shv ri
FHH/ vxfk dv vwhdg| vwdwhv/ f|fohv ru hyhq fkdrwlf vroxwlrqv1 Wkh uhodwlrqvkls ehwzhhq
erxqghg phpru| ohduqlqj dqg FHH duh qrw fohdu0fxw/ exw hylghqwo| surfhvvhv vxfk dv +;,
duh dssur{lpdwho| FHH zkhq wkh phpru| ohqjwk A lv vx!flhqwo| odujh e| Sursrvlwlrqv
6 dqg 71 Wklv iroorzv vlqfh wkh vdpsoh phdq lv xqeldvhg dqg wkh fryduldqfhv duh vpdoo
iru odujh hqrxjk A 1

Ilqdoo|/ zh uhpdun wkdw zlwk lqfrpsohwh ohduqlqj lw lv srvvleoh wr lpdjlqh fulwhuld iru
fkrrvlqj dprqj gl�huhqw ohduqlqj uxohv/ vr wkdw wkh| zrxog eh htxloleuld zlwklq vrph
vshfl�hg fodvv ri uxohv1 +Hydqv dqg Krqndsrkmd 4<<6,/ +Eurfn dqg Krpphv 4<<:, dqg
+Vdujhqw 4<<<, duh h{dpsohv ri vxfk ylhz srlqwv1 Wkh sduwldo uhvxow lq Vhfwlrq 518 lv lq
wklv vslulw1 Zh krsh wr frqvlghu wkhvh lvvxhv ixuwkhu lq wkh ixwxuh1

Uhihuhqfhv
Edodvnr/ \1/ dqg G1 Ur|hu +4<<9,= �Vwdelolw| ri Frpshwlwlyh Htxloleulxp zlwk
Uhvshfw wr Uhfxuvlyh dqg Ohduqlqj Surfhvvhv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 9;/ 64<�
67;1

Eduqhww/ Z1/ hw do1 +hgv1, +4<<4,= Htxloleulxp Wkhru| dqg Dssolfdwlrqv/ Surfhhg0
lqjv ri wkh Vl{wk Lqwhuqdwlrqdo V|psrvlxp lq Hfrqrplf Wkhru| dqg Hfrqrphwulfv1
Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

Ekdwwdfkdu||d/ U1 Q1/ dqg R1 Ohh +4<;;,= �Hujrflglw| dqg Fhqwudo Olplw Wkhruhpv
iru d Fodvv ri Pdunry Surfhvvhv/� Mrxuqdo ri Pxowlyduldwh Dqdo|vlv/ 5:/ ;3�<31

Eurfn/ Z1 D1/ dqg F1 K1 Krpphv +4<<:,= �D Udwlrqdo Urxwh wr Udqgrpqhvv/�
Hfrqrphwulfd/ 98/ 438<�43<81

Exoodug/ M1 +4<<7,= �Ohduqlqj Htxloleuld/� Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 79;�7;81

Hydqv/ J1 Z1 +4<;8,= �H{shfwdwlrqdo Vwdelolw| dqg wkh Pxowlsoh Htxloleuld Sureohp
lq Olqhdu Udwlrqdo H{shfwdwlrqv Prghov/� Wkh Txduwhuo| Mrxuqdo ri Hfrqrplfv/ 433/
454:�45661

Hydqv/ J1 Z1/ dqg U1 Jxhvqhulh +4<<6,= �Udwlrqdol}delolw|/ Vwurqj Udwlrqdolw|/ dqg
H{shfwdwlrqdo Vwdelolw|/� Jdphv dqg Hfrqrplf Ehkdylrxu/ 8/ 965�9791
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Hydqv/ J1 Z1/ dqg V1 Krqndsrkmd +4<<6,= �Dgdswlyh Iruhfdvwv/ K|vwhuhvlv dqg
Hqgrjhqrxv Ioxfwxdwlrqv/� Ihghudo Uhvhuyh Edqn ri Vdq Iudqflvfr Hfrqrplf Uhylhz/
4<<6+4,/ 6�461

+4<<7,= �Rq wkh Orfdo Vwdelolw| ri Vxqvsrw Htxloleuld xqghu Dgdswlyh Ohduqlqj
Uxohv/� Mrxuqdo ri Hfrqrplf Wkhru|/ 97/ 475�4941

+4<<8d,= �Dgdswlyh Ohduqlqj dqg H{shfwdwlrqdo Vwdelolw|= Dq Lqwurgxfwlrq/�
lq +Nlupdq dqg Vdoprq 4<<8,/ fkds1 7/ ss1 435�4591

+4<<8e,= �Orfdo Frqyhujhqfh ri Uhfxuvlyh Ohduqlqj wr Vwhdg| Vwdwhv dqg F|fohv
lq Vwrfkdvwlf Qrqolqhdu Prghov/� Hfrqrphwulfd/ 96/ 4<8�5391

+4<<<,= �Ohduqlqj G|qdplfv/� lq +Wd|oru dqg Zrrgirug 4<<<,/ fkds1 :1

+5333d,= �Frqyhujhqfh iru Gl�huhqfh Htxdwlrqv zlwk Ydqlvklqj Wlph Ghshq0
ghqfh/ zlwk Dssolfdwlrqv wr Dgdswlyh Ohduqlqj/� Hfrqrplf Wkhru|/ 48/ :4:�:581

+5333e,= Ohduqlqj dqg H{shfwdwlrqv lq Pdfurhfrqrplfv1 Sulqfhwrq Xqlyhuvlw|
Suhvv/ iruwkfrplqj/ Sulqfhwrq/ Qhz Mhuvh|1

Jlrqd/ P1 +4<<4,= �G|qdplfv dqg Uhod{dwlrq Surshuwlhv ri Frpsoh{ V|vwhpv zlwk
Phpru|/� Qrqolqhdulw|/ 7/ <44�<581

Judqgprqw/ M10P1 +4<;8,= �Rq Hqgrjhqrxv Frpshwlwlyh Exvlqhvv F|fohv/� Hfrqr0
phwulfd/ 86/ <<8�43781

+4<<;,= �H{shfwdwlrqv Irupdwlrq dqg Vwdelolw| ri Odujh Vrflrhfrqrplf V|v0
whpv/� Hfrqrphwulfd/ 99/ :74�:;41

Judqgprqw/ M10P1/ dqg J1 Odurtxh +4<;9,= �Vwdelolw| ri F|fohv dqg H{shfwdwlrqv/�
Mrxuqdo ri Hfrqrplf Wkhru|/ 73/ 46;�4841

Judqgprqw/ M10P1/ dqg J1 Odurtxh +4<<4,= �Hfrqrplf G|qdplfv zlwk Ohduqlqj=
Vrph Lqvwdelolw| H{dpsohv/� lq +Eduqhww hw do1 4<<4,/ fkds1 44/ ss1 57:�5:61

Jxhvqhulh/ U1 +4<<5,= �Dq H{sorudwlrq ri wkh Hgxfwlyh Mxvwl�fdwlrqv ri wkh Udwlrqdo0
H{shfwdwlrqv K|srwkhvlv/� Dphulfdq Hfrqrplf Uhylhz/ ;5/ 4587�45:;1

Jxhvqhulh/ U1/ dqg P1 Zrrgirug +4<<4,= �Vwdelolw| ri F|fohv zlwk Dgdswlyh Ohduq0
lqj Uxohv/� lq +Eduqhww hw do1 4<<4,/ ss1 444�4671

Kdplowrq/ M1 G1 +4<<7,= Wlph Vhulhv Dqdo|vlv1 Sulqfhwrq Xqlyhuvlw| Suhvv/ Sulqfhwrq
QM1

Krpphv/ F1 K1/ dqg J1 Vrujhu +4<<:,= �Frqvlvwhqw H{shfwdwlrqv Htxloleuld/�
Pdfurhfrqrplf G|qdplfv/ 5/ 5;:�6541

Kruq/ U1/ dqg F1 Mrkqvrq +4<;8,= Pdwul{ Dqdo|vlv1 Fdpeulgjh Xqlyhuvlw| Suhvv1
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Nlupdq/ D1/ dqg S1 Vdoprq +hgv1, +4<<8,= Ohduqlqj dqg Udwlrqdolw| lq Hfrqrplfv1
Edvlo Eodfnzhoo/ R{irug1

Nuhsv/ G1/ dqg N1 Zdoolv +hgv1, +4<<:,= Dgydqfhv lq Hfrqrplfv dqg Hfrqrphwulfv=
Wkhru| dqg Dssolfdwlrqv/ Yroxph L1 Fdpeulgjh Xqlyhuvlw| Suhvv/ Fdpeulgjh1

Oxfdv/ U1 H1 M1 +4<:6,= �Vrph Lqwhuqdwlrqdo Hylghqfh rq Rxwsxw0Lq dwlrq Wudghr�v/�
Dphulfdq Hfrqrplf Uhylhz/ 96/ 659�6671

Pdufhw/ D1/ dqg M1 S1 Qlfrolql +4<<;,= �Uhfxuuhqw K|shulq dwlrqv dqg Ohduqlqj/�
Zrunlqj Sdshu 4;:8/ FHSU1

Pdulprq/ U1 +4<<:,= �Ohduqlqj iurp Ohduqlqj lq Hfrqrplfv/� lq +Nuhsv dqg Zdoolv
4<<:,/ fkds1 </ ss1 5:;�6481

Plwud/ N1 +5333,= �Lv Pruh Gdwd EhwwhuB/� plphr1

Vdujhqw/ W1 M1 +4<<<,= Wkh Frqtxhvw ri Dphulfdq Lq dwlrq1 Sulqfhwrq Xqlyhuvlw|
Suhvv/ Sulqfhwrq QM1

Wd|oru/ M1/ dqg P1 Zrrgirug +hgv1, +4<<<,= Kdqgerrn ri Pdfurhfrqrplfv/ Yroxph
41 Hovhylhu/ Dpvwhugdp1
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Figure 1 A : Plot of the actual value of xt for a typical simulation with T =

5 and 50. Noise is uniform with support @-0.1, 0.1D. The simulations

have been run for 5000 periods with the final 100 values plotted. a =

5 and b = -4 for the simulation.

20 40 60 80 100

0.8

0.9

1.1

1.2

Figure 1 B : Plot of the actual value of xt for a typical simulation with T =

50 and 500. Noise is uniform with support @-0.1, 0.1D. The simulations

have been run for 5000 periods with the final 100 values plotted. a =

5 and b = -4 for the simulation.
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Figure 1 C : Plot of the actual value of xt
and the RE value for a typical simulation with T =

50. Noise is uniform with support @-0.1, 0.1D. The simulations

have been run for 5000 periods with the final 100 values plotted. a =

5 and b = -4 for the simulation.
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Figure 2 : Plot of the actual value

of xt and its linear approximation for a typical simulation with T =

50. The productivity shock l is assumed to be uniform with support @0.3, 0.9D . The

simulations have been run for 5000 periods with the final 50 values plotted.
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