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+HWHURJHQHRXV 'LVFRXQW )DFWRUV LQ DQ

$VVLJQPHQW 0RGHO ZLWK 6HDUFK )ULFWLRQVe

E\ $QGUHDV 5DPVDXHU \

8QLYHUVLW\ RI 9LHQQD� $XVWULD

$EVWUDFW

:H ORRN DW D VLPSOH PDUNHW ZLWK WZR�VLGHG KHWHURJHQHLW\ DQG SDLU�

ZLVH PHHWLQJV� 2Q WKH VXSSO\ VLGH DUH WZR ODQGORUG W\SHV ZKR GLmHU

LQ WKH TXDOLW\ RI WKHLU DSDUWPHQWV� 2Q WKH GHPDQG VLGH LV D FRQWLQ�

XXP RI WHQDQW W\SHV ZKR GLmHU LQ WKHLU YDOXDWLRQV IRU DSDUWPHQW W\SHV

DQG LQ WKHLU SDWLHQFH� )RU LQnQLWHVLPDO VHDUFK IULFWLRQV DQG DQ DWRP�

OHVV WHQDQW W\SH GLVWULEXWLRQ� ZH IXOO\ FKDUDFWHUL]H DOO SRVVLEOH VWHDG\

VWDWH HTXLOLEULD LQ D W\SLFDO UHJLRQ RI WKH SDUDPHWHU VSDFH� 2XU PDLQ

nQGLQJ LV WKDW WKH KHWHURJHQHRXV GLVFRXQW IDFWRUV FDQ FDXVH VWURQJ

GHYLDWLRQV IURP WKH :DOUDVLDQ RXWFRPH HYHQ ZKHQ ZH DV\PSWRWLFDOO\

UHPRYH DOO WKH VHDUFK IULFWLRQV� $OO FRQYHQWLRQDO IULFWLRQDO PRGHOV ZLWK

QRQ�:DOUDVLDQ OLPLWV DUH TXDOLWDWLYHO\ GLmHUHQW IURP WKH PRGHO LQ WKLV

SDSHU�

e, ZRXOG OLNH WR WKDQN 'DYLG /HYLQH DQG -RH 2VWUR\ IRU WKHLU WKRXJKW SURYRNLQJ FRP�

PHQWV� (VSHFLDOO\� , ZDQW WR H[SUHVV P\ JUDWLWXGH WR P\ WKHVLV DGYLVHU %U\DQ (OOLFNVRQ

ZKRVH FRQVWDQW HQFRXUDJHPHQW DQG FRPPHQWV ZHUH HVVHQWLDO IRU WKLV SDSHU� , KDYH DOVR

EHQHnWHG IURP WKH LQSXW RI VHPLQDU SDUWLFLSDQWV DW 8&/$� WKH 8QLYHUVLW\ RI 9LHQQD� WKH

8QLYHUVLW\ RI 5HJHQVEXUJ� WKH 8QLYHUVLW\ RI 0XQLFK� WKH (6(0 ���� PHHWLQJ LQ %HUOLQ�

DQG WKH ���� 1RUWK $PHULFDQ :LQWHU 0HHWLQJ RI WKH (FRQRPHWULF 6RFLHW\ LQ 1HZ <RUN�

6XJJHVWLRQV IURP WKUHH UHIHUHHV DQG DQ HGLWRU KDYH OHG WR VXEVWDQWLDO LPSURYHPHQWV RQ WKH

SDSHU� , JUDWHIXOO\ DFNQRZOHGJH WKH nQDQFLDO VXSSRUW RI WKH $OIUHG 6ORDQ )RXQGDWLRQ� $OO

UHPDLQLQJ HUURUV DUH PLQH DORQH�
\(�PDLO�UDPVDXHU#HFRQ�EZO�XQLYLH�DF�DW



� ,QWURGXFWLRQ

,Q WKLV SDSHU� ZH GLVFXVV KRZ GLVFRXQW IDFWRU KHWHURJHQHLWLHV FDQ LQoXHQFH
WKH HTXLOLEULXP RXWFRPHV LQ D IULFWLRQDO DVVLJQPHQW PRGHO� &RQYHQWLRQDO DV�
VLJQPHQW PRGHOV EHORQJ WR WKH SHUIHFW PDWFKLQJ OLWHUDWXUH ZKLFK GDWHV EDFN
WR WKH HDUO\ VL[WLHV� 7KH IRFXV LQ WKLV OLWHUDWXUH DUH JDPHV ZLWK WZR JURXSV
RI KHWHURJHQHRXV SOD\HUV LQ ZKLFK HDFK PHPEHU RI RQH JURXS ZDQWV WR EH
PDWFKHG ZLWK RQH PHPEHU RI WKH RWKHU JURXS� ,Q WKH RULJLQDO SDSHU RI *DOH
DQG 6KDSOH\ ������� SOD\HUV KDYH SXUH RUGLQDO SUHIHUHQFHV RYHU DOO SRWHQWLDO
SDUWQHUV� $VVLJQPHQW PRGHOV� KRZHYHU� DUH FKDUDFWHUL]HG E\ FDUGLQDO SUHIHU�
HQFHV DQG WUDQVIHUDEOH XWLOLW\ DPRQJ SOD\HUV� 7KH nUVW SDSHU ZKLFK H[SOLFLWO\
VWXGLHV DQ DVVLJQPHQW JDPH LV WKH RQH RI 6KDSOH\ DQG 6KXELN �������
$Q LPSRUWDQW LPSOLFLW DVVXPSWLRQ RQ ZKLFK DOO HTXLOLEULXP FRQFHSWV LQ

WKH SHUIHFW PDWFKLQJ OLWHUDWXUH UHO\ LV WKDW PHHWLQJV EHWZHHQ SOD\HUV FDQ EH
FRVWOHVVO\ DUUDQJHG� L�H�� WKDW VHDUFK IULFWLRQV DUH ]HUR� 0DWFKLQJ PRGHOV ZLWK
SRVLWLYH VHDUFK IULFWLRQV� L�H�� LPSHUIHFW PDWFKLQJ PRGHOV KDG ORQJ QRW EHHQ
FRQVLGHUHG� EXW UHFHQWO\ D VPDOO DQG IDVW JURZLQJ OLWHUDWXUH RQ WKLV WRSLF KDV
EHJXQ WR HPHUJH� $Q DOUHDG\ SXEOLVKHG VXUYH\ RI WKLV OLWHUDWXUH LV %XUGHWW
DQG &ROHV ������� 1RWLFH WKDW LPSHUIHFW PDWFKLQJ PRGHOV PXVW EH VKDUSO\
GLVWLQJXLVKHG IURP WKHVH FRQYHQWLRQDO VHDUFK PRGHOV LQ ZKLFK PDWFK TXDOLWLHV
UHDOL]H UDQGRPO\ DIWHU WKH PDWFK FUHDWLRQV�
7UDQVIHUDEOH DV ZHOO DV QRQWUDQVIHUDEOH XWLOLW\ PRGHOV GR H[LVW LQ WKH LP�

SHUIHFW PDWFKLQJ OLWHUDWXUH� $ PRUH RU OHVV FRPSOHWH OLVW RI DOO WUDQVIHUDEOH
XWLOLW\ PRGHOV LV $OEUHFKW DQG 9URPDQ ������� /X DQG 0F$IHH ������� 6KLPHU
DQG 6PLWK ������ DQG 6DWWLQJHU ������� 7\SLFDO QRQWUDQVIHUDEOH XWLOLW\ PRG�
HOV DUH %ORFK DQG 5\GHU ������� %XUGHWW DQG &ROHV ������� (HFNKRXW �������
0RUJDQ ������ DQG 6PLWK ������� 7KH DERYH PHQWLRQHG SDSHUV GLmHU VLJQLI�
LFDQWO\ LQ WKH ZD\ LQ ZKLFK WKH\ PRGHO WKH WUDGHU oRZV LQ D VWHDG\ VWDWH�
%XUGHWW DQG &ROHV ������� /X DQG 0F$IHH ������ DQG 0RUJDQ ������ DVVXPH
WKDW WKHUH LV DQ H[RJHQRXVO\ JLYHQ LQoRZ RI WUDGHUV ZKLFK PXVW EH EDODQFHG
E\ DQ HTXLYDOHQW RXWoRZ LQ D VWHDG\ VWDWH� %ORFK DQG 5\GHU ������ DQG
(HFNKRXW ������ GR QRW H[SOLFLWO\ PRGHO WKH WUDGHU oRZV LQ D VWHDG\ VWDWH
EHFDXVH WKH\ MXVW DVVXPH WKDW DOO H[LWLQJ SDLUV DUH DXWRPDWLFDOO\ UHSODFHG E\
LGHQWLFDO HQWHULQJ SDLUV� 7KH UHPDLQLQJ SDSHUV DVVXPH LQnQLWHO\ OLYHG DJHQWV
ZKRVH PDWFKHV EHFRPH UDQGRPO\ GLVVROYHG E\ QDWXUH VR WKDW WKH GHVWUXFWLRQ
RI PDWFKHV LQ D VWHDG\ VWDWH PXVW EH EDODQFHG E\ DQ HTXLYDOHQW FUHDWLRQ�
0RVW DXWKRUV LQ WKH LPSHUIHFW PDWFKLQJ OLWHUDWXUH EXLOG RQ %HFNHU
V ������
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SHUIHFW PDWFKLQJ PRGHO LQ ZKLFK WKHUH LV D XQLTXH UDQNLQJ RI SOD\HUV RQ ERWK
VLGHV RI WKH PDUNHW� ,Q WKH QRQWUDQVIHUDEOH XWLOLW\ YHUVLRQ RI WKLV IULFWLRQOHVV
PRGHO� SRVLWLYHO\ DVVRUWDWLYH PDWFKLQJ� L�H�� D VWULFWO\ SRVLWLYH FRUUHODWLRQ
EHWZHHQ SDUWQHU TXDOLWLHV GRHV DOZD\V DULVH� ,Q WKH WUDQVIHUDEOH XWLOLW\ YHU�
VLRQ� RQ WKH RWKHU KDQG� SRVLWLYHO\ DVVRUWDWLYH PDWFKLQJ LV RQO\ SRVVLEOH ZLWK
VXSHUPRGXODU SURGXFWLYH LQWHUDFWLRQV� L�H�� ZLWK SD\Rm PDWULFHV ZKLFK DUH
FRPSOHPHQWDU\ LQ TXDOLWLHV�
8QGHU D VLQJOH GLVFRXQW IDFWRU DV WKH PDMRU IULFWLRQ VRXUFH� LW WXUQV RXW

WKDW %HFNHU
V ������ UHVXOWV QHHG QRW FDUU\ RYHU WR D VHDUFK VHWWLQJ� ,Q D MRLQW
SDSHU� 6KLPHU DQG 6PLWK ������ VKRZ IRU D PRGHO ZLWK WUDQVIHUDEOH XWLOLW\
WKDW VXSHUPRGXODU SURGXFWLYH LQWHUDFWLRQV GR QRW JXDUDQWHH D FRUUHODWLRQ
EHWZHHQ SDUWQHU TXDOLWLHV ZKLFK LV HYHU\ZKHUH SRVLWLYH� 6LPLODUO\� 6PLWK
������ VKRZV IRU D QRQWUDQVIHUDEOH XWLOLW\ PRGHO WKDW D XQLTXH UDQNLQJ RI
SOD\HUV RQ ERWK VLGHV RI WKH PDUNHW GRHV QRW JXDUDQWHH D PDWFKLQJ SDWWHUQ
ZKLFK LV DSSUR[LPDWHO\ SRVLWLYHO\ DVVRUWDWLYH� 7KH LQWXLWLRQ EHKLQG WKDW LV
VLPSO\ WKDW ZLWK D FRPPRQ GLVFRXQW IDFWRU� WKH KLJKHVW UDQNHG SOD\HUV QHHG
QRW EH WKH FKRRVLHVW RQHV EHFDXVH WKHLU KLJK PDWFK YDOXH PDNHV WKHP VXmHU
PRVW IURP D PDWFK GHOD\� )RU D GLVFRXQW IDFWRU ZKLFK DSSURDFKHV �� KRZHYHU�
WKLV LQWXLWLRQ EUHDNV GRZQ EHFDXVH HYHQ WKH KLJKHVW UDQNHG SOD\HUV IDFH YHU\
ORZ VHDUFK FRVWV LQ WKLV FDVH�
,Q WKLV SDSHU� ZH GHYLDWH IURP WKH ZLGHVSUHDG DVVXPSWLRQ RI D FRPPRQ

GLVFRXQW IDFWRU EHFDXVH ZH DVVXPH WKDW VRPH RI WKH ORZHU UDQNHG SOD\HUV RQ
RQH VLGH RI WKH PDUNHW DUH PXFK PRUH SDWLHQW WKDQ DOO RWKHU SOD\HUV� $Q
DGYDQWDJH RI WKLV QDWXUH LV REYLRXVO\ LUUHOHYDQW LQ D IULFWLRQOHVV PRGHO� DQG
ZKHWKHU WKLV DGYDQWDJH FDQ \LHOG KLJKHU SDUWQHU TXDOLWLHV LQ D IULFWLRQDO PRGHO
LV WKH PDLQ TXHVWLRQ ZKLFK ZH ZDQW WR DGGUHVV LQ WKLV SDSHU�
8QGHU WKH PRGHOLQJ FKRLFHV RI WKLV SDSHU ZKLFK LQFOXGHV WUDQVIHUDEOH XWLO�

LW\ DQG ZKLFK ZH GLVFXVV LQ D VHSDUDWH VHFWLRQ� ZH JHW D FOHDU�FXW DQVZHU WR
RXU PDLQ TXHVWLRQ� (YHQ IRU GLVFRXQW IDFWRUV ZKLFK DSSURDFK �� ZH GR QRW
RQO\ REWDLQ DQ HTXLOLEULXP ZLWK D SRVLWLYH FRUUHODWLRQ EHWZHHQ SDUWQHU TXDO�
LWLHV� EXW DOVR HTXLOLEULD LQ ZKLFK VRPH RU DOO RI WKH PRUH SDWLHQW EXW ORZ
UDQNHG SOD\HUV FDQ PDWFK ZLWK SDUWQHUV RI WKH KLJKHVW UDQN� 6XFK GHYLDWLRQV
IURP SRVLWLYHO\ DVVRUWDWLYH PDWFKLQJ DOZD\V WXUQ RXW WR EH GULYHQ E\ D KLJK
VWHDG\ VWDWH SRSXODWLRQ VKDUH RI WKH SDWLHQW SOD\HUV ZKLFK PDNHV LW KDUG IRU
WKH LPSDWLHQW SOD\HUV WR PHHW RQH DQRWKHU� 7KH IDFW WKDW VXFK D FURZGLQJ
RXW FDQ HYHQ WDNH SODFH ZKHQ DOO SOD\HUV EHFRPH LQnQLWHO\ SDWLHQW LV GXH WR
D FURZGLQJ LQWHQVLW\ ZKLFK JRHV WR LQnQLW\ DW WKH VDPH WLPH� )RU KRPRJH�
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QRXV GLVFRXQW IDFWRUV DQG VPDOO IULFWLRQV� ZH QHYHU REWDLQ GHYLDWLRQV IURP
SRVLWLYHO\ DVVRUWDWLYH PDWFKLQJ EHFDXVH WKH FURZGLQJ LQWHQVLW\ PXVW DOZD\V
UHPDLQ nQLWH LQ VXFK FDVHV�
7KH UHVW RI WKH SDSHU LV RUJDQL]HG DV IROORZV� 6HFWLRQ � SUHVHQWV D IULFWLRQ�

OHVV EHQFKPDUN PRGHO ZKLFK LV HVVHQWLDOO\ D oRZ YHUVLRQ RI %HFNHU
V ������
WUDQVIHUDEOH XWLOLW\ PRGHO� 6HFWLRQ � VSHFLnHV WKH ZD\ LQ ZKLFK ZH LQWUR�
GXFH VHDUFK IULFWLRQV LQWR WKH SHUIHFW PDWFKLQJ PRGHO LQ 6HFWLRQ �� 6HFWLRQ
� GHULYHV QHFHVVDU\ DQG VXpFLHQW HTXLOLEULXP FRQGLWLRQV� 6HFWLRQ � VKRZV
WKDW RXU UHVXOWV GR QRW VWHP IURP DQ HTXLOLEULXP PXOWLSOLFLW\ SUREOHP� 6HF�
WLRQ � HVWDEOLVKHV HTXLOLEULXP H[LVWHQFH� 6HFWLRQ � GLVFXVVHV RXU PRGHOLQJ
FKRLFHV� DQG 6HFWLRQ � VKRZV WKDW DOO FRQYHQWLRQDO IULFWLRQDO PRGHOV ZLWK D
QRQ�:DOUDVLDQ OLPLW DUH TXDOLWDWLYHO\ GLmHUHQW IURP RXUV�

� 7KH :DOUDVLDQ %HQFKPDUN 0RGHO

2Q WKH VXSSO\ VLGH RI D KRXVLQJ PDUNHW DUH WZR W\SHV RI ODQGORUGV ZKR GLmHU
LQ WKH TXDOLW\ RI WKHLU DSDUWPHQW� 2Q WKH GHPDQG VLGH LV D FRQWLQXXP RI
WHQDQW W\SHV ZKR GLmHU LQ WKHLU YDOXDWLRQV IRU DSDUWPHQW W\SHV� $ VLQJOH
DSDUWPHQW LV GHPDQGHG E\ HDFK WHQDQW DQG VXSSOLHG E\ HDFK ODQGORUG� 7KH
XWLOLW\ RI D ODQGORUG RU WHQDQW ZKR GRHV QRW WUDGH LV QRUPDOL]HG WR ]HUR� 7\SH
L WHQDQWV DUH ZLOOLQJ WR SD\ D SULFH RI nLM ! � IRU D W\SH M DSDUWPHQW ZKHUH
L � >�� y7 @ DQG M � I�� �J� 7KH VXSSO\ SULFHV RI DOO ODQGORUGV DUH ]HUR DQG WKH
GHPDQG SULFHV RI DOO WHQDQWV DUH PRQRWRQLF DQG FRPSOHPHQWDU\ LQ W\SHV� L�H��
nL� ! nL�� #nL� #L ! �� #nL� #L ! � DQG #nL� #L ! #nL� #L ZKHQ L � >�� y7 @��

$Q LQnQLWH QXPEHU RI SHULRGV IROORZ DIWHU DQ LQLWLDO SHULRG� ,Q HDFK SHULRG�
DSDUWPHQWV EHFRPH DYDLODEOH DQG SURVSHFWLYH WHQDQWV EHFRPH LQWHUHVWHG LQ
WUDGLQJ� 7KH PHDVXUH RI DOO W\SH M DSDUWPHQWV ZKLFK EHFRPH DYDLODEOH LQ
HDFK SHULRG LV y/M ! � IRU M  � DQG M  �� WKH PHDVXUH RI DOO SURVSHFWLYH
WHQDQWV ZKR DUULYH DW WKH PDUNHW LQ HDFK SHULRG LV y7 ! �� DQG WKH WHQDQW
W\SH GLVWULEXWLRQ LV XQLIRUP RQ WKH LQWHUYDO >�� y7 @� L�H�� LWV GHQVLW\ LV HTXDO WR
� IRU DOO L � >�� y7 @�
$ VLQJOH WUDGHU LV RI PHDVXUH ]HUR� DQG HDFK WUDGHU PD[LPL]HV KLV XWLOLW\

IRU D JLYHQ VHW RI DSDUWPHQW SULFHV� $ ODQGORUG KDV WR GHFLGH RQ ZKHWKHU DQG
ZKHQ WR KLUH RXW� $ WHQDQW KDV WR GHFLGH RQ ZKHWKHU� ZKHQ DQG ZKDW W\SH RI

�)RU VLPSOLFLW\� ZH DVVXPH WKDW nL� DQG nL� DUH FRQWLQXRXV DQG GLmHUHQWLDEOH ZLWK

UHVSHFW WR L�

�



DSDUWPHQW WR UHQW� 7KH GLVFRXQW IDFWRU RI ERWK ODQGORUG W\SHV LV p ! �� DQG
WKH GLVFRXQW IDFWRU RI D W\SH L WHQDQW LV pL  p � p3 � � IRU DOO L � >y73 � y

7 @
ZLWK � � y73 � y7 � DQG pL  p3 IRU DOO L � >�� y

7
3 ��

�

,Q WKH IROORZLQJ� ZH OLPLW RXU DWWHQWLRQ WR FDVHV ZKHUH WKH LQLWLDO VWRFNV
RI DOO PDUNHW SDUWLFLSDQWV DUH ]HUR� DQG ZKHUH WKH VHTXHQFHV RI WKH PDUNHW
FOHDULQJ SULFHV UHPDLQ FRQVWDQW RYHU WLPH� 6XFK VWHDG\ VWDWHV KDYH D VLP�
SOH VWUXFWXUH EHFDXVH WKH PDUNHWV IRU ERWK DSDUWPHQW W\SHV PXVW FOHDU RQ D
SHULRG E\ SHULRG EDVLV� 7UDGHV EHWZHHQ GLmHUHQW SHULRGV GR QRW WDNH SODFH
EHFDXVH WKH WUDGLQJ RSSRUWXQLWLHV UHPDLQ WKH VDPH DV WLPH SDVVHV E\� )RU
D FRPSOHWH GHVFULSWLRQ RI WKH WUDGHU oRZV LQ D VWHDG\ VWDWH� ZH GHQRWH WKH
GHQVLW\ RI WKH W\SH GLVWULEXWLRQ RI DOO WHQDQWV ZKR UHFHLYH D W\SH M DSDUWPHQW
LQ HDFK SHULRG E\ yLM IRU M  �� M  � DQG DOO L � >�� y

7 @� :LWK D VWULFWO\ SRVL�
WLYH FRUUHODWLRQ EHWZHHQ SDUWQHU W\SHV� WKH WHQDQWV ZLWK WKH KLJKHVW GHPDQG
VWUHQJWK PXVW REWDLQ WKH EHVW DSDUWPHQWV� +HQFH� ZH FDQ GHVFULEH D VWHDG\
VWDWH RI WKLV QDWXUH E\

y3$L�  

�
� LI L � >Lee� y7 @�
� RWKHUZLVH�

y3$L�  

�
� LI L � >Le� Lee��
� RWKHUZLVH�

ZKHUH Lee  PD[�y7 b y/
�
� �� DQG Le  PD[�y7 b y/� ���

$V %HFNHU ������� ZH nQG WKDW VXSHUPRGXODU SURGXFWLYH LQWHUDFWLRQV OHDG
WR SRVLWLYHO\ DVVRUWDWLYH PDWFKLQJ LQ D PDUNHW FOHDULQJ HTXLOLEULXP� $ :DO�
UDVLDQ DSDUWPHQW DVVLJQPHQW PXVW PD[LPL]H WRWDO VXUSOXV� DQG ZLWK W\SH
FRPSOHPHQWDULW\� VXUSOXV LPSURYHPHQWV DUH DOZD\V SRVVLEOH ZKHQ VLJQLn�
FDQWO\ PDQ\ WHQDQWV UHFHLYH EHWWHU DSDUWPHQWV WKDQ VRPH RWKHU WHQDQWV ZLWK
D KLJKHU GHPDQG VWUHQJWK� :H RPLW WKH SURRI RI WKH IROORZLQJ SURSRVLWLRQ
EHFDXVH LW MXVW VKDUSHQV WKLV VLPSOH DUJXPHQW�

3URSRVLWLRQ � 7KH XQLTXH FRPSHWLWLYH HTXLOLEULXP ZKLFK GRHV H[LVW LV RQH
ZLWK y  y3$��

�8QOHVV H[SOLFLWO\ PHQWLRQHG� ZH DVVXPH WKURXJKRXW WKH SDSHU WKDW p3 � p� L�H�� WKDW

GLVFRXQW IDFWRUV DUH KHWHURJHQHRXV�
�%\ y  y

3$ ZH PHDQ WKDW yLM  y
3$
LM IRU M  �� M  � DQG DOPRVW DOO L � >�� y7 @� )RU

QRWDWLRQDO VLPSOLFLW\� ZH XVH DQDORJRXV DEEUHYLDWLRQV UHSHDWHGO\ WKURXJKRXW WKH SDSHU�

�



� 7KH 6HDUFK 0RGHO

:H XVH WKH VDPH IUDPHZRUN DV LQ WKH SUHYLRXV VHFWLRQ H[FHSW IRU WKH DV�
VXPSWLRQ WKDW D :DOUDVLDQ DXFWLRQHHU FDOOV PDUNHW FOHDULQJ SULFHV� ,QVWHDG�
ZH DVVXPH WKDW WKH IRUPDWLRQ RI SULFHV WDNHV SODFH WKURXJK GHFHQWUDOL]HG
EDUJDLQLQJ LQ D PDUNHW ZLWK SDLUZLVH PHHWLQJV� (DFK WUDGHU FDQ RQO\ HQWHU
WKH PDUNHW DW WKH WLPH ZKHQ VKH DUULYHV� DQG HDFK WHQDQW ZKR HQWHUV WKH
PDUNHW PXVW GHFLGH RQ D GHVLUHG OHYHO RI TXDOLW\� $OO WUDGHUV ZKR GZHOO LQ WKH
PDUNHW PHHW DW PRVW RQH SDUWQHU SHU SHULRG� /DQGORUGV ZLWK DQ DSDUWPHQW
RI W\SH M � I�� �J PHHW D WHQDQW RI D W\SH QRW JUHDWHU WKDQ xL � >�� y7 @ ZLWK

SUREDELOLW\
5 xL
�
{/LMGL� 7HQDQWV ZKR FKRRVH TXDOLW\ OHYHO M � I�� �J PHHW RQO\

ODQGORUGV ZLWK DQ DSDUWPHQW RI W\SH M� DQG WKH\ PHHW VXFK D ODQGORUG ZLWK
SUREDELOLW\ x{7M � 7KH SUREDELOLW\ GHQVLWLHV {

/
LM DQG WKH PDWFKLQJ SUREDELOLWLHV

x{7M DUH GHWHUPLQHG E\ WKH VWRFNV RI WUDGHUV DQG WKH WHQDQW
V TXDOLW\ GHFLVLRQ�

{/LM  

�!!!!!!!�
!!!!!!!�

x7LM
x7M

LI x/M � x7M ? x7M ! ��

x7LM
x/M

LI x/M ! x7M ! ��

� LI x7M  ��

x{7M  

�!!!!�
!!!!�

� LI x7M � x/M ? x/M ! ��
x/M
x7M

LI x7M ! x/M ! ��

� LI x/M  ��

ZKHUH x7LM LV WKH GHQVLW\ RI WKH W\SH GLVWULEXWLRQ RI DOO WHQDQWV ZKR FKRVH

TXDOLW\ OHYHO M� x7M  
5 y7
�

x7LMGL LV WKH PHDVXUH RI DOO WHQDQWV ZKR FKRVH TXDOLW\
OHYHO M� DQG x/M LV WKH PHDVXUH RI DOO DYDLODEOH DSDUWPHQWV RI W\SH M�
$ VLQJOH WDNH�LW�RU�OHDYH�LW RmHU PXVW EH PDGH ZKHQ D PHHWLQJ WDNHV SODFH�

DQG D IDLU FKDQFH PRYH GHWHUPLQHV ZKR FDQ PDNH WKLV RmHU� $OO WUDGHUV ZKR
UHDFK DQ DJUHHPHQW OHDYH WKH PDUNHW� DQG DOO WUDGHUV ZKR UHMHFW DQ RmHU
RU ZKRVH RmHU JHWV UHMHFWHG WHUPLQDWH WKH PHHWLQJ DQG UHPDLQ XQPDWFKHG
XQWLO WKH\ IDFH D QHZ FKDQFH LQ WKH QH[W SHULRG� 7KH SHUVRQDO KLVWRU\ RI
HDFK WUDGHU LV SULYDWH LQIRUPDWLRQ� EXW WKH W\SH RI SDUWQHU LQ D PDWFK LV
REVHUYDEOH� 7KH GLVFRXQW IDFWRU RI WKH SDWLHQW WUDGHU W\SHV p3 � WKH GLVFRXQW
IDFWRU RI WKH LPSDWLHQW WUDGHU W\SHV p� DQG D VPDOO HQWU\ IHH H ! � DUH WKH

�



RQO\ IULFWLRQV VRXUFHV�� $OO WUDGHUV PXVW FKRRVH D VWUDWHJ\ ZKLFK VSHFLnHV WKH
EHKDYLRU LQ DOO SRVVLEOH GHFLVLRQ QRGHV� 7KH FRPPRQ ULVN DYHUVLRQ LV ]HUR�

� 6HDUFK (TXLOLEULXP

:H DQDO\]H V\PPHWULF VXEJDPH SHUIHFW 1DVK HTXLOLEULD LQ ZKLFK DOO WUDGHUV
RI WKH VDPH W\SH FKRRVH WKH VDPH VWUDWHJ\� DQG ZH IRFXV RQ VWHDG\ VWDWH
FDVHV LQ ZKLFK WKH VWRFNV RI DOO ODQGORUG W\SHV DQG WKH VWRFNV RI DOO WHQDQW
W\SHV ZKR FKRVH D JLYHQ TXDOLW\ OHYHO UHPDLQ FRQVWDQW RYHU WLPH� :H DOVR
DVVXPH WKDW WKH EHKDYLRU LQ D PDWFK LV LQGHSHQGHQW RI ZKDW KDSSHQHG LQ
SUHYLRXV PDWFKHV� 7KLV VWDWLRQDULW\ DVVXPSWLRQ LV QRW UHVWULFWLYH EHFDXVH
WKH SUREDELOLW\ RI JHWWLQJ PDWFKHG WZLFH ZLWK WKH VDPH SDUWQHU LV ]HUR�
)RU D JLYHQ VHW RI VWDWLRQDU\ VWUDWHJLHV� ZH FDQ FRPSXWH DQ XQPDWFKHG

PDUNHW SDUWLFLSDQW
V H[SHFWHG XWLOLW\ DW WKH EHJLQQLQJ RI D SHULRG GLVFRXQWHG
WR WKDW SHULRG� Y/M LV WKH H[SHFWHG XWLOLW\ RI DQ XQPDWFKHG ODQGORUG ZLWK DQ
DSDUWPHQW RI W\SH M � I�� �J� Y7LM LV WKH H[SHFWHG XWLOLW\ RI DQ XQPDWFKHG
W\SH L � >�� y7 @ WHQDQW ZKR FKRVH TXDOLW\ OHYHO M� DQG Y7L  PD[�Y7L�� Y

7
L�� LV

WKH H[SHFWHG XWLOLW\ RI D W\SH L WHQDQW ZKR HQWHUV WKH PDUNHW� 7KHVH YDOXH
IXQFWLRQV DUH WLPH LQGHSHQGHQW EHFDXVH DOO PDWFKLQJ SUREDELOLWLHV UHPDLQ WKH
VDPH DV WLPH SURJUHVVHV� 7KH H[SHFWHG XWLOLW\ RI D ODQGORUG ZKR HQWHUV WKH
PDUNHW ZLWK D W\SH M DSDUWPHQW LV Y/M �
7KH XQLTXH VXEJDPH SHUIHFW HTXLOLEULXP LQ D EDUJDLQLQJ VLWXDWLRQ EH�

WZHHQ D W\SH L WHQDQW DQG D ODQGORUG ZLWK DQ DSDUWPHQW RI W\SH M LV DQ
RXWFRPH LQ ZKLFK WKH WUDGHU ZKR PDNHV WKH RmHU UHFHLYHV DOO WKH JDLQ IURP
WUDGH� $ GLVDJUHHPHQW \LHOGV D WRWDO XWLOLW\ RI Y/M p � Y7LMpL EHFDXVH ERWK
WUDGHUV PXVW ZDLW RQH SHULRG EHIRUH WKH QH[W FKDQFH DUULYHV� $Q DJUHHPHQW�
RQ WKH RWKHU KDQG� \LHOGV D WRWDO XWLOLW\ RI nLM� DQG� FRQVHTXHQWO\� WKH JDLQ
IURP WUDGH LV nLM b Y/M p b Y7LMpL � 1R H[FKDQJH RI JRRGV FDQ WDNH SODFH LI nLM �
Y/M p � Y7LMpL� )RU WKH NQLIH HGJH FDVH ZKHQ nLM  Y/M p � Y7LMpL� ZH DVVXPH WKDW
WUDGH GRHV DOZD\V WDNH SODFH� 7KH H[SHFWHG XWLOLW\ RI DQ XQPDWFKHG W\SH L
WHQDQW ZKR FKRVH TXDOLW\ OHYHO M LV
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7
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7
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Y7LMpL �
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�
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�,Q RUGHU WR HVWDEOLVK WKH H[LVWHQFH RI DQ HTXLOLEULXP IRU FDVHV ZKHQ y
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/� ZH QHHG

DQ HQWU\ IHH RU D VLPLODU IULFWLRQ VRXUFH ZKLFK FDQ EH DUELWUDULO\ VPDOO�
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6KH GRHV QRW PHHW D SDUWQHU ZLWK SUREDELOLW\ ��b x{7M �� VKH UHFHLYHV DQ RmHU
ZLWK SUREDELOLW\ x{7M  �� DQG VKH FDQ PDNH DQ RmHU ZLWK SUREDELOLW\ x{

7
M  �� +HU

H[SHFWHG XWLOLW\ LV Y7LMpL LI VKH GRHV QRW PHHW D SDUWQHU� Y
7
LMpL LI VKH UHFHLYHV

DQ RmHU� DQG Y7LMpL � PD[��� nLM b Y/M p b Y7LMpL�  PD[�Y
7
LMpL� nLM b Y/M p� LI VKH

FDQ PDNH DQ RmHU� 6LPLODUO\� ZH REWDLQ WKDW

Y/M  ��b
=

{/LMGL�Y
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= {/LM
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GL�Y/M p���
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= {/LM
�
�Y/M p �PD[��� nLM b Y/M p b Y7LMpL��GL�
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7KH WUDGHUV ZKR HQWHU WKH PDUNHW LQ D VWHDG\ VWDWH PXVW DOZD\V UHSODFH
LGHQWLFDO WUDGHUV ZKR OHDYH WKH PDUNHW� )RU D FRPSOHWH GHVFULSWLRQ RI WKHVH
WUDGHU oRZV� ZH XVH DJDLQ WKH SHU�SHULRG W\SH GLVWULEXWLRQ RI DOO WHQDQWV ZKR
UHQW W\SH M DSDUWPHQWV� $V LQ WKH IULFWLRQOHVV EHQFKPDUN PRGHO� ZH GHQRWH
E\ yLM WKH SHU�SHULRG GHQVLW\ RI DOO W\SH L WHQDQWV ZKR UHQW DQ DSDUWPHQW
RI W\SH M� $ VWHDG\ VWDWH UHTXLUHV WKDW WKH SHU�SHULRG GHQVLW\ RI DOO W\SH L
WHQDQWV ZKR FKRRVH TXDOLW\ OHYHO M ZKHQ WKH\ HQWHU WKH PDUNHW PXVW DOVR EH
yLM� DQG WKDW WKH SHU�SHULRG PHDVXUH RI DOO ODQGORUGV ZKR HQWHU WKH PDUNHW
ZLWK D W\SH M DSDUWPHQW PXVW EH

5
yLMGL� 7KH GHQVLW\ UHVS� PHDVXUH RI

WUDGHUV ZKR DUULYH DW WKH PDUNHW LQ D JLYHQ SHULRG LV DQ XSSHU ERXQG IRU WKH
GHQVLW\ UHVS� PHDVXUH RI WUDGHUV ZKR FDQ HQWHU WKH PDUNHW LQ WKLV SHULRG�
+HQFH�

yL� � yL� � ����

DQG =
yLMGL � y/M ����

7KH SHU�SHULRG GHQVLW\ RI DOO W\SH L WHQDQWV ZKR PHHW D ODQGORUG ZLWK DQ
DSDUWPHQW RI W\SH M LV x{7M x

7
LM� DQG

x{7M x
7
LM  yLM LI yLM ! ����

EHFDXVH DOO WKHVH PHHWLQJV PXVW HQG XS ZLWK WUDGH LI VRPH RI WKHP GR� 0DUNHW
SDUWLFLSDQWV ZKR GR QRW WUDGH FDQQRW EH LJQRUHG LQ RXU PRGHO EHFDXVH WKH\

�$W DQ DEXVH RI QRWDWLRQ DQG WKURXJKRXW WKH SDSHU� ZH XVH
5
DV D VKRUWKDQG IRU
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�
�
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LQoXHQFH WKH PDWFKLQJ SUREDELOLWLHV� ,Q WKH IROORZLQJ� KRZHYHU� ZH ZLOO IRFXV
RQ HTXLOLEULD ZLWKRXW VXFK VXSHUoXRXV PDUNHW SDUWLFLSDQWV� :H DVVXPH WKDW�

x7LM  � LI yLM  �����

DQG WKDW
x/M  � LI

=
yLMGL  �����

$OO VWRFN DQG oRZ YDULDEOHV ZKLFK VDWLVI\ ���������� DQG ��� UHSUHVHQW D
VWHDG\ VWDWH� DQG D JLYHQ VWHDG\ VWDWH LV SRVVLEOH LQ D VXEJDPH SHUIHFW HTXL�
OLEULXP Lm WKHUH DUH YDOXH IXQFWLRQV ZKLFK VXSSRUW WKH QHFHVVDU\ HQWU\� TXDO�
LW\� DQG H[LW GHFLVLRQV� DQG DW WKH VDPH WLPH VDWLVI\ WKH %HOOPDQ HTXDWLRQV
��� DQG ���� 7KH UHPDLQLQJ HTXLOLEULXP FRQGLWLRQV PXVW� WKHUHIRUH� HVWDE�
OLVK WKDW WKH YDOXH IXQFWLRQV GR VXSSRUW WKH GHFLVLRQV ZKLFK LQGXFH WKH ULJKW
WUDGHU oRZV� $ WUDGHU PXVW EH ZLOOLQJ WR HQWHU WKH PDUNHW LI VRPH PHPEHUV
RI KLV W\SH HQWHU WKH PDUNHW� DQG KH PXVW EH ZLOOLQJ WR VWD\ RXW RI WKH PDUNHW
LI VRPH PHPEHUV RI KLV W\SH VWD\ RXW RI WKH PDUNHW� +HQFH�

Y/M w H LI
=

yLMGL ! �����

Y7L w H LI yL� � yL� ! �����

Y/M � H LI
=

yLMGL � y/M �����

DQG
Y7L � H LI yL� � yL� � ��

�����

7\SH L WHQDQWV PXVW EH ZLOOLQJ WR FKRRVH TXDOLW\ OHYHO M DQG PXVW EH DEOH WR
WUDGH ZLWK ODQGORUGV ZKR SRVVHVV DQ DSDUWPHQW RI W\SH M LI yLM ! �� +HQFH�

Y7LM  PD[�Y
7
L�� Y

7
L��  Y7L LI yLM ! �����

DQG
nLM w Y/M p � Y7LMpL LI yLM ! ������

�)RU VLPSOLFLW\� ZH LJQRUH LQFHQWLYH FRPSDWLELOLW\ YLRODWLRQV ZKLFK FRXOG RFFXU IRU VRPH

WUDGHUV ZLWK DQ RYHUDOO PHDVXUH RI ]HUR� 6WULFWO\ VSHDNLQJ� ��� VKRXOG UHTXLUH WKDW Y/M w H

LI yAL�M ! � IRU VRPH
AL � >�� y7 @� DQG ���� VKRXOG UHTXLUH WKDW Y/M � H LI yaL�M � � IRU VRPH
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1RWLFH WKDW RXU VLPSOLI\LQJ DVVXPSWLRQ RI D RQFH�LQ�D�OLIHWLPH TXDOLW\ FKRLFH
GRHV QRW PDWWHU LQ D VWHDG\ VWDWH EHFDXVH RSWLPDO TXDOLW\ GHFLVLRQV UHPDLQ
RSWLPDO RYHU WLPH�
(TXDWLRQV ��� WR ���� DUH QHFHVVDU\ DQG VXpFLHQW FRQGLWLRQV IRU D VHDUFK

HTXLOLEULXP LI WKH\ KROG IRU DOO L � >�� y7 @ DQG M � I�� �J� 7KH H[RJHQRXV
YDULDEOHV DUH nLM� y

/
M � y

7 � y73 � p� p3 DQG H� 7KH HQGRJHQRXV YDULDEOHV DUH yLM�
x7LM� x

/
M � Y

/
M � Y

7
L DQG Y7LM�

� (TXLOLEULXP&KDUDFWHUL]DWLRQ IRU ,QnQLWHVL�

PDO 6HDUFK )ULFWLRQV

7KH FRPSOHWH HTXLOLEULXP FKDUDFWHUL]DWLRQ IRU DUELWUDULO\ VPDOO VHDUFK IULF�
WLRQV GHSHQGV RQ WKH VWUXFWXUH RI WKH H[RJHQRXVO\ JLYHQ WUDGHU oRZV� ,Q WKH
IROORZLQJ� ZH RPLW D IXOO GLVFXVVLRQ RI DOO SRVVLEOH FDVHV EHFDXVH VLPLODU HTXL�
OLEULXP FRQnJXUDWLRQV DSSHDU HYHU\ZKHUH� ,Q RUGHU WR DYRLG UHGXQGDQFLHV�
ZH RQO\ SURYLGH D GHWDLOHG WUHDWPHQW IRU WKH SDUDPHWHU UHJLRQ ZKHUH y7,  y7

b y73 � y/� DQG y7, � y/� � y73 � EXW IRU WKH VDNH RI FRPSOHWHQHVV� ZH GHVFULEH
WKH UHPDLQLQJ UHJLRQV ZLWKRXW SURRIV�
7KH VSHFLDO DVVXPSWLRQV RI RXU PRGHO SHUPLW LPSODXVLEOH ?VKXW�GRZQ�

HTXLOLEULD LQ ZKLFK RQH RU ERWK DSDUWPHQW W\SHV DUH QRW WUDGHG VR WKDW
5
yL�GL

 � RU
5
yL�GL  �� ,Q WKH IROORZLQJ� ZH LJQRUH VXFK HTXLOLEULD EHFDXVH WKH\

DUH QRW UREXVW ZLWK UHVSHFW WR LQnQLWHVLPDO VWRFKDVWLF SHUWXUEDWLRQV RI WKH
TXDOLW\ RU HQWU\ GHFLVLRQV� 7KHLU H[LVWHQFH LV GULYHQ E\ D FRRUGLQDWLRQ IDLOXUH
LQ ZKLFK KLJK UHVS� ORZ TXDOLW\ ODQGORUGV GR QRW HQWHU WKH PDUNHW EHFDXVH
WKHUH DUH QR WHQDQWV ZKR FKRRVH D KLJK UHVS� ORZ TXDOLW\ OHYHO� DQG LQ ZKLFK
WKH WHQDQWV GR QRW FKRRVH D KLJK UHVS� ORZ TXDOLW\ OHYHO EHFDXVH WKHUH DUH QR
KLJK UHVS� ORZ TXDOLW\ ODQGORUGV ZKR HQWHU WKH PDUNHW�
(YHQ IRU LQnQLWHVLPDO VHDUFK IULFWLRQV� ZH nQG VXEVWDQWLDO GHYLDWLRQV IURP

WKH :DOUDVLDQ RXWFRPH LQ RXU PRGHO� DQG WKH FULWLFDO IHDWXUH ZKLFK PDNHV WKLV
SRVVLEOH LV D KLJK RU ORZ TXDOLW\ PDUNHW LQ ZKLFK WKH QXPEHU RI WHQDQWV SHU
DSDUWPHQW JRHV WR LQnQLW\ UHVS� WKH PDWFKLQJ SUREDELOLWLHV RI DOO WHQDQWV JR
WR ]HUR DV WKH IULFWLRQV EHFRPH DV\PSWRWLFDOO\ UHPRYHG� /HPPD ��L� UHYHDOV
WKDW VXFK DQ HYHU JURZLQJ WLJKWQHVV LQ WKH KLJK UHVS� ORZ TXDOLW\ PDUNHW FDQ
RQO\ DULVH LI WKLV PDUNHW EHFRPHV H[FOXVLYHO\ SRSXODWHG ZLWK SDWLHQW WHQDQW
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W\SHV� L�H� � LI
5
, yL�GL UHVS�

5
, yL�GL DSSURDFKHV ��

� /HPPD ��LL� HVWDEOLVKHV
WKDW WKH WLJKWQHVV LQ D PDUNHW ZLWKRXW LPSDWLHQW WHQDQWV PXVW DOZD\V JURZ
DW D ORZHU UDWH WKDQ WKH SDWLHQFH RI WKH SDWLHQW WHQDQW W\SHV�

/HPPD � /HW I�pP� pP3 � H
P�JP �P � EH D VHTXHQFH RI IULFWLRQDO SDUDPHWHU

ZKLFK FRQYHUJHV WR ��� �� �� DQG DVVXPH WKDW DQ HTXLOLEULXP GRHV H[LVW IRU
HDFK HOHPHQW RI WKLV VHTXHQFH�

�L� ,I z �
5
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P
LM GL KROGV IRU D M � I�� �J� D z ! � DQG DOO P � 1� WKHQ

I x{7M
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P
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,Q RXU SURRI RI WKLV SUHSDUDWRU\ OHPPD� ZH QRZ DUJXH WKDW WKH HTXLOLEULXP
FRQGLWLRQV ���� ��� DQG ���� FRXOG QHYHU KROG DW RQFH IRU VXpFLHQWO\ VPDOO
VHDUFK IULFWLRQV LI /HPPD � ZHUH IDOVH� )RU D JLYHQ PDWFKLQJ PDWUL[ yLM DQG
E\ XVLQJ ��� DQG ���� ZH� WKHUHE\� QHHG WR nJXUH RXW DOO SRVVLEOH VWHDG\ VWDWH
VWRFN FRQnJXUDWLRQV� L�H�� WKH VR FDOOHG %HUYHULGJH FXUYH�
([SORLWLQJ ���� ZH FDQ VKRZ WKDW

�
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%HIRUH ZH FDQ FRQWLQXH� ZH KDYH WR nJXUH RXW DOO SRVVLEOH VWHDG\�VWDWH
VWRFN FRQnJXUDWLRQV IRU WKH FDVH ZKHQ

5
yLMGL ! �� )URP ���� ZH NQRZ WKDW

yLM x{
7
M x

7
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ZLWK PHDVXUH JUHDWHU WKDQ VRPH z� ! ��� 6LQFH � � nLM b Y/M
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pP PXVW KROG

IRU WKH VPDOOHVW VXFK L� WKHUH PXVW DOVR EH VRPH L � >y73 � y
7 @ ZLWK PHDVXUH

JUHDWHU WKDQ �

�
z� ! � VXFK WKDW � � z ��y7, � � yPLM DQG

� �
z�

�
PLQ
L�

I
#nLM
#L
�L��J � nLM b Y/M

P
pP ���

+HQFH� XQGHU �D�� ���� ZRXOG FHUWDLQO\ EH YLRODWHG IRU VRPH ODUJH HQRXJK P�
LI I x{7M

P
JP �P � ZHUH QRW ERXQGHG EHORZ E\ DQ s ! ���� 8QGHU �E�� RQ WKH

RWKHU KDQG� x{7M
P
 � ZRXOG FHUWDLQO\ EH YLRODWHG IRU VRPH ODUJH HQRXJK P�

LI I x{7M
P
JP �P � ZHUH QRW ERXQGHG EHORZ E\ DQ s ! �� 7R VXPPDUL]H� /HPPD

��L� PXVW EH WUXH�
8QGHU �D�� ���� UHTXLUHV WKDW

Y/M
5
yLM w

=
3

yLM��b p3 �
�

�
�nLM b Y/M p�

��b p���b p3 � x{7M
�

�
p3 �

GL�����

,I I�pP� pP3 � H
P�JP �P � LV D SDUDPHWHU VHTXHQFH ZKLFK FRQYHUJHV WR ��� �� �� DQG

LI � � z �
5
3 yPLM GL� WKHQ � � z ��y73 � � yPLM PXVW KROG IRU VRPH L � >�� y

7
3 �

ZLWK PHDVXUH JUHDWHU WKDQ VRPH z� ! �� 6LQFH � � nLM b Y/M
P
pP PXVW KROG

IRU WKH VPDOOHVW VXFK L� WKHUH PXVW DOVR EH VRPH L � >�� y73 � ZLWK PHDVXUH
JUHDWHU WKDQ �

�
z� ! � VXFK WKDW � � z ��y73 � � yPLM DQG

� �
z�

�
PLQ
L�

I
#nLM
#L
�L��J � nLM b Y/M

P
pP �

+HQFH� XQGHU �D�� ���� ZRXOG FHUWDLQO\ EH YLRODWHG IRU VRPH ODUJH HQRXJK P�
LI I��b pP3 � x{

7
M

P
JP �P � ZHUH ERXQGHG EHORZ E\ DQ s ! �� 8QGHU �E�� RQ WKH

RWKHU KDQG� x{7M
P
 � ZRXOG FHUWDLQO\ EH YLRODWHG IRU VRPH ODUJH HQRXJK P�

LI I�� b pP3 � x{
7
M

P
JP �P � ZHUH ERXQGHG EHORZ E\ DQ s ! �� 7R VXPPDUL]H�

/HPPD ��LL� PXVW EH WUXH� (

�$PRQJ DOO LPSDWLHQW W\SHV� VRPH L ZLWK z ��y7, � � y
P
LM � � DQG D VXpFLHQWO\ VPDOO

PHDVXUH z� ! �� ZLOO FHUWDLQO\ QRW EH HQRXJK WR UDLVH WKH DYHUDJH GHQVLW\ DERYH z y7, JLYHQ

WKDW WKH GHQVLW\ RI DOO RWKHU L LV OHVV WKDQ z ��y7, ��
��7KH ORZHVW z� � RI DOO L � >y73 � y

7 @ ZLWK � � z ��y7, � � y
P
LM FDQQRW EH LQ DQ LQWHUYDO

VPDOOHU WKDQ z
�
 � VLQFH DFFRUGLQJ WR ���� yPLM � � IRU DOO L�

��([SORLWLQJ ���� ����� Y7LM
P
w � DQG WKH IDFW WKDW yPLM ! � IRU VRPH L LI � � z �

5
,
y
P
LM GL�

REVHUYH WKDW Y
/
M

P5
y
P
LM GL PXVW UHPDLQ nQLWH DV P JRHV WR ��

��



2XU SUHOLPLQDU\ /HPPD � LV YHU\ KHOSIXO IRU WKH SXUSRVH RI VLQJOLQJ RXW
WKH SRVVLEOH HTXLOLEULXP FRQnJXUDWLRQ IRU DUELWUDULO\ VPDOO VHDUFK IULFWLRQV�
,Q WKH SDUDPHWHU UHJLRQ ZKHUH y7, �y/

�
�y73 DQG y7, �y/

�
� LW WXUQV RXW WKDW RQO\
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DV ZH OHW p3 JR WR �� )RU �p� H� VXpFLHQWO\ FORVH WR ��� ��� KRZHYHU� WKLV
H[SUHVVLRQ LV FHUWDLQO\ JUHDWHU WKDQ H� +HQFH� ZH nQG WKDW OLPp3�� x{

7
�
 �

LV LQ FRQWUDGLFWLRQ ZLWK ����� 7R VXPPDUL]H� OLPp3�� x{
7
�
! � IRU DQ\ JLYHQ

�p� H� VXpFLHQWO\ FORVH WR ��� ���
8VLQJ ����� ����� ���� DQG WKH UHVXOWV LQ WKH WZR SUHYLRXV SDUDJUDSKV� ZH

FDQ VKRZ WKDW ZLWK JLYHQ �p� H� VXpFLHQWO\ FORVH WR ��� ��� OLPp3�� Y
7
L� ! � DQG

OLPp3�� Y
7
L�  � LI L�>y

7
3 � y

7 @� +HQFH� ZH KDYH SURRIHG WKDW ZLWK JLYHQ �p� H�
VXpFLHQWO\ FORVH WR ��� ��� Y7L�!Y7L� IRU DOO L�>y

7
3 � y

7 @ LI p3!p LV VXpFLHQWO\ FORVH
WR �� 1RWH WKDW DOO RWKHU HTXLOLEULXP FRQGLWLRQV KROG IRU DOO p3!p JLYHQ WKDW
�p� H� LV VXpFLHQWO\ FORVH WR ��� ��� (

��� &URZGLQJ 2XW LQ %RWK 0DUNHWV

/HPPD � )RU y/
�
�y73 � DQG DQ\ JLYHQ �p�H� VXpFLHQWO\ FORVH ������ RQH DQG

DW PRVW RQH HTXLOLEULXP ZLWK y y&% GRHV H[LVW LI p3 LV VXpFLHQWO\ FORVH WR ��

/HPPD � UHYHDOV WKDW WKHUH LV D VHFRQG VWURQJ GHYLDWLRQ IURP WKH :DO�
UDVLDQ RXWFRPH ZKLFK GRHV H[LVW IRU DUELWUDULO\ VPDOO IULFWLRQV� ,Q DQ HTXL�
OLEULXP ZLWK y  y&%� RQO\ SDWLHQW WHQDQWV UHFHLYH DQ DSDUWPHQW� DQG WKH
LPSDWLHQW WHQDQWV ZKRVH GHPDQG VWUHQJWK LV VWULFWO\ KLJKHU GR QRW HYHQ HQWHU
WKH PDUNHW� 7KH FUXFLDO IHDWXUH ZKLFK PDNHV VXFK DQ RXWFRPH SRVVLEOH LQ RXU
PRGHO LV D KLJK WHQDQW SHU DSDUWPHQW UDWLR LQ HDFK RI WKH PDUNHWV ZKLFK FRQ�
YHUJHV WR LQnQLW\ DV WKH IULFWLRQV EHFRPH UHPRYHG� p3 LV DQ LPSRUWDQW YDULDEOH
LQ DQ HTXLOLEULXP ZLWK y  y&% EHFDXVH OLPp3�� x

7
�  x

/
� OLPp3��x

7
�  x

/
� �

IRU DQ\ JLYHQ �p�H�� 7KH GLVFRXQW IDFWRU RI WKH SDWLHQW WHQDQW W\SHV PXVW EH
FORVH HQRXJK WR � LQ RUGHU WR PDNH VXUH WKDW DOO LPSDWLHQW WHQDQW W\SHV ZDQW
WR VWD\ RXW RI WKH PDUNHW� 6LQFH LW LV MXVW D YDULDWLRQ RI /HPPD �
V SURRI� ZH
RPLW /HPPD �
V SURRI�

��� 3RVLWLYHO\ $VVRUWDWLYH 0DWFKLQJ

/HPPD � )RU y/
�
� y73 DQG DQ\ �p�p3 �H� VXpFLHQWO\ FORVH �������� RQH DQG

DW PRVW RQH HTXLOLEULXP ZLWK y  y3$ GRHV H[LVW�

7KH IDFW WKDW RXU IULFWLRQDO PRGHO FDQ JHQHUDWH D :DOUDVLDQ DSDUWPHQW
DVVLJQPHQW ZKHQ ZH DV\PSWRWLFDOO\ UHPRYH DOO IULFWLRQV LV QRW YHU\ VXUSULVLQJ
VLQFH LW FRQnUPV WKH ZLGHVSUHDG LQWXLWLRQ WKDW WKH LPSDFW RI WKH PDWFK FUH�
DWLRQ FRVWV RQ WKH H[SHFWHG SD\RmV VKRXOG EHFRPH QHJOLJLEOH ZKHQ DOO WUDGHUV
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EHFRPH YHU\ SDWLHQW� L�H�� WKDW RQO\ SULFHV VKRXOG GHWHUPLQH WKH H[SHFWHG SD\�
RmV LQ DQ HQYLURQPHQW ZLWK LQnQLWHVLPDO IULFWLRQV� )URP WKH DQDO\VLV DERYH�
ZH NQRZ� KRZHYHU� WKDW WKLV LQWXLWLRQ LV EDVHG RQ WKH DVVXPSWLRQ WKDW WKH
PDWFKLQJ SUREDELOLWLHV GR QRW DSSURDFK ]HUR DV IULFWLRQV EHFRPH UHPRYHG�
6LQFH LW LV DJDLQ MXVW D YDULDWLRQ RI /HPPD �
V SURRI� ZH DOVR RPLW /HPPD
�
V SURRI�

� 'LVFXVVLRQ

2XU UHVXOW LQ 3URSRVLWLRQ � VKRZV WKDW ORZO\ UDQNHG EXW SDWLHQW SOD\HUV
FDQ JHW KLJKO\ UDQNHG SDUWQHUV LQ D PDUULDJH PRGHO ZLWK XQERXQGHGO\ ORZ
IULFWLRQV� ,Q WKH IROORZLQJ� ZH ZLOO EULHo\ GLVFXVV WKH PRGHOLQJ FKRLFHV XQGHU
ZKLFK ZH REWDLQ WKLV UHPDUNDEOH UHVXOW�
7KH VSHFLDO W\SH GLVWULEXWLRQ ZKLFK ZH XVH WKURXJKRXW WKH SDSHU LV FHU�

WDLQO\ QRW DQ HVVHQWLDO LQJUHGLHQW LQ RXU PRGHO� :LWK D GLVFUHWH GLVWULEXWLRQ
RQ RQH VLGH RI WKH PDUNHW DQG D XQLIRUP RQH RQ WKH RWKHU� WKH GHVFULSWLRQ
RI DQ HTXLOLEULXP PDWFKLQJ SDWWHUQ MXVW EHFRPHV HVSHFLDOO\ HDV\� $W WKH H[�
SHQVH RI QRWDWLRQ� DQ H[WHQVLRQ RI RXU UHVXOW WR DUELWUDU\ W\SH GLVWULEXWLRQV
LV D VWUDLJKW IRUZDUG H[HUFLVH� 6XFK DQ H[WHQVLRQ VKRXOG DOVR EH SRVVLEOH LI
ZH DVVXPH WKDW WKH SDWLHQW SOD\HUV DQG DOO RWKHUV RQ WKHLU VLGH RI WKH PDUNHW
FDQ RQO\ FKRRVH WKH TXDOLW\ RI WKHLU SRWHQWLDO SDUWQHU ZLWKLQ JLYHQ UDQJHV
DQG QRW H[DFWO\� ,Q VXFK D IUDPHZRUN� KRZHYHU� WKH DQDO\VLV EHFRPHV PXFK
PRUH LQYROYHG EHFDXVH PHHWLQJV QHHG QRW DOZD\V HQG XS ZLWK SDUWQHUVKLS
IRUPDWLRQV�
7KH PDLQ nQGLQJ LQ WKLV SDSHU VKRXOG IXUWKHU EH LQGHSHQGHQW RI WKH ZD\

LQ ZKLFK ZH PRGHO WKH VWHDG\ VWDWH SOD\HU oRZV� :H VKRXOG EH DEOH WR PDNH
VLPLODU REVHUYDWLRQV LQ PRGHOV ZLWK D nQLWH PHDVXUH RI LQnQLWHO\ OLYHG SOD\HUV
ZKRVH PDWFKHV EHFRPH UDQGRPO\ GHVWUR\HG E\ QDWXUH DW D FRQVWDQW UDWH� ,Q
VXFK DQ HQYLURQPHQW� WKH VWHDG\ VWDWH SRSXODWLRQ VKDUH RI VRPH SDWLHQW SOD\HU
W\SHV FDQ VWLOO DSSURDFK � DV IULFWLRQV YDQLVK� L�H�� DV WKH PDWFK FUHDWLRQ UDWH
EHFRPHV XQERXQGHG� 7KHLU VWRFNV PD\ VLPSO\ UHPDLQ SRVLWLYH ZKLOH WKDW RI
DOO RWKHU SOD\HU W\SHV JR WR ]HUR�
7KH PRVW XQXVXDO DVSHFW RI RXU PRGHO LV WKH DVVXPSWLRQ WKDW WKH SDWLHQW

SOD\HUV DQG DOO RWKHUV RQ WKHLU VLGH RI WKH PDUNHW FDQ FKRRVH WKH TXDOLW\ RI
WKH SDUWQHUV WKH\ PHHW� :H FDQ HDVLO\ WKLQN RI VLWXDWLRQV ZKHUH VXFK DQ
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DV\PPHWU\ LV SODXVLEOH� �� EXW SULPDULO\ ZH PDNH WKLV DVVXPSWLRQ EHFDXVH LW
WUHPHQGRXVO\ VLPSOLnHV RXU VWHDG\ VWDWH GHVFULSWLRQ� 0HHWLQJV PXVW DOZD\V
HQG XS ZLWK SDUWQHUVKLS IRUPDWLRQV XQGHU DQ HQGRJHQRXV PDWFKLQJ WHFKQRO�
RJ\ RI WKLV QDWXUH�
$ VPDOO EXW SRVLWLYH VWRFKDVWLF SHUWXUEDWLRQ RI WKH TXDOLW\ FKRLFH LQ RXU

PRGHO VKRXOG QRW GHVWUR\ RXU PDLQ UHVXOW EHFDXVH WKH GLVFUHWH TXDOLW\ DQG
HQWU\ GHFLVLRQV ZLOO W\SLFDOO\ UHPDLQ RSWLPDO DV ORQJ DV WKLV SHUWXUEDWLRQ
LV VXpFLHQWO\ VPDOO� :KHWKHU RXU UHVXOW FDQ VXUYLYH LQ IUDPHZRUNV ZKHUH
DOO SOD\HUV JHW PDWFKHG H[RJHQRXVO\ DQG DW UDQGRP� LV D PRUH FRPSOLFDWHG
TXHVWLRQ� $FFRUGLQJ WR P\ LQWXLWLRQ LW GRHV ZKHQ ZH DVVXPH WKDW ORZO\
UDQNHG EXW SDWLHQW SOD\HUV GR QRW RQO\ DSSHDU RQ RQH EXW RQ ERWK VLGHV RI
WKH PDUNHW� ,Q D PRGHO RI WKLV QDWXUH� WKHUH VKRXOG EH DQ HTXLOLEULXP LQ
ZKLFK ORZO\ UDQNHG EXW SDWLHQW SOD\HUV FURZG ERWK PDUNHW VLGHV DQG� DW WKH
VDPH WLPH� GR QRW WUDGH ZLWK HDFK RWKHU EHFDXVH WKH\ FDQ JHW KLJKO\ UDQNHG
EXW LPSDWLHQW SDUWQHUV���

:LWK KRPRJHQRXV GLVFRXQW IDFWRUV DQG XQERXQGHGO\ ORZ IULFWLRQV� ZH
QHYHU REWDLQ D GHYLDWLRQ IURP WKH :DOUDVLDQ RXWFRPH LQ WKH IUDPHZRUN RI WKLV
SDSHU��� %XW HYHQ XQGHU WKHVH FLUFXPVWDQFHV� LW VRPHWLPHV UHPDLQV SRVVLEOH
WKDW ORZO\ UDQNHG SOD\HUV JHW KLJKO\ UDQNHG SDUWQHUV� $Q H[DPSOH IRU WKDW
LV JLYHQ E\ 5DPVDXHU ������ ZKR VWXGLHV KRPRJHQRXV GLVFRXQW IDFWRUV DQG D
SXUHO\ GLVFUHWH W\SH GLVWULEXWLRQ LQ D IUDPHZRUN ZKLFK LV RWKHUZLVH LGHQWLFDO
WR WKH RQH LQ WKLV SDSHU� 7KH UHVXOW LQ 5DPVDXHU������ LV GULYHQ E\ D KLJK
VWHDG\ VWDWH SRSXODWLRQ VKDUH RI WKH ZRUVW DFWLYH SOD\HUV ZKLFK PDNHV LW
KDUG IRU WKH RWKHU SOD\HUV WR PHHW HDFK RWKHU� ,Q VXFK DQ HTXLOLEULXP� VRPH
PDUJLQDO SOD\HUV DUH YHU\ FKRRV\ EHFDXVH WKHLU PDWFK YDOXH DQG� KHQFH� WKHLU
PDWFK GHOD\ FRVWV DUH PXFK ORZHU WKDQ WKDW RI DOO RWKHU SOD\HUV� 7KH H[LVWHQFH
RI VXFK DQ HTXLOLEULXP UHTXLUHV WKDW WKH oRZ PHDVXUH RI DOO PDUJLQDO SOD\HUV
LV DERYH D FHUWDLQ SRVLWLYH WKUHVKROG� 2EYLRXVO\� WKLV LV YLRODWHG ZKHQ WKH

��2QH H[DPSOH LV D KRXVLQJ PDUNHW ZLWK WHQDQWV ZKR DUH IDPLOLDU ZLWK WKH FLW\ DQG

ODQGORUGV ZKR PXVW DGYHUWLVH WKH ORFDWLRQ RI WKHLU DSDUWPHQW� 7KH WHQDQWV LQ VXFK D

PDUNHW GR UHFHLYH D VWURQJ TXDOLW\ VLJQDO EHIRUH WKH\ FRQWDFW D SDUWQHU� EXW WKH ODQGORUGV

GR QRW�
��1RWLFH WKDW WKLV DVVXPSWLRQ ZRXOG DOVR ZRUN LQ WKH IUDPHZRUN RI WKLV SDSHU� 7KH KLJK

TXDOLW\ PDUNHW ZRXOG EH FURZGHG ZLWK ORZO\ UDQNHG EXW SDWLHQW WHQDQWV� WKH ORZ TXDOLW\

PDUNHW ZRXOG EH FURZGHG ZLWK SDWLHQW ODQGORUGV� DQG WKH KLJKO\ UDQNHG EXW LPSDWLHQW

WHQDQWV ZRXOG FKRRVH D ORZ TXDOLW\ OHYHO�
��$FFRUGLQJ WR /HPPD ��D�� WKH FURZGLQJ LQWHQVLWLHV PXVW DOZD\V UHPDLQ nQLWH LQ VXFK

FDVHV�
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W\SH GLVWULEXWLRQ LV QRQDWRPLF�
$Q H[WHQVLRQ RI RXU UHVXOWV WR QRQWUDQVIHUDEOH XWLOLW\ IUDPHZRUNV VKRXOG

DOVR EH SRVVLEOH� $JDLQ� ZH FDQ LPDJLQH DQ HTXLOLEULXP LQ ZKLFK ORZO\ UDQNHG
EXW SDWLHQW SOD\HUV FURZG ERWK VLGHV RI WKH PDUNHW� :KHQ DWRPV DSSHDU LQ
WKH W\SH GLVWULEXWLRQ� KRZHYHU� ZH PD\ UXQ LQWR SUREOHPV� $Q H[DPSOH IRU
WKDW LV WKH QRQWUDQVIHUDEOH XWLOLW\ YHUVLRQ RI WKH PRGHO LQ WKLV SDSHU� $ YHU\
SDWLHQW ODQGORUG LQ D KLJK TXDOLW\ PDUNHW ZKLFK LV FURZGHG ZLWK ORZO\ UDQNHG
WHQDQWV ZRXOG RQO\ ZDQW WR IRUP D SDUWQHUVKLS ZLWK WKH YHU\ EHVW RI WKHP�
,Q RXU WUDQVIHUDEOH XWLOLW\ YHUVLRQ� WKLV SUREOHP GRHV QRW DULVH EHFDXVH EHWWHU
WHQDQWV DOVR GHPDQG D KLJKHU FRPSHQVDWLRQ� :LWKRXW DWRPV� WKH SUREOHP
ZRXOG QRW DULVH EHFDXVH QR ODQGORUG W\SH ZRXOG KDYH WR IRUP SDUWQHUVKLSV
ZLWK D n[HG YDULHW\ RI WHQDQW W\SHV�

� 5HODWHG /LWHUDWXUH

6LQFH WKH SLRQHHULQJ ZRUN RI 'LDPRQG ������� LW KDV EHHQ ZHOO NQRZQ WKDW WKH
HTXLOLEULXP LQ D VHDUFK PRGHO ZLWK LQnQLWHVLPDO VHDUFK FRVWV QHHG QRW EH FORVH
WR WKH HTXLOLEULXP RI WKH FRUUHVSRQGLQJ :DOUDVLDQ PRGHO� 5HJDUGOHVV RI KRZ
VPDOO WKH VHDUFK IULFWLRQV DUH� DQG UHJDUGOHVV RI KRZ PDQ\ EX\HUV DQG VHOOHUV
WKHUH DUH� WKH PRQRSRO\ SULFH LV WKH RQO\ HTXLOLEULXP SULFH LQ 'LDPRQG
V
VLPSOH PRGHO� 7KLV VXUSULVLQJ UHVXOW LV RIWHQ UHIHUUHG WR DV WKH ?'LDPRQG
SDUDGR[�� DQG WKH FUXFLDO IHDWXUH ZKLFK LV UHVSRQVLEOH IRU LWV DSSHDUDQFH LV
DQ H[WUHPHO\ DV\PPHWULF EDUJDLQLQJ SURFHGXUH LQ ZKLFK RQO\ WKH VHOOHUV FDQ
FRPPLW WR D SULFH�
'LDPRQG
V LQWURGXFWLRQ RI DQ HTXLOLEULXP DSSURDFK WR VHDUFK WKHRU\ LQL�

WLDWHG WKH ODERU PDUNHW RULHQWHG ?VHDUFK DQG EDUJDLQLQJ� OLWHUDWXUH ZKLFK LV
SULPDULO\ FRQFHUQHG ZLWK JHQHUDWLQJ QRQ�:DOUDVLDQ RXWFRPHV� RIWHQ GHQRWHG
DV ?QRQ�GHJHQHUDWH HTXLOLEULXP SULFH GLVWULEXWLRQV�� WKDW DUH REVHUYHG LQ UHDO
ZRUOG PDUNHWV� 7KH LVVXH RI FRQYHUJHQFH WR D :DOUDVLDQ RXWFRPH DV VHDUFK
FRVWV EHFRPH QHJOLJLEOH LV W\SLFDOO\ QRW VWXGLHG LQ WKLV OLWHUDWXUH� 7KH nUVW
SDSHU ZKLFK H[SOLFLWO\ UDLVHV WKLV TXHVWLRQ LV 5XELQVWHLQ DQG :ROLQVN\ �������
7KH\ IRFXV RQ WKH VWHDG\ VWDWH RI D VLPSOH VHDUFK PRGHO ZLWK D FRQWLQXXP
RI WUDGHUV� LQGLYLVLEOH� KRPRJHQRXV JRRGV DQG D V\PPHWULF EDUJDLQLQJ SUR�
FHGXUH� 7KHLU PDLQ nQGLQJ LV WKDW WKH HTXLOLEULXP SULFH IRU LQnQLWHVLPDO
IULFWLRQV GHYLDWHV IURP WKH :DOUDVLDQ SULFH LI WKH :DOUDVLDQ SULFH LV GHnQHG
UHODWLYH WR WUDGHU VWRFNV� ,Q D UHVSRQVH WR WKLV UHVXOW� *DOH ������ DUJXHV WKDW
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WKH FRPSHWLWLYH HTXLOLEULXP LQ D PRGHO ZLWK DQ LQnQLWH PHDVXUH RI WUDGHUV
VKRXOG EH GHnQHG UHODWLYH WR WKH WUDGHU oRZV� DQG VKRZV WKDW WKH XQLTXH
VHDUFK HTXLOLEULXP LQ KLV PRGHO \LHOGV WKH DOWHUQDWLYHO\ GHnQHG :DOUDVLDQ
HTXLOLEULXP ZKHQ WKH UDWH RI WLPH SUHIHUHQFH FRQYHUJHV WR �� $ VXFFHVVLRQ
RI SDSHUV ZKLFK DUH FRQFHUQHG ZLWK WKH ?JDPH WKHRUHWLF IRXQGDWLRQV RI :DO�
UDVLDQ HTXLOLEULXP� KDV HPHUJHG VLQFH WKLV LPSRUWDQW GHEDWH DERXW WKH ULJKW
PDQQHU RI GHnQLQJ D :DOUDVLDQ HTXLOLEULXP� 2VERUQH DQG 5XELQVWHLQ ������
VXUYH\ WKLV OLWHUDWXUH WKURXJK WKH HQG RI WKH HLJKWLHV� $Q RIWHQ XVHG SKUDVH
LQ WKLV OLWHUDWXUH LV ?GHFHQWUDOL]HG WUDGH� ZKLFK VWDQGV IRU VHDUFK DQG EDU�
JDLQLQJ HQYLURQPHQWV� ?&HQWUDOL]HG WUDGH�� RQ WKH RWKHU KDQG� LV UHVHUYHG
IRU :DOUDVLDQ SURFHGXUHV�
6HYHUDO DSSURDFKHV KDYH OHG WR VHDUFK DQG EDUJDLQLQJ PRGHOV ZLWK HTXL�

OLEULXP RXWFRPHV ZKLFK GR QRW FRQYHUJH WR WKH :DOUDVLDQ EHQFKPDUN DV WKH
IULFWLRQV EHFRPH DV\PSWRWLFDOO\ UHPRYHG� PXOWLVWDJH EDUJDLQLQJ SURFHGXUHV
ZLWK RXWVLGH RSWLRQV >%HVWHU�����D�� 0XWKRR ������� 6KDNHG ������� 6KDNHG
DQG 6XWWRQ ������@� DEVHQFH RI DQRQ\PLW\ >5XELQVWHLQ DQG :ROLQVN\ �������
+HQGRQ DQG 7UDQ|V ������� +HQGRQ DQG 7UDQ|V ������@� LQFRPSOHWH LQIRU�
PDWLRQ >%HVWHU �����E�� 6DPXHOVRQ ������@��� VLPXOWDQHRXV RmHU EDUJDLQLQJ
>6HUUDQR DQG <RVKD �����D�@� VLPXOWDQHRXV RmHU EDUJDLQLQJ ZLWK LQFRPSOHWH
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