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AND COINTEGRATION

Abstract

This paper considers estimation and inference in panel vector autoregressions
(PVARs) with fixed effects when the time dimension of the panel is finite, and the
cross-sectional dimension is large. A Maximum Likelihood (ML) estimator based on a
transformed likelihood function is proposed and shown to be consistent and
asymptotically normally distributed irrespective of the unit root and cointegrating
properties of the underlying PVAR model. The transformed likelihood framework is
also used to derive unit root and cointegration tests in panels with short time
dimension; these tests have the attractive feature that they are based on standard
chi-square and normal distributed statistics. Examining Generalized Method of
Moments (GMM) estimation as an alternative to our proposed ML estimator, it is
shown that conventional GMM estimators based on standard orthogonality conditons
break down if the underlying time series contain unit roots. Also, the implementation
of extended GMM estimators making use of variants of homoskedasticity and
stationarity restrictions as suggested in the literature in a univariate context is subject
to difficulties. Monte Carlo evidence is adduced suggesting that the ML estimator and
parameter hypothesis and cointegration tests based on it perform well in small
sample; this is in marked contrast to the small sample performance of the GMM
estimators.
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Yhfwru dxwruhjuhvvlyh prghov +YDUv,/ zkhwkhu srvwxodwhg dv uhgxfhg irup hfrqrphwulf prghov ru

exlow wr h{dplqh orqj0uxq uhvwulfwlrqv vxjjhvwhg e| hfrqrplf wkhru| zkloh doorzlqj iru xquhvwulfwhg

vkruw0uxq g|qdplfv kdyh ehfrph d zlgho| xvhg prghoolqj wrro lq hfrqrplfv +iru h{dpsoh/ Kvldr/

4<:</ 4<;5/ Vlpv/ 4<;3/ Nlqj/ Sorvvhu/ Vwrfn dqg Zdwvrq/ 4<<4/ Shvdudq dqg Vklq/ 4<<<,1 Lw lv zhoo

nqrzq/ wkrxjk/ wkdw wlph0vhulhv lqihuhqfh rq YDUv fulwlfdoo| ghshqgv rq zkhwkhu wkh xqghuo|lqj

surfhvvhv duh +wuhqg, vwdwlrqdu| ru lqwhjudwhg/ ru frlqwhjudwhg/ dqg/ li wkh| duh frlqwhjudwhg/ wkh

udqn ri frlqwhjudwlrq +iru h{dpsoh/ Vlpv/ Vwrfn/ dqg Zdwvrq/ 4<<3/ Skloolsv/ 4<<4/ Mrkdqvhq/ 4<<8/

dqg Shvdudq/ Vklq/ dqg Vplwk/ 5333,1

Lw lv dovr zlgho| uhfrjql}hg wkdw sdqho gdwd kdyh wkh dwwudfwlyh ihdwxuh wkdw riwhq d odujh qxpehu

ri furvv0vhfwlrqdo revhuydwlrqv duh dydlodeoh ryhu wlph1 Wkh dssolfdwlrq ri YDUv wr sdqho gdwd lv

riwhq kdpshuhg e| wzr lvvxhv/ krzhyhu= +l, Wkh wlph glphqvlrq ri wkh sdqho pd| eh vkruw1 +ll,

Furvv0vhfwlrqdo khwhurjhqhlw| lv suhvhqw1 Wkh �uvw lvvxh jlyhv udlvh wr wkh sureohp ri prgholqj

wkh lqlwldo revhuydwlrqv +iru h{dpsoh/ Dqghuvrq dqg Kvldr/ 4<;4/ 4<;5/ Ekdujdyd dqg Vdujdq/

4<;6/ Eoxqghoo dqg Vplwk/ 4<<4/ dqg Qhuoryh/ 4<<<,1 Wkh vhfrqg lvvxh jlyhv udlvh wr wkh fodvvlfdo

lqflghqwdo sdudphwhuv sureohp/ Qh|pdq dqg Vfrww +4<7;,/ li wkh furvv0vhfwlrqdo khwhurjhqhlw| lv

prghoohg wkurxjk �{hg h�hfwv1 Erwk lvvxhv fdq ohdg wr wkh euhdngrzq ri wkh fodvvlfdo Pd{lpxp

Olnholkrrg +PO, hvwlpdwru1

Ehfdxvh ri wkh gl�fxowlhv zlwk lpsohphqwlqj olnholkrrg edvhg lqihuhqfh/ Jhqhudol}hg Phwkrg

ri Prphqwv +JPP, hvwlpdwruv kdyh ehhq srsxodu iru wkh hvwlpdwlrq ri +suhgrplqdqwo| xqlydul0

dwh, g|qdplf sdqho gdwd prghov +iru h{dpsoh/ Krow}0Hdnlq/ Qhzh|/ dqg Urvhq/ 4<;;/ Duhoodqr dqg

Erqg/ 4<<4/ Dkq dqg Vfkplgw/ 4<<8/ dqg Duhoodqr dqg Eryhu/ 4<<8,1 Krzhyhu/ frqyhqwlrqdo JPP

hvwlpdwruv edvhg rq vwdqgdug ruwkrjrqdolw| frqglwlrqv kdyh suryhg wr kdyh udwkhu srru �qlwh vdp0

soh surshuwlhv lq wkh fdvh ri dxwruhjuhvvlyh sdqho gdwd prghov zlwk qhdu xqlw urrwv +iru h{dpsoh/

Eoxqghoo dqg Erqg/ 4<<;,1� Lq wklv sdshu zh vkrz wkdw iru Sdqho YDUv +SYDUv,/ frqyhqwlrqdo

JPP hvwlpdwruv lq idfw euhdn grzq dowrjhwkhu li wkh xqghuo|lqj wlph vhulhv frqwdlq xqlw urrwv1

Zh wkhq lqyhvwljdwh wkh srvvlelolw| ri rewdlqlqj JPP hvwlpdwruv wkdw frxog eh dssolhg wr SYDU

prghov zkhq wkh xqlw urrw surshuwlhv ri wkh prgho duh qrw nqrzq d sulrul1 Wr wklv hqg zh dxjphqw

wkh vwdqgdug ruwkrjrqdolw| frqglwlrqv zlwk krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg prphqw frq0

glwlrqv sursrvhg lqlwldoo| e| Dkq dqg Vfkplgw +4<<8, dqg Duhoodqr dqg Eryhu +4<<8, lq wkh frqwh{w

ri xqlyduldwh g|qdplf sdqho gdwd prghov1 Xqiruwxqdwho|/ wkh lpsohphqwdwlrq ri h{whqghg JPP

hvwlpdwruv lqfrusrudwlqj yduldqwv ri wkhvh dgglwlrqdo prphqw frqglwlrqv lv vxemhfw wr gl�fxowlhv1

��L?|i �@h*L i Tih�4i?|t hiTLh|i_ �? �*�?_i** @?_ �L?_ E�bbH�c Ot�@Lc �it@h@?c @?_ A@�4�tU�L}*� E�bbb�c @?_
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Jlyhq wkh sureohpv zlwk JPP hvwlpdwlrq/ lq wklv sdshu zh sursrvh d olnholkrrg edvhg hvwlpd0

wlrq dqg lqihuhqfh dssurdfk1 Zh ghulyh d wudqviruphg xqfrqglwlrqdo olnholkrrg ixqfwlrq iru SYDUv

zlwk �{hg h�hfwv wkdw grhv qrw lqyroyh lqflghqwdo sdudphwhuv dqg surylghv d prgho0frqvlvwhqw zd|

ri irupxodwlqj wkh glvwulexwlrq ri wkh lqlwldo revhuydwlrqv1 Zh vkrz wkdw wkh PO hvwlpdwru dvvrfl0

dwhg zlwk rxu wudqviruphg olnholkrrg ixqfwlrq dozd|v h{lvwv dqg lv +dv wkh furvv0vhfwlrqdo glphqvlrq

ri wkh sdqho/ Q / whqgv wr lq�qlw|, frqvlvwhqw dqg dv|pswrwlfdoo| qrupdoo| glvwulexwhg/ luuhvshfwlyh

ri zkhwkhu wkh xqghuo|lqj wlph vhulhv duh +wuhqg, vwdwlrqdu|/ lqwhjudwhg ri rughu rqh/ L+4,/ ru L+4,

dqg frlqwhjudwhg1 Zh dovr vxjjhvw d frqvlvwhqw Plqlpxp Glvwdqfh +PG, hvwlpdwru ghulyhg iurp

wkh wudqviruphg olnholkrrg iudphzrun wr eh xvhg dv wkh lqlwldo hvwlpdwru iru wkh PO lwhudwlrqv1

Ixuwkhupruh/ zh frqvlghu k|srwkhvlv whvwlqj edvhg rq wkh wudqviruphg olnholkrrg ixqfwlrq1 Lq sdu0

wlfxodu/ Zdog0 dqg olnholkrrg udwlr0edvhg sdqho whvwlqj surfhgxuhv iru wkh suhvhqfh ri xqlw urrwv

dqg iru wkh frlqwhjudwlrq udqn duh ghulyhg1 Dq dwwudfwlyh ihdwxuh ri wkhvh whvwv lv wkdw wkh| duh

edvhg rq vwdqgdug fkl0vtxduh dqg qrupdo glvwulexwhg vwdwlvwlfv1 Zh dovr vkrz krz rxu olnholkrrg

edvhg hvwlpdwlrq dqg lqihuhqfh dssurdfk fdq eh h{whqghg wr SYDUv zkhuh xqghu wkh orqj0uxq

iruflqj uhvwulfwlrq d vxevhw ri wkh yduldeohv lv prghoohg lq whupv ri wkh uhpdlqlqj yduldeohv1 Ilqdoo|/

vrph Prqwh Fduor hylghqfh uhjduglqj wkh vpdoo vdpsoh eldvhv dqg urrw phdq vtxduh huuruv ri wkh

frqyhqwlrqdo JPP/ wkh PG/ dqg wkh PO hvwlpdwruv lv dggxfhg1 Wkh Prqwh Fduor vlpxodwlrqv duh

dovr hpsor|hg wr lqyhvwljdwh wkh vl}h dqg srzhu surshuwlhv ri sdudphwhu k|srwkhvlv whvwv edvhg rq

wkh frqyhqwlrqdo JPP dqg wkh PO hvwlpdwruv/ dqg wr lqyhvwljdwh wkh vl}h dqg srzhu surshuwlhv ri

frlqwhjudwlrq udqn whvwv edvhg rq wkh PO hvwlpdwru1 Wkh Prqwh Fduor hylghqfh vxjjhvwv wkdw wkh

PO hvwlpdwru lq vpdoo vdpsoh shuirupv uhpdundeo| zhoo/ fohduo| rxwshuiruplqj wkh frqyhqwlrqdo

JPP hvwlpdwruv/ dqg wkdw wkh ydulrxv PO hvwlpdwru edvhg k|srwkhvlv whvwv whqg wr kdyh jrrg

vl}h dqg srzhu surshuwlhv1 Wkh Prqwh Fduor vlpxodwlrqv dovr ixuwkhu grfxphqw gl�fxowlhv zlwk wkh

lpsohphqwdwlrq ri h{whqghg JPP hvwlpdwlrq1

Wkh uhpdlqghu ri wklv sdshu lv rujdql}hg dv iroorzv= Vhfwlrq 5 lqwurgxfhv wkh SYDU xqghu

�{hg h�hfwv1 Vhfwlrq 6 glvfxvvhv krz wkh lqflghqwdo sdudphwhuv sureohp dulvlqj lq wkh hvwlpd0

wlrq ri wklv prgho pd| eh uhvroyhg e| zrunlqj zlwk wudqviruphg prgho htxdwlrqv/ dqg surylghv

d jhqhudo h{suhvvlrq iru wkh xqfrqglwlrqdo mrlqw suredelolw| glvwulexwlrq ri wkh �uvw gl�huhqfhv ri

wkh revhuydwlrqv1 Vhfwlrq 7 frqvlghuv JPP hvwlpdwlrq edvhg rq wkh wudqviruphg prgho htxdwlrqv/

vkrzlqj wkdw frqyhqwlrqdo JPP hvwlpdwruv euhdn grzq lq wkh suhvhqfh ri xqlw urrwv/ dqg ghprq0

vwudwlqj wkdw wkh xvh ri krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg prphqw frqglwlrqv wr frqvwuxfw

dq h{whqghg JPP hvwlpdwru lv vxemhfw wr sureohpv ri lwv rzq1 Vhfwlrq 8 suhvhqwv wkh sursrvhg

PO hvwlpdwru/ vkrzlqj wkdw lw lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdoo| glvwulexwhg luuhvshfwlyh

ri zkhwkhu wkh xqghuo|lqj wlph vhulhv duh +wuhqg, vwdwlrqdu|/ sxuh L+4,/ ru L+4, dqg frlqwhjudwhg1

Vhfwlrq 9 ghulyhv d PG hvwlpdwru wkdw zh xvh dv wkh lqlwldo hvwlpdwru iru wkh PO lwhudwlrqv1 Vhfwlrq

: glvfxvvhv wkh hvwlpdwlrq ri orqj0uxq uhodwlrqv zlwklq wkh SYDU iudphzrun/ dqg h{dplqhv prgho
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lghqwl�fdwlrq zkhq wkh yduldqfh0fryduldqfh pdwul{ hqwhulqj wkh wudqviruphg olnholkrrg ixqfwlrq lv

wuhdwhg dv xquhvwulfwhg1 K|srwkhvlv whvwlqj rq wkh edvlv ri wkh wudqviruphg olnholkrrg ixqfwlrq lv

glvfxvvhg lq Vhfwlrq ;/ zklfk lq sduwlfxodu sursrvhv qhz whvwv iru xqlw urrwv dqg frlqwhjudwlrq udqn

lq sdqhov zlwk vkruw wlph glphqvlrq1 Vhfwlrq < frqvlghuv wkh lvvxh ri krz wr fduu| rxw lqihuhqfh

lq frqglwlrqdo prghov zkhuh d vxevhw ri wkh yduldeohv lq wkh SYDU lv prghoohg lq whupv ri wkh

uhpdlqlqj yduldeohv1 Lq Vhfwlrq 43/ Prqwh Fduor vlpxodwlrq uhvxowv duh uhsruwhg dvvhvvlqj wkh �qlwh

vdpsoh shuirupdqfh ri wkh JPP/ PG/ dqg PO hvwlpdwruv1 Vhfwlrq 44 frqfoxghv dqg surylghv

vrph vxjjhvwlrqv iru ixwxuh uhvhdufk1 Wkh h{whqvlrq ri irupxodh ghulyhg lq wkh erg| ri wkh sdshu

iru �uvw0rughu SYDUv wr s0wk rughu SYDUv lv ghvfulehg lq dq dsshqgl{1

2 � �V�+ N?_ih 6� i_ ,giU|t

Ohw z�| eh dq p � 4 yhfwru ri udqgrp yduldeohv iru wkh l0wk furvv0vhfwlrqdo xqlw dw wlph w1 Zh

dvvxph wkdw wkh z�|*v duh jhqhudwhg e| wkh iroorzlqj SYDU prgho ri rughu s/ SYDU+s,=

� +O, +z�| � �� � �w, @ %�|> l @ 4> 5> = = = >Q> +514,

zkhuh

� +O, @ L6 �
R[

�'�

��O
� > +515,

�� / m @ 4> 5> = = = > s/ ghqrwhp�p pdwulfhv ri vorsh frh�flhqwv/ �� lv dqp�4 yhfwru ri �{hg h�hfwv/2

� lv dq p�4 yhfwru surylglqj wkh frpprq ghwhuplqlvwlf wuhqgv2guliwv dfurvv furvv0vhfwlrqdo xqlwv/�

%�| lv dq p� 4 yhfwru ri glvwxuedqfhv/ L6 ghqrwhv wkh lghqwlw| pdwul{ ri glphqvlrq p�p/ dqg O

wkh odj rshudwru/ Oz�| � z�c|3�1 Zh pdnh wkh iroorzlqj dvvxpswlrqv=

+D4, Wkh glvwxuedqfh yhfwruv %�| duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg dfurvv l dqg ryhu w

zlwk H +%�|, @ 36f� dqg Y du +%�|, @ 
/ 
 ehlqj d srvlwlyh gh�qlwh pdwul{1

+D4, lv d frpprq dvvxpswlrq lq wkh g|qdplf sdqho gdwd olwhudwxuh dv uhylhzhg e| Duhoodqr dqg

Krqru�h +5333,1 Wkh frh�flhqwv pdnlqj xs wkh yhfwruv ��/ l @ 4> 5> = = = >Q / dqg �/ dqg wkh pdwulfhv

�� / m @ 4> 5> = = = > s/ dqg 
 duh dvvxphg wr eh xqnqrzq1

+D5, Wkh wlph glphqvlrq ri wkh sdqho lv �qlwh zlwk W A s/ dqg wkh dydlodeoh revhuydwlrqv duh z�f/

z��/ = = = / z�A 1

2�t @ �@h�i|) Lu � i_ igiU|t tTiU��U@|�L?t �@�i Mii? UL?t�_ihi_ �? |�i *�|ih@|�hic �| 4@) Mi �Lh|����*i |L tTi**

L�| ��@| �i 4i@? M) � i_ igiU|t �? |��t T@Tih� ì ��i� |�i �?_���_�@*�tTiU��U igiU|tc ��c @t � i_ igiU|t �u |�i)

@hi }i?ih@|i_ M) @ ThLM@M�*�|) _�t|h�M�|�L? u�?U|�L? ��ihi |�i ?�4Mih Lu T@h@4i|iht U�@h@U|ih�3�?} |��t u�?U|�L? �t

@**L�i_ |L �?Uhi@ti @| |�i t@4i h@|i @t |�i ?�4Mih Lu UhLtt�tiU|�L?@* LMtih�@|�L?t �? |�i T@?i*� �t ��** Mi tii? Mi*L�c

uLh L�h ThLTLti_ �w it|�4@|Lh |L Mi �@*�_c ?L u�h|�ih @tt�4T|�L?t L? |�i ��<t @hi ?ii_i_�
�A�i UL44L? _i|ih4�?�t|�U |hi?_%_h�u| �| �? E2��� UL�*_ Mi hiT*@Ui_ M) 4Lhi }i?ih@* |�4i�tTiU��U igiU|t �|

��|�L�| @__�?} @?) UL?UiT|�@* ThLM*i4t uLh it|�4@|�L? @?_ �?uihi?Ui�
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+D6, Wkh urrwv ri wkh ghwhuplqdqwdo htxdwlrq

m�+(,m @ 3 +516,

duh hlwkhu htxdo wr xqlw| ru idoo rxwvlgh wkh xqlw flufoh1

Dv rxu lqwhuhvw lq wklv sdshu frqfhuqv +wuhqg0, vwdwlrqdu|/ sxuh xqlw urrw/ dqg frlqwhjudwhg

SYDU prghov/ wkh SYDU+s, prgho +514, hqvxuhv wkdw li � @ 36f�/ wkhq wkh prgho lqwhufhswv duh

uhvwulfwhg dv rwkhuzlvh iz�|j zrxog h{klelw qr wuhqg jurzwk dfurvv l li doo urrwv ri wkh ghwhuplqdqwdo

htxdwlrq +516, ihoo rxwvlgh wkh xqlw flufoh/ dqg iz�|j +ru vrph ri lwv olqhdu frpelqdwlrqv, zrxog

h{klelw gl�huhqwldo wuhqg jurzwk dfurvv l li rqh ru pruh urrwv ri wkh ghwhuplqdqwdo htxdwlrq +516,

zhuh htxdo wr xqlw|1 Vlploduo|/ wkh SYDU+s, prgho +514, hqvxuhv wkdw li � 9@ 36f�/ wkhq wkh wuhqg

frh�flhqwv duh uhvwulfwhg dv rwkhuzlvh iz�|j +ru vrph ri lwv olqhdu frpelqdwlrqv, zrxog h{klelw

txdgudwlf wuhqgv li rqh ru pruh urrwv ri wkh ghwhuplqdqwdo htxdwlrq +516, zhuh htxdo wr xqlw|1e

D qxpehu ri zhoo nqrzq wlph0vhulhv vshfl�fdwlrqv fdq eh rewdlqhg iurp wkh SYDU+s, prgho

+514, dv vshfldo fdvhv1 Zh vhw rxw vrph ri wkhvh iru wkh uhdghu*v frqyhqlhqfh1

Fdvh 4= Vwdwlrqdu| SYDU zlwk �{hg h�hfwv

Ohw � @ 36f�/ dqg ohw doo urrwv ri wkh ghwhuplqdqwdo htxdwlrq +516, idoo rxwvlgh wkh xqlw flufoh1

Wkhq +514, ehfrphv

� +O,z�| @ e�f . %�|> l @ 4> 5> = = = > Q> +517,

zkhuh e�f @ ����/ zlwk

� @ �
3CL6 �

R[
�'�

��

4D = +518,

Fdvh 5= Wuhqg0vwdwlrqdu| SYDU zlwk �{hg h�hfwv

Ohw doo urrwv ri wkh ghwhuplqdqwdo htxdwlrq +516, idoo rxwvlgh wkh xqlw flufoh dqg � 9@ 36f�1 Wkhq

+514, ehfrphv

� +O,z�| @ d�f . d�w. %�|> l @ 4> 5> = = = > Q> +519,

zkhuh d�f @ ���� . +� .�,�/ zlwk

� @ ��.

R[
�'�

m��> +51:,

e5ii �it@h@?c 5��?c @?_ 54�|� E2fff� uLh @ u�h|�ih _�tU�tt�L? Lu |��t �tt�i �? @ |�4i�tih�it UL?|i |� W| 4@) @*tL Mi

�Lh|� ?L|�?} |�@| ���*i �i _L ?L| T�ht�i |�i TLtt�M�*�|) Lu �?U�_i?|@* _i|ih4�?�t|�U |hi?_t%_h�u|tc ��c �? |��t T@Tihc

|�iti UL�*_ Mi @UUL44L_@|i_ M) �Lh!�?} ��|� |�i �?UL?_�|�L?@* �L�?| ThLM@M�*�|) _�t|h�M�|�L? u�?U|�L? Lu |�i tiUL?_

_�gihi?Uit Lu |�i LMtih�@|�L?t� A��t ��** MiUL4i U*i@h �? 5iU|�L? � Mi*L��
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dqg zkhuh d� @ ���1

Fdvh 6= SYDU zlwk xqlw urrwv +exw qrq0frlqwhjudwhg, dqg �{hg h�hfwv

Lq wklv fdvh
SR

�'��� @ L61 Wkhq +514, ehfrphv

�W +O,7z�| @ ��W� . %�|> l @ 4> 5> = = = >Q> +51;,

zkhuh 7 �4� O/

�W +O, @ L6 �
R3�[
�'�

�W
�O

� > +51<,

zlwk �W
� @ �

�
L6 �S�

,'��,

�
/ m @ 4> 5> = = = > s� 4/ dqg zkhuh �W@ �

�
L6 �SR3�

�'� �
W
�

�
1

Fdvh 7= Frlqwhjudwhg SYDU zlwk �{hg h�hfwv

Lq wkh fdvh zkhuh vrph +exw qrw doo, urrwv ri wkh ghwhuplqdqwdo htxdwlrq +516, duh htxdo wr xqlw|/

udqn +�, @ u/ 3 ? u ? p/ dqg +514, pd| eh uhzulwwhq lq wkh irup ri d sdqho yhfwru huuru fruuhfwlrq

prgho dv

7z�| @ ��� +s� 4,�� .���c|3R .

R3�[
�'�

��7z�c|3� . %�|> l @ 4> 5> = = = > Q>

+5143,

zkhuh

�� @ �L6 .

�[
,'�

�,> m @ 4> 5> = = = > s� 4= +5144,

Iru hdvh ri h{srvlwlrq/ lq zkdw iroorzv zh vkdoo prwlydwh rxu uhpdlqlqj dvvxpswlrqv wr eh pdgh

iru hvwlpdwlrq dqg lqihuhqfh rq wkh SYDU+s, prgho +514, �uvw iru wkh fdvh zkhuh s @ 4/ dqg wkhq

jhqhudol}h rxu glvfxvvlrq wr wkh fdvh zkhuh s � 41 Xqghu s @ 4/ wkh SYDU prgho +514, uhgxfhv wr

+L6 ��O, +z�| � �� � �w, @ %�|> l @ 4> 5> = = = >Q= +5145,

Zkhq wkh wlph glphqvlrq ri wkh sdqho/ W / lv �qlwh/ lq hvwlpdwlqj +5145, wkhuh dulvhv d fodvvlfdo

lqflghqwdo sdudphwhuv sureohp dv wkh qxpehu ri �{hg h�hfwv yhfwruv/ ��/ wr eh hvwlpdwhg lqfuhdvhv

sursruwlrqdwho| wr wkh furvv0vhfwlrqdo glphqvlrq ri wkh sdqho/ dqg wkhuh dulvhv wkh sureohp ri wkh

lqlwldol}dwlrq ri iz�|j1 Rxu irupxodwlrq ri wkh lqlwldo revhuydwlrq lq wkh vdpsoh/ z�f/ pdnhv xvh ri

wkh idfw wkdw wkh SYDU+4, prgho lq ��|/ gh�qhg e|

��| @ z�| � �� � �|> +5146,

grhv qrw lqyroyh wkh �{hg h�hfwv/ ��/ dowkrxjk lw lv vwloo vxemhfw wr wkh lqlwldo ydoxh sureohp=

+L6 ��O, ��| @ %�|> l @ 4> 5> = = = >Q= +5147,

8



Vxssrvh wkdw wkh SYDU+4, prgho +5145, vwduwhg dw wlph w @ �P / P � 31 Wkhq iurp +5147, zh

rewdlq

��| @ �|n���c3� .
|n�3�[
�'f

��%�c|3� > w @ �P . 4>�P . 5> = = = > W= +5148,

Lq sudfwlfh zkhuh wkh wlph0vhulhv surshuwlhv ri i��|j duh qrw nqrzq d sulrul/ wr fkdudfwhul}h wkh

glvwulexwlrq ri i��|jA|'3�n� zh qhhg wr glvwlqjxlvk ehwzhhq wkuhh pdlq fdvhv> qdpho| i��|j ehlqj

fryduldqfh vwdwlrqdu|/ sxuh L+4,/ ru L+4, dqg frlqwhjudwhg1

Vxssrvh wkdw wkh lqlwldo ghyldwlrqv/ ��c3� / duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg dfurvv

l zlwk phdq yhfwru }hur dqg d �qlwh yduldqfh0fryduldqfh pdwul{1 Lq wkh fdvh zkhuh doo urrwv ri wkh

ghwhuplqdqwdo htxdwlrq +516, idoo rxwvlgh wkh xqlw flufoh/ lw lv wkhq fohdu iurp +5148, dqg +D4, wkdw

wkh yduldqfh0fryduldqfh pdwul{ ri ��| zloo dovr eh �qlwh ryhu wkh vdpsoh shulrg/ w @ 3> 4> = = = > W /

luuhvshfwlyh ri zkhwkhu

+l, i��|j kdv ehhq lq rshudwlrq iru d orqj shulrg ri wlph/ qdpho| P $ 4/ dqg wkh surfhvv

kdv uhdfkhg fryduldqfh vwdwlrqdulw|/ vr wkdw H +��|, @ 36f� dqg Y du +��|, @
S"

�'f�
�
���/ w @

3> 4> = = = > W /

ru

+ll, i��|j kdv vwduwhg lq d �qlwh shulrg lq wkh sdvw qrw wrr idu edfn iurp w @ 31

Zh vkdoo sxuvxh srvvlelolw| +l, lq wklv sdshu>D dqg qrwh wkdw xqghu +l, +5148, ehfrphv

��| @
"[
�'f

��%�c|3�> w � W= +5149,

Lq wkh fdvh zkhuh doo urrwv ri wkh ghwhuplqdqwdo htxdwlrq +516, duh htxdo wr xqlw|/ wr hqvxuh wkdw

wkh yduldqfh0fryduldqfh pdwul{ ri ��| lv �qlwh ryhu wkh vdpsoh shulrg/ w @ 3> 4> = = = > W / i��|j pxvw

kdyh vwduwhg lq d �qlwh shulrg lq wkh sdvw1 Lw iroorzv wkdw +5148, lq wkh sxuh xqlw urrw fdvh ehfrphv

��| @ ��c3� .
|n�3�[
�'f

%�c|3� > w @ �P . 4>�P . 5> = = = > W= +514:,

Lw uhpdlqv wr frqvlghu wkh lqwhuphgldwh fdvh zkhuh vrph +exw qrw doo, urrwv ri wkh ghwhuplqdqwdo

htxdwlrq +516, duh htxdo wr xqlw|/ dqg wkh uhpdlqlqj rqhv idoo rxwvlgh wkh xqlw flufoh1 Iru wklv fdvh/

lw lv khosixo wr zrun zlwk wkh huuru fruuhfwlrq uhsuhvhqwdwlrq ri wkh SYDU+4, prgho +5145, jlyhq e|

7z�| @ � .���c|3� . %�|> w @ �P . 4>�P . 5> = = = > W> +514;,

zkhuh

� @ � +L6 ��, = +514<,

D5ii Ot�@Lc �it@h@?c @?_ A@�4�tU�L}*� E�bbb� uLh @? @?@*)t�t E�? @ �?��@h�@|i UL?|i |� Lu TLtt�M�*�|) E����
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Dv lv zhoo nqrzq iurp wkh frlqwhjudwlrq olwhudwxuh/ li udqn +�, @ u/ u @ 4> 5> = = = >p� 4/ wkhq wkhuh

h{lvw p� u pdwulfhv � dqg � vxfk wkdw

� @ ��
�
> +5153,

zkhuh � dqg � kdyh ixoo froxpq udqn/ dqg duh frpprqo| uhihuuhg wr dv wkh huuru fruuhfwlrq

frh�flhqwv dqg wkh frlqwhjudwlqj yhfwruv/ uhvshfwlyho|1 Wkh iroorzlqj dvvxpswlrq lv vwdqgdug lq

wkh frlqwhjudwlrq olwhudwxuh=S

+D7, Li udqn +�, @ u/ u @ 4> 5> = = = >p � 4/ wkhq ��
z�z lv ri udqn p � u/ zkhuh �z dqg �z duh

p� +p� u, pdwulfhv ri ixoo froxpq udqn vxfk wkdw ���z @ 3ofE63o� dqg �
��z @ 3ofE63o�1

Xqghu Dvvxpswlrqv +D6, dqg +D7, wkh hohphqwv ri ��| duh hlwkhu L+3, ru L+4,1 Wr hqvxuh wkdw

wkh yduldqfh0fryduldqfh pdwul{ ri ��| lv �qlwh ryhu wkh vdpsoh shulrg/ w @ 3> 4> = = = > W / wkh p � u

sxuh xqlw urrw frpsrqhqwv lq i��|j pxvw kdyh vwduwhg lq d �qlwh shulrg lq wkh sdvw1 Wr vhsdudwh

wkh sxuh xqlw urrw frpsrqhqwv lq i��|j iurp wkh fryduldqfh0vwdwlrqdu| rqhv/ lw zloo eh xvhixo wr

lqwurgxfh wkh pdwul{ F gh�qhg dv

F @ �z
�
��

z�z
�3�

��
z= +5154,

Lw lv zhoo nqrzq iurp wkh frlqwhjudwlrq olwhudwxuh wkdw xqghu udqn +�, @ u/ u @ 3> 4> = = = >p/ wkh

pdwul{ F kdv udqn p�u/ dqg wkhuh duh p�u sxuh xqlw urrw frpsrqhqwv lq ��|/ w @ �P.4>�P.

5> = = = > W 1. Iru frqvlvwhqf| zlwk +5149,/ wkh u frlqwhjudwlqj uhodwlrqv ����|/ w @ �P . 4>�P .

5> = = = > W / pxvw kdyh uhdfkhg fryduldqfh vwdwlrqdulw|1 Wkh iroorzlqj �qdo dvvxpswlrq hqvxuhv erwk

wkdw wkh yduldqfh0fryduldqfh pdwul{ ri ��| lv �qlwh ryhu wkh vdpsoh shulrg/ dqg wkdw wkh frlqwhjudwlqj

uhodwlrqv ����| kdyh uhdfkhg fryduldqfh vwdwlrqdulw|/ luuhvshfwlyh ri wkh qxpehu ri sxuh xqlw urrw

frpsrqhqwv lq i��|j1
+D8, Wkh lqlwldo ghyldwlrqv ��c3� duh jlyhq e|

��c3� @
"[
�'f

�
�� �F

�
%�c3�3� .FX�> +5155,

zkhuh %�|/ l @ 4> 5> = = = >Q > w � W / duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg dfurvv l dqg ryhu w/

dqg X�/ l @ 4> 5> = = = >Q / duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg dfurvv l/ zlwk

H

#
%�|

X�

$
@ 326f�> dqg Y du

#
%�|

X�

$
@

#

 1

1� +

$
> +5156,

+ ehlqj d srvlwlyh gh�qlwh pdwul{1

S5iic uLh i @4T*ic aL�@?ti? E�bbDc ��� e��
.5iic uLh i @4T*ic aL�@?ti? E�bbDc ��� e��

:



Vxevwlwxwlqj +5155, edfn lqwr +5148,/ dqg qrwlqj iurp wkh gh�qlwlrq ri F wkdw �F @ 36/ dqg

wkxv F @ �F/ zh kdyh wkdw

��| @
"[
�'f

�
�� �F

�
%�c|3� .F

3C|n�3�[
�'f

%�c|3�

4D.FX�> +5157,

w @ �P . 4>�P . 5> = = = > W / dqg wkhuhiruh dovr

����| @ ��
"[
�'f

��%�c|3�> +5158,

H
�
����|

�
@ 36f�/ dqg Y du

�
����|

�
@ ��

�S"
�'f�

�
���
�
�/ w @ �P . 4>�P . 5> = = = > W 1 Lw lv

wkxv vhhq wkdw +D8, lqghhg lpsolhv wkdw wkh frlqwhjudwlqj uhodwlrqv ����| kdyh uhdfkhg fryduldqfh

vwdwlrqdulw|/ luuhvshfwlyh ri wkh qxpehu ri sxuh xqlw urrw frpsrqhqwv lq i��|j1 Ixuwkhupruh/ lq

wkh fdvh zkhuh doo urrwv ri wkh ghwhuplqdqwdo htxdwlrq +516, idoo rxwvlgh wkh xqlw flufoh/ F @ 36/

dqg +5157, uhgxfhv wr +5149,1 Lq wkh fdvh zkhuh doo urrwv ri +516, duh htxdo wr xqlw|/ F @ � @ L6/

dqg +5157, uhgxfhv wr +514:,/ zlwk ��c3� @ X�1 Dovr qrwh iurp +5157, wkdw vlqfh
�
�� �F

�"
�'f

lv

devroxwho| vxppdeoh luuhvshfwlyh ri wkh qxpehu ri hljhqydoxhv ri � wkdw duh htxdo wr xqlw|/ wkh

yduldqfh0fryduldqfh pdwul{ ri ��|/ w @ �P . 4>�P . 5> = = = > W / lv �qlwh1 Ixuwkhupruh/ lw lv zruwk

qrwlqj wkdw wkhuh duh +p� u, +p� u . 4, @5 iuhh sdudphwhuv lq wkh yduldqfh0fryduldqfh pdwul{ ri

FX�/ zklfk fruuhvsrqgv gluhfwo| wr wkh qxpehu ri sxuh xqlw urrw frpsrqhqwv lq i��|j1 Ilqdoo|/

vlqfh wkh sxuh xqlw urrw frpsrqhqwv lq i��|j kdyh vwduwhg lq d �qlwh shulrg lq wkh sdvw/ wkhuh duh p

lqglylgxdo0vshfl�f lqwhufhswv suhvhqw lq iz�|j luuhvshfwlyh ri zkhwkhu i��|j lv fryduldqfh vwdwlrqdu|/

sxuh L+4,/ ru L+4, dqg frlqwhjudwhg1

Rxu lqlwldol}dwlrq ri wkh SYDU+4, prgho +5145, fdq eh uhdglo| h{whqghg wr wkh SYDU+s, prgho

+514, iru s � 41 Lw lv qrz dvvxphg wkdw ��
z��z lv ri udqn p� u/ zlwk �/ �z/ �/ dqg �z gh�qhg dv

ehiruh/ dqg wkdw wkh lqlwldo s ghyldwlrqv lq wkh vdpsoh/ qdpho| ��|/ w @ 3> 4> = = = > s� 4/ duh jlyhq e|

��| @ FW +O, %�| .Fv�| .F��> l @ 4> 5> = = = > Q > w @ 3> 4> = = = > s� 4> +5159,

zkhuh v�f @ 36f�/ v�| @
S|

,'� %�,/ F
W +O, @

S"
�'fF

W
�O

�/ FW
f @ L6 �F/ FW

� @ F� .FW
�3�/ m � 4/

F +O, @
S"

�'fF�O
� / F @

S"
�'fF�/ Ff @ L6/ F� @ � +L6 ���,/ F� @

SR
,'�F�3,�,/ m � 5

+zlwk F� @ 36 iru m ? 3,/H dqg �� lv lqghshqghqwo| glvwulexwhg dfurvv l zlwk H +��, @ 36f�/

dqg Y du +��, @ I/ I ehlqj d srvlwlyh gh�qlwh pdwul{1 Lw lv uhdglo| yhul�hg wkdw zkhq s @ 4/ wkh

vshfl�fdwlrq +5159, ri wkh lqlwldo vdpsoh ghyldwlrqv lv htxlydohqw wr wkh rqh lpsolhg e| +D8,/ zlwk

�� @ X� .
S�3�

�'f %�c3� / dqg I @ + . P +
 . 1,1 Wkh vshfl�fdwlrq +5159, djdlq hqvxuhv wkdw wkh
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yduldqfh0fryduldqfh pdwul{ ri ��| lv �qlwh ryhu wkh vdpsoh shulrg/ w @ 3> 4> = = = > W / dqg wkdw wkh u

frlqwhjudwlqj uhodwlrqv ����|/ w @ 3> 4> = = = > W / kdyh uhdfkhg fryduldqfh vwdwlrqdulw|/ luuhvshfwlyh ri

wkh qxpehu ri sxuh xqlw urrw frpsrqhqwv lq i��|j1 Wkh vdph surfhvvhv jhqhudwlqj wkh fryduldqfh0

vwdwlrqdu| frpsrqhqwv ri i��|jA|'R dovr jhqhudwh wkrvh ri i��|jR3�
|'f / dqg wkh vdph surfhvvhv jhqhudwlqj

wkh sxuh xqlw urrw frpsrqhqwv ri i��|jA|'R dovr jhqhudwh wkrvh ri i��|jR3�
|'f 1

� +itL*��?} |�i W?U�_i?|@* �@h@4i|iht �hLM*i4

Wr ryhufrph wkh lqflghqwdo sdudphwhuv sureohp gxh wr wkh �{hg h�hfwv dqg wkh lqlwldo revhuydwlrqv

zkhq W lv �qlwh/ iroorzlqj wkh dqdo|vlv lq Kvldr/ Shvdudq/ dqg Wdkplvflrjox +4<<<, ri d xqlyduldwh

g|qdplf sdqho gdwd prgho zh zrun zlwk wkh xqfrqglwlrqdo mrlqw suredelolw| glvwulexwlrq ri wkh �uvw

gl�huhqfhv 7z��>7z�2> = = = >7z�R>7z�cRn�> = = = >7z�A / zklfk zh ghfrpsrvh dvb

Su+7z��>7z�2> = = = >7z�R>7z�cRn�> = = = >7z�A , +614,

@ Su +7z��>7z�2> = = = >7z�R, � Su +7z�cRn�>7z�cRn2> = = = >7z�A m 7z��>7z�2> = = = >7z�R, =

Wr rewdlq wkh �uvw frpsrqhqw rq wkh uljkw0kdqg vlgh ri +614,/ qdpho| wkh xqfrqglwlrqdo mrlqw

suredelolw| glvwulexwlrq ri 7z��>7z�2> = = = >7z�R/ zh lqyrnh wkh vshfl�fdwlrq +5159, ri wkh lqlwldo

ghyldwlrqv lq wkh vdpsoh1 Frpelqlqj wkh fryduldqfh0vwdwlrqdu| uhsuhvhqwdwlrqv lq �uvw gl�huhqfhv

ri wkh revhuydwlrqv gdwhg w @ 4> 5> = = = > s � 4 lpsolhg e| +5159, zlwk wkh huuru fruuhfwlrq uhsuh0

vhqwdwlrq ri wkh SYDU iru w @ s rqh rewdlqv wkh xqfrqglwlrqdo mrlqw suredelolw| glvwulexwlrq ri

7z��>7z�2> = = = >7z�R iuhh ri wkh lqflghqwdo sdudphwhuv dqg lqlwldo ydoxh sureohpv1 Iurp +5159, lw

lv uhdglo| yhul�hg wkdw wkh iroorzlqj �uvw0gl�huhqfh uhsuhvhqwdwlrq krogv iru w @ 4> 5> = = = > s� 4=

7z�| � � @ F +O, %�|> w @ 4> 5> = = = > s� 4= +615,

Dovr/ vxevwlwxwlqj iru ��f iurp +5159, lqwr wkh huuru fruuhfwlrq uhsuhvhqwdwlrq +5143, iru w @ s/ diwhu

uh0duudqjlqj whupv dqg qrwlqj wkdw �F @ 36 rqh rewdlqv wkdw

7z�R � � @

R3�[
�'�

��

�7z�cR3� � �
�
. ��R> +616,

zkhuh

��R @ �FW +O, %�f . %�R= +617,

Froohfwlqj wkh glvwxuedqfh whupv lq +615, dqg +616,/

G� @ yhf
k
F +O, %��> F +O, %�2> = = = > F +O, %�cR3�> ��R

l
> +618,

b+iU@** |�@| |�i @�@�*@M*i LMtih�@|�L?t @hi ��fc���c � � � c��A c �hhitTiU|��i Lu |�i Lh_ih Lu |�i �V�+c R 	 A �
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zh kdyh wkdw H +G�, @ 36Rf�/ dqg Y du +G�, @ 	G/ zkhuh

	G @

3EEEEEEEEC

Jf J� J2 � � � JR32 K�

J�
� Jf J� � � � JR3� K2

111
111

111
1 1 1

111
111

J�
R32 J�

R3� J�
R3e � � � Jf KR3�

K�
� K�

2 K�
� � � � K�

R3� �

4FFFFFFFFD
> +619,

zlwk

J, @
"[
�'f

F�
F
�
�n,> o @ 3> 4> = = = > s� 5> K, @

3C "[
�'f

F�n,
F
W�
�

4D��> o @ 4> 5> = = = > s� 4>

+61:,

dqg

� @ �

3C "[
�'f

FW
�
F

W�
�

4D�� .
= +61;,

Wkh yduldqfh0fryduldqfh pdwulfhv J,/ o @ 3> 4> = = = > s � 5/ K,/ o @ 4> 5> = = = > s � 4/ dqg � xqghu rxu

dvvxpswlrqv duh zhoo gh�qhg luuhvshfwlyh ri zkhwkhu vrph ru doo ri wkh urrwv ri wkh ghwhuplqdqwdo

htxdwlrq +516,/ m�+(,m @ 3/ duh htxdo wr xqlw|1 Iru wkh sxuh xqlw urrw fdvh/ qrwh wkdw � @ 36/ dqg

wkxv � ehfrphv htxdo wr 
/ dqg K, ehfrphv htxdo wr 36/ o @ 4> 5> = = = > s�41 Iru wkh fdvhv ri wuhqg0

vwdwlrqdu| dqg frlqwhjudwhg SYDUv zkhuh vrph exw qrw doo urrwv ri m�+(,m @ 3 pd| eh htxdo wr

xqlw|/ lw vkrxog eh qrwhg wkdw iF�j"�'f dv zhoo dv
q
FW

�

r"
�'f

duh devroxwho| vxppdeoh1 Dovr qrwh wkdw

doo hohphqwv ri 	G duh ixoo| vshfl�hg e| ��/ m @ 4> 5> = = = > s/ dqg2ru 
1 Wkh sdudphwhuv ri wkh glvwul0

exwlrq ri ��/ l @ 4> 5> = = = >Q / gr qrw hqwhu 	G iru dq| u @ 3> 4> = = = >p1 Revhuylqj wkdw wkh Mdfreldq

ri wkh wudqvirupdwlrq iurp G� wr
�
7z�

��>7z�
�2> = = = >7z�

�R

��
lv xqlw|/ Su +7z��>7z�2> = = = >7z�R,

fdq eh ghulyhg/ dqg lv/ iru qrupdoo| glvwulexwhg huuruv/ surylghg lq wkh dsshqgl{1

Wkh vhfrqg frpsrqhqw rq wkh uljkw0kdqg vlgh ri +614,/ qdpho| wkh frqglwlrqdo mrlqw suredelolw|

glvwulexwlrq ri 7z�cRn�>7z�cRn2> = = = >7z�A jlyhq7z��>7z�2> = = = >7z�R/ fdq eh ghulyhg xvlqj wkh

�uvw gl�huhqfhv ri +514, iru w @ s. 4> s. 5> = = = > W =

7z�| � � @

R[
�'�

��

�7z�c|3� � �
�
.7%�|> w @ s. 4> s. 5> = = = > W= +61<,

Qrwh wkdw wkh �uvw0gl�huhqflqj holplqdwhv wkh �{hg h�hfwv iru wkh odvw W �s wlph0vhulhv revhuydwlrqv

lq wkh sdqho1 Froohfwlqj wkh glvwxuedqfh whupv lq +61<,/

H� @
�

7%��cRn�> 7%��cRn2> = = = > 7%��A
��

> +6143,

xvlqj olqhdu surmhfwlrq zh kdyh wkdw H +H�mG�, @ Fry +H�> G�,	
3�
G G�/ zklfk vlpsol�hv wr H +H�mG�, @k

� +
UG�,
� > 3�f6EA3R3��

l�
/ zkhuh U ghqrwhv wkh p�ps pdwul{ iruphg e| wkh odvw p urzv ri
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	3�
G / dqg wkdw Y du +H�mG�, @ Y du +H�, � Fry +H�> G�,	

3�
G Fry +G�> H�,/ zklfk vlpsol�hv wr Y du +H�mG�, @

	H�G/ zkhuh

	H�G @

3EEEEEEEEC

' �


�
 5
 �
 3
1 1 1

1 1 1
1 1 1

3 �
 5
 �


�
 5


4FFFFFFFFD
> +6144,

zlwk

' @5
�
V
> +6145,

dqg V ghqrwlqj wkh p�p pdwul{ iruphg e| wkh odvw p froxpqv ri U1 Revhuylqj wkdw wkh Mdfreldq

ri wkh wudqvirupdwlrq iurp H� wr
�
7z�

�cRn�>7z�
�cRn2> = = = >7z�

�A

��
lv xqlw|/

Su +7z�cRn�>7z�cRn2> = = = >7z�A m 7z��>7z�2> = = = >7z�R,

fdq eh ghulyhg/ dqg lv/ iru qrupdoo| glvwulexwhg huuruv/ surylghg lq wkh dsshqgl{1

Wkh xqfrqglwlrqdo mrlqw suredelolw| glvwulexwlrq ixqfwlrq ri wkh wudqviruphg revhuydwlrqv/7z��>

7z�2> = = = >7z�R>7z�cRn�> = = = >7z�A > fdq qrz eh dvvhpeohg dv lq +614,/ dqg lq frqwudvw wr wkh

suredelolw| glvwulexwlrq ixqfwlrq ri wkh xqwudqviruphg prgho/ +514,/ lv qrw vxemhfw wr wkh lqflghqwdo

sdudphwhuv sureohp1 Ehiruh hvwdeolvklqj wkh surshuwlhv ri wkh uhvxowdqw PO hvwlpdwru/ zh vkdoo

frqvlghu wkh xvh ri wkh wudqviruphg prgho htxdwlrqv +615,/ +616,/ dqg +61<, iru JPP hvwlpdwlrq1

Kdylqj glvfxvvhg wkh gl�fxowlhv zlwk JPP hvwlpdwlrq hyhq diwhu wkh lqflghqwdo sdudphwhuv sureohp

kdv ehhq uhvroyhg/ lq Vhfwlrq 8 zh vkdoo hvwdeolvk wkh surshuwlhv ri wkh PO hvwlpdwru dqg glvfxvv

lwv frpsxwdwlrqdo lpsohphqwdwlrq1

e B�� ,t|�4@|�L?

Prvw glvfxvvlrqv ri JPP hvwlpdwlrq ri g|qdplf sdqho gdwd prghov duh zlwklq d vlqjoh htxdwlrq

frqwh{w +iru h{dpsoh/ Duhoodqr dqg Erqg/ 4<<4/ Dkq dqg Vfkplgw/ 4<<8/ Duhoodqr dqg Eryhu/ 4<<8/

Eoxqghoo dqg Erqg/ 4<<;,1�f Krzhyhu/ mxvw olnh Wkuhh Vwdjh Ohdvw Vtxduhv +6VOV, hvwlpdwlrq ri d

v|vwhp ri htxdwlrqv fdq eh pruh h�flhqw wkdq wkh vlqjoh htxdwlrq edvhg Wzr Vwdjh Ohdvw Vtxduhv

+5VOV,/ zh vkdoo jhqhudol}h JPP hvwlpdwlrq wr d v|vwhpv frqwh{w/ dqg wkhq vkrz wkdw li wkh SYDU

frqwdlqv xqlw urrwv/ wkh frqyhqwlrqdo JPP dssurdfk xvlqj lqvwuxphqwv wkdw duh ruwkrjrqdo wr wkh

glvwxuedqfh whupv ri wkh prgho htxdwlrqv euhdnv grzq1 Zh wkhq lqyhvwljdwh li wkh xvh ri yduldqwv

�f�? i UiT|�L? �t OL*|3�,@!�?c �i�i)c @?_ +Lti? E�bHH�c ��L t|�_) @ 4�*|��@h�@|i ti||�?} @*tLc M�| �? @ uh@4i�Lh!

_�gihi?| |�@? L�ht�
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ri krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg prphqw frqglwlrqv dv vxjjhvwhg e| Dkq dqg Vfkplgw

+4<<8, dqg Duhoodqr dqg Eryhu +4<<8, fdq khos uhvroyh wkh lvvxh1

Wr vlpsoli| wkh h{srvlwlrq/ iru pxfk ri wkh uhpdlqghu ri wklv sdshu zh vhw s @ 4/ dqg frqvlghu

wkh SYDU+4, prgho +5145,1 Wkh frxqwhusduwv ri wkh wudqviruphg prgho htxdwlrqv +616, dqg +61<,

iru wkh SYDU+4, prgho +5145, duh jlyhq e|��

7z�� � � @ ���> +714,

zkhuh ��� lv jlyhq e| +617, iru s @ 4/ qdpho|

��� @ %�� � +L6 ��,
"[
�'f

��%�c3� > +715,

dqg

7z�| � � @ �+7z�c|3� � �, .7%�|> w @ 5> 6> = = = > W= +716,

Dovr/ iurp +714, lw iroorzv wkdw iru wkh SYDU+4, prgho +5145, lw krogv wkdw

7z�� � �
��_� +36f�>�, > +717,

zkhuh � dv ehiruh lv jlyhq e| +61;,/ zklfk lq wkh fdvh zkhuh s @ 4 fdq eh zulwwhq dv

� @ +L6 ��,

3C "[
�'f

��
���

4D +L6 ��,� .
= +718,

Wkh dsshqgl{ surylghv pdq| ri wkh uhvxowv ghulyhg lq wkh uhpdlqghu ri wkh sdshu iru s @ 4 iru wkh

fdvh zkhuh s A 41

e�� �L?�i?|�L?@* B�� ,t|�4@|�L?

Wkh frqyhqwlrqdo JPP hvwlpdwru/ ghyhorshg iru +wuhqg0, vwdwlrqdu| prghov/ hpsor|v lqvwuxphqwv

wkdw duh ruwkrjrqdo wr wkh prgho glvwxuedqfhv1 Iru wkh �uvw0gl�huhqfhg SYDU+4, prgho +716,/ vxfk

lqvwuxphqwv duh jlyhq e| d frqvwdqw dqg ohyhov ri wkh ghshqghqw yduldeohv/ z�|/ odjjhg wzr ru pruh

shulrgv +zklfk duh suhghwhuplqhg,1 Wkh vwdqgdug ruwkrjrqdolw| frqglwlrqv duh wkxv jlyhq e|

H
�
^+7z�| � �,��+7z�c|3� � �,`t�

�|

�
@ 36fdE|3��6n�o> w @ 5> 6> = = = > W>

+719,

zkhuh

t�| @
�

4> z�
�f> z�

��> = = = > z�
�c|32

��
= +71:,

���L|i |�@| E��2� ?ii_ L?*) Mi UL?t�_ihi_ �? |�i U@ti ��ihi R : ��
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Wr rewdlq wkh frqyhqwlrqdo JPP hvwlpdwru xvlqj wkh prphqw frqglwlrqv +719,/ qrwh wkdw wkh

�uvw0gl�huhqfhg SYDU+4, prgho +716, fdq lq vwdfnhg irup eh zulwwhq dv

V� @ U��.H�> +71;,

l @ 4> 5> = = = >Q / zkhuh

V� @
�

7z�2> 7z��> = = = > 7z�A

��
> H� @

�
7%�2> 7%��> = = = > 7%�A

��
>

+71<,

U� @
�

S�> �A3�

�
> S� @

�
7z��> 7z�2> = = = > 7z�cA3�

��
> +7143,

� @
�

�> d�

��
> d� @ +L6 ��,�> +7144,

dqg �A3� ghqrwhv d +W � 4,� 4 yhfwru ri rqhv1

Suh0pxowlso|lqj +71;, e| wkh +pW@5 . 4, +W � 4,� +W � 4, eorfn0gldjrqdo lqvwuxphqwdo yduldeoh

pdwul{ T�/

T� @

3EEEEEEEEC

t�2 3E6n��f� 3E6n��f�

3E26n��f� t�� 3E26n��f� 3

3E�6n��f� 3E�6n��f� t�e

1 1 1

3 t�A

4FFFFFFFFD
> +7145,

rqh rewdlqv

T�V� @ T�U��.T�H�> +7146,

wkh wudqvsrvh ri zklfk lq yhfwrul}hg irup ehfrphv

+T� 
 L6, yhf
�
V�
�

�
@ +T�U� 
 L6,�. +T� 
 L6, yhf

�
H�

�

�
> +7147,

zkhuh � @ yhf +��,1 Wkh frqyhqwlrqdo JPP hvwlpdwru ri � lv rewdlqhg e| plqlpl}lqj%
�[
�'�

+T� 
 L6, yhf
�
V�
�

�� +T�U� 
 L6,�

&� % �[
�'�

+T� 
 L6, 	 +T� 
 L6,�
&3�

�
%

�[
�'�

+T� 
 L6, yhf
�
V�
�

�� +T�U� 
 L6,�

&
> +7148,
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zkhuh

	 @

3EEEEEEEEC

5
 �


�
 5
 �
 3
1 1 1

1 1 1
1 1 1

3 �
 5
 �


�
 5


4FFFFFFFFD
= +7149,

Wkh prphqw frqglwlrqv uhohydqw wr wkh hvwlpdwlrq ri 
 duh jlyhq e|

H
�
^7z�| � � ��+7z�c|3� � �,` ^7z�| � � ��+7z�c|3� � �,`� � 5


�
@ 36>

+714:,

iru w @ 5> 6> ===> W 1 Dovr qrwh wkdw lq wkh fdvh ri d wuhqg0vwdwlrqdu| SYDU/ xsrq hvwlpdwlrq ri d�

iurp +7148,/ � pd| eh frqvlvwhqwo| hvwlpdwhg dv

e� @
�
L6 � e��3� ed�= +714;,

Wkh frqyhqwlrqdo JPP hvwlpdwru lv frqvlvwhqw li doo hljhqydoxhv ri � idoo lqvlgh wkh xqlw flufoh/

exw euhdnv grzq li vrph hljhqydoxhv ri � duh htxdo wr xqlw|1�2 Qrwh wkdw d qhfhvvdu| frqglwlrq iru

wkh JPP hvwlpdwru +7148, wr h{lvw lv wkdw udqn
�
Q3�

S�
�'�T�U�

�
@ p.4 dv Q $ 41 Lq wkh fdvh

zkhuh � @ L6/ udqn
�
Q3�

S�
�'�T�U�

�
dv Q $ 4 lv ohvv wkdq p . 4/ krzhyhu1 Wklv lv ehfdxvh

zkhq � @ L6/ 7z�| @ � . %�|/ dqg z�| @ z�f . �w. v�|/ zlwk v�| dv ehiruh jlyhq e| v�| @
S|

,'� %�,/

dqg wkxv lw iroorzv wkdw iru w @ 5> 6> = = = > W / m @ 3> 4> = = = > w� 5/ dv Q $ 4

4

Q

�[
�'�

7z�c|3�z
�
�� @

4

Q

�[
�'�

+� . %�c|3�, +z�f . �m . v��,
� R$ � +z�f . �m,� +714<,

+zkhuh
R$ ghqrwhv frqyhujhqfh lq suredelolw|,/ zklfk lv ri udqn rqh1 Lq rwkhu zrugv/ zkhq � @ L6/

wkh hohphqwv ri t�| duh qrw ohjlwlpdwh lqvwuxphqwv1 Iru wkh SYDU+s, prgho +514, +zlwk s A 4,/

dowkrxjk Q3�
S�

�'�7z�c|3�z
�
�� / w @ 5> 6> = = = > W / m @ 3> 4> = = = > w�5/ pd| eh ri ixoo udqn dv Q $ 4/

4

Q

�[
�'�

t�|

k
+7z�c|3� � �,� > +7z�c|32 � �,� > = = = > +7z�c|3R � �,�

l
> +7153,

�2�L|i |�@| �u |�ihi @hi ?L hit|h�U|�L?t L? |�i _i|ih4�?�t|�U |hi?_ |ih4tc |�@| �tc |�i �V�+E�� 4L_i* �t �h�||i? @t

EW6 3 xu���| ' �� n �|n %�|c |�i? ��i? |�i hLL|t Lu �W6 3 x�� ' f @hi i^�@* |L �?�|)c 4�?�4�3�?} Ee��D� U@? )�i*_

UL?t�t|i?| it|�4@|it Lu � �u 6 ' �c M�| ?L| uLh 6 : �� �L|i |�@| �u |�ihi @hi ?L hit|h�U|�L?t L? |�i _i|ih4�?�t|�U |hi?_

|ih4tc |�i? ��i? |�i hLL|t Lu �W6 3 x�� ' f @hi i^�@* |L �?�|)c |�i 4L_i* UL?|@�?t ML|� @ *�?i@h @?_ @ ^�@_h@|�U

_i|ih4�?�t|�U |hi?_c ��ihi@t �| L?*) UL?|@�?t @ *�?i@h _i|ih4�?�t|�U |hi?_ ��i? @** hLL|t Lu �W6 3 x�� ' f u@** L�|t�_i

|�i �?�| U�hU*i�
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w @ 4> 5> = = = > W / zloo kdyh gh�flhqw udqn dv Q $ 41 Wr vhh wklv/ qrwh iurp +51;, wkdw li
SR

�'��� @

L6/ wkhq +514, pd| eh zulwwhq dv

�W +O, +7z�| � �, @ %�|> +7154,

zlwk �W +O, jlyhq e| +51<,1 Srvw0pxowlso|lqj +7153, e|
�

L6> ��W
�> ��W

2> = = = > ��W
R3�

��
/ lw

iroorzv wkdw iru w @ 5> 6> = = = > W / dv Q $ 4
4

Q

�[
�'�

t�|%
�
�c|3�

R$ 3d6E|3��n�of6= +7155,

Lq wkh hyhqw wkdw wkh SYDU+s, prgho +514, frqwdlqv xqlw urrwv/ wkh frqyhqwlrqdo JPP hvwlpdwru

euhdnv grzq1

e�2 �L?�i?|�L?@* B�� ,t|�4@|�L? W?ULhTLh@|�?} W?�|�@* �L?_�|�L?t

Lq wkh fdvh ri prghov zlwk qrq0}hur ghwhuplqlvwlf wuhqgv wkh frqyhqwlrqdo JPP prphqw frqgl0

wlrqv +719, fdq iru hvwlpdwlrq ri wkh wuhqg frh�flhqwv +�, eh dxjphqwhg zlwk dgglwlrqdo prphqw

frqglwlrqv edvhg rq +714,/ qdpho|

H +7z�� � �, @ 36f�= +7156,

Vwdfnlqj +714, dqg +716,/ zh kdyh

hV� @ hU��. hH�> +7157,

l @ 4> 5> = = = >Q / zkhuh

hV� @
�

7z��> V�
�

��
> hH� @

k
%�� � +L6 ��,

S"
�'f�

�%�c3� > H�
�

l�
> +7158,

hU� @

% hS�> �A >

#
3

�A3�

$ &
> hS� @

�
36f�> S�

�

��
> +7159,

dqg

h� @
�

�> �> ���
��

= +715:,

Suh0pxowlso|lqj +7157, e| wkh ^p +W � 4, @5 . 4`W �W eorfn0gldjrqdo lqvwuxphqwdo yduldeoh pdwul{hT�/

hT� @

3EEEEEEEEC

t�� 3 3

3E6n��f� t�2 3E6n��f� 3

3E26n��f� 3E26n��f� t��

1 1 1

3 t�A

4FFFFFFFFD
> +715;,
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dqg yhfwrul}lqj wkh wudqvsrvh ri wkh uhvxowdqw h{suhvvlrq rqh rewdlqv�hT� 
 L6
�
yhf

�hV�
�

�
@

�hT�
hU� 
 L6

� h�.
�hT� 
 L6

�
yhf

�hH�
�

�
> +715<,

zkhuh h� @ yhf
�h��

�
1 Wkh frqyhqwlrqdo JPP hvwlpdwru ri h� lv rewdlqhg e| plqlpl}lqj%

�[
�'�

�hT� 
 L6
�
yhf

�hV�
�

�
�
�hT�

hU� 
 L6
� h�&� % �[

�'�

�hT� 
 L6
�
	
�hT� 
 L6

��
&3�

�
%

�[
�'�

�hT� 
 L6
�
yhf

�hV�
�

�
�
�hT�

hU� 
 L6
� h�& > +7163,

zkhuh

	 @

3EEEEEEEEC
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�
 5
 �
 3
1 1 1

1 1 1
1 1 1

3 �
 5
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�
 5


4FFFFFFFFD
> +7164,

zlwk � jlyhq e| +718,1 Wkh prphqw frqglwlrqv uhohydqw wr wkh hvwlpdwlrq ri 
 duh djdlq jlyhq e|

+714:,1

Wkh frqyhqwlrqdo JPP hvwlpdwru ri � lqfrusrudwlqj wkh lqlwldo frqglwlrqv zloo eh pruh h�flhqw

wkdq wkh frqyhqwlrqdo JPP hvwlpdwru ri � qrw lqfrusrudwlqj wkh lqlwldo frqglwlrqv1 Qrwh/ wkrxjk/

wkdw +7163, lqwurgxfhv qrqolqhdu uhvwulfwlrqv ehwzhhq � dqg �1 Erwk wkh frqyhqwlrqdo JPP hvwl0

pdwru ri � edvhg rq +7148, dqg wkdw edvhg rq +7163, euhdn grzq li vrph hljhqydoxhv ri � duh htxdo

wr xqlw|1

e�� , |i?_i_ B�� ,t|�4@|�L? Nt�?} OL4Lt!i_@t|�U�|) @?_ 5|@|�L?@h�|) W4�

T*�i_ �L4i?| �L?_�|�L?t

Wkh deryh glvfxvvlrq vkrzv wkdw lq wkh suhvhqfh ri xqlw urrwv wkh frqvlvwhqw hvwlpdwlrq ri wkh SYDU

prgho uhtxluhv ixuwkhu prphqw frqglwlrqv1 Rqh srvvlelolw| zrxog eh wr dxjphqw wkh vwdqgdug

ruwkrjrqdolw| frqglwlrqv +719, dqg +7156, e| krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg prphqw

frqglwlrqv dv ghulyhg e| Dkq dqg Vfkplgw +4<<8, dqg Duhoodqr dqg Eryhu +4<<8, lq wkh frqwh{w ri

xqlyduldwh g|qdplf sdqho gdwd prghov1 Lq wkh frqwh{w ri wkh SYDU+4, prgho +5145,/ wkh Dkq dqg

Vfkplgw +4<<8, krprvnhgdvwlflw| lpsolhg prphqw frqglwlrqv fdq eh zulwwhq dv

H
�
z�| 7 %��c|n� �z�c|n� 7 %��c|n2

�
@ 36> w @ 4> 5> = = = > W � 5> +7165,

dqg

H

%#
W3�

A[
|'�

g�|

$
7 %��c|n�

&
@ 36> w @ 4> 5> = = = > W � 4> +7166,
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zkhuh

g�| @ z�| ��z�c|3� � +L6 ��,�w���= +7167,

Wkh Duhoodqr dqg Eryhu +4<<8, vwdwlrqdulw| lpsolhg prphqw frqglwlrqv fdq lq wkh frqwh{w ri wkh

SYDU+4, prgho +5145, eh zulwwhq dv��

H
�
+7z�c|3� � �,g�

�|

�
@ 36> w @ 5> 6> = = = > W= +7168,

Iroorzlqj Dkq dqg Vfkplgw +4<<8,/ wkh prphqw frqglwlrqv +7165,/ +7166,/ dqg +7168, diwhu uhprylqj

gxsolfdwh lqirupdwlrq pd| lq frpelqhg irup eh zulwwhq dv

H
�
g�A +7z�| � �,�

�
@ 36> w @ 4> 5> = = = > W � 4> +7169,

dqg

H
�
g�| +z�| � �w,� � g�c|3� ^z�c|3� � � +w� 4,`�

�
@ 36> w @ 5> 6> = = = > W=

+716:,

Vlqfh wkh prphqw frqglwlrqv +7169, dqg +716:, lqyroyh wkh �{hg h�hfwv/ ��/ lw lv qhfhvvdu| wr yhuli|

zkhwkhu wkh| duh dovr dssolfdeoh wr wkh SYDU+4, prgho +5145, dv zh kdyh vshfl�hg lw1

Qrwlqj wkdw wkh frxqwhusduw ri wkh �uvw0gl�huhqfh uhsuhvhqwdwlrq +615, iru s @ 4 dqg w @

4> 5> = = = > W lv jlyhq e|

7z�| � � @ %�| � +L6 ��,
"[
�'f

��%�c|3� > +716;,

dqg wkdw g�A @ +L6 ��,�� . %�A / +7169, fdq eh zulwwhq dv

H

;?=^+L6 ��,�� . %�A `

57%�| � +L6 ��,
"[
�'f

��%�c|3�

68�<@> @ 36> w @ 4> 5> = = = > W � 4>

+716<,

zklfk lv ydolg xqghu wkh dvvxpswlrq wkdw +L6 ��,�� dqg %�|/ w � W � 4/ duh xqfruuhodwhg1 Qrwh

wkdw wklv dvvxpswlrq grhv qrw uxoh rxw fruuhodwlrq ehwzhhq �� dqg lqlwldo glvwxuedqfhv/ vd| %�c3� >

li ��/ iru h{dpsoh/ zdv jhqhudwhg e|

�� @ F2�%�c3� . W�> l @ 4> 5> = = = >Q> +7173,

zkhuh 2� lv dq p�p pdwul{ ri sdudphwhuv/ dqg W�/ l @ 4> 5> = = = > Q / lv dq p� 4 yhfwru ri udqgrp

yduldeohv lqghshqghqwo| glvwulexwhg dfurvv l/ dqg dovr lqghshqghqw ri %�|/ w � W�4/ wkhq +L6 ��,��

dqg %�|/ w � W � 4/ zrxog vwloo eh xqfruuhodwhg1
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Wxuqlqj wr +716:,/ qrwlqj wkdw xqghu +D8, iz�|jA|'� lv jhqhudwhg iurp

z�| @ �� . �w.
"[
�'f

�
�� �F

�
%�c|3� .F

3C|n�3�[
�'f

%�c|3�

4D.FX�> +7174,

lw lv uhdglo| vhhq wkdw +716:, zloo eh ydolg li �� dqg %�|/ w @ 4> 5> = = = > W / dv zhoo dv +L6 ��,�� dqg

%�|/ w � 3/ duh xqfruuhodwhg/ dqg +L6 ��,H +���
�
�, dv zhoo dv +L6 ��,H +��X

�
�,F

� h{lvw1

Wkh ydolglw| ri rxu sursrvhg PO hvwlpdwru zloo eh xqd�hfwhg e| zkhwkhu wkh dvvxpswlrqv

qhhghg iru wkh krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg prphqw frqglwlrqv +7169, dqg +716:,

wr eh ydolg gr krog/ dv lw zloo eh edvhg rq wkh xqfrqglwlrqdo mrlqw suredelolw| glvwulexwlrq ri

wkh wudqviruphg revhuydwlrqv/ 7z��> 7z�2> = = = > 7z�A > zklfk/ dv vhhq lq Vhfwlrq 6/ grhv qrw

lqyroyh ��1 Lw vkrxog dovr eh qrwhg wkdw hyhq zkhq wkh prphqw frqglwlrqv +7169, dqg +716:,

duh ydolg/ wkh yduldqfh0fryduldqfh pdwul{ dvvrfldwhg zlwk wkhvh prphqw frqglwlrqv grhv ghshqg

rq wkh lqglylgxdo0vshfl�f h�hfwv ��1 Ehfdxvh ri wklv ghshqghqfh/ zlwkrxw ixuwkhu +krprjhqhlw|,

uhvwulfwlrqv rq wkh glvwulexwlrq ri �� lw lv qrw srvvleoh wr ghulyh wkh rswlpdo zhljkwlqj pdwul{

dvvrfldwhg zlwk wkh krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg prphqw frqglwlrqv +7169, dqg +716:,/

dqg wkh ruwkrjrqdolw| frqglwlrqv +719, dqg +7156,1 Wkh h{whqghg JPP hvwlpdwru edvhg rq d qrq0

rswlpdo zhljkwlqj pdwul{ zloo lq jhqhudo qrw eh dv h�flhqw dv rxu sursrvhg PO hvwlpdwru1

Wr ryhufrph wkh ghshqghqfh ri wkh yduldqfh0fryduldqfh pdwul{ dvvrfldwhg zlwk wkh prphqw

frqglwlrqv +7169, dqg +716:, rq wkh lqglylgxdo0vshfl�f h�hfwv ��/ dq dowhuqdwlyh zd| ri pdnlqj xvh

ri wkh krprvnhgdvwlflw| uhvwulfwlrqv rq %�| zrxog eh wr frpelqh +7165, zlwk +719,/ dqg frqvlghu wkh

prphqw frqglwlrqv

H
�
�z�| 7 %��c|n� ��z�c|n� 7 %��c|n2

�
@ 36> w @ 5> 6> = = = > W � 5= +7175,

Qrwh wkdw

H
�
�z�| 7 %��c|n� ��z�c|n� 7 %��c|n2

�
@ H

�
z�| 7 %��c|n� �z�c|n� 7 %��c|n2

��H
�
z�c|3� 7 %��c|n�

�
.H

�
z�| 7 %��c|n2

�
> +7176,

dqg wkxv lw lv uhdglo| vhhq wkdw +7165, dqg +719, lpso| +7175,1�e Krzhyhu/ wkh prphqw frqglwlrqv

+7175, gr qrw ohdg wr d zrundeoh h{whqghg JPP hvwlpdwru1 Wr vhh wklv/ ohw

Y�|+�, @ 7z�| +7z�c|n� � �,� �7z�c|n� +7z�c|n2 � �,� > +7177,

dqg

]�|+�, @ 7z�| +7z�| � �,� �7z�c|n� +7z�c|n� � �,� = +7178,

�eW| 4@) Mi �ih��i_ |�@| �?_ih �tt�4T|�L? E�D� Ee�e2� �t @TT*�U@M*i uLh | ' � @t �i**�

4;



Wkhq +7175, fdq eh uhzulwwhq dv

H
�
yhf

�
�z�| 7 %��c|n� ��z�c|n� 7 %��c|n2

��
@ H iyhf ^Y�|+�,`� ^L6 
 ]�|+�,`j yhf

�
��� =

+7179,

Krzhyhu/ lw lv uhdglo| vhhq wkdw

solp
�<"

%
4

Q

�[
�'�

7z�| +7z�c|n� � �,�
&
@ solp

�<"

%
4

Q

�[
�'�

7z�c|n� +7z�c|n2 � �,�
&
=

+717:,

Vlploduo|/

solp
�<"

%
4

Q

�[
�'�

7z�| +7z�| � �,�
&
@ solp

�<"

%
4

Q

�[
�'�

7z�c|n� +7z�c|n� � �,�
&
= +717;,

Wkxv/ wkh prphqw frqglwlrqv +7175, duh ri qr xvh iru wkh hvwlpdwlrq ri �1

Dqrwkhu srvvlelolw| ri pdnlqj xvh ri wkh krprvnhgdvwlflw| uhvwulfwlrqv zrxog eh wr frqvlghu wkh

vhfrqg prphqwv gluhfwo|/ wdnlqj dffrxqw ri wkh fruuhodwlrq ri 7z�c|3� zlwk 7%�|1 Xvlqj +714, dqg

+716,/ lw lv uhdglo| vhhq wkdw

H
�
^7z�2 � � ��+7z�� � �,` +7z�� � �,�

�
@ H

�7%�2 +7z�� � �,�
�
@ �
=

+717<,

Wkxv/ wkh iroorzlqj prphqw frqglwlrqv pxvw krog=

H
�
^7z�2 � � ��+7z�� � �,` +7z�� � �,� .


�
@ 36= +7183,

Ixuwkhupruh/ xvlqj +716, dqg +716;, lw lv uhdglo| vhhq wkdw wkh iroorzlqj W � 5 vhwv ri prphqw

frqglwlrqv pxvw dovr krog=

H
�
^7z�| � � ��+7z�c|3� � �,` +7z�c|3� � �,� .


�
@ 36> w @ 6> 7> = = = > W=

+7184,

Wkh W � 4 vhwv ri prphqw frqglwlrqv +7183, dqg +7184, krog uhjdugohvv ri wkh xqlw urrw dqg frlq0

whjudwlqj surshuwlhv ri wkh SYDU+4, prgho +5145,/ dqg frxog dxjphqw wkh vwdqgdug ruwkrjrqdolw|

frqglwlrqv +719, dqg +7156,1 Wkh vwdqgdug ruwkrjrqdolw| frqglwlrqv +719, zloo qrw eh frqwulexwlqj wr

wkh hvwlpdwlrq ri � li lw kdsshqv wkdw � @ L6/ dqg zloo frqwulexwh rqo| sduwldoo| xqghu frlqwhjud0

wlrq1 Dv vrph ri wkh urrwv ri � dssurdfk xqlw| wkh uhodwlyh frqwulexwlrq ri wkh prphqw frqglwlrqv

+719, glplqlvkhv/ dqg wkh t�|*v ehfrph zhdn lqvwuxphqwv lq wkh whuplqrorj| ri Vwdljhu dqg Vwrfn

+4<<:,1

Wkh sureohp zlwk wkh krprvnhgdvwlflw| lpsolhg prphqw frqglwlrqv +7183, dqg +7184, lv wkdw

wkh| gr qrw lpso| xqltxh vroxwlrqv iru �/ lq jhqhudo1 Wr vhh wklv/ qrwh wkdw xsrq vxevwlwxwlqj +714:,

4<



lqwr +7183, dqg +7184, wr h{suhvv +7183, dqg +7184, dv d ixqfwlrq ri � dorqh/ wkh uhvxowlqj prphqw

frqglwlrqv ehfrph txdgudwlf lq �/ dqg lw lv qrw fohdu krz wr fkrrvh dprqj wkh pxowlsoh vroxwlrqv

ri wkh h{whqghg JPP prphqw frqglwlrqv/ lq jhqhudo1

Wr frqvwuxfw dq h{whqghg JPP hvwlpdwru/ ohw xv vwdfn wkh vwdqgdug ruwkrjrqdolw| frqglwlrqv

+719, dqg +7156,/ dqg wkh krprvnhgdvwlflw| lpsolhg prphqw frqglwlrqv +7183, dqg +7184, dv

H ^p+7z�>�,` @ 3t6d6EA3��*2n�oAn62EA3���f�> +7185,

zkhuh � @
�
��>!���/

! @ yhf +�, > +7186,

�z� @ yhf
�

�z��> �z�2> = = = > �z�A

�
> +7187,

dqg

p+7z�>�, @

3EEEEEEEEEEEEEEEEEEEC

7z�� � �

yhf i^+7z�2 � �,��+7z�� � �,`t�
�2j

yhf i^+7z�� � �,��+7z�2 � �,`t�
��j

111

yhf i^+7z�A � �,��+7z�cA3� � �,`t�
�Aj

yhf ^X�2+�>�,`

yhf ^X��+�>�,`
111

yhf ^X�A +�>�,`

4FFFFFFFFFFFFFFFFFFFD

> +7188,

zlwk

X�|+�>�, @ 5 ^7z�| � � ��+7z�c|3� � �,` +7z�c|3� � �,�

.^7z�| � � ��+7z�c|3� � �,` ^7z�| � � ��+7z�c|3� � �,`� > +7189,

l @ 4> 5> = = = >Q 1�D Xvlqj idploldu uhvxowv iurp wkh olwhudwxuh rq JPP hvwlpdwlrq ghyhorshg e|

Kdqvhq +4<;5, dqg qrwlqj wkdw e| dvvxpswlrq 7z� duh lqghshqghqwo| dqg lghqwlfdoo| glvwulexwhg

dfurvv l/ wkh h{whqghg JPP hvwlpdwruv ri � fdq eh frpsxwhg e| vroylqj wkh iroorzlqj plqlpl}dwlrq

sureohp=

plq
�

�
P�

�+�,D�
� +�,D� +�,P� +�,

�
> +718:,
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zkhuh

P� +�, @
4

Q

�[
�'�

p+7z�>�,> D� +�, @ G�
� +�,Z3�

� +�,> +718;,

G� +�, @
4

Q

�[
�'�

Cp+7z�>�,

C�� > dqg Z� +�, @
4

Q

�[
�'�

p+7z�>�,p
�+7z�>�,=

+718<,

Ilqdoo|/ wkh prphqw frqglwlrqv uhohydqw wr wkh hvwlpdwlrq ri � dqg 
 duh wkh vdph dv iru wkh

frqyhqwlrqdo JPP hvwlpdwru lqfrusrudwlqj wkh lqlwldo frqglwlrqv1

Lw pd| dovr eh qrwhg wkdw wkh vroxwlrq ri +718:, zlwk Z� +�, jlyhq lq +718<, lv qrw dv h�flhqw dv

wkh h{whqghg JPP hvwlpdwru uhsodflqj Z�+�, e| H ^Z� +�,`/ wkdw lv/ xvlqj d zhljkwlqj pdwul{

wkdw wdnhv lqwr dffrxqw doo prgho uhvwulfwlrqv1�S Krzhyhu/ wkh ghulydwlrq ri H ^Z�+�,` lv qrw d

wulyldo h{huflvh/ dqg zloo qrw eh sxuvxhg khuh1 Udwkhu/ lq oljkw ri wkh ydulrxv sureohpv zlwk JPP

hvwlpdwlrq wkdw zh kdyh glvfxvvhg/ zh uhyhuw rxu dwwhqwlrq wr wkh xqfrqglwlrqdo mrlqw suredelolw|

glvwulexwlrq ri wkh �uvw gl�huhqfhv ri wkh revhuydwlrqv ghulyhg lq Vhfwlrq 6/ dqg hvwdeolvk wkh

surshuwlhv ri wkh PO hvwlpdwru edvhg rq lw1

D �w ,t|�4@|�L?

Wkh xqfrqglwlrqdo mrlqw suredelolw| glvwulexwlrq ri 7z��>7z�2> = = = >7z�R>7z�cRn�> = = = >7z�A zdv

ghulyhg lq Vhfwlrq 61 Lq wklv vhfwlrq/ zh djdlq vhw s @ 4 wr vlpsoli| wkh h{srvlwlrq dqg idflolwdwh

frpsdulvrq zlwk wkh JPP hvwlpdwruv ghulyhg lq Vhfwlrq 71�. Lq wkh fdvh zkhuh s @ 4 lw pd| eh

vlpsohu qrw wr lqyrnh wkh ghfrpsrvlwlrq +614,/ exw wr zrun gluhfwo| zlwk wkh xqfrqglwlrqdo mrlqw

suredelolw| glvwulexwlrq ri 7z��>7z�2> = = = >7z�A 1 Iurp +714, dqg +716, lw uhdglo| iroorzv wkdw

xqghu wkh dvvxpswlrq wkdw %�|/ w � W / duh qrupdoo| glvwulexwhg wkh xqfrqglwlrqdo mrlqw suredelolw|

glvwulexwlrq ixqfwlrq ri

u� @ yhf
�

7z�� � �> 7z�2 � �> = = = > 7z�A � �
�

+814,

lv jlyhq e|
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�'�
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5
+u� �K�!,
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�
> +815,

zkhuh n @ pW /

K� @ J�
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J� @
�

36f�> 7z�� � �> 7z�2 � �> = = = > 7z�cA3� � �
�
> +817,

! lv jlyhq e| +7186,/ ! @ yhf +�,/ dqg 	 lv jlyhq e| +7164,/

	 @

3EEEEEEEEC

� �


�
 5
 �
 3
1 1 1

1 1 1
1 1 1

3 �
 5
 �


�
 5


4FFFFFFFFD
>

zlwk � jlyhq e| +718,/

� @ +L6 ��,

3C "[
�'f

��
���

4D +L6 ��,� .
=

Wkh PO hvwlpdwru ri +815, lv htxlydohqw wr �qglqj �/ �/ dqg 
 wr pd{lpl}lqj wkh xqfrqglwlrqdo

orj0olnholkrrg ixqfwlrq o +�,/

o +�, @ �Qn

5
oq +5�,� Q

5
oq m	m � 4

5

�[
�'�

+u� �K�!,
� 	3� +u� �K�!, > +818,

zkhuh � @
�
� �> !�> ��

��
/ zlwk � @ yhfk +
,1�H

Xqghu wkh dvvxpswlrq wkdw W lv �qlwh/ wkh olnholkrrg ixqfwlrq dvvrfldwhg zlwk 7z�|/ l @

4> 5> = = = >Q > w @ 4> 5> = = = > W / lv zhoo gh�qhg luuhvshfwlyh ri wkh orfdwlrq ri wkh hljhqydoxhv ri �/

dqg ghshqgv rq d �{hg qxpehu ri sdudphwhuv1�b Zh wkhq kdyh wkh iroorzlqj sursrvlwlrq=

Sursrvlwlrq 814 Xqghu Dvvxpswlrqv +D4,/ +D5,/ dqg +D8,/2f dqg dvvxplqj wkdw � 5 �/ zkhuh

� lv d frpsdfw vxevhw ri ?�6E6n��*2 dqg wkh wuxh sdudphwhu yhfwru/ �f/ idoov lq wkh lqwhulru ri �/

wkh PO hvwlpdwru dvvrfldwhg zlwk wkh olnholkrrg ixqfwlrq iru 7z�|/ l @ 4> 5> = = = > Q > w @ 4> 5> = = = > W /e��u/ lv frqvlvwhqw dqg dv|pswrwlfdoo| qrupdoo| glvwulexwhg zkhq Q whqgv wr lq�qlw|1

Qrwh wkdw qrupdolw| dvvxpswlrqv rq %�|/ l @ 4> 5> = = = > Q > w � W / duh qrw qhhghg iru odujh Q

dv|pswrwlfv12�
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Wr frpsxwh wkh PO hvwlpdwru/ lq wkh fdvh ri d +wuhqg0, vwdwlrqdu| SYDU lw lv xvhixo wr uhzulwh

wkh lq�qlwh vxp rq wkh uljkw0kdqg vlgh ri +718, |lhoglqj �/ dqg lq doo wkuhh fdvhv lw lv xvhixo wr

lqyrnh dq h�flhqw vfkhph iru wkh frpsxwdwlrq ri wkh ghwhuplqdqw dqg wkh lqyhuvh ri 	1 Wr h{suhvv

� lq wkh fdvh ri d wuhqg0vwdwlrqdu| SYDU lq qrq0uhfxuvlyh irup/ qrwh iurp +718, wkdw

���� @ �
�� .
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�'f

��n� +L6 ��,
 +L6 ��, ���n��

@ �
�� .��
� +L6 ��,
 +L6 ��, �= +819,

Yhfwrul}lqj +819, lw wkhuhiruh iroorzv wkdw

yhfk +�, @ Gn
6 +L62 ��
�,3�G6yhfk

�
5
��
�
��� > +81:,

zkhuh G6 lv d p2 � p +p. 4, @5 glphqvlrqdo pdwul{/ nqrzq dv wkh gxsolfdwlrq pdwul{/ gh�qhg

vxfk wkdw yhf +P, @ G6yhfk +P, iru dq| v|pphwulf p � p glphqvlrqdo pdwul{ P/ dqg Gn
6 lv

wkh jhqhudol}hg lqyhuvh ri G6122 Wr frpsxwh wkh ghwhuplqdqw ri 	/ rqh pd| pdnh xvh ri wkh

eorfn0wulgldjrqdo vwuxfwxuh ri 	1 Dsso|lqj wkh eorfn OGO� idfwrul}dwlrq wr 	/ wkh odwwhu pd| eh

idfwrul}hg dv2�

	 @ DuD
�
(D

�
u> +81;,

zkhuh D( lv d eorfn0gldjrqdo pdwul{ zlwk m0wk gldjrqdo eorfn jlyhq e| D
E��
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E��
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/ m @ 5> 6> = = = > W / dqg zkhuh Du @ D

3�
( �DL / zlwkDL ehlqj d eorfn0vxegldjrqdo
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Wr frpsxwh wkh lqyhuvh ri 	/ rqh pd| djdlq pdnh xvh ri wkh eorfn0wulgldjrqdo vwuxfwxuh ri 	1 Dq

h�flhqw vfkhph lv wr dgdsw wkh uhfxuvlrqv edvhg rq Erzghq*v surfhgxuh lq Elqghu dqg Shvdudq

+5333, wr 	1 Wkh lqyhuvh ri 	 fdq wkhq eh frpsxwhg dv
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	3�
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�
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+8144,

zkhuh 	3�
�, ghqrwhv wkh mo0wk eorfn ri 	3�/ m> o @ 4> 5> = = = > W 1

D qrwh ghvfulelqj ixuwkhu ghwdlov ri wkh qxphulfdo dojrulwkp zh xvh wr frpsxwh wkh PO hvwlpdwhv

lv dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1

S �# ,t|�4@|�L?

Lq wklv vhfwlrq/ zh vxjjhvw d PG hvwlpdwru edvhg rq wkh wudqviruphg prgho htxdwlrqv12e Wkh PG

hvwlpdwru zloo eh xvhg dv dq lqlwldo hvwlpdwru iru wkh PO lwhudwlrqv1

Frqvlghu djdlq wkh SYDU+4, prgho +5145,1 Frqglwlrqdo rq 	/ wkh PO hvwlpdwru ri � dqg � lv

htxlydohqw wr wkh PG hvwlpdwru wkdw plqlpl}hv
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zkhuh u�/ K�/ !/ dqg 	 duh gh�qhg lq +814,/ +816,/ +7186,/ dqg +7164,/ uhvshfwlyho|1 Wkhuhiruh/
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Vwhs 5= Iurp wkh lqlwldo hvwlpdwhv ri �/ �/ dqg 
 wudqvirup u� lqwr uW� @ G3�*2Xu�/ dqg yhf +J�,
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Vwhs 7= Uhshdw Vwhsv 5 wr 6 xqwlo wkh hvwlpdwhv frqyhujh1
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Wkhuhiruh/ e| d odz ri odujh qxpehuv/ +9149, frqyhujhv wr 362f� dv Q $ 41 Wkh PG hvwlpdwru

grhv qrw uhtxluh qrupdolw| dvvxpswlrqv rq %�|/ l @ 4> 5> = = = >Q > w � W / wr uhpdlq ydolg1

Ixuwkhupruh/ frqglwlrqdo rq � dqg 	/ wkh PG hvwlpdwru ri ! lv lghqwlfdo wr wkh PO hvwlpdwru
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Zkhq 	 lv xqnqrzq/ wkh dv|pswrwlf yduldqfh0fryduldqfh pdwulfhv ri wkh PO dqg PG hvwlpdwruv

ri � gr qrw frqyhujh wr +9153, ehfdxvh zkhq odjjhg ghshqghqw yduldeohv dsshdu dv uhjuhvvruv/

wkh hvwlpdwlrq ri � dqg 	 lv qrw dv|pswrwlfdoo| lqghshqghqw +Dphpl|d dqg Ixoohu/ 4<9:,1 Wkh

dv|pswrwlf yduldqfh0fryduldqfh pdwul{ ri wkh ihdvleoh PG hvwlpdwru ri � lv htxdo wr wkh vxp ri

+9153, dqg d srvlwlyh vhpl0gh�qlwh pdwul{ dwwulexwdeoh wr wkh hvwlpdwlrq huuru lq e	 +Kvldr/ Shvdudq/
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Ghfrpsrvlqj wkh pdwul{ � dv � @ ���/ zkhuh � dqg � dv ehiruh duh p � u pdwulfhv ri ixoo

froxpq udqn/ vlqfh ��� @ �NN
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Wkhuhiruh/ rqh pd| rewdlq PG hvwlpdwhv ri � dqg � dv lqlwldo hvwlpdwhv iru wkh PO lwhudwlrqv e|

�uvw hvwlpdwlqj � xvlqj u furvv0vhfwlrq uhjuhvvlrqv lq wkh hohphqwv ri z�| xqghu wkh qrupdol}dwlrq

uhvwulfwlrq +:18,/ dqg wkhq lwhudwlqj rq +:19, dqg +:1;,/ uhylvlqj wkh hvwlpdwhv ri � dqg 
 lq hdfk
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Wkh hvwlpdwlrq ri wkh frlqwhjudwlqj uhodwlrqv dv ghulyhg deryh lv edvhg rq wkh dvvxpswlrq wkdw

wkh wlph glphqvlrq ri wkh sdqho/ W / h{fhhgv iru d jhqhudo SYDU prgho wkh odwwhu*v dxwruhjuhvvlyh

rughu/ s1 Vrphwlphv/ krzhyhu/ wkhuh pd| qrw eh vx�flhqwo| pdq| wlph0vhulhv revhuydwlrqv dydlo0

deoh iru W wr h{fhhg s1 Lq wkh hyhqw wkdw W lv ohvv wkdq s/ rqh fdqqrw frqvlvwhqwo| hvwlpdwh wkh

dxwruhjuhvvlyh frh�flhqwv lq ��/ m @ 4> 5> = = = > s1 D qdwxudo txhvwlrq wr srvh/ krzhyhu/ lv zkhwkhu lw

zrxog vwloo eh srvvleoh wr hvwlpdwh wkh frlqwhjudwlqj uhodwlrqv1 Xqiruwxqdwho|/ wklv lv qrw wkh fdvh1

Lw pd| eh yhul�hg wkdw zkhq W ? s/ wkhq wkh yduldqfh0fryduldqfh pdwul{ ri wkh glvwxuedqfhv ri

wkh wudqviruphg prgho htxdwlrqv lv xquhvwulfwhg/ zklfk lq wxuq ohdgv wr d odfn ri lghqwl�fdwlrq1

Wklv lv shukdsv prvw hdvlo| vhhq e| h{dplqlqj lghqwl�fdwlrq li wkh wuxh gdwd jhqhudwlqj surfhvv lv

d SYDU+s, zlwk s A 4/ exw hvwlpdwlrq lv edvhg rq d SYDU+4,1 Wkh xqfrqglwlrqdo orj0olnholkrrg

ixqfwlrq +818, wkhq dssolhv/ h{fhsw wkdw wkh yduldqfh0fryduldqfh pdwul{ 	 lv xquhvwulfwhg1

Sursrvlwlrq :14 Wkh SYDU+4, prgho +5145, zlwk xquhvwulfwhg yduldqfh0fryduldqfh pdwul{ 	 lv

qrw lghqwl�hg1
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zlwk xquhvwulfwhg yduldqfh0fryduldqfh pdwul{ 	 lv jlyhq e|
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fryduldqfh pdwul{ 	 fdq eh zulwwhq dv

	 +�>!,@

3EEEEEC
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4FFFFFD > +:146,

zkhuh
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�� @'��> +:147,
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�W
�, @'�, �'�c,3��

�> o @ 5> 6> = = = > W> +:148,

�W
�, @'�, �'�c,3��

� ��'�3�c, .�'�3�c,3��
�> m @ 5> 6> = = = > W > o @ m> m . 4> = = = > W>

+:149,

dqg

'�, @ Q3�
�[
�'�

+7z�� � �, +7z�, � �,� > m @ 4> 5> = = = > W > o @ 4> 5> = = = > W=

+:14:,

	 pd| qrz eh idfwrul}hg dv

	 +�>!, @ O +!,
 +�,O +!,� > +:14;,

zkhuh
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3EEEEEC
'�� '�2 '�� � � � '�A

'2� '22 '2� � � � '2A
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'A� 'A2 'A� � � � 'AA

4FFFFFD > +:14<,

dqg

O +!, @

3EEEEEC
L6

�� L6 3
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3 �� L6

4FFFFFD = +:153,

Qrwh wkdw mO +!,m @ 4/ dqg m
+�,m lv d ixqfwlrq ri � rqo|1 Wkhuhiruh/

m	+�>!,m @ mO +!,m m
+�,m ��O +!,�
�� @ m
+�,m > +:154,

dqg

oW +�>!, @ �Qn

5
oq +5�,� Q

5
oq m
+�,m � Q

5
> +:155,

zklfk grhv qrw ghshqg rq !1 �

H O)TL|�it�t Ait|�?}

Lq wklv vhfwlrq zh frqvlghu wkh lvvxh ri k|srwkhvlv whvwlqj iru wkh SYDU+4, prgho +5145,1 Wkh

wlph0vhulhv surshuwlhv ri z�| wkdw duh ri lqwhuhvw/ iru lqvwdqfh/ zkhwkhu z�| lv +wuhqg, vwdwlrqdu|

ru L+4,/ dqg zkhwkhu z�| � �� � �w/ li L+4,/ frqwdlqv frlqwhjudwlqj uhodwlrqv/ fdq eh irupxodwhg lq
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whupv ri uhvwulfwlrqv rq �1 Vlqfh wkh PO hvwlpdwru ri � lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg

luuhvshfwlyh ri zkhwkhu wkh hohphqwv ri z�| duh L+4, ru L+3,/ vwdqgdug whvwlqj surfhgxuhv vxfk dv wkh

olnholkrrg udwlr/ wkh Zdog dqg wkh Odjudqjh pxowlsolhu phwkrgv fdq eh dssolhg1

Lq rughu wr fduu| rxw frlqwhjudwlrq dqdo|vlv dqg eh deoh wr lqwhusuhw wkh udqn ri wkh pdwul{

� @ � +L6 ��, dv wkh qxpehu ri olqhduo| lqghshqghqw frlqwhjudwlqj uhodwlrqv/ lw lv qhfhvvdu| wr

nqrz zkhwkhu hdfk ri wkh yduldeohv lq z�| iroorzv dq L+4, surfhvv1 Rxu iudphzrun fdq eh hdvlo|

dgdswhg wr whvw iru xqlw urrwv lq vkruw sdqho xqlyduldwh dxwruhjuhvvlyh prghov/ qdpho| p @ 41 Lq

wklv fdvh/ iru s @ 4 zh kdyh wkdw +vhh +5145,,

z�| @ +4� !,�� . !� . +4� !, �w. !z�c|3� . %�|> %�|
��_� �

3> �2
�
> +;14,

zkhuh z�| lv qrz d vfdodu yduldeoh/ l @ 4> 5> = = = > Q 12. Iru whvwlqj wkh xqlw urrw k|srwkhvlv

Kf = ! @ 4 yv1 K� = ! ? 4> +;15,

wkh orj0olnholkrrg ixqfwlrq lv jlyhq e| +vhh +818,,

o +��, @ �QW

5
oq +5�,� Q

5
oq m	m � 4

5

�[
�'�

+i� � j�!,
�	3� +i� � j�!, > +;16,

zkhuh �� @
�

�> !> �2
��

>

i� @ yhf
�

7z�� � �> 7z�2 � �> 7z�� � �> = = = > 7z�A � �
�
> +;17,

j� @ yhf
�

3> 7z�� � �> 7z�2 � �> = = = > 7z�cA3� � �
�
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dqg

	 @ �2

3EEEEEEEEC

5@ +4 . !, �4

�4 5 �4 3
1 1 1

1 1 1
1 1 1

3 �4 5 �4

�4 5

4FFFFFFFFD
= +;19,

Xqghu Kf zh kdyh

o +�f, @ �QW

5
oq +5�,� Q

5
oq
��	��'�

��� 4

5

�[
�'�

+i� � j�,
� �	��'�

�3�
+i� � j�, > +;1:,

2.�t uLh �?�| hLL| |it|�?} �? |�i |�4i�tih�it UL?|i |c |�i @TThLTh�@|i Lh_ih Lu @�}4i?|@|�L? Lu ��| �t �4TLh|@?| uLh

|�i �@*�_�|) Lu |�i |it|� W? Th@U|�Ui L?i 4@) |�ihiuLhi ?ii_ |L UL?t�_ih ��}�ih�Lh_ih U@tit @t �i**� Oihi �i UL?�?i

L�hti*�it |L R ' � uLh t�4T*�U�|)�

64



zkhuh �f @
�

�> �2
��
1 Ghqrwlqj e| OO� wkh pd{lpxp ri wkh orj0olnholkrrg xqghu K�/ dqg

e| OOo wkh pd{lpxp ri wkh orj0olnholkrrg xqghu Kf/ 5 +OO
� � OOo, lv dv|pswrwlfdoo| fkl0vtxduh

glvwulexwhg zlwk rqh ghjuhh ri iuhhgrp12H D Zdog w|sh vwdwlvwlf ri whvwlqj Kf yhuvxv K� zloo eh

w� @
e!� 4

vh+e!, > +;1;,

zkhuh vh+e!, ghqrwhv wkh vwdqgdug huuru ri e!> w� lv dv|pswrwlfdoo| glvwulexwhg dv d vwdqgdug qrupdo

yduldwh/ dqg lw fdq wkxv eh wdnhq lqwr dffrxqw wkdw wkh dowhuqdwlyh k|srwkhvlv/ K�/ lv rqh0vlghg1

Lq frqwudvw wr wkh Ohdvw Vtxduhv Gxpp| Yduldeohv edvhg xqlw urrw whvw iru g|qdplf sdqho

gdwd prghov zlwk �qlwh wlph glphqvlrq sursrvhg e| Kduulv dqg W}dydolv +4<<<,/ qrwh wkdw wkh xqlw

urrw whvw vwdwlvwlfv zh sursrvh khuh duh qrw edvhg rq dq lqfrqvlvwhqw hvwlpdwru/ dqg wkxv vwdqgdug

fkl0vtxduh dqg qrupdo glvwulexwlrq wkhru| duh dssolfdeoh1 Lw pd| dovr eh qrwhg wkdw wkh whvwv zh

sursrvh khuh duh uhdglo| h{whqghg wr wkh fdvh zkhuh s A 4/ zkhuhdv vxfk dq h{whqvlrq iru wkh

xqlw urrw whvw sursrvhg e| Kduulv dqg W}dydolv +4<<<, zrxog uhtxluh frpsxwlqj wkh qhfhvvdu| eldv

dgmxvwphqwv iru wkh whvw vwdwlvwlfv iru hdfk ydoxh ri s vhsdudwho|12b

Wkh qdwxudo qh{w vwhs lv wr whvw iru frlqwhjudwlrq1 Frqvlghu djdlq wkh SYDU+4, prgho +5145,

lq wkh p yduldeohv z�|/ qrz dvvxphg wr eh L+4,1 Wkh k|srwkhvlv wkdw z�| ��� � �w lv frlqwhjudwhg

zlwk udqn u yhuvxv udqn u . 4/ u @ 3> 4> = = = >p� 4/ fdq eh irupxodwhg dv

Ko = � @ L6 .�o�
�
o yv1 Kon� = � @ L6 .�on��

�
on�> +;1<,

zkhuh �o dqg �o duh p� u pdwulfhv ri ixoo froxpq udqn u1 Dv glvfxvvhg lq Vhfwlrq :/ wr dfklhyh

lghqwl�fdwlrq ri �o rqh pd| hpsor| wkh Skloolsv +4<<4, qrupdol}dwlrq uhvwulfwlrq +:18,/

�o @
�

Lo> h��
o

�
>

zkhuh h��
o lv dq u�+p� u, pdwul{ zlwk xquhvwulfwhg frh�flhqwv1 Wkh olnholkrrg udwlr whvw vwdwlvwlf ri

Ko yhuvxv Kon� lv dv|pswrwlfdoo| fkl0vtxduh glvwulexwhg zlwk +p� u,2�+p�u�4,2 @ 5 +p� u,�4

ghjuhhv ri iuhhgrp1 +Lpsrvlqj � wr eh ri udqn u ohdyhv p2 � +p� u,2 xquhvwulfwhg frh�flhqwv lq

�1,�f
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Dgglwlrqdo sdudphwhu uhvwulfwlrqv ru ryhulghqwli|lqj uhvwulfwlrqv fdq eh irupxodwhg lq whupv ri

yhf +�, @ Jy . i> +;143,

zkhuh J lv dq p2 � t pdwul{ dqg i dq p2 � 4 yhfwru/ erwk zlwk nqrzq hohphqwv/ dqg y lv d

t � 4 yhfwru ri iuhh sdudphwhuv1 D olnholkrrg udwlr whvw ri +;143, zloo eh dv|pswrwlfdoo| fkl0vtxduh

glvwulexwhg zlwk p2 � t ghjuhhv ri iuhhgrp1

b �L?_�|�L?@* W?uihi?Ui

Lq dssolhg hfrqrplf sureohpv wkh irfxv ri wkh dqdo|vlv lv riwhq rq frqglwlrqdo prghov zkhuh d

vxevhw ri wkh yduldeohv lq z�| duh prghoohg lq whupv ri wkh uhpdlqlqj yduldeohv1 Lq wklv vhfwlrq zh

frqvlghu wkh frqglwlrqv xqghu zklfk vxfk dq dqdo|vlv lv ydolg iru wkh SYDU+4, prgho +5145,/ dqg

vkrz krz wkh phwkrgrorj| ghyhorshg lq wkh suhylrxv vhfwlrqv fdq eh dgdswhg wr wkh dqdo|vlv ri

frqglwlrqdo SYDU prghov1

Lq wkh wlph0vhulhv frqwh{w/ zkhuh wkh vdpsoh vl}hv w|slfdoo| duh odujh/ wkh frqglwlrqv xqghu zklfk

wkh pdujlqdo glvwulexwlrq ri {| fdq eh ljqruhg zkhq hvwlpdwlqj sdudphwhuv ri lqwhuhvw wkdw hqwhu wkh

frqglwlrqdo glvwulexwlrq ri || jlyhq {| duh glvfxvvhg lq ghwdlo/ iru h{dpsoh/ e| Hqjoh/ Khqgu|/ dqg

Ulfkdug +4<;6,1 Wkhvh frqglwlrqv duh/ krzhyhu/ rewdlqhg iru jlyhq lqlwldo ydoxhv/zf @
�

|�
f> {�

f

��
1

Dv vkrxog eh fohdu iurp rxu hduolhu glvfxvvlrq/ lq wkh frqwh{w ri g|qdplf sdqho gdwd prghov zlwk

vpdoo W wkh h�hfw ri wkh lqlwldo ydoxhv/ z�f/ fdqqrw eh ljqruhg dqg xqohvv dssursuldwho| dffrxqwhg

iru zloo pdnh wkh h{rjhqhlw| dqdo|vlv vxemhfw wr dq lqflghqwdo sdudphwhuv sureohp1 Wr irupxodwh

dq dssursuldwh qrwlrq ri frqglwlrqlqj +h{rjhqhlw|, iru wkh SYDU+4, prgho +5145,/ zh frqvlghu wkh

wudqviruphg yhuvlrq ri wklv prgho zklfk lv iuhh ri wkh lqflghqwdo sdudphwhuv sureohp1 Iru wklv

sxusrvh zh zrun zlwk wkh iroorzlqj v|vwhp ri htxdwlrqv= iru wkh lqlwldo revhuydwlrqv zh kdyh +vhh

+714,,

7z�� � � @ %�� � +L6 ��, ��f> l @ 4> 5> = = = >Q>

dqg iru wkh vxevhtxhqw shulrgv/ w @ 5> 6> = = = > W / zh kdyh +vhh +716,,

7z�| � � @ �+7z�c|3� � �, .7%�|> l @ 4> 5> = = = > Q=

Sduwlwlrqlqj 7z�| lqwr 7z�| @
�

7|�
�| 7{�

�|

��
/ zkhuh |�| lv p+ � 4 dqg {�| lv p% � 4/ dqg p+ .

p% @ p/ lw lv ri lqwhuhvw wr ghwhuplqh xqghu zkdw frqglwlrqv nqrzohgjh ri wkh pdujlqdo suredelolw|

glvwulexwlrq ixqfwlrq ri 7{�|/ i ^7{�|m�2 +�,`/ w @ 4> 5> = = = > W > l @ 4> 5> = = = >Q / lv uhgxqgdqw iru

sxusrvhv ri lqihuhqfh uhjduglqj wkh sdudphwhuv ri lqwhuhvw ri wkh frqglwlrqdo suredelolw| glvwulexwlrq

ixqfwlrq ri 7|�| jlyhq 7{�|/ i ^7|�|m7{�|>�� +�,`/ w @ 4> 5> = = = > W > l @ 4> 5> = = = >Q 1 Lq rwkhu zrugv/

iru sxusrvhv ri pd{lpl}lqj

�\
�'�

+
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%
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i +7|�|>7{�|mL�c|3�>�,

&,
+<14,
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zlwk uhvshfw wr �� +�,/ xqghu zkdw frqglwlrqv lv lw vx�flhqw wr frqvlghu

�\
�'�

#
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zkhuh L�c|3� @
�7z�c|3�>7z�c|32> = = = >7z��

�
1

Sduwlwlrqlqj wkh glvwxuedqfh yhfwru %�| dqg lwv yduldqfh0fryduldqfh pdwul{ 
 frqirupdeo| zlwk

wkh sduwlwlrq ri 7z�| lqwr 7|�| dqg 7{�| dv

%�| @

#
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%%�|

$
> dqg 
 @

#

++ 
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$
>

rqh pd| zulwh %+�| frqglwlrqdoo| lq whupv ri %%�| dv

%+�| @ E+%%�| .  �|> +<16,

zkhuh

E+ @ 
+%

3�
%% > +<17,

dqg  �|
��_� �

36+ >
v

�
/ zlwk


v @ 
++ �E+
%+= +<18,

Qrwh wkdw  �| lv lqghshqghqw ri %%�| dfurvv l dqg ryhu w/ l @ 4> 5> = = = >Q > w � W 1 Vxevwlwxwlqj +<16,

lqwr wkh huuru fruuhfwlrq uhsuhvhqwdwlrq +5143, xqghu s @ 4 |lhogv#
7|�| �E+7{�|

7{�|

$
@

#
d+

�%

$
.

#
�+ �E+�%

�%

$
��c|3� .

#
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%%�|

$
> +<19,

l @ 4> 5> = = = >Q > w @ 4> 5> = = = > W / zkhuh

d+ @ �+ .E+�%> +<1:,

dqg zkhuh zh kdyh sduwlwlrqhg � @
�

��
+> ��

%

��
dqg � @

�
��
+> ��

%

��
frqirupdeo| zlwk wkh

sduwlwlrq ri z�| lqwr |�| dqg {�|1 Wr h{dplqh xqghu zkdw frqglwlrqv wkh odvw p% htxdwlrqv lq

+<19, duh uhgxqgdqw iru sxusrvhv ri lqihuhqfh uhjduglqj wkh sdudphwhuv ri lqwhuhvw lq wkh �uvw p+

htxdwlrqv lq +<19,/ ohw xv zulwh wkhvh htxdwlrqv vhsdudwho| iru w @ 4 dqg w @ 5> 6> = = = > W 1 Iru w @ 4

zh kdyh wkh frqglwlrqdo prgho iru 7|�� jlyhq 7{�� dqg wkh pdujlqdo prgho iru 7{��/

7|�� �E+ 7 {�� @ d+ . +�+ �E+�%, ��f .  ��> +<1;,

dqg

7{�� @ �% .�%��f . %%��= +<1<,
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Iru w @ 5> 6> = = = > W zh wdnh �uvw gl�huhqfhv ri +<19, wr rewdlq wkh frqglwlrqdo prgho iru 72|�| jlyhq

72{�| dqg 7z�c|3�/ dqg wkh pdujlqdo prgho iru 72{�| jlyhq 7z�c|3�/

72|�| �E+ 72 {�| @ � +�+ �E+�%,� . +�+ �E+�%,7z�c|3� .7 �|> +<143,

72{�| @ ��%� .�% 7z�c|3� .7%%�|> +<144,

w @ 5> 6> = = = > W / l @ 4> 5> = = = > Q 1

Iurp +<143, lw lv fohdu wkdw iru w @ 5> 6> = = = > W / 72{�| lq +<143, lv orqj0uxq iruflqj li �% @

36%f61�� Xqghu wklv uhvwulfwlrq/ wkh lqirupdwlrq lq +<144, lv uhgxqgdqw iru sxusrvhv ri lqihuhqfh

uhjduglqj wkh sdudphwhuv ri lqwhuhvw lq +<143,/ qdpho| wkh orqj0uxq frh�flhqwv lq �+ dqg wkh

vkruw0uxq frh�flhqwv lq E+1 Dv iru w @ 4/ qrwh iurp +<1;, dqg +<1<, wkdw xqghu �% @ 36%f6/

7|�� �E+ 7 {�� � d+ lv lqghshqghqw ri 7{�� � �%/ dqg zh kdyh wkdw

H +7|�� �E+7{�� � d+m7{��, @ 36+f�> dqg Y du +7|�� �E+7{�� � d+m7{��, @ �++>

zkhuh

�++ @ �+]+�
�
+ .
v> +<145,

zlwk

]+ @ ��

3C "[
�'f

��
���

4D�> +<146,

dqg �+ @ �+�
�/ �+ ehlqj ri glphqvlrq p+�u/ dqg � dv ehiruh ehlqj dq p�u pdwul{ ri ixoo froxpq

udqn/ u @ 4> 5> = = = >p� 41 Qrwh wkdw wkh u +u . 4, @5 glvwlqfw sdudphwhuv lq ]+ duh xqfrqvwudlqhg1

Lq wkh vshfldo fdvh ri d SYDU+4, zlwk xqlw urrwv exw qr frlqwhjudwlqj uhodwlrqv zkhuh �++@ L6+

dqg �+%@ 36+f6% / ]+ @ 36+ / dqg �++ ehfrphv htxdo wr 
v1 Wkh pdujlqdo glvwulexwlrq ri 7{�� lv

uhgxqgdqw iru lqihuhqfh rq wkh frh�flhqwv lq �+ dqg E+1
�2 Zh kdyh wkxv hvwdeolvkhg wkdw xqghu

�% @ 36%f6 h�flhqw lqihuhqfh rq wkh frh�flhqwv lq �+ dqg E+ pd| eh fduulhg rxw e| pd{lpl}lqj

wkh frqglwlrqdo olnholkrrg ixqfwlrq dvvrfldwhg zlwk +<1;, dqg +<143,1 Qrwh wkdw wkh sdqho orqj0uxq

iruflqj uhvwulfwlrq �% @ 36%f6 grhv qrw suhfoxgh ihhgedfnv iurp |�| rqwr {�| lq wkh vkruw uxq1

Zkloh lq wkh vhw0xs ri +<19, wkh sdqho orqj0uxq iruflqj uhvwulfwlrq lpsrvhv wkh frqvwudlqw wkdw wkhuh

��5iic uLh i @4T*ic Bh@?}ih @?_ w�? E�bbD� @?_ �it@h@?c 5��?c @?_ 54�|� E2fff� uLh @ u�h|�ih _�tU�tt�L? Lu |�i

*L?}�h�? uLhU�?} hit|h�U|�L? �? @ |�4i�tih�it UL?|i |�
�2Wu |�i �?|ihUiT| |ih4 �+ �@t @*tL Lu �?|ihit|c �| UL�*_ Mi UL?t�t|i?|*) E|�L�}� �? }i?ih@* ?L| i�U�i?|*)� it|�4@|i_

i�i? �u �| �@t ?L| �_i?|��i_ uhL4 Eb�H� @?_ Eb��f� M) �ht| LM|@�?�?} @? it|�4@|i Lu �% uhL4 Eb�b� @?_%Lh Eb����c @?_

|�i? hi|h�i��?} @? it|�4@|i Lu �+ uhL4

�+ ' @+ 3�+�%�

68



duh qr frlqwhjudwlqj uhodwlrqv dprqj wkh L+4, iruflqj yduldeohv {�|��%���%w/ lw lv fohdu wkdw vlplodu

dujxphqwv dv jlyhq deryh frxog eh dgydqfhg uhjduglqj frqglwlrqdo lqihuhqfh lq wkh fdvh zkhuh 7{�|

lv d wuhqg0vwdwlrqdu| surfhvv zlwk krprjhqhrxv vorsh frh�flhqwv1��

Wr ghulyh wkh olnholkrrg ixqfwlrq dvvrfldwhg zlwk +<1;, dqg +<143,/ qrwh wkdw

Fry ^+�+ �E+�%, ��f .  ��>7 �2` @ �
v>

dqg wkdw

Fry ^+�+ �E+�%, ��f .  ��>7 �|` @ 36+ >

iru w @ 6> 7> = = = > W 1 Wkh frqglwlrqdo olnholkrrg ixqfwlrq dvvrfldwhg zlwk +<1;, dqg +<143, lv jlyhq e|
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Wkh PO hvwlpdwru ri +<147, lv htxlydohqw wr �qglqj d+/ f+/ �+/ E+/ ]+/ dqg 
v wr pd{lpl}h
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dqg �v @ yhfk +
v,1
�e Wkh olnholkrrg ixqfwlrq +<14:, lv zhoo gh�qhg dqg ghshqgv rq d �{hg qxpehu

ri sdudphwhuv1
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Whvwv ri frlqwhjudwlrq udqn ru rwkhu k|srwkhvhv ri lqwhuhvw rq hohphqwv ri �++ dqg �+% fdq eh

fduulhg rxw lq udwkhu vlplodu idvklrq dv ghvfulehg iru xqfrqglwlrqdo SYDUv lq Vhfwlrq ;1 Suhvxplqj

wkdw wkhuh duh qr frlqwhjudwlqj uhodwlrqv dprqj {�| ��%� � �%w/ wkh k|srwkhvlv wkdw z�| ��� � �w

lv frlqwhjudwhg zlwk udqn u yhuvxv udqn u . 4/ u @ 3> 4> = = = >p� 4/ fdq eh irupxodwhg dv

Ko = �+@ �+o�
�
o yv1 Kon� = �+@ �+con��

�
on�= +<14;,

Wkh olnholkrrg udwlr whvw vwdwlvwlf ri Ko yhuvxv Kon� lv dv|pswrwlfdoo| fkl0vtxduh glvwulexwhg zlwk

p+.p�u ghjuhhv ri iuhhgrp1 +Lpsrvlqj �+ wr eh ri udqn u/ wkhuh duh +p+ .p, u�u2 xquhvwulfwhg

frh�flhqwv lq �+/ dqg u +u . 4, @5 xquhvwulfwhg frh�flhqwv lq ]+1, Lghqwl�fdwlrq ri �o pd| eh

dfklhyhg dv glvfxvvhg lq Vhfwlrqv : dqg ;1

Wr whvw wkh orqj0uxq iruflqj uhvwulfwlrq/ rqh zloo/ ri frxuvh/ qhhg wr frqvlghu wkh pdujlqdo

olnholkrrg ixqfwlrq dvvrfldwhg zlwk +<1<, dqg +<144,1

�f 6�?�|i 5@4T*i ,��_i?Ui

Lq wklv vhfwlrq zh surylgh hylghqfh rq wkh �qlwh vdpsoh surshuwlhv ri wkh JPP/ wkh PG/ dqg wkh

PO hvwlpdwruv1 Wklv dqdo|vlv lv qhfhvvdulo| olplwhg lq vfrsh dqg lv lqwhqghg dv dq looxvwudwlrq ri wkh

w|sh ri �qlwh vdpsoh uhvxowv wkdw fdq eh rewdlqhg udwkhu wkdq d frpsuhkhqvlyh vwxg|1 Qhyhuwkhohvv/

zh frqmhfwxuh wkdw rxu frqfoxvlrqv duh olnho| wr eh ri pruh jhqhudo ydolglw|1

�f�� �L?|i �@h*L #it�}?

Zh frqvlghu irxu ghvljqv +h{shulphqwv, lq rxu Prqwh Fduor vwxg|1 Frpprq wr doo ghvljqv zh vhw

p @ 5/ s @ 4/ � @
�

3=35> 3=35
��
/ Q @ +83> 583,/ W @ +6> 43,/ dqg xvh 4> 333 uhsolfdwlrqv1 Dv

d sduwldo dqdo|vlv ri wkh urexvwqhvv ri wkh PO hvwlpdwru wr wkh qrupdolw| dvvxpswlrq/ zh frqvlghu

wzr vfkhphv iru jhqhudwlqj wkh huuru whupv=
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��_� Q +3> 4,/ o @ 4> 5/ m @ 4> 5> = = = >p/

zlwk ) ,�|c� ehlqj lqghshqghqw iru doo o dqg m1 Iru doo h{shulphqwv wkh �{hg h�hfwv duh jhqhudwhg dv=

�� @ F%�f . M�> l @ 4> 5> = = = >Q> +4316,
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3=8> 3=8

��
/ wkh wzr gldjrqdo hohphqwv ri wkh Fkrohvn|

idfwru S�M ri 	��
ehlqj jhqhudwhg dv fkl0vtxduh yduldwhv zlwk rqh ghjuhh ri iuhhgrp/ dqg wkh xsshu

wuldqjxodu hohphqw ri S�M ehlqj jhqhudwhg dv plqxv rqh soxv d fkl0vtxduh yduldwh zlwk rqh ghjuhh ri

iuhhgrp/ doo fkl0vtxduh yduldwhv ehlqj lqghshqghqw iru hdfk jlyhq l/ dv zhoo dv lqghshqghqw dfurvv

l/ l @ 4> 5> = = = >Q 1

Wkh irxu ghvljqv glvwlqjxlvk ehwzhhq wuhqg0vwdwlrqdu|/ sxuh xqlw urrw/ dqg frlqwhjudwhg SYDU

prghov1 Iru doo ghvljqv wkh z�|0surfhvv lv jhqhudwhg xvlqj +5159,/ dvvxplqj wkdw �� dqg wkh %�|*v

iroorz wkh vdph glvwulexwlrq ixqfwlrq1

Wr jlyh dq lqglfdwlrq ri wkh ghjuhh ri �w ri wkh ydulrxv ghvljqv/ ehorz zh dovr uhsruw +zkhuh

dssursuldwh, wkh srsxodwlrq U2 ydoxhv dvvrfldwhg zlwk hdfk ghvljq1

Ghvljq 4= Wuhqg0vwdwlrqdu| �uvw0rughu SYDU zlwk pd{lpxp hljhqydoxh ri � htxdo wr 3=9
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zlwk ^V`,, ghqrwlqj wkh hohphqw lq wkh o0wk urz dqg o0wk froxpq ri V1
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Ghvljq 7= Frlqwhjudwhg �uvw0rughu SYDU
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zlwk Ff @ L6/ F� @ � +L6 ��,/ dqg F� @ F�3��/ m @ 5> 6> = = = 1�D

Lq zkdw iroorzv zh frpsduh wkh frqyhqwlrqdo JPP/ wkh PG/ dqg wkh PO hvwlpdwruv ri wkh

ydulrxv sdudphwhuv lq whupv ri wkhlu eldvhv dqg urrw phdq vtxduh huuruv +UPVHv,1 Wkh �qlwh vdpsoh

shuirupdqfh ri d qxpehu ri whvwv edvhg rq wkh frqyhqwlrqdo JPP dqg wkh PO hvwlpdwruv lv dovr

lqyhvwljdwhg/�S dv lv wkh srvvlelolw| ri hpsor|lqj h{whqghg JPP hvwlpdwlrq1 Iru Ghvljqv 406 wkh

ydulrxv hvwlpdwruv duh frpsxwhg zlwk � xquhvwulfwhg/ dqg iru Ghvljq 7 wkh PG dqg PO hvwlpdwruv

duh frpsxwhg erwk zlwk dqg zlwkrxw lpsrvlqj udqn uhvwulfwlrqv rq �1

Wkh ydulrxv hvwlpdwruv dqg wkhlu yduldqfh0fryduldqfh pdwulfhv duh frpsxwhg dv iroorzv= Wkh

frqyhqwlrqdo JPP hvwlpdwru qrw lqfrusrudwlqj wkh lqlwldo frqglwlrqv +lq wkh wdeohv ghqrwhg e|

cJPP@*, lv rewdlqhg e| plqlpl}lqj +7148, yld ihdvleoh Jhqhudol}hg Ohdvw Vtxduhv lwhudwlrqv hp0

sor|lqj idfwrul}dwlrqv vlplodu wr wkh rqhv glvfxvvhg lq Vhfwlrq 914/ zlwk 
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zkhuh T� @
�

3E6A*2n��EA3��f� T�

�
/ T� lv jlyhq e| +7145,/ dqg uhsodflqj � e| e�/ dqg 	 e|e	1 Wkh frqyhqwlrqdo JPP hvwlpdwru lqfrusrudwlqj wkh lqlwldo frqglwlrqv +lq wkh wdeohv ghqrwhg

e| cJPPK*, lv frpsxwhg e| plqlpl}lqj +7163,1 Wkh h{whqghg JPP hvwlpdwru lv rewdlqhg e|

vroylqj +718:,1 Lqlwldo hvwlpdwhv ri �/ �/ dqg 
 qhhghg wr lqlwldol}h wkh frpsxwdwlrq ri wkh ydulrxv

JPP hvwlpdwruv duh rewdlqhg xvlqj +91;,/ +9143,/ dqg +9144,/ uhvshfwlyho|1�. Wkh PG hvwlpdwru lv

frpsxwhg xvlqj Vwhsv 407 dv ghvfulehg lq Vhfwlrq 9141 +Xqghu udqn uhvwulfwlrqv rq �/ zh xvh +:19,

dqg +:1;, wr hvwlpdwh �1, Wkh PO hvwlpdwru lv frpsxwhg e| pd{lpl}lqj wkh orj0olnholkrrg ixqfwlrq

+818,1 Dv lqlwldo hvwlpdwhv iru wkh PO dojrulwkp zh xvh wkh PG hvwlpdwhv1 Wkh yduldqfh0fryduldqfh

pdwul{ ri wkh PO hvwlpdwru ri � lv frpsxwhg xvlqj wkh Khvvldq pdwul{ hydoxdwhg dw wkh hvwlpdwhv

lq wkh �qdo lwhudwlrq1 Wkh qxphulfdo rswlpl}dwlrq urxwlqh xvhg iru frpsxwdwlrq ri wkh frqyhqwlrqdo

JPP hvwlpdwru lqfrusrudwlqj wkh lqlwldo frqglwlrqv/ ri wkh h{whqghg JPP hvwlpdwru/ dqg ri wkh

PO hvwlpdwru hpsor|v d wuxvw uhjlrq phwkrg edvhg dojrulwkp/ dqg lv ghvfulehg lq vrph ghwdlo lq d

qrwh dydlodeoh iurp wkh dxwkruv xsrq uhtxhvw1

�f�2 �L?|i �@h*L ,��_i?Ui

Zh ehjlq e| glvfxvvlqj wkh Prqwh Fduor hylghqfh xqghu qrupdolw| ri wkh huuru whupv/ dv vxppdul}hg

lq Wdeohv 40;1 Wdeohv 4 dqg 5 suhvhqw wkh eldvhv dqg UPVHv ri wkh frqyhqwlrqdo JPP hvwlpdwru

+qrw lqfrusrudwlqj wkh lqlwldo frqglwlrqv,/ dqg wkh PG dqg PO hvwlpdwruv ri � dqg � iru gl�huhqw

ydoxhv ri W dqg Q xqghu Ghvljqv 4061�H Wdeoh 5 ghprqvwudwhv wkdw lq wkh wuhqg0vwdwlrqdu| fdvh zlwk

pd{lpxp hljhqydoxh ri � htxdo wr 3=9 +Ghvljq 4,/ wkh eldvhv dqg UPVHv ri wkh frqyhqwlrqdo JPP/

PG/ dqg PO hvwlpdwruv doo ehkdyh uhdvrqdeo| zhoo iru uhodwlyho| odujh Q dqg prghudwho| vl}hg W

+qdpho|/ Q @ 583 dqg W @ 43,1 Exw hyhq lq wklv fdvh wkh PG dqg PO hvwlpdwruv grplqdwh wkh

frqyhqwlrqdo JPP hvwlpdwru/ erwk lq whupv ri eldv dqg UPVH1 Dv wr eh h{shfwhg/ wkh gl�huhqfhv

ehwzhhq wkh frqyhqwlrqdo JPP hvwlpdwru dqg wkh PO dqg PG hvwlpdwruv lq wkh wuhqg0vwdwlrqdu|

fdvhv duh prvw surqrxqfhg iru vpdoohu ydoxhv ri Q dqg2ru W 1 Iru Q @ 83 dqg W @ 6/ iru h{dpsoh/

hyhq zkhq wkh pd{lpxp hljhqydoxh ri � lv dv vpdoo dv 3=9/ wkh frqyhqwlrqdo JPP hvwlpdwru grhv

srruo|/ zlwk lwv shuirupdqfh ghwhulrudwlqj ixuwkhu dv wkh pdjqlwxgh ri wkh pd{lpxp hljhqydoxh ri

� lqfuhdvhv +3=; iru Ghvljq 5,1 Iru Ghvljq 4 wkh shuirupdqfh ri wkh frqyhqwlrqdo JPP hvwlpdwru
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lpsuryhv uhodwlyho| txlfno| zlwk Q dqg2ru W / zkloh wkh pdjqlwxghv ri wkh eldvhv dqg UPVHv

frqwlqxh wr eh uhodwlyho| odujh iru Ghvljq 5 zkhq Q @ 583 dqg W @ 6/ dqg zkhq Q @ 83 dqg

W @ 431 Wdeoh 5 dovr ghprqvwudwhv wkdw wkh frqyhqwlrqdo JPP hvwlpdwru euhdnv grzq lq wkh

suhvhqfh ri d xqlw urrw> iru wkh frh�flhqwv !�� dqg !22/ erwk htxdo wr xqlw| xqghu Ghvljq 6/ wkh

eldvhv dqg UPVHv frqwlqxh wr eh odujh hyhq zkhq Q @ 583 dqg W @ 431 Wkh PO dqg PG

hvwlpdwruv/ lq frqwudvw/ shuirup txlwh zhoo lq wkh wuhqg0vwdwlrqdu| dv zhoo dv lq wkh xqlw urrw fdvh/

zlwk d voljkwo| vxshulru shuirupdqfh ri wkh PO hvwlpdwru1

Wdeohv 609 uhsruw uhmhfwlrq iuhtxhqflhv iru whvwv lqyroylqj wkh sdudphwhu ydoxhv !�&/ zkhuh !�&

ghqrwhv wkh hohphqw lq wkh m0wk urz dqg n0wk froxpq ri �1 Doo whvwv kdyh wkh qrplqdo vl}h ri 8(1

Wdeoh 6 ghprqvwudwhv wkdw wkh srzhu dqg vl}h surshuwlhv ri whvwv ri !�� edvhg rq wkh frqyhqwlrqdo

JPP hvwlpdwru +qrw lqfrusrudwlqj wkh lqlwldo frqglwlrqv, duh yhu| srru/ h{fhsw iru wkh fdvh zkhuh

wkh pd{lpxp hljhqydoxh ri � lv htxdo wr 3=9/ Q @ 583/ dqg W @ 431 Zkhq wkh pd{lpxp hljhqydoxh

ri � lv htxdo wr 3=;/ whvwv edvhg rq wkh frqyhqwlrqdo JPP hvwlpdwru duh kljko| ryhu0vl}hg1 Iru

h{dpsoh/ hyhq iru Q @ 583 dqg W @ 43/ wkh vl}h ri wkh whvw edvhg rq wkh frqyhqwlrqdo JPP

hvwlpdwru lv htxdo wr 78=5(1 Dovr/ dv h{shfwhg/ whvwv edvhg rq frqyhqwlrqdo JPP hvwlpdwruv euhdn

grzq dowrjhwkhu lq wkh suhvhqfh ri xqlw urrwv1 +Vhh wkh wklug sdqho ri Wdeoh 61, Lq frqwudvw wkh

PO hvwlpdwru edvhg whvwv shuirup uhpdundeo| zhoo hyhq iru vpdoo Q dqgW dqg luuhvshfwlyh ri krz

forvh wkh hljhqydoxhv ri � duh wr xqlw|1

Wdeohv 709 suhvhqw whvw uhvxowv dssolhg wr wkh uhpdlqlqj wkuhh frh�flhqwv ri �/ qdpho| !�2/ !2�/

dqg !221 Wkh frqyhqwlrqdo JPP edvhg whvwv gr uhodwlyho| ehwwhu iru wkhvh frh�flhqwv +zlwk ixuwkhu

yduldwlrqv dfurvv wkhvh frh�flhqwv, dv frpsduhg wr wkh whvwv lqyroylqj !��1 Krzhyhu/ wkh ryhudoo

shuirupdqfh ri wkh JPP edvhg whvwv lv vwloo udwkhu srru dqg wkh whvwv fdqqrw eh uhfrpphqghg iru

Q dqg2ru W uhodwlyho| vpdoo dqg zkhq wkh pd{lpxp hljhqydoxh ri � lv uhodwlyho| odujh1 Ryhudoo/

wkh whvwv edvhg rq wkh frqyhqwlrqdo JPP hvwlpdwru duh doo grplqdwhg e| wkh PO hvwlpdwru edvhg

whvwv erwk lq whupv ri vl}h dqg srzhu1�b Wkh PO hvwlpdwru edvhg whvwv glvsod| +yhu|, jrrg vl}h

surshuwlhv iru doo ghvljqv dqg frh�flhqwv/ hyhq zkhq Q lv dv vpdoo dv 83/ dqg W lv dv vpdoo dv 61 Lw

vkrxog dovr eh qrwhg/ wkrxjk/ wkdw vshfl�fdoo| iru wkh wuhqg0vwdwlrqdu| ghvljqv wkh srzhu surshuwlhv

ri wkh PO hvwlpdwru edvhg whvwv pd| qrw eh yhu| vwurqj zkhq Q @ 83 dqg W @ 61 Krzhyhu/ wkhvh

srzhu surshuwlhv lpsuryh txlfno| zkhq Q dqg2ru W lv lqfuhdvhg= zkhq Q @ 83 dqg W @ 43 dqg

zkhq Q @ 583 dqg W @ 6/ wkh srzhu surshuwlhv duh yhu| jrrg rxwvlgh wkh lpphgldwh qhljkerukrrg

ri wkh wuxh sdudphwhu ydoxhv1 +Wkhuh lv rqh h{fhswlrq wr wklv/ qdpho| whvwv lqyroylqj !�2 xqghu

Ghvljq 51,
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Wdeoh : uhsruwv hylghqfh rq eldv/ UPVHv/ dqg srzhu dqg vl}h ri k|srwkhvlv whvwv xqghu Ghvljq

7/ zklfk lqyroyhv rqh frlqwhjudwlqj uhodwlrq1ef Wkh uhvxowv uhsruwhg lq Wdeohv :d0:g duh edvhg rq

PO +dqg PG, hvwlpdwhv frpsxwhg xqghu wkh udqn uhvwulfwlrq udqn +�, @ 41 Wkh uhvxowv lq wkhvh

wdeohv vxjjhvw wkdw dv xqghu Ghvljqv 406/ wkh gl�huhqfhv ehwzhhq wkh PO dqg PG hvwlpdwruv duh

vpdoo zlwk d voljkwo| vxshulru shuirupdqfh ri wkh PO hvwlpdwru1 Zkhq Q lv uhodwlyho| odujh +vd|/

Q @ 583, dqg zkhq wkhuh duh d idlu qxpehu ri wlph0vhulhv revhuydwlrqv dydlodeoh +vd|/ W @ 43,/

erwk wkh PO dqg wkh PG hvwlpdwru shuirup zhoo lq whupv ri eldv dqg UPVH/ dqg wkh vl}h dqg

srzhu surshuwlhv ri wkh PO hvwlpdwru edvhg sdudphwhu whvwv duh yhu| jrrg1 Wdeoh :h uhsruwv wkh

olnholkrrg udwlr whvwv +;1<, iru frlqwhjudwlrq udqn1e� Wkh uhvxowv duh xqlirupo| yhu| jrrg> srvvleo|

zlwk wkh h{fhswlrq ri wkh whvw lq wkh fdvh ri Q @ 83 dqg W @ 6 zklfk lv voljkwo| xqghuvl}hg1

Wdeoh ; surylghv hylghqfh rq wkh uhodwlyh shuirupdqfh ri wkh frqyhqwlrqdo JPP hvwlpdwru lqfru0

srudwlqj wkh lqlwldo frqglwlrqv frpsduhg zlwk lwv frxqwhusduw qrw lqfrusrudwlqj lqlwldo frqglwlrqv1e2

Xvlqj Ghvljq 4/ Wdeoh ; uhyhdov wkdw zkloh wkh frqyhqwlrqdo JPP hvwlpdwru lqfrusrudwlqj wkh

lqlwldo frqglwlrqv kdv/ dv wr eh h{shfwhg/ orzhu eldvhv dqg UPVHv iru wkh frh�flhqwv lq � wkdq

lwv frxqwhusduw qrw lqfrusrudwlqj wkh lqlwldo frqglwlrqv/ wkh eldvhv dqg UPVHv ri wkh wzr hvwlpd0

wruv duh udwkhu vlplodu iru wkh frh�flhqwv lq �1 Dovr/ frpsdulqj Wdeoh ;d wr Wdeohv 4 dqg 5/ wkh

eldvhv dqg UPVHv ri wkh frh�flhqwv lq � ri wkh frqyhqwlrqdo JPP hvwlpdwru qrw lqfrusrudwlqj

wkh lqlwldo frqglwlrqv duh olwwoh d�hfwhg e| zkhwkhu crxwolhu* uhsolfdwlrqv qhhg wr eh holplqdwhg iurp

wkh vdpsoh1 Wklv xqghuolqhv wkh urexvwqhvv ri wkh frqyhqwlrqdo JPP hvwlpdwru uhvxowv uhsruwhg

lq Wdeohv 4 dqg 51 Wdeohv ;e vkrzv wkdw wkh vl}h surshuwlhv ri whvwv lqyroylqj !�� edvhg rq wkh

frqyhqwlrqdo JPP hvwlpdwru lqfrusrudwlqj wkh lqlwldo frqglwlrqv duh +txlwh, d elw zruvh wkdq wkrvh

edvhg rq wkh frqyhqwlrqdo JPP hvwlpdwru qrw lqfrusrudwlqj wkh lqlwldo frqglwlrqv zkhq Q @ 583

dqg W @ 431e� Ryhudoo/ Wdeoh ; vxjjhvwv wkdw olwwoh lv wr eh jdlqhg iurp lqfrusrudwlqj wkh lqlwldo
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frqglwlrqv lq frqyhqwlrqdo JPP hvwlpdwlrq/ xqohvv hvwlpdwlrq ri wkh wuhqg frh�flhqwv lv fulwlfdo1 Lq

idfw/ wdnlqj lqwr dffrxqw wkh vl}h surshuwlhv ri whvwv/ dqg wdnlqj lqwr dffrxqw wkdw wkh frqyhqwlrqdo

JPP hvwlpdwru lqfrusrudwlqj wkh lqlwldo frqglwlrqv lv frpsxwdwlrqdoo| vljql�fdqwo| pruh lqyroyhg

wkdq lwv frxqwhusduw qrw lqfrusrudwlqj wkh lqlwldo frqglwlrqv/ wkh odwwhu hvwlpdwru vhhpv suhihudeoh/

li frqyhqwlrqdo JPP hvwlpdwlrq lv wr eh fduulhg rxw dw doo1 Wkh Prqwh Fduor vlpxodwlrqv zh kdyh

fduulhg rxw dovr vxjjhvw wkdw wkh frqfoxvlrqv zh kdyh gudzq iurp Wdeoh ; fduu| ryhu wr Ghvljqv 5

dqg 6 dv zhoo1

Wdeoh < surylghv vrph hylghqfh rq wkh surshuwlhv ri wkh frqyhqwlrqdo JPP hvwlpdwru +qrw

lqfrusrudwlqj wkh lqlwldo frqglwlrqv,/ dqg wkh PG dqg PO hvwlpdwruv zkhq wkh huuru whupv duh

gudzq iurp +4315, lqvwhdg ri wkh qrupdo glvwulexwlrq/ +4314,1 Wdeoh < lqglfdwhv wkdw iru Ghvljq 4

erwk hvwlpdwruv frqwlqxh wr shuirup zhoo lq vpdoo vdpsoh zkhq wkh huuru whupv duh qrw qrupdoo|

glvwulexwhg/ vshfl�fdoo| zkhq wkh| duh gudzq iurp +4315,1 Wkh PO hvwlpdwru frqwlqxhv wr voljkwo|

rxwshuirup wkh PG hvwlpdwru lq whupv ri eldv dqg UPVH1 Wdeohv <e0<h uhyhdo wkdw wkh srzhu dqg

vl}h surshuwlhv ri whvwv edvhg rq wkh PO hvwlpdwru uhpdlq odujho| xqd�hfwhg e| wkh fkdqjh lq wkh

vfkhph jhqhudwlqj wkh huuru whupv/ h{fhsw iru d frxsoh ri fdvhv zkhuh wkh whvwv ehfrph voljkwo|

ryhuvl}hg1 Wkh Prqwh Fduor vlpxodwlrqv zh kdyh fduulhg rxw dovr vxjjhvw wkdw wkh frqfoxvlrqv zh

kdyh gudzq iurp Wdeoh < fduu| ryhu wr Ghvljqv 507 dv zhoo1

Zh kdyh dovr xvhg Prqwh Fduor vlpxodwlrqv wr ixuwkhu lqyhvwljdwh wkh srvvlelolw| ri hpsor|0

lqj h{whqghg JPP hvwlpdwlrq1 Dv glvfxvvhg lq Vhfwlrq 7/ wkh h{whqghg JPP hvwlpdwru +718:,

lqyroylqj wkh krprvnhgdvwlflw| lpsolhg prphqw frqglwlrqv +7183, dqg +7184, lv qrw xqltxh1 Wkh

Prqwh Fduor vlpxodwlrqv wkdw zh fduulhg rxw looxvwudwhg wkh gl�fxowlhv lqyroyhg lq fkrrvlqj dprqj

wkh pxowlsoh vroxwlrqv wr wkh prphqw frqglwlrqv +7185, wkdw h{lvw lq jhqhudo1 Wkh �qdo lwhudwlrq

h{whqghg JPP hvwlpdwhv wkdw zh rewdlqhg xqghu wkh gl�huhqw ghvljqv zhuh vhqvlwlyh wr wkh lqlwldo

hvwlpdwhv hpsor|hg1 Vshfl�fdoo|/ zh rewdlqhg gl�huhqw h{whqghg JPP hvwlpdwhv zkhq wkh lqlwldo

hvwlpdwhv zhuh rewdlqhg xvlqj +91;,/ +9143,/ dqg +9144,/ wkdq zkhq wkh PG hvwlpdwhv zhuh hpsor|hg

dv lqlwldo hvwlpdwhv1 Wkh Prqwh Fduor vlpxodwlrqv dovr uhyhdohg d ixuwkhu gl�fxow| zlwk h{whqghg

JPP hvwlpdwlrq xvlqj wkh krprvnhgdvwlflw| lpsolhg prphqw frqglwlrqv +7183, dqg +7184,= Wkh

yduldqfh0fryduldqfh pdwul{ Z� +�,/ jlyhq lq +718<,/ whqgv wr kdyh d vpdoo uhflsurfdo frqglwlrq qxp0

ehu hyhq iru p dqg W dv vpdoo dv p @ 5 dqg W @ 6/ xqghu erwk Q @ 83 dqg Q @ 5831 Wkh ydoxhv

ri D� +�, frpsxwhg lq wkh frxuvh ri wkh lwhudwlrqv duh wkxv vxemhfw wr srwhqwldoo| odujh qxphulfdo

dssur{lpdwlrq huuruv1 Lq idfw/ iru ghvljqv zlwk p @ 7 dqg W @ 43/ dwwhpswv wr frpsxwh D�+�,

eurnh grzq dowrjhwkhu/ hyhq zkhq phwkrgv iru wkh lqyhuvlrq ri loo0frqglwlrqhg pdwulfhv zhuh hp0

sor|hg1 Wkhvh gl�fxowlhv zhuh |hw pruh dffhqwxdwhg iru wkh h{whqghg JPP hvwlpdwru dxjphqwlqj

wkh vwdqgdug ruwkrjrqdolw| frqglwlrqv zlwk wkh krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg prphqw
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frqglwlrqv +7169, dqg +716:, udwkhu wkdq wkh krprvnhgdvwlflw| lpsolhg prphqw frqglwlrqv +7183,

dqg +7184,1 Iru doo ghvljqv dqg iru doo frpelqdwlrqv ri Q dqg W frqvlghuhg wkh uhflsurfdo frqglwlrq

qxpehu ri Z� +�, zdv wrr vpdoo wr eh deoh wr frpsxwh D� +�, zlwk dq| uholdeoh ghjuhh ri qxphu0

lfdo dffxudf|1 Wklv zdv wuxh luuhvshfwlyh ri zkhwkhu wkh 	
��
pdwulfhv zhuh khwhurvnhgdvwlf dfurvv l

+dv lpsolhg e| +4317,,/ ru zhuh uhvwulfwhg wr eh krprvnhgdvwlf dfurvv l1 Wkh ydulrxv gl�fxowlhv mxvw

ghvfulehg zlwk lpsohphqwlqj h{whqghg JPP hvwlpdwlrq dsshdu wr ixuwkhu vwuhqjwkhq wkh dsshdo

ri wkh PO hvwlpdwru1

�� �L?U*�t�L?

Xvlqj sdqho gdwd wr hvwlpdwh wlph0vhulhv prghov kdv wkh yluwxh wkdw rqh fdq riwhq lqyrnh frq0

yhqwlrqdo fhqwudo olplw wkhruhpv dfurvv lqglylgxdov luuhvshfwlyh ri wkh wlph0vhulhv surshuwlhv ri wkh

yduldeohv xqghu frqvlghudwlrq/ lq sduwlfxodu luuhvshfwlyh ri zkhwkhu wkh| duh +wuhqg, vwdwlrqdu|/ sxuh

L+4,/ ru L+4, dqg frlqwhjudwhg1 Krzhyhu/ wkh yluwxh ri kdylqj d odujh qxpehu ri furvv0vhfwlrqdo re0

vhuydwlrqv dydlodeoh riwhq dsshduv wr eh r�vhw e| wkh qhhg wr lqwurgxfh lqglylgxdo0vshfl�f h�hfwv wr

fdswxuh wkh xqrevhuyhg khwhurjhqhlw| dprqj wkh furvv0vhfwlrqdo xqlwv1 Il{hg h�hfwv dqg/ zkhq wkh

wlph glphqvlrq ri wkh sdqho lv vkruw/ lqlwldo revhuydwlrqv lqwurgxfh wkh fodvvlfdo lqflghqwdo sdudph0

whuv sureohp lqwr frqyhqwlrqdo olnholkrrg edvhg hvwlpdwlrq dqg lqihuhqfh/ zklfk ohdg wr d ylrodwlrq

ri wkh uhjxodulw| frqglwlrqv iru wkh frqvlvwhqf| ri wkh frqyhqwlrqdo PO hvwlpdwru1

Wr ryhufrph wkhvh sureohpv/ JPP hvwlpdwlrq kdv ehhq vxjjhvwhg lq wkh olwhudwxuh1 Krzhyhu/

frqyhqwlrqdo JPP hvwlpdwruv edvhg rq lqvwuxphqwv wkdw duh ruwkrjrqdo wr wkh glvwxuedqfhv ri wkh

�uvw0gl�huhqfhg irup ri wkh prgho duh qrw h�flhqw +iru h{dpsoh/ Dkq dqg Vfkplgw/ 4<<8/ Duhoodqr

dqg Eryhu/ 4<<8/ dqg Kdkq/ 4<<<, dqg vx�hu iurp wkh ghihfw ri zhdn lqvwuxphqwv li rqh ru pruh

urrwv ri wkh xqghuo|lqj SYDU prgho dssurdfk xqlw| +iru h{dpsoh/ Eoxqghoo dqg Erqg/ 4<<;/ dqg

Kvldr/ Shvdudq dqg Wdkplvflrjox/ 4<<<,1 Dv zh kdyh vkrzq lq wklv sdshu/ frqyhqwlrqdo JPP

hvwlpdwruv ri �{hg h�hfwv SYDUv euhdn grzq frpsohwho| li wkh xqghuo|lqj prgho frqwdlqv xqlw

urrwv/ dqg wkxv dovr fdqqrw eh xvhg wr frqvwuxfw frlqwhjudwlrq udqn whvwv1 Wr rewdlq d frqvlvwhqw

JPP hvwlpdwru zkhq wkh gdwd vhulhv frqwdlq xqlw urrwv wkh vwdqgdug ruwkrjrqdolw| frqglwlrqv kdyh

wr eh dxjphqwhg e| ixuwkhu prphqw frqglwlrqv1 Lq wklv sdshu/ zh kdyh dujxhg wkdw wkh dssurdfk

ri dxjphqwlqj wkh vwdqgdug ruwkrjrqdolw| frqglwlrqv e| krprvnhgdvwlflw| dqg vwdwlrqdulw| lpsolhg

prphqw frqglwlrqv iru �{hg h�hfwv SYDUv lv vxemhfw wr gl�fxowlhv1 Lq sduwlfxodu/ lw pd| qrw eh

srvvleoh wr ghulyh wkh rswlpdo zhljkwlqj pdwul{ iru wkh uhvxowdqw h{whqghg JPP hvwlpdwruv/ ru wkh

uhvxowdqw h{whqghg JPP hvwlpdwruv duh qrw xqltxh/ lq jhqhudo1

Jlyhq wkh sureohpv zlwk JPP hvwlpdwlrq/ zh kdyh vxjjhvwhg d odwhqw yduldeoh iudphzrun iru

wkh dqdo|vlv ri �{hg h�hfwv SYDUv1 Wklv iudphzrun surylghv d prgho0frqvlvwhqw zd| ri irupxodwlqj

wkh lqlwldo revhuydwlrqv dqg ohdgv wr d wudqviruphg olnholkrrg ixqfwlrq wkdw qr orqjhu lqyroyhv
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lqflghqwdo sdudphwhuv1 Zh kdyh vkrzq wkdw wkh uhvxowlqj PO hvwlpdwru h{lvwv/ lv frqvlvwhqw/ dqg

lv dv|pswrwlfdoo| qrupdoo| glvwulexwhg zkhq wkh furvv0vhfwlrqdo glphqvlrq ri wkh sdqho dssurdfkhv

lq�qlw|/ luuhvshfwlyh ri zkhwkhu wkh xqghuo|lqj wlph vhulhv duh +wuhqg, vwdwlrqdu|/ sxuh L+4,/ ru L+4,

dqg frlqwhjudwhg1 Zh kdyh dovr vkrzq krz wklv PO hvwlpdwru fdq eh xvhg lq frqglwlrqdo prghov

zkhuh d vxevhw ri wkh yduldeohv lq wkh SYDU lv prghoohg lq whupv ri wkh uhpdlqlqj yduldeohv1

Ixuwkhupruh/ zh kdyh sursrvhg surfhgxuhv iru frqgxfwlqj whvwv iru xqlw urrwv dqg frlqwhjudwlrq

udqn lq sdqhov zlwk vkruw wlph glphqvlrq1 Zh kdyh vkrzq wkdw wkh olplwlqj glvwulexwlrqv ri wkh

whvw vwdwlvwlfv iroorz vwdqgdug fkl0vtxduh dqg qrupdo glvwulexwlrqv1

Ilqdoo|/ Prqwh Fduor vwxglhv kdyh ehhq fduulhg rxw wr frpsduh wkh vpdoo vdpsoh shuirupdqfh

ri wkh PO dqg frqyhqwlrqdo dqg h{whqghg JPP hvwlpdwruv1 Zh kdyh irxqg wkdw wkh frqyhqwlrqdo

JPP hvwlpdwru shuirupv srruo| hyhq zkhq wkh odujhvw urrw lv prghudwho| vl}hg rqo|1 Ixuwkhupruh/

lpsohphqwdwlrq ri h{whqghg JPP hvwlpdwlrq idfhv gl�fxow frpsxwdwlrqdo sureohpv1 Wkh PO

hvwlpdwru dqg sdudphwhu k|srwkhvlv dv zhoo dv frlqwhjudwlrq whvwv edvhg rq lw/ rq wkh rwkhu kdqg/

shuirup uhpdundeo| zhoo hyhq zkhq wkh vdpsoh vl}h lv vpdoo dqg wkh gdwd duh jhqhudwhg e| +vrph

w|sh ri, qrq0qrupdo glvwxuedqfhv1
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Table 11

Bias and RMSE of Alternative Estimators of Panel VAR
N = 50

Estimator g1 g2 f11 f12 f21 f22

Trend-Stationary
PVAR (lmax=0.6)

True Value 0.02 0.02 0.4 0.2 0.2 0.4

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

T=3 GMMa 0.0074 0.1962 0.0024 0.1507 0.3340 0.4948 0.1179 0.4011 0.1280 0.3997 0.3135 0.4751
MD 0.0002 0.0232 -0.0004 0.0223 0.0246 0.1551 0.0037 0.1355 0.0081 0.1367 0.0130 0.1607
ML 0.0001 0.0234 -0.0005 0.0226 0.0202 0.1441 0.0017 0.1275 0.0055 0.1276 0.0082 0.1507

T=10 GMMa 0.0005 0.0088 0.0002 0.0088 0.1168 0.1356 0.0359 0.0802 0.0383 0.0819 0.1168 0.1349
MD 0.0002 0.0066 0.0000 0.0063 0.0068 0.0552 -0.0004 0.0496 0.0032 0.0493 0.0071 0.0555
ML 0.0003 0.0066 0.0001 0.0064 0.0073 0.0521 -0.0010 0.0470 0.0027 0.0475 0.0078 0.0517

Trend-Stationary
PVAR (lmax=0.8)

True Value 0.02 0.02 0.6 0.2 0.2 0.6

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

T=3 GMMa -0.0071 0.2411 -0.0052 0.2710 0.7955 1.0269 -0.0365 0.3459 0.7201 1.2742 0.1851 0.5612
MD 0.0011 0.0281 -0.0001 0.0142 0.0442 0.2052 -0.0074 0.0819 0.0417 0.3343 -0.0017 0.1530
ML 0.0010 0.0287 -0.0001 0.0144 0.0367 0.1985 -0.0056 0.0781 0.0364 0.3310 -0.0003 0.1475

T=10 GMMa 0.0003 0.0110 0.0003 0.0060 0.2786 0.3011 -0.0237 0.0562 0.2924 0.3436 0.0437 0.0934
MD -0.0001 0.0086 0.0000 0.0042 0.0133 0.0640 -0.0029 0.0261 0.0159 0.1077 0.0017 0.0458
ML 0.0000 0.0087 0.0000 0.0043 0.0127 0.0607 -0.0030 0.0247 0.0121 0.1046 0.0029 0.0446

Pure Unit Root
PVAR (lmax=1)

True Value 0.02 0.02 1.0 0 0 1.0

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

T=3 GMMa 0.0025 0.1565 -0.0135 0.3779 0.9301 1.0613 -0.0353 0.5339 -0.0088 0.5424 0.9298 1.0529
MD 0.0003 0.0274 -0.0003 0.0253 0.0140 0.0858 -0.0014 0.0842 -0.0007 0.0865 0.0105 0.0837
ML 0.0004 0.0286 -0.0005 0.0267 0.0132 0.0855 -0.0013 0.0840 -0.0007 0.0861 0.0097 0.0835

T=10 GMMa 0.0001 0.0191 0.0002 0.0193 0.3954 0.4085 -0.0019 0.1019 -0.0004 0.1054 0.4055 0.4187
MD -0.0007 0.0142 0.0003 0.0139 0.0057 0.0229 -0.0015 0.0222 0.0012 0.0214 0.0068 0.0237
ML -0.0005 0.0152 0.0002 0.0150 0.0054 0.0228 -0.0015 0.0221 0.0012 0.0213 0.0065 0.0236

                                                           
1 For details of the Monte Carlo design, see Section 10.1. The data generating process is given by (I2 - FL) (wit - mi - gt) = eit, where mi is generated from (10.3), and eit is generated
from (10.1). lmax denotes the maximum eigenvalue of F, gj the j-th element of g, j = 1, 2, and fjk the element in the j-th row and k-th column of F, j, k = 1, 2. ‘RMSE’ denotes the
root mean square error, ‘GMMa’ the conventional GMM estimator not incorporating initial conditions, ‘MD’ the Minimum Distance estimator, and ‘ML’ the Maximum Likelihood
estimator.
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Table 22

Bias and RMSE of Alternative Estimators of Panel VAR
N = 250

Estimator g1 g2 f11 f12 f21 f22

Trend-Stationary
PVAR (lmax=0.6)

True Value 0.02 0.02 0.4 0.2 0.2 0.4

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

T=3 GMMa 0.0269 0.8021 0.0300 0.9139 0.1170 0.2528 0.0646 0.2351 0.0695 0.2277 0.1081 0.2299
MD -0.0005 0.0100 0.0004 0.0100 0.0056 0.0750 0.0014 0.0577 0.0005 0.0595 0.0057 0.0740
ML -0.0004 0.0101 0.0004 0.0102 0.0027 0.0698 0.0010 0.0539 0.0005 0.0560 0.0044 0.0688

T=10 GMMa -0.0001 0.0044 0.0000 0.0042 0.0322 0.0490 0.0127 0.0381 0.0126 0.0391 0.0336 0.0492
MD 0.0000 0.0028 0.0001 0.0029 0.0014 0.0242 0.0000 0.0212 -0.0010 0.0216 0.0019 0.0244
ML -0.0000 0.0029 0.0001 0.0029 0.0014 0.0227 -0.0004 0.0205 -0.0013 0.0205 0.0022 0.0229

Trend-Stationary
PVAR (lmax=0.8)

True Value 0.02 0.02 0.6 0.2 0.2 0.6

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

T=3 GMMa 0.0744 2.3086 0.0227 0.5933 0.4989 0.7402 -0.0003 0.2906 0.5751 0.9576 0.0543 0.4145
MD -0.0007 0.0123 0.0003 0.0066 0.0108 0.0939 -0.0014 0.0362 0.0074 0.1425 0.0025 0.0696
ML -0.0008 0.0125 0.0003 0.0067 0.0089 0.0893 -0.0007 0.0340 0.0056 0.1413 0.0030 0.0675

T=10 GMMa -0.0002 0.0062 -0.0001 0.0032 0.1184 0.1371 -0.0075 0.0340 0.1389 0.1753 0.0088 0.0510
MD -0.0000 0.0040 0.0001 0.0019 0.0024 0.0270 -0.0002 0.0109 -0.0002 0.0462 0.0012 0.0212
ML -0.0000 0.0041 0.0000 0.0019 0.0024 0.0255 -0.0004 0.0106 -0.0012 0.0442 0.0014 0.0206

Pure Unit Root
PVAR (lmax=1)

True Value 0.02 0.02 1.0 0 0 1.0

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

T=3 GMMa -0.0039 0.0785 0.0002 0.0605 0.9454 1.0747 0.0230 0.5455 -0.0100 0.5626 0.9795 1.0941
MD 0.0000 0.0119 0.0003 0.0118 0.0046 0.0381 0.0012 0.0373 -0.0010 0.0374 0.0032 0.0370
ML 0.0000 0.0125 0.0004 0.0126 0.0043 0.0381 0.0012 0.0372 -0.0010 0.0374 0.0030 0.0369

T=10 GMMa 0.0002 0.0092 0.0000 0.0091 0.3951 0.4087 0.0020 0.1017 -0.0041 0.1049 0.3939 0.4068
MD 0.0003 0.0066 -0.0001 0.0064 0.0008 0.0095 0.0003 0.0095 -0.0003 0.0098 0.0007 0.0097
ML 0.0002 0.0070 -0.0001 0.0069 0.0008 0.0095 0.0003 0.0095 -0.0003 0.0098 0.0006 0.0096

                                                           
2 See the footnote to Table 1 for a description of the data generating process and the notation used in this table.
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Table 33

Size and Power Properties of Tests for f11

Trend-Stationary Panel VAR with lmax = 0.64

Estimator f11=0.1 f11=0.2 f11=0.3 f11=0.4 f11=0.5 f11=0.6 f11=0.7
N=50, T=3 GMMa 0.0960 0.1290 0.1860 0.2590 0.3470 0.4470 0.5610

ML 0.4220 0.1830 0.0670 0.0470 0.1200 0.3260 0.5800

N=50, T=10 GMMa 0.7960 0.2630 0.0750 0.4310 0.9060 0.9980 1.0000
ML 1.0000 0.9640 0.4540 0.0460 0.5480 0.9830 1.0000

N=250, T=3 GMMa 0.1570 0.1010 0.0980 0.1620 0.2840 0.4570 0.6030
ML 0.9920 0.8270 0.2920 0.0640 0.3410 0.8240 0.9870

N=250, T=10 GMMa 1.0000 0.9930 0.4820 0.1600 0.9560 1.0000 1.0000
ML 1.0000 1.0000 0.9950 0.0460 0.9960 1.0000 1.0000

Trend-Stationary Panel VAR with lmax = 0.85

Estimator f11=0.3 f11=0.4 f11=0.5 f11=0.6 f11=0.7 f11=0.8 f11=0.9
N=50, T=3 GMMa 0.2330 0.2790 0.3290 0.3910 0.4610 0.5140 0.5710

ML 0.2500 0.1130 0.0630 0.0570 0.1020 0.2110 0.3770

N=50, T=10 GMMa 0.1310 0.1640 0.4630 0.8110 0.9720 0.9970 1.0000
ML 0.9950 0.8950 0.3330 0.0600 0.4840 0.9610 1.0000

N=250, T=3 GMMa 0.1960 0.2190 0.2610 0.3060 0.3680 0.4390 0.5060
ML 0.7720 0.4730 0.1500 0.0580 0.2000 0.5390 0.8040

N=250, T=10 GMMa 0.7740 0.2690 0.0650 0.4520 0.9030 0.9950 1.0000
ML 1.0000 1.0000 0.9630 0.0460 0.9770 1.0000 1.0000

Pure Unit Root Panel VAR with lmax = 16

Estimator f11=0.7 f11=0.8 f11=0.9 f11=1 f11=1.1 f11=1.2 f11=1.3
N=50, T=3 GMMa 0.3410 0.4350 0.5160 0.6060 0.6880 0.7520 0.8120

ML 0.9050 0.6320 0.2140 0.0550 0.2580 0.7250 0.9800

N=50, T=10 GMMa 0.2950 0.6810 0.9550 1.0000 1.0000 1.0000 1.0000
ML 1.0000 1.0000 0.9720 0.0640 1.0000 1.0000 1.0000

N=250, T=3 GMMa 0.3410 0.4290 0.5260 0.6060 0.6880 0.7640 0.8200
ML 1.0000 0.9990 0.7280 0.0480 0.7960 1.0000 1.0000

N=250, T=10 GMMa 0.3140 0.6690 0.9470 0.9970 1.0000 1.0000 1.0000
ML 1.0000 1.0000 1.0000 0.0510 1.0000 1.0000 1.0000

                                                           
3 See the footnote to Table 1 for a description of the data generating process and the notation used in this table.
4 The table reports the fraction of rejections for tests of H0: f11 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7}, versus two-sided alternatives. The true value of f11 is equal to 0.4.
5 The table reports the fraction of rejections for tests of H0: f11 = {0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}, versus two-sided alternatives. The true value of f11 is equal to 0.6.
6 The table reports the fraction of rejections for tests of H0: f11 = {0.7, 0.8, 0.9, 1, 1.1, 1.2, 1.3}, versus two-sided alternatives. The true value of f11 is equal to 1.
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Table 47

Size and Power Properties of Tests for f12

Trend-Stationary Panel VAR with lmax = 0.68

Estimator f12=-0.1 f12=0 f12=0.1 f12=0.2 f12=0.3 f12=0.4 f12=0.5
N=50, T=3 GMMa 0.1220 0.0750 0.0690 0.1000 0.1580 0.2470 0.3770

ML 0.6370 0.3390 0.1270 0.0580 0.1320 0.3600 0.6670

N=50, T=10 GMMa 0.9670 0.6760 0.1810 0.1220 0.5640 0.9350 0.9950
ML 1.0000 0.9870 0.5510 0.0500 0.5950 0.9920 1.0000

N=250, T=3 GMMa 0.2570 0.1420 0.0880 0.1090 0.1970 0.3550 0.5370
ML 0.9990 0.9430 0.3950 0.0440 0.4160 0.9390 0.9990

N=250, T=10 GMMa 1.0000 0.9980 0.6790 0.0710 0.8690 1.0000 1.0000
ML 1.0000 1.0000 0.9980 0.0450 0.9970 1.0000 1.0000

Trend-Stationary Panel VAR with lmax = 0.89

Estimator f12=-0.1 f12=0 f12=0.1 f12=0.2 f12=0.3 f12=0.4 f12=0.5
N=50, T=3 GMMa 0.1650 0.1720 0.1940 0.2190 0.2450 0.2760 0.3150

ML 0.1350 0.0930 0.0800 0.0610 0.0900 0.1420 0.2140

N=50, T=10 GMMa 0.0840 0.1280 0.2510 0.4600 0.6910 0.8570 0.9540
ML 0.7870 0.4630 0.1320 0.0530 0.2090 0.5360 0.8540

N=250, T=3 GMMa 0.1720 0.1940 0.2190 0.2580 0.2890 0.3250 0.3710
ML 0.4410 0.2480 0.0940 0.0510 0.1100 0.2600 0.4830

N=250, T=10 GMMa 0.3660 0.1090 0.0810 0.2870 0.6630 0.9010 0.9860
ML 1.0000 0.9930 0.5870 0.0450 0.5930 0.9870 1.0000

Pure Unit Root Panel VAR with lmax = 110

Estimator f12=-0.3 f12=-0.2 f12=-0.1 f12=0 f12=0.1 f12=0.2 f12=0.3
N=50, T=3 GMMa 0.1450 0.0960 0.0720 0.0530 0.0570 0.0910 0.1430

ML 0.9490 0.6430 0.2280 0.0560 0.2240 0.6640 0.9270

N=50, T=10 GMMa 0.9160 0.7000 0.3530 0.1520 0.3400 0.6900 0.9290
ML 1.0000 1.0000 0.9920 0.0450 0.9930 1.0000 1.0000

N=250, T=3 GMMa 0.1200 0.0820 0.0510 0.0550 0.0710 0.0960 0.1350
ML 1.0000 0.9990 0.7860 0.0570 0.7680 1.0000 1.0000

N=250, T=10 GMMa 0.9300 0.7160 0.3670 0.1610 0.3420 0.6770 0.9120
ML 1.0000 1.0000 1.0000 0.0460 1.0000 1.0000 1.0000

                                                           
7 See the footnote to Table 1 for a description of the data generating process and the notation used for this table.
8 The table reports the fraction of rejections for tests of H0: f12 = {-0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5}, versus two-sided alternatives. The true value of f12 is equal to 0.2.
9 The table reports the fraction of rejections for tests of H0: f12 = {-0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5}, versus two-sided alternatives. The true value of f12 is equal to 0.2.
10 The table reports the fraction of rejections for tests of H0: f12 = {-0.3, -0.2, -0.1, 0, 0.1, 0.2, 0.3}, versus two-sided alternatives. The true value of f12 is equal to 0.
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Table 511

Size and Power Properties of Tests for f21

Trend-Stationary Panel VAR with lmax = 0.612

Estimator f21=-0.1 f21=0 f21=0.1 f21=0.2 f21=0.3 f21=0.4 f21=0.5
N=50, T=3 GMMa 0.1230 0.0860 0.0700 0.0790 0.1350 0.2260 0.3370

ML 0.6560 0.3880 0.1400 0.0650 0.1340 0.3790 0.6730

N=50, T=10 GMMa 0.9700 0.6860 0.1890 0.1090 0.5620 0.9290 0.9950
ML 1.0000 0.9900 0.5700 0.0600 0.5830 0.9890 1.0000

N=250, T=3 GMMa 0.2530 0.1350 0.0890 0.1170 0.2140 0.3600 0.5070
ML 1.0000 0.9460 0.4120 0.0490 0.1330 0.9530 1.0000

N=250, T=10 GMMa 1.0000 1.0000 0.6950 0.0770 0.8820 1.0000 1.0000
ML 1.0000 1.0000 0.9970 0.0500 1.0000 1.0000 1.0000

Trend-Stationary Panel VAR with lmax = 0.813

Estimator f21=-0.1 f21=0 f21=0.1 f21=0.2 f21=0.3 f21=0.4 f21=0.5
N=50, T=3 GMMa 0.2990 0.2110 0.1580 0.1220 0.1400 0.1720 0.2580

ML 0.9610 0.7260 0.2600 0.0540 0.2340 0.6810 0.9450

N=50, T=10 GMMa 1.0000 0.9930 0.7350 0.1110 0.3880 0.9420 0.9980
ML 1.0000 1.0000 0.9890 0.0620 0.9740 1.0000 1.0000

N=250, T=3 GMMa 0.3490 0.2410 0.1900 0.1580 0.1830 0.2570 0.3570
ML 0.9840 0.9820 0.7980 0.0530 0.7830 0.9830 0.9850

N=250, T=10 GMMa 1.0000 1.0000 0.9130 0.0700 0.8190 1.0000 1.0000
ML 1.0000 1.0000 1.0000 0.0480 1.0000 1.0000 1.0000

Pure Unit Root Panel VAR with lmax = 114

Estimator f21=-0.3 f21=-0.2 f21=-0.1 f21=0 f21=0.1 f21=0.2 f21=0.3
N=50, T=3 GMMa 0.1680 0.1160 0.0710 0.0520 0.0570 0.0910 0.1330

ML 0.9460 0.6870 0.2610 0.0560 0.2270 0.6700 0.9470

N=50, T=10 GMMa 0.9360 0.7250 0.3550 0.1460 0.3440 0.7030 0.9350
ML 1.0000 1.0000 0.9990 0.0540 0.9960 1.0000 1.0000

N=250, T=3 GMMa 0.1380 0.0980 0.0720 0.0570 0.0700 0.0990 0.1490
ML 1.0000 1.0000 0.7740 0.0560 0.7770 1.0000 1.0000

N=250, T=10 GMMa 0.9270 0.6940 0.3560 0.1640 0.3640 0.7120 0.9350
ML 1.0000 1.0000 1.0000 0.0500 1.0000 1.0000 1.0000

                                                           
11 See the footnote to Table 1 for a description of the data generating process and the notation used for this table.
12 The table reports the fraction of rejections for tests of H0: f21 = {-0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5}, versus two-sided alternatives. The true value of f21 is equal to 0.2.
13 The table reports the fraction of rejections for tests of H0: f21 = {-0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5}, versus two-sided alternatives. The true value of f21 is equal to 0.2.
14 The table reports the fraction of rejections for tests of H0: f21 = {-0.3, -0.2, -0.1, 0, 0.1, 0.2, 0.3}, versus two-sided alternatives. The true value of f21 is equal to 0.
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Table 615

Size and Power Properties of Tests for f22

Trend-Stationary Panel VAR with lmax = 0.616

Estimator f22=0.1 f22=0.2 f22=0.3 f22=0.4 f22=0.5 f22=0.6 f22=0.7
N=50, T=3 GMMa 0.0940 0.1120 0.1530 0.2490 0.3430 0.4730 0.5780

ML 0.4810 0.2140 0.0820 0.0620 0.1240 0.3020 0.5420

N=50, T=10 GMMa 0.8030 0.2600 0.0630 0.4380 0.9080 1.0000 1.0000
ML 1.0000 0.9660 0.4470 0.0540 0.5510 0.9850 1.0000

N=250, T=3 GMMa 0.1630 0.0850 0.0800 0.1440 0.2660 0.4310 0.6030
ML 0.9960 0.8230 0.2730 0.0540 0.3380 0.8250 0.9900

N=250, T=10 GMMa 1.0000 0.9980 0.4570 0.1700 0.9650 1.0000 1.0000
ML 1.0000 1.0000 0.9910 0.0520 0.9920 1.0000 1.0000

Trend-Stationary Panel VAR with lmax = 0.817

Estimator f22=0.3 f22=0.4 f22=0.5 f22=0.6 f22=0.7 f22=0.8 f22=0.9
N=50, T=3 GMMa 0.1320 0.1160 0.1250 0.1480 0.1870 0.2370 0.2820

ML 0.4900 0.2670 0.0980 0.0590 0.0950 0.2520 0.4960

N=50, T=10 GMMa 0.8950 0.5470 0.1480 0.0970 0.4800 0.8790 0.9840
ML 1.0000 0.9860 0.5850 0.0510 0.6170 0.9940 1.0000

N=250, T=3 GMMa 0.2140 0.1670 0.1470 0.1450 0.1770 0.2250 0.2860
ML 0.9560 0.7720 0.2860 0.0510 0.3110 0.8110 0.9540

N=250, T=10 GMMa 1.0000 0.9660 0.4840 0.0640 0.9920 0.9850 1.0000
ML 1.0000 1.0000 0.9970 0.0550 1.0000 1.0000 1.0000

Pure Unit Root Panel VAR with lmax = 118

Estimator f22=0.7 f22=0.8 f22=0.9 f22=1 f22=1.1 f22=1.2 f22=1.3
N=50, T=3 GMMa 0.3370 0.4370 0.5300 0.6260 0.7080 0.7740 0.8250

ML 0.9250 0.6280 0.1990 0.0520 0.2480 0.7280 0.9660

N=50, T=10 GMMa 0.3480 0.7140 0.9640 0.9980 1.0000 1.0000 1.0000
ML 1.0000 1.0000 0.9670 0.0510 1.0000 1.0000 1.0000

N=250, T=3 GMMa 0.3580 0.4500 0.5480 0.6380 0.7080 0.7640 0.8060
ML 1.0000 1.0000 0.7470 0.0540 0.8010 1.0000 1.0000

N=250, T=10 GMMa 0.2970 0.6860 0.9480 0.9990 1.0000 1.0000 1.0000
ML 1.0000 1.0000 1.0000 0.0460 1.0000 1.0000 1.0000

                                                           
15 See the footnote to Table 1 for a description of the data generating process and the notation used for this table.
16 The table reports the fraction of rejections for tests of H0: f22 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7}, versus two-sided alternatives. The true value of f22 is equal to 0.4.
17 The table reports the fraction of rejections for tests of H0: f22 = {0.3, 0.4, 0.5, 0.6, 0.7, 0.8, 0.9}, versus two-sided alternatives. The true value of f22 is equal to 0.6.
18 The table reports the fraction of rejections for tests of H0: f22 = {0.7, 0.8, 0.9, 1, 1.1, 1.2, 1.3}, versus two-sided alternatives. The true value of f22 is equal to 1.
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Table 7a19

Bias and RMSE of Alternative Estimators of Cointegrated Panel VAR

Estimator g1=0.02 g2=0.02 a1=-0.6 a2=-0.2 b2=-1

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=50, T=3 MD 0.0003 0.0190 0.0002 0.0082 0.0362 0.1957 0.0019 0.0317 -0.0561 0.4625
ML 0.0003 0.0190 0.0002 0.0082 0.0423 0.1423 0.0046 0.0281 -0.0209 0.3447

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=50, T=10 MD 0.0003 0.0086 0.0002 0.0039 0.0005 0.1013 -0.0008 0.0154 -0.0220 0.2252
ML 0.0003 0.0086 0.0002 0.0039 0.0070 0.0682 0.0005 0.0129 -0.0025 0.1509

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=250,T=3 MD -0.0002 0.0086 -0.0001 0.0037 0.0029 0.1006 -0.0003 0.0155 -0.0166 0.2236
ML -0.0002 0.0086 -0.0000 0.0037 0.0073 0.0693 0.0007 0.0131 -0.0004 0.1599

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=250,T=10 MD -0.0001 0.0030 -0.0001 0.0024 0.0016 0.0263 0.0003 0.0050 0.0035 0.0433
ML -0.0001 0.0030 -0.0001 0.0024 0.0020 0.0211 0.0002 0.0045 0.0030 0.0401

Table 7b20

Size and Power Properties of Tests for a1 under Cointegrated Panel VAR

Estimator a1=-0.9 a1=-0.8 a1=-0.7 a1=-0.6 a1=-0.5 a1=-0.4 a1=-0.3

N=50, T=3 ML 0.3620 0.1680 0.0600 0.0410 0.1260 0.3290 0.5690

N=50, T=10 ML 1.0000 0.9530 0.4830 0.0630 0.5810 0.9920 1.0000

N=250, T=3 ML 0.8620 0.6880 0.2590 0.0600 0.3200 0.7590 0.8850

N=250, T=10 ML 1.0000 1.0000 0.9920 0.0460 0.9970 1.0000 1.0000

                                                           
19 See the footnote to Table 1 for a description of the data generating process, where now F = I2 + ab 

�, with a = (a1, a2) 
� and b = (b1, b2) 

�; a and b are commonly referred to as
the error correction coefficients and the cointegrating vectors, respectively. The remaining notation is as described in the footnote to Table 1.
20 The table reports the fraction of rejections for tests of H0: a1 = {-0.9, -0.8, -0.7, -0.6, -0.5, -0.4, -0.3}, versus two-sided alternatives. The true value of a1 is equal to -0.6.
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 Table 7c21

Size and Power Properties of Tests for a2 under Cointegrated Panel VAR

Estimator a2=-0.5 a2=-0.4 a2=-0.3 a2=-0.2 a2=-0.1 a2=0 a2=0.1

N=50, T=3 ML 0.9770 0.9760 0.8800 0.0410 0.9220 0.9740 0.9770

N=50, T=10 ML 1.0000 1.0000 1.0000 0.0480 1.0000 1.0000 1.0000

N=250, T=3 ML 0.9740 0.9740 0.9740 0.0570 0.9740 0.9740 0.9740

N=250, T=10 ML 1.0000 1.0000 1.0000 0.0490 1.0000 1.0000 1.0000

Table 7d22

Size and Power Properties of Tests for b2 under Cointegrated Panel VAR

Estimator b2=-1.3 b2=-1.2 b2=-1.1 b2=-1 b2=-0.9 b2=-0.8 b2=-0.7

N=50, T=3 ML 0.1170 0.0720 0.0610 0.0670 0.0730 0.1090 0.1630

N=50, T=10 ML 0.9180 0.6140 0.1940 0.0370 0.1840 0.5750 0.8840

N=250, T=3 ML 0.3930 0.2180 0.1110 0.0650 0.1270 0.2460 0.4280

N=250, T=10 ML 1.0000 1.0000 0.6510 0.0530 0.7060 0.9990 1.0000

Table 7e23

Size and Power Properties of Cointegration Test

Estimator H0 vs. H1 H1 vs. H2

N=50, T=3 ML 1.0000 0.0300

N=50, T=10 ML 1.0000 0.0570

N=250, T=3 ML 1.0000 0.0500

N=250, T=10 ML 1.0000 0.0470

                                                           
21 The table reports the fraction of rejections for tests of H0: a2 = {-0.5, -0.4, -0.3, -0.2, -0.1, 0, 0.1}, versus two-sided alternatives. The true value of a2 is equal to -0.2.
22 The table reports the fraction of rejections for tests of H0: b2 = {-1.3, -1.2, -1.1, -1, -0.9, -0.8, -0.7}, versus two-sided alternatives. The true value of b2 is equal to -1.
23 The table reports the fraction of rejections for tests of Hr: rank(P) = r versus Hr+1: rank(P) = r+1, r = 0, 1, where the true rank of P is equal to 1.
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Table 8a24

Bias and RMSE of Alternative Conventional GMM Estimators under Trend-Stationary Panel VAR with lmax = 0.6

Estimator g1=0.02 g2=0.02 f11=0.4 f12=0.2 f21=0.2 f22=0.4

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=50, T=3 GMMa -0.0028 0.0572 -0.0008 0.0540 0.3562 0.4941 0.1270 0.3908 0.1483 0.3940 0.3262 0.4764
GMMb -0.0010 0.0458 -0.0001 0.0236 0.3652 0.5043 0.1339 0.4133 0.1493 0.4025 0.3370 0.4848
MD 0.0003 0.0233 -0.0003 0.0223 0.0257 0.1569 0.0043 0.1362 0.0087 0.1375 0.0163 0.1600

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=50, T=10 GMMa 0.0005 0.0088 0.0002 0.0088 0.1168 0.1356 0.0359 0.0802 0.0383 0.0819 0.1168 0.1349
GMMb 0.0002 0.0066 0.0000 0.0064 0.1002 0.1290 0.0278 0.0792 0.0299 0.0833 0.0997 0.1288
MD 0.0002 0.0066 0.0000 0.0063 0.0068 0.0552 -0.0004 0.0496 0.0032 0.0493 0.0071 0.0555

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=250,T=3 GMMa 0.0015 0.0398 0.0007 0.0397 0.1203 0.2537 0.0708 0.2339 0.0732 0.2274 0.1131 0.2288
GMMb -0.0003 0.0105 0.0001 0.0141 0.1286 0.2536 0.0779 0.2360 0.0787 0.2310 0.1212 0.2291
MD -0.0004 0.0100 0.0004 0.0100 0.0057 0.0752 0.0017 0.0575 0.0008 0.0595 0.0056 0.0734

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=250,T=10 GMMa -0.0001 0.0044 0.0000 0.0042 0.0322 0.0490 0.0127 0.0381 0.0126 0.0391 0.0336 0.0492
GMMb 0.0000 0.0029 0.0001 0.0029 0.0310 0.0483 0.0123 0.0380 0.0123 0.0390 0.0324 0.0484
MD 0.0000 0.0028 0.0001 0.0029 0.0014 0.0242 0.0000 0.0212 -0.0010 0.0216 0.0019 0.0244

Table 8b25

Size and Power Properties of Tests for f11 under Trend-Stationary Panel VAR with lmax = 0.6

Estimator f11=0.1 f11=0.2 f11=0.3 f11=0.4 f11=0.5 f11=0.6 f11=0.7
N=50, T=3 GMMa 0.1070 0.1350 0.1930 0.2610 0.3450 0.4400 0.5540

GMMb 0.1770 0.2260 0.2870 0.3690 0.4610 0.5820 0.6730

N=50, T=10 GMMa 0.7960 0.2630 0.0750 0.4310 0.9060 0.9980 1.0000
GMMb 0.8390 0.4780 0.1700 0.5100 0.8580 0.9110 0.9250

N=250, T=3 GMMa 0.2050 0.1320 0.1200 0.1520 0.2780 0.4210 0.5870
GMMb 0.2850 0.2010 0.1820 0.2660 0.3970 0.5800 0.7100

N=250, T=10 GMMa 1.0000 0.9930 0.4820 0.1600 0.9560 1.0000 1.0000
GMMb 1.0000 0.9990 0.7100 0.3090 0.9820 1.0000 1.0000

                                                           
24 See the footnote to Table 1 for a description of the data generating process. ‘GMMb’ denotes the conventional GMM estimator incorporating initial conditions. The remaining
notation is as described in the footnote to Table 1.
25 The table reports the fraction of rejections for tests of H0: f11 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7}, versus two-sided alternatives. The true value of f11 is equal to 0.4.
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Table 9a26

Bias and RMSE of Alternative Estimators under Trend-Stationary Panel VAR with lmax = 0.6 and Non-Normal Disturbances

Estimator g1=0.02 g2=0.02 f11=0.4 f12=0.2 f21=0.2 f22=0.4

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=50, T=3 GMMa -0.0087 0.5155 -0.0002 0.2590 0.3716 0.5353 0.1344 0.4174 0.1405 0.4052 0.3088 0.4901
MD 0.0000 0.0219 -0.0000 0.0229 0.0169 0.1966 0.0004 0.1386 0.0112 0.1386 0.0256 0.1969
ML -0.0008 0.0222 -0.0008 0.0230 0.0138 0.1809 0.0013 0.1321 0.0112 0.1322 0.0169 0.1811

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=50, T=10 GMMa 0.0002 0.0089 0.0003 0.0088 0.1216 0.1401 0.0350 0.0784 0.0353 0.0798 0.1146 0.1336
MD -0.0002 0.0065 -0.0001 0.0062 0.0101 0.0679 0.0016 0.0488 0.0017 0.0506 0.0096 0.0664
ML -0.0002 0.0066 -0.0001 0.0063 0.0089 0.0543 0.0006 0.0459 0.0009 0.0477 0.0090 0.0540

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=250,T=3 GMMa 0.0068 0.2104 0.0111 0.3238 0.0976 0.2412 0.0655 0.2346 0.0452 0.2245 0.1118 0.2431
MD 0.0003 0.0101 0.0001 0.0097 0.0044 0.0898 -0.0025 0.0603 0.0012 0.0600 0.0033 0.0928
ML 0.0001 0.0102 -0.0000 0.0098 0.0024 0.0808 -0.0026 0.0562 0.0006 0.0562 -0.0002 0.0839

Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE Bias RMSE

N=250,T=10 GMMa -0.0000 0.0042 -0.0000 0.0042 0.0334 0.0485 0.0138 0.0393 0.0140 0.0382 0.0327 0.0486
MD -0.0001 0.0029 -0.0001 0.0028 0.0018 0.0287 0.0008 0.0221 -0.0004 0.0223 -0.0001 0.0308
ML -0.0001 0.0030 -0.0001 0.0029 0.0015 0.0229 0.0003 0.0209 -0.0003 0.0204 0.0007 0.0240

Table 9b27

Size and Power Properties of Tests for f11 under Trend-Stationary Panel VAR with lmax = 0.6 and Non-Normal Disturbances

Estimator f11=0.1 f11=0.2 f11=0.3 f11=0.4 f11=0.5 f11=0.6 f11=0.7
N=50, T=3 GMMa 0.0910 0.1340 0.1940 0.2710 0.3730 0.4730 0.5800

ML 0.4430 0.2360 0.1260 0.0960 0.2000 0.3540 0.5640

N=50, T=10 GMMa 0.7740 0.2360 0.0780 0.4630 0.9080 0.9990 1.0000
ML 1.0000 0.9600 0.4300 0.0570 0.5620 0.9810 1.0000

N=250, T=3 GMMa 0.1790 0.1060 0.0850 0.1390 0.2510 0.4070 0.5650
ML 0.9900 0.7800 0.3030 0.0990 0.3690 0.7800 0.9690

N=250, T=10 GMMa 1.0000 0.9980 0.4550 0.1500 0.9620 1.0000 1.0000
ML 1.0000 1.0000 0.9930 0.0450 0.9910 1.0000 1.0000

                                                           
26 For details of the Monte Carlo design, see Section 10.1. The data generating process is given by (I2 - FL) (wit - mi - gt) = eit, where mi is generated from (10.3), and eit is
generated from (10.2). See the footnote to Table 1 for a description of the notation used in this table.
27 The table reports the fraction of rejections for tests of H0: f11 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7}, versus two-sided alternatives. The true value of f11 is equal to 0.4.
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Table 9c28

Size and Power Properties of Tests for f12 under Trend-Stationary Panel VAR with lmax = 0.6 and Non-Normal Disturbances

Estimator f12=-0.1 f12=0 f12=0.1 f12=0.2 f12=0.3 f12=0.4 f12=0.5
N=50, T=3 GMMa 0.1400 0.0860 0.0670 0.1060 0.1760 0.2670 0.3800

ML 0.6210 0.3410 0.1220 0.0620 0.1490 0.3910 0.6810

N=50, T=10 GMMa 0.9650 0.6890 0.2090 0.1030 0.5510 0.9330 0.9970
ML 1.0000 0.9920 0.5400 0.0430 0.6000 0.9860 1.0000

N=250, T=3 GMMa 0.2970 0.1580 0.0950 0.1070 0.1820 0.3190 0.4910
ML 0.9980 0.9300 0.4080 0.0460 0.4150 0.9330 1.0000

N=250, T=10 GMMa 1.0000 1.0000 0.6680 0.0580 0.8850 1.0000 1.0000
ML 1.0000 1.0000 0.9970 0.0350 0.9980 1.0000 1.0000

Table 9d29

Size and Power Properties of Tests for f21 under Trend-Stationary Panel VAR with lmax = 0.6 and Non-Normal Disturbances

Estimator f21=-0.1 f21=0 f21=0.1 f21=0.2 f21=0.3 f21=0.4 f21=0.5
N=50, T=3 GMMa 0.1240 0.0880 0.0700 0.0960 0.1470 0.2240 0.3310

ML 0.6640 0.3700 0.1660 0.0670 0.1380 0.3800 0.6730

N=50, T=10 GMMa 0.9730 0.7030 0.2070 0.1060 0.5620 0.9320 0.9990
ML 1.0000 0.9900 0.5860 0.0430 0.5830 0.9940 1.0000

N=250, T=3 GMMa 0.2840 0.1400 0.0880 0.1020 0.2000 0.3550 0.5600
ML 0.9990 0.9400 0.4510 0.0500 0.4070 0.9260 0.9990

N=250, T=10 GMMa 1.0000 0.9990 0.6850 0.0850 0.8970 1.0000 1.0000
ML 1.0000 1.0000 0.9980 0.0550 0.9980 1.0000 1.0000

Table 9e30

Size and Power Properties of Tests for f22 under Trend-Stationary Panel VAR with lmax = 0.6 and Non-Normal Disturbances

Estimator f22=0.1 f22=0.2 f22=0.3 f22=0.4 f22=0.5 f22=0.6 f22=0.7
N=50, T=3 GMMa 0.0950 0.1230 0.1920 0.2600 0.3510 0.4460 0.5720

ML 0.4270 0.2160 0.1060 0.1100 0.1980 0.3830 0.5710

N=50, T=10 GMMa 0.8160 0.2720 0.0800 0.4380 0.8880 0.9970 1.0000
ML 1.0000 0.9680 0.4200 0.0600 0.5840 0.9750 1.0000

N=250, T=3 GMMa 0.1770 0.1050 0.1050 0.1660 0.2940 0.4410 0.6170
ML 0.9850 0.7950 0.3290 0.1100 0.3700 0.7760 0.9570

N=250, T=10 GMMa 1.0000 0.9970 0.4980 0.1690 0.9640 1.0000 1.0000
ML 1.0000 1.0000 0.9860 0.0630 0.9850 1.0000 1.0000

                                                           
28 The table reports the fraction of rejections for tests of H0: f12 = {-0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5}, versus two-sided alternatives. The true value of f12 is equal to 0.2.
29 The table reports the fraction of rejections for tests of H0: f21 = {-0.1, 0, 0.1, 0.2, 0.3, 0.4, 0.5}, versus two-sided alternatives. The true value of f21 is equal to 0.2.
30 The table reports the fraction of rejections for tests of H0: f22 = {0.1, 0.2, 0.3, 0.4, 0.5, 0.6, 0.7}, versus two-sided alternatives. The true value of f22 is equal to 0.4.
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