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Optimal Carbon Tax with a Dirty Backstop
Oil, Coal, or Renewables?

Abstract

Optimal climate policy is studied. Coal, the abundant resource, contributes more CO2 per unit
of energy than the exhaustible resource, oil. We characterize the optimal sequencing oil and
coal and departures from the Herfindahl rule. “Preference reversal” can take place. If coal is
very dirty compared to oil, there is no simultaneous use. Else, the optimal outcome starts with
oil, before using oil and coal together, and finally coal on its own. The “laissez-faire”
outcome uses coal forever or starts with oil until it is no longer profitable to do so and then
switches to coal. The optimum requires a steeply rising CO2 tax during the oil-only phase and
a less steeply rising CO2 tax during the subsequent oil-coal and coal-only phases to avoid the
abrupt switch from oil to coal thus leaving a lot of oil in situ. Finally, we analyze the effects
on the optimal transition times and carbon tax of a carbon-free, albeit expensive backstop
(solar or wind). Without a carbon tax, a prohibitive coal tax leads to less oil in situ,
substantially delays introduction of renewable, and thus curbs global warming substantially.
Subsidizing renewables to just below the cost of coal does not affect the oil-only phase. The
gain in green welfare dominates the welfare cost of the subsidy if the subsidy gap is small and
the global warming challenge is acute.
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1. Introduction

Oil® will last at most another half a century after which society has to switch to alternative sources of
energy. If no breakthrough on inventing viable and cost-effective carbon-free energy has been realized by
then, the world has to make do with coal which could last for another three or four centuries. Oil is
relatively expensive to extract compared with coal (see fig. 1), but it has the advantage of less CO2
emissions per unit of energy and thus less global warming damages. Wind and solar energy are clean,
albeit expensive backstops, but account for at most a few percentage points of global energy supplies.
Furthermore, they suffer from intermittence and are difficult to roll out on a large scale. Our objective is
to analyze the optimal depletion of oil in the face of having to switch to coal as oil reserves become less
accessible, taking due account of the social costs of global warming. The optimal policy of extracting oil
and combating climate change must take into account the optimal order in which oil and coal have to be
extracted. In doing so, differences in extraction costs for the various sources of energy as well as
differences in the contributions the resources make to climate change play a role. We explicitly consider
exhaustibility of oil with extraction costs rising as reserves diminish, and suppose that coal is available in
limitless supply and is a perfect substitute for oil. The extraction cost advantage of coal thus increases
over time as more oil is depleted. As the atmospheric concentration of CO2 is increased, marginal global
warming damages rise so that the social cost of extracting oil increases more strongly than the private cost
of extracting oil as oil fields are depleted. We abstract from R&D into developing new, clean forms of
energy (e.g., Bosetti et al., 2009; Aghion et al., 2009; Acemoglu et al., 2010), so our analysis offers a

conservative guide to what should be done if there is no hope of a technological fix for global warming.

In contrast to what is optimal if there is no dirty backstop, there may be a phase where it is socially
optimal to use oil and the backstop, coal, simultaneously (cf., Tahvonen, 1979). However, if coal is very
dirty compared to oil, we show that there is no simultaneous use of oil and coal. The socially optimal
outcome is likely to start with oil, before moving on to using oil and coal together, and finally coal. We
show that the “laissez-faire” market outcome never has simultaneous use of oil and coal. It either uses
coal forever if it is cheap enough, or in the more realistic case starts with oil until it is no longer profitable
to do so and then switches to using only coal. We show that the optimum policy requires a steeply rising
CO2 tax during the oil-only phase followed by a less steeply rising CO2 tax during the subsequent oil-
coal and coal-only phases. The reason for the steep initial rises in the carbon tax is to make sure that the
market does not quickly and abruptly stop using oil, leaving a lot of oil in situ, and moving to use the

relatively dirty coal as its energy source.

® Throughout this paper we refer to oil when we mean oil or gas.



Figure 1: Coal Reserves dominate Gas and Oil Reserves
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Key: The CO2 that has been emitted and will in the future be emitted under the scenario that CO2-
equivalent levels are stabilized at 400 parts per million compatible with the objective of limiting the
increase in global temperature to a maximum of 2 degrees centigrade over pre-industrial levels is:
estimated energy consumption since 1990 has already led to 227, 224 and 111 Giga tons of carbon for
coal, oil and gas, respectively; estimated additional consumption to hit targets 737 Gigaton for coal, but
almost none for gas and oil and coal plus CCS much less, namely 192 Giga ton of carbon. The remaining
bit immediately above the line is Giga tons of carbon emitted in the atmosphere due to cumulative
historical energy consumption. Biomass and CCS has and will not lead to CO2 emissions.
Under-the-ground reserves imply the following further future CO2 emissions: probable and proven
resources and reserves for gas, respectively, 894 and 227 Giga ton; oil 264 and 205 Giga ton of carbon;
reserves for coal 11,721 Giga ton of carbon; biomass plus carbon, capture and storage (CCS) 240 Giga
ton of carbon unless it is fully sequestrated in which case there will be zero CO2 emissions.

Source: Edenhofer and Kalkuhl (2009)

Finally, we consider a carbon-free, albeit expensive backstop (e.g, solar or wind energy) that kicks in
eventually and takes over from coal. We show that this reduces the optimal carbon tax. The optimal
carbon tax steeply rises during the oil-only phase, less steeply during the oil-coal and coal-only phases,
and finally remains a positive constant during the renewable phase. Interestingly, initially more oil is
pumped and, although coal is phased in earlier, much less coal is used for a shorter period of time. Hence,
the CO2 concentration is less with renewables. A lower cost of renewables brings forward and shortens
the only-coal period and leads to slightly more aggressive pumping of oil in the earlier periods. Although
the optimal carbon tax falls, the stock of CO2 and global warming are curbed. In the absence of a carbon
tax, we show that a tax on coal just high enough to ensure that the market never uses coal (or a
moratorium on coal) leads to less and possibly no oil left in situ and substantially delays the introduction
of renewables. This curbs global warming damages substantially and consequently this second-best policy

can do surprisingly well. Interestingly, the first-best policy does a little better by using coal alongside oil



and for a while on its own. The alternative of subsidizing renewables to such an extent that they are a
little cheaper than coal neither affects oil left in situ nor the time of transition to the backstop in the
absence of a carbon tax, but does stabilize the stock of CO2 once renewables are introduced. This gain in
green welfare outweighs the cost of the lump-sum taxes needed to finance the subsidy if the required
subsidy is small and the global warming challenge is not too acute. These two policies suggest that a

green paradox” need not occur if coal rather than fossil fuel is the alternative source of energy.

Our results shed light on the Herfindahl rule which says that reserves with lowest cost to extract should be
used first (Herfindahl, 1967).° It has recently been shown for an economy where all resources are non-
renewable and have the same (zero) cost of extraction that, if an economy starts below its CO2 cap, it
may be socially optimal to start using coal, postpone using clean natural gas, and finally use coal again
(Chakravorty et al., 2008). In contrast to what the Herfindahl rule seems to suggest, it is not optimal to
start with resources with the lowest environmental cost but to start with coal in order to benefit from
natural decay of the concentration of CO2 in the atmosphere. Only if gas is abundant will it be used first.
We extend these results to allow for heterogeneity in the cost of extraction as well as differences in
pollution intensities, and also obtain “preference reversals” in the sense of starting with coal and ending
with coal after an intermediate phase where oil is used (cf., Chakravorty et al., 2008) and the possibility
that coal and oil are used at the same time (cf., Tahvonen, 1979; Kemp and Long, 1980; Chakravorty and
Krulce, 1994). We thus show that it may be optimal to use the dirty resource first, then a period where the

cleaner resource is used (possibly alongside the dirty resource), and then finally the dirty resource again.

Section 2 analyzes the socially optimal transition from conventional oil to coal with climate externalities
and stock-dependent extraction costs. Damages from CO2 emissions can be modelled through a negative
externality in production (cf., Heal, 1985; Sinn, 2008ab), but we suppose that they directly damage social
welfare. We abstract from capital accumulation.® Section 3 studies the outcome in a market economy and
shows how the social optimum can be sustained with an appropriately designed carbon tax. Section 4
analyzes what happens if carbon-free renewables kick in eventually and investigates the effect of

lowering the cost of renewables and a coal tax. Section 5 concludes and discusses policy implications.

* This says that subsidizing a carbon-free backstop if a carbon tax is politically or otherwise infeasible can have
adverse climate effects as the anticipation of oil being made obsolete more quickly by such renewables encourages
oil companies to pump faster (Sinn, 2008ab; Hoel, 2008; Gerlagh, 2009; Grafton et al., 2010). However, the Green
Paradox does not occur if the backstop subsidy ensures that more oil is kept in situ and thus that less CO2 is emitted
(van der Ploeg and Withagen, 2010a).

> This result has been studied in a general equilibrium framework (Kemp and Long, 1980; Lewis, 1982), in a
situation with setup costs (Gaudet et al., 2001), and under heterogeneous demands (Chakravorty and Krulce, 1994).
® Golosov et al. (2010) and van der Ploeg and Withagen (2010b) also study a general equilibrium growth model of
fossil fuels and a backstop fuel with capital accumulation, but do not consider dirty backstops such as coal.



2. Social optimum

We study optimal extraction of oil with coal being phased in when energy prices become high enough.
The backstop coal is a perfect substitute for oil and its supply is infinitely elastic. We add a convex
function in past CO2 emissions to the felicity function to capture the damage done by accumulated CO2
emissions into the atmosphere from burning oil or coal. We abstract from natural decay of the stock of
CO2 in the atmosphere and thus suppose that this stock evolves according to:

(1) E@®=a®)+yxt), EOQ)=E, w>1

where E, q and x denote the CO2 concentration in the atmosphere, oil use, and coal use, respectively. The
emission coefficient of oil is normalized to one, so that the emission coefficient of relatively dirty coal y

is bigger than one.” With quasi-linear preferences, the social planner’s problem then reads:
@  Max [exp(—pt)[U (a(t) + (1)) - G(S(t))a(t) — bx(t) - D(E(t))]dt
0

subject to (1), the non-negativity condition x(t) > 0 and the depletion equation for oil,
@3)  S(t)=-q(t),q(t)>0,S(t)>0,S(0)=S,, given,
where p denotes the rate of time preference, G per unit extraction cost of oil, and b cost of supplying coal.

Equation (3) implies that total current and future oil depletion cannot exceed oil reserves, j:q(t)dt <S,.

Assumption 1: Instantaneous utility is concave, U’ > 0 and U” < 0, global warming damages are convex,

D’>0 and D”>0, unit oil extraction costs increase as less reserves remain, G’ < 0.

So we suppose that marginal global warming damages are high when the atmospheric CO2 concentration
is already high and that it becomes more expensive to extract oil as more of the more accessible oil fields
have been mined. We will consider both the case that, ignoring global warming damages, coal is always
cheaper than oil, i.e., b < G(Sy), and the case that oil is currently cheaper than coal, b > G(Sy). The latter
case is not unrealistic; e.g., the cost of extracting oil in the Gulf is less than the cost of coal (including

transport cost) from South Africa.

" Our model extends the model analysed by Hoel and Kverndokk (1996) to allow for a dirty backstop, but we restrict
attention to the case where there is no natural decay.



2.1. First-order conditions

The current-value Hamiltonian function for the social planner is defined by:
(4) H (q’ X,S,/l,,u) EU(q+X)—G(S)q—bX— D(E)_ﬂ“q _ﬂ(q +l//X)’

where A is the social value of oil and (> 0) is the social cost of the stock of CO2 in the atmosphere. The
necessary conditions for a social optimum are:

Ga) U'(g+x)-G(S)<A+4,9=0, cs,,

(Gb) U'(q+x)—b<yu, x>0, cs.,

(5) A=pi+G(S)a,

(5d)  ft=pu—D'(E),

(5¢)  limexp(—pt)[A()S ()~ u(OE®)] =0,

where c.s. stands for complimentary slackness. We define the cheapness of coal relative to oil, both in

terms of unit extraction costs and the present value of marginal global warming damages as:

6  OS(),Y()= p{G(S(t))—b—(V,_D D'(E +S, —S(t)+Y(t))}

Yo,

where Y denotes the accumulated CO2 emissions from using coal in the past,
t .
@ Y=y jox(s)ds, Y =px.

Since the damage function is convex and coal is dirtier per unit of energy than oil, we have

Q, =(1-yw)D"(E) <0. Since oil is more expensive to extract if oil reserves are low, the private
component of the cost advantage of coal rises as oil reserves are depleted (i.e., Qg = pG'(S) <0 if
D'=0). This is the case for the market outcome, which does not internalize global warming externalities.
However, taking account of the social cost of warming, we see that the cost advantage of using coal rather
than oil might fall as oil reserves are depleted and the CO2 concentration rises (i.e., Qg > pG'(S) if
D'>0). This highlights a key dilemma for climate change policy: the market might want to switch to
coal as oil reserves are depleted whilst duly taking account of global warming externalities one might

want to carry on to use oil rather than switching to dirtier coal. The sign of Q, = pG'(S)+(y —1)D"(E) is



thus negative if the positive effect of a falling stock of remaining oil reserves on oil extraction costs
dominates the mitigating effect on global warming damages of using oil rather than coal; and is positive,

otherwise. For example, with the functional forms G(S) = y — &8 and D(E) = % xE?, we have
Qg <0 iff 6>(y—-Dx/ p. Furthermore, we suppose that €2 is monotonically increasing, or

monotonically decreasing in S (which is the case for the functional forms that we in the analysis of section

2.3 and thereafter in our policy simulations).
2.2. Optimal sequence of using oil, coal or both
The next proposition helps to characterize the optimal sequencing of oil and coal use on the optimal path.

Proposition 1: When to use oil, coal or both?

Consider an interval of time V =[t;,t,] with 0<t; <t,.

i. If both oil and coal are used at the same time, q(t) >0 and x(t) >0,VteV, then Q(S(t),Y(t))=0 and
OQ(S(t),Y (1)) /oS(t) <0, vt eV.

ii. If Q(S(t),Y(t))=0,Vt eV, then either oil and coal are both used, q(t) >0, x(t) >0, and
oQ(S(t),Y (1)) /oS(t) <0,Vvt eV, or neither oil nor coal is used, q(t)=x(t)=0,vteV.

iii. If Q(S(t),Y(t)) >0,vteV, oilis not used, q(t)=0,VteV.
iv. If Q(S(t),Y(t)) <0 and S(t) >0,Vt eV, coal is not used, x(t)=0,VteV.
Proof:
i. Making use of the c.s. conditions in (5a) and (5b), we have U'(q+X)=G(S)+ A+ u=b+yuor
G(S)-b+A+Q—w)u=0. Q(S(t),Y(t)) =0 then follows immediately from (5a)-(5d) and

differentiation of G(S)—b+ A+ (1—y)u with respect to time: 0=G'(S)S+ A+ (1—w)i=Q.
Then Q.S(t) +Q,Y (t)=0. We have S(t)<0,Y(t)>0,Q, <0, so Q, <0 must hold.

ii. If Q(S(t),Y(t))=0 along V , it cannot be excluded that there is no supply of fuel at all. But if

only fossil fuel is supplied, Y is constantand S is decreasing. This contradicts constancy of Q.
And if only backstop energy is supplied, we get a contradiction as well.

iii. Suppose Q(S(t),Y(t))>0 forall teV and q(t) > 0 along some sub-interval M €V. Hence,
along M we have U'(q(t) + x(t)) = G(S(t)) + A(t) + u(t) <b+wu(t). So,
G(S(t)) —b+ A(t) + L—w)u(t) <0. The derivative of the left-hand side with respect to time is
G'(S)S +A+(L-y)it) =-G'(S)q + pA+G'(S)q+(1—y)(pu—D'(E)) =



pP(A+QL—yw)u—L—yw)D(E)! p) < p(b—G(S)+(w—1)D'(E)/ p) <0. The latter inequality is
strict in the interior of M. Along any programme G(S) is non-decreasing and D'(E) is non-
decreasing. Therefore G(S(t)) —b+ A(t) + 1—w)u(t) > —0 as t — 0. But A(t) >0 and
(t) is bounded from above because otherwise E will become a constant eventually and the
transversality condition is violated. Therefore, q(t) =0 forall teV .

iv. Suppose H(S(t),Y(t)) <0 forall t eV and x(t) >0 along some subinterval M V. Hence,
along M we have U'(q(t) + x(t)) = b+ yu(t) < G(S(t)) + A(t) + (t). So,
G(S(t)) —b+ A(t) + L—w)u(t) > 0. The derivative of the left hand side with respect to time is
G'(S)S +A+(L-y)ilt) =-G'(S)a+ pA+G'(S)q+(L-y)(pu—D'(E)) =
pPA+QA-y)u—Q1-y)D'(E)/ p)z p(b-G(S)+(y -1)D'(E)/ p) 20.
Along this part of the programme G(S) is constant and D'(E) is increasing. No transition to
simultaneous use or only fossil fuel use can take place. Therefore

G(S(t)) —b+ A(t) + A— ) u(t) >0 as t —>oo. But w(t) =0 forall t>0. Hence A(t)/A()=p.
But this contradicts that S(t) >0 forall t>0. Q.E.D.

We will use proposition 1 to distinguish various regimes for the optimal path, where we use the coal price

b as one of the pivotal parameters to delineate the various regimes. These regimes are portrayed in fig. 2.

Figure 2: Regimes of oil and coal use and stock of remaining oil reserves
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The regimes are determined by the relative cheapness of coal, Q, being increasing or decreasing in the
stock of oil which matters for the occurrence of simultaneous use, by Q(0,0) being positive or negative
which matters for what happens after a phase with only oil use, and by (S,,0) being positive or
negative which matters for what happens initially. For a given CO2 concentration Y due to emissions
from coal, one can draw (S,Y) below (S,0) . If we start on the curve €(S,0) and coal is not used,
we move along this curve to the left as the stock of oil decreases. If we start on the curve Q(S,0) and
only coal is used, we move vertically downward in the plane as the stock of oil remains constant and the
pollution stock due to coal increases. Along intervals of time with simultaneous use, we have Q(S,Y)=0

and we are on a downward-sloping curve (as the stock of oil decreases, we move to the left, but Y

increases, so we move downward which requires the curve to slope downwards).
Regimes I(a) and (b): Use oil, then switch to coal

Regime | (a) corresponds to the situation where it is optimal to first use oil and to switch to coal when oil
has run out. It occurs if the coal price b is high enough to ensure that it is never advantageous to start
using coal, i.e., Q(S, 0) <0, forall 0 <S <'S,. Since Qy < 0, we have €)(S,Y) <0 forall 0<S<S, and
Y >0 as well. It follows from proposition 1 that there will never be simultaneous use of oil and coal.
Initially, coal is not used because once the cost of global warming is taken into account it is expensive
relative to oil. Coal kicks in, but only after oil has been fully exhausted (see proposition 1 (iv)). A
necessary and sufficient condition to start using only oil is that the marginal utility of extracting the first
drop of oil exceeds the marginal cost of extracting the first drop of oil including the discounted value of
all future global warming damages associated with this first drop of oil, i.e., U'(0) >G(S,) + D'(E,)/ p .
We suppose that this condition is satisfied, so that there is an initial interval of time with only use of oil.
The social cost of using oil during this phase, G(S)+ D'(E, +S, —S)/ p, increases over time as oil

reserves are depleted.

We know from proposition 1 (iv) that coal will never be used unless oil is completely exhausted. So, we
have to look for a condition for the full exhaustion of oil. Suppose there exists T, with S(T,) >0.
Suppose we are at T, and consider what to do. First, it follows from proposition 1 (iv) that it is

suboptimal to start using coal. Hence, we should either stop using energy altogether or continue to use oil.
Now suppose that U '(0) =G(S(T,))+ D'(E, +S, —S(T,)) / p. Extracting a marginal unit of oil yields

utility U '(0) . The marginal cost consist of the marginal extraction cost and the discounted total marginal



costs of global warming damages, G(S(T,)) + D'(E, +S, —S(T,)) / p . Hence, we will stop extracting oil
(and using energy altogether) if U'(0) =G(S(T,))+ D'(E, +S, —S(T;))/ p. Then, if the marginal utility of
the last drop of oil exceeds its social cost, i.e., U'(0) >G(0)+ D'(E, +S,) / p, oil reserves will be fully
exhausted, say at time T,. Two possibilities arise in that case: either it does not pay to use coal,

U'(0) <b+wD'(E, +S,)/ p, so coal is never used; or it pays to use coal, U'(0) >b+ywD'(E, +S,)/ p, so
coal takes over until some instant of time T, where it becomes unprofitable to use coal (where T, follows

from the condition that U'(0) =b+wD'(E, +S, +Y(T, )/ p as reserves are fully exhausted). It may be that

coal is never phased out, so that the switch time T, is infinite (see the example given below).

Regime | (b) is similar to regime | (a) except that the social disadvantage of using coal rather than oil
becomes bigger rather than smaller as oil reserves are depleted (Qs(S, 0) > 0), which occurs if the effect
via marginal global warming damages dominates the effect via rising oil extraction costs. For the optimal
sequence it does not matter. It is still not optimal to oil and coal alongside each other, because we have
0O(S,Y)<0 forall S, >S >0 and all Y >0. Moreover, oil is still always cheaper than coal and it is thus
optimal to start using oil and to switch to coal when oil has run out and it is profitable to use coal. Hence,
in this regime it is optimal to start with oil and then either one exhausts oil fully and then switches to coal

or one leaves oil in situ and never uses coal.
Regimes Il(a) and (b): Use coal, then oil, and finally switch back to coal

Regime Il (a) applies if oil is initially relatively more expensive than coal from a social perspective, and
occurs for a relatively low coal price, b. In this regime there will never be simultaneous use (as Q
increases in S ). From proposition 1(iii) we have that there is no oil use initially. If, in spite of the fact
that the coal price is low compared to the previous two cases, we still have that the marginal utility of the

coal falls short of the economic cost of oil plus the induced future marginal global warming damages
caused by using coal, U'(0) <b+wD'(E,)/ p, then neither coal nor oil is used. Oil is then more
expensive than coal and coal is unprofitable from a social welfare perspective. However, in the more
likely case that coal is profitable from a social perspective, at least initially, i.e., U'(0) >b+wD'(E,)/ p,

we only use coal initially.

It could be that at some instant of time it is optimal to stop using coal (U'(0)=b+wD'(E, +Y (t))/ p),

since the marginal global warming damages of accumulated coal use have become prohibitive. However,

it may not be optimal at that point for oil to take over if the accumulated CO2 in the atmosphere resulting
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from past coal use is high enough (i.e., U'(0) <G(S,) + D'(E, +Y (t))/ p despite assumption 1).
Otherwise, oil does take over from coal, and from that moment onwards the economy is in case | (b)
again so that the oil phase will eventually be taken over by coal once again.

In regime 11 (b) the social cost of coal is initially less than that of oil and this relative attractiveness
diminishes as oil reserves are depleted, but now coal stays more attractive than oil all the time. Now the
optimal sequence is again to start with coal, then shift to using oil once coal has become prohibitive to use
from a global warming perspective, and finally switch back to using coal again. There will never be
simultaneous use of oil and coal, because Q decreases as oil reserves are depleted and S falls. Moreover,
it is not optimal to start using only oil from the outset. This regime of using coal, then oil and finally coal
again is an illustration of what has been coined “policy reversal” (Chakravorty et al., 2008). Therefore, if

U’(0) is large enough, we start using only coal until we reach Q(S,,Y (t)) =0. From then on we are back

in regime Il (a). Whether oil reserves are fully exhausted or not thus depends on whether the social cost of

extracting the last drop of oil is less or more than the social cost of coal.
Regimes Il and I1V: Use oil or coal, then oil and coal alongside each other, and finally coal only

Regime 111 applies if the social cost of oil is initially less than that of coal and if the social cost of using
the last drop of oil exceeds that of coal. Once oil has run out, the social cost of coal is thus less than that
of ail. In this case, Q increases as oil is depleted and S falls. Hence, we could in principle have

simultaneous use, but not initially. The optimal sequence has an initial phase with only oil, because coal

is too expensive. Of course, U’(0) needs to be large enough. Once we arrive at (S,0) =0 there will be

an interval of time with simultaneous use of oil and coal. This phase may last forever, or just for a finite
period of time, after which coal takes over indefinitely. Which possibility occurs depends on the
parameters, as explained below. In regime IV coal is cheaper from a social perspective than oil and
becomes even cheaper as oil reserves are depleted. Hence, we could in principle again have simultaneous
use, but not initially. Initially we should use only coal provided that the initial price of energy exceeds the

initial social cost of using the first unit of coal, i.e., U'(0) >b+wD'(E,)/ p . Once we arrive at
Q(S,,Y (t)) =0 there will be a phase where oil and coal are used simultaneously. This phase may last

forever, or just for a finite period of time until it is no longer profitable to use oil or until oil reserves are

fully exhausted, after which coal takes over indefinitely.

The above discussion on the optimal sequences of using only oil, coal and oil alongside each other, and

only coal are summarized in table 1. With the additional assumption that oil becomes infinitely expensive
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to extract as reserves go to zero, yng G(S) =0, 0ne always has Q(0, 0) > 0 and thus regimes | (a) and (b),

and case Il (a) can be ruled out. For regimes Il and 1V we will show later (see proposition 3) that after
the phase where oil and coal are used alongside each other there will only be a switch to using coal
forever if oil reserves become fully exhausted.

Table 1: Regimes for optimal sequences of oil extraction and coal use

High coal price; last drop of oil cheap First use oil; then switch to coal as long as it is
I (a) €(S,,0)<Q(0,0)<0 profitable to do so. Fully exhaust oil reserves if the
(b) ©(0,0) <0 and €X(S,,0) <(S,0)<0 marginal utility of the last drop of oil exceeds its
social cost.
Low coal price; last drop of oil cheap First use coal; then use oil if marginal global
. (a) Q(S,,0)>0>0Q(0,0) warming damages become prohibitive; finally
(b) ©(S,,0) > (0,0) >0 switch back to using coal if there is no other option.
High coal price; last drop of oil expensive First use oil; then use oil and coal together. There
. Q(S,,0) <0< Q(0,0) will be a switch to using only coal forever if oil
becomes fully exhausted.
Low coal price; last drop of oil expensive First use coal; then use coal and oil together. There
IV. 0<€(S,,0) <Q(0,0) will be a switch back to using only coal if oil
becomes fully exhausted.

Note that from (6) the advantage of starting to use coal is Q(S,0) = p[G(S) —b] —(w-)D'(E, +S, -S)

which for the functional forms G(S) = y — &S and D(E) = % «E? gives

as,0)/ p=y-b-Y =V E L5 _5)-s5 :y—b—(W_l)K(EO+SO)—[6—M}S . From the
p p p

first equality we see that a large emission-ratio of coal (), a large marginal damage parameter (x) and a
small rate of time preference () make oil attractive compared to coal. However, from the second equality

we see that also & — (v —1)x / p matters. If oil extraction costs rise rapidly with declining reserves (high

0), this expression is positive so with a falling stock of oil the cost advantage of coal is increasing over

time. So, then there is a case for coal taking over if we start with oil only (as we suppose in section 3).
2.3. Characterization of the various phases

With our characterization of the optimal sequencing of coal and oil, propositions 2, 3, and 4 below

describe the solution for the phases where, respectively, only coal, coal and oil, and only oil are used. For

this purpose, we use the functional forms U (x) = ax— % Bx*, G(S) =y —& and D(E) = % «E?.




12

Proposition 2: Coal-only phase

Suppose there exists an interval of time V =[T,,T,] with 0<T, <T, such that q(t) =0 and x(t) >0 along

V. Then the optimal use of coal and accumulated CO2 emissions resulting from coal use are given by:

8)  x(t)=Ke* +K,e? and Y(t)=L-(a-b) —[E, +S, —S(M)]+ K™ +K,e™, teV,
YK

where 4, =% p+ %+ p° +4y’x | B> p>0and 4, = p—4 <0, and K, and K, are to be determined

by the boundary conditions and 4K, =K, and K, =yK,.

If T, =00, then & >b+yx|[E,+S,—S(T,)]/ p and coal use is given by

(8) x(t):[%]w*—vcrl)]ew-m and Y(t) =Y +[Y(T)-Y Je*"™, wt>T,

with the long-run level of accumulated CO2 emissions resulting from coal use given by
Y = [ﬁj(a —b)—[Ey +S, — S(T;)]. Coal use vanishes asymptotically.
WK
Proof: Along V we have o — Bx—b=yu and j(t) = pu(t) — x(E, +S, — S(T,) +Y (t)) . This yields

X = —%(a — Bx—b)+ %( Ey+S,—S(T)+Y) and Y =yx. This system displays saddlepoint stability

with one positive characteristic root, 4;, and one negative characteristic root, 1,. We obtain

—B%+ pBx+y’xx=0, which readily gives the first part of (8). For Y we get
BY — ppY — k™Y =—py(a—b) +xw? (E, +S, — S(T,)) yielding the second part of (8). If T, = o, it
should be the case that Y is finite. Since 4, >0, we thus have K, =0. Making use of 44, =’k / 3,

we obtain (8"). To ensure that Y~ > 0, we require that & >b+wk[E,+S, —S(T;)]/ o . Hence, x(t) — 0

and Y (t) > Y as t — oo, The rest is straightforward. Q.E.D.

If coal is used forever, it starts with x(T,) =(p/ B4 ) (e —b) —(wx ! BA)[Ey+S, —S(T)] < (@ —b)/ B

and must then vanish asymptotically as the marginal global warming damages increase steadily as

accumulated CO2 emissions resulting from coal increase over time. The rate at which use of the backstop
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falls increases with the rate at which marginal global warming damages increase (), the emission
intensity of the backstop (), and the sensitivity of demand for fossil fuels with respect to the price (1/5).
Total use of the backstop (Y*) is less if past use of fossil fuels has already led to a high concentration of
CO2 emissions in the atmosphere and if the unit cost of the backstop (b) is high, but more if autonomous
demand for energy () is high. Coal use starts especially low if marginal global warming damages are
high (high v, &, Eo, So, low S(T,)). If global warming externalities are not internalized, as would be the

case in the “laissez-faire” market economy, coal use would be higher.

Proposition 3: Oil-coal phase
Suppose there exists an interval of time V =[T,,T,] with 0<T, <T, such that q(t) >0 and x(t) >0 along
V. Then the time paths for the stock of oil reserves, oil use and coal use are given by:

S(t) — (0{ - 7/)(1_;//) - b + Y + Llenlt + Lzeﬂzt, Q(t) — _ﬂ_lLieﬂ'lt _ 72,2 Lzeﬂ'zt,
Y

®) a—[bﬂ// L “D'(E, +S, - S(t)e " dt }

B

+mLe™ +z,Le™, teV,

X(t) =

where 7, =}§p+}§\/p2 +a4y’x | fll+x(L—w)* | p6]1>0, z,=p—m <0 and L, and L, are to be
determined from the boundary conditions on fossil fuel stocks or extraction rates. If
(¢ —y)L—w)—Db+ y <0 then the oil-coal phase lasts for a finite time and oil becomes fully exhausted.

In the optimal program there will be a final phase where only coal is used. Coal use and accumulated CO2

emissions from coal use can be calculated from:

@) X(t):(pé'—(l//—l)/(}q(t)’ Y(t)z[(w—l)K—pé]S(th(y—b)_EO_SO, eV
w(y —-Dx (v -Dx

Proof: Using the necessary conditions and the fact that ©(S,Y) =0 along V gives the differential

oK S yr[(a-y)A-y)-b+y]
—5—-k(1-w)’lp -5—x1-w)’lp

S(t) in (9). Differentiating this expression yields the expression for q(t) in (9). The expression for x(t) in

equation BS — pfS + , which yields the expression for

(9) then comes from the optimality conditions (5b) and (5d). Suppose exhaustion occurs at some instant

of time T. Suppose (o —y)(1—y)—b+ y <0.Then we cannot have T, =co. Oil will be fully depleted at

some instant of time Tand y —b+x(1—-yw)(E, +S, +Y(T))/ p=0. This implies
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a>b+xy(Ey,+S,+Y(T))/ p, so that after the coal-oil phase there will be a final phase where only coal
is used. The expression for Y in (9") comes from solving Q(S,Y)=0(i.e., using proposition 1 (i)) and the

expression for x in (9’) comes from x=Y /y and using S=—q. Q.E.D.

We thus see from the first part of (9') that during the oil-coal phase more coal than oil is used if society is
impatient and cares little about global warming (high p, low «), oil extraction costs rise rapidly as

reserves are depleted (high 0), and coal generates little more CO2 per unit of energy than oil (low ).

Proposition 4: Oil-only phase

Suppose there exists an interval of time V =[T,,T,] with 0<T, <T, such that g(t) >0 and x(t) =0 along

V. Then the time paths of the stock of oil reserves and oil use are given by:

a—-y—k(E,+S,+Y(M)/ p
S+xlp

(10)  S(t)=Mpe™ + M e™ — and q(t) =—o,Me™ —o,M ™,

where @, =% p+ %\/pz +4(pd+x)! B, w, = p—a and the constants M, and M, are determined from

the boundary conditions given in (11) below.

Proof: Along V f3S — pf3S — (05 + x)S = p(a — y) — k(E, + S, + Y (T,)) / o, which yields (10). Q.E.D.

2.4. Solving for the boundary conditions and transition times

With the classification of regimes given in table 1 and propositions 2-4, we can fully characterize the
various regimes. We will illustrate this for regime I11 in which the economy starts with using only oil until
time T,, then has a phase from time T, to T, where both oil and coal are used alongside each other until oil
is fully exhausted, and finally a phase from time T, onwards where only coal is used. The various

constants of integration and the transition times T, and T, are determined as follows.

We have no accumulated CO2 from coal at the end of the oil phase, so Y (T,;) =0. From Q(S(T,),0)=0

we find S(T,) = plr=0) =y ~Hr(Ey +35,) ; if this turns out to be negative, we set it equal to zero. At

pé—(y —Dx

the end of the combined oil-coal phase, oil reserves are fully exhausted, S(T,) =0. From ©Q(0,Y (T,))=0
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we find Y (T,) = % —E, —S,). We use the first part of (8') in proposition 2 to obtain
v -1k

X(T,+) = (l//K/,Bﬂi)[Y* —Y(TZ)} , where Y™ = p(a —b) / wx — E, - S,. Continuity requires

q(T,—) + x(T,—) = x(T,+) and from (9") we have q(T,-) =(MJX(T2—) , SO we can solve for
pS—(y —-Dx

y_| pPo-(y Dk | vl -Dx
X(T, )_{p5+(w_1)2K}x(T2+)<x(T2+)and q(T,-) [p5+(w_1)zK}x(Tz+)>O.We have from (9)

that S(TZ) — (0[ _}/)(1_;‘//) B b+}/ + Lie’fsz + Lzeﬁsz _ 0, S(Tl) _ (0( _y)(l_él‘//) -b +y + LleﬂlTl + Lze”2T1
Y Y

and —7r1L1e”1T2 — m,L,e™" =q(T,—) , where S(Ty) and q(T,-) (via x(T»+)) are known. Hence, for a given

T, , we can solve these three equations for the constants L;, L, and T,. We can also solve for

q(M,+) = —;zlLie”1T1 —,L,e™" and x(T,+) from x(T,+) = (quﬂ-ﬁ) (using (9") and
y(y —Dx

q(T,-) =q(T,+) + x(T,+) (using continuity). Now consider equation (10) with Y (T,) =0. We then obtain

the boundary conditions for the oil phase:

:—a_y_K(EO_'_SO)/p‘i‘Ml“‘Mzi S(Tl)z_CZ_y_K‘(EO-i_SO)/p_{_I\/Ilewl-r1 +MZE{UZT1’

S+xlp S+xlp
q(Tl_) = _a)lMlewlTl - a’zM zesz1 = q(T1+) + X(T1+)-

0

11)

Hence, we can solve these three equations for the constants M, M, and T, and all the constants of
integration and transition times. Coal use and accumulated CO2 from past coal use in the final phase,
x(t),Y (t), vt >T,, follow from (8').

Similarly, the four integration constants and two transition times for regime IV can be found from the

boundary conditions S(T,) =S,, (S,,Y (T;)) =0, S(T,) =0, (0,Y (T,)) =0,
X(T=) = x(T,+) +q(T+), and q(T,—) + x(T,—) =X(T,+) = (@ —b) / 5.
In general there may be full or partial exhaustion of oil reserves. Full exhaustion occurs if the marginal

utility of zero energy consumption is large enough and oil extraction is not too expensive compared to the

use of coal, taking due account of the climate damages in addition to the direct user cost.
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3. Which carbon tax sustains the socially optimal outcome?
3.1. Comparing the “laissez-faire” and the socially optimal outcome
To focus our attention on some relevant cases, we make the following additional assumption.

Assumption 2: Initially, it is profitable from a social perspective to use oil, U '(0) > G(S,) + D'(E,) / p
and the social cost of extracting coal exceeds that of the first drop of oil,

b+yD'(E,)/ p>G(S,)+D'(E,)/ p. Coal is eventually profitable to use from a utility perspective as
well, U'(0) >G(0)+ D'(E, +S,) / p. Coal has a lower social cost than the final drop of oil,
b+wD'(E,+S,)/ p>G(0)+D'(E, +S,)/ p. Finally, G(S,) <b <G(0).

In the “laissez-faire” market outcome private agents do not internalize global warming externalities (D(.)
= 0). If the pure extraction cost of oil is higher than that of coal, G(Sy) > b, then G(S) > b for all S < S,. In
that case, in the “laissez-faire” outcome only coal is ever used. Hence, we assume the more interesting
case G(Sp) < b < G(0). This says that initially oil is cheaper for the market to extract than coal, but as less
accessible oil fields have to be depleted coal becomes cheaper to extract than oil from a private
perspective. Since oil in the Gulf is easier to extract and cheaper to transport than, say, coal from South-
Africa, this case seems relevant. Note that the assumption that the social cost of coal is more than the first
drop of oil, b+wD'(E,) >G(S,) + D'(E,), allows for both b > G(S,) and b < G(S,). After all oil is

depleted, it is still attractive to use coal, at least for some interval of time, U'(0) > G(0) + D'(E, +S,) / p.

We assume that the last drop of oil is always more expensive to extract than coal, both from a private and
a social perspective. A degenerate form of regime Il prevails for the “laissez-faire” outcome as initially
the private cost of extracting oil is less than that of coal, G(Sg) < b, but the final drop of oil is more
expensive than coal, G(0) > b. Regime 111 also prevails for the socially optimal outcome for two reasons.
First, initially it is more attractive in view of the global warming damages to burn oil rather than coal,
Q(S,, 0) < 0. Second, once oil reserves have run out, the social cost of using oil is more than that of coal
(0, 0) > 0. Both are ensured by assumption 2. In the oil-only phase the relative advantage of coal must

wear off as oil reserves are depleted, €25 <O. It is thus optimal to start burning oil, then a phase where

both coal and oil are used alongside each other, and finally switch to using only coal.

The socially optimal and the “laissez-faire” outcomes will leave oil in situ at the end of the phase where
only oil is used. We will show below that the intermediate phase of using coal alongside oil for regime 111

of the “laissez-faire” outcome will be degenerate, since it is never optimal to use oil and coal
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simultaneously. Once oil reserves are fully exhausted in the socially optimal outcome, the economy

switches to using coal forever.

In the sequel we use the functional specifications introduced earlier, but many qualitative results can be
shown to hold more generally.

Proposition 5: Given assumption 2, the “laissez-faire” outcome leads to a regime where first oil is used
until instant T; from then on, it is no longer profitable to do so and coal is used. The “laissez-faire”
outcome never has simultaneous use of oil and coal and oil use falls monotonically during the oil-only

phase. Oil use and coal use are given by:

H_(So+a_7je“’2T

(So_i_a_]/jea’l-r _L_b
y 5

| 0 o o . [a—y
az) s)= e —e™' T e —g' . _(Tj
a;b—(SoJra;yje“’zT (So+a§7/je“’lT —a;b
(12b) q(t) =-a, o e | e — o, e o7 ] e”, 0<t<T,

(12¢) x(t)=0, 0<t<T, S(t)=%_b, q(t) =0, x(t)=“Tgb, t>T,

where the transition time T is such that q(T) =(a —b)/ £ and increases in b.

Proof: If there is simultaneous use of oil and coal, then Q(S,0) = p[G(S) —b] = 0 during this phase. This

implies a constant value of S and thus g = 0, which contradicts the assumption of simultaneous use. The
optimal regime thus corresponds to a degenerate version of regime Ill. To establish that g falls during the

oil-only phase, note that for the market « plays no role so that U '(q) = G(S) + 4, which implies

U"(q)g=G'(S)S + pA+G'(S)q= pA and thus (as A >0) we have § < 0.From proposition 4 the initial
oil phase is described by S(t) =M, e* + M g™ —% and g(t) =—-gM,e™ —w,M,e™ , where
o = %p+%«fp2 +4po ! B, w, = p— - From proposition 2 the final coal phase implies that coal use

iIsX(t) =(a—b)/g,t>Tas A =pand A, =0 if x=0and Y(T) = 0. Solving for M, and M, and the
transition time T for the case > b from S(0) = Sy and S(T) =G *(b) = (¥ —b) / 5, we get
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_ a—-b—(5S, +a—y)e”
1 5|:ewlT _esz:I

_ al _(~_
and M, = (05, +a—y)e (o b), and thus the expressions for S(t)

M 5 [e”ﬁT ey ]

and q(t) given in (12). We get the transition time by requiring continuity:

—@,)(8Sy +a—y)—(y —b)(we ™™ —we ™™ _
q(T) = (@4 = @,)(35 5(7)02T()/ azT()wl 2 )z aﬂb = x(T). The denominator increases in
e —e

T and, as y> b, the numerator decreases in T, hence q'(T) < 0. Since @, and @, do not depend on « or b,

we see that T increases with b. Q.E.D.

Once oil is phased out, the “laissez-faire” decentralized market outcome leaves a positive amount of oil in
situ and more so if coal is cheap (low b) and the extraction cost of oil is high and does not decrease
rapidly as oil reserves are depleted (high », low 6). The market wants to make the transition to coal too
soon, and too abrupt. In contrast, the socially optimal outcome fully exhausts oil reserves before having to
rely on coal as the sole source of energy. The reason is, of course, that coal emits more CO2 per unit of
energy and oil is relatively clean so it pays from the point of view of combating climate change to use up
all oil. Also, note that coal use is high and remains high in the final coal phase of the “laissez-faire”

outcome but coal use is lower and vanishes asymptotically in the social optimum.

The above theoretical insights are confirmed by the simulations presented in fig. 3.2 The “laissez-faire”
economy phases out relatively clean oil and switches to coal much earlier, at instant T = 6.3, than the time
coal is phased in and oil is phased out in the optimal economy. The optimal economy has depleted oil
reserves from 20 at instant zero to 5.92 at instant T, = 19.7 before coal is phased in alongside oil, and then
moves to using coal only once oil reserves are fully exhausted at the much later instant T, = 118.4.
Furthermore, the “laissez-faire” economy uses much more substantial and non-vanishing amounts of dirty
coal than the social optimum. Since coal contributes more to global warming than oil per unit of energy,
both effects exacerbate global warming and curb social welfare. This is also reflected in fig. 3, which
shows a much steeper rise in the concentration of CO2 in the atmosphere resulting from a much lower

price of energy in the “laissez-faire” outcome than in the socially optimal outcome. Note that with our

® The following parameter values have been used: S,=20,E;,=24,b=04,y=0.6,6=0.02,y =1.5, p=0.014,
x =0.00006, x =1.2, B =0.506. These values satisfy assumptions 1 and 2. yand & have been calibrated so that

initial oil extraction costs are half those of coal, G(Sy) = b/2, and in the “laissez-faire” outcome half of oil reserves is
left in situ, (y— b)/o= S¢/2. The parameters ¢ = 1.2 and S = 0.51 are obtained by taking a second-order Taylor series
1-1/o

approximation around x = (a—b)/f of the utility function U (x) = , Where the intertemporal elasticity of
o

substitution has been set to o= 0.5 and thus the elasticity of intertemporal inequality aversion to 1/o = 2.
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Figure 3: Simulations of “laissez-faire” and optimum economy
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chosen parameter values Q(S,Y) = (v —1)x — po =—0.00025 < 0 for the optimum economy and
Q. (S,Y)=—p6 =-0.00028 <0 for the “laissez-faire” economy, so that the effect of oil extraction costs

rising dominates the effect of marginal global warming damages rising and therefore the advantage of
using oil rather than coal falls in both cases as oil reserves are depleted. There are discrete jumps in both
oil use and coal use. When in the optimal economy coal is phased in at instant T, = 19.7, oil use jumps
down by an amount 0.53 and coal use jumps up by the same amount so that there is no jump in the price
of energy. Also, oil use jumps from 0.034 to zero at instant T, = 118.4 as coal jumps up by the same

amount, again to ensure that there is no jump in the price of energy.

In the “laissez-faire” outcome the rent on oil, i.e., the difference between the price of oil and the
extraction cost of oil, vanishes at the time the economy switches to the backstop as at that point the
extraction cost of oil must equal that of coal (cf., Heal, 1976). In the socially optimal outcome all oil
reserves are depleted. Qil still has a positive shadow price as it has lower CO2 emissions per unit of

energy than coal.
3.2. The optimal carbon tax

The “laissez-faire” outcome relies in the long run too much on coal instead of oil, and thus leads to too
much CO2 emissions compared to the socially optimal outcome. In the short run it uses up oil quickly,
although it leaves more oil in situ. The key challenge for policy makers is to design an optimal carbon tax
in such a way that the market outcome replicates the socially optimal outcome. Such a tax should
persuade private agents to use up all oil reserves, even the more expensive fields, rather than using highly
CO2-intensive coal, and to give proper incentives for private agents to use no coal at all in the long run.
Such an optimal carbon tax inevitably rises over time and faces the difficult task of encouraging private

agents to use both oil and coal alongside each other for a period of time.

Proposition 6: The optimal carbon tax rises during all three phases. In the final phase where coal is used

indefinitely, the socially optimal outcome is attained with the following carbon tax:

13) ()= %(t)_b and X(t) = (%Mﬁ} (@—b)—(E,+S, )}eﬂf“-ﬁ’, t>T,.

In the phase where oil and coal are used alongside each other, q(t) follows from (9) and the optimal

outcome is attained with the following carbon tax:
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a3y o= 2= PlAO+xO]-b q(t)+x(t):{qu(t), T,<t<T,
v vy -k

For the initial only-oil phase the optimal carbon tax is given by: °

u '(q(Tl) + X(Tl))_b
Vg

(13")  r(t)=e "M { }— LTl D'(E,+S,—S(s))e ** s, VO<t<T,.

Proof: It follows from (5d) that ji = pj— D"(E)E . CO2 emissions are always non-decreasing and the

damage function is convex. Hence, once the social cost of carbon and thus the optimal carbon tax 7= u
starts decreasing, it will decrease forever and tends towards minus infinity which violates the optimality

conditions. If only coal is used, the optimal carbon tax follows from U'(x) =b +wz , where x(t) as given

in (13) follows from equation (8") with S(T;) = 0. With simultaneous use of oil and coal, the optimal #(t)

as given in (13") follows from U'(x+q) =b+ywr with x(t) + q(t) given by (9) and (9"). For the initial oil

phase, note that for the optimal economy U '(q(Tl) +X(T,)) =b+yu(T,) from (5b) gives
7(T,) = u(T,) =[U'(a(T,) + X(T,))—b ]/ w. Integrating equation # = pr —D'(E, + S, —S) (from (5d))
backwards in time using this condition yields z(t) =e 7" ¢(T,) - L " D'(E, +S, —S(s))e "¢ Vds,

0<t<T, and thus the time path for z= xgiven in (13") for the oil phase. Q.E.D.

Hence, in the intermediate and final phases where either coal and oil are used alongside each other or only
coal is used, the carbon tax increases over time as the marginal global warming damages increase over
time (due to the absence of natural decay of the CO2 concentration in the atmosphere). In the initial phase
where only oil is used, the use of oil as given by equations (10) and (11) of proposition 4 must diminish
over time, but that is already encouraged by the rising oil extraction costs and the higher royalties. Hence,
the positive carbon tax can be less high. However, fig. 3 indicates that the optimal carbon tax rises much
more steeply during the oil-only phase than during the oil-coal and coal phases. This reflects that the
carbon tax has to be designed in such a way as to ensure that the market is giving the correct incentive to
switch from using coal to oil in the initial phase, and to ensure that the transition times for phasing in coal

and phasing out oil are socially optimal. Also, the optimal carbon tax has to ensure that the market fully

® For our specific functional forms (12) we have z(T,) = [a - B(x(T,+) +q(T,+) —b)] Iy and z(t) =e " 7(T)

_K[(a_j/)+5(E0 +SO)](1_ep(T1t))_[ KM]_ j(e(ult _ep(tT1)+a)lT1)_[ KMZ ](ewzt _ep(thl)Hule )
po+K p—a p—o,
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exhausts all oil reserves which requires that the market expects the net price of oil to rise at a rate smaller
than the interest rate.

3.3. Sensitivity analysis

Although the qualitative nature of the simulation trajectories is unaffected by small changes in parameter
values, table 2 indicates that the optimal transition times of phasing in coal and phasing out oil in the
“laissez-faire” and optimal economies and the size of the optimal carbon tax do change. It also gives the
long-run values of the optimal carbon tax, social price of energy and atmospheric CO2 concentration. The

last panel of fig. 3 shows the sensitivity of the optimal carbon tax to key parameter values.

A discovery of new oil reserves today (AS, = 5) does not affect the long-run social price of energy or the
long-run optimal carbon tax. It does lead to a later phasing in of coal and a somewhat later phasing out of
oil. The last panel of fig. 3 indicates that the optimal carbon tax still rises steeply during the oil-only
phase, but will be lower during this initial phase as oil is less scarce and thus cheaper to extract from the
earth. Consequently, fewer incentives are needed to persuade the market to use oil rather than coal in this

initial phase. Note that the “laissez-faire” outcome leaves more oil in situ and phases coal in later.

Table 2: Optimal and “laissez-faire” transition times and the stock of oil left in situ by the market

Benchmark | AS;=5 | Ab=-0.1 | A(1/6)=-05 | p=0.025 | x=0.00003
Optimal economy:
Long-run carbon tax 0.53 0.53 0.4 0.57 0.53 0.53
Long-run price of energy 1.2 1.2 0.9 1.26 1.2 1.2
Long-run CO2 concentration | 124.4 124.4 93.3 133.4 222.2 248.9
Time of phasing in coal, T; 19.7 25.6 24.1 17.3 11.4 12.2
Time of phasing out ail, T, 118.4 120.6 85.0 97.9 164.9 205.4
“Laissez-faire” economy:
Oil left in situ forever 10 10 10 10 10 10
Time of phasing in coal, T 6.3 7.9 55 5.6 6.3 6.3

A lower cost of coal (Ab = —0.1) brings forward the date when the economy starts to use coal in the
“laissez-faire” economy. Cheaper coal lowers both the long-run social price of energy and the long-run
value of the carbon tax. In fact, the last panel of fig. 3 shows that the whole time trajectory of the optimal
carbon tax shifts down when coal is cheaper. Interestingly, cheaper coal leads to a later phasing in of coal
and a much earlier phasing out of oil in the socially optimal outcome. The oil-coal phase lasts much
shorter. The reason for these intertemporal shifts in the optimal outcomes is that it is better to use oil in

the beginning whilst it is still relatively cheap to extract before having to inevitably shift to using the
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relative dirty, but cheaper coal. Neither the discovery of new oil reserves nor the lower cost of coal, leads
to a bigger long-run build-up of CO2 in the atmosphere.

A higher elasticity of intertemporal substitution (o= 2/3) implies that the market can more easily
substitute current consumption for future consumption; hence, coal is phased in earlier. It corresponds to a
lower elasticity of intertemporal inequality aversion (A(1/o) = —0.5), so that the socially optimal outcome
phases in coal and phases oil out more quickly. The long-run price of energy and the long-run carbon tax
are somewhat higher. In fact, the last panel of fig. 3 indicates that the whole time path of the optimal
carbon tax shifts up if society has a lower intertemporal inequality aversion. Still, the long-run
concentration of CO2 in the atmosphere is a bit higher. If society cares less about the impact of global

warming on future generations, it phases in coal more quickly and ends up with a bigger climate problem.

If the government follows the market and does not apply for precautionary or other reasons a lower rate of
discount rate, but a discount rate of say 0.025, it phases in coal more quickly and phases out oil much
later. The optimal carbon tax is then initially much lower and takes much longer to reach its long-run
value. Hence, there are more CO2 emissions in the short run which exacerbates global warming. Finally,
if the government has a too optimistic view on the costs of global warming (x = 0.00003 instead of
0.00006), it phases in coal to early and phases out oil too late. As with the too impatient government, this

leads a much bigger accumulation of CO2 in the atmosphere.

4. Carbon-free renewables and the Green Paradox
4.1. Optimal carbon tax and transition times with carbon-free renewables

The optimal climate change policy is to set a carbon tax that reflects the marginal environmental damage
from using the respective types of fossil fuels. Here we address the important issue of how our results are
affected when there are carbon-free renewables as a potential source of energy supply as well. Consider
therefore the presence of an infinitely elastic supply of such renewables at a cost ¢ bigger than that of coal

b. A necessary condition for renewables to be worthwhile introducing at some point is that U '(0) =« >c.

For c relatively low, i.e., close to b, we might not find a coal-only phase in the optimum with renewables,
because renewables might take over before the only coal phase starts in view of the already accumulated
CO2 stock. However, we are interested in the case that the cost of renewables c is not relatively low and
that renewables only take over after the oil-coal phase. Indeed, to have a solution with more accumulated

CO2 from coal at the end than at the beginning of the coal-only phase, we need that renewables are
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relatively expensive, ¢ >b-+w(y —b)=0.775 (see proposition 7). In fact, our simulations indicate that

this lower bound on c is not high enough to ensure that renewables are only introduced after the coal-only
phase has started. This requires that coal must be even more expensive. For our chosen parameter values
this requires ¢ > 1.0. For the core parameter values in our simulations (see footnote 8 in section 3), we

thus require values of c in the range (1.0, 1.2).

Since renewables are more expensive than coal, they will not be phased in under the “laissez-faire”
outcome unless there is a subsidy on them or their cost falls with time due to technical progress. However,
the social planner which takes account of the rising costs of global warming does phase in carbon-free
renewables eventually. Over time the use of coal rapidly increases the marginal damages of global
warming and thus the social cost of coal. As soon, as the social cost of coal hits the cost of renewables,
the economy stops using coal and switches to renewables. Granted that the introduction of renewables
will affect both transition times T, and T,, we use (13) in proposition 6 to see that renewables take over at

the instant T; > T, where the cost of coal plus the carbon tax equals the cost of renewables:
14)  b+yr(T,) =a— px(T,) =c, where 7(T,) =D'(E, + S, +Y (T,))/ p.

The social cost of carbon at the end of the coal-only phase thus equals the present value of marginal
global warming damages, which are constant as there is no CO2 pollution anymore once carbon-free
renewables have been introduced. The following proposition characterizes the transition to the carbon-

free economy.

Proposition 7: Suppose the optimal sequence is only oil until T4, oil and coal from T, to T,, only coal

from T, to T3, and renewables from T; onwards. Then, from the moment that oil is phased out, the

accumulated stock of CO2 due to past burning of coal grows from Y (T,) = B[Ltij —E, — S, until the
K\y—

moment that renewables is introduced and then stays constant at the level Y (T,) = B(ﬂj -E,-S,.
K\ Yy

The long-run optimal carbon tax rate, renewables use, and stock of CO2 in the atmosphere from that
moment on are given by:
a—C

14y (M)=(c-b)/y, x(T)=——0, EU3)=E0+SO+Y(T3):p(C_b).
B Ky
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During the oil-only and the oil-coal phase, the optimal carbon tax must rise.

Proof: The expression for Y(T,) follows from the requirement Q(0, Y(T,))=0 as in section 2.4. The
expressions for x(Ts), Y(Ts), E(T3) and #(T5) follow directly from equation (14). From T; onwards, the
stock of CO2 remains constant. Hence, in order to satisfy the transversality constraint (5e) it is necessary
that the carbon tax is constant from that moment on. If it would decrease before Tj, it would decrease

always thereafter and the transversality condition would be violated. Q.E.D.

Hence, a high cost of renewables and a low extraction cost of coal necessitate a high long-run value of the
optimal carbon tax. In that case, the final stock of accumulated stock of CO2 in the atmosphere resulting
from burning coal will be higher as well, especially if the society is very impatient (high p) and the

perceived cost of global warming is small (low «, Eo and Sp).

Since the social cost of carbon will be lower as a result of the availability of a carbon-free backstop, the
optimal carbon tax, the final stock of CO2 in the atmosphere and thus the transition times to the oil-only

and oil-coal phases will be affected.

To see how this works, note that as in section 2.3 S(T,) = Max{p(y_b) — DB +5,) ,O},

po—(y -Dx

S(T,)=0,and Y(T,) = % —E, —S,.Now we use, respectively, the first and second part of (8) in
v-Dx

proposition 2 to obtain the two boundary conditions x(T,—) = K, + K,e*?" = (a—c)/ g (from (14))

and 2 (r=b) _ pla—b) +£WK1je”1T2 +[W—K2Je%. These two conditions can be solved for K; and K.,
v-Dx  yx A A

and thus for x(T,+) = K.e"™ + K,e™" given T, and Ts. As before, the continuity requirement and (9")

- _| pO—(y-Dx | vl-Dx
then give x(T, )_{pgﬂw_l)zJX(Tﬁ)and q(T,-) {pgﬂw_l)zJX(Tﬁ).We have from (9) that

S(Ty) = (@~ ;/)(1—(;//) bty +Le"" +L,e™"% =0, S(T,)= (a- ;/)(1—51//) by +Le™" +L,e™" and
v 7

—7z1L1e”1T2 - m,L,e™" =q(T,—) , which for given T, we can solve for L;, L, and T,. Again, we solve for

4T+ =~ Le™" — z L™ | x(T,+) :(quaﬁ) and q(T,-) = (T, +)+ X(T,+) . We can
y(y -Dx
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solve the three boundary conditions for the oil phase (11) and the terminal condition for the switch from
the coal to the renewables phase, K,e*™ + K,e™" = p(c —a)/wx (from (14') after substituting the

second part of (8) for Y(T3)), to solve for the constants M; and M, and the transition times T, and Ts.

Equation (8) now gives coal use and accumulated CO2 from past coal use in the coal-only phase, i.e.,

X(t) = K.e* + KeandY (t) =2 (a —b) - E, - S, + K.e* + K,e™ T, <t <T,.
WK

4.2. Simulation of the optimal carbon tax with renewables

Using the above, we have calculated the optimal regime for when there is a relatively expensive carbon-
free renewable backstop available (at cost ¢ = 1.1 > b = 0.4). The solid and dashed-dotted lines in fig. 4
present the resulting optimal and “laissez-faire” simulation trajectories and fig. 3 allows them to be
compared with the outcomes when renewables are not available. The eventual introduction of carbon-free
renewables lowers the social cost of carbon and hardly brings forward the phasing in of coal from instant
T, =19.7 if there are no renewables to instant 19.6. The anticipation of the future introduction of
renewables and the resulting reduction in the social cost of carbon also brings forward the date that oil is
phased out and the economy relies on coal only slightly from instant T, = 118.4 to instant of time 115.2.

The length of the oil-coal phase is reduced somewhat from 98.7 to 95.6. Carbon-free renewables become
profitable from instant T; = 163.3 onwards, so that the coal-only phase has a length of only 48.1 instead of
infinity. Since a little more oil is used and less coal, the stock of accumulated CO2 is only 108.9 at the
moment coal is phased out and stays at that level from thereafter. The optimal carbon tax rises from 0.14
to 0.47 at the time of the switch to renewables; hence, the presence of renewables means that the carbon
tax can be lower, rising to 0.47 at the end of the coal-only phase and staying at that level thereafter. The
optimal carbon tax and the social price of energy still rises steeply during the oil-only phase (from time
zero to 19.6), rises less steeply during the oil-coal phase (from time 19.6 to 115.2) and the coal-only phase
(from time 115.2 to 163.3). The final value of the optimal carbon tax has to be maintained at a constant
level during the renewables-only phase; else, the economy has an incentive to switch to using coal again.
Given the high cost of renewables, no drastic changes are observed during the oil-only and oil-coal phases
compared to the situation when there are no renewables, but the coal-only phase comes to an end and thus

the rise in the carbon tax comes to an end as well.

Now consider the implications of a lower cost of renewables, ¢ = 1.03 instead of 1.1, which are indicated
by the dashed lines in fig. 4. Coal is phased in marginally earlier at instant T, = 19.4 rather than 19.6, but

oil is phased out rather earlier at instant T, = 105.0 instead of 115.2 and renewables are phased in much
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Figure 4: Simulations with eventual introduction of renewables
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earlier at instant T3 = 114.2 rather than 163.3. The lower cost of renewables thus leads initially to a little
more and somewhat earlier pumping of oil, but much more importantly to coal being phased in and
phased out more quickly. Interestingly, coal use is at a higher level but used for a much shorter period
(9.2 instead of 48.1 periods). As a result and of renewables being phased in more quickly, the
concentration of CO2 in the atmosphere is not reduced as much as it could have done, but still it falls
from 108.9 to 98.0 (about 10 percent). If allowance is made for the optimal phasing in of coal on its own
or alongside oil and the earlier phasing in of renewables, we see that the lower cost of renewables implies
that it is optimal to have a lower carbon tax in the oil-coal and coal phases. The final level of the carbon

tax is also lower (i.e., 0.42 instead of 0.47).

If the cost of renewables becomes low enough (c about 1.0), the coal-only phase vanishes completely. If
the cost of renewables becomes lower than that, renewables will be introduced alongside oil and possibly

coal. We leave this for further research.
4.3. Second-best policies: taxing coal or subsidizing carbon-free renewables?

A full-fledged carbon tax is politically infeasible in many countries, especially on CO2 emissions
resulting from burning coal. In that case, governments often resort to subsidizing carbon-free renewables
such as solar or wind energy. The idea behind such a second-best policy is that this will bring forward the
date at which coal is phased out, so that this lowers CO2 emissions and curbs global warming. In earlier
work on just coal and renewables, thus ignoring the impact of dirty backstops such as coal, concern has
been voiced that such a subsidy may be counterproductive, since it merely encourages the market to pump
up oil more quickly and thus exacerbate global warming (Sinn, 2008). However, if it is optimal to leave
oil in situ and there is no dirty backstop, the subsidy encourages the market to leave more oil in situ and
switch more quickly to renewables in which case global warming is curbed and there is no green paradox
(van der Ploeg and Withagen, 2010a). To investigate what our context with a dirty backstop implies for
the green paradox, we analyze the two second-best policies of either subsidizing renewable or taxing coal

without the introduction of an appropriate carbon tax.

Subsidizing renewables so that they are marginally cheaper than the market price of coal leads to exactly
the same oil-only phase, transition time and amount of oil left in situ as in the “laissez-faire” outcome,

albeit once the backstop is introduced the stock of CO2 is stabilized.

Proposition 8: With renewables being subsidized to just below the extraction cost of coal, green welfare

gains dominate the welfare losses resulting from the lump-sum taxes needed to finance the subsidy if
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c<b+xy[Ey+S,—(y—b)/5+w(a—h)/ pp] holds. The subsidy then yields higher welfare than the

“laissez-faire” outcome.

Proof: Since in the oil-only phase T and S(T) are the same, we only need to consider the backstop phase.

In the “laissez-faire” outcome, the green welfare loss for that phase is:

2
LF _ [~ —pt-T)g+ _ K [~ _7—b a-b _ —p(t-T) 44 _
) _j D(E(t))e olt_zjT {EoJrs0 . +z//( 5 ](t T)} e PNt =

T

2 2
ﬁ[EO +s, _7_—b} +£2[EO +s, _7_—b},, a-b), & o(ab)
2p ) o o B p p
If renewables are subsidized until they are just economically viable, the green welfare loss is:
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If the reduction in green welfare loss thus obtained outweighs the welfare cost of the lump-sum taxes

needed to finance the subsidy, i.e., if
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it makes sense to subsidize renewables in this way. This gives rise to the required condition. Q.E.D.

Hence, making renewables economically viable improves social welfare if renewables are cheap and coal
is expensive (c low, b high), the climate challenge is acute (high Eo, So, ), society employs a prudently
low discount rate (low p), the initial extraction cost of oil is low (low ») and demand for energy is
substantial (high ), although it might do somewhat less well if the subsidy has to be financed by
distorting taxes). For our core parameters, this condition is satisfied becausec = 1.1 < 1.55. This is why in
the simulations the subsidy on renewables yields higher (in fact, much higher) welfare than the “laissez-
faire” outcome (-27.7 instead of -136.7).

The alternative second-best policy in the absence of a carbon tax is a prohibitive tax on coal, which makes
coal marginally more expensive than renewable. This also has the effect that coal will never be
introduced, but now renewables will be introduced at a later date. This policy is equivalent to a

moratorium on coal-powered electricity and other uses of coal.
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Proposition 9: With a prohibitive coal tax and the cost of renewable more than the cost of extracting the
final drop of oil (c > ), oil reserves will be fully exhausted. During the oil-only phase, oil reserves and oil

use fall monotonically while coal use is zero. The paths for the fossil-fuel phase are given by:
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Oil reserves, oil use and renewables use in the carbon-free are given by:

(12) SM=0, =0, x)=2"7% t>T,
B
The transition time T follows fromq(T) =(a—c)/ £, and is earlier if c is low.

Proof: The proof parallels that of proposition 5. Since the condition G(S(T)) = ¢ yields a negative value of
S(T) with ¢ > », we must have S(T) = 0. We obtain (12a’) and (12b’) from (10) after solving for M; and
(@ — a)z)(SO + a;yje‘ﬂ —(a)le“’lT —,e”" )L 7

M,. Also, from q(T) = o

T we have q'(T) >0,s0 T

increases with . Q.E.D.
We thus establish that the transition to renewables occurs faster if renewables are cheap.

The dotted lines in fig. 4 show the effects of taxing coal so that it is just below the cost of renewables,
hence the cost of coal has been raised from 0.4 to 1.1. The result of this second-best policy is that the
market substantially delays the phasing out of oil from time 6.9 to time 58.7, albeit still quicker than the
first-best outcome. So this second-best policy exhausts all oil reserves to a bigger extent (and in our
simulation exhausts them fully) and uses oil for a much longer period. Afterwards, renewables rather than
coal are phased in. The result of the tax on coal is to push up the price of energy very quickly to
somewhere close to the cost of renewables (even higher than in first-best outcome). It is this that forces
the market to be much more careful and persistent in the use of oil. The prohibitive tax on coal is
extremely successful in terms of fighting global warming, since it reduces the long-run stock of carbon in

the atmosphere from 108.9 in the first-best outcome to 44.0. However, social welfare is 7.8 in the second-
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best outcome compared with -136.7 in the “laissez-faire” outcome in which CO2 damages from coal go
on forever, so a prohibitive coal tax is much better than doing nothing. Of course, the first-best policy
yields higher social welfare (12.4) than the prohibitive coal tax because the latter damages the private
component of social welfare even more than it curbs global warming damages. Interestingly, the first-best
outcome does rely on coal both alongside oil and on its own to ensure that the private part of welfare does
not fall too much. Finally, we see that in our simulations the subsidy on renewables does considerably

worse than the coal tax (as welfare is -27.7 instead of 7.8).
5. Conclusions

We have investigated the optimal climate policy in the presence of an exhaustible resource, oil, and an
abundant resource, coal (or tar sands), where coal contributes more CO2 per unit of energy than oil. We
have characterized the various ways of sequencing oil and coal and departures from the Herfindahl rule
that can occur in the social optimum. Indeed, in the social optimum the ordering does not just depend on
extraction costs (which rise as oil reserves are depleted), but also on the social cost of global warming
damages. With high enough demand for energy and with very dirty coal, coal will only be used after
complete exhaustion of oil, even if coal is cheap to extract. For moderate CO2-emission coefficients of
coal, an intermediate period of simultaneous use of oil and coal will be optimal. In the unlikely case
where coal is relatively clean, the optimal economy might start with coal, after which there is a
simultaneous phase and finally only coal again. So, a ‘preference reversal’ may occur. Simultaneous use
only occurs if during the oil-only phase with oil reserves declining, oil extraction costs rise rapidly and

CO2 emissions from coal are only moderate so that the comparative advantage of oil over coal decreases.

The “laissez-faire” market outcome never has a phase where coal and oil are used alongside each other. It
either uses coal forever or more realistically starts with oil until it is no longer profitable to do so and then
switches to using coal. We have shown that in the latter case the optimum policy requires a steeply rising
CO2 tax during the oil-only phase and a less steeply rising CO2 tax during the subsequent oil-coal and
coal-only phases to persuade the market to stop switching abruptly from oil to coal thereby leaving a

substantial amount of oil in the crust of the earth.

Discovering new oil reserves means that the unfettered market leaves the same amount of oil in situ as
before and phases in coal later. The long-run social price of energy and optimal carbon tax are unaffected,
but in the optimum coal is phased in later and oil is phased out somewhat later. The optimal carbon tax is

still lower during the oil-only phase. If coal is somewhat cheaper, it is phased in earlier by the market. It
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lowers the whole time path of the optimal carbon tax. There is later phasing in of coal and much earlier
phasing out of oil in the socially optimal outcome and the oil-coal phase lasts much shorter..

If it is easier to substitute current consumption for future consumption, the market phases in coal earlier.
The socially optimal outcome has a higher carbon tax which induces coal to be phased in and oil to be
phased out more quickly. Since society cares less about the impact of global warming on future
generations, it ends up with a bigger climate problem.

If the government is not precautionary and applies a higher market rate of discount rate, it phases in coal
more quickly and phases out oil much later. The optimal carbon tax is then initially much lower and takes
much longer to reach its long-run value. This results in more carbon pollution in the short run which
exacerbates global warming. If the government is too optimistic about the costs of global warming, it
phases in coal to early and phases out oil too late, and thus ends with more CO2 in the atmosphere.

If we allow for renewables and if they are optimally introduced after a coal-only phase, then during the
new coal-only phase the social cost of carbon is smaller than before and thus the phasing in of coal and
the phasing out of oil are brought forward somewhat. This shortens the length of the oil-coal phase. Since
more oil is used and less coal, there will be less global warming and thus the optimal carbon tax can be
lower. The time profile of the optimal carbon tax is similar, albeit that it stops increasing once renewables
are introduced. A lower cost of carbon-free renewables implies that oil will be pumped slightly more
vigorously and quickly, coal phased in more quickly albeit for a shorter period, and renewables phased in
earlier. Although the optimal carbon tax will be lower, the CO2 concentration and global warming are
curbed. If a carbon tax is infeasible, a prohibitive coal tax ensures that the market uses oil for much longer
(albeit not as long as in the first-best outcome) and exhausts a larger portion of all oil reserves before
switching to renewables. This second-best policy yields a much bigger improvement in green welfare
than the first-best policy of a carbon tax, but of course not in total welfare. The boost to green welfare is
thus not enough to offset the loss in the private component of social welfare which results from not using
coal. Still, the coal tax does surprisingly well. Making renewables economically viable by subsidizing
them leaves the oil-only phase, the transition time and the amount of oil left in situ unaffected, but does
stabilize the stock of CO2 once renewables are introduced. This gain in green welfare dominates the
welfare cost of the lump-sum taxes needed to finance the subsidy if the required subsidy is small and the

global warming challenge is acute.

It may be worthwhile to extend our analysis in several directions. First, one might allow for imperfect

substitution in the demand for oil and coal. This may arise from concerns with security of energy
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supplies, diversification and/or intermittence of backstops. Second, one might investigate what happens if
there are various types of backstop available at the same time. If it is possible to rank them, e.g., clean but
competitive (nuclear), clean and expensive (wind, solar, advanced nuclear) and dirty and expensive (tar
sands), it is best to go for the cleanest and cheapest backstop. However, with dirty and cheap backstops,
matters are more complicated especially if we allow for upward-sloping supply schedules of the backstop.
Third, one could allow for the impact of exhaustibility of coal as well as oil on optimal climate policy.
The challenge is then to offer a comprehensive analysis of what the optimal transition times are for
phasing in oil, coal and the various types of renewables (cf., Chakravorty et al., 2008). Fourth, it is of
interest to set our analysis within the context of a Ramsey growth model (cf., van der Ploeg and
Withagen, 2010b) to investigate why developing countries have a bigger incentive to use coal than oil or
renewables. Also, one could apply the theory of exogenous growth or that of endogenous growth and
directed technical change to investigate how renewables can be introduced much more quickly (Bosetti et
al., 2009; Aghion et al., 2009; Acemoglu et al., 2010). Finally, one could study international aspects such
as carbon leakage and ways to sustain international cooperation within the context of a multi-country
version of our model (cf., Hoel, 2008; Eichner and Pethig, 2010).
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