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1. Introduction

Since Pigou (1920) it has become a quite familiar idea in Public Finance to use taxes and
subsidies for allocative purposes, i.e., to steer individual behaviour in a welfare-improving
way. In the ongoing debate on climate-change policy such mechanisms have been proposed
by several authors (see, e.g., Barrett 1990, Falkinger, Hackl and Pruckner 1996, and Nordhaus
2006) to foster international cooperation on the provision of climate protection as an
important global public good. In parallel with this literature, a special branch of the theory of
voluntary provision of public goods has evolved that analyzes how public good provision may
become more efficient by applying some “matching mechanism” under which the public good
contributions at least of some agents are subsidized by other agents. In this way, the public
good prices that the subsidized agents actually have to pay are lowered, quite similar as in
Lindahl’s (1919) classical approach, and this change makes them prefer a higher provision
level of the public good than in the non-coopertive Nash equilibrium.

Beginning with Guttman (1978, 1987), Roberts (1987, 1992), and Boadway, Pestiecau
and Wildasin (1989), the theoretical contributions on such subsidy or matching schemes for
public goods have been concentrated on the following questions: How are individual
incentives to make voluntary contributions to a public good altered by a matching mechanism
just when agents look through the veil of the global budget constraint (Falkinger and Brunner
1999)? What subgame perfect matching equilibria will be attained when individuals
independently choose their matching rates at the first and then their public good contributions
at the second stage of a two-stage game (Danziger and Schnytzer 1991, Althammer and
Buchholz 1993, Varian 1994a,b, Boadway, Song and Tremblay 2007)? Which conditions
ensure uniqueness of matching equilibria (Andreoni and Bergstrom 1996, Falkinger 1996,
Falkinger and Brunner 1999, Kirchsteiger and Puppe 1997)?

One crucial condition, however, has been given little attention. This is the matter of
whether matching equilibria can be guaranteed to exist. Only if existence is ensured does
further analysis of matching equilibria, such as uniqueness, make sense at all. In the following
we therefore will explore the existence issue in a systematic way. To do so, we build on the
“aggregative game approach”, as newly developed by Cornes and Hartley (2003, 2007),
which by now has become an important instrument for the analysis of public good economies.
Of special interest in the context of matching are linear matching schemes and, as it is
standard in the theory of private provision of a public good, interior solutions where all agents
voluntarily choose a strictly positive contribution to the public good. In the literature there is,

in contrast to the uniqueness issue, only a rather casual treatment of the existence of interior
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solutions, which, e.g., in Falkinger (1996) and Falkinger and Brunner (1999) is simply
assumed. As a consequence it does not become very transparent what the determinants of
existence are and when an interior matching equilibrium can be expected. Also the general
and abstract existence proof in Bergstrom and Andreoni (1995), which is based on Brouwer’s

fixed point theorem, does not provide any information on this

Related to existence of an interior matching equilibrium is Warr neutrality (e.g., Warr 1982,
1983, or Cornes and Sandler 1996) which is another central topic in the theory of public
goods: If an interior solution is not altered by a small perturbation of the income distribution
and thus Warr neutrality applies existence is, for quite trivial reasons, still ensured after such a
change of the income distribution. But if Warr neutrality does not hold an interior equilibrium
will no longer exist even if the change of the income distribution is very small. We will show
in this paper that such a violation of Warr neutrality is not exceptional for matching equilibria

but can be excluded by introducing special assumptions for the matching.

In our analysis we will proceed as follows: After describing the framework and
characterizing linear matching mechanisms in Section 2, we will in Section 3 use the
aggregative game approach (for a summary presentation of this approach also see Cornes
2009) to determine first of all solutions which are candidates for interior matching equilibria.
Based on this we show in Section 4 that existence of interior matching equilibria crucially
depends on the distribution of initial income among the agents (or in the case of international
public goods among countries) and that the conditions for existence are much stricter than in
the standard model of voluntary provision of a public good without matching. In Section 5 we
then provide a general criterion for local Warr neutrality of a matching mechanism which is
equivalent to that for uniqueness of the equilibrium. Thus our analysis sheds new light on the
uniqueness issue that is a major topic in the existing literature on matching with public goods.
In Section 6 we consider special matching schemes that fulfil this criterion. Among those are
on the one hand a cyclical mechanism and on the other a new groupwise mechanism for
which there is asymmetric matching between two groups and which may implement the
salient Pareto optimal solution where all agents have the same marginal rate of substitution
between the private and the public good. In Section 7 we show how increasing the size of the
economy by replication affects existence of matching equilibria and, in particular, the
suitability of matching schemes to implement specific Pareto-optimal allocations. Section 8

concludes.



2. The Framework
There are n agents (“countries”) i=1,...,N with utility functions u,(x,,G) where x, is

private consumption of agent i and G is public good supply. All utility functions are
assumed to be twice partially differentiable, strictly monotone increasing in both variables and
strictly quasi-concave. In order to avoid the tedious analysis of corner solutions all
indifference curves stemming from these preferences are assumed to be tangential to the
coordinate axis. Moreover, we suppose that both the private and the public good are strictly
normal for any agent i=1,...,n. Agent i ‘s initial private good endowment (“income”) is
denoted by w,. The public good is produced by a summation technology, i.e., G=Zn:zi ,
i=1
where z, =w, —x, is agent i 's total contribution to the public good. So we assume that all
agents are equally productive in providing the public good and that the thus homogeneous
productivity parameter is normalised to @ =1. But it would also be possible to extend the
analysis and some of the results of this paper to public good models where the marginal rate
of transformation between the private and the public good may differ between the agents (see,
e.g., Cornes and Sandler 1989, Thori 1996, and Kotchen 2009 for various specifications of

such models).

In the case of matching as considered here, z, will consist of two parts: the direct flat
contribution y, to the public good chosen by agent i and her indirect contribution that she

makes by matching the flat contributions of the other agents j#i. As borrowing is excluded

both components can never become negative, which has in the literature been coined as no-

bankruptcy condition.
We will restrict attention to /inear matching schemes with constant matching rates y; > 0 .
The exogenously given parameter 4, indicates by how much in terms of own contributions to

the public good agent i augments any unit of flat contributions made by some other agent

j #1i. The budget constraint of agent i =1,...,n then becomes



(M ‘xi+Zi:xi+yi+Zﬂgjyj:M)j

J=1
J#i

which says that agent i's income w, is divided into her private consumption x,, her flat

contribution y, and her aggregate matching expenses Z 4y, that are conditional on the
=1
J#i

other n—1 agents” flat contributions y,. Whereas eq. (1) looks at agent i’s role as a donor

under the given matching mechanism her role as recipient and thus the induced change of her
incentive to make contributions to the public good is determined by the aggregate matching

rate

(2) O-i:Z/'lji'

which describes how much the other agents add to the flat contribution of agent i. The
reciprocal value 1/o, then is the marginal rate of transformation between the private and the

public good and thus the price agent i has to pay for any additional unit of the public good

under the given matching mechanism.

In the literature several tax-transfer mechanisms have been proposed under which agents
pay taxes to finance subsidies for public good supply. These mechanisms can, as we will see
now, be interpreted as special linear matching schemes. A conceptual difference, however, is
that in the tax-transfer approach the action parameter of any agent is not her flat contribution

¥, as in our matching approach but rather the gross contribution g, that includes the subsidy
payments. Thus the relationship between agent i 's gross contribution g, and her net flat
contribution is g, =(1+o0,)y, where o, is defined by (2). The most important subsidy

schemes are as follows:

(1) The tax-transfer-scheme conceived by Andreoni and Bergstrom (1996) is equivalent to a

matching mechanism whose matching rates are given by



wm__ Ps
® A T80 =)

for all i,j=1,..,N with i # j where » s, =1and B &(0,1]. The parameters (s,,...,s,) denote
i=1
the individual agents’ tax shares and f stands for the rate by which individual contributions g,

are subsidized.

(i1) In the subsidy scheme as devised by Falkinger (1996), the whole group of agents

I={1,...,n} is divided into distinct k subgroups I,,...,1, of size n,,...,n,. Then deviations of

the individual contributions g, of some agent i € /, from the average contribution 12 g;
n=1je
J#i

of the other agents in her group /, are rewarded or punished by the rate > 0. This subsidy

scheme boils down to a linear matching mechanism whose matching rates are given by eq. (4)

if the subsidized agent j is in the same subgroup /, as agent i.

B
) up =—L—
T (1=Pn,

If, however, agents i and j are in different subgroups we have ,u; =0. Thus the Falkinger-

mechanism is characterized by the properties that matching only occurs within subgroups
(and not between them) and that the matching rates are identical for all members of a specific

subgroup.

Given any linear matching scheme a Nash equilibrium in which all agents” optimal choices

of flat contributions are consistent is defined in the following way.

Definition 1: For a given matching mechanism, given preferences and incomes, an n -tuple

., ¥y with ¥ >0 for all i=1,...,n is a matching equilibrium in flat contributions if

for any agent i =1,...,n the flat contribution y"" maximizes utility

(5) ui(Wi_yi_ZﬂijyjaGZ‘[+(1+Z/Jﬁ)yi)
=1 Jj=1
J#i J#i

where G :Z(l+z ,u,g.)yy denotes public good supply that is generated by the flat

j=1 k=1
J#i

contributions of all agents j #i and the concomitant matching contributions.



Just as the existing literature we are primarily interested in inferior matching equilibria in
which each agent makes a strictly positive flat contributiony’ >0. As a next step we will

therefore work out those allocations which are the candidates for interior matching equilibria.
For this purpose we make use of the aggregative game approach (Cornes and Hartley 2003,
2007) which, as in many other situations of public good provision, considerably facilitates the

analysis.

3. A Characterization of Potential Interior Matching Equilibria

For any given aggregate matching rate o, attributed to agent i as a recipient let e, (G,1+0;)

denote agent i's income expansion path along which agent i’s marginal rate of substitution

between the private and the public good is equal to 1+ o;. Having strict normality both of the
private and the public good, each ¢(G,1+0,) is defined for all G>0 and is strictly
increasing in G . We then have the following definition that characterizes the candidates for
interior matching equilibria through the lens of the aggregative game approach. (For a similar
approach in some other context of public good theory see Shrestha and Cheong 2007)

Definition 2: A feasible allocation (fcl,...,fcn,GA) is called a potential interior matching

equilibrium PIME for a given matching mechanism, given preferences and income levels if

(6) G+ e(Gl+o)=> w=W  and
i=1 i=1

(7) i =e(G1l+0,) forall i=1,..,n.

Note that for this definition of a PIME it is not essential that agent i ‘s private consumption X,
must not exceed her income w,. The term PIME is justified by the following result, which
provides a necessary condition for interior matching equilibria.

Proposition 1: If, for a given matching mechanism, given preferences and given income
levels, the allocation (x;”,...,x),G") is an interior matching equilibrium, then it must be a
PIME.

Proof: By the given matching mechanism agent i ‘s marginal rate of transformation between
the private and the public good is changed to mrt, =1+ o,. Then, if agent i makes a strictly

positive flat contribution in the Nash equilibrium for the given matching scheme, she must



attain a position where her marginal rate of substitution is equal to this personal marginal rate

of transformation, i.e., mrs, =1+ o, holds. From the definition of income expansion paths, it

then directly follows that eq. (6) is fulfilled for any agent i =1,...,n that makes a strictly

positive flat contribution. Since the total income W := ZWI, being available in the economy is

i=1

n
either used for private consumption or provision of the public good, we have G + chl. =W as
i=1

the aggregate budget constraint. Inserting (7) then shows that condition (6) is fulfilled. QED

Under standard assumptions on preferences, existence and uniqueness of a PIME is always

ensured which is shown by the following proposition.

Proposition 2: For a given matching mechanism, given preferences and given income levels

the PIME, as described by Definition 2, exists and is unique.

Proof: Because of the strict monotonicity of all income expansion paths (as implication of
strict normality) the solution described by Proposition 1 is uniquely determined given the

utility functions u,(x;,G) , aggregate income W and the parameters , of the matching

mechanism. Since ¢,(0,1+0,)=0 for all agents i and éim e.(G,1+0,)=o for at least one
agent i, such a solution exists for all levels W of aggregate income. QED

By letting g, =0 for all i,j=1,...,N with i# j, the PIME-concept clearly includes the

standard interior Nash equilibrium of voluntary provision of a public good without matching
(see Cornes and Sandler 1985, 1996, and Bergstrom, Blume and Varian 1986) as a special

case. It is also easy to see when a PIME gives a Pareto-optimal solution.

Proposition 3: A PIME is Pareto-optimal if and only if

(8) Z Ly

o 1+o,

Proof: As in an interior matching equilibrium mrs, =1+ o, holds for any agent i "s marginal

rate of substitution mrs, between the private and the public good, the Samuelson condition

n

=1 for Pareto optimality in a public good economy is equivalent to (8). QED
o mrs,

As a special case we now consider PIMEs in which all agents are treated symmetrically in

the sense that each receives the same aggregate matching rate o, i.e., o, = o holds for each



agent i . Then the efficiency condition (8) translates into =1 or c=n-1, which in

+0

particular is obtained if 4, =1 for all i, j=1,...,n with i# j. Then, each agent augments

some flat contribution of any other agent by the same amount.

Based on the characterization given by Proposition 1 it is now also possible to do some
comparative statics on PIMEs. In particular, it can be demonstrated in an elementary way that

Warr neutrality applies, 1.e., that a PIME is invariant to redistribution of initial income.

Proposition 4: (i) If aggregate income is redistributed among agents, public good supply and

private consumption of all agents are not changed in a PIME.

(11) If aggregate income is increased, public good supply and private consumption of each

agent i will increase.

(ii1) If some matching rate o, is increased, public good supply and private consumption of all

agents except agent j will increase, too. Private consumption of the recipient agent ;j will

fall.

Proof: (i) This assertion directly follows from (6) as this condition only depends on total

income W and not on its distribution among the agents.

(i1) By increasing total income and thus the right hand side of eq. (6) the equilibrium positions

of all agents shift outwards along their income expansion paths e,(G,1+c,) which implies
that both total public good supply and private consumption of all agents are increased.

(i) If 4, goes up agent j's personal rate of transformation between the private and the
public good is increased to some 1+’ such that — by convexity of indifference curves —
agent j's income expansion path is shifted inwards, i.e., ¢;(G,1+07}) <e,(G,1+0;) for all

G >0 as depicted in Figure 1 for the case of two agents.
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Figure 1: The two-agent case with a rise in one agent’s matching rate from o, to 6’.

Then at G which is the level of public good supply in the original matching equilibrium we

have

9) G+ e(Glvo) e (Glra)<G+Y e (Glio)=W.
Tl k=1
k#j

Because each income expansion path is strictly increasing in G, public good supply must
increase to restore equality in (9). Therefore, G'>G holds for public good supply G' in the
new matching equilibrium. This further gives %, =e,(G',1+s,)>e,(G,1+s,)=%, for the
levels of private consumptions of all agents k # j. As the aggregate income W is assumed to

be constant here and public good supply as well as private consumption of all other agents
increase, private consumption of agent j must definitely fall. QED
After having described PIMEs as candidates for interior matching equilibria we will now

explore the conditions under which a PIME emerges as the true interior matching equilibrium

in a certain situation.



4. Distribution of Income and the Existence of Interior Matching Equilibria

From the standard theory of private provision of a public good it is well known (see already
Bergstrom, Blume and Varian 1986) that an interior Nash equilibrium with strictly positive
contributions of all agents is only obtained when total income is distributed in a certain way.
It is an important merit of the aggregative game approach that it directly provides a necessary
and sufficient condition on the income distributions required for that: Consider the PIME for

the case u,=0 for all i,j=L..,n and i#j, which gives the standard interior Nash
equilibrium without matching. Then, if X, <w, holds for the given income distribution

W,...,w, and any agent i=1,..,n, the Nash equilibrium (x,..,x),G") of voluntary

provision of the public good coincides with the PIME, and it is attained by having
g’ =y =w —% as agent i 's contribution to the public good (see Buchholz, Cornes and
Peters 20006).

With matching, however, matters become more complicated, and the conditions on the
admissible income distributions become more restrictive. This is already seen by looking at a
very simple example with two agents that have the same Cobb-Douglas utility function

u,(x;,G)=x,G. When x4, = u, = =1 the PIME which then is Pareto-optimal is given by

A

G=1 and X, =7, =% when W =2 is assumed. In order to obtain this PIME as the true

interior matching equilibrium for some distribution (w,,w,) of total income W =2 among the
two agents there must be strictly positive flat contributions y, and y, for which the

individual budget constraints
- 1
(10) xi+yi+,uyj:5+yi+l'yjzwi

are fulfilled for i, j =1,2. This condition, however, demands that income has to be distributed
equally, i.e., w,=w,=1 holds. Even a small deviation from the symmetric income

distribution has the effect that the PIME no longer is the matching equilibrium even if
w, > X, =% still holds for i=1,2, i.e., if the conditions that would guarantee the interior

solution in the case without matching apply.

With an unequal income distribution the matching equilibrium in our example becomes a

corner solution instead: Without loss of generality, we may assume that w, <w,. Then in all

10



matching equilibria agent 1 makes a zero flat contribution y;" =0. If w, > 72, then agent 2’s

flat contributions in the matching equilibrium is y)’ =22 Such that public good supply

. . w. W.
becomes G" =w, and the two private consumption levels are x;" =w, —?2 and x}' =—2.In

the case w, < % two cases have to be distinguished: If w, € [%,%} , we get y)' =w, which

: w i
gives GV =2w, and x" =0 and x}' =w, —w,. If, however, w, <?2 the flat contribution of

W, — W, W, +w : - :
agent 2 becomes y)’ :%. Hence, G" = x}' :# and again x" =0. This is a quite

extreme solution since it implies that agent 2, if she is poor enough, will be completely
impoverished through the matching mechanism. The determination of such corner solutions is
not straightforward, even in this simple case with only two agents. Details of the proof can be
obtained from the authors on request. This example shows that, as compared to the standard
case of voluntary public good provision without matching, more restrictive conditions
characterise income distributions for which an interior matching equilibrium is in fact

attained. To facilitate the exposition we introduce the following notations.
Definition 3: For a given matching mechanism, given preferences and given total income W,

e Denote by IT the set of all income distributions (w,,...,w,) for which w, > X, = private

consumption of agent i in PIME for all i =1,...,n, and

e Denote by Q the set of all income distributions (w,,...,w,) for which the matching

equilibrium coincides with the PIME.

If (w,....,w,) €Q we will also say that the PIME is implemented by the given matching

mechanism. The sets Il and Q thus defined are subsets of the simplex A(W)=

{Vv =W,eow,): Zwl. = W} which geometrically describes the set of all feasible distributions

i=1
of total income W among the agents in the [J " -space. Clearly, under the no-bankruptcy
condition we have QQ — I, and the example considered above shows that with matching it is
well possible that Q is smaller than IT. The next proposition, which is one of the main results
of the paper, provides a criterion that shows which income distributions are in Q and which

are not.
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Proposition 5: For a given matching scheme, given preferences and given total income W,

some distribution (w,,...,w, ) €Il is an element of Q if and only if the system of the n

equations with the » unknowns y,,...,y,

(11-1) y,.+z,uijyj=z[ =W —X, fori=1,...,n
j=1

Jj#
has a solution ,,..., y, with strictly positive flat contributions y, >0 for all agents i =1,...,n.
Proof: “Only if”: As a consequence of Proposition 1, private consumption of each agent
i=1,...,n in an interior matching equilibrium must be equal to its PIME level x, <w,. If

y¥,...,y)" are the agents’ flat contributions in the interior matching equilibrium then agent
i’s budget constraint is

(12-0) By D ) = w

J=l
J#l

Since (12-1) is identical to (11-1) for any i =1,...,n, the system of equations described by (11-1)
is solved by y”,..,y" , which are all strictly positive as an interior solution has been
assumed.

“If”: Consider an arbitrary agent i and assume that all other agents j #i have chosen the flat
contributions y, which are the solutions of the equations given by (11-1). Agent i’s optimal
reaction to the (n—1)-tuple of these flat contributions and thus to aggregate public good
supply é_,- of the other agents then is obtained by maximizing utility

(13) 0,06, =, G+ 3+ Y a5

J=1
J#i

Solving this optimization problem, agent i may choose any flat contribution y, in the interval
0,miny (w; -y, — Z My V)] since the budget constraints of any agent have to be
k=1

J#i

k#i,j
respected. From the condition given by (11-1) it follows that y, = y, lies in the interior of this

interval and thus is an admissible flat contribution for agent i . If agent i now actually

chooses y, =y, as her flat contribution this (together with the flat contributions y, of the

12



agents j #1i) gives the level of public good supply G as provided in the PIME, which is

shown by summing up all n equations (11-1) (since the left hand side of any of these
equations gives the total public good contribution of each agent). Then, also from (11-1), it is
immediate that agent i by choosing y, as flat contribution, attains her PIME-position (ﬁi,é) ,

where her marginal rate of substitution is mrs, =1+ 0, = 1+Z H;; and thus is equal to her
j=l

J#
personal marginal rate of transformation under the given matching scheme. This shows that
agent i's choice of the flat contribution y, is indeed her best reply when all other agents j #i

have decided to make the flat contributions y,. Since this consideration can be applied to all

agents i =1,...,n the “If’-part of the proposition has been proven. QED

To illustrate how the condition given in Proposition 5 narrows the range of income
distributions that yield an interior matching equilibrium we consider the case with two agents

i =1,2 again but with a general linear matching scheme for which the matching rates are now

abbreviated by g =4, and u, = u,,. The system of equations described by eq. (11-1) then

becomes
(14-1) Ny, =2z
(14-2) Wty =z,

which, if g u, #1, has the solution

(15-1) j=an
l_/ulluz

(15-2) 7, _ T HhE
1= pp,

Combining (15-1) and (15-2) and observing that y, and y, must be strictly positive, an
interior matching equilibrium is obtained in the casel with g, <1, if and only if z and z,

fulfil the following condition

(16-1) [z, <z, <—L.

H

In the case 2 with g4, >1 the analogous condition is

13



(16-2) [z, >z, > =L

H
Inserting z, =w, —x, for i=1,2 in the case g, u, <1, the inequalities in (16-1) transform into
the following condition that directly refers to income distributions (w,,w,):

n N . 1 .
(17) x2+ﬂz(w1_x1)<wz<x2+;(wl_x1)-
1

The restriction on the income distributions provided by (17) can be visualised in a w,-w, -

diagram: So let in Figure 2 7, be the straight line with slope L and /7, the straight line with
H

slope u, both passing through the point 4 =(X,,X,). Then condition (17) means, that the set

Q) of income distributions leading to an interior matching equilibrium is represented by the

segment BC whose endpoints are the points of intersection of ¢, and /, with the negatively
sloped 45°-line of constant total income w, +w, =W . Since x,u, <1, the line 7, lies above
?, such that the set Q is not empty, if n=2. It is also obvious from Figure 2 that the
segment DE, which represents all income distributions that have x, <w, for i =1,2 and thus

the set I1, is much larger than BC'.

w2 A
VA
[
|
|
|
DI
|
)
: A
|
|
|
| C
X, g T T BN
b w1

Figure 2: Set of income distributions leading to interior equilibria.
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The case g4, >1 can be treated by a quite analogous analysis which, however, will be

omitted here.
Condition (17) and Figure 2 are helpful for exploring how the set Q changes if the match-

ing parameters g and g, are varied. In particular we assume that both x and u, are

increased which implies that ¢/, becomes flatter and /, becomes steeper. In Figure 2 this

implies that the segment BC and therefore the set Q will shrink. In the limit, when g, =L
H

or uu, =1, the straight lines ¢, and /, coincide. Then only one single income distribution is
left over for which an interior matching equilibrium is obtained. The case g4, =1 is of

particular interest because this relationship between the two matching parameters is

L1
I 1+,

equivalent to =1 which is the Samuelson rule for the PIME given x4 and g, .

Therefore, income must be distributed in a very specific way if a Pareto optimal allocation is
to be implemented through a matching scheme. This generalizes the result we have reached

earlier on for the case u, = u, =1.

So we can conclude that in the case with only two agents it is a rather unlikely eventuality
that an efficient solution is obtained through matching since there is exactly one distribution
of income for which the expected Pareto-optimal solution is brought about. These extreme
demands on the income distribution are completely independent of the underlying

preferences.

If there is the possibility that the set Q is so small that it only contains a single element one
might even suspect that there is no income distribution at all for which an interior matching
equilibrium is obtained. But fortunately this is not the case as the following proposition

shows.

Proposition 6: For a given matching mechanism, given preferences and given total income

W the set Q is not empty and contains an income distribution (w,,...,w,) with strictly

positive components w, >0 forall i=1,...,n.

Proof: Define

(18) yE—

15



Then let income w, of agent i =1,...,n be

(19) W= 50D ).
j=l

J#i
Summing up the w, 's and observing the definition in (18) and the fact that private

consumption of all agents and public good supply must exhaust aggregate income W gives

n n

(20) SW=D R+t Y. > u)=> 5 +in+Y. o)=Y 5 +G=W.
i=1 i=l i=1 i=1 i=1

i=l j=l
i

Hence, (w,,...,w,) is indeed a distribution of . It directly follows from the construction that
w, >0 holds for any i =1,...,n. Finally, the comparison of (20) with (11-1) shows that y, ==y

for all i =1,...,n is a solution to the system of linear equations described by (11-i) such that,

by Proposition 5, an interior matching equilibrium is obtained for the income distribution

(W50, ) . QED

Proposition 6 in particular shows that, by an adequate distribution of income, it is always
possible to get an interior matching equilibrium in which the flat contributions for all agents

are of equal size.

That the existence of interior matching equilibria so strongly depends on income
distribution as shown in this section moreover suggests that the range of income redistribution
for which Warr neutrality (and other comparative statics properties like those associated with
increases of income or matching rates) applies is more limited as in the conventional case of
voluntary public good provision without matching. This presumption is confirmed by the
analysis in the next section in which the issue of Warr neutrality will be examined more

closely.

5. Local Warr Neutrality for Interior Matching Equilibria: The General Criteria

Since the seminal work by Bergstrom, Blume and Varian (1986) it is well known that in the
standard model of voluntary public good provision, a large income redistribution that changes
the group of active contributors to the public good will alter the Nash equilibrium and thus
destroy Warr neutrality. Therefore, Warr neutrality from the beginning is a local property of
Nash equilibria which by the following definition can be extended to general linear matching

mechanisms.
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Definition 4: A linear matching scheme has the local Warr neutrality property for interior
matching equilibria and is therefore called a W-scheme if and only if - for any given

preferences and any given total income W >0 - (w,..,w,)eQ implies (W,...,w )eQ

whenever (w],...,w)) is close enough to in the sup-topology, i.e., when sup|wlf—wl.|<g for

i=l,..n

some €>0.

In the standard situation without matching this property is clearly fulfilled and, moreover,

the maximum value for & that is admissible according to Definition 4 can easily be

determined as ¢, = Ir_rllin {w,—%} . With matching, however, it crucially depends on the

nature of the given matching mechanism whether local Warr neutrality applies or not. A
sufficient and necessary criterion for that is provided by the following Proposition. As a

preparation for this result we introduce the transformation matrix M that is defined by

Uy oy o,

My 1y o,

@1 M= 7Y My
/Llnl /Lan oo ﬂnn—l 1

The matrix M describes how the agents” flat contributions (y,,...,»,) translate into their total
contributions (z,,...,z,). To facilitate notation, the superscript “— " from now on is used to

indicate vectors.

Proposition 7: A matching mechanism is a W-scheme if and only if detM #0, i.e., the

transformation matrix is non-singular.

Proof: “If”: Consider some w=(w,,...,w,) € Q. Proposition 5 then implies that there exists
some j =(¥5---»»,) with . >0 for all i=1,...,n such that Ww=Mjy . If, as supposed, the
matrix M is non-singular its inverse 4™ exists, and y =M "' holds. Since M~ is a sup-
norm-continuous function on [ * the vector ):/ = MW also has strictly positive components
for any income distribution W' = (w/,...,w) that is close to the original income distribution

w=(wW,...,w,). Since w = My', the assertion then directly follows from Proposition 5.

“Only If”: Assume that det M =0 such that the matrix M is singular. If the rank of M then

is m<n, M maps [J" into a hyperplane H=M(U") with dimension m . This hyperplane
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has a non-empty intersection with the simplex ['(W) because Q is not empty from
Proposition 6. Since, in addition, the origin (0,...,0) obviously lies on H but not on I'(W) the

intersection HNT'(W) has dimension m—1 and thus a lower dimension than I'(W') (which is
n—1). Therefore, for any element w= (W,...,w,) € HNI'(W) there is some other point in

C(W) close to w, i.e., starting from w a small redistribution of income, which does not lie

on H and thus is not contained in Q. This shows that local Warr neutrality is violated in this

case. QED

The condition det M # 0 which underlies Proposition 7 is tantamount to having a unique
solution for the system of equations given by (11-1). Uniqueness of flat contributions in an
interior matching equilibrium, however, has been in the focus of much of the existing
literature on matching in a public goods economy (see Falkinger (1996) and Falkinger and
Brunner 1999). By Proposition 7 it turns out that the uniqueness property is determined by
just the same condition as local Warr neutrality. From this perspective, there is thus a double
reason to be particularly interested in matching mechanisms for which the corresponding
transformation matrix M is non-singular. Note that this condition only refers to properties of
the matching mechanism but not to specific characteristics of the economy as the preferences

of the agents.

It is also an immediate consequence of Proposition 7 that small deviations from some
originally given income distribution (w,...,w,) € Q will destroy Warr neutrality much more if
the rank of the matrix M is smaller since the dimension of H and thus HNT'(W) then is
reduced. In the extreme, when the matrix M has rank 1, the set HNIT'(W) only contains one
single element. Such a situation, e.g., prevails for matching schemes which implement Pareto
optimal allocations in an economy with two agents where, as has been seen above in Section
4, only tiny deviations from the “right” income distribution will lead away from the interior
matching equilibrium. What the general criterion as described by Proposition 7 implies in
specific situations will now be discussed in more detail. In particular, we will explore how
specific Pareto optimal allocations can be attained by application of matching schemes that

show the local Warr neutrality property.

6. Specific Matching Schemes

An outstanding Pareto-optimal solution in a public goods economy is that in which all agents
have the same marginal rates of substitution between the private and the public good. If there
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are n agents in the economy then, as a direct implication of the Samuelson rule, we have

mrs, =n for any agent i =1,...,n in such a solution. This specific PIME in which all agents

pay the same marginal price for the public good and in this sense are treated symmetrically

(see Falkinger 1996) will be called P.. The following Proposition shows that aiming at P, as

matching equilibrium and at the same time imposing an additional equal treatment postulate
will reduce the size of Q to one such that local Warr neutrality is violated in a quite extreme

way.
Proposition 8: If a matching scheme implements P and no agent matches other agents by

N

different matching rates, the set Q only contains a single income distribution.
Proof: As in an interior matching equilibrium mrs, =1+ o, holds for all agents it follows from
mrs =n (which specifically holds in P,) and from x, = u, for all agents ;j and i with j#i
(which is the assumption on the matching mechanism made in the Proposition) that
(22) Z p,=n-1
5—:}

holds for each agent i =1,...,n. By adding g on both sides of eq. (23) we obtain
(23) ,ul:z,uj—(n—l)z,u:const. forall i=1,...,n.

j=1
Also from (23) we, moreover, get (n—1)u=n—1, which gives x=1. Hence, under the

assumptions of Proposition 8, the transformation matrix M is
(24) M =

This matrix clearly has rank 1 since all its rows are identical. Therefore, there is exactly one

income distribution (w,,...,w,) that yields the desired Pareto-optimal solution as an interior

matching equilibrium. QED
The only element of € that occurs in the situation described by Proposition 8 clearly

must be identical with the income distribution that had been constructed in the proof of

Proposition 6. According to eq. (18) all agents then make the same flat contribution y whose

level is
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A A

G G B
n+no n+nn-1) n

|

(25) y=

[

By eq. (18) the income distribution (w,,...,w,) which makes up Q can be explicitly described

by

(26) Wo=% +

l 1

forall i=1,...,n.

3'@)

Obviously, this is the same income distribution that is required to have the PIME

corresponding to o, =oc =n—1 as the Lindahl equilibrium when the personalized Lindahl

: 1
prices p; are to be the same for all agents such that p =— holds for all agents i =1,...,n.
n

Proposition 8 provides the general insight that in order to implement a Pareto-optimal
allocation as an interior matching equilibrium which is robust against small perturbations of
the income distribution one has to give up either uniformity of the matching rates or
uniformity of marginal rates of substitution in the equilibrium. There are several possibilities
by which this can be achieved and which thus lead to Pareto optimal matching equilibria.

Some of these options will now be analyzed.

It is an immediate consequence of Proposition 8 that, in the case with n >3, there exist
innumerable possibilities to construct matching schemes that implement P and that, at the
same time, have the local Warr neutrality (and uniqueness) property. It only has to be ensured
that all rows of the matrix M are linearly independent and the Samuelson rule (8) as given by
Proposition 3 is fulfilled. An important subclass which will now be considered in more detail
consists of matching mechanisms for which some matching rates s, are zero, which means
that at least some agents do not match the public good contributions of some other agents. A
simple example of such a matching scheme, e.g., is given by the matching rates

Mo = #, =n—1 forall i=1,..,n—1 and g, =0 for all other matching rates, i.e., agent 1 only

matches the public good contributions of agent 2, agent 2 only those of agent 3 etc., and to
close the scheme, agent n matches agent 1. Thus we have a cyclical matching with o, =n—1
for each agent i =1,...,n such that the Pareto optimal solution P is implemented. That for this

specific matching scheme the transformation matrix M is non-singular is shown in Lemma 1

in Appendix Al when we specifically set 4 =n—1. Even though a matching scheme of this

type does not seem to be of much empirical relevance it shows that a partioning of the whole
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economy in subgroups is actually not required to implement the Pareto optimal solution P, as
a matching equilibrium.
A more important subclass of the matching schemes that have some zero matching rates is

that which leads to matching on a reciprocal base: According to the do ut des principle an

agent i matches just those agents ; who pay matching grants to the public good
contributions of agent i, i.e., ;>0 holds if and only if ;>0 for some agents 7, j =1,...,n,
and p; =0 for at least one pair of agents i,/ =1,...,n with i # j. In this case matching only

happens among the members of the same group, and when identical matching rates are
assumed for each group a groupwise homogeneous matching scheme (as devised by Falkinger

1996, and already described in Section 2) is obtained. Assume again that the total set of

agents [/ ={1,...,n} is divided into k subgroups /,...,J, where the size of subgroup /; is

denoted by n,, and y; is the matching rate in group /; . Then the following result holds.

Proposition 9: A groupwise homogeneous matching scheme is a W-scheme if and only if

u; #1 for each group j=1,....k.

Proof: Given such a matching scheme the transformation matrix M can be written as

M, 0 . 0
0 M, . 0
27) M=| _
0 .. 0 M,

where each n; xn, -submatrix M, which is the transformation matrix for group /,, is of the

form
Lo Hj
e9) T R
K Mo 1

It follows from Lemma 2 in Appendix A2 that detM ; # 0 if and only if 4, #1. The assertion

k
in Proposition 9 then follows from det M :Hdeth , which is a general fact if the matrix
j=1

M is of the type as in (27). QED

If the Samuelson rule holds for a groupwise homogeneous matching scheme, i.e.,
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(29) > o o

1+(n —1),u

with g, #1 for all j=1,....k, then a Pareto-optimal solution is implemented. Condition (29)

is not empty, which is an implication of the following Proposition.

Proposition 10: If the number of agents n exceeds 3, the Pareto-optimal allocation P. in

which all agents have the same marginal rate of substitution can be implemented by a

groupwise homogeneous matching scheme.

: - T -1 : o

Proof: Setting ,ui:n—l for j=1,...,k implies 0'i=1+(n/.—1)n—1=n if agent i is in
. . n, -

group /,. This shows that P is implemented. The local Warr neutrality property then follows

from Proposition 9. QED

As local Warr neutrality is equivalent to uniqueness of the matching scheme in flat

contributions, Proposition 10 confirms the important result by Falkinger (1996) in an

alternative way. Note that the groupwise homogeneous matching scheme that implements P.

is, according to Proposition 10, not uniquely determined. Rather, the division of the whole
group of agents into disjoint subgroups can be carried out in different ways. It only matters
that there is some partitioning at all. So it is, e.g., possible to get local Warr neutrality by

having subgroups of equal size n; =2 if the total number n >4 of agents is even such that

matching is pairwise. If n>5, however, is odd one may choose all subgroups of size 2 except
one whose size is 3. Only if the total number of agents » is equal to 3, Proposition 10 cannot

be applied and P. has to be implemented by another type of matching mechanism like, e.g.,

the cyclical mechanism that was described above.

If a matching scheme is based on a partitioning of the whole economy into different

subgroups it is well possible to implement P by an asymmetric scheme in which there is also

matching between the groups. Such a matching scheme can, e.g., be constructed in the

following way. Let there be two subgroups /, and /, in which there are n, 22 and n, 21
agents, respectively. Then all members of group /, match themselves in a symmetric way
with the matching rate x4 and also match the public good contributions of the agents in group
1, by a possibly different matching rate g, . The agents in group /,, however, do not match

any other public good contribution, neither in their same group /, or in the other group /.
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With regard to one-sided matching between two groups in the context of climate change or

other global public goods, the matching group /, can be interpreted as the group of rich
industrialized countries whereas the group /,, whose members receive matching grants, are

the poor developing countries.

The matching schemes of this type can formally be characterized by the following

conditions:

(30-1) py =y 1f 0, jel, with i# j
(30-2) py =, ifiel and jel,
(30-3) ;=0 ifiel, andall jel

For such matching schemes we have the following result on local Warr neutrality.

Proposition 11: A matching scheme as described by (30-1), (30-2) and (30-3) is a W-scheme
if and only if g #1.

Proof: Given (30-1), (30-2) and (30-3) the nxn transformation matrix is

. M, M,
(31) M=
MZI M22
Lo ooy
. . T : .
where M, is the n xn -matrix M, = |, M, is the nxn, -matrix
72 E |
)77 A 0 .. 0
M,=| : . |, M, is the n,xn -matrix M, =| : : | and M,, is the n,xn, -
)77 A 0 .. 0
matrix
1 0 0
0 1 0
M, = .
0 0 1
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From standard rules in matrix calculus we get detM =detM, -detM,, =detM,, since
detM, =1. As the Lemma in Appendix A2 shows that detM,, #0 holds if and only if
4, # 1, the assertion of Proposition 11 directly follows from Proposition 7.
QED
Proposition 11 can now be applied to provide an alternative option for the implementation
of P.
Proposition 12: The allocation P, can be implemented by a matching scheme that fulfils

conditions (30-1), (30-2) and (30-3). Any such matching mechanism is a W-scheme.

Proof: We  specifically  set = L _11 and  u, = - which  gives
- n
mrs;, =1+ (n =), =1+(n, —1) & _11 =n for all agents ¢ in group [/, and
n,—

-1 : :
mrs; =1+nu, :1+n1n—:n for all agents i in group /,. This shows that P can be
nl

implemented by such a scheme as an interior matching equilibrium. Local Warr neutrality

n—1
n—1

1

then follows from Proposition 11, since n, <n gives y, = #1. QED

It is obvious from our general considerations in Section 5 that the one-sided mechanisms
given by conditions (30-1), (30-2) and (30-3) also imply uniqueness in flat contributions as

the other desirable property of interior matching equilibria.

7. Increasing the Size of the Economy

Since Olson (1965) it has been a central issue in the theory of public goods how the size of the
economy affects the possibility of attaining an efficient solution (see Sandler 1992, pp. 52-54,
for a formal treatment in the standard case of voluntary public good provision). In order to
analyze this question in the matching context we assume that the originally given economy
with n>2 agents (that, as above, is characterized by utility functions u,(x,,G) and income
levels w, for i=1,...,n) is replicated m times. In any replication economy we consider the
specific Pareto optimal PIME P,(m)in which o, =m-n—1 holds for any agent j=1,...,m-n
such that the marginal rate of substitution between the private and the public good is

mrs =m-n for all agents. By G(m) we denote public good supply in P.(m) and by x,(m)
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private consumption of an agent i =1,...,n. To get some result on the possibility to implement
of P.(m) we have to assume that private consumption has a lower bound when the number of

replications goes to infinity. This assumption, however, is rather weak and, e.g., fulfilled

when preferences are of Cobb-Douglas type.

Assumption LB: If the replication factor m increases, then each agent i’s (i =1,...,n) private

consumption in P,(m) is strictly bounded away from zero, i.e., x := min {fcl(m),...,fcn (m)} >0.

=l,...,n

Given this assumption we obtain the following result.

Proposition 12: Given assumption LB, for any & > 0 there is a replication factor m(¢&) such
that for any income distribution (w,,...,w,) with w, > (1+¢)x,(m) for all i=1,...,n the Pareto
optimal allocation P.(m) can be implemented as an interior matching equilibrium by a W-

scheme.
Proof: We distinguish two cases depending on whether the size n of the original economy is
even or odd and then construct a matching mechanism which has the local Warr neutrality

property in the following way.
(1) If n is even we arbitrarily split up the original economy in . :g subgroups of size 2 in

which there is pairwise matching. To attain P (m) the matching rate of each agent then has to
be u(m)=m-n—1>1 for any agent i if agent j is in the same group but zero if agent j is in
another subgroup. For any subgroup /=1,....k let w{” denote the income of each of its two
members i =1,2, '(m) their levels of private consumption in P.(m) and £ (m) =

w!” — 2" (m) their spending for the public good if the replication factor is m. To find out

whether this matching mechanism in fact implements P.(m) for the given income distribution

we apply Proposition 6. This means that we must check whether the system of the two

equations
(32-1) W0+ p(m)y =20 (m)
(32-2) vy + u(m)y” =2 (m)
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has strictly positive solutions in y’ and y{”. Quite analogous to condition (16-2) which

applies when the whole economy only consists of two agents this is the case if and only if

£ (m)

(33-1) 251)(Z)< u(m)  and
2y (m)

(33-2) j f“(Z) < u(m).

Now for any given ¢ >0 we choose

(34) m(g) = l(Z +1)
n &x

where again W :ZW[ is the total income in the original » -person economy and x is the
i=1

lower bound for individual private consumption according to assumption LB. Then we can

make the following estimate when, as in the Proposition, w, > (1+ &)X, (m) is assumed:

5(1)
2 _Gm) i ud S K<m-n—l=,u(m).

(35) - - - - = — <
20(my  w =20(m)  (1+&)3 (m)=%"(m)  ex(m) ex

In (35) the last inequality is implied by the choice of m(g) as described by (34). This gives
condition (33-1). The other condition (33-2) follows in a quite analogous way from the

assumption w, > (1+ ¢&)x,(m) which proves Proposition 12 when 7 is even.
(i1) If n>5 is odd we split up the original economy in k-1 :nT—l subgroups i =1,...,k—1 of

size 2 in which there is pairwise matching as in part (i) of the proof and the subgroup £ with
three members. (In the case n=3 there is only this group with three members.) For any
replication factor m the matching mechanism for this group k is given by the following

3 x 3 -transformation matrix:

1 u(m) 1
(36) M®m)=| 0 1 u(m) |.

L(m) 0 1

To show that P (m) is implemented by the matching mechanism thus described, for the

subgroups [ =1,...,k—1 of size 2 the same conditions as in part (i) must hold such that the
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argument is completely identical. For subgroup &, however, the implementability condition

on the income levels (W, w{",w{") and the concomitant values (£\*,2",2{") now is that the

system of the three equations

(36-1) O+ p(m)y = 20
(36-2) W+ p(m)y = 20
(36-3) W+ p(myy? = 2

must have strictly positive solutions in the flat contributions y*, y{” and y{*. A short

calculation shows that the solutions of (36-1), (36-2) and (36-3) are given by

z, (m)+ p(m)(u(m)z, (m) -z, (m))
1+ u(m)’

(37 3, (m) =

if (i,i,,i;) 1s either (1,2,3), (2,3,1) or (3,1,2). For ﬁgk)(m)>0 (where 7, =1,2,3) it is thus

sufficient that
5
,(k) < ,u(m)

I

(38)

z
if either (i,,i,) is (2,3), (3,1) or (1,2). Now for any ¢ >0 the replication factor m(g) is again

chosen according to eq. (34). Then condition (38) is fulfilled which follows in quite the same
way as in case (i).

The transformation matrix of the matching mechanism constructed in (i) and (ii) is non-
singular. This follows in the same way as in the proof of Proposition 9 since the
transformation matrices for the subgroups of two and the subgroup of three agents are non-
singular. Local Warr neutrality and thus uniqueness then is implied by Proposition 7.  QED

Similar as in Definition 3, the set of income distributions (w,,...,w,) for which w, > X, (m)
holds for all i=1,...,n is denoted by II (m). Analogously, let Q (m) be the set of income
distributions (w,,...,w,) for which P.(m) is implemented by the matching mechanism

constructed in the proof of Proposition 12. Then the result given by Proposition 12 may also

be interpreted by saying that the set of income distributions Q (m) converges to I (m)

when the replication factor m goes to infinity. This means that in large economies the
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additional restrictions on income distributions to make P (m) implementable are less

restrictive than in a small economy. Remember that we have seen in our analysis of the case

n=2 in Section 4 that implementation of P(2) is only feasible for a single income

distribution. That implementation becomes easier when the size of the economy grows
contradicts in some sense a hypothesis formulated by Brunner and Falkinger (1999, p. 359)
which states that having no free riders under a given matching mechanism is “plausible if the
number of the individuals in the economy is small”.

For the subgroups with two agents that played the central role in the proof of Proposition

12, the result of this Proposition can easily be visualized by Figure 3.

W2 A

Am)

D@m)

Am)

Rakl

A(m)

v

2 w
X, 1

Figure 3: Change of ¢,(m) and ¢,(m) with u(m) going to infinity.

In this figure, similar as in Figure 2 of Section 4, conditions (33-1) and (33-2) imply that all

income distributions in € (m) must lie below the straight line /,(m) with slope w(m) and

above the straight line /,(m) with slope

. Since u(m) goes to infinity if m is

increased the segment B(m)C(m) which describes Q (m) approximates the segment

D(m)E(m) which represents the set IT (m) in Figure 3.
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8. Conclusion

Reciprocal matching in a public good economy has become an important topic in public good
theory that, in the context with the pertinent political task to overcome underprovision of
global public goods, also is of empirical importance. As an instrument for improving public
good provision in a world without a well-established central government matching promises
to combine different attractive features. On the one hand, it helps to avoid problems of
asymmetric information about individual costs and benefits of the public good that exist
between the participating agents and the central agency. The reason is that Pareto optimal
allocation may be attained by rather schematic types of matching mechanisms for which
specific knowledge about the agents is not important. On the other hand, there is no need for a
central agency that — as in the case of a domestic government — directly has to enforce the
public good contributions of the agents. Instead the agents still make their independent
choices, and it only has to be ensured that while doing this, they really observe the rules of the
matching mechanism.

Apart from these advantages of matching the literature, however, has also identified some
obstacles that may impede the application of a matching mechanism. So above all it has been
shown that for some simple and otherwise appealing mechanisms the matching equilibria are
not unique which at least demands some additional coordination efforts of the agents. Against
this background the main message of our paper is that beyond uniqueness there are other
severe problems with the functioning of matching schemes. So existence of interior matching
equilibria in which all agents voluntarily make a positive contribution to the public good is
not guaranteed but — depending on the precise form of the mechanism — requires quite specific
distributions of initial income. Therefore, in order to make a matching scheme workable,
some redistribution of income among the agents may be warranted at first. To find an
appropriate income distribution, however, will not be possible without detailed knowledge
about the agents” characteristics which reduces the informational advantages of matching.
Moreover, as we have also shown in our analysis, there is a non-negligible danger that only
slightly missing the appropriate income distributions will inevitably lead the matching
equilibrium away from the desired solution. The problem of local Warr non-neutrality can be
avoided if only matching mechanisms are used that fulfil a certain regularity condition which,
interestingly, coincides with that for uniqueness. Therefore there is a double advantage of
applying regular matching mechanisms.

The class of matching mechanisms that provide Warr neutrality and uniqueness is much

larger than that on which the previous literature has focused, i.e., the class of matching
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schemes where reciprocal matching only occurs within distinct groups. An alternative is, e.g.,
to restrict active payments into the matching scheme to some group of donors whereas the
other members of the economy outside this group only receive matching grants out of the
scheme. We have also seen that in very small economies it is quite unlikely that a Pareto
optimal allocation is attained through matching. But if the size of the economy is increased,
e.g., by replication of the original economy, then - by application of a specifically constructed
matching mechanism - the set of income distributions which allows for implementation of
Pareto optimal allocations will be growing, too. Thus it is a main and not quite unsurprising

insight of our paper that matching may work better in large than in small economies.
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Appendix Al
I w 0 0 .. O
01 » 0 .. 0
0 01 u .. 0
Lemmal:If M =| | and p#1,then detM #0.
u 0 . . 1

Proof: We have by standard rules for calculation of determinants

u 0 0 .. 0 0O u 0 . 0
01 0 ... 0 0O 1 u 0 .. 0
0 0 1 .. 0 0 0 1 .. 0
detM =1-det| H _ —pdet "
0 0 .. 0 u 0 0 1
u 0 0 0
I o 0 .. 0
n-2 0 1 ﬂ 0 0 n=1 n : :
=1—u(-1)""det =1+(-1)""u" . Thus, if n is an odd number

0O .. . 0 1 u

detM >0 holds for any g, if n is an even number det M #0 holds if p#1.
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Appendix A2

S

Lemma2: If M =| : ) .| and 4 >0, then detM #0 ifand only if z#1.

o ooou 1

Proof: By elementary transformations of the matrix M we get

1 Y7 w4 UM l+(n-Du u . MU
u-1 1-u4 0 ... O 0 - 0 .. O
-1 0 1-g4 .. O 0 0 1I- 0
det M =det ﬂ_ H | =det _ H
u-1 0 e 0 1—p 0 0 e 0 1=p

=(1+(n=-Dp)-(1- )"

If x>0, then this expression clearly is non-zero if and only if g #1.
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