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ABSTRACT. In this paper I reconsider the problem of the existence for GEI
models. It is well known that existence for this kind of models can fail since
there are bad spot prices. Using tools from Algebraic Geometry I show that the
set of bad spot prices is typically empty if the information tree, the number of
securities and the number of tradable goods at each node satisfy a well defined
inequality. Even if such inequality is not satisfied I show that the set of bad
spot price can be fully characterized and described using an algorithm and I
give an universal bound for the cardinality of this set. Moreover, using these
results, I prove that the equilibrium always exists for all endowment profiles.
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1. INTRODUCTION

We study the classical GEI models where securities are claims to commodity
bundles that are contingent on the state of nature, and are insufficient to span all
state contingent claim. As Hart (1975) has shown these economies do not neces-
sarily have equilibria, even when the utilities of agents satisfy smooth assumption
as in Debreu (1970) . Hart’s counterexample is based on the collapse in the span
of security markets that occurs on an exceptional set of 'had" spot prices. Many
attempts to resurrect the existence of equilibria have then concentrated on showing
that the existence is there, but it fails on a set of measure zero. Duffie and Shafer
proved that the intuition of 'bad’ or "exceptional’ spot prices was correct and they
gave the existence proof for an two-period economy (see [7]) and, in a later paper
(see [8]), for every fully stochastic economy i.e. an economy where the information
is revealed slowly and there are more then two trading dates.

So it is natural to investigate the "bad’ spot prices side of the story little bit
further. This is the goal of this paper. The main conclusion I reach is rather
surprising. The "bad" spot prices set is typically empty if the information tree, the
get of tradable securities satisfies a certain inequality. Moreover, even in the case
that set is not empty it is possible to give an upper bound for the cardinality of this
sets which is independent from the specific financial structure. Using this result I
am able to reprove the existence theorems and I able to show that the existence is
there for any endowment profile and to show that there exists an algorithm to find
all the isolated bad spot prices.

The intuition behind this result is quite simple. The collapse of the rank of
matrix is equivalent to the existence of a solution set for a well defined system
of polynomial equations. Since every polynomial defines an algebraic variety the
problem is naturally translated in an intersection problem of algebraic varieties.
Clearly if the number of varieties is big enough -i.e. the a dimensional restriction
is satisfied- the intersection is typically empty. I will show that the tree-event
structure, the number of securities and the number of tradable goods are all we
need to know to determine the number and structure of equations.

The paper is organized as it fallows. In the Section 2 I write down the model in
two periods and I fix the notation and I explain the main results. In Section 3 I
prove the basic results. In Section 4 1 show how to extend the result to a general
stochastic economy i.e. an economy where there are at least two trading dates.
In the final Section I construct an algorithm to show how to localize the bad spot
prices.

2. THE SECURITY MARKET MODEL

I start my investigation analyzing a GEI model in two periods and then I will
extend the result to general GEI models so, in this Section, we outline the economic
setting, stating the definition of an equilibrium with incomplete markets in a two-
period model with uncertainty over the states of nature in the second period. 1
only write down the essential feature of the model the reader should also compare
to [7], [10],[16],[27].

In period 0 there are spot markets for commodities, ad security markets for assets
that pay bundles of commodities in period 1, the bundle paying depending on the
state of nature. In period 1 agents cash in their portfolios of assets and their
endowment, trading the proceeds on spot markets for commodities. There are ¢
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commodity types, S possible states of nature in period 1 and .J assets. So we have
the following matrix
al(l) - al(1)

al(s) - a'(s)
Note that for any j, 1 < j < J,and for any s with 1 < s < § we have a’(s) € R%. An
agent holding one unit of asset § after trading at period 0 is entitled to the vector
a’(s) of commodities in period 1 if the state s occurs. A portfolio § = (6,,...,0;) €
RY of assets thus represents a claun to the vector a(s)é where, of course, a(s) is
the following

a(s)=1[ al(s) -~ a'(s) ]

¢ x J matrix.
Let zp € R%, denote a period 0 consumption vector of a typical agent and let
z1(s) € R% | denote the consumption vector of an agent in period 1, at the state s.
So we can write = = (zo,(%1(8)51) € Rﬁi(s“) as a consumption vector. Similarly,

= (po,(p1(8)5.,) € Rex(s *+1) represents a collection of spot market price vectors.
Each agent 4, 1 £ 3 < I is characterized by an initial endowment vector w &
RS+ and a utility function w; : RS - R satisfying
(i) u; is C*°
(i1) Dui(z) € ]fo(SH) for all x € RKX(SH),
(iii) hTDu,(a:)h < 0 for all h # 0 such that hDu;(z) =

(iv) {:1: € ]REX(SH) ui(x) 2 u; (%) ¢ is closed in Rﬁf“l) for all T € Rex(s+1)

Given a spot price system p € Rz><(s+1) and a portfolio & € RV the market value
of the portfolio in state s is p; ()T a(s)9 Denote by V(p, a) the S x J returns matrix
whose sth row is p;(s)Ta(s), so that V' (p,a)d € R¥ is the vector of dividends across
the S states in period 1 generated by a portfolio 8. For any = = (zq,(z1(s)5.,) €

]R‘_qﬁr(SH), let p; 0y denote the vector (p1(s) - #1(8))5.;0f units of account required

sk

Given prices (p,q) € Riﬂ(sﬂ) x RY, the agent i is therefore faced with the
problem

max ui(z) st po- (o —wh) +¢q-050

~ (P)
pO(x; —wi) £ V(p,a)d

An equilibrium is thus a collection ((F*, g ) (B,4)) such that
1. (3,8") solves (P) given (5,7) for all i,and
2. 21T = e @ and
3« E’i. el —9'1' = 0
It is well known that an economy of this type has not necessarily an equilibrium
but it is possible (see [7] and [8]) to prove that there exists an open set @ C

IR{ZFX_F(SH)XI x R¥*5%J " with null complement, such that an equilibrium exists for
any economy (w,a) in £2. So if we use the symbol dV to denote the Lebesgue
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P ‘
measure on ]R+X+(S+1)XI x RIX5%J the Theorem tells us that

AV (RSN x RES*I\Q) = 0

so, from the point of view of Lebesgue measure, we know that the set where the
equilibrium does not exists is very small, actually is so small that has measure zero.
The reason why we can’t have existence in any situation is the fact that the span of
securities can collapse. I will call this the H-effect, after Hart. On the other hand
it would be desirable to know more about the magnitude of the H-effect. In this
paper I study, with the help of algebraic geometry techniques, the structure of the
H-effect points.

The basic idea behind this results is quite simple. The collapse of the rank of
matrix is equivalent of the existence of a solution set for a well defined system
of polynomial equations. Since every polynomial defines an algebraic variety the
problem is naturally translated in an intersection problem of algebraic varieties.
Clearly if the number of varieties is big enough -i.e. the a dimensional restriction.
is satisfied- the intersection is typically empty. The reader should keep in mind that
the set of zeros of a polynomial is a rather rigid set with a well precise geometric
structure. Just to name an example we can think of the intersection of two curves
in the plane. If the only condition we assume is that the defining equations are
C* function then we can not say much about the intersection locus since for every
closed set Z in the plane there exists a C* function f such f(q) = 0 if and only
if ¢ € Z (see [3] Theorem 1 pp. 47). But if the curves are polynomial of a fixed
degree, let say 2, then the intersection can be described in a very precise way.

Using this guiding idea I will show that the tree-event structure, the number of
securities and the number of tradable goods are all we need to know to determine
the number of equations.

The surprising result is the following: the points which create the H-effect have
a very precise mathematical structure, in fact are an algebraic variety and a finite
set of isolated points. Moreover, these sets are typically empty sets. More precisely
I can prove the following:

Theorem 1. Given the economy described in the first section with the financial
structure given by the following

al(t) - al(1)

.

al(8) --- al(s)
Note that for any j, for 1 € § < J,and for any s for 1 < s < S we have al (s) € R*.

Iy
S
( J ) > 45
Then the following are true:
1. The set of ’bad’ spots prices, that we denote with the symbol My, is disjoint
union of two sets M# and M}, where M{ is an algebraic manifold and M, is a
finite set of isolated points so we can write

My (a) =Mf(a)UM (2)
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2. There exists o closed set Q, of measure zero such that if a ¢ (), then
Mf(a) NRY =MP(a)nRE, =2
3. There exzists a set Y, C Q, closed and of measure zero such that
£5
Mij(a)NRY, =@

This 1mplies that the event that the algebraic part is empty is more frequent that
the fact that the discrete part is non empity.

4 There egists a positive integer number, that we denote with symbol n such that

for any ﬁnan'cial structure a if we denote the cardinality of the set M}y (a) with the
symbol #(M};(a)) then the following

#(Mfj () <T

holds. Such integer is universal in the sense that it dees not depend on the the
individual financial structure.
5. Moreover, there exists algorithm to determine each element of MY

Theorem 2. There exists an open set ¢ R2, with null complement, such that an
equilibrium alweys exists for any endowment profile w € Rix(SH)XI and for any
financial structure a with P(a)CS2.

Moreover 1 am able to prove the perfect analogue of this results for a fully
Stochastic economy and I will do this in Section 4.

3. PROOFS OF THE MAIN RESULTS

In this section we are going to prove our main results for a two-period economy.
As I said in the Introduction our main tool is going to be the study of certain
systems of polynomials in several variables which are naturally linked the economy.
The proofs use, in an essential way, Algebraic Geometry. In the Appendix I collect
the main results that I am going to use and I will give exact references for the reader
interested in this type of techniques. For the moment I only give few definitions
which are necessary to understand the proof of our results. We denote with the
symbol C[z1, ...z ] the set of all polynomials with complex coefficients in n variables.
If f € Clzy,...z5) then we can write

flzy, ..zp) = Z Coyon T3 L™
(al...aﬂ)EN

and we call support of f the set of all (cv...cv,) such that ¢, .. o, 7 0. Note that we
can consider the vector (o...cx,) as an element in N™ so the support of a polynomial
in n variables is a finite subset of N™. I will denote the support of the polynomial
f with the symbol S(f).If we cousider a system of m polynomials in n equations
as the following

fi(z1, eyzn) =0

fa(zy,.y@n) =0 (%)

fm(:rl, ceny .’En) =0
we can associate at this system the collection of suppports {S(f1), ..., S(fn)} C N™.
Moreover it is possible to prove the following that the volume (i.e. the Lebesgue
measure) of the linear combination of non-empty convex compact set K, ..., K,
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with non-negative coefficient Ay,...,A; is a homogenous polynomial of degree n
with respect to Aq,..., As :

S S
Vol(MKy + o+ AKs) =D Y Vol(Kiy, oy Kin)Xiy N,
iy in

where it is assumed that for products of the A; which differ in the order of
the factors the coefficients have the same numerical value. The following theorem
relates the Minkowski sum of sets with ordinary euclidean volume. It also important
to observe that the operation is continuous in an appropriate topology.

It is well know that the reason why the equilibrium could fail to exist is the fact
that the rank of the matrix V (p, a) is not constant but it is a function of the spot
prices for the good bundles. This has been discuss in depth in several excellent
papers and books and interested the reader should read those if she wants to learn
more about thig problem.

Let us concentrate on the matrix V(p,a). I remind to the reader that, by defini-
tion, given the spot prices p = (po,(p1(s)5.;) € Ri’fés"‘l) and the assets structures
a we have

Vipo)=[pls) @) 41 g
j=1,.,J
and we need to study the rank of this S x J matrix. The reader should keep in
mind that we are interested in Incomplete Markets and this implies that S 2 J.

Let us suppose that we specify any n S J different rows an the same number of
different columns. The elements appearing at the intersections of these rows and
columns form a square matrix of order n. The determinant of this matrix is called
a minor of order n of the original matrix V(p,a) and it will be denoted by the
symbol

M(p,a) = M]3 (p,a)

Jlgernydn
where iy, ..., 7 are the numbers of the selected rows, and 71, ..., jx are the numbers
of the selected columns. Of course, we are interested to the minors of order J. In
fact, the rank of A is r if A has a nonvanishing minor of order + and all its minor
of order 7 + 1 and higher vanish. So, in our case the matrix V(p, a) has rank J at
p if and only if there exists a minor of order J which does not vanishes at p. Since
this simple fact has special role in our analysis we record it in the following

Lemma 1. Given the economy described in the first section with the financial
structure given by the following

al(1) - al(1)

2is) o w(s)

Note that for any 7, for 1 < j < J,and for any s for 1 < s < S we have af(s) € R
Then it is possible to construct a system of polynomial that we denote with the
symbol P(a) with the following properties

1. The economy has an H-effect point if and only if the system P(a) has a strictly
positive solution.
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2. All the polynomials appearing in the system P(a) have degree J, the number
of tradable assets, and they are homogenous. Moreover, each coefficient is a J x J
minor of the matriz a.

Proof. To start let us observe that the matrix V(p,a) has rank J at p if and only
if there exists a minor of order J which does not vanish at p. This means that for
any p there exists a choice of 41,...,25 rows, with 1 £4; < ... < iy £ 5, such that
M;yY (p,a) # 0.
Then we can conclude that the matrix V' (p, a) will fail to have rank J for some
prices if and only if the following system

{ M (pa)=0 foral 120<.<iy$5 (%)

has a strictly positive solution. o
In order to proceed we need to give a closer look at M3/ (p, a). By definition,
we have

£
M3 (pa) = Det | > p1e(s) - aj(s)
k=1

‘| § = 7:1,...,7,.‘]
j=1,..,J

this a homogeneous polynomial of degree J and there are involved J X £ variables
namely

p1,1(81) . pre(iy)
pa(d2) ... pre(ia)
p11(iy) ... p1e(i)

Finally, let us note that
Mli,l‘y'-'--‘y]i.l (p, a) — Det P’il,“.,‘l:_] Ail,...,i_]

where we denote with the symbol P*»+»% the matrix

0 ... 0  pilia) - pelia) 0 0
0o ... 0 0 ... 0 - p(y) - pelis)
and with the symbol A%+~% the matrix
al(il) s aJ(il)
al(iz) a’ (ip)
aliy) - al(iy)

Moreover it is well-known (see Theorem at pp 93 of [24]) that if X isan m x n
matrix and Y is n X p matrix then every minor of order £ < n can be expressed
this way

Q) yorey Ok o THRVNGTY Lyyisy
MBII,...,ﬁ: (XY) = ZMel,...,ekk(X)M 1%’1(}/)

where the summation is over all distinct sets of indices £1, ..., #x.
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If we apply this result to our case we obtain
My (pya) = S My (AT g, (i) e, (1)
and we are done. ' O
At this point we have can prove Theorem 1

Proof. (Theorem 1) ‘
1. Last Lemma implies that the matrix V' (p,a) will fail to have rank J if and
only if the following

{ Mivii(pay=0 forall 1Si<..<ij<8 (F)

system has a strictly positive solution. Moreover we know that the polynomial
My'75 (pya) is defined as above then we have the following

M (pa) = M{E (A Ypg, (1) pe, (i)
holds. Now that we know how each equation in the system look like then we ask

ourself another simple question. Namely we should count how many equations are
involved in the system. The answer is clearly

(5) =767

So we have the following system

{ Mivi(pa)=0 forall 1Si<..<iy;<§ (F)

with g § equations. The reader should notice that since we assume that the

rank of a is J then the system is not identically zero. Moreover, since we assume

that
S
(5)5s
if we select £5 different equations

gk)’ ’zgk:)
M W (p, a)=0
k==1,...,4S

then, for each choice, we can construct the following

CIrG)
{ 3755 20 fral 15ks08 (Frm,.0)
oo S [y,
and if we denote solution set with the symbol the Z(F (569,40 )in (]RQ*)n
Py S pmn,nn8
we have.

2 =2y )
P

It is a well-known fact in Algebraic Geometry (see [4] and [19]) that the a system
of the type above has a solution set of the following form

Z(f{i(lk),,..,i(]k)} ) = M(Z {(M, 'm ))AU
k k=1,...,¢

.88

M(Z(F oo (k,} )P
ka=1,...,08

yeeeyly
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where

MEFr gy
L FSS T
is a algebraic variety and

M(Z(]: + (k) (k) ))D
{11 vty }k=1,.«.,es

is a finite set. Finally, let us observe that since we assume

(3)-

then we can construct at least n system of this type where

- (3)

Since intersection of varieties is a variety and intersections of finite sets is, at most,
a finite set we have completed the proof of the first claim.
2. We have just proved that
Z(F;. O
Tl a0y

28

) = M(Z(J (B i(k)} ))A Y
1 veexby k=1,..,,88
MZ(Fiw o e
Ty Ty }k=1,..~yes

since, by Bernstein’s Theorem, there exists a set of measure zero in C = R? such
that if the coefficients of one the system are not there then the solution set of that
system is just a set of finite points we can conclude that typically
A
Mf(a) ZﬂM(Z(\F{im i®) D=0
AR A B WY

so, a fortiori,

Alny A~ iS _

M#(a) ‘—ﬂM(Z(f{igk)Mi(Jk)} NANRE, =g
k=1,...,L8
For the discrete component we have that it is true in general that intersection of
finite sets in generic position is empty if each set is just a finite set so we have
D
mM(Z(}- (k) (K NP NRE, =

and this complete the proof of the second claim.

3. By Bernstein Theorem ([4]) there exists a set of measure zero such that if
the coefficients of the polynomials are not there then solution set has not manifold
component and clearly this implies that

ZF)=[1MEZ(F;m ))D
m {z’ ety }kzl,.“,llb‘
Each of the set that appears in the right part of the equation is a finite set so
we have proved that typically the solution set of the system is just a problem of
intersection of sets of finite points. In this sense the algebraic part of the solution
appears less frequently then the discrete part.

4 . To show the claim we can just use the classical Bezout’s Theorem (see [4]
and [9]). This Theorem implies that

#HMZ(F 0 )P) < ¥
iy ety }

k=108
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in fact it is to check that each Mf “""',‘f" (p,a) is just an homogenous polynomial of
degree J and since ' ]
Mij(a) = ﬂM(Z(}”{im o )P
R B W2

we can conclude that # (M7 (a)) < J*. The reader should observe that we have
been using properties that are true in general for any system of polynomials of the
given form so the bound is independent from any particular financial structure.

We also notice that the bound is not very sharp. In fact it is possible to give a
sharper bound, this will be done for the proof of the existence of the algorithm.

5. I am working on this. a

From the last Theorem it is clear that we can associate to any financial structure
the set of coefficients of the polynomials which are construct in the system , we
denote such a set of points with the symbol P(a) C C. To summarize what I did I
will consider the following

n(C5,£5) s
Igs(C*9) Ae H Is(CtS) %8 H c*
&g
U U U
n(CF,25) s

RExSxJ 2 IC§(RES) A H I5(RES) A HAf
Where: .
(1) RE*S%J js the space of assets
(2) The symbol C5 is
S
5=(3)

3) Ios (R®SY (resp. Ios (C*)) is the set on systems of polynomials in £9 real
(resp. complex) variables and C§ equations

(4) ILis(R®S) (resp. Ing(R%S)) is the set on systems of polynomials in €S real
(resp. complex) variables and £S equations

(5) Ay is just the standard simplex

(6) @ is the map that associate to the financial structure the polynomial system

(7) A is the map that singles out the subsystem used to apply Bernstein’s
Theorem

(8) W is the map that take the intersection sets and gives us the set of points
of the H-effect.

I

Note that the if we call H the correspondence that associate to a financial struc-
ture a the set of points which generates the hart effect then, given the above defini-
tions, we can write H = WoAo®, The Bernstein Theorem gives us a sharp estimate
for the cardinality of ¢ o Ag o P¢(a) and the fact that real numbers are inside the
complex field gives also an upper bound on the set H(a) CW¥¢ o A¢ 0 Pc(a).

The main idea of the theorem is to use the fact that the solution sets are perfectly
controlled since the equations are polynomials which are extremely well-behaved
maps and to use the fact that if the information set is reach enough then the
number of condition that need to be satisfied to allow a collapse or the presence of
the Hart-effect is way too high.
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Last Theorem can be refined in order to remove genericity part of the statement.
1If we are dealing with a concrete example of Incomplete Markets structure it could
be important to be able to establish if the set of bad spot prices is finite or has an
manifold component. In fact, if it has only a discrete part - and usually this should
be the case even if the set of bad spot prices is not empty -it could be that the
system has an equilibrium. To address this kind of necessity we need to introduce
few new definitions.

To start we will use the symbol R™ to denote the dual of R™ i.e. when we think
of any element of R™ as a linear function defined on R™.

Definition 1. If we have a system of polynomials

filzy, o zn) = Z(al‘,‘a.,,) €10 T Ty =
f2($17 sty x") = Z(al...a.,,,) sz(al-uan)x?l "'zgn = O (F)

Fa(@r, s Zn) = Z(m-..an) Cn,(m...an)m?l -zt =0

and w € R™ then the initial form of f; with respect to w, denoted by init, (f;), is,
by definition, the sum over all the terms ci,(a]“_an)x‘f‘l..,mf{“ with ¢; (ay...an) 7 0 for
which the inner product (w, (ay...a,)) is minimized.

From the last Theorem is clear that we can associate to any financial structure
the set of coefficients of the polynomials which are construct in the system , we
denote such a set of points with the symbol P(a) C C.With this definition in mind
we can give prove the following

Theorem 3. Given the economy described in the first section with the financial
structure given by the following matriz following

al(l) - al(1)
a =
al(s) - al(9)
B aP
If there exists choice of equations My (p,a) = O} such that the
k=1,...,£5

system
JRY k)
{ nit, (Mlyl,J 7 ) (z)=0 forall 1SKk<1S

has not zero in ((C*)ls then the following are true:
1. The set of ’bad’ spots prices has form

My (a) =Mz (a)
this means that there is no manifold component.

2. The cardinality of the set MJ(a) is given by the following formula
QS (29 S
#(Mz?(a))éf Min M(eco(My! 5™ (p, ), oy co(My) 57 (pya)))
{'igk) """ ""F’k')}l,u—.l,...,ﬂs

where, by definition (see Appendiz), we have
(1) (1) £s) (ES)

% eyt 11(]' .
M(co(My! 57 (p,a)),..co(My] 77 (p,a)))

.....
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is the coefficient of the term Ai...)\, in the polynomial
(25)

HORRLS [
V()\lco(Ml"m:J’ T (pa)) + . A Anco(M,! T (P a))
and the this bound is always less then the Bezout’s bound.

Proaf. In progress. [

<7

Proof. We remind to the reader that if agent 1 solves the problem (P’)

maxuy(z) st p-(z—wh)=0
@€

and each agent ¢ > 2 in the economy solves the problem (P”)

max u;(z) s.t. p-(z—w)=0
(z,8)

Oz —wi)eL dimL=kand V(p,a)C L

then a pseudoequilibrium for the economy described in Section 2 is a collection
((&),P, L) such that

1. (7Y solves (P') if i = 1 and solves (P") for all § > 2,

2. 21T =3 e W o

We know that the pseudoequilibrium always exists ( see D3) and using the last
Corollary we can conclude that the pseudoequilibrium is always an equilibrium
if, given the profile of endowments, we choose the asset space to belong to a the
appropriate set. 0

4. STOCHASTIC ECONOMIES

In this Section I extend the results of the previous Section to a fully stochastic
economy i.e. an economy where there is more then one trading date. The extension
is quite straightforward so I will just describe the economy, I will state the Theorems
and I will add few simple comments (the reader should see (8], [18]).
As usual the underlying economy can be described by modelling the uncertainty
via an event-tree. There is a finite set of state of nature § = {1,...,5} and a
collection of partitions of 8 F = (Fp, F1, ..., Fr) where F;_1 C Fy forall 1 <t <
T~ 1 and Fo = {S,0} and Fr = {{s}},g F defines an information structure in
that at each date ¢t = 0,...,T exactly one of the events has occurred. If & € F;
has occurred the possible events ¢/ € F;1 that occurs at ¢t + 1 are those satisfying
o' © o. Of course the filtration defines an event-tree as follows. Let D = U?:o Fi
be the set of nodes. For each node é € D there is exactly one t € T and one o € F,
such that £ = (¢,0). The unique node for each ¢ € T and for each o € F; the pair
(t, o) is called a node. For each node ¢ € D we denote with the symbol &% the set of o
immediate successor of £.The cardinality of £€* is called the branching number and
it is denoted with the symbol b(£). With this notation we denote with the symbol
Cx(D, ]R‘q) we denote of all functions f : D — R which are stochastic processes. }
If o € D we denote with the symbol D(o) the branch of the tree-event starting
at o.
There are I and each agent i, 1 < ¢ < I, is characterized by an initial stochastic

endowment vector w* € Cx(D,R%)1, and a utility function u; ]Rﬁ_’;_#(D) - R
satisfying
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(i) u; is C°°

(ii) Duy(z) € RYF®) for all z € REHD),

(iii) AT Du;(z)h < 0 for all b # 0 such that hDu;(z) = 0,

(iv) {*v € Rﬂﬂﬁm sug(z) 2 ui(ﬁ)} is closed in Rii#(m forall T € Rﬂer#(D).
There are J real assets so, forany j = 1,...,J, a/ : D — R’ is an adapted process

with a’ (§;) = 0. One unit of asset a’ held at the node ¢ promises to deliver the

commodity vector af (¢') € R? at each node €' € D (£) . If a (£) = [a! (¢£),...,a’ ()]

and p € Cr(D, RZ)+ is a stochastic price process that

( max  u(z s.t.
(z,8) ()

p(&p) - (z(&p) ~ w(€o)) = ~a(&o) - 0(€o)

P(€) - (al6) = w(€) = r(©)a(©) +a(O16(€T) —ale) -00) ¢ )g
L 2 (O — wl©) = p(E)aE) + () 0E7) £eDr

Definition 2. An equilibrium is thus a collection ((Ei,-éi), (7,9)) such that

1. ('a‘fi,?i) solves (P) given (p,7) for all i,and
2 YierT =2 W and
—i
3 Yier? =0
This type of equilibria also called GEI equilibria.

Theorem 4. Given the economy described in the first section with the financial
structure given, at each node o € D, by the following matriz following

al(1) - al(l)
a, = :

al(s) --- al(s)
Note that for any j, for 1 < j < J,and for any s for 1 < 5 < § we have a?(s) € RE.
Ifoe Fiy we set Si(o) Y #(D(0)NF)

( 5’50) ) > £8,(0)

Then the following are true:

1. The set of ’bad’ spots prices at each node o € D , that we denote with
the symbol My (a, @), is disjoint union of two sets M (a, o) and M} (a, o) where
Mfi(a,0) is an algebraic manifold and M (a, o) is a finite set of isolated points
so we can write

My (a, o) =My (a,o)UME (a, o) A

2. There exists a closed set , C R? of measure zero such that if a & Q, then

M (0)PRY, =ME (0)nRE, =2
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3. There exists a set Q, C Q, closed and of measure zero such that
A 8
This implies that the event that the algebraic purt is not empty is more frequent
that the fact that the discrete part is non empty.
4 There exists o positive integer number, that we denote with symbol n such that

for any financial structure a if we denote the cardinality of the set M (a, o) with
the symbol #(M%(a)) then the following

#(ME (a,0)) <J;5@

holds. Such integer is universal in the sense that it does not depend on the the
individual financial structure.
5. Moreover, there exists algorithm to determine each element of MI? (a,0).

The proof of the Theorem is just as the proof of the Theorem the previous
Section, In fact to prove the theorem I just used the property of the algebraic
variety without even mentioning to trading dates.

In the same way it is possible to reprove the following

Theorem 5. Given the economy described in the first section with the financial
structure given, at each node ¢ € D, by the following matriz

al(l) - al(l)

al(s) - al(s)
Note that for any j, for 1 < j < J,and for any s for 1 < s < § we have a’(s) € R,
1f Si(0) E #(D(0)) and
( nga) ) > £5:(0)

RO
If there emwists choice of equations {Mf"Ji’ (p,a) = 0} such that the
k=1,...,£8
system

(%) ; (k)
{ init, (Mlj“ ot ) (z)=0 forall 1ZkZ4S

has not zero in ((C*)ES then the following are true:
1. The set of ‘bad’ spots prices has form

My (a,0) =Mf (a,0)

this means that there is no manifold component.
2. The cardinality of the set M (a, o) is given by the following formula

(85 (£8)

LS IS o
#(ME(a,0))< Min Mco(M,! "5 (p,a)),...,co(M;! ;77 (pa)))

F o
{'i'gk) '”“"iglk) }kal.“.,i"f

where, by definition (see Appendiz), we have

(1 5
) )

i, ML
M(co(M,! ;7 (p,a)),...,co(My’ 5 (p,a)))

.
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is the coefficient of the term A1.. )\, in the polynomial
TR {5
Vol()\lco(]\/l“m’“, 7 (p,a)) + ..+ A,,,,co(Ml"m,} 4 (p,a))
and the this bound is alwoys less then the Bezout’s bound.

Theorem 6. There exists an open set Q C R?, with null complement, such that an
equilibrium always ezists for any economy wiR

Finally we are able to prove the following existence result which, as his analogue
in the last Section, removes the genericity in the endowment part

The reader should note that we prove in the last theorem more then we stated.
Non only the existence is there for any profile but the

5. APPENDIX

In this section we explain how to find the solution sets for system of polynomials.
We only report the fundamental definitions and facts that we need. The interested
reader should see Chapter 7 of [4] where a very interesting exposition of these and
similar results can be found with proofs and relevant bibliography.

We denote with the symbol C [z, ...2y,] the set of all polynomials with complex
coefficients in n variables. If f € C[x;,...2,] then we can write

Fn ) = Y CaranaSt.aln
a3}

and we call support of f the set of all @;...c,, such that ¢, .. o, # 0. Note that we
can consider vector (o...c,,) as an element in Z™ the support of a polynomial in n
variables as a finite subset of Z™. I will denote the support of the polynomial f with
the symbol S(f).Therefore if we consider a system of n polynomial in n equations
as the following (see Ewald)
f] (.Tl, veey $n) = 0
fz(l‘l, u.,l'n) = 0

1y ey Tn) =0
then we can associate at this system the collection {S(f1),..., S(fn)} C Z™.

(%)

Definition 3. Given s non-empty convex compact sets Ay, ..., A, we denote with
the symbol

A+ ...+ As = {a1 +... + a5 such that a; € A; fori=1,..,s}
this set is called the Minkowski sum of A, ..., As.
Definition 4. Given the set A we denote with the symbol co(A) the following set

i=1

&
co(A) = {Z)‘iai such that a; € A fori=1,...,8 and Z/\,; =1 and \; > O}

this set is called convex hull of the set A.

Definition 5. A polytope is the conver hull of o finite set of point in R™ . If the
points have integers coordinates the polytope is called o lattice polytope.

The following Theorem is of paramount importance
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Theorem 7. (H. Minkowski) The volume of the linear combination of non-empty
convex compact set K1, ..., Ks with non-negative coefficients Ay, ..., As

Vol(MKy + ... + A K,)
is a homogenous polynomial of degree n with respect to A1, ..., As.
Then we have the following definition

Definition 8. The n-dimensional mized volume of collection of polytopes K1, ..., Kn
, denoted by
MVDZ(Kl, very Kn)

is the coefficients of the monomial M. An 0 Vol(A1 K1 + ... + AnKy).

1t is important to observe that, surprisingly, Vol (X, ..., K,) is always an integer
if the polytopes are lattice polytopes! (for a proof see
Proposition 1. The mized volume Vol(Ky, ..., K,) depends continuously on

K., Kp

in the Hausdorff distance.

Proof. In order to prove this property we observe that it is possible to prove that

RVol(K1, . Kn) = Vol(Ky + ... + Kp)
— E?:l VOl(K] + .o+ K+ K‘H—l + ..+ Kn)
+ E;;n(j VOZ(Kl + .+ K +Ki+1 + ... +Kj_1

+Kjp + .+ Ky)

H(=D)2 o Vol(K + Ky) + (1)1 320, Voel(K;)
and since the operations involved are only continuous operations we are done.
Using this Theorem it is possible to prove the following O

Theorem 8. (Bernstein) For almost all the choices in C of coefficients the number
of common zeros in the torus (C*)™ of

fl(il‘], veay .’177;) =0
fa(z1, ..y 20) =0 (F)
fn(ﬂ:] yoney L'Cn) =0

equals the mized volume MV ol(co(S(f1)), ..., co(S(fn)))-

Few words to explain the idea behind Bernstein’s Theorem. Let’s assume wi
start with a a system : ‘

fi(@1,20) =0
fz(.’l?l, ...,:Itn) =0 (}.)
fn(flll, ...,In) = (

then , since we restrict ourself to polynomial functions, we can write
fj ({l:l, Cl‘vn) = E Cj,al.).anm?] '“mgn
(oer..oen )EN

for each polynomial we have the support S(f;) € N™ so we can associate to the
system the n-tuple of supports {S(f1),...,5(fn)}. The central idea is to hold the
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n-tuple of supports {S(f1),...,S(fn)} fixed and treat the coefficients ¢; . o, as
parameters. The reader should keep in mind that we proved. see Lemma 1, that
each polynomial which appears in our system has the form

My (poa) = My (AR g (10).ope, (i)

where {M fy‘f'""'je" (Abests )} is, by definition, the set of J x J minors of the matrix

al(iy) - al(s)
al(is) a’ (i)
al (iJ) e a']("':J)

so in our setting the coefficients are just wel defined multilinear functions of the
asset payoffs.

6. CONCLUSIONS AND EXTENSIONS

There are several observations which are in

1. We have been assuming that the number of goods at each node at each node.
This is not necessary and we can prove the same results when the number of goods
changes at each nodes. Of course, the statements of the theorems need to me
modified accordingly.

2. The algorithm we have constructed is a god ones since exploits the projective
structure and assures the fact that we can find all the solutions of the systems.
However it seems possible that different kind of algorithms can be constructed.
It seems plausible that different kind of elementary systems could be constructed.
This is object of further research.

4. T did not investigate very deeply the structure of the manifold component
but this an interesting part. In a new paper 1 want to investigate further to see if
sharper anal;is possible.

5. In this paper I used principally the tools of complex algebraic geometry. I
suspect that it is possible to get sharper results with the help of Real Algebraic
Geometry. This aspect will be object of further research.

6. My results suggest that the excess demand can be studied at a more detailed
level. This is the object of further research. Please see my paper "How bad can the
excess demand be in GEI models?"

7. This techniques allow us extend the analysis for discrete version of continuous-
time models in finance. This will be the object of a paper work with Bob Anderson
(UC Berkeley).

8. Finally, the result have implication to study regular GEI economy and this is
going to be the object of further research. An early draft is contained in my work
"Regular GEI economies"
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