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This study compares the fit of the lognormal welfare function proposed by Van Praag (1968)
with the fit of 12 other functions. The comparison uses a sample of about 14,000 respondents.
The lognormal function outperforms 11 alternatives in terms of the residual variance criterion,
while the logarithm performs slightly better.

1. Introduction

In this letter we provide a test of Van Praag’s hypothesis that individuals are able
to evaluate any arbitrary income level z on a [0, 1]-scale and that the resulting evalu-
ation U(z) follows approximately a lognormal distribution function: U(z) = A(z; u, 0)
[Van Praag (1968)]. The function U(z) has been called the individual welfare func-
tion of income. The hypothesis also applies to expenditures on commodities, in
which case U is called a partial welfare function. In a somewhat different context it
has been suggested that the evaluation of municipal expenditures by local authori-
ties also will follow a lognormal distribution function, which is called a rmunicipal
welfare function. For the test we present, the distinction between the three types of
welfare functions (WF’s) is immaterial.

Our test consists of a comparison of the goodness of fit of the lognormal function,
A, to 12 other two-parameter functions. These functions are either distribution func-
tions on [0, e°) or have been proposed as utility functions in the economic literature.
Since we have about 25,000 observations, even small differences in fit are highly sig-

* The research reported in the paper is supported by a grant from the Netherlands Organization
for the Advancement of Pure Research (ZWO). A first version was written while both authors
were at CERPEC. We thank the editor, Bernard van Praag, Tom Wansbeek and Roberto
Wessels for their helpful suggestions, and Rik Storm for programming the complicated com-
putations. The complete version of this paper is available under the same title as report 78.02
of CERPEC. The study is part of the Leyden Income Evaluation Project.
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nificant. It turns out that 11 functions fit significantly worse than A and often sub-
stantially so. The logarithm fits slightly, but in view of the large number of observa-
tions significantly, better than A.

In the sequel we briefly describe the way WF’s are measured, the ensuing test and
the results. Finally we discuss the implications of the results for research using indi-
vidually measured WF’s.

2. Measurement of WF’s and the test

WF’s are measured by providing respondents to survey questionnaires with a
number of verbal labels like ‘excellent’, ‘good’, ‘bad’. They are asked to provide for
each label i a money amount z; which, in their opinion, is best described by that
label. The crucial step in the measurement procedure is the translation of the words
‘excellent’, ‘good’ etc. in numbers between zero and one. On the basis of an infor-
mation maximization argument [Van Praag (1971)] the labels are identified with
equal quantiles. For example, if there are five labels ‘excellent’, ‘amply sufficient’,
‘s0-s0’, ‘very insufficient’, ‘very bad’, then ‘excellent’ is identified with 0.9, ‘amply
sufficient’ with 0.7, etc. Denoting the numerical value attached to the label corre-
sponding to the answer z; by U(z;), one thus obtains for each respondent a sequence
of observations {z;, U(z;)}}-; from which the parameters 4 and ¢ of the lognormal
WF can be estimated. In fact it is easy to see that estimation amounts to running the
simple regression

Inz;=pu+oN 1 UE);0, D+e, i=1,..,n, 1)

per respondent, where ¢; is an i.i.d. error term.

In different surveys the number of labels has varied between 5 and 8 and some
other variations in wording of the questions have been tried out. In total there are
11 different wordings and we test the goodness of fit of A for each of them.

So far there is nothing in the description of the measurement method which
requires the lognormality of U(z), except eq. (1). If a different form of welfare
function were adopted, eq. (1) would be replaced by

In Zi =f(U(Zt)’ a, b) + Wy, i= 1: wey My (2)

with w; an i.i.d. error term. We propose to compare A to 12 other functional forms
by comparing the goodness of fit of (1) to the goodness of fit of (2) for these
other functional forms. The criterion chosen is Theil’s residual variance criterion, s2,
which is known to be smallest on average for the correct model. As we estimate
models like (1) and (2), 25,000 times, the average s* yields a powerful criterion to
judge the correctness of A.

It should be noticed that the stochastic specifications of (1) and (2) are not
arbitrary. The z; are the endogenous variables, being the answers given by a respon-
dent who is confronted with the exogenous variables U(z;).



73

F.G. van Herwaarden, A. Kapteyn | Empirical comparison of welfare functions

-me] [eosAydoyoAsd pajjes os[y 3
‘(‘2)n 30 vOnEIAGIQQE UE ST 5

0> 420/M1,0 STITUL
"9ABIU0I(UOU) = o("U) ,

“uonouny uolnqIsip A1MIqeqoid = "ypd g

"0 < Z SUOIOUN] [IB 10 4

Areon—3uo0lg (¢1)
nngem (1)

ojared (11)

3 el Tomod (01)
Soyreg -2} (6)
g[oqradAH (8)
gloqredAy-5o (L)
onsi3o7 (9)
onstgo[-301 (S)
aul wy3rens (v)
wyre3oq (g)
TeurioN (7)
Jewriougo (1)

ou l,«? +(g/mdxa}u o) - r<z (—2)up q
34 q/[{(2 ~ Du gp—}ul ou Fypd 0<gq {qlo/D-}dxe — 1
pez
saf q/{(a ~ Dui} — (Bu 0 yod 0<q? q@m — 1
saf q/{(z/myu1} ) - 0<q‘v %
sak /{7 (z/gnur} o' rpd 059 {q2(g/m)} dxo
ou {2 - 1v/g—r-}um E - - Z+0)/q+1
sk 0 -n/q-v- e - - (Dui +2)/q+ 1
ou {a/{r— /(1 - D)ui}}u o'y ¥pd 0>q 1-{(zq + D)dx2+ T}
94 q/{7 - (a2 = )i} oy ypd 0>q LDy g + Bydxa + 1}
ou {q/( - M}w o°u — - Z0+ D
sok q/(® —m E - - @upg+0
ou (10 M -Nq+ D)W ou ypd 0<gq (q 2N
sak (Toim_No+7 2 3ypd — (o‘niz)y
1eaur] pro 1A  SUOI} = (2N
f [(@)9ss] 5 f -B2UOD) ‘7pd -o1Isey wio} jeuoioun g

uonoun,y

‘suonduNy paos[es
1 919eL



F.G. van Herwaarden, A. Kapteyn | Empirical comparison of welfare functions

74

‘UIe}qo JOU PIp 3310AUOO WOYM WO SIUSPUOSII [IB 310 1J9] oM 20U "POYORAI ST 30UaFIAU0O [JUn SIN[EA-SUIIRIS MAU AT} 0 ojqissoduur
Aqeonioesd s 31 9z1s o[dwies Ino Jo malA U] *810AU0D SABMIE JOU SA0P WYIIOIE oY I, “WLI0S[e so1enbs 1s8a] IEaUI-UOU aAleIa)I S Jplenbrepy
4Q payBWInSs a1k 950U, *(T) JO UOIEOLI0ads TeaUI] & 0} 9SII 9AIS 10U O SUOTIOUNY SWOS :SUOHIEAISSGO JO SISQUINY WNWIXBW 9y} S8 353U L 5

"7 U038 299G

"V 103 9N[BA- 4§ 33 ST (V) £ PUE ]2 3} UT SUOT}BAISSQO 3Y} JO SOUBLIEA [eNPISSI 9SRIOAR O} SI 4§ 310Ym
- o 5> (V) HS0°T 4+

‘(WV)S0°T > 28> (VIST'T ++

WMISTT > 8> (V)
(V)8 > 48

:uonvundxsy

-1eded 2y} Jo uols1aA 939[dWwod 3y} JO J YSNOIY} By SIIQRY UO paseq ,

SL9T 96 8YLI 001 06 v6 1666 8L8 66 $6 6206 5 SUOIIBATSQO
JO TequinN
++ +++ +++ +++ ++ +H+ +++ ++ +++ +++ +++ Arean—auolg (¢1)
- ++ ++ ++ ++ ++ ++ ++ + ++ ++ nmnqram (1)
+++ +++ +++ + +++ +++ +++ +++ +H+ + +++ ojared (11)
++ +++ +++ +++ +++ +H+ +++ +++ ++ +++ +++ me] 19m04d (01)
++ ++ ++ - ++ ++ ++ ++ ++ - ++ JorreH~19[193 (6)
+++ +++ +++ ++ +++ +++ +++ +++ +++ +++ ++ ejoqiadAH (8)
+++ +++ +H+ +++ +++ +++ +++ +++ +++ +++ +++ ejoqiedAy-307 (L)
++ +++ +++ +++ +++ +++ +4++ ++ + +++ ++ anst307 (9)
+ + + - + + ++ + + + + onsidor-3077 (§)
- ++ ++ ++ ++ ++ ++ ++ - ++ ++ sur| 1ySrens (v)
- - + ++ - - - - - - - wrrreso (¢)
++ ++ ++ ++ ++ +++ ++ ++ - +++ ++ [ewIoN (7)
11 01 6 8 L 9 S v £ 4 1
q sBuTpIOM JUDIAJII(T uonounyg

e .wus_a??\vulu. 0} $anJEA- S JO Anwrxorg

T OIqEL



F.G. van Herwaarden, A. Kapteyn [ Empirical comparison of welfare functions 75

Table 1 gives a list of the two-parameter functions to be compared to A, along
with A itself. The parameters are denoted by @ and b, except for A.

3. Data and results

Fight different samples, drawn in Belgium and The Netherlands between 1970
and 1975 and comprising about 14,000 individuals, are used, yielding in total some
25,000 measured WF’s (in one sample welfare functions of income and partial wel-
fare functions of a few commodities were measured for the same individuals). A
comparison of the goodness of fit of the different functions with A for each of the
11 different wordings is provided by table 2.

One observes that the logarithm and the log-logistic are the only viable alter-
natives to A. The logarithm usually has a somewhat smaller residual variance, e R
than A, whereas the s? corresponding to the log-logistic is usually somewhat higher.
Given the large number of observations, the differences are mostly significant. We
have to conclude therefore that the logarithm fits slightly but significantly better
than A.

4. Implications for research

Measured lognormal WF’s have been used in a number of studies, like tests of the
economic theory of consumer behavior [Kapteyn, Wansbeek, Buyze (1980)], exer-
cises in optimal income distribution [Van Praag (1977, 1978), Kapteyn and Van
Herwaarden (1976)], a theory of preference formation [Kapteyn (1977)] and the
analysis of the financial needs of Dutch municipalities [Van Praag and Linthorst
(1976)]. The more one uses a measuring instrument, the more the instrument itself
should be subject to scrutiny. The present study has been motivated by that con-
sideration.

Van Praag’s contention that the WF’s considered here are approximately log-
normal is certainly supported by the test applied, but it seems that the logarithm
provides an even better approximation. One may question the assumptions under-
lying the test, however. The crucial assumption obviously is that verbal labels can
be identified with equally spaced points in a [0, 1]-interval. Since the logarithm and
A are so close, slight departures of the assumption may already affect the results
significantly. In view of the successful applications of the lognormal WF hitherto
and because of its theoretical underpinning which is largely missing for the logarithm,
a hasty discarding of A would be unwise. Obviously, though, more research is needed
into the properties of the measurement procedure. Currently, such research is being
undertaken on the basis of an experimental survey in which different measurement
methods are tried out.
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