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Managing Dairy Profit Risk Using Weather Derivatives

Practitioner’s Abstract

Weather conditions are the primary dairy production risk. Hot and humid weather
induces heat stress, which reduces both the quantity and quality of milk production. Tra-
ditional heat abatement technologies control the environment through ventilation, mist-
ing or evaporative cooling. Usually, they can increase the producers’ expected profit,
but cannot cover all the profit losses from heat stress. Weather derivatives could re-
duce weather-induced profit risk and thus act as a substitute for traditional abatement
technologies in the aspect of risk management. We test the risk management value of
weather deriwatives in a utility maximization framework. The result is that weather
deriwatives offer an opportunity to improve the efficient portfolio frontier, and simul-
taneously using weather derivatives and abatement equipment is more favorable than
using each of them alone.

Keywords: abatement technology, mean-variance efficiency, profit risk, weather deriva-
tives

Introduction

Weather conditions are the primary dairy production risk. Hot and humid weather
induces heat stress, which reduces both the quantity and quality of dairy production
(Barth; Thompson) . Traditional heat abatement technologies control the environment
through ventilation, misting or evaporative cooling (Turner et al.; Lin et al.) . Adoption
of abatement equipment, however, is hindered by its high initial cost and possibly long
payback period, especially for small- and medium-scale firms. Moreover, the abate-
ment equipment is only seasonally useful. Weather-based derivatives are a relatively
new financial product that pay during undesirable weather conditions. These products
cannot reduce production risk but can offset profit losses. They can be purchased to
cover only certain time periods, and may be substitutes for abatement equipment at
the margin. The objective of this study is to test the risk management value of weather
derivatives to reduce weather-induced profit risk and to act as a substitute to traditional
abatement technologies.

The analysis is conducted by first constructing two profit models. One is for a
representative producer’s profit without using weather derivatives or abatement tech-
nologies; the other is for his profit with using both of these two instruments. Then
the producer’s optimal portfolio choice is derived in a utility maximization framework.
From the utility framework, the benefit of using weather derivatives for managing risk is
measured. The assumptions implicit in this paper are that (1) the producer has Pratt’s
absolute risk aversion and choose mean-variance efficient portfolios with a one-period
horizon; (2) weather conditions are the only common risk factor to all producers in
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summer; and (3) the market is fully efficient in that there are no transaction costs,
indivisibilities, taxes, or basis risk.

The 35-year weather data of Summit County, Ohio are used for the empirical il-
lustration. Corresponding to the weather data, the representative producer’s milk loss
from heat stress and reduced loss from using abatement are derived by employing
the results of St-Pierre, Cobanov, and Schnitkey (SCS) . Our result is that although
abatement technologies are effective at reducing economic losses from heat stress, using
weather derivatives can significantly increase the producer’s utility compared to only
using traditional abatement technologies.

Background Knowledge

Weather derivatives have several unique properties. The payoff is calculated based on
a weather index. So weather derivatives have an advantage over traditional insurance
for hedging against weather-related losses. Because there is no need to prove damages
to receive payoffs, there is little moral hazard. Moreover, since weather information is
perfectly symmetric, adverse selection is eliminated.

Weather derivatives have been the focus of much research. Dischel argues that due
to the non-tradable nature of weather, weather derivatives cannot be valued by the
Black-Scholes option pricing model, and instead a stochastic Monte Carlo simulation
with a weather forecast model may be more effective. Turvey examines the weather
effects on crop yields and states that weather derivatives might be used as a form of
agricultural insurance. Cao and Wei propose a model for daily temperature, which
can incorporate several key properties such as seasonal cycles and uneven variations
throughout the year and develop a pricing model based on Lucas’ equilibrium asset
pricing model. Diebold and Campbell propose a non-structural time series model of
daily average temperature, which incorporates seasonal changes of temperature levels
and variations throughout the year. Most previous research only examines temperature
and /or rainfall derivatives to manage weather risk for energy and field crop markets. To
our knowledge, there has been no research on the potential of using weather derivatives
to hedge against livestock profit risk.

Economic losses are induced in the dairy industry when effective temperature con-
ditions are out of dairy cows’ thermal comfort zone. According to SCS, heat stress in
dairy cattle is a function of the Temperature-Humidity Index (THI, also known infor-
mally as the ‘heat index’). Johnson reports that a THI higher than 72 degrees is likely
to have adverse effects on per-cow yield. In SCS, it is suggested that the threshold of
THI to trigger heat stress should be lowered to 70 degrees because of the lower heat
tolerance of the current selection of dairy cows. So 70 degrees is used as a threshold for
risk from heat stress, THI jpresnorg- According to NOAA | the standard formula of THI
is: THI =T — (0.55 — 0.55 RH) (T — 58), where T is temperature in degrees Fahrenheit
and RH is relative humidity in percent. Since RH is is expressed as a percentage, it is
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easy to see that THI is positively correlated with temperature.

Theoretical Analysis

Consider a dairy producer who produces without using abatement equipment or weather
derivatives. His profit is y = P-Q —T'C, where P is milk price, () is the stochastic yield,
and T'C' denotes a total cost. For analytical simplicity, it is assumed there is no price
risk; therefore price is normalized to unity. The tilde (7 ) denotes a random variable.

Suppose expected profit of a producer is his historical average, p, so the difference
between y and p is his profit risk. The profit risk is orthogonally decomposed into
two parts. One is systematic risk which comes from weather conditions; the other is
nonsystematic risk which reflects the individual’s production variability not arising from
weather and is assumed uncorrelated with weather conditions.

(1) y=pu+0-f(@)+¢,
where

(2) T=FEZ)-Zz

(3) zZ= max(m — THI jrreshoid, 0)

(4) = cov(y, f(@))/var(f (7))

(5) E@)=p, EE)=0, var(é) =02, cov(z,8) =0, cov(z,&) =0.

The coefficient 6 quantifies the sensitivity of the producer’s individual profit to
systematic risk. The factor z, which is common to all producers in a region, measures
the degree of heat stress, and the factor = denotes the weather condition compared to
its expectation. If Z is lower than F(Z), that means the heat stress is milder than its
expectation. In this case, 7 is positive. And f(Z) captures systematic risk and increases
with Z. The functional form of f(7) is assumed to be linear, i.e. f(z) = a- =, where «
is a positive parameter of the linear relationship. The final term £ is a nonsystematic
risk component.

Then equation (1) becomes,

(6) y=p+60-a-x2+e=p+p-x+¢
where
(7) B = cov(y,7)/ var(Z).

Suppose that weather derivatives are available for purchase. Since here the risk is
from excessively high THI, weather derivatives that will be used are focused on weather

call options. The underlying index is THI, and the strike price is THI ypreshorg- The
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payoff from a weather call option is:
(8) n= max(?}:i’/f - THlthreshold7 O) =Z.

The hypothetical! option premium is calculated on the basis of actuarial fairness. So
purchasing weather options cannot change the producer’s expected profit. The option
premium equals the expected payoft:

9) 7 =E®) = E(3).

Also suppose that the producer is free to choose his abatement equipment invest-
ment 7 ( n > 0 ; where n = 0 means he does not install abatement equipment). By
using abatement equipment, the production loss from heat stress can be reduced. The
biological functional form of the effectiveness of abatement equipment is formulated as:

(10) Aloss = g(n, 5?{/[) =(a+b- ﬁﬁ) NG

where Aloss is the reduced profit loss, i.e. the profit gain from using abatement, 7 is
abatement investment,? and a and b are parameters.

It is easy to see that Aloss is increasing with 1 and THI. When n =0, Aloss is also
equal to 0. And with fixed n, Aloss is increasing with THI. That is because although
the profit is low when THI is high, the reduced profit loss will be high with abatement
equipment; on the other hand, when THI is low (i.e. weather is good), the abatement
equipment is not of much use, so the reduced loss is low. Since the net profit from using
abatement technology is (a + b - m) V1 — 1, that is to say if THI is high enough,
the net profit from investing abatement equipment will be positive; otherwise, the net
profit is negative.

With weather options and abatement equipment, the producer’s net profit equals:
(11) 7' =y+¢-(n—7)+ Aloss —n

where ¢ is weather option purchase amount. Therefore, there are two elements that the
producer is free to choose: spending on weather options, ¢, and spending on abatement,
n. It is assumed these two choices are determined simultaneously in a portfolio taking
the remaining parameters as given.

The producer’s optimal portfolio choice of weather option purchase and abatement
investment is derived using a utility maximization model.®> The producer is assumed to

IThere has not been a weather derivative on THI in the security market yet.

2Since abatement equipment is useful for many years once installed, the installation cost is annu-
alized at a certain rate (say 15%) for yearly analysis. When “burn-rate” method is used to forecast
weather, the expected THI will vary little over years. So, the producer’s yearly optimal decision on
weather option purchase amount and abatement investment will not change much over years once
determined based on current information. This is a simple one-period, one-agent model.

3This framework is equivalent to expected utility maximization if (net) profit is distributed normally
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have a mean-variance utility function of

(12) U= E(s)— %A - var(e)

where A is an index of agents’ aversion to taking on risk. Then the representative
producer’s objective is to choose his optimal option purchase ¢ and abatement spending
7 to maximize his utility from using weather options and abatement equipment:

1
(13) max U™ = E(y"") — §A -var(g™) .

o]

Specifically,

(14) max U™ = E(y)+ E(Aloss —n) — %A - [var(y) + ¢*var(n) + var(Aloss)
)1
+2pcov(y, n) + 2cov(y, Aloss) + 2¢cov(n, Aloss)],

1
(15) U™ = p+(a+bugm)y/n—n— §A [B%02 + 02 + 02 + b%a%—m
—2B¢02 — 28by/ncov(THI, %) + 2¢bs/ficov(THI , 7)].

Take first order condition with respect to ¢ and n respectively,

(16) poz — BoZ + b\/ﬁcov(m, zZ)=0,

1 1 1 1 1T
(17) (a+buﬁﬁ)-§n 2—1—§A[6202ﬁﬁ—5bn 2cov(THI, Z)+¢bn 2cov(THI,Z)] = 0.
Then equation system of (16) and (17) can be solved simultaneously.

It follows from (16) that

—_~—

. cov(THI, =
(19 o =g TLA
Substituting (18) into (17) and rearranging, it follows
. a+ bp—
(19) Vi = o 2 Ti[iﬁ(ﬁﬁz) '
2 + Ab [O’m — 0—57]

It follows from (18) that:

Proposition 1 . The optimal weather option purchase amount is decreasing with
abatement equipment investment. Thus it indicates that weather options can act as

and producers’ utility function is exponential. See Pratt (1964) and Meyer (1987).
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a substitute for abatement equipment.

In (19), it is not difficult to see that the denominator is positive, because

— 2 2 2
2 THI.Z P 0O 0% .
Vo — TR _ j252 1 T THL ] — 262 (1 — p2__ ) > 0, since the
THI o3 THI 0t 0% THI THI %

correlation coefficient p— . € (0, 1).
Since Aloss = (a+bm)-\/ﬁ, this inequality (a+bpuz7) > 0 implies that abatement

investment can reduce profit loss from heat stress. Then the numerator of (19) is also
positive. So it follows that:

Proposition 2 . The optimal abatement investment is positive.
And Proposition 3 also follows from (19):

Proposition 3 . The optimal abatement investment is negatively related to the pro-
ducer’s risk aversion degree (i.e. A ). That is, the more risk-averse the producer, the
less he would invest in abatement equipment.

By substituting (19) back into (18), it follows:

. cov(THI,z a+ bu—
(20) 9" = B-b (02 2. ol 2 Ti[vz(T’EFz)
z 24+ Ab [O’m — U—§]
Prhr z° THI
= ﬁ—b(a+bﬂfm)' T2 [ 2 :

From (20), it follows that:

Proposition 4 . The optimal option purchase amount is increasing with (3. That
means that the more the producer’s profit is sensitive to the systematic risk, the more
options he should purchase, ceteris paribus.

It also follows from (20):

Proposition 5 . The optimal option purchase amount is increasing with producer’s
risk aversion degree, A.

Proposition 6 . The optimal option purchase is decreasing with a and b.

By substituting (20) and (19) back into (15), the maximized increased utility from
using weather options and abatement can be derived from:
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(21) AU = U™(¢",5") - U(0,0)
1
= (a+bugg) /=0 — A 0L + V0ot
—28¢02 — 2Bby/ncov(THI, Z) + 2¢b/ijcov(THI, 7)] .

It is also viable to compare it with the cases in which the producer only uses one
of these two instruments. The simultaneous usage of weather options and abatement
equipment will be more favorable. So, weather derivatives can act as a substitute for
traditional abatement technologies.

Data and Empirical Results

Data

For the empirical part of the study, we need to estimate equations (6) and (10). Three
types of data are needed: weather data, profit data and abatement investment data.
The 35-year (1949 to 1964 and 1984 to 2002) weather data of Summit County, Ohio
are used.* The weather data include daily maximum and minimum temperature and
daily maximum and minimum relative humidity. Daily temperature and dew point®
both follow routinely seasonal patterns each year. So the “ burn-rate” method works
well with them for pricing weather options. Daily maximum temperature-humidity
index (THI) can be derived from daily maximum temperature and minimum relative

humidity.® Note in the models, THI corresponds to maximum THI. When maximum
THI is lower than 70 degrees in a day, there is no heat stress for dairy cows.

Corresponding to the weather data, a representative producer’s milk loss from heat
stress and reduced loss from using abatement equipment are generated by employing the
results in SCS.” Abatement investment cannot change in a relatively long period once
fixed. Also weather options are assumed to be written on summer basis, i.e. the payoff
is cumulative n of a summer and premium is the expected payoff. Thus, equations (6)
and (10) are estimated based on cumulative summer data. Summer period is set from
May 1st to Oct. 31st every year, because 97% of heat stress occurs in this period.

4Tt is a quite common phenomenon that daily relative humidity data are missing across weather
stations in NOAA database.

®Dew point measures how much water vapor is in the air. In many places, the air’s total va-
por content varies only slightly during an entire day, and so it is the changing air temperature
that primarily regulates the full variation in relative humidity. Related information can be found
at: http://www.usatoday.com/weather .

6In a day, the maximum THI is in the afternoon, when the temperature is highest and relative
humidity is lowest; and the minimum THI is at night, when the temperature is lowest and relative
humidity is highest.

"See the Appendix for detail.



Table 1 shows the descriptive statistics of the cumulative summer weather data.
And figure 1 is the histogram of cumulative Z.

Estimate [ in Equation (6)

Following SCS, THI jeshoiq is set as 70 degrees. From the weather data and the SCS
milk loss model, we calculate the daily milk loss during summers of the 35 years
and the corresponding daily THI. Then by accumulating the milk loss and z =
max(?}-l/f — THI ypreshola; 0) during each summer in the 35 years, we have 35 obser-
vations of accumulated profit loss and ¥ = F(z) —z. From a least squares regression, 3
is estimated, which is 0.5635 kg milk per cow. That is to say each degree of z beyond
its mean will induce 0.5635 kg milk loss. The milk price is set as $ 0.287/kg as in SCS,
so the milk loss is $ 0.1617 per degree of Z.

Estimate a and b in Equation (10)

We put the daily summer weather data into the SCS abatement effect model® to cal-
culate the daily reduced THI corresponding to seven abatement levels. Multiplying
the estimated (3 and milk price, we calculate the reduced profit loss (in dollars) due to
abatement investment (in dollars). The daily reduced profit loss and THI are accumu-
lated for each summer. Thus there are 35 observations of accumulated reduced profit
loss and accumulated THI for each of the seven abatement investment levels. By a least
squares regression, a and b are estimated as -57.4080 and 0.005107 respectively.

Results

In the following three scenarios, the producer’s risk aversion level, which is represented
by Pratt’s Absolute Risk Aversion (PARA), is set as 0.20.°

Scenario 1: With the estimates of a, b and 3, we can calculate the optimal portfolio
choice and the corresponding increased utility.

8In SCS there are three abatement effect models corresponding to three abatement intensity levels.
The first model is for only using fans or sprinklers; the second model is for a combination of fans
and sprinklers; and the third model is for a specific system, the Korral Cool system, which is used in
the Southwest and other dry and hot areas. In the research, we use the second model, and based on
this model, we linearly simulate six abatement effect functions corresponding to six different fixed cost
levels. See Appendix B.

9See, for example, Pratt (1964). Note that in this paper, we make no assumption about whether
the risk aversion parameter is constant, decreasing, or increasing with initial wealth levels. We are
studying a representative farmer faces an opportunity to buy weather options which will not change
his expected wealth level and needs to decide how much money to invest on weather options. So we
have an implicit assumption that changes of expectation and variance of profit due to using abatement
equipment and weather options will not affect his risk aversion degree.
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By equations (19) and (20), for a yearly management decision, the optimal abate-
ment investment for a cow is 16.4275 dollars, and the optimal option purchase amount
is 0.13535 shares (i.e. $ 75.2821) per cow. The maximized increased utility is 52.3362
dollars in certainty equivalent.

Scenario 2: If the producer only uses abatement system to manage production risk,
the optimal investment level is 26.7004 dollars per cow. The increased utility is 28.7252
dollars.

Scenario 3: If the producer only uses weather options to manage profit risk, the
optimal purchase amount is 0.16171 shares (i.e. $ 89.9429) per cow. The increased
utility is 35.6091 dollars.

The annual net revenue from a dairy cow typically is around $ 330.'° And according
to our data, the mean and variance of the annual revenue loss due to heat stress are
$ 49.6856 and 411.1898 respectively. Thus by the mean-variance model, the utility
loss of a farmer with PARA of 0.20 is (—49.6856 — % - 0.2 - 411.1898) = —90.8046
dollars in certainty equivalent. In scenario 1, with using both weather options and
abatement equipment, the increased utility is 52.3362 dollars in certainty equivalent.
So the optimal use of these two instruments can reduce utility loss by 57.64%.

Figure 3 shows the increased utility corresponding to different PARAs in the three
scenarios. The PARAs range from 0 to 0.30. The optimal portfolio choices bring more
utility than only using abatement equipment or weather options. If the producer’s
PARA is less than 0.14, using abatement equipment alone will bring more utility than
using weather options alone; if his PARA is higher than 0.14, using weather options
alone will be more favorable than using abatement equipment alone. An extreme case
is that the producer is risk neutral, i.e., his PARA is zero. Then using weather options
will bring no benefit to him because weather options are actuarially-fairly priced. Hence
the increased utility from optimal portfolio is equal to that from solely using abatement
equipment, which is 17.0322 dollars in certainty equivalent.

Table 4 shows that the representative producer’s portfolio decisions vary with his
risk aversion level. With the increase of Pratt’s absolute risk aversion, the producer’s
optimal weather option purchase is increasing and his optimal abatement investment is
decreasing; also the increased utility is increasing.

Suppose the producer can choose the strike prices of weather options, in scenario
3, the optimal strike price is 70 degrees no matter what level his PARA is. But for
scenario 1, no theoretical results of the optimal strike price can be derived. In table
4 and figure 4, we see that the increased utility is first increasing and then decreasing
with the strike prices. The maximum increased utility corresponds to 71 degrees. That
is because the effectiveness of abatement equipment is also increasing with heat stress
and thus abatement equipment to some extent is also an insurance tool.

10Tt is calculated based on Gayle S. Willett’s report “How Much Debt can a Dairy Cow Carry?” at
http://cru.cahe.wsu.edu/CEPublications/eb1762/eb1762.html.
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Cross Validation Analysis

We can test the robustness of our results by Cross-Validation. Specifically, we use every
34-year data out of the 35-year data to estimate the § in milk loss model [equation (6)]
and a and b in abatement effect model [equation (10)]. From the parameter estimates,
we derive the optimal portfolio choice, i.e. ¢* and n* . And we do the out-of-sample
evaluation of the net profit from using weather options and abatement equipment by
applying the optimal portfolio to the year left. We do this 35 times by successively
omitting one of the 35 observations each time.

Table 5 shows that the estimates of 3, a , and b are quite robust. For instance,
the mean of the 35 estimates of 3 is 0.5636 kg/cow, and the standard deviation of
these estimates is 0.03421. And the corresponding optimal portfolio choices are robust
as well. We compare the profit loss without using these two instruments and the net
profit loss with using them. The risk aversion degree is still set as 0.20 here. We
find that the mean of 35 out-of-sample profit loss is -49.6856 dollars, and the standard
deviation is 20.2778; the mean of 35 out-of-sample net profit loss is -32.6066 dollars,
and the standard deviation is 7.9889. Thus, we see that using weather options and
abatement equipment can significantly reduce both the mean of profit loss from heat
stress in summer and their variance.

From validation analysis, we also observe that there are 25 out of the 35 years where
the net profit from using the optimal portfolio is positive. The maximum is 71.8474
dollars and the minimum is -11.9750 dollars. That means in most cases, optimally
using weather options and abatement equipment can increase net profits. Moreover,
negative net profit from using these instruments only happens when weather conditions
favor milk production, namely the milk losses are relatively low. Therefore, using
weather options together with abatement equipment can smooth the producer’s yearly
net revenue. That is a desirable result for a risk averse producer.

Conclusion

This study is the first paper to investigate the potential of weather derivatives in hedg-
ing against livestock profit risk, which mainly concerns the profit risk from heat stress
in hot and humid summers. A representative dairy producer’s profit risk is decomposed
into systematic risk from weather conditions and idiosyncratic risk which is uncorre-
lated with weather condition. With the access to hypothetical weather derivatives and
abatement equipment, the producer’s optimal portfolio choice of these two instruments
is derived in a mean-variance utility maximization framework. The results suggest
that weather derivatives can act as a substitute for abatement technologies and the
simultaneous usage of them is more favorable than using each of them alone.

This paper provides a link of the burgeoning weather derivatives literature in agri-
cultural economics to a real-world application in which an easily-quantifiable weather

10



metric (daily THI in excess of a biological threshold) is the primary source of production
risk for a major agricultural commodity. Further, unlike other possible applications of
weather derivatives, dairy is unique in that weather derivatives are likely substitutable
for capital investment in heat abatement equipment, such as fans or water misters.

This research also raises many questions of relevance to the economic community,
such as the optimal contract design, basis risk from location difference between weather
derivatives and actual production area, whether the existence of these contracts rein-
forces economies of scale in dairy production, what level of sophistication is required to
effectively utilize these tools, and finally, what size of a dairy is required to use weather
derivatives. These questions may be of interest for further research.

Appendices
A. Milk Loss Function

The milk loss model in SCS (2003) is: MILK 1,55 = 0.0695 % ( THI 0 — THI yhreshora)? *
Duration, where MILK s, is in kilogram, and Duration is the proportion of a day
where heat stress occurs (i.e. THI pmaw > THI thresholq) -

With the assumption that daily THI follows a perfect sine function with a period
of 24 hour,'? the process to calculate the Duration of heat stress:

THI ppean = (THI o + THI i) /2

if THI oo < THI threshold
Duration =0

elseif THI i >= THI jpreshold
Duration = 24

elseif TH]me,m > TH]threshold

Duration = (PI — 2 * arcsin (X teshetd—Timean )y /P [ 412
max mean

else Duration = (PI + 2 * arcsin(Himean=THl ot }) / P 5 12
max mean

end

where PI = 3.1415...

B. Abatement Effect Function

In SCS, for a 50 m? cow pen, which can hold 7.1759 dairy cows, when the annualized
fixed costs are $310, the corresponding operating costs are $0.0685/hour of operation.

"' This equation is applicable to dairy cows maintained in a system of minimal cooling.

12This assumption is set for accounting for the extent and cumulative severity of heat stress within
days. It is stated that this assumption underestimates duration of heat stress at higher latitudes in
summers, but gains in accuracy from using more complex models are overall small.
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And the abatement effect is: ATHI = —17.6 + (0.36 « T') + (0.04 « H), where ATHI is
the change in apparent THI, T" is ambient temperature (°C), and H is ambient relative
humidity in percent.

Based on the above specifications, we linearly simulate six abatement effect functions
corresponding to six fixed cost levels. The six fixed cost levels are 130, 190, 250, 370,
430, 490 dollars respectively. That is, all the parameters in a simulated model are
proportional to those in the SCS model, with the proportion equal to the ratio of fixed
cost levels.

We define the reduced profit loss by:
Aloss = max(min( THI a0 — THI phreshora, ATHI), 0) x 3 x MILK price.
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Table 1: Descriptive Statistics of Accumulated Weather Data

Category Symbol

Expected z 1z 556.185
Expected THI e 12856.434
Standard Deviation z oz 118.393
Standard Deviation THI Ozt 172.991
Corr Coeff b/t THI and = P 5 0.871
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Table 2: Estimate Profit Sensitivity § In Equation (6)

Parameter Coefficient Std. Error T-Statistic Prob. R?

16 0.5635 0.0337 16.7118  0.0000 0.89

Table 3: Estimate Abatement Effectiveness in Equation (10)

Parameter Coefficient Std. Error T-Statistic Prob. R?

a -57.4080 3.4461 -16.6587  0.0000 0.91
b 0.005107  0.0002679 19.0627  0.0000

15



8699'9¢ TIVIT'I0T ¢Vcsl o 76649°6¢  SICTC 68LE°CY  969¢ T8  SILCT'0 <¢IT1S91 69
¢S 9¢ O619C'CIT  LvSyi o ¥665°GC  SICVC 68ST°¢Yy ¢VIc V6 <¢OIcT'0 880GV 91 39
CIIC9C €¥V96°GCT  S96€T1°0 ¥665°GC  SICTC coLS Yy LVEVVOT  SCIT'0 8e0¥ 91 L9
8¢r0'9¢ LOOL'BET TEVET0 ¥665°GC  SICTC €C8acr VCISVIT 960TT°0 ¥L9¢ 91 99
ORTL°GC  1I8C'IST 1¥6¢1°0 ¥665°GC  SICTC SI6T ¢y 969V V¢l  S¥90T°0 TIGE 91 <9
nv AL K0 v W av AL K0 L SRIA |
suond() A[uQ JuowRIRqY ATU() orjojyr0d rewndQ OYLIIS
GI'0 = VUVd ‘d [Pued

70696  GY9T9°GT ¢€8C86°0 €86G°CC  LCLLIC 98LE°6¢  COBT'ET 796080 SCSc 61 08
YWPS 1T ¢c09'0¢ 8E0TL0 €86G°CC  LCLLTIC SV0L 0 968E°LT 1966590 VOECL'SI 6L
6V61°¢l  ¥EVI'9C 694¢S 0 €86G°CC  LCLLIC G6L1G 810°¢Cc V.LCVV'0 <CLETC' ST 8L
SIT9VI  €¢6Ece  T8LOV0 €864°CC  LCLL'TC GGLLCE 10€°LC  €LEVE0  8PS'LI LL
8LT9'GT  608L°8¢ 166¢¢0 €86G°CC  LCLLIC 8REV'€e  ¥099'Ce GSLLCO SVPSLI 9.
V61V 9T  LGGG°CY  609LC°0 €86G°CC  LCLLIC 9GP6°6Ee  S9IE'RE <CCcEc'0 GG/ LI Gl
96691  98TT'€S €E8EC0 €86G°CC  LCLLIC 1L6C° VS 80C9 ¥y  ¢00C'0 ¢830°LT 12
98¢'LT  €LcV'19 9601¢°0 €86G°CC  LCLLTC LVES Ve  €69G°TS  LOLLTO SPS6'91 ¢l
GLCY LT Gce 0L 8c061°0 €864°CC  LCLL'TC Y99 7¢  Lc96°'8G  €96ST°0 VLGS 91 ¢l
€99L° LT  CSIR6L TEVLTO €86G°CC  LCLLIC €80L7e  TLOR'99 <COSVT0  LLLLOT 1.
GOS8 LT 687668 TLI9T°0 €86G°CC  LCLLIC 8CR9TVe  96%I'GL CISCT0 8GCL 9T 0L
¢elLL LT TVIT'TOT  ¢¥esT0 €86G°CC  LCLLIC 8665 Ve €8CP8  G0LCT'0 GC89'91 69
VIRY'LT O6IGC'CIT  LVSVI0 €86G°CC  LCLL'IC 687 ve 680176 8S0CT'0  ¢V991 89
80VS LT  €796°GCT  896ET°0 €864°CC  LCLL'TC ¢e9cve ¥66C V0T G9GTT°0 GOT991 L9
8T9¢°LT  LOOL'RET  T¥EVET 0 €86G°CC  LCLLTIC 70 ¥¢ 910V ¥IT  K0TT°0 <985 91 99
LGVT LT ISCTST  TV6C10 €86G°CC  LCLLIC LE0R°€E  €98¢ Vel  ¢€90T°0 FSLG 9T <9
av AL K0 nv W av AL N0 A SRS |
suorpd() ATu() JmomRRqy A[U() orjoj30 rewrnyd LIS

0T°0 = VdVd ‘V [Purd

SO0 OYIIIG

JuISYI(] 03 Surpuodserio)) suorswa(] ewnd() :§ o[qr],

16



8880°¢c  ¢c09'0¢ 8E0TL0 ¢GcL'8¢  ¥00L°9¢ CeSy vy LV LT 697650 L6CY 0C 6L
868¢'9¢  Vevl'9¢ 694¢S0 ¢GcL'8¢ T00L'9¢ ¢S6S° 9 LVSS'ICc 900770 6VEV 61 8L
GECC'6C  €C6E'Ce  TSLOVO ¢ScCL'8¢ ¥00L9¢ GLEG' 8y  €L8T'Lc  €¢ve' 0 V4998l LL
9GEC'IEC  608L°8¢ 166¢¢°0 ¢ScL'8¢  ¥00L9¢ 8CAY6Y  TE€LG'Ce  T1.LLCO0  6V0°SI 9.
88E8'CE  LGGG'SGY  6094C0 ¢ScL'8¢  ¥00L°9¢ 609809 GO9C'8¢  616Cc’0 LEES LI GL
¢66°ce  98TT'ES €E8¢C0 G¢ScCL'8¢  100L°9¢ ¢c9S9' 1S ¢L09 vy ¥I00C0  evl'Al V.
CLL VG  €LeV'19 96010 ¢GCL'8¢ ¥00L'9¢ €L60cG  CISS'TS TILLT'O LSL89I ¢l
166¢C°6¢ Gce'0L 820610 C¢SCL'8¢ ¥00L9¢ 996¢°¢G  ¢0c0'6S 696ST0 <¢L8991 ¢L
9Ce9'Ge  CSIV6L TEVLLO C¢ScCL'8¢ ¥00L9¢ ¢98¢'cS  8E06'99 CI9P10 €491 1L
160966  6¢¥6°68 TLI9T0 ¢ScL'8¢  ¥00L°9¢ ¢9¢e'ce  TIE8C'GL GECerT'0 GLCYV 91 0L
¥ovreee IVITI0T ¢vastl o C¢ScCL'8¢  100L°9¢ €91°cG 949GV ¥8 1€LCl'0 ¢cve 9l 69
L2c9¢°GE¢ 61T CIT  LVSPI0 C¢GCL'8C¢ ¥00L°9C TOLS' TS LEece V6 9T11¢l'0  ¢9¢91 89
GTIR0°GE  €¥96°GCT  S896€T°0 C¢ScCL'8¢  ¥00L9¢ GLOV TS T69S70T G6STT0 966191 L9
LECL Ve  LOOL'SET ¥EVET 0 ¢ScCL'8¢  ¥00L9¢ 6190°1SG Vool VIT TITITO <CIST91 99
Gr6Ccve  I8C'IST  1¥6¢1°0 ¢ScL'8¢  ¥00L°9¢ VISG'0G T1¢99¥cl €990T°0 €6¢191 <9
nv AL K0 nv W av L K0 W SRR |
suonpd() A[uQ) JusmlRqy A[U() orjoj3r0d rewndQ ONLI1S
0¢'0 = VHVd ‘D [Pued

9¢v¥'¥1  GST9'GT  ¢8CR60 ¥665°GC  SICVC ¢c09°6¢ GOTT'ET  STSE8'0  669¢°0C 0%
991¢ LT ¢¢09°0¢ SEOTL0 ¥665°GC  SICTC €0LGLE  GLTIELT <CIL6S°0 <08SG6I 6L
€COL 61T  VEVI'9C 69¢¢S0 ¥665°GC  SICTC LI6T'6E  LOS6'IC 6EIVP0  LER'BI 8L
9LI6'IC  €C6E°Ce  T8LOV0 ¥665°6C  SICTC cre9or  9evcLe 106ve0  ¢osd’SI LL
L9¢V'¢c 608L°8E  166¢¢0 ¥669°6¢  SICTC 6779 TV ¥919'ce  LVLLG O 6L6L°L1T 9.
16¢9¥¢  L999°GYF  609.¢°0 ¥665°GC  SICVC eov' ey  L06C'8¢ 90¢ec’ 0 cOIv Ll Gl
¥6¥V'Gc  9STT'ES €€8¢C0 ¥665°GC  SICVC L6C6°¢Vy  6ET9TF  LT00C0 SSIT'AT |2
6L09¢  €L¢V'19 9601¢°0 ¥665°GC  SICTC 98¢’ ey  VOLS'TG  TLLT'0 ¥916°91 ¢l
SV 9¢ Gce'0L  8c061°0 ¥665°6C  SICTC cOSY'ey  9166'8S  T96ST°0 LTLL 9T ¢L
G679'9¢  ¢GI86L TFEVLIO ¥669°6¢  SICTC LVGEY 896899 €09¥T'0  €9991 1.
890L9C¢  6¢¥6°68 TLIITO 76649°6¢  SICT¢C ¢60S°¢y  ¢91¢'GL Peeel'0 99691 0L

17



“(¢) A1[m peseadul Jo JuaeAINbe Ajure)Ied o1y st )y pue ((g) oseyoind uonydo 1orjeam

rewnydo st ,x ‘(areys) aseypind uorpdo 1otjyeom Tewrydo st ¢ {(§) Juourisoul Juouroyeqe rewydo st i 030N

9L0Vv¢c  G9ST9°CT ¢8¢86°0 L086'TE SITIC6C LISy  ¢9.6'¢cl L9180 ¥Cl19°¢Ce 08
198°8¢  ¢c09°0¢ 8EO0IL0 L086'T¢ SIIC6¢ 88GE TG TI8LT'AT 1€¢65°0 1I8LC1C 6.
¢L86°ce  Vevl'9¢ 694¢S0 L0S6°TE¢  SIIC6¢C ¢VI0vS  661I8°TC 9L8E¥V'0 ¥0€0°0C 8L
¥6C¢59¢  €¢6E°Ce  T8LOVO L0B6'TE STIC6¢ €GCr'99  6I€T'Lc 9170 ¢es0ol LL
SYr0'6¢  608L°8¢ 166¢¢°0 L0B6'TE STIC6C 9¢90°8G¢  ¥0€S'ce T.LILCO 6L6C ST 9.
¥eVO'IVy  LGGG°SYy  609LC°0 L086'TE SITIC6C ¢oIE 69 96€C'8¢ GLTEC0 6999°L1 GL
6V'ch  9ST1°6S¢ €€8¢¢°0 L086'TE SITIC6C V6109  G0097F T100C°0 6691°LIT V.
QOV°Ey  €LCV'19 9601c¢0 L0S6°TE¢  SIIC6¢ L88L09  ¢C6S TS QILLTO SIPS 9L ¢l
639071 Gce'0L  8c061°0 L086'TE STIC6¢ CEIT'T9 487065 LL6ST O LE0991 ¢L
RCGIV' ¥y  CSIR6L TEVLLO L0B6'TE STIC6C 6GCCc’ 19 €1S6'99 ¥CIVT'0 SR07 91 1L
VIIGVY  66V6°68 TLI9T°0 L086'TE STIC6C 6€9T° 19  PLVPEGL LVSCT 0 VIKE 9l 0L
6¢cey vy TVIT'TOL  ¢¥esl 0 L086'TE SITIC6C 6L76°09  SOVSV8 TVLCT'0 PSLI91 69
ve0c ¥y 61S9CCTT  LVSPI 0 L0S6°TE  STIC6¢C €C8S¢°09  Veer'v6  €ICT'0 KGL09T 89
6198°Cy €796°4Ccl  896€T1°0 L0S6'1E¢  SITC6¢C TLIT°09 920L V0T T9TT°0 1866°GL L9
9v0r' ey LOOL'RET TEVET 0 L0B6'TE STIC6¢ 6CLG°6S TVISSTVIL LCITT'0 LLE6G'GI 99
€v98'¢cr  I8C'IST 1¥6¢10 L0B6'TE SIIC6C GCL6'SG  9¢e’8TCT 6L901°0 <¢OI6°GT <9
nv AL K0 nv "0 av AL K0 A SRIS |
suoryd() A[uQ) JusmalRqy A[U() o1[0J3104 rewryd() LIS

G¢'0 = VdVd :d Pued
809¢'61  GGT9'GT @RCS6°0 ¢GCL'8¢ ¥00L°9¢ LLGS' TV GCP0O'CT  880¢8°0 €06V I¢ 08

18



Table 5: Cross Validation Parameter Estimates

£ =

A3 a b

Mean 0.5636  -57.3957  0.005107
Standard Deviation 0.03421  3.5007  0.0002722
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Figure 1: Histogram of Cumulative z
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Figure 2: Estimate Profit Sensitivity  in Equation 6
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