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SECONDORE)F R AIPROX1MATIONS FOR ES11MATING PRODU('-
TION FUNCrnONS

ItY VICtOR Jo (')n.J)*

This pci pershows that the (FS uul VESprothtcot,n [tittcbons /10cc the sante st'to,,tJ order appeorinu,tiopjFrtherinorp It Is s/lawn i/tat in most cases tile second order
approxufli:tirn: is better for the VIS that: theES. Therefore secomid order apprinh1:t),15 should iwi be used to itiake inferences :t'iii: respes Itoparameters of a ('ES function wt/:uut

strong tmidept'mlenr evidi',:ce tutu the "trlw ' production model ismt/eec! CES.

INlROflU( lION
In the estimation of production functions the usual hypothesis is that the functionis one of a restricted class which satisfies Some a priori restrictions in technology
The production fuctions most frequently used are the CobbDouglas CES andyES, in that order. If relevant data on factor inputs and output are available,
these data can be used, in principle, to identify the relevant production function,using quality of fit as a criterion.

The CES and VES production functions are 0011-linear in the parameters;therefore, direct estimation of these functions requires lion-linear estimation
procedures. To avoid complications arising from a non-linear estimation proce-dure' Kmenta(1967a) proposed to approximate the CES function with a Taylor-
series expansion. Since then, this procedure has been xvidely used (e.g.. Griliches
(1967), Zarembka (1970), Griljches and Ringstad (1971)).

0. S. Maddala and J. H. Kadane (I 967) have shown, using Monte Carlo
techniques, that for samples built using a CES production function. Kmenta'sprocedure does not give reliable estimates of the elasticity of substitution,although it gives reliable estimates of the returns to scale parameter. Further, inthe Kmenta approxjmatiot to the CES, only the scale parameter is free of units of
measurement in the output and factor inputs.

Further, in a direct iion-linear estimation, only scale and substitutionparameters are free of units of measurement in he output and factor inputs.
Griliches (1967) and Griliches and Ringstad (1 971) have also used Kmenta's

approximation, not to estimate the CES production function, but to test for
departures from the CobbDouglas function. The power of such a test depends onthe particular alternative hypothesis being used; in the strict sense, Griliches istesting the null hypothesis that the production function is Cobb--Douglas against

* I would like to thank Professors Marcel Dagenais. Franklin Fisher. and Robert S Pindyck fortheir remarks which helped considerably to Improve the presentation of this paper I am also grateIulto Dr. Mohan Munasinghe. Research Associate at the International Institute of QuantitativeEconomics (flOE.) who conimented upon this paper and improved its style. This research wasfinanced in part by a grant from the Quebec Department of Education and by the I JOE
Direct use of non-linear estimation procedures have led to problems such as slow Convergenceobtaining of a local maximum but without information about the presence of other maxima, importantcaiicellat ion errors in the computation of derivates, use of substagitial amounts of computer time. etc.On this seeS. M. (Ioldfield and R. E. Quandt (1972. 26-27).
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the alternative hypothesis that the produciioii fanction itself is of the Kriienta
form. However, this type of hypothesis is not of COiflif1011 interest. Usually, we

wish to choose specifically between a Cobb-1)ouglas and a CES production
function, and this objective is not aCCOIflj)liShCd I)y the (iuiliches roceJ

More generally, the purpose of this paper is to show that when we wish to use

the data to test the hypothesis that the production function is a CES by Using
Kmcnta's approximation (as a matter of fact, only the scale parameter is free of
the units of measurements), then the problem becomes more fundamental
Another well-known production function--the variable elasticity of substitution
(yES), of which the CES is a special case, first used by G. H. Hildebrand and 1. C.
Liu (1965) and developed by M. Bruno (see also Y. Lu and L. B. Fletcher (1968),
R. Sato and R. Hoffman (1968), Lovell I I 973))has the same form as Krnenta's
approximation of the CES function when second-order approximation of it is
developed.

Further, for a person willing to test the null hypothesis that the production
function is CES using Kmenta's approximation, the crucial point has been
summarised by Kmenta (1967h. p. 193): "An incvitahle implication of using a
function f' as an approximation to another function f is that f is also an
approximation to functions other than 12. This is obvious and hardly relevant;
what is relevant is how well f approximates f2 within some range of practical
importance." But Kmenta's approximation to the VES also meets the above
requirement. It is shown here that almost always, Knienta's approximation is a
better approximation to a VES than to a CES production function.

Therefore, Kmenta's approximation should not he used to make inferences
with respect to parameters of a CES function, without strong independent
evidence that the "true" production model is indeed a CES. Although in most
studies the data is used to identify the type of production function, in this case
Kmenta's approximation cannot be used for this purpose. As a matter of fact, it
cannot he used to make inferences with respect to parameters of a VES function
either, because in that case all the parameters are under-identified.

The organization of the rest of this paper is as follows. In Section 1, the
second-order approximations to the CES and YES production functions are
examined. Next, in Section 2 the "goodness" of the approximation is studied. In
the Appendix a derivation of the error behaviour in the approximation is
presented.

I. IHE CES AND VES FUNCTIONS AN1) Tmirii SIcoNv-OIu)IR APF'ROXIMA-
TIONS

The CES production function allowing for non-constant returns to scale is
given by:

(1) V- y[K'+(I -)L'] with Op < 1, p > 1, 'Y>O' ">
where.

V = Output
L = Input of labor services
K = Input of capital services
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Kmcnta approximated it with a Taylor series expansion of the first- and second-order terms around p 0 to obtain;
(1') In V=lny+i/lnK+v(1_6)hlL_.svp8(f -6)(lnK--lnL)2

Nerlove (1967) presents a VES function with constant returns to scale whichhe attrhutes to Bruno. The same type of function has been presented recently alsoby Lu and Fletcher (1968). The Nerlove nomenclature is followed here.1'he Bruno production function allowing for non-constant returns to scalecan be written as:

(2) V -'{6K' -1- (1 - 6)K'"L'" with v >0
V= K"y{6+(l -8)k"}". where k = K/L >0.

To have a real valued function with positive output the following restrictionsare imposed:

y >0 and 6 + (1 - 6)k" ">0.
For any positive u, a positive marginal product of labor requires:

(1 -,n)(1 -
8 +(l - 6)k'" >0,

and a positive marginal product of capital requires:2
n)

>0

Strict quasi-concavity of the production function requires:

p6( I -- in) + 6 +nt( I - ö)k'° " ()

(This condition and the positive marginal product conditions imply that the
elasticity of substitution is greater than Zero.)

Function (2) is homogeneous of degree v and has a variable elasticity ofsubstitution given by:

where aK is the partial elasticity of output with respect to capital.
From the above constraints the following inequalities can be derived:
(i) i'>O, y>0, k>0

6i) 6(1)km>o
(1- ,n)(l -6)>()
8+:n(I-3)k'">()
p8(l -in) +8 + m( I -6)k"°">()

2
Within a range of K and L this function has diminishing marginal returns to each factor. Thisrange depends on i, , p. and rn.
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Li Let ti impoSe the ad(litionil restrictions:

O<<l
l+p>O

Inequalities (iii) and (vi) imply I - in >0. If a Taylor-series expansion of (2) is
taken around p = 0, and if only the first- and second-order terms are considered,

the following is obtained:

In V = In y + i'[iS + ,n( I - )] In K - z'(ni - I )( I S) In L

- - 1)2( I --!n K I L1

This equation is under-identified, its estimation is not of interest. Rather, the
important point is that (3) is of the same form as (1'), and therefore (1') cannot he
used to estimate the coefficients of a CES function, without further a priori
information that the CES is indeed the true mode!.

In general the error in approximating the VES function by (3) is given h':

In V.ppr - In = - v( 1 - in)( I - ) In k

(1 m)2(I --6)[ln k12f_ In [6+(l )k° "fl]p

2. MEASIJRINGTUE "GOODNESS" OFTIIE AI'pRoxIrl,vIioN

To study how well (3) approximates (2), numerical experiments were per-
formed for different values of the parameters. For the first case, let us employ the
same parameter values as Kmenta (ii 0.9 and = 4/9), so that the results will be
comparable. However, there is an additional l)ararncteI, in, for which values are
needed. It is already known (Section 1) that in < 1. In order to obtain a more
restricted range of values for this parameter, the Hildebrand and Liu estimates
(presented by Nerlove, (1967)) can he used; these estimates are presented in
Table I. These estimates must be used cautiously because they were derived for
the constant-returns-to-scale case. In any event, only those cases within the
neighbourhood of constant returns are of interest.

Table I shows that in 13 of I 7 cases in is a number less than one in absolute
value and, in 10 of the 13. in lies between zero and one. Thus, in the experiments
the following values were used for in: - 1 .00, 0.80, 0.60. --0.40, 0.20, 0,0.20,
0.40, 0.60, 0.80, 1 .00.

When in = 0, (2) reduces to (1) so that the results arc equal to those obtained
by Kmenta. When , = l. (2) reduces to a Leontief production function, and
therefore the approximation in (3) becomes an exact one. The ratio of V, to

was calculated for the same range of values of p and k used by Knienta. The
numerical experiments indicate that for the most common empirical case Of
0< in < 1 (10 out of 17 industries in the Hildebrand and Liu estimates), (3) '5

3These constraints are consistent with the assumption that the associated (ES production
function also should he a positive real valued function with positive marginal product of the [actors anti
he strictly quasi-concilve (i.e by substituting fl t) in (iii). (iv) and (vi).
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almost a better approximation of (2) than of (I) (case m = 0). Further, in over 98
percent of the cases considered, the approximation improves monotonically as in
increases from zero to one.

Table 2 presents the value of Vpt,pr/ for the pair of values (4/9, 0.90) for
the parameters and i' respectively and for several values of the labor-capital
ratio and parameters p and in.

For experiments performed with the pairs of values (0.44, I. 10), (0.56, 0.90),
(0.56, 1.10) for the parameters and ii respectively, the coticlusions do not
change .'

TABLE 2
Vsi.t ;is OF

69
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l_ahor-(apital Rat ins

Control values are: in = -- I (1(1, = ((.4.1. j' = 1)9(1

p (I. II) ((.5(1 1.0(1 2.1(1) 5.1)11 1(1.0(1

1.0'.) 2.165! 1.11(155 1.0000 1.0242 1.4396 2.ls4
d

-(1.5(1
-(1.11)

. 1312
0.995(1

((.9994
0.9999

1.0(101)

1.0(100
1.0046
1.1)0(11

I .02 I
1.001 (

1 .2913

l .1)059
t( )

(III) 0.9941 0.9999 1.0001) 1.0(11)1 1.00(19 1.0(12(1

ol
0.21)
0.50

((.971)4
(1.7744

0.9994
0.9954

1.0001)
1.1)1)0(1

1.0(103
1.0006

1.1)1)15

0.9761
(1.9996
0.8541)

is
IOU 0.3548 0.9763 1.0000 0.9945 (1.7963 (1.46 IL)

inn 10.00 0.1(000 ((.1952 1.000(1 0.2 I 95 1)0000 0.0000
iid '

'These results are available from the author upon rcques.

VAt.titoi.t-IIF I'
l'AHlj: I

up ir P.FN! l:it:i n

Industry 'H

Food and kindred products
Textile mill products I(.752

Apparel and related produos
Lumber and wood products
Furniture and (Ixtures
Pulp, paper, and products
Chemicals and products
Petroleum and coal products
Rubber products
Leather and leather goods
Stone, clay, and glass producs
Primary metal products
l:ahrlca(cd metal products
Machinery except electrical
Electrical machinery

6.4(11)

I.66
1)20(1
0.597
0.539
1.763
0.344
0.065
0.455
(((41)
(1.451
(1.297

- ((.327

Transportation equipment
Instruments and relaied products

26.75(1
(1.544

Source: Nerlove (1967, p. 75).



FABLF 2 (Continued)

Lahor.Cap:tal Ratios

Control values are: in = -0.40, i = 0.44, t' = 0.90

1.1266 1.4419
1.0241 1.0825

1.018)6 1.0018

70

0.50 1.00 2.00 5.01) 10.00
p 0.10

zl 09(iI). i -Control values arc: iii = --0.80. -

1.7307 1.0029 1.0001) 1.0169 1.3019 2.1565

-0.50 1.0818 ()9994 1.00(R) 1.0032 1.0570
I 01)13

11993

-0 10 0.9984 0.9999 1.1)000 1.0001 1.0042

0.11) 0.9958 0.9999 1.0000 1.0001 1.0007 1.0016

0.20 0.9792 0.9996 1.0000 1.0002 1.0014 1.0009

0.50 0.8338 0.9968 1.0000 1.001)6 0.9861 0.9244

1.00 0.4637 0.9834 1.0000 0.9971 0.8574 0.5778

10.00 0.0000 0.2771 I .0001) 0.3077 0.0004 0.0000

Control values are: In = -0.0, = 0.44, v = 0.90

-1(X) 1.4449 1.0013 1.0000 1.0113 1.2003 1.7255

-0.50 1.0474 0.9995 1.0000 1.0022 1.0381) 1.1315

-0.10 0.9988 1.001)0 1.0000 1.0001 1.0009 1.0028

0.10 09972 0.9999 1.000() 1.0001) 1.0005 1.0012

(1.21) 0.9859 0.9991 1.0000 1.0002 1.0012 1.0015

0.50 0.8838 0.9978 1.0001) 1.0005 0.9929 0.9547

1.0(3 0.5795 0.9888 1.0000 0.9987 0.9073 0.6921

10.00 0.0000 0.3769 1.0000 0.4127 0.0021 0.01)00

-1.00 1.2573 1.0003 1.00(K) 1.0072

-0.50 1.0247 (1.9996 1.0000 1.0014

-0.11) 0.9991 1.0000 1.0000 1.01)00

0.10 0.9982 1.11001) 1.000)) 1.0000
0.20 0.9910 0.9998 1.0000 1.0001

(1.50 0.9237 0.9986 1.0001) 1.0004

1.00 0.6935 0.9928 1.0(1(X) 0.9997
10.00 0.0000 0.4911 1.01)00 0.5304

Conirol values are: 'n = -0.20. ô = 0.44. v = 0.90

-1.1)0 1.1369 0.9998 1.0000 1.0043
-0.50 1.0108 0.9997 1.0001) 1.(K)08
-0.10 0.9994 1.0000 1.0000 1.0000

0.10 0.9989 1.0(100 1.0000 1.0000
0.20 0.9946 0.9999 1.0000 1.0001
0.50 0.9538 0.9992 1.0000 1.0003

1.00 0.7963 0.9957 1.0000 1.0002
10.00 0.001)6 0.6133 1.0000 0.6533

1.001)4 1.0009

1.0009 1.0015

0.9972 0.9759

0.9453 0.7954
0.0102 0.0000

1.0748 t2558
1.0142 l.04(S
1.0004 1.0011

1.0002 1.0000

1.0007 1.0013

0.9995 09893

0.9717 0.8796

0.0387 (1.0008
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Li We arc interested in studying the behavior of the absolute value of H(pn)
where 11(m) is defined as:

V

but we can rewrite 1-1(m) as:
= el(m_ i

Now 1-1(m) is a strictly increasing monotonic function of E(m). Further:

E(rn)>OH(Pfl)>()

E(m)<OH(m)<O
This suggests that instead of working with IH(m)I we could work with

E(m)). But

E(m)I =
Therefore

(iE(tfl)j
(')tfl

So, sign of

We have:

(aIE(tn)1 signof{E( 3E(m)1= in)
1 am I 3m

E(,n) = v( I - tn)(1 -- ) In k I - m)2( I - 6)[ln k]2

1-v/p ln[+(l )k"1
From here we obtain:

n) v(1)
(1 nz){(I _k1O_m)) Ink +p(l in)

3m +(1&)k
x(ô+(I)k°)(ln k)2}

Therefore:

v(I -o)
3m ô +( 1 )k - m){(i - k1m)) In [ +( I - )k''] lii k

+(In k)2[(1 in)(1 - )+( 1 -- ,n)(1 )k" m)

-- m)[ +( I - )k1OmI ' ( +(l -
+(In k)3[ 6(1 ---)(1 - in)2 +(1 )(I ,n)2km

)(1 - m)2(S +(1 _6)k0')]

+(In k)4[--S(l )(1 m)3(6i-(I _)k')J}
72



This expression can be used to obtain the ranges of & p. in and k for which
0; i.e., where the error E(pn) decrease-s in absolute value as tn

increases, particularly when we move away from the case in = 0 (CES) to theregion in >0 (the most common type of VES production function obtained inempirical studies).
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