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Devwudfw

Zh exlog d prgho ri frpshwlwlyh srrolqj dqg vkrz krz lqvxudqfh frqwudfwv
hphujh lq htxloleulxp/ ghvljqhg e| wkh lqylvleoh kdqg ri shuihfw frpshwlwlrq1
Zkhq srrov duh h{foxvlyh/ zh rewdlq d xqltxh vhsdudwlqj htxloleulxp1 Zkhq
srrov duh qrw h{foxvlyh exw vhqlrulw| lv uhfrjql}hg/ zh rewdlq d gl�huhqw xqltxh
htxloleulxp= wkh slyrwdo sulpdu|0vhfrqgdu| htxloleulxp1 Khuh uholdeoh dqg xq0
uholdeoh krxvhkrogv wdnh rxw d frpprq sulpdu| lqvxudqfh xs wr lwv pd{lpxp
olplw/ dqg wkhq xquholdeoh krxvhkrogv wdnh rxw ixuwkhu vhfrqgdu| lqvxudqfh1

Nh|zrugv= Frpshwlwlyh srrolqj/ lqvxudqfh frqwudfwv/ dgyhuvh vhohfwlrq/ vljqdoolqj/
vhqlrulw|/ htxloleulxp uh�qhphqw

MHO Fodvvl�fdwlrq= G7/ G8/ G74/ G85/ G;4/ G;5

4 Lqwurgxfwlrq

Wudglwlrqdo jhqhudo htxloleulxp wkhru| wuhdwhg lqvxudqfh dv d vshfldo fdvh ri vhfxulwlhv
zlwk frqwlqjhqw sd|r�v1 D krxvhkrog zlwk d orz hqgrzphqw lq vrph vwdwh frxog
�lqvxuh� klpvhoi e| ex|lqj d vhfxulw| zklfk gholyhuhg zkhq kh prvw qhhghg wkh
prqh|1

Zkdw lv plvvlqj iurp wklv wudglwlrqdo dssurdfk lv dgyhuvh vhohfwlrq1 Lq sudf0
wlfh/ dq lqvxudqfh frpsdq| lvvxhv d jhqhulf frqwudfw/ wr sd| lq fdvh ri �dfflghqw1�
Gl�huhqw folhqwv vljq wkh vdph lqvxudqfh frqwudfw/ exw wkh| sxufkdvh wkhuhe| gli0
ihuhqw vhfxulwlhv/ ehfdxvh wkhlu �dfflghqw� vwdwhv duh gl�huhqw1 Wkh vkduhkroghu lq
wkh lqvxudqfh frpsdq| lq h�hfw krogv d srro ri oldelolwlhv/ dqg vx�huv iurp dgyhuvh
vhohfwlrq ehfdxvh krxvhkrogv zlwk pruh suredeoh dfflghqw vwdwhv pd| eh pruh wkdq
sursruwlrqdwho| uhsuhvhqwhg lq wkh srro1

Wklv kdv ehhq uhfrjql}hg e| wkh exujhrqlqj �hog ri frqwudfw wkhru|/ lq zklfk d
fodvvlf sureohp lv krz lqvxudqfh frpsdqlhv zloo ghvljq frqwudfwv wr surwhfw wkhpvhoyhv
iurp dgyhuvh vhohfwlrq1 Urwkvfklog dqg Vwljolw} ^6` zurwh d slrqhhulqj duwlfoh lq wklv
�hog/ lq zklfk wkh| ghvfulehg d vhsdudwlqj htxloleulxp wkdw +vrphwlphv, dulvhv zkhq
roljrsrolvwlf/ ulvn0qhxwudo lqvxudqfh �upv kdyh wkh srzhu wr lpsrvh h{foxvlyh frqwudfwv
surklelwlqj wkhlu folhqwv iurp wdnlqj lqvxudqfh hovhzkhuh1 Wkh| irxqg wkdw rqo| wzr
frqwudfwv zrxog dfwxdoo| eh r�huhg/ zlwk uholdeoh djhqwv fkrrvlqj rqh dqg xquholdeoh
djhqwv fkrrvlqj wkh rwkhu1 Urwkvfklog dqg Vwljolw} qrwhg wkdw wkhuh duh urexvw uhjlrqv
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lq zklfk qr htxloleulxp/ dv wkh| gh�qhg lw/ h{lvwv1 Kdylqj ghsduwhg iurp vwdqgdug
prghov ri shuihfw frpshwlwlrq/ lq rughu wr vwxg| frqwudfw ghvljq/ wklv skhqrphqrq
pljkw kdyh ehhq lqhylwdeoh1

Lq wklv sdshu zh ghyhors d jhqhudo wkhru| ri frpshwlwlyh srrolqj/ wdnlqj xs wkh
txhvwlrq ri lqvxudqfh iurp wkh srlqw dw zklfk wudglwlrqdo jhqhudo htxloleulxp wkhru|
vwrsshg1 D sulplwlyh h{dpsoh lv wkh odqg srro lq zklfk krxvhkrogv frqwulexwh sduw
ri wkhlu odqg wr d frpprq srro/ zkrvh froohfwlyh rxwsxw lv wkhq glvwulexwhg lq sur0
sruwlrq wr wkh dfuhv sxw lq1 Lw lv d vkruw ohds iurp wkhuh wr wkh srrolqj ri surplvhv/
olnh pruwjdjhv dqg lqvxudqfh/ wkdw sod| vxfk dq lpsruwdqw uroh lq prghuq �qdqfldo
pdunhwv1 Rxu wuhdwphqw lv �upo| lq wkh wudglwlrq ri shuihfw frpshwlwlrq/ exw zlwk
rqh vljql�fdqw wzlvw1 Zkhq wkhuh lv qr wudgh lq d srro/ srwhqwldo lqyhvwruv gr qrw
kdyh wkh uhtxlvlwh lqirupdwlrq wr dqwlflsdwh zkdw gholyhulhv zloo eh iruwkfrplqj iurp
wkh srro/ hyhq li wkh| revhuyh wkh dqdorjrxv srro lq rwkhu hfrqrplhv1 E| d vlpsoh
ghylfh/ uhplqlvfhqw ri wkh wuhpeolqj kdqg lq jdph wkhru|/ zh �{ wkhlu dqwlflsdwlrqv
dw wkh prvw rswlplvwlf ohyho frqvlvwhqw zlwk fdxwlrxv udwlrqdolw|1

Wkh xsvkrw lv wkdw htxloleulxp zlwk frpshwlwlyh srrolqj dozd|v h{lvwv11 Wkrxjk
wkhuh duh qr lqvxudqfh frpsdqlhv gholehudwho| ghvljqlqj frqwudfwv/ lq htxloleulxp
wkh fkrlfhv wkdw hphujh iru krxvhkrogv uhvhpeoh wkh frpsoh{ frqwudfwv irxqg lq wkh
lqvxudqfh ghvljq olwhudwxuh1 Zkhq zh uhvwulfw wr h{foxvlyh srrov/ zh dozd|v jhw d
xqltxh htxloleulxp/ vlplodu wr wkh vhsdudwlqj htxloleulxp irxqg e| Urwkvfklog dqg
Vwljolw}/ exw zlwk wzr gl�huhqfhv1 Iluvw/ lq rxu htxloleulxp hyhu| txdqwlw| olplw lv
pdunhwhg/ vr wkdw d krxvhkrog idfhv d frpsohwh vfkhgxoh ri sulfh iru hyhu| ohyho ri
lqvxudqfh kh pljkw wdnh rxw1 Krxvhkrogv fkrrvh rqo| wzr ri wkhvh/ ehfdxvh wkh|
suhihu wkh wzr wr doo wkh rwkhuv/ qrw ehfdxvh lqvxudqfh frpsdqlhv gholehudwho| fkrrvh
rqo| wzr wr r�hu1 Vhfrqg/ rxu htxloleulxp dozd|v h{lvwv/ hyhq zkhq wkhluv grhv qrw/
dv rqh zrxog h{shfw iurp d shuihfwo| frpshwlwlyh wkhru|1

Lw lv qrw uhdolvwlf/ krzhyhu/ wr vxssrvh wkdw lqvxudqfh frpsdqlhv fdq surklelw wkhlu
folhqwv iurp wdnlqj rxw dq| pruh lqvxudqfh1 Wkhuhiruh zh frqvlghu d qhz prgho lq
zklfk krxvhkrogv fdq frqwulexwh wr dw prvw rqh srro m 5 M � i4> ===> Mj/ dv ehiruh/
exw wkhuhdiwhu duh iuhh wr frqwulexwh pruh wr d srro M . 41 Zh suryh wkdw zkhq wkh
udwhv lq srro M.4 duh frqwlqjhqw rq krz pxfk d krxvhkrog frqwulexwhv wr klv sulpdu|
srro m 5 M / wkhuh lv d xqltxh htxloleulxp zklfk zh fdoo wkh slyrwdo sulpdu|0vhfrqgdu|
htxloleulxp1

Lq wklv slyrwdo htxloleulxp/ uholdeoh dqg xquholdeoh krxvhkrogv wdnh rxw sulpdu|
lqvxudqfh xs wr d suhvfulehg pd{lpxp1 Wkh udwh wkh| sd| uh hfwv wkh �sursruwlrqdo
uhsuhvhqwdwlrq� lq wkh srro1 Wkh xquholdeoh krxvhkrogv wdnh rxw ixuwkhu lqvxudqfh rq
wkh vhfrqgdu| srro M.4/ uhfhlylqj d pxfk zruvh udwh ehfdxvh e| grlqj vr wkh| uhyhdo
wkhpvhoyhv wr eh eljjhu ulvnv1 Wkh pd{lpxp txdqwlw| ri sulpdu| lqvxudqfh lv vhw
dw wkh ohyho dw zklfk uholdeoh djhqwv duh mxvw lqgl�huhqw wr wdnlqj rxw wkh �uvw shqq|
ri vhfrqgdu| lqvxudqfh1 Zh fdoo wkh frqwudfw slyrwdo ehfdxvh li lwv sulpdu| txdqwlw|
olplw zhuh vhw dq| orzhu/ uholdeoh krxvhkrogv zrxog pl{ zlwk xquholdeoh krxvhkrogv lq
wkh vhfrqgdu| srro1

Rxu sulpdu|0vhfrqgdu| lqvxudqfh frqwudfw frqirupv pxfk ehwwhu zlwk sudfwlfh
wkdq wkh h{foxvlyh frqwudfwv srvlwhg lq Urwkvfklog�Voljolw}1 Exw rxu frqwudfwv uhs0
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uhvhqw d uxglphqwdu| irup ri vhqlrulw|1 Lq wkh lqvxudqfh dqg uhlqvxudqfh pdunhwv
ri wrgd|/ folhqwv fdq wdnh rxw pdq| lqvxudqfh srolflhv/ surylghg wkdw hdfk groodu ri
lqvxudqfh lv fohduo| rughuhg1 Zh ghvfuleh vxfk d prgho lq rxu �qdo vhfwlrq/ dqg suryh
wkdw rxu slyrwdo sulpdu|0vhfrqgdu| frqwudfw vxuylyhv dv dq htxloleulxp1 Zh gr qrw/
krzhyhu/ h{dplqh wkh txhvwlrq ri xqltxhqhvv1 +Lq idfw/ zh vxvshfw htxloleulxp lv qrw
xqltxh1,

5 Wkh Odqg Frrshudwlyh

Lpdjlqh krxvhkrogv k 5 K @ i4> ===>Kj/ hdfk ri zkrp rzqv rqh dfuh ri odqg rq zklfk
wkhuh uhpdlqv qr zrun wr eh grqh1 Wkh odqg ri krxvhkrog k |lhogv d ulvn| rxwsxw ri
h�r 5 Un exvkhov ri zkhdw ghshqglqj rq wkh vwdwh ri qdwxuh v 5 V @ i4> ===> Vj1 Zh
dvvxph +h�� > ===> h

�
7, @ h� 9@ 31

Hyhu| krxvhkrog k lv ulvn0dyhuvh dqg klv h{ dqwh xwlolw| ri frqvxpswlrq lv jlyhq
e| d frqwlqxrxv/ vwulfwo| prqrwrqlf dqg vwulfwo| frqfdyh ixqfwlrq

x� = U4n $ U=

Li wkh rxwsxw ulvnv duh qrw shuihfwo| fruuhodwhg/ wkh krxvhkrogv pljkw zlvk wr
glyhuvli| e| srrolqj wkhlu odqg lq d frrshudwlyh1 Hdfk krxvhkrog zrxog wkhq uhfhlyh

Nr @
4

K

[
�MG

h�r

exvkhov lq vwdwh v 5 V/ lq olhx ri klv frqwulexwlrq1
Vxfk d frrshudwlyh frxog zhoo wxuq rxw wr eh iuxlwixo iru doo lwv phpehuv1 Li/ iru

h{dpsoh/ lqglylgxdo ulvnv duh qrw mxvw xqfruuhodwhg exw dovr lghqwlfdoo| glvwulexwhg/
dqg li krxvhkrogv kdyh wkh vdph yrq Qhxpdqq�Prujhqvwhuq xwlolwlhv/ wkhq zh zrxog
lqghhg rewdlq x�+N, A x�+h�, iru doo k 5 K/ zkhuh N @ +N�> ===>Nr,1 Exw li vrph
krxvhkrogv ehjlq zlwk uhodwlyho| kljk h{shfwhg h�/ wkh| frxog hdvlo| vwdqg wr orvh e|
frqwulexwlqj doo wkhlu odqg wr wkh frrshudwlyh srro1 Wr pdnh phpehuvkls dwwudfwlyh/
lw pljkw eh qhhgixo iru wkh frrshudwlyh wr dphqg lwv uxohv dqg vrolflw yroxqwdu| frq0
wulexwlrqv1 Wkhq dw ohdvw wkhuh zrxog eh wkh jxdudqwhh wkdw qr krxvhkrog orvhv iurp
mrlqlqj1

6 Wkh Yroxqwdu| Frrshudwlyh

Ohw hdfk krxvhkrog k frqwulexwh d vkduh *� 5 ^3> 4` ri klv odqg1 Wkh srro wkhq krogvS
�MG *� dfuhv ri odqg dqg surgxfhv Nr+*, @ +4@

S
�MG *�,

S
�MG *�h�r / v 5 V/ shu

dfuh/ zkhuh * @ +*�> ===> *M,1 +Li
S

�MG *� @ 3/ zh gh�qh Nr+*, wr eh duelwudu|1,
Krxvhkrog k uhfhlyhv

*�Nr+*,

exvkhov lq hdfk vwdwh v 5 V iurp klv frqwulexwlrq ri *� dfuhv/ dqg wkxv �qdoo| frq0
vxphv

{�r @ h�r . *�+Nr+*,� h�r ,
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exvkhov lq hdfk vwdwh v 5 V1
Wkh uxohv ri wkh frrshudwlyh gh�qh d qrqfrrshudwlyh jdph1 Dw dq| +sxuh0vwudwhj|

Qdvk, htxloleulxp/ qr djhqw lv zruvh r� wkdq kh zdv ehiruh wkh frrshudwlyh zdv
iruphg/ vlqfh kh fdq dozd|v fkrrvh *� @ 31 Wkh lqfhqwlyh iru krxvhkrog k wr frq0
wulexwh *� A 3 dulvhv ehfdxvh lq vrph vwdwhv v/ kh kdv uhodwlyho| orz h�r 1

Erwk wkh txdqwlw|
S

� *
� ri odqg lq wkh srro dqg lwv dyhudjh txdolw| N+*, duh

hqgrjhqrxv1 Lq htxloleulxp wkhuh pd| eh frqvlghudeoh dgyhuvh vhohfwlrq1 Krxvhkrogv
zlwk uhodwlyho| kljk h�r pd| frqwulexwh uhodwlyho| ohvv odqg1

7 Wkh Shuihfwo| Frpshwlwlyh Frrshudwlyh

Lq wkh jdph/ krxvhkrogv pxvw dqwlflsdwh wkdw wkhlu frqwulexwlrqv dowhu wkh srro txdolw|
N+*,1 Zkhq wkh qxpehu ri krxvhkrogv lv yhu| odujh/ wklv txdolw| h�hfw ehfrphv
doprvw qhjoljleoh1 E| ljqrulqj lw/ dq| rqh krxvhkrog fdq frqfhqwudwh rq wkh idu
vlpsohu sureohp ri ghwhuplqlqj krz pxfk ri wkh �qhw wudgh� +N � h�, kh zlvkhv wr
dftxluh1

Zh qrz srvwxodwh d zruog lq zklfk lw lv shuihfwo| udwlrqdo iru hdfk krxvhkrog wr
wdnh N dv jlyhq/ lqghshqghqw ri klv dfwlrq1 Wklv vlpsol�hv wkh dqdo|vlv ri htxloleulxp/
zlwkrxw frpsurplvlqj wkh hfrqrplf skhqrphqd ri dgyhuvh vhohfwlrq dqg vljqdoolqj1

Ohw xv lpdjlqh d frqwlqxxp ri krxvhkrogv w 5 +3>K`/ zkhuh doo w 5 +k� 4> k` duh
ri w|sh k dqg duh lghqwlfdo= h| @ h�/ x| @ x�1 Jlyhq d phdvxudeoh fkrlfh ri dfwlrqv
* = +3>K` $ ^3> 4` +zklfk zh dovr zulwh * 5 ^3> 4`EfcMo,/ wkh srro krogv �* � UM

f *|gw

dfuhv dqg surgxfhv Nr+*, � �
7)

U M
f *|h|r shu dfuh/ li �* A 31 Lw lv fohdu wkdw qr vlqjoh

krxvhkrog lq wkh frqwlqxxp +3>K` fdq d�hfwNr+*, e| fkdqjlqj klv dfwlrqv1 Iurp klv
srlqw ri ylhz/ wkh wudglqj rssruwxqlwlhv duh vshfl�hg e| wkh �{hg yhfwru N @ N+*,1
Krxvhkrog w 5 +k� 4> k` frqvxphv

{|r @ "|r+*
|>N, � h�r . *|+Nr � h�r ,

exvkhov lq hdfk vwdwh v 5 V1 Klv exgjhw vhw lv jlyhq e|

	|+N, @ i+�> |, 5 ^3> 4`�U7
n = | @ "|+�>N,j=

Zh zloo vd| wkdw +N>*>{, 5 U7
n � ^3> 4`EfcMo � U

7fEfcMo
n lv dq htxloleulxp iru wkh

hfrqrp| ++x�> h�,�MM, l� * dqg { duh phdvxudeoh dqg

+4, N @ �
7)

U M
f *|h|gw li �* A 3

+5, +*|> {|, 5 dujpd{Ewc+�MP|Eg� x
|+|,=

Qrwlfh wkdw zh duh vlohqw rq krz N vkrxog eh iruphg zkhq �* @ 31 E| wdnlqj
N @ 3 +ru vx!flhqwo| vpdoo/ surylghg wkh pdujlqdo xwlolwlhv ri x� duh erxqghg,/
zh fdq dozd|v vxvwdlq dq lqdfwlyh htxloleulxp +N>*> {, lq zklfk *| @ 3 doprvw
hyhu|zkhuh1 Zlwk rqo| rqh frrshudwlyh wklv lv qrw d vhulrxv pdwwhu/ vlqfh zh orvh
olwwoh e| frq�qlqj rxu dwwhqwlrq wr htxloleuld +N>*>{, zklfk duh dfwlyh/ lq wkh vhqvh
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wkdw �* A 31 Exw zkhq zh frqvlghu pxowlsoh frrshudwlyhv/ zh zloo dozd|v �qg wkdw
pdq| ri wkhp duh h�hfwlyho| lqdfwlyh lq htxloleulxp/ dqg wkhq wkh fkrlfh ri wkhlu N
ehfrphv d fuxfldo lvvxh/ zklfk zh vkdoo glvfxvv dw ohqjwk1 Iru wkh prphqw revhuyh
wkdw/ e| lwv suhvhqfh/ N �rshqv� wkh lqdfwlyh frrshudwlyh*v grruv iru exvlqhvv= hyhu|
krxvhkrog w nqrzv wkdw kh zloo uhfhlyh �N lq h{fkdqjh iru �h|> li wkh frrshudwlyh srro
lv lqdfwlyh lq htxloleulxp/ lw lv lq vslwh ri wklv wudglqj rssruwxqlw|/ dqg doo krxvhkrogv
duh fkrrvlqj yroxqwdulo| qrw wr jr wkhuh1

Zh vkdoo vd| wkdw htxloleulxp +N>*> {, lv w|sh0v|pphwulf li *| @ *� +dqg vr {| @
{�, iru doo w 5 +k�4> k`1 Lq wklv fdvh zh riwhq ghqrwh +*> {, e| ++*�> ===> *M,> +{�> ===> {M,,1

8 Srrolqj Htxloleulxp dqg Dgyhuvh Vhohfwlrq

Wr pdnh rxu dqdo|vlv frqfuhwh/ zh vkdoo uhwxuq iuhtxhqwo| wr wkh iroorzlqj fdqrqlfdo
h{dpsoh dqg lwv vwudljkwiruzdug jhqhudol}dwlrq/ zklfk zh vkdoo fdoo wkh plfurhfrqrplf
yhuvlrq ri wkh lqvxudqfh sureohp1

Ohw wkhuh eh K @ 9 krxvhkrog w|shv/ dqg V @ 6 vwdwhv ri qdwxuh1 Vxssrvh
krxvhkrogv kdyh wkh vdph xwlolw|

x|+{�> {2> {�, @
�[

r'�

4

6
x+{r,> iru doo w 5 +3> 9`>

zkhuh x� A 3/ x�� ? 3/ dqg olp%<f x
�+{, @ 41 Wkh hqgrzphqwv ri wkh krxvhkrogv duh

jlyhq e|

h� @

3
C 3

4
4

4
D > h2 @

3
C 4

3
4

4
D > h� @

3
C 4

4
3

4
D >

he @

3
C 4

3
3

4
D > hD @

3
C 3

4
3

4
D > hS @

3
C 3

3
4

4
D =

Vlqfh krxvhkrogv i4> 5> 6j dqg i7> 8> 9j duh v|pphwulf dfurvv vwdwhv/ zh vxvshfw
wkdw wkhuh pxvw eh d v|pphwulf htxloleulxp lq zklfk *| @ *|n� @ *|n2/ iru doo
w 5 +3> 4` dqg doo w 5 +6> 7`1 Lq wkhvh htxloleuld zh shuirufh jhw N� @ N2 @ N� @
�1 Wkh dqdo|vlv froodsvhv wr d 50glphqvlrqdo slfwxuh1 Hyhu| krxvhkrog ehjlqv zlwk
dq hqgrzphqw ri 4 lq klv �jrrg� vwdwh+v, dqg 3 lq klv �edg� vwdwh+v,1 Klv �qdo
frqvxpswlrq {r zloo rqo| ghshqg rq zkhwkhu v lv jrrg ru edg iru klp1 Wkh �uvw
wkuhh krxvhkrog w|shv +zkrp zh vkdoo fdoo uholdeoh dqg odeho U ehfdxvh wzr0wklugv ri
wkh vwdwhv duh jrrg iru wkhp, kdyh xwlolw| ri frqvxpswlrq

x-+{C> {�, @
2
�x+{C, .

�
�x+{�,=

Vlploduo| wkh xquholdeoh krxvhkrog w|shv k 5 i7> 8> 9j kdyh xwlolw|

xL +{C> {�, @
�
�x+{C, .

2
�x+{�,=
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Li wkh srro txdolw| lv N @ +�> �> �,/ wkhq e| frqwulexwlqj �/ wkh krxvhkrog rq
qhw jlyhv xs �+4 � �, lq klv jrrg vwdwh/ dqg uhfhlyhv �� lq klv edg vwdwh1 Wkxv klv
frqvxpswlrq pxvw olh rq wkh ��0sulfh olqh� mrlqlqj +4/3, wr +3> �@+4 � �,,1 Zh fdq
ghvfuleh wkh vdph vlwxdwlrq iurp d gl�huhqw srlqw ri ylhz e| revhuylqj wkdw diwhu
jlylqj xs � exvkhov lq klv jrrg vwdwh/ wkh djhqw uhfhlyhv �� lq erwk vwdwhv1 Klv �qdo
frqvxpswlrq pxvw wkhuhiruh dovr olh rq wkh ��0txdqwlw| olqh� vwduwlqj dw +4��> 3, dqg
prylqj qruwkhdvw dw 78�1

Final consumption

-quantity line
-price line

x B

1 xG

45o

_1

U
S

S

1
_ U

____

U

x

Iljxuh 4

Iurp vwulfw frqfdylw| ri wkh xwlolw| ixqfwlrqv/ lw lv fohdu wkdw hdfk djhqw w kdv d
xqltxh rswlpdo fkrlfh {| rq wkh �0sulfh olqh1 Wklv fkrlfh fdq eh lpsohphqwhg e| d
xqltxh �|1 Wkxv lw lv hylghqw wkdw dq| v|pphwulf htxloleulxppxvw eh w|sh v|pphwulf1
Zh fdoo lw vxshuv|pphwulf wr phdq v|pphwulf dqg w|sh v|pphwulf/ dqg zh ghqrwh lw
+�>*L > *-,1

Lq wkh reoljdwru| frrshudwlyh/ *| � 4 iru hyhu| krxvhkrog/ vr

� @
�
�*

L . 2
�*

-

*L . *-
@

�
� .

2
�

4 . 4
@

4

5
=

Lq wkh yroxqwdu| frrshudwlyh/ uholdeoh krxvhkrogv duh olnho| wr fxuwdlo wkhlu frqwulex0
wlrqv ehfdxvh wkh| uhfrjql}h wkdw wkhlu odqg gholyhuv pruh rq dyhudjh wkdq wkh srro/
zklfk lv �ghedvhg� e| wkh xquholdeoh djhqwv1 Zkhq *- ? *L wkh srro txdolw| lv
zruvh wkdq wkh srsxodwlrq dyhudjh ri 425/ dqg zh vd| wkdw wkh srro glvsod|v dgyhuvh
vhohfwlrq1

Zh fdq vhh slfwruldoo| zk| wkhuh lv d whqghqf| iru dgyhuvh vhohfwlrq1 Li dw vrph
� A 3 wkh uholdeoh djhqwv yroxqwdulo| frqwulexwh 3 ? *- ? 4/ frqvxplqj {- @
h- . *-+N � h-,/ wkhq wkhlu lqgl�huhqfh fxuyh L- wkurxjk {- pxvw eh wdqjhqw wr
wkh �0sulfh olqh1 Exw wkh xquholdeoh lqgl�huhqfh fxuyh LL wkurxjk {- lv  dwwhu/ dqg
vr wkh xquholdeoh pxvw eh fkrrvlqj *L A *-1 Zh pdnh wklv suhflvh ehorz1
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Wkhruhp 4 Wkhuh h{lvwv dw ohdvw rqh dfwlyh/ vxshuv|pphwulf htxloleulxp zlwk N� @
N2 @ N� @ �1 Dqg hyhu| dfwlyh/ v|pphwulf htxloleulxp kdv 3 ? *- ? *L @ 4/ dqg
4@6 ? � ? 4@5/ l1h1/ srrolqj dozd|v fuhdwhv dgyhuvh vhohfwlrq1

Surri Hyhu| krxvhkrog dfwv wr

pd{
f$w$�

^+4� �,x+��, . �x+4� �+4� �,,` � pd{
f$w$�

iZ+�> �,

zkhuh �- @ 5@6 dqg �L @ 4@61 Fohduo| iZ lv vwulfwo| frqfdyh lq �/ dqg vr dfklhyhv d
xqltxh pd{lpxp dw �Z+�,/ d frqwlqxrxv ixqfwlrq ri �1 Qrwlfh wkdw

CiZ+�> �,

C�
@ +4� �,x�+��,�� �x�+4� �+4� �,,+4� �,=

Zkhq � A 3/ CiZ+�> �,@C�mw'f @ 4/ vr zh pxvw kdyh �Z+�, A 3 zkhqhyhu � A 31
Fohduo| � A � li dqg rqo| li �+4� �, A +4� �,�1 Khqfh zkhq � A 3/ wkh rswlpdo

� @ �Z+�, pxvw vdwlvi| x�+��, A x�+4 � �+4 � �,,1 Wklv kdsshqv suhflvho| zkhq
�� ? 4� �+4��,/ wkdw lv zkhq � ? 41 Frqyhuvho|/ li � ? �/ zh pxvw kdyh �Z+�, @ 41

Frqvlghu qrz wkh pds # = ^4@6> 4@5` $ ^4@6> 5@6` jlyhq e|

#+�, @
�
���*�+�, .

2
��2*�+�,

��*�+�, . �2*�+�,
=

Vlqfh ��*�+�, A 3 dqg �2*�+�, A 3 iru doo � 5 ^4@6> 5@6`/ wkh ixqfwlrq # lv frqwlqxrxv
dqg lqghhg olhv lq wkh udqjh ^4@6> 5@6`1 Khqfh lw pxvw kdyh d �{hg srlqw �W @ #+�W,1

Revhuyh wkdw vlqfh ��*�+�
W, A 3 dqg �2*�+�

W, A 3/ 4@6 ? �W ? 5@61 Khqfh
��*�+�

W, @ 4 dqg �2*�+�
W, ? 41 Wkhuhiruh �W ? 4@5=

:



Fohduo| �W/ ��*�+�W,/ dqg �2*�+�
W, jhqhudwh d vxshuv|pphwulf htxloleulxp1 Exw

frqyhuvho|/ dq| dfwlyh v|pphwulf htxloleulxp ehlqj vxshuv|pphwulf/ jhqhudwhv �/
��*�+�,/ �2*�+�, zklfk frqvwlwxwh d �{hg srlqw ri #1 �

Lq wkh vshfldo fdvh zkhuh x+{, @ orj+{,/ zh rewdlq d xqltxh dfwlyh vxshuv|pphwulf
htxloleulxp zklfk fdq eh hdvlo| fdofxodwhg1 Li �Z ? 4/

CiZ+�> �,

C�
@ +4� �,

4

�Z
� �

4� �Z+4� �,
+4� �, @ 3=

Iurp wklv zh ghgxfh wkdw �Z @ +4��,@+4��, li *Z ? 4/ ru hovh *Z @ 41 Vxevwlwxwlqj
� @ 5@6 iru wkh uholdeoh djhqwv/ dqg uhfdoolqj iurp wkh wkhruhp wkdw *L � ��*� @ 4/
zh jhw *- � �2*� @ 4@6+4� �,/ dqg

� @

�
�4 .

2
� � �

�E�3V�

4 . �
�E�3V�

=

Uhduudqjlqj whupv vkrzv wkdw wkhuh lv d xqltxh vroxwlrq N @ +8�s
8,@9 � 3=79=

Wkhq *L @ 4/ {LC @ {L� @ � � =79/ dqg xL � �
� orj+=3<;,1 Dovr *- � =95/ {-C @ 2

� /
{-� � =5;/ dqg x- � �

� orj+=459,1
Wklv htxloleulxp lv slfwxuhg lq Iljxuh 61
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Kdg wkh srro uhvwulfwhg wr txdqwlwlhv � 5 ^3>T` zlwk T ? 4/ wkh dujxphqw lq
Wkhruhp 4 zrxog rqo| jlyh wkh frqfoxvlrq *- � *L @ T/ doorzlqj wkh srvvlelolw|
wkdw dgyhuvh vhohfwlrq lv vxssuhvvhg dqg *- @ *L 1

9 Lqvxudqfh

Wkh fodvvlfdo lqvxudqfh sureohp fdq eh hpehgghg lq rxu prgho ri frrshudwlyhv/ dqg
wxuqv rxw wr eh d vwudljkwiruzdug jhqhudol}dwlrq ri rxu fdqrqlfdo h{dpsoh1

;



914 Wkh Lqvxudqfh Sureohp

Dv lq Urwkvfklog�Vwljolw}/ zh frqvlghu d frqwlqxxp ri wzr w|shv ri krxvhkrogv= �uh0
oldeoh� +U, dqg �xquholdeoh� +X,/ zlwk srsxodwlrq phdvxuhv �- dqg �L uhvshfwlyho|1
Hdfk krxvhkrog nqrzv klv rzq w|sh/ exw qrw wkdw ri wkh rwkhuv1 Hdfk krxvhkrog
kdv zhdowk +iru vlpsolflw|/ 4 groodu, lq klv �jrrg� +qr0dfflghqw, vwdwh/ exw qrwklqj
lq klv �edg� +dfflghqw, vwdwh iru zklfk kh vhhnv lqvxudqfh1 Dfflghqwv rffxu lqghshq0
ghqwo| dfurvv krxvhkrogv1 Wkh xquholdeoh krxvhkrogv duh pruh dfflghqw0surqh wkdq
wkh uholdeoh1 Wkxv li �� ghqrwhv wkh suredelolw| ri d jrrg vwdwh iru w|sh k/ zh kdyh
�- A �L 1

Wkh xwlolw| iru { xqlwv ri prqh| lv x+{,/ lqyduldqw ri wkh vwdwh dv zhoo dv krxvhkrog0
w|sh1 Dv lv vwdqgdug/ zh dvvxph wkdw x lv vwulfwo| frqfdyh +x�� ? 3, dqg vwulfwo|
prqrwrqlf/ dqg x�+{, $ 4 dv { $ 31 Wkh frqvxpswlrq ri +{C> {�, dfurvv wkh wzr
vwdwhv |lhogv h{shfwhg xwlolw|

��x+{C, . +4� ��,x+{�,

wr d krxvhkrog ri w|sh k @ U>X 1 Iru hdvh ri suhvhqwdwlrq zh wdnh �� wr eh d udwlrqdo
qxpehu p@q1

915 D Plfurhfrqrplf Uhsuhvhqwdwlrq ri Lqvxudqfh

Zh uhfdvw wkh Urwkvfklog�Vwljolw} vwru| lqwr rxu iudphzrun/ exloglqj d plfurirxqgd0
wlrq iru wkh lqvxudqfh sureohp lq wkh surfhvv1 Wkh nh| vwhs lv wr uhsuhvhqw suredelolw|
glvwulexwlrqv ri dfflghqwv e| vwdwhv ri wkh zruog zklfk pdnh h{solflw zkr kdv dq dffl0
ghqw wkhuh1 Wklv pdnhv lw fohdu wkdw �lghqwlfdo� lqvxudqfh srolflhv iru wzr krxvhkrogv
ri wkh vdph w|sh gr qrw sd| r� lghqwlfdoo|/ vlqfh wkh krxvhkrogv zloo kdyh dfflghqwv
lq gl�huhqw vwdwhv/ hyhq li wkhlu suredelolwlhv duh wkh vdph1

Zlwklq rxu iudphzrun ri �qlwh vwdwhv dqg krxvhkrog w|shv/ zh fdqqrw pdlqwdlq
erwk wkh k|srwkhvhv wkdw dfflghqwv rffxu lqghshqghqwo|/ dqg wkdw wkh vdph sursruwlrq
ri hdfk w|sh kdv dq dfflghqw lq hyhu| vwdwh1 Zh gurs wkh lqghshqghqfh k|srwkhvlv/
zklfk dfwxdoo| sod|v qr uroh lq wkh wkhru| dq|zd|1

Vlqfh suredelolwlhv duh udwlrqdo/ ohw �- @ u@q dqg ohw �L @ x@q1 Wr frqyhuw
wkh lqvxudqfh sureohp lqwr rxu iudphzrun/ wdnh V @ q/ dqg vxssrvh wkhuh duh +?o , @
q$@^u$+q�u,$` vxew|shv ri uholdeoh krxvhkrogv/ hdfk zlwk srsxodwlrq phdvxuh �+?�,�-/
zkhuh � lv d srvlwlyh vfdodu1 Vlploduo|/ vxssrvh wkhuh duh +?� , vxew|shv ri xquholdeoh
krxvhkrogv/ hdfk zlwk srsxodwlrq phdvxuh �+?o ,�L 1

Hdfk vxew|sh � lv lghqwl�hg zlwk wkh vhw V� � V ri lwv edg vwdwhv +u lq qxpehu li
uholdeoh/ x lq qxpehu li xquholdeoh,1 Doo krxvhkrogv w ri vxew|sh � kdyh hqgrzphqwv
htxdo wr 4 lv v 5 VqV� / dqg htxdo wr 3 li v 5 V� 1

Wkh uhdghu fdq yhuli| wkdw hdfk krxvhkrog kdv wkh uljkw suredelolw| ri dfflghqw
+u@q li uholdeoh/ x@q li xquholdeoh,/ dqg wkdw lq hyhu| vwdwh wkh dssursuldwh iudfwlrq ri
uholdeoh dqg xquholdeoh krxvhkrogv kdyh dfflghqwv1

Dq htxloleulxp ri wkh lqvxudqfh sureohp fruuhvsrqgv wr d vxshuv|pphwulf htxl0
oleulxp ri lwv uhsuhvhqwdwlrq/ wr zklfk zh wkhuhiruh frq�qh dwwhqwlrq1

<



Uhfdoolqj rxu qxphulfdo h{dpsoh ri wkh suhylrxv vhfwlrq/ qrwh wkdw lw fruuhvsrqgv
wr wkh lqvxudqfh sureohp zlwk �- @ 5@6/ �L @ 4@6/ �- @ �L @ 41 Khqfh/ lq wkh
plfur0hfrqrplf uhsuhvhqwdwlrq surylghg e| rxu h{dpsoh/ V @ 61 Wkhuh duh +��, @ 6

uholdeoh vxew|shv/ hdfk ri phdvxuh +�2,� @ 6 @ 4 +vhwwlqj � @ 4@6,/ dqg +�2, @ 6

xquholdeoh vxew|shv/ hdfk ri phdvxuh +��,� @ 41

916 Uhvwulfwlrq wr V|pphwu|

Zkhq zh frph wr vwxg| wkh lqvxudqfh sureohp/ zh vkrxog uhdol}h wkdw hyhu| wulsoh
+w> w.4> w.5, ri krxvhkrogv lq wkh plfurhfrqrplf uhsuhvhqwdwlrq +zkhuh w 5 +3> 4` ru
w 5 +6> 7`, fruuhvsrqgv wr rqh krxvhkrog lq wkh lqvxudqfh sureohp1 Wkhuhiruh zh vkdoo
dozd|v uhvwulfw dwwhqwlrq wr wkh v|pphwulf vlwxdwlrqv zkhuh vxfk wulsohwv fkrrvh wkh
vdph *| @ *|n� @ *|n21

Revhuyh wkdw v|pphwu| lv pxfk zhdnhu wkdq vxshuv|pphwu|/ zklfk uhtxluhv lq
dgglwlrq wkdw doo wulsohwv zlwk w 5 +3> 4` ehkdyh lghqwlfdoo|/ dqg vlploduo| iru doo
wulsohwv zlwk w 5 +6> 7`1 Vxshuv|pphwu| zloo eh lpsrvhg odwhu rqo| rq htxloleulxp
dfwlrqv/ zkloh wkh zhdnhu qrwlrq ri v|pphwu| zloo eh dvvxphg hyhq zkhq zh frqvlghu
ghyldwlrqv iurp htxloleulxp1 +Ri frxuvh/ vlqfh zh kdyh d frqwlqxxp ri krxvhkrogv/
ghyldwlrqv e| wkuhh djhqwv jlyh wkh vdph h�hfw dv ghyldwlrqv e| hdfk ri wkh wkuhh
vhsdudwho|1,

: Wkh Srrolqj ri Surplvhv

Wkh frrshudwlyh uhtxluhg odqg iru phpehuvkls1 Exw wkh odqg zdv rqo| lqvwuxphqwdo1
Lw lqglfdwhg krz pxfk zkhdw lwv frqwulexwru surplvhg wr gholyhu wr wkh srro/ dqg dw
wkh vdph wlph lw surylghg d ehqfkpdun iru phdvxulqj klv vkduh lq wkh srro1 Rqh
pljkw kdyh lpdjlqhg wkdw odqg sxw lqwr wkh frrshudwlyh zdv sdlqwhg eoxh/ dqg odqg
khog edfn zdv sdlqwhg uhg1 Dw d jodqfh wkh yloodjhuv frxog vxuyh| wkh djjuhjdwh eoxh
odqg khog e| wkh frrshudwlyh1

Wkh prghuq zruog kdv pruh vrsklvwlfdwhg dqg ohvv fxpehuvrph phwkrgv ri df0
frxqwlqj/ zklfk hqdeohv wkh gholqnlqj ri surplvhv dqg vkduhv iurp wkh odqg1 Wklv
ohdgv xv wr wklqn ri d frrshudwlyh lq zklfk surplvhv duh srrohg1

Vxfk d frrshudwlyh pxvw vshfli| wkh qdwxuh ri rqh xqlw ri surplvh iru hdfk sr0
whqwldo frqwulexwru1 Devwudfwo| zh fdq uhsuhvhqw wklv vlpso| dv d yhfwru zkrvh frp0
srqhqwv h�r ghshqg rq k dqg v1 Lw vkrxog eh hylghqw wkdw wkh pdwkhpdwlfv ri srrolqj
surplvhv lv lghqwlfdo wr wkh odqg frrshudwlyh1

Lq wkh prghuq zruog rqh vhhv pdq| h{dpsohv ri srrov ri surplvhv/ h1j1/ lqvxudqfh
srrov/ pruwjdjh srrov/ fuhglw fdug srrov/ dqg ehwwlqj srrov1 Riwhq hqwu| lqwr d srro
lv vljql�hg e| d yluwxdo surplvh zklfk/ olnh rxu odqg/ lv lghqwlfdo dfurvv djhqwv1 Lw
lv xqghuvwrrg/ krzhyhu/ wkdw gl�huhqw krxvhkrogv zloo dfwxdoo| gholyhu gl�huhqwo|1
Wkh phfkdqlvpv e| zklfk wkhvh gl�huhqw gholyhulhv frph derxw lqyroyh rswlrqv dqg
ghidxow +dqg jlyh ulvh wr prudo kd}dug,1 Exw dv orqj dv dfwxdo gholyhulhv duh iruhvhhq/
wkh dqdo|vlv zh gr lq wklv sdshu zloo uhpdlq uhohydqw lq wkh vwxg| ri htxloleulxp1 Zh
kdyh irfxvhg dwwhqwlrq rq wkh ghidxow rswlrq lq ^4`1
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Wkh prghuq srrov zh dooxghg wr wdnh wkh ixuwkhu vwhs ri ghfrxsolqj frqwulexwlrqv
wr wkh srro iurp rzqhuvkls ri wkh srro1 Zh kdyh glvfxvvhg wklv ghyhorsphqw lq ^4`1

; Txdqwlw| Olplwv

Zh lpsrvhg wkh uhvwulfwlrq *| � 4 ehfdxvh hyhu| krxvhkrog zdv dvvxphg wr kdyh rqh
dfuh ri odqg/ dqg zh lpdjlqhg wkdw wkh frqwulexwhg odqg zrxog kdyh wr eh wxuqhg ryhu
dqg lghqwl�hg dv wkh surshuw| ri wkh frrshudwlyh1 Exw li zh uhlqwhusuhw frqwulexwlrqv
dv surplvhv/ wkhq wkhuh lv qr uhdvrq zk| *| frxog qrw h{fhhg 41 Wkh krxvhkrog lv
w|slfdoo| deoh wr gholyhu hyhq zkhq *| lv d olwwoh odujhu wkdq 4/ rxw ri klv uhfhlswv iurp
wkh srro +dvvxplqj wkdw wkh frrshudwlyh pdnhv lw ihdvleoh wr qhw gholyhulhv iurp wkh
srro djdlqvw surplvhv wr wkh srro,1 Dqg riwhq wkh krxvhkrog zrxog olnh wr gr vr1 Iru
h{dpsoh/ lq Iljxuh 6/ zh fdq vhh wkdw wkh xquholdeoh krxvhkrog zrxog suhihu *L A 41

Uhwxuqlqj wr rxu h{dpsoh/ exw qrz zlwkrxw wkh txdqwlw| frqvwudlqw *| � 4/
krxvhkrog w*v exgjhw lv h{sdqghg wr

	|+N, @ i+�> |, 5 Un �U7
n = | @ "|+�>N,j=

Zlwk orj xwlolwlhv/ lw fdq hdvlo| eh fkhfnhg wkdw wkhuh lv d xqltxh dfwlyh vxshuv|pphwulf
htxloleulxp lq zklfk *L @ 9@8/ *- @ 6@8/ � @ 7@</ {LC @ 4@6/ {L� @ ;@48/ xL �
�
� orj+=3<8,/ dqg {-C @ 5@6/ {-� @ 7@48/ x- � �

� orj+=45,1
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Qrwlfh wkdw dowkrxjk hdfk xquholdeoh krxvhkrog w zdqwv wr wudgh *| @ 9@8 A 4/
wkh xsvkrw ri doo wkh xquholdeoh krxvhkrogv grlqj vr lv wr uhgxfh wkh txdolw| ri wkh
srro iurp � � =79 wr � � =77 dqg wr orzhu hyhu| krxvhkrog*v xwlolw|/ lqfoxglqj wkhlu
rzq1

Wkxv wkh frrshudwlyh fdq khos hyhu|erg| e| lpsrvlqj d txdqwlw| uhvwulfwlrq/
*| � 41
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Qhhgohvv wr vd|/ wkhuh lv qr uhdvrq zk| wkh txdqwlw| uhvwulfwlrq *| � 4 vkrxog eh
rswlpdo1 Lw lv srvvleoh wkdw vhwwlqj d erxqg *| � T ? 4 zloo pdnh hyhu|erg| vwloo
ehwwhu r� +wkrxjk qrw lq wklv h{dpsoh,1 Uhgxflqj wkh olplw T ixuwkhu zloo khos wkh
uholdeoh krxvhkrogv dqg kxuw wkh xquholdeoh krxvhkrogv1 Uhgxflqj T hyhq ixuwkhu zloo
kxuw erwk krxvhkrogv1

Krz zloo wkh frrshudwlyh vhw lwv txdqwlw| olplw TB

< Frpshwlqj Frrshudwlyhv

Gl�huhqw txdqwlw| olplwv pd|/ dv zh vdz/ lpslqjh rq krxvhkrogv gl�huhqwo|1 Exw li
d frrshudwlyh fdqqrw glvfulplqdwh ehwzhhq krxvhkrogv/ lw fdq vhw rqo| rqh txdqwlw|
olplw1 Wklv jlyhv dq rssruwxqlw| iru d qhz frrshudwlyh wr irup/ zlwk d gl�huhqw
txdqwlw| olplw/ wr oxuh dzd| glvvdwlv�hg phpehuv1 Krz zloo wklv frpshwlwlrq wxuq
rxwB

Ohw xv lpdjlqh d froohfwlrq ri frrshudwlyhv m 5 M @ i4> ===> Mj/ doo hqwdlolqj wkh
vdph surplvhv h|r/ exw gl�huhqw txdqwlw| uhvwulfwlrqv *|� � T� 1

Qrz krxvhkrog w fkrrvhv d yhfwru � @ +��> ===> �a, 5 Ua
n/ zkhuh �� ghqrwhv wkh

qxpehu ri surplvhv +ru wkh txdqwlw| ri odqg, frqwulexwhg wr srro m1 Vxssrvh wkdw iru
hdfk srro m/ wkh krxvhkrogv dqwlflsdwh gholyhulhv N�

r lq vwdwh v/ shu xqlw frqwulexwhg1
Ghqrwh N� @ +N�

�> ===>N
�
7, dqg N @ +N�> ===>Na,1 Krxvhkrog w wkhq frqvxphv

"|+�>N, � h| .
[
�M[

��+N
� � h|,=

Klv exgjhw vhw lv

	|+N, @ i+�> |, 5 U[n �U4n = �� � T� iru doo m 5 M / | @ "|+�>N,j=

Zkhq
S

�M[ �� � 4/ wkh lqwhusuhwdwlrq ri wkh exgjhw vhw lv hylghqw1 Krxvh0
krog w lv vlpso| glylglqj klv odqg dprqj gl�huhqw frrshudwlyhv/ wdnlqj lqwr df0
frxqw klv dqwlflsdwlrqv ri wkh ydulrxv srro txdolwlhv1 Lq wkdw fdvh wkh frqvwudlqw
h| .

S
�M[ ��+N

� � h|, � 3 lv uhgxqgdqw1 Exw zh doorz iru
S

� �� A 4/ surylghg wkdw
krxvhkrog w fdq fryhu hdfk ri klv surplvhv rxw ri uhfhlswv iurp wkh vdph srro/ ru
iurp rwkhu srrov1 +Qrwh wkdw wkh qhwwlqj ri surplvhv dqg gholyhulhv lv qrz dfurvv doo
srrov/ vr zh pd| ylhz lw dv vxshuqhwwlqj1,

<14 Htxloleulxp

Deeuhyldwh �doprvw doo w lq +3>K`� e| �d1d1w/� dqg wkh lqwhjudo
U M
f i+w,gw e| �i 1 Wkh

yhfwru +N>*>{, 5 U[f4n � U
EfcMof[
n � U

EfcMof4
n lv vdlg wr eh dq htxloleulxp ri wkh

hfrqrp| ++x�> h�,�MM > +T�,�M[ , li * dqg { duh phdvxudeoh/ dqg

+4, N�
r @ �

7)�

U M
f *|�h

|
rgw li �*� A 3/ ;m 5 M

+5, +*|> {|, 5 dujpd{Ewc+�MP|Eg� x
|+|, iru d1d1w1
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43 Frrshudwlyhv zlwkrxw Pdqdjhuv/ Frqwudfwv zlwkrxw
Ghvljqhuv

Lq rxu iudphzrun wkh frrshudwlyh m pdnhv qr ghflvlrqv1 Lw vlpso| vwdqgv rshq iru
exvlqhvv1 Lwv txdqwlw| olplw T� lv lwv gh�qlqj fkdudfwhulvwlf/ udwkhu wkdq d vwudwhjlf
fkrlfh pdgh e| lwv pdqdjhu1 Dqg lwv N� lv ghwhuplqhg e| wkh irufhv ri shuihfw
frpshwlwlrq lq htxloleulxp1

Wkh fxuuhqw ruwkrgr{ ylhz lv wkdw lqvxudqfh lv lpsrvvleoh zlwkrxw vwudwhjlf lqwhu0
phgldulhv/ dfwlyho| ghvljqlqj frqwudfwv1 Wklv ylhz zdv prvw hohjdqwo| h{suhvvhg e|
Urwkvfklog dqg Vwljolw} +4<:9,/ zkr ghvfulehg dq hfrqrp| zlwk shuihfwo| frpshwl0
wlyh frqvxphuv dqg roljrsrolvwlf/ ulvn0qhxwudo lqvxudqfh frpsdqlhv1 Wkhvh frpsdqlhv
ghvljqhg dqg pdunhwhg lqvxudqfh frqwudfwv +T>N, vshfli|lqj wkh txdqwlw| T ri lq0
vxudqfh dydlodeoh dqg lwv sulfh N1

Iurp wkh srlqw ri ylhz ri wkh krxvhkrog lq rxu prgho/ wkhuh lv d srwhqwldoo|
frpsoh{ phqx ri qrqolqhdu frqwudfwv1 Exw wklv vrsklvwlfdwlrq lv rzlqj hqwluho| wr
�wkh pdunhw/� qrw wr dq| pdqdjhu�ghvljqhu1 Zh zloo vhh wkdw rqo| d ihz +T� >N

�,
kdyh �*� A 3 dprqj doo srwhqwldo m 5 M 1 Wkh vhw ri dfwlyh frqwudfwv/ wkdw duh sod|hg
rxw dw htxloleulxp/ lv wkxv vkduso| ghwhuplqdwh1 Dqg lw lv ghvljqhg hqwluho| e| wkh
�lqylvleoh kdqg� ri shuihfw frpshwlwlrq1

4314 Shuihfw Frpshwlwlrq dqg Hqwu|

Lq wkh Urwkvfklog�Vwljolw} prgho ri lqvxudqfh/ htxloleulxp zdv uhtxluhg wr eh lppxqh
wr hqwu| e| qhz lqvxudqfh frpsdqlhv zkr pljkw r�hu frqwudfwv + �T> �N, wkdw zrxog
wxuq d sur�w e| oxulqj krxvhkrogv dzd| iurp wkhlu rog frqwudfwv1 Rqh pljkw zhoo dvn
zkhwkhu rxu htxloleulxp lv lppxqh wr hqwu|1 Wkh dqvzhu lv wkdw zkdwhyhu qhz �T
frxog eh lpdjlqhg lv douhdg| suhvhqw dqg hperglhg e| rqh ri wkh srrov m/ dqg lw*v
dvvrfldwhg txdqwlw| olplw T� @ �T1 Lwv sulfh N� lv vhw e| wkh pdunhw1 Li wkh sulfh N� lv
vhw vhqvleo|/ dqg li dw wkdw sulfh qr krxvhkrog zdqwv wr mrlq srro m/ wkhq zh frqfoxgh
wkdw hqwudqwv xvlqj frqwudfwv +T� > �N, fdqqrw xsvhw wkh htxloleulxp/ iru dq| �N1

Iru wklv frqfoxvlrq wr eh dsw/ zh pxvw eh fduhixo wr pdnh vxuh wkdw wkh dvvrfldwhg
N� duh dssursuldwh1 Kljk �N hqfrxudjh hqwu|/ dqg wkxv kdyh wkh srwhqwldo wr xsvhw
htxloleulxp1 Ri frxuvh �N fdqqrw eh duelwudulo| kljk1 Lw pxvw eh vhw dw d ohyho dw
zklfk srro m fdq �uhdvrqdeo| h{shfw� lwv uhfhlswv wr fryhu lwv frpplwphqw wr gholyhu
�N1 Li N� lv wkh kljkhvw �N frqvlvwhqw zlwk wklv frpplwphqw/ wkhq frqvlvwhqw frqwudfwv
ri w|sh +T� > �N, pxvw kdyh �N � N� 1 Exw vlqfh +T�>N�, uhqghuhg srro m lqdfwlyh/ vr
zloo +T�> �N,1

44 Htxloleulxp Uh�qhphqw

Zlwk rqo| rqh frrshudwlyh/ zh zhuh frqwhqw wr frq�qh rxu dwwhqwlrq wr htxloleuld lq
zklfk wkh srro zdv dfwlyh1 Zlwk pdq| frrshudwlyhv/ wkh dqdorjxh zrxog eh wr dvvxph
wkdw doo srrov duh dfwlyh1 Exw/ dv zh kdyh vdlg/ lq wkh w|slfdo fdvh hyhu| htxloleulxp
h�hfwlyho| uhqghuv prvw srrov lqdfwlyh1 Wkxv zh kdyh qr fkrlfh exw wr frqiurqw krz
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dqwlflsdwlrqv N� zloo eh iruphg zkhq srro m lv lqdfwlyh/ vlqfh lw lv wkrvh dqwlflsdwlrqv
wkhpvhoyhv wkdw duh uhvsrqvleoh iru wkh lqdfwlylw|1

Rxu gh�qlwlrq shuplwv dq| srro m wr eh lqdfwlyh/ l1h1/ wr kdyh �*� @ 31 Pdq|
srwhqwldo srrov lq wkh uhdo zruog duh dovr lqdfwlyh1 Rqh srvvleoh h{sodqdwlrq lv wkdw
shrsoh dqwlflsdwh xqgxo| shvvlplvwlf gholyhulhv iurp wkhp dqg duh wkxv glvfrxudjhg
iurp mrlqlqj wkhp1 Wkhuh lv qrwklqj vr idu lq rxu gh�qlwlrq wr suhyhqw wklv iurp
kdsshqlqj1 Zkhq srro m lv dfwlyh/ wkhuh lv d �uhdolw| fkhfn� rq N�/ vlqfh +e| +4,,
N� pxvw frqirup wr dfwxdo gholyhulhv1 Exw iru lqdfwlyh srrov m/ wkhuh duh qr uhdo
gholyhulhv wr frpsduh N� wr1 Li N� zhuh vhw vxlwdeo| orz/ wkhq qr krxvhkrog w zrxog
eh zloolqj wr frqwulexwh wr srro m/ iru kh zrxog jhw yhu| olwwoh shu xqlw exw lqfxu d
uhodwlyho| odujh reoljdwlrq wr gholyhu h|1 Lqghhg/ jlyhq dq duelwudu| vxevhw ri srrov/
zh fdq dozd|v rewdlq htxloleuld zklfk uhqghu wkhp lqdfwlyh e| fkrrvlqj wkhlu N� wr
eh orz hqrxjk1

Zh eholhyh wkdw xquhdvrqdeoh shvvlplvp grhv suhyhqw pdq| uhdo zruog pdunhwv
iurp rshqlqj/ dqg surylghv dq lpsruwdqw uroh iru jryhuqphqw lqwhuyhqwlrq1 Exw
lw lv lqwhuhvwlqj wr vwxg| htxloleulxp lq zklfk dqwlflsdwlrqv duh dozd|v uhdvrqdeo|
rswlplvwlf1 Lw lv ri fhqwudo lpsruwdqfh iru xv wr xqghuvwdqg zklfk pdunhwv duh rshq
dqg zklfk duh qrw/ dqg zh gr qrw zdqw rxu dqvzhu wr ghshqg rq wkh djhqwv* zklpvlfdo
shvvlplvp1

Dqwlflsdwhg gholyhulhv iurp lqdfwlyh srrov duh dqdorjrxv wr eholhiv lq jdph wkhru|
�r� wkh htxloleulxp sdwk1� Vhowhq ^7` ghdow zlwk wkh jdph wkhru| sureohp e| iruflqj
hyhu| djhqw wr wuhpeoh dqg sod| doo klv vwudwhjlhv zlwk suredelolw| dw ohdvw % A 3/ dqg
wkhq ohwwlqj % $ 31 Zh vkdoo dovr lqyrnh d wuhpeoh/ exw lq txlwh d gl�huhqw vslulw1 Rxu
wuhpeoh zloo eh �rq wkh pdunhw� dqg qrw rq krxvhkrogv* +sod|huv*, vwudwhjlhv1 Lqghhg/
qr krxvhkrog frxog wuhpeoh wkh zd| zh zdqw= zh lqwurgxfh dq h{whuqdo sod|hu zkr
gholyhuv pruh shu xqlw wkdq dq| ri wkh uhdo krxvhkrogv14 Wklv h{wudruglqdu| gholyhu|
lv zkdw edqlvkhv zklpvlfdo shvvlplvp1

Frqvlghu dq h{whuqdo h0djhqw zkr frqwulexwhv %+q, @ +%�+q,,�Ma � 3 wr hyhu|
srro/ dqg gholyhuv dq h{rjhqrxvo| �{hg yhfwru h @ +h> ===> h, shu xqlw frqwulexwhg1
Zh uhtxluh wkdw h A pd{�MM h�r iru doo v 5 V1 Dq| h vdwlvi|lqj wklv uhtxluhphqw
zloo eh fdoohg dq rswlplvwlf h{whuqdo gholyhu|1 Wkh yhfwru h lqglfdwhv wkh errvwlqj
ri krxvhkrog dqwlflsdwlrqv eurxjkw derxw e| wkh h{whuqdo h0djhqw1 Zh dvvxph wkdw
%+q, $ 3 dv q $ 4/ vr rqh pljkw lqwhusuhw wklv djhqw dv d jryhuqphqw zklfk
jxdudqwhhv gholyhu| rq wkh �uvw lq�qlwhvlpdo surplvhv1

Irupdoo|/ zh vd| wkdw dq htxloleulxp H @ +N>*>{, 5 U7a
n � U

EfcMo
n lv d uh�qhg

htxloleulxp li wkhuh lv d vhtxhqfh He+q, @ +N+q,> *+q,> {+q,> %+q,, 5 U7a
n �U

EfcMoa
n �

U
EfcMo4
n �U[n vxfk wkdw h lv rswlplvwlf/ *+q, dqg {+q, duh phdvxudeoh iru doo q @ 4> 5> ===

dqg

+4, N+q, $ N dqg *|+q, $ *|/ {|+q, $ {| iru d1d1w

+5, +*|+q,> {|+q,, 5 dujpd{Ewc+�MP|EgE?�� x
|+|, iru d1d1w dqg doo q

4Zhuh zh wr lqyrnh d wuhpeoh rq vwudwhjlhv/ h1j1/ iruflqj hdfk krxvhkrog | wr frqwulexwh 0E?� : f
wr hyhu| srro/ wklv zrxog qrw phhw rxu qhhgv1
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+6, %�+q, A 3 li �*�+q, @ 3/ iru doo m 5 M dqg doo q/ dqg %+q, $ 3

+7, Iru doo q dqg iru doo m 5 M W @ im 5 M = �*� @ 3j/

N�
r+q, @

4

%�+q, . �*�+q,

�
%�+q,h.

] M

f
*|�+q,h

|
rgw

�
=

Wkh h{whuqdo h0djhqw pd| errvw wkh gholyhu| udwh N�
r+q, deryh wkh ohyho dfklhyhg

e| wkh uhdo krxvhkrogv lq He+q,1 Dv q $ 4 wklv errvw glvdsshduv iru srrov wkdw
duh dfwlyh lq wkh olplw1 Exw iru lqdfwlyh srrov/ klv suhvhqfh suhyhqwv wkh olplwlqj
dqwlflsdwlrqv iurp vlqnlqj wrr orz/ dqg vwhhuv wkhp dzd| iurp xqgxh shvvlplvp1 Lq
idfw/ dw �uvw jodqfh/ rqh pljkw wklqn wkdw jlyhq klv h{wudruglqdu| gholyhulhv/ qr srro
zloo eh lqdfwlyh lq htxloleulxp1 Zh vkdoo vhh/ krzhyhu/ wkdw txlwh wkh rssrvlwh lv wuxh=
pdq| srrov zloo eh h�hfwlyho| lqdfwlyh1

Rqh fdq suryh wkdw d uh�qhg htxloleulxp dozd|v h{lvwv e| h{solflwo| dgglqj dq h0
h{whuqdo djhqw wr wkh pdunhw +zkr frqwulexwhv %�+q, @ 4@q rq hyhu| srro dqg gholyhuv
+4@q,h,/ vkrzlqj wkdw d +4@q,� h0htxloleulxp h{lvwv/ dqg �qdoo| ohwwlqj q $ 4 dqg
wdnlqj olplwv1 Frpsxwlqj vxfk dq htxloleulxp zrxog eh kdug/ ehfdxvh lw zrxog lqyroyh
frpsxwlqj d gl�huhqw htxloleulxp iru hdfk q1 Rxu gh�qlwlrq fdswxuhv wklv vslulw/ exw
pdnhv wkh frpsxwdwlrq pxfk hdvlhu e| gursslqj %�+q, A 3 xqohvv �*�+q, @ 3 +zkhuh
wkh h{whuqdo errvw %�+q, A 3 lv uhdoo| qhhghg, dqg dovr gursslqj wkh frqglwlrq wkdw
N�+q, @ dfwxdo gholyhulhv iru dfwlyh m 5 MqM W/ vlqfh zh nqrz zkhuh wkhvh N�+q,
pxvw frqyhujh dq|zd|1

4414 Holplqdwlrq ri Wulyldo Htxloleuld

Rxu uh�qhphqw holplqdwhv wulyldo htxloleuld lq zklfk N lv vhw devxugo| orz1 Ohw
�� � �

7

S
rM4 h

�
r eh wkh dyhudjh gholyhu| ri krxvhkrog w|sh k1 Vlqfh h� 9@ 3/ �� A 3

iru doo k 5 K/ dqg � � plq�MG �� A 31 Lw lv hdv| wr vhh wkdw wkhuh fdqqrw eh dq|
uh�qhg htxloleulxp +N�> ===>Na > *, lq zklfk iru vrph srro m/ N�

r ? � iru doo v 5 V=
Lq wkh fdvh ri K @ 5/ dqg M @ 4/ wkh srro lv dfwlyh lq d uh�qhg htxloleulxp li dqg

rqo| li wkhuh duh jdlqv wr wudgh/ l1h1/ wkhuh lv vrph 3 ? � ? 4 dqg 3 ? � ? 4 zlwk
x�+�h� . �h2, A x+h�, dqg x2++4� �,h� . +4� �,h2, A x2+h2,1

4415 Klhudufklfdo Uh�qhphqw

Vxssrvh wkdw zh kdyh d klhudufk| rq M jlyhq e| d sduwldo rughu ? rq M 1 Zh vshfldol}h
rxu qrwlrq ri uh�qhphqw wr uhvshfw wklv rughu e| vwuhqjwkhqlqj +6, wr

+6W, %�+q, A 3 li �*�+q, @ 3/ iru doo m 5 M dqg doo q/ dqg %+q, $ 3> pruhryhu/
%�+q, � �

?%�+q, zkhqhyhu l ? m1

Wklv qrwlrq zloo sod| d ghflvlyh uroh zkhq zh lqwurgxfh vhqlrulw| udqnlqj ri wkh
srrov1 +Uhdg �l ? m� dv �l lv vhqlru wr m1�, Rxu klhudufklfdo uh�qhphqw uhtxluhv wkdw
wkh errvwlqj surylghg e| wkh h{whuqdo djhqw lv dq rughu ri pdjqlwxgh kljkhu rq d
vhqlru srro frpsduhg wr dq| ri lwv mxqlruv1
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45 Lqvxudqfh zlwk Frpshwlwlyh Srrolqj

Ohw xv uhwxuq wr rxu fdqrqlfdo h{dpsoh ri lqvxudqfh/ zlwk uholdeoh krxvhkrog w|shv k 5
i4> 5> 6j dqg xquholdeoh w|shv k 5 i7> 8> 9j1 Il{ wkh hfrqrp| ++x�> h�,�MG> +T�,�M[ ,
zlwk pxowlsoh srrov m 5 M @ i4> ===> Mj zkrvh txdqwlw| olplwv irup d �qh julg T� ?
T2 ? � � � ? Ta / l1h1/ pd{�iT�n� � T�j/ T/ dqg 4@Ta duh doo vpdoo/ hqdeolqj xv wr
dssur{lpdwh frqwlqxrxv txdqwlwlhv1

Wkhruhp 5 vkrzv wkdw wkh hfrqrp| zlwk frpshwlwlyh srrov kdv d frqwlqxxp ri
htxloleuld/ doo ri zklfk hqwdlo d slhfhzlvh olqhdu vfkhgxoh lq zklfk wkh sulfh ulvhv zlwk
wkh txdqwlw| ri lqvxudqfh wdnhq rxw1 +Wklv ulvh/ lq frqwudvw wr yroxph glvfrxqwv/ lv
wkh uhvxow ri dgyhuvh vhohfwlrq1,

Lq Vhfwlrq 46 zh vkrz wkdw zlwk h{foxvlylw| wkh zkroh frqwlqxxp ri htxloleuld
glvdsshduv/ dqg d xqltxh +vhsdudwlqj, htxloleulxp wdnhv lwv sodfh1

Lq Vhfwlrq 47 zh lqwurgxfh vhqlrulw| lqvwhdg ri h{foxvlylw|/ dqg zh �qg wkdw wkh
vhsdudwlqj htxloleulxp glvdsshduv dqg d xqltxh +slyrwdo, htxloleulxp hphujhv iurp
rxw ri wkh frqwlqxxp1

Wkhruhp 5 Wkhuh lv d frqwlqxxp ri glvwlqfw +lq frqvxpswlrq, uh�qhg v|pphwulf
htxloleuld +N>*>{,/ N� @ +��> ===> ��,1 Lq hdfk vxfk htxloleulxp/ gholyhu| udwhv �� wdnh
rq dw prvw wkuhh ydoxhv= 4@6 ru �� ru 4@5/ zkhuh 4@6 ? �� ? 4@51 Qr krxvhkrog frq0
wulexwhv wr d srro ehiruh h{kdxvwlqj wkh txdqwlw| olplwv ri doo srrov zlwk kljkhu gholyhu|
udwhv1 Wkh uholdeoh krxvhkrogv dfwlyho| frqwulexwh rqo| wr srrov m zlwk �� 5 i4@5> ��j1
Wkh xquholdeoh krxvhkrogv frqwulexwh dw ohdvw dv pxfk dv wkh uholdeoh krxvhkrogv rq
hyhu| �0ohyho/ dqg duh dfwlyh rq dw prvw rqh ohyho ehorz wkh uholdeoh1 Doo lqdfwlyh srrov
kdyh wkh vdph gholyhu| udwh @ plq�M[ ��1
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I U

1

1/3 xU

xR

1/2

U
_

R

Iljxuh 8

Zh suryh Wkhruhp 5 ryhu wkh qh{w wzr vxevhfwlrqv1
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4514 Wkh Frqwlqxxp ri Htxloleuld

Zh fdq hdvlo| fkdudfwhul}h wkh frqwlqxxp ri htxloleuld ri Wkhruhp 41

451414 Sulpdu|0Vhfrqgdu| Htxloleuld

Ohw xv �uvw irfxv rq wkh fdvh zkhuh � wdnhv rq dw prvw wzr ydoxhv1 Lq doo wkhvh
htxloleuld erwk w|shv wdnh rxw htxdo dprxqwv *W ri d sulpdu| frqwudfw +l1h1/ hdfk
frqwulexwhv *W ryhu d vhw ri sulpdu| srrov zlwk wkh vdph gholyhu| udwh,/ iroorzhg e|
gl�huhqw dprxqwv 3 � �*- ? �*L ri d vhfrqgdu| frqwudfw1 Wklv vhw ri htxloleuld fdq
eh sdudphwul}hg e| *W1

Dw wkh pd{lpxp ohyho ri *W/ zh kdyh wkh htxloleulxp ghslfwhg lq Iljxuh 91 +Iru
vlpsolflw| zh zloo dvvxph wkurxjkrxw wkdw doo srlqwv ri wdqjhqf| duh h{dfwo| dfklhydeoh
yld wkh txdqwlw| julg iT�> ===>Taj1 Rwkhuzlvh/ reylrxv wkrxjk whglrxv prgl�fdwlrqv
qhhg wr eh pdgh wr rxu vwdwhphqwv1,

xB

I R
I U

(1,0)

x Gj*

xU

xR

45 o

jU

45 o

~

1/3-price line

1/2-price line

Iljxuh 9
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Lq wkh plggoh lv wkh htxloleulxp ri Iljxuh ;/ zklfk zloo dvvxph d surplqhqw uroh odwhu1
Zh fdoo lw slyrwdo ehfdxvh wkh uholdeoh krxvhkrogv duh uhdg| wr vzlwfk wr ehlqj dfwlyh
rq wkh vhfrqgdu| frqwudfw/ zhuh lwv udwh lpsuryhg e| d shqq|1 Wklv htxloleulxp dovr
frqvwlwxwhv d fulwlfdo srlqw ehwzhhq wzr uhjlphv= rqh zkhuh erwk w|shv wdnh rxw wkh
vhfrqgdu| frqwudfw/ wkh rwkhu zkhuh rqo| wkh xquholdeoh gr vr1
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I R

I U

(1,0)

x Gj*

xU

xR

45o

jU

45 o

~

1/3-price line

1/2-price line

Iljxuh ;= Wkh Slyrwdo Htxloleulxp

Dv *W lv orzhuhg vwloo ixuwkhu/ wkh uholdeoh krxvhkrogv dovr wdnh rxw wkh vhfrqgdu|
frqwudfw +zkrvh gholyhu| udwh �� dv d uhvxow ulvhv deryh 426,=
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I R

I U

x Gj*

xU

xR

45
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jR
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-price line

1/2-price line

45
o

jU~

U~

Iljxuh <

Dw wkh erwwrp hqg ri wklv frqwlqxxp/ *W @ 3 dqg zh jhw wkh sxuh srrolqj htxl0
oleulxp ri Iljxuh 71

Wr vkrz wkdw doo wkhvh htxloleuld duh uh�qhg/ zh vlpso| sxw �� @ �� iru hyhu|
lqdfwlyh srro m/ zkhuh �� lv wkh gholyhu| udwh ri wkh dfwlyh vhfrqgdu| frqwudfw1 Lq
wkh uh�qlqj vhtxhqfh zh ohw krxvhkrogv vsuhdg wkhpvhoyhv ryhu doo wkhvh srrov lq wkh
vdph sursruwlrq wkh| duh vsuhdg rq wkh vhfrqgdu| frqwudfw1 Lq idfw wklv hyhq vkrzv
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wkdw wkhuh lv dq htxloleulxp ri hdfk w|sh lq zklfk doo srrov duh dfwlyh +dqg wkxv
dxwrpdwlfdoo| uh�qhg,1

451415 Sulpdu|0Vhfrqgdu|0Whuwldu| Htxloleulxp

Wkhvh duh dv lq Iljxuh 81 Zh ohdyh wkh ghwdlov wr wkh lpdjlqdwlrq ri wkh uhdghu1
Zh kdyh slfwxuhg wkh frqwlqxxp ri htxloleuld1 Wkhlu jhrphwu| fdq hdvlo| eh pdgh

dojheudlfdoo| suhflvh/ dv zh gr iru wkh slyrwdo htxloleulxp lq Vhfwlrq 47161

4515 Qr Rwkhu Htxloleulxp

Zh qrz suhvhqw wkh surri wkdw wkhuh fdq eh qr rwkhu htxloleulxp1

Surri Ohw +�> *> {, eh dq duelwudu| uh�qhg v|pphwulf htxloleulxp/ dqg ohw

M- @ im 5 M =

] �

f
*� A 3j

M L @ im 5 M =

] S

�
*� A 3j

eh wkh vhwv ri srrov rq zklfk U dqg X krxvhkrogv duh dfwlyh1 +Vlqfh x�+{, $ 4 dv
{ $ 3/ dqg �� � 4@6 iru doo m 5 M e| uh�qhphqw/ lw lv hylghqw wkdw M - 9@ ! dqg
M L 9@ !1, Duudqjh i�� = m 5 M - ^ M Lj lq ghvfhqglqj rughu= ��� A ��2 A � � � A ��u 1
Dq| krxvhkrog w +zklfk pd| eh riU ru ri X w|sh, frxog rewdlq frqvxpswlrq dq|zkhuh
rq wkh slhfhzlvh olqhdu sdwk � jlyhq lq Iljxuh 431 Vlqfh plqi�� = m 5 M-j A 4@6 @ ��

iru doo l 5 M LqM -/ wkh xquholdeoh krxvhkrogv duh dfwlqj dorqh rq dw prvw wkh odvw olqn
��u 1 Lw iroorzv/ iurp wkh vwulfw frqfdylw| dqg prqrwrqlflw| ri wkh xwlolwlhv/ wkdw hdfk
w|sh kdv +dqg lv fkrrvlqj, d xqltxh rswlpdo frqvxpswlrq rq �1 E| wkh dujxphqw pdgh
lq wkh surri wr Wkhruhp 4/ wkh xquholdeoh qhhg pruh lqvxudqfh/ vr wkhlu frqvxpswlrq
{L pxvw olh rq � wr wkh qruwkzhvw ri wkh uholdeoh frqvxpswlrq {-/ l1h1/ vwduwlqj iurp
+4/3, dqg surfhhglqj wr {L rq �/ wkh xquholdeoh nhhs frqvwdqw frpsdq| zlwk wkh
uholdeoh wloo wkh odwwhu gurs r� dw {- +dw zklfk srlqw/ wkh xquholdeoh surfhhg ixuwkhu,1
Rq olqnv m� zkhuh wkh wzr w|shv dfw wrjhwkhu wloo wkh hqg/ ��� pxvw eh 4251 Wkhuhiruh
wkh sduw ri � rq zklfk U krxvhkrogv dfw kdv dw prvw wzr glvwlqfw �� 1 Li wkhuh duh wzr
olqnv/ ��� @ 4@5 dqg 4@6 ? ��2 ? 4@51 Wkh wkhruhp qrz iroorzv1 �
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46 H{foxvlylw| dqg Urwkvfklog�Vwljolw}*v Vhsdudwlqj Htxl0
oleulxp

Srrov fdq frpshwh pruh h�hfwlyho| li wkh| duh doorzhg wr eh h{foxvlyh/ l1h1/ wr surklelw
dq| krxvhkrog iurp frqwulexwlqj hovhzkhuh li kh frqwulexwhv wkhuh1 Wkh frqwulexwlrq
� 5 Ua

n ri dq| krxvhkrog pxvw wkhq vdwlvi|

� 5 Ua
n+h{foxvlyh, � i� 5 Ua

n = �� A 3 , �� @ 3 ;m 9@ lj=

Wkxv zh gh�qh wkh exgjhw vhw ri w wr eh

	|
e%+N, @ i+�> |, 5 	|+N, = � 5 Ua

n+h{foxvlyh,j=

Vxevwlwxwlqj 	|
e% iru 	|/ zh wkhq gh�qh uh�qhg htxloleulxp h{dfwo| dv ehiruh1

Wkh h{foxvlylw| frqvwudlqw ghvwur|v wkh hqwluh frqwlqxxp ri htxloleuld wkdw zh
rewdlqhg lq Vhfwlrq 44/ zkhq vlpxowdqhrxv dffhvv zdv shuplwwhg dfurvv doo srrov1
Lqghhg pdq| ri wkrvh htxloleuld kdg krxvhkrogv frqwulexwh wr pruh wkdq rqh srro/
dqg vr duh uxohg rxw d sulrul1 Wkh rqo| ihdvleoh fdqglgdwhv duh wkh sxuh �srrolqj�
htxloleuld1

Zh vkrzhg lq ^5` wkdw/ lq wkh suhvhqfh ri wkh h{foxvlylw| frqvwudlqw/ srrolqj htxl0
oleuld fdqqrw vxuylyh wkh whvw ri rxu uh�qhphqw1 Ohw xv lqirupdoo| vhh zk|1

Vxssrvh zh kdyh d srrolqj htxloleulxp +gudzq zlwk erwk w|shv xs djdlqvw wkh
txdqwlw| uhvwulfwlrq T�,=
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Wkh fuxfldo srlqw lv wkdw li X dqg U dfw rq wkh vdph srro/ wkhq e| wkh dujxphqw
ri Wkhruhp 4/ *L � *- dqg �� � 4@5/ dqg wkh U0lqgl�huhqfh fxuyh zloo fxw wkh X0
lqgl�huhqfh fxuyh iurp qruwkzhvw wr vrxwkhdvw1 Krz zloo �� eh vhw iru dq lqdfwlyh srro
l zlwk T� voljkwo| ohvv wkdq T�B Frqvlghu wkh srlqw } iruphg e| wkh lqwhuvhfwlrq ri
wkh T�0txdqwlw| olqh dqg L-1 Wkhq } olhv ehorz LL 1 Ohw �� eh wkh sulfh olqh ghwhuplqhg
e| }1 E| frqwlqxlw|/ �� � �� � 4@5 ? 5@61 Li �� A ��/ wkhq uholdeoh w|shv zloo uxvk
wr mrlq wkh srro/ dqg l zloo qrw eh lqdfwlyh1 Rq wkh rwkhu kdqg/ li �� � ��/ wkhq qr
xquholdeoh w|sh zloo eh forvh wr zdqwlqj wr mrlq srro l1 E| wkh uh�qhphqw �� � 5@6/ d
frqwudglfwlrq1

Zlwk h{foxvlylw|/ d qhz nlqg ri htxloleulxp hphujhv1 E| wkh h{foxvlylw| k|srwk0
hvlv/ hdfk krxvhkrog fdq frqwulexwh wr dw prvw rqh srro1 E| w|sh0v|pphwu|/ doo wkh
uholdeoh krxvhkrogv zloo fkrrvh rqh srro l / dqg wkh xquholdeoh krxvhkrogv zloo fkrrvh
dqrwkhu srro m/ dv lqglfdwhg lq Iljxuh 451
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Ohw xv eulh | vhh zk| htxloleulxp ri wklv vruw dozd|v h{lvwv1 +Iru uljrurxv ghwdlov/
vhh ^5`1, Wdnh dq| txdqwlw| frqvwudlqw T� zlwk T� A *-� @ wkh txdqwlw| wdnhq rxw e|
wkh uholdeoh krxvhkrogv1 Wkh T� txdqwlw| olqh zloo lqwhuvhfw wkh LL lqgl�huhqfh fxuyh
�uvw/ dw d srlqw { @ {+T�, wkdw olhv ehorz wkh L- lqgl�huhqfh fxuyh1 Wkh sulfh olqh
�� � {�@T� zrxog pdnh xquholdeoh krxvhkrogv mxvw lqgl�huhqw wr vzlwfklqj srrov/
exw ohdyh wkh uholdeoh krxvhkrogv frpsohwho| xqlqwhuhvwhg1 Lq wkh uh�qlqj vhtxhqfh/
lw lv wkhuhiruh hdv| wr frpelqh d gzlqgolqj phdvxuh ri xquholdeoh krxvhkrogv zlwk wkh
gzlqgolqj h{whuqdo djhqw wr surgxfh gholyhulhv ��+q, @ ��1 Ohwwlqj ��+q, @ 5@6 dqg
��+q, @ 4@6 wkurxjkrxw/ doo wkh krxvhkrogv duh rswlpl}lqj1

Li rq wkh rwkhu kdqg T� ? *-� / wkh T�0txdqwlw| olqh zloo lqwhuvhfw wkh L- lqgli0
ihuhqfh fxuyh �uvw/ dw d srlqw |/ ehorz wkh LL lqgl�huhqfh fxuyh1 Ohw �� @ |�@T�1
Wkhq �� A 5@6/ dqg dw wkdw sulfh uholdeoh krxvhkrogv duh mxvw lqgl�huhqw wr vzlwfklqj/
zkloh xquholdeoh krxvhkrogv duh xqlqwhuhvwhg1 Rxu uh�qhphqw vhtxhqfh zloo doorz iru
d pl{wxuh ri wkh uholdeoh/ dqg wkh h{whuqdo djhqw/ zkr froohfwlyho| zloo gholyhu dw wkh
udwh ��1

4614 Frpsdulvrq wr Urwkvfklog�Vwljolw}

Rxu �vhsdudwlqj� htxloleulxp surgxfhv wkh vdph frqvxpswlrq dqg wkh vdph dfwlyh
frqwudfwv dv wkh Urwkvfklog�Vwljolw} vhsdudwlqj htxloleulxp/ zkhq wkh odwwhu h{lvwv1
Krzhyhu lq wkh Urwkvfklog�Vwljolw} htxloleulxp/ krxvhkrogv kdyh mxvw wzr txdqwlw|
fkrlfhv1 Lq rxu htxloleulxp/ hyhu| txdqwlw| fkrlfh T� frphv zlwk d �sulfh� �� 1 Krxvh0
krogv fkrrvh iurp dq hqwluh vfkhgxoh +zkhuh kljkhu T� frph zlwk orzhu �� / l1h1/ kljkhu
suhplxpv,/ wkrxjk wkh| hqg xs slfnlqj rqo| wzr1

Rxu htxloleulxp dozd|v h{lvwv/ zkhuhdv wkh Urwkvfklog�Vwljolw} htxloleulxp ur0
exvwo| idlov wr h{lvw1

47 Sulpdu| dqg Vhfrqgdu| Srrov

Lw lv xquhdolvwlf wr vxssrvh wkdw dq lqvxudqfh frpsdq| fdq surklelw lwv folhqwv iurp
wdnlqj rxw dq| ixuwkhu lqvxudqfh iurp rwkhu fduulhuv1 Pdq| shrsoh +lqfoxglqj rqh ri
wkh fr0dxwkruv ri wklv sdshu, wdnh rxw pxowlsoh olih lqvxudqfh srolflhv/ pdq| surihv0
vlrqdo dwkohwhv dqg pxvlfldqv kdyh pxowlsoh dfflghqw lqvxudqfh frqwudfwv/ dqg pdq|
djhqflhv kdyh pxowlsoh glvdvwhu lqvxudqfh frqwudfwv1

Zh frqvlghu wkh vlpsohvw yduldqw ri rxu h{foxvlylw| prgho/ lq zklfk sulpdu| srrov
4> ===> M uhpdlq pxwxdoo| h{foxvlyh/ exw qrqh ri wkhp fdq surklelw krxvhkrogv iurp
frqwulexwlqj wr d vhfrqgdu| srro M .41 Srro M .4 dovr kdv qr txdqwlw| olplw +ru hovh
Tan� lv yhu| odujh,1

Lq Vhfwlrq 4714 zh lqyhvwljdwh htxloleulxp zkhq wkh gholyhu| udwh �an� lv wkh
vdph iru doo frqwulexwruv1 Lq Vhfwlrq 4715 zh lqyhvwljdwh htxloleulxp zkhq srro M .4
fdq vhjuhjdwh frqwulexwruv lqwr vxesrrov/ frqglwlrqdo rq wkh vl}h ri wkhlu sulpdu|
frqwulexwlrqv T�/ m � M 1 Wklv uh hfwv wkh vfhqdulr/ riwhq vhhq lq wkh uhdo zruog/ zkhq
vhfrqgdu| lqvxuhuv pdnh lw d srlqw wr �qg rxw krz pxfk sulpdu| lqvxudqfh kdv ehhq
wdnhq rxw/ dqg wkhq fkdujh dffruglqjo|1
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Zh suryh wkdw zlwk d frqglwlrqdo vhfrqgdu| srro/ wkhuh lv d xqltxh htxloleulxp/
qdpho| wkh slyrwdo sulpdu|0vhfrqgdu| htxloleulxp gh�qhg hduolhu1

Sulpdu| dqg vhfrqgdu| srrov frqvwlwxwh d sulplwlyh irup ri vhqlrulw|/ zklfk zh
ehjlq wr vwxg| lq juhdwhu jhqhudolw| lq Vhfwlrq 481

4714 Wkh Xqfrqglwlrqdo Srro

Ghqrwh M @ i4> ===> M> M . 4j1 Wkh exgjhw vhw ri dq| krxvhkrog w lv

�	|+N, @ i+�> |, 5 Uan�
n �U7

n = �� � T� ;m 5 M > +��> ===> �a, 5 Ua
n+h{foxvlyh,> "

|+�>N, @ |j=

Vxevwlwxwlqj �	|+N, iru 	|+N,/ zh gh�qh uh�qhg htxloleulxp h{dfwo| dv ehiruh1
Zlwk wkh rqvhw ri dq xqfrqglwlrqdo srro/ wkh vhsdudwlqj htxloleulxp glvdsshduv1

Wkhruhp 6 Frqvlghu wkh prgho ri pxowlsoh srrov zlwk h{foxvlylw|1 Vxssrvh/ lq dg0
glwlrq/ wkhuh lv dq xqfrqglwlrqdo vhfrqgdu| srro1 Wkhq wkh vhw ri doo uh�qhg vxshuv|p0
phwulf htxloleuld frlqflgh lq frqvxpswlrq zlwk wkh erwwrp0kdoi ri sulpdu|0vhfrqgdu|
htxloleuld/ vwduwlqj dw wkh slyrwdo htxloleulxp dqg ghvfhqglqj doo wkh zd| wr wkh srrolqj
htxloleulxp1

Wkh surri lv lq wkh Dsshqgl{1

4715 Wkh Frqglwlrqdo Srro= Vlpsoh Vhqlrulw|

Zh qrz wxuq wr wkh fdvh zkhuh krxvhkrogv fdq eh vhjuhjdwhg lqwr vhfrqgdu| vxesrrov
ghshqglqj rq krz pxfk wkh| frqwulexwhg rq wkhlu sulpdu| srro1 Lw lv vlpsohvw wr
wklqn ri wklv vhjuhjdwlrq dv wkh fuhdwlrq ri M vhfrqgdu| srrov1

Iru hdfk sulpdu| srro l 5 i4> ===> Mj zlwk txdqwlw| olplw T�/ zh kdyh lwv fruuh0
vsrqglqj vhfrqgdu| +mxqlru, srro �+l, zlwk d odujh txdqwlw| olplw TjE��1 Iru vlp0
solflw| zh wdnh TjE�� @ Tan� iru doo l 5 i4> ===> Mj1 Wkxv wkh vhw ri srrov lv M @
i4> ===> M> �+4,> ===> �+M,j zlwk wkh sduwldo rughu= l ? �+l, +l1h1/ l lv vhqlru wr �+l,,1 Wkh
exgjhw vhw ri krxvhkrog w qrz wdnhv wkh irup

	|
W+N, @ i+�> |, 5 U[n �U4n = �� � T� ;m 5 M / +��> ===> �a, 5 Ua

n+h{foxvlyh,/

�� @ 3 , �jE�� @ 3 iru 4 � l � M / "|+�>N, @ |j=

Wkhq klhudufklfdoo|0uh�qhg htxloleulxp lv gh�qhg dv ehiruh/ vxevwlwxwlqj 	|
W+N, iru

	|+N,1

4716 Wkh Slyrwdo Sulpdu|0Vhfrqgdu| Lqvxudqfh Frqwudfw

Uhfdoo rxu fdqrqlfdo lqvxudqfh prgho zlwk uholdeoh dqg xquholdeoh krxvhkrogv1 Ohw
wkh srrov M eh gh�qhg e| wkh vlpsoh vhqlrulw| wuhh ri wzr ohyhov ghvfulehg lq wkh odvw
vhfwlrq1 Zh vkdoo vkrz wkdw htxloleulxp pxvw eh lq dffrugdqfh zlwk Iljxuh 46 ehorz1
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Ohw �� vroyh

i+�, �
�
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4� �

2�
� �

2
�
�
�

@ 3=

Vlqfh i+3, @ 4 dqg i lv prqrwrqlfdoo| dqg frqwlqxrxvo| ghfuhdvlqj lq � dqg i+4, ? 3/
�� lv xqltxho| gh�qhg1

Gh�qh �2 wr vroyh

j+�, �
2
�x
�
�
�
2�� .

�
��
�

�
�x
�
�
4� �

2�� � 2
��
� �

2
�
�
�

@ 3=

Vlqfh j+3, @ 7� 5� 5 @ 9 A 3/ dqg j lv prqrwrqlfdoo| dqg frqwlqxrxvo| ghfuhdvlqj/
dqg j+�, lv qhdu �5 iru � qhdu �

2 � �
e��/ lw iroorzv wkdw �2 lv xqltxho| gh�qhg1

Wkhruhp 7 Doo klhudufklfdoo| uh�qhg vxshuv|pphwulf htxloleuld +ri wkh lqvxudqfh
prgho zlwk vlpsoh vhqlrulw|, ohdg wr wkh vdph frqvxpswlrq1 Uholdeoh krxvhkrogv
frqvxph +{-C> {

-
�, @ +4 � �

2��>
�
2��, dqg xquholdeoh krxvhkrogv frqvxph +{LC> {

L
�, @

+4� �
2�� � 2

��2>
�
2�� .

�
��2,1 Dq htxloleulxp zklfk vxvwdlqv wklv frqvxpswlrq kdv rqh

sulpdu| srro l dqg rqh vhfrqgdu| srro �+l, dv lwv rqo| dfwlyh srrov/ dqg

*-� @ *L� @ T� � ��> *-jE�� @ 3/ *LjE�� @ �2 � Tan�> �� @ �
2 / �

jE�� @ 4@6=

Wkh surri lv lq wkh Dsshqgl{1

48 Wkh Jhqhudo Vhqlrulw| Wuhh

Lq pdq| fdvhv/ lqvxudqfh frpsdqlhv fdqqrw surklelw d krxvhkrog iurp jrlqj hovhzkhuh
wr rewdlq dgglwlrqdo lqvxudqfh/ ru vwrs wkh rwkhu frpsdqlhv iurp jlylqj lw wr klp1 Dw
prvw/ wkh frpsdqlhv fdq uhyhdo wr hdfk rwkhu krz pxfk lqvxudqfh wkh krxvhkrog kdv
zlwk hdfk ri wkhp1
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Zh uhwxuq wr wkh vlwxdwlrq lq zklfk krxvhkrogv fdq frqwulexwh wr dv pdq| srrov
dv wkh| zlvk1 Zh vkdoo qrz vxssrvh wkdw frqwulexwlrqv duh sxeolf lqirupdwlrq1 D
krxvhkrog ru frusrudwlrq jhwwlqj lqvxudqfh pxvw +lq vrph fdvhv, ghfoduh iurp zkhuh
hdfk groodu ri lqvxudqfh frphv1 Fdwdvwurskh lqvxudqfh pljkw fryhu wkh �uvw '433/333
ri gdpdjh> wkh qh{w '533/333 pljkw frph iurp vrph rwkhu +uh,lqvxuhu1 Wkh vhfrqg
lqvxuhu lv dzduh ri wkh sulpdu| fryhudjh/ dqg zloo fkdujh d udwh ghshqglqj rq krz
pxfk sulpdu| lqvxudqfh wkhuh lv1 Zh lqfrusrudwh wklv qrwlrq ri vhqlrulw| e| vxssrv0
lqj wkdw srrov olplw hqwu| wr krxvhkrogv edvhg xsrq wkhlu klvwru| ri frqwulexwlrqv
hovhzkhuh1

Ohw T eh d froohfwlrq ri txdqwlwlhv T � Unn/ T @ it� ? � � � ? t6 ? � � � ? t�j1
Zh qrz lqwurgxfh vhqlrulw| ohyhov c @ 4> 5> 6> === rq srrov1 Wkh srrov M duh gh�qhg e|
wkh qrghv ri d urrwhg wuhh +h{fhsw iru lwv urrw,/ zklfk lq wxuq lv gh�qhg dv iroorzv1
Vwduwlqj iurp dq| qrgh/ wkh eudqfkhv wkdw lvvxh rxw fruuhvsrqg wr wkh hohphqwv ri
T1 D srro ru qrgh ri ohyho c lv wkhuhiruh ghqrwhg e| m � p�p2===p�/ zklfk ghvfulehv
wkh xqltxh sdwk iurp wkh urrw wr wkdw qrgh1 Lw kdv txdqwlw| olplw T� @ t6�

1 Wklv
srro lv mxqlru wr suhflvho| doo lwv suhghfhvvru qrghv +srrov, lq wkh wuhh/ qdpho| wkh
c� 4 qrghv +p�,> +p�p2,> ===> +p�p2===p�3�,1 D qrgh l lv vdlg wr eh vhqlru wr m li m
lv mxqlru doo wkh qrghv lq wkh lq�qlwh wuhh ri zklfk lw lv wkh urrw1

Vhqlrulw| phdqv wkdw hdfk krxvhkrog*v frqwulexwlrqv pxvw olh rq rqh sdwk lq wkh
wuhh1 Zh ixuwkhu dvvxph wkdw kh fdq pdnh rqo| d �qlwh +doehlw duelwudulo| odujh,
qxpehu ri frqwulexwlrqv1 D krxvhkrog lq h�hfw fkrrvhv d qrgh/ dqg wkhq fkrrvhv
qrqqhjdwlyh/ ihdvleoh frqwulexwlrqv wr srrov dorqj wkh sdwk iurp wkh urrw wr wkh
qrgh1

Wkh idfw wkdw wkh wuhh lv lq�qlwh/ dqg wkdw wkhuh lv qr xsshu erxqg rq wkh qxpehu
ri srvlwlyh frqwulexwlrqv/ phdqv wkdw d krxvhkrog/ uhjdugohvv ri klv klvwru| ri srrov
mrlqhg/ lv dozd|v iuhh wr mrlq d qhz srro1 Exw wkdw srro lv frjql}dqw ri klv klvwru|
dqg lqghhg lv rshq rqo| wr krxvhkrogv zlwk wkh vdph klvwru|1

Li wkh wuhh kdv rqo| rqh ohyho/ wkhq vhqlrulw| lv lghqwlfdo wr h{foxvlylw|1

4814 Htxloleulxp

Ohw M ghqrwh wkh +sduwldoo| rughuhg, vhw ri doo qrghv ri wkh lq�qlwh wuhh/ h{fhsw iru
lwv urrw1 +Wkxv M uhsuhvhqwv wkh klhudufklfdoo| duudqjhg srrov srwhqwldoo| dydlodeoh
wr wkh krxvhkrogv1, Dqg ohw N 5 U[f4n eh wkh dqwlflsdwhg gholyhu| udwhv iurp wkhvh
srrov1

Wkh exgjhw vhw ri krxvhkrog w lv wkhq jlyhq e|

a	|+N, @ i+�> |, 5 U[n �U4n = +l, �� � T� ;m 5 M /

+ll, <mW 5 M vxfk wkdw �� A 3 rqo| li l lv vhqlru wr mW/ +lll, | @ "|+�>N,j=

Qrwlfh wkdw/ rq dffrxqw ri +ll,/ "|+�>N, � h| .
S

�M[ ��+N
� � h|, lv zhoo gh�qhg/

vlqfh �� lv }hur h{fhsw srvvleo| iru �qlwho| pdq| m1 Zh uhvwulfw dwwhqwlrq wr pdsv

* 5 U
[fEfcMo
n iru zklfk wkhuh lv d E ? 4 vxfk wkdw/ d1d1w/ *|� @ 3 li wkh ohyho ri m

lv eljjhu wkdq E1 Zlwk wklv surylvr/ zh gh�qh klhudufklfdoo| uh�qhg htxloleulxp dv
ehiruh/ xvlqj wkh exgjhw vhwv a	|+N,=
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Wkhruhp 8 Lq wkh lqvxudqfh prgho zlwk d jhqhudo vhqlrulw| wuhh/ wkhuh dozd|v h{lvwv
d klhudufklfdoo| uh�qhg htxloleulxp zklfk |lhogv wkh vdph frqvxpswlrq dv wkh slyrwdo
sulpdu|0vhfrqgdu| htxloleulxp/ dqg zklfk pruhryhu kdv mxvw wzr dfwlyh srrov/ rqh
iurp wkh �uvw ohyho dqg rqh ri lwv mxqlruv iurp wkh vhfrqg ohyho1

Wkh surri lv lq wkh Dsshqgl{1

49 Jhqhudo H{lvwhqfh ri Htxloleulxp

Zh zhuh deoh wr h{sorlw wkh vshfldo vwuxfwxuh ri wkh lqvxudqfh hfrqrp| +olnh wkh
vlqjoh furvvlqj surshuw|, wr frqvwuxfw htxloleulxp dqg wr yhuli| lw wr eh vr1 Lq jhqhudo/
frqvwuxfwlqj htxloleulxp fdq eh txlwh gl!fxow/ exw wkhuh lv qr txhvwlrq ri lwv h{lvwhqfh
+h{fhsw/ shukdsv/ iru wkh jhqhudo vhqlrulw| wuhh zlwk lwv lq�qlwh vhw ri srrov,1 Wkhruhp
9 dvvxuhv xv wkdw htxloleulxp h{lvwv hyhq zlwkrxw vshfldo vwuxfwxuh/ iru h{dpsoh/ hyhq
li uholdeoh krxvhkrogv kdyh xwlolw| y 9@ x vr wkdw wkh y dqg x lqgl�huhqfh fxuyhv furvv
pruh wkdq rqfh1

Wkhruhp 9 Frqvlghu dq| ri rxu shuihfwo| frpshwlwlyh srrolqj prghov zlwk d �qlwh
vhw M ri srrov1 Wkhq d uh�qhg +dqg/ li M lv sduwldoo| rughuhg/ d klhudufklfdoo| uh�qhg,
htxloleulxp h{lvwv1

Wklv lv d fruroodu| ri Wkhruhp : lq ^4`1 Lw lv zruwk qrwlqj wkdw htxloleuld/ lq wkh jhqhudo
vhwwlqj ri Wkhruhp 9/ qhhg qrw eh w|sh0v|pphwulf rq dffrxqw ri wkh qrqfrqyh{lw| ri
exgjhw vhwv +eurxjkw rq e| h{foxvlylw| ru vhqlrulw|,1 Lw lv d kdss| flufxpvwdqfh wkdw
wkh| wxuq rxw wr eh vr lq rxu fdqrqlfdo lqvxudqfh iudphzrun1
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Uhihuhqfhv

^4` Gxeh|/ S1/ M1 Jhdqdnrsorv dqg P1 Vkxeln/ 53341 �Ghidxow dqg Sxqlvkphqw lq
Jhqhudo Htxloleulxp zlwk Lqfrpsohwh Pdunhwv/� Frzohv Irxqgdwlrq Glvfxvvlrq
Sdshu Qr1 46371

^5` Gxeh|/ S1 dqg M1 Jhdqdnrsorv/ 53341 �Vljqdoolqj dqg Ghidxow= Urwkvfklog�Vwljolw}
Uhfrqvlghuhg/� Frzohv Irxqgdwlrq Glvfxvvlrq Sdshu Qr1 46381

^6` Urwkvfklog/ P1 dqg M1 Vwljolw}/ 4<:91 �Htxloleulxp lq Frpsohwh Lqvxudqfh Pdu0
nhwv= Dq Hvvd| rq wkh Hfrqrplfv ri Lpshuihfw Lqirupdwlrq/� Txduwhuo| Mrxuqdo
ri Hfrqrplfv/ <3= 95<�9831

^7` Vhowhq/ U1/ 4<:81 �Uhh{dplqdwlrq ri wkh Shuihfwqhvv Frqfhsw iru Htxloleulxp
Srlqwv lq H{whqvlyh Jdphv/� Lqwhuqdwlrqdo Mrxuqdo ri Jdph Wkhru|/ 7= 58�881
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Dsshqgl{

Surri ri Wkhruhp 6 Ohw +�>*> {, eh d uh�qhg/ vxshuv|pphwulf htxloleulxp1 Vxs0
srvh wkh uholdeoh krxvhkrogv +zkr duh doo pdnlqj wkh vdph fkrlfh/ vlqfh * lv w|sh0
v|pphwulf e| dvvxpswlrq, kdyh frqwulexwhg rq sulpdu| srro m1 Wkhq doo xquholdeoh
krxvhkrogv pxvw dovr kdyh fkrvhq sulpdu| srro m1 Iru vxssrvh wkh| fkrvh sulpdu|
srro l 9@ m1 Wkhq 4@6 @ �� ? �� @ 5@61 Ohw � � 4@6 eh wkh gholyhu| udwh rq srro
M . 41 +� fdqqrw eh ohvv e| rxu uh�qhphqw1, Wkhq dq| krxvhkrog w ri w|sh X fdq
gr vwulfwo| ehwwhu e| vzlwfklqj wr srro l dqg wkhq +li qhfhvvdu|, frqwulexwlqj pruh rq
srro M .41 Wklv lv d frqwudglfwlrq/ surylqj wkdw frqvxpswlrq dw +�> *> {, pxvw eh lq
dffrugdqfh zlwk rqh ri wkh sulpdu|�vhfrqgdu| htxloleuld1

Zh qh{w vkrz wkdw qr sulpdu|0vhfrqgdu| htxloleulxp/ zklfk olhv vwulfwo| deryh
wkh slyrwdo/ vxuylyhv wkh whvw ri uh�qhphqw1
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Iljxuh 47

Frqvlghu dq| uh�qhg vxshuv|pphwulf htxloleulxp +�>*> {, zlwk frqvxpswlrq dv lq
Iljxuh 47 deryh1 Ohw m eh d sulpdu| srro zlwkT� mxvw ehorz *-1 Vxssrvh +�+q,> *+q,> {+q,> %+q,,"?'�
uh�qhv +�>*> {,1 Ohw X+q,/ U+q, eh wkh vhwv ri krxvhkrogv ri X / U w|sh zkr frqwulexwh
srvlwlyho| rq srro m lq *+q,1 Wkhq wkhuh h{lvwv f A 3 vxfk wkdw

�+X+q,, A f�+U+q,, +�,

iru doo odujh hqrxjk q/ zkhuh � � Ohehvjxh phdvxuh1 Rwkhuzlvh/ e| rxu uh�qhphqw
��+q, $ �� � 5@6/ dqg hdfk U krxvhkrog frxog dv|pswrwlfdoo| dfklhyh pxfk pruh
xwlolw| wkdq klv htxloleulxp ohyho L-/ e| frqwulexwlqj T� rq srro m1 Iru wkh vdph
uhdvrq/ ghqrwlqj e| | wkh lqwhuvhfwlrq ri wkh T�0txdqwlw| olqh dqg wkh L- lqgl�huhqfh
fxuyh/

�� � |�
T�

= +��,

E| +�, dqg +��,/ wkhuh lv d qrq0qxoo vhw ri X0krxvhkrogv/ hdfk ri zkrp fdq frqvxph
+yld klv frqwulexwlrq *|�+q, rq m, rqo| vrph srlqw duelwudulo| forvh wr wkh wuldqjoh
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iruphg e| |/ +4 �T� > 3,/ +4> 3,1 Exw diwhu wklv frqvxpswlrq/ w fdq gr ixuwkhu wudgh
rqo| yld srro M . 4 dw wkh udwh �an�+q, $ �a @ 4@61 Doo vxfk wudgh nhhs w erxqghg
vwulfwo| ehorz LL / frqwudglfwlqj wkdw kh zdv pd{lpl}lqj1

Wklv suryhv wkdw wkh htxloleulxp fdqqrw eh uh�qhg1
Ilqdoo| zh pxvw vkrz wkdw dq| sulpdu|�vhfrqgdu| htxloleulxp ri wkh erwwrp kdoi

lv lq idfw d uh�qhg htxloleulxp ri ++h�> x�,�MM+T�,�M[ ,1
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Iljxuh 48

Ohw wkh sulpdu|�vhfrqgdu| htxloleulxp eh dv slfwxuhg deryh/ zlwk erwk krxvhkrog
w|shv frqwulexwlqj *W @ T�W rq sulpdu| srro mW> dqg *-an�/ *

L
an� uhvshfwlyho| rq

srro M .41 Zh pxvw dvvljq � wr doo wkh srrov dqg vkrz wkdw wkh| fdq eh mxvwl�hg yld
uh�qhphqw1

Ohw ��0olqh� qdph wkh frpprq wdqjhqw wr LL +dw {L , dqg L- +dw {-,1 Iru dq|
m 5 MqimW> M . 4j/ ohw {� � lqwhuvhfwlrq ri wkh T�0txdqwlw| olqh zlwk wkh �0olqh1 Li
T� � *W.*Lan�/ gh�qh �

� @ {��@T� 1 Li T� A *W.*Lan�/ gh�qh �
� @ {L�@+*

W.*Lan�,1
Qrz zh frqvwuxfw wkh uh�qhphqw He+q, @ +�+q,> *+q,> {+q,> %+q,,"?'�1 Iluvw vhw

h @ {��@T� dqg ��+q, @ �� iru doo m 5 M dqg doo q1 Wdnh d +v|pphwulf, vhw Z +q, ri
X0krxvhkrogv ri phdvxuh 4@q/ dqg glylgh lw lqwr glvmrlqw vhwv Z �+q,/ m 5 i4> ===> Mj/ ri
htxdo phdvxuh1 Lq *+q,/ wkh krxvhkrogv lq Z +q, zloo ghyldwh iurp wkhlu htxloleulxp
dfwlrqv/ zkloh doo rwkhu krxvhkrogv zloo vwlfn wr wkhlu htxloleulxp dfwlrqv1 Li T� �
*W.*Lan�/ hdfk w 5 Z �+q, vhwv *|�+q, @ T� wr uhdfk {� dw wkh dqwlflsdwhg gholyhu| udwh
��+q, @ ��1 Wkhq kh ixuwkhu frqwulexwhv *Lan��T� rq M.4 wr dgydqfh iurp {� wr {L

dw wkh dqwlflsdwhg gholyhu| udwh �an�+q, @ �an�1 Li T� A *W . *Lan�/ ohw w 5 Z �+q,
frqwulexwh *W .*Lan� rq m wr dgydqfh gluhfwo| wr {L dw wkh dqwlflsdwhg gholyhu| udwh
��+q, @ �� @ {L�@+*

W . *Lan�,1 Ilqdoo| zh gh�qh %�+q, iru doo m 5 MqimW> M . 4j wr
pdnh ��+q, ehfrph uhdo zlwk wkh h0h{whuqdo djhqw1 +Qhhgohvv wr vd|/ wdnh %�+q, @ 3
iru m @ mW ru m @ M .4 wkurxjkrxw,1 Wkxv ohw %�+q, eh wkh xqltxh % zklfk vroyhv wkh
htxdwlrq

�� @
%hr . �+Z �+q,,��+q,

%. �+Z �+q,,��+q,
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zkhuh zh kdyh ghqrwhg

��+q, @

�
T� li T� � *W . *Lan�
*W . *Lan� li T� A *W . *Lan�

=

Lw fdq eh hdvlo| fkhfnhg wkdw rxu vhtxhqfh uh�qhv wkh htxloleulxp1 �

Surri ri Xqltxhqhvv lq Wkhruhp 7 Iluvw ohw xv qrwlfh dq lpsolfdwlrq ri klhu0
dufklfdo uh�qhphqw zklfk zloo eh xvhixo iru xv lq wkh surri/ dqg zklfk pd| dovr eh
ri vrph lqghshqghqw lqwhuhvw1 Zh vd| wkdw N�

r lv errvwhg rq wkh uh�qlqj vhtxhqfh
He+q, @ +N+q,> *+q,> q+q,> %+q,, li hlwkhu

+4, �*�+q, A 3 iru doo odujh q dqg N�
r A olp vxs?

�
7)�E?�

U M
f *|�+q,h

|
rgw

ru

+5, �*�+q, @ 3 lq�qlwho| riwhq +lq zklfk fdvh N�
r @ h,1

Li +5, krogv zh vd| wkdw N�
r lv vxshuerrvwhg rq He+q,1 Ohw xv dovr gh�qh srro m wr

eh qrq0qhjoljleoh frpsduhg zlwk srro l lq wkh vhtxhqfh He+q, li olp lqi?i
UM
f *|�+q,�

E
UM
f *|�+q,gwj � 3 iru vrph E A 31 Wkhq/ li H lv klhudufklfdoo| uh�qhg e| He+q,/ lw

lv hdv| wr vhh wkdw wkh iroorzlqj surshuw| zloo krog=
;?
=
l ? m>
m lv qrq0qhjoljleoh lq He+q, frpsduhg zlwk l>
N�
r lv qrw vxshuerrvwhg iru vrph v

<@
> , N�

r lv qrw errvwhg ;v 5 V=

Ohw xv qrz wxuq wr wkh surri ri xqltxhqhvv1 Dujxlqj h{dfwo| dv lq wkh surri ri
Wkhruhp 6/ zh vhh wkdw frqvxpswlrq pxvw fruuhvsrqg wr rqh ri wkh sulpdu|0vhfrqgdu|
htxloleuld1 Frqvlghu dq| vxfk frqvxpswlrq doorfdwlrq ehorz wkh slyrwdo htxloleulxp/
lq zklfk uholdeoh krxvhkrogv duh dfwlyh lq wkh vhfrqgdu| srro1 Ohw � ghqrwh wkh wrwdo
ri uholdeoh frqwulexwlrqv rq erwk srrov +vhh Iljxuh 49,1 Dqg ohw �W ghqrwh wkh gholyhu|
udwh ri wkh dfwlyh vhfrqgdu| srro1 Vlqfh uholdeoh krxvhkrogv duh frqwulexwlqj rq wkh
vhfrqgdu| srro/ �W A 4@61

Odeho e| LL dqg L- +dv xvxdo, wkh lqgl�huhqfh fxuyhv ri wkh X dqg U w|shv
wkurxjk {L dqg {-1
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Iljxuh 49

Ohw l ghqrwh wkh sulpdu| srro zlwk txdqwlw| olplw T� mxvw deryh �1 Ohw | ghqrwh
wkh lqwhuvhfwlrq ri wkh T�0txdqwlw| olqh zlwk L-/ zlwk dvvrfldwhg sulfh olqh �� � |�@T�1

Iluvw qrwh wkdw �� � �� ? h/ rwkhuzlvh dq| uholdeoh krxvhkrog frxog rewdlq kljkhu
xwlolw| wkdq L- e| frqwulexwlrqv rq srro l1 Vxssrvh +�>*> {, lv dq htxloleulxp zlwk df0
wlyh srrov dv lq Iljxuh 49/ uh�qhg e| wkh vhtxhqfh He+q, @ +�+q,> *+q,> {+q,> %+q,,"?'�1
Wkhq �jE��+q, � ��+q,/ hovh qrerg| dfwv rq l dqg vr e| uh�qhphqw ��+q, @ h/ d frq0
wudglfwlrq1

Ohw X+q,/ U+q, eh wkh vhwv ri X / U krxvhkrogv zkr frqwulexwh srvlwlyho| wr srro
l lq *+q,1 Wkhq/ dv lq wkh surri ri Wkhruhp 6/

<f A 3 vxfk wkdw �+X+q,, A f�+U+q,, iru doo q= +B,

Revhuyh wkdw hyhu| w 5 X+q,pxvw eh frqwulexwlqj d qrqydqlvklqj dprxqw rq �+l,/
vlqfh frqwulexwlqj dw prvw T� dw ��+q, � �� zloo qrw jhw klp forvh wr LL 1 Frpelqlqj
wklv zlwk +B, +dqg qrwlqj wkdw doo frqwulexwlrqv rq l duh erxqghg e| T�,/ zh frqfoxgh
wkdw �+l, lv qrq0qhjoljleoh frpsduhg zlwk l lq He+q,1 Dovr/ vlqfh �� ? h/ �� lv qrw
vxshuerrvwhg1 Wkxv/ e| klhudufklfdo uh�qhphqw/ �+l, lv qrw errvwhg1

Qrwh wkdw li qr uholdeoh krxvhkrog frqwulexwhv wr �+l,/ wkhq �jE��+q, � 4@6 +eh0
fdxvh �+l, lv qrw errvwhg,1 Exw wkhq wkh xquholdeoh krxvhkrogv fdqqrw jhw qhdu LL /
frqwudglfwlqj X+q, 9@ !1 Khqfh lw vx!fhv wr vkrz wkdw iru odujh hqrxjk q/ qr uholdeoh
krxvhkrog frqwulexwhv wr �+l,1

Qh{w revhuyh wkdw zh fdqqrw kdyh �jE��+q, @ ��+q,/ iru dq| q1 Rwkhuzlvh wkh
frpprq sulfh olqh iurp +4/3, zrxog +qhduo|, eh wdqjhqw wr LL / dqg wkhuhiruh idu iurp
L-/ lpso|lqj wkdw qr uholdeoh krxvhkrogv dfw rq �+l,1

Wkxv �jE��+q, ? ��+q,1 Iurp wklv lw iroorzv wkdw dq| uholdeoh krxvhkrog frqwulexw0
lqj rq �+l, pxvw kdyh frqwulexwhg wkh ixoo T� rq l1 Li kh grhv dfw rq �+l,/ dqg yld
�jE��+q, jhwv forvh wr L-/ wkhq �jE��+q, lv deryh +ru dw zruvw lq�qlwhvlpdoo| ehorz, wkh
mvorshm ri L- dw |1 Exw zlwk vxfk d kljk �jE��+q,/ wkh xquholdeoh frxog gr pxfk ehwwhu
wkdq LL / vlqfh TjE�� � Tan� lv kxjh1 Wkxv iru doo odujh q/ qr uholdeoh krxvhkrog dfwv
rq �+l,/ dqg zh duh grqh1 �
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Ilqdoo| zh pxvw dovr uxoh rxw frqvxpswlrq deryh wkh slyrwdo htxloleulxp1 Frq0
vlghu rqh vxfk/ �jxuhg ehorz1
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Iljxuh 4:

Frqvlghu l zlwk T� mxvw ehorz �1 Xvlqj wkh vdph qrwdwlrq dv ehiruh/ qrwlfh ��+q, �
�� ? h/ zkhuh �� lv wkh mvorshm ri wkh olqh mrlqlqj +4> 3, wr |/ dqg | � lqwhuvhfwlrq
ri wkh T�0txdqwlw| olqh zlwk wkh L- fxuyh1 Zh fdq qrz vkrz dv ehiruh wkdw wkh
frqwulexwlrqv ri U+q, rq �+l, duh }hur iru odujh q1 Exw/ �+X+q,, A f�+U+q,, iru doo
q dv ehiruh/ dqg doo w 5 X+q, qhhg wr pdnh qrqydqlvklqj frqwulexwlrqv wr �+l, wr jhw
wr LL / frqwudglfwlqj klhudufklfdo uh�qhphqw dv ehiruh1 �

Surri ri H{lvwhqfh Wklv lv lghqwlfdo wr wkh surri ri Wkhruhp 8/ uhsodflqj M +l,
e| i�+l,j wkurxjkrxw> dqg/ lq wkh uh�qhphqw/ sxwwlqj wkh djjuhjdwh frqwulexwlrqv rq
M +l, @ wkh frqwulexwlrq rq �+l,1 +Dv d uhvxow/ wkh uh�qhphqw khuh ehfrphv vlpsohu
wkdq lq Wkhruhp 81, �

Surri ri Wkhruhp 8 Zh ehjlq e| yhuli|lqj wkdw wkhuh lv lqghhg dq htxloleulxp ri
wkh w|sh zh fodlp1

Frqvlghu d slyrwdo sulpdu|0vhfrqgdu| htxloleulxp dv ghvfulehg lq Iljxuh 461 Vxs0
srvh t6W @ ��1 Wkhq gh�qh *|6W @ �� iru doo w 5 +3> 9`/ *|� @ 3 iru m 5 MqipWj dqg
w 5 +3> 6`/ *|6W� @ �2 iru w 5 +6> 9`/ *|� @ 3 iru m 5 MqipW>pWPj dqg w 5 +6> 9`1 Wklv
fohduo| ohdgv wr wkh frqvxpswlrq vkrzq lq Iljxuh 461

Iluvw zh dvvljq �� wr doo srrov m rwkhu wkdq pW dqg pWP lq d zd| wkdw ohdgv doo
krxvhkrogv wr wdnh wkh htxloleulxp dfwlrqv1

Qh{w zh vkrz wkdw zh fdq �qg d vhtxhqfh N+q, $ N vxfk wkdw jlyhq dq| qrgh
m � p�p2===p� lq wkh wuhh/ xquholdeoh krxvhkrogv frxog rewdlq wkh vdph xwlolw| e|
srvlwlyho| frqwulexwlqj rq doo srrov vhqlru wr m +zlwk srvvleo| ixuwkhu frqwulexwlrqv
wr m dqg lwv mxqlruv,1
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Wklug/ zh vshfli| *+q, e| wdnlqj d vpdoo srsxodwlrq ri xquholdeoh krxvhkrogv/
dqg dvvljqlqj wkhlu fkrlfhv gl�huhqwo|/ vr wkdw hyhu| qrgh lq wkh wuhh kdv d srvlwlyh
dprxqw ri frqwulexwlrqv1

Odvwo|/ zh fkhfn wkdw wkh N�+q, vdwlvi| frqglwlrq +6W,1
Iru hdfk sulpdu| srro p� +l1h1/ d srro p� ri ohyho 4,/ zh vkdoo ghvfuleh �6� / dv

zhoo dv d xqlirup � @ �6�62���6� iru doo srrov p�p2===p� wkdw duh mxqlru wr p�1
Frqvlghu wkh iroorzlqj gldjudp dqg irfxv rq wkh �0olqh/ zklfk lv wkh frpprq

wdqjhqw wr LL +dw {L, dqg L- +dw {-,1
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Iljxuh 4;

Vxssrvh t6�
� ��. �21 Ilqg wkh srlqw {+p�, zklfk olhv dw wkh lqwhuvhfwlrq ri wkh

78� olqh vwduwlqj dw [+p�, � +4� t6�
> 3, dqg wkh �0olqh1 Gh�qh

�6� � {�+p�,

t6�

=

Wr fkhfn wklv irupxod/ qrwh wkdw �6�@+4��6�, vkrxog eh wkh mvorshm ri wkh �6�

� sulfh
olqh/ vr �6�@+4��6�, @ {�+p�,@+4�{C+p�,, @ {�+p�,@+t6�

�{�+p�,,/ vlqfh wkh
t6�

txdqwlw| olqh ulvhv dw 78�1 Lqyhuwlqj erwk vlghv jlyhv 4@�6��4 @ t6�
@{�+p�,�4

dqg khqfh rxu irupxod1
Iru dq| srro p�p2===p� mxqlru wr p�/ gh�qh �6�62���c6� @ 4@61
Qh{w/ ohw } eh wkh xqltxh srlqw rq LL vxfk wkdw wkh ud| iurp +4/3, wkurxjk } lv

wdqjhqw wr LL 1 Ohw +4� ��> 3, � ] eh wkh xqltxh srlqw rq wkh krul}rqwdo J0d{lv vxfk
wkdw wkh 78� olqh prylqj qruwkhdvw iurp ] lqwhuvhfwv }1
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IU

SS1 2

qm1

xU

z
z

(1,0)Z +

S3

m1( )

(tangent at z)  Tz

Z m1( )
45o 45o45o

U -price linem 1

Iljxuh 4<

Ohw �� . �2 ? t6�
� ��1 Surfhhg qruwkhdvw dw 78� iurp wkh srlqw ]+p�, @

+4� t6�
> 3, xqwlo wkh srlqw }+p�, lv klw rq wkh LL lqgl�huhqfh fxuyh1 Gh�qh

�6� @
}�+p�,

t6�

=

Dv ehiruh/ �6�@+4� �6�, ghvfulehv wkh mvorshm ri wkh grwwhg sulfh olqh iurp +4/3, wr
}+p�,1 D krxvhkrog frqwulexwlqj t6�

xqlwv wr srro p�/ dqg dqwlflsdwlqj gholyhu| udwh
�6� zrxog hqg xs dw }+p�,1

Frqvlghu wkh xqltxh �� vxfk wkdw ��@+4���, lv wkh devroxwh ydoxh ri wkh vorsh ri wkh
LL lqgl�huhqfh fxuyh dw }+p�,1 Iru doo srrov p�p2===p� mxqlru wr p�/ gh�qh

�6�62���6� @ ��=

Ilqdoo|/ iru t6�
A ��/ sxw

�6� @
}�
��

>

dqg dovr iru hyhu| srro p�p2===p� mxqlru wr p�/ sxw

�6�62���6� @
}�
��

@ �6� =

Zh pxvw qrz vkrz wkdw zlwk wkhvh N/ zh kdyh d klhudufklfdoo|0uh�qhg htxlole0
ulxp1 Iluvw qrwh wkdw rxu dvvljqphqw ri � frqvwlwxwhv dq htxloleulxp/ iru lw lv hylghqw
wkdw qr djhqw fdq lpsuryh e| wudglqj wkurxjk dq| ri wkhvh srrov1

Ohw xv qrz gh�qh d vhtxhqfh ri shuwxuedwlrqv He+q, � +N+q,> *+q,> {+q,> %+q,, $
H1 Iluvw zh vshfli| h1 Uhfdoo wkdw wkh vpdoohvw srvlwlyh txdqwlw| frqvwudlqw lv t� A 31
Ohw { eh wkh srlqw rq wkh �0olqh zklfk lqwhuvhfwv wkh 78� olqh surfhhglqj qruwkhdvw
iurp +4� t�> 3,1 Uhfdoo wkdw zh sxw �� @ {�@t�1 Il{ h zlwk h A ��1

Qh{w zh vshfli| N+q,1 Lw zloo eh frqyhqlhqw wr frqvlghu wkh vdph wkuhh fdvhv1
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Fdvh 4 t6�
? �� . �21

Ohw �6�+q, @ �6� / dqg �6�62���6�+q, @ �6�62���6� @ 4@6 iru doo q/ dqg doo srrov
p�p2===p� mxqlru wr p�1

Fdvh 5 �� A t6�
� �� . �21

Ohw }+p�> q, eh wkh srlqw rq wkh olqh mrlqlqj ]+p�, wr }+p�,/ vxfk wkdw mm}+p�,�
}+p�> q,mm @ 4@q1 +Vhh Iljxuh 531, Sxw

�6�+q, @
}�+p�> q,

t6�

=

Qh{w ohw �+p�> q, eh wkh devroxwh ydoxh ri wkh vorsh ri wkh vwudljkw olqh wkurxjk
}+p�> q, wkdw lv wdqjhqw wr wkh LL fxuyh +�}+p�> q, � srlqw ri wdqjhqf| lq Iljxuh <,1
Ohw �+p�> q, eh wkh xqltxh vroxwlrq ri wkh htxdwlrq �@+4� �, @ �+p�> q,/ dqg sxw

�6�62���6�+q, @ �+p�> q,

iru doo q/ dqg doo srrov p�p2===p� mxqlru wr p�1 Qrwlfh wkdw �6�+q, $ �6� dqg
�6�62���6�+q, $ �6�62���6� dv q $ 4=

xU

(1,0)Z(m1)

(m1 ), nz~

(m1)z

(m1 ), nz

IU

(n)-linem1U

(n)-linem1U m2 ...m`

1/n

z

qm1

Iljxuh 53

Fdvh 6 t6�
� ��1

Uhfdoo wkdw ] � +4 � ��> 3, dqg } @ wkh lqwhuvhfwlrq ri LL zlwk wkh 78� olqh
prylqj qruwkhdvw iurp ]1 Gh�qh �6�+q,/ �6�62���6�+q, h{dfwo| dv lq Fdvh 5 zlwk ]/
} vxevwlwxwhg iru ]+p�,/ }+p�, uhvshfwlyho|1 Rqfh djdlq qrwh wkdw �6�+q, $ �6�

dqg �6�62���6�+q, $ �6�62���6� 1
Wklv �qlvkhv wkh ghvfulswlrq ri N+q, lq H+q,1 Qh{w zh vshfli| +*+q,> {+q,> %+q,,1

Wr wklv hqg/ ohw M W @ i4> ===>PjqipWj eh wkh vhw ri doo lqdfwlyh srrov ri ohyho 4> dqg
iru hdfk p� 5 M W/ ohw M +p�, ghqrwh wkh vhw ri doo srrov wkdw duh mxqlru wr p�1 Zh
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vkdoo wdnh glvmrlqw vhwv Z?+p�, ri xquholdeoh krxvhkrogv/ iru p� 5 M W/ vxfk wkdw hdfk
Z?+p�, kdv phdvxuh 4@q1 +Qhhgohvv wr vd|/ Z?+p�, lv v|pphwulfdoo| glvwulexwhg
ryhu wkh wkuhh xquholdeoh vxew|shv 7/ 8/ 91, Doo w 5 Z?+p�, zloo ghyldwh lq *+q, iurp
wkhlu htxloleulxp dfwlrqv lq H/ wr dfwlrqv rq wkh srrov ip�j ^ M +p�, lq wkh pdqqhu
derxw wr eh ghvfulehg1 Doo rwkhu krxvhkrogv zloo vwlfn wr wkhlu htxloleulxp dfwlrqv1

Fdvh 4 t6�
? �� . �21

Hdfk w lq Z?+p�, frqwulexwhv t6�
wr p� dw wkh suhvxphg dqwlflsdwlrq �6�+q, @

�6� wr duulyh dw wkh srlqw {+p�,1 Zh vhw %6�
+q, wr eh wkh xqltxh % zklfk vroyhv

�6� @
%h. �+Z?+p�,,

�
�t6�

%. �+Z?+p�,,t6�

@
%h.

�
�
?

�
�
�t6�

%.
�
�
?

�
t6�

=

Ohwwlqj � @ �
?t6�

/ wklv jlyhv

% @

�
�6�+q,� �

�

�
�

h� �6�+q,
=

Qh{w zh pxvw vkrz krz wkh krxvhkrogv w 5 Z?+p�, frqwlqxh wkhlu dfwlrqv rq
srrov lq M +p�,1 Doo wkhvh w 5 Z?+p�, zloo zlqg xs zlwk frqvxpswlrq {L 1 Wkh uhvw
ri wkhlu wudghv zloo wkhuhiruh qhw wkhp {L � {+p�,1 Vlqfh doo wkhlu wudghv lq wkhvh
m 5 M +p�, zloo eh frqgxfwhg dw wkh vdph �� @ 4@6/ dqg vlqfh +4@6,@+4� 4@6, @ 4@5/
lw iroorzv wkdw hdfk w zloo frqwulexwh �+p�, � 5+{LC � {C+p�,, dfurvv doo wkhlu srrov1
Exw zh vkdoo kdyh wkhp vsolw wkhlu frqwulexwlrqv gl�huhqwo|1

Wdnh O vr elj wkdw �+p�,@O ? t�1 Vsolwwlqj wkhlu frqwulexwlrqv hyhqo| ryhu dw
ohdvw O srrov hqdeohv wkhp wr dfklhyh �/ dqg wkhlu frqwulexwlrq wr dq| rqh srro lv ohvv
wkdq t�1

Wkhuh duh d frxqwdeoh qxpehu ri srrov lq M un�
n +p�, @ im 5 M +p�, = m lv ri

ohyho dw ohdvw O . 4j1 Khqfh zh fdq glylgh Z?+p�, lqwr frxqwdeoh glvmrlqw vhwv
Z?+p�p2===>p�, ri srvlwlyh phdvxuh fruuhvsrqglqj rqh wr rqh zlwk qrghvp�p2===p�/
c � O. 4/ lq M un�

n +p�,1 Ohw hdfk krxvhkrog w 5 Z?+p�p2===>p�, frqwulexwh �@+c�
4, ? t� wr hdfk srro p�p2>p�p2p�> ===>p�p2===p�1

Wkxv hyhu| srro lq M +p�, lv dfwlydwhg lq He+q,1 Zh xvh wkh iuhhgrp/ doorzhg e|
rxu gh�qlwlrq ri klhudufklfdo uh�qhphqw/ wr sxw %�+q, @ 3 iru doo m 5 M +p�,1

Wklv eulqjv hdfk w 5 Z?+p�, wr wkh frqvxpswlrq {L 1
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(1,0)

Iljxuh 54

Fdvh 5 �� A t6�
� �� . �21

Hdfk w lq Z?+p�, frqwulexwhv t6�
wr p� dw wkh suhvxphg dqwlflsdwlrq �6�+q,

wr duulyh dw wkh srlqw }+p�> q,1 Vlqfh doo w 5 Z?+p�, pxvw xowlpdwho| hqg xs zlwk
�qdo frqvxpswlrq �}+p�> q,/ dqg vlqfh doo srrov m 5 M +p�, mxqlru wr p� kdyh wkh
vdph �� @ �+p�> q,/ hdfk w pxvw frqwulexwh d wrwdo ri �+p�> q, dfurvv doo wkhvh
srrov m 5 M +p�,1 +Vhh Iljxuh 551, Zh vkdoo djdlq qhhg wr vsolw wkhvh frqwulexwlrqv
gl�huhqwo| iru gl�huhqw w1

q

z

(n)-linem1U

m1

45 o

(m1 ), n

(1,0)

z (m1 ), n~

R (m1 ), n -line

45o

S (m1 ), n

Iljxuh 55

Qrwh �uvw wkdw zh pd| dvvxph wkdw �+p�> q, ? t�/ iru doo p� zlwk �� . �2 ?
t6�

� ��/ vlqfh �+p�> q, $ 3 dv q $ 41 Iru hdfk qrgh m @ p�p2===p� 5
M +p�, mxqlru wr p�/ gh�qh d glvmrlqw vxevhw Z?+p�p2===>p�, � Z?+p�, ri phd0
vxuh +4@P,�3�+4@q,�E+q,/ zkhuh E+q, lv fkrvhq vr wkdw E+q,

S"
�'2+4@q,

� @ phdvxuh
+Z?+p�,, @ 4@q1 +Zh uhvwulfw wr q � 51, Hdfk w 5 Z?+p�p2===>p�, frqwulexwhv
�+p�> q,@+c � 4, rq hdfk srro p�p2>p�p2p�> ===>p�p2===>p�1 rq wkh sdwk iurp
p�p2 wr p�p2===>p�1 Qrwlfh wkdw iru q � 5/

S"
�'2+4@q,

�@
S"

�'�+4@q,
� @ 4@q1

6:



Ilqdoo|/ zh qhhg wr fkhfn wkdw zh fdq �qg %�+q, vdwlvi|lqj rxu klhudufklfdo uh�qh0
phqw1 Vr gh�qh %6�

+q, dv wkh xqltxh % vroylqj

�6�+q, @
%h. �+Z?+p�,,

�
�t6�

%. �+Z?+p�,,t6�

=

Wklv jlyhv

%6�
@

�
�6�+q,� �

�

�
h� �6�+q,

�+Z?+p�,,t6�
=

Iru hdfk m @ p�p2===p� 5 M +p�,/ gh�qh %�+q, dv wkh xqltxh % wr vroyh

�+p�> q, � �6�62���6� @

%h.

5
7[
��D�

[
6����6����6��

�+Z?+p�===p�===p��,,
4

6

�
�c� 4

6
8

%.
[
��D�

[
6����6����6��

�+Z?+p�===p�===p��,,
�

�c� 4

� %h. ��+q,
�
�

%. ��+q,
>

jlylqj

%�+q, @
+�+p�> q,� �

�,

+h� �+p�> q,,
��+q,=

Revhuyh wkdw iru �{hg q/ li m lv dw ohyho c . 4 dqg lv dq lpphgldwh vxffhvvru ri
l/ wkhq %�+q,@%�+q, @ ��+q,@��+q,1 Vlqfh krxvhkrogv dvvrfldwhg zlwk srrov dw kljkhu
ohyhov frqwulexwh ohvv wr hdfk srro/ wklv udwlr lv qr pruh wkdq[

��D�n�

[
6����6�n����6��

�+Z?+p�===p�n�===p��,

[
��D�

[
6����6����6��

�+Z?+p�===p�===p��,

@

�+Z?+p�,,
"[

��D�n�

P
��3�

�
4

P

���3� 4

q��
E+q,

�+Z?+p�,,
"[
��D�

P ��3�

�
4

P

���3� 4

q��
E+q,

@
4

q
=

Wkxv zh kdyh frqvwuxfwhg %�+q, vdwlvi|lqj klhudufklfdo uh�qhphqw1

Fdvh 6 t6�
� ��1

Wklv lv hqwluho| dqdorjrxv wr Fdvh 51 +Uhuhdg Iljxuh 44 vxevwlwxwlqj ] iru ]+p�,
dqg } iru }+p�,1, Sxw *|+p�, @ �� dw wkh dqwlflsdwhg udwh �6�+q,/ wr uhdfk }+p�> q,
dqg djdlq ohw w vsuhdg frqwulexwlrqv ryhu doo m 5 M +p�, dv lq Fdvh 5 wr wrwdo �+p�> q,
dqg wr dgydqfh iurp }+p�> q, wr �}+p�> q, rq wkh LL fxuyh1

Lw lv hdv| wr fkhfn wkdw wkh vhtxhqfh +N+q,> *+q,> {+q,> %+q,,"?'� ydolgdwhv H @
+N>*>{, dv d klhudufklfdoo|0uh�qhg htxloleulxp1
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