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Abstract

We study the robustness of interim correlated rationalizability to perturbations of
higher-order beliefs. We introduce a new metric topology on the universal type space,
called uniform weak topology, under which two types are close if they have similar
first-order beliefs, attach similar probabilities to other players having similar first-order
beliefs, and so on, where the degree of similarity is uniform over the levels of the belief
hierarchy. This topology generalizes the now classic notion of proximity to common
knowledge based on common p-beliefs (Monderer and Samet (1989)). We show that
convergence in the uniform weak topology implies convergence in the uniform strategic
topology (Dekel, Fudenberg, and Morris (2006)). Moreover, when the limit is a finite
type, uniform-weak convergence is also a necessary condition for convergence in the
strategic topology. Finally, we show that the set of finite types is nowhere dense under
the uniform strategic topology. Thus, our results shed light on the connection between
similarity of beliefs and similarity of behaviors in games.
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1 Introduction.

The Bayesian analysis of incomplete information games requires the specification of a type
space, which is a representation of the players’ uncertainty about fundamentals, their un-
certainty about the other players’ uncertainty about fundamentals, and so on, ad infinitum.
Thus the strategic outcomes of a Bayesian game may depend on entire infinite hierarchies
of beliefs. Critically, in some games this dependence can be very sensitive at the tails of the
hierarchies, so that a mispecification of higher-order beliefs, even at arbitrarily high orders,
can have a large impact on the predictions of strategic behavior, as shown by the Electronic
Mail game of Rubinstein (1989). As a matter of fact, this phenomenon is not special to the
E-mail game. Recently, Weinstein and Yildiz (2007) have shown that in any game satisfying a
certain payoff richness condition, if a player has multiple actions that are consistent with in-
terim correlated rationalizability—the solution concept that embodies common knowledge
of rationality—then any of these actions can be made uniquely rationalizable by suitably
perturbing the player’s higher-order beliefs at any arbitrarily high order. This phenomenon
raises a conceptual issue: if predictions of strategic behavior are not robust to mispecifi-
cation of higher-order beliefs, then the common practice in applied analysis of modeling
uncertainty using small type spaces—often finite—may give rise to spurious predictions.

A natural approach to study this robustness problem is topological. Consider the cor-
respondence that maps each type of a player into his set of interim correlated rationaliz-
able (ICR) actions. The fragility of strategic behavior identified by Rubinstein (1989) and
Weinstein and Yildiz (2007) can be recast as a certain kind of discontinuity of the ICR cor-
respondence in the product topology over hierarchies of beliefs, i.e. the topology of weak
convergence of k-order beliefs, for each k > 1. While in every game the ICR correspondence
is upper hemi-continuous in the product topology, lower hemi-continuity can fail even for
the strict ICR correspondence—a refinement of ICR that requires the incentive constraints
to hold with strict inequality.! Strictness rules out incentives that hinge on a “knife-edge,”
which can always be destroyed by suitably perturbing the payoffs of the game. Indeed,
non-strict solution concepts are known to fail lower hemi-continuity in other contexts: e.g.,
in complete information games, Nash equilibrium, and, in fact, even best-reply correspon-
dences fail to be lower hemi-continuous with respect to payoff perturbations. On the other
hand, the strict Nash equilibrium and the strict best-reply correspondences are lower hemi-
continuous. It is therefore surprising that this form of continuity breaks down when it
comes to perturbations of higher-order beliefs.

IHere, the notion of strictness is actually quite strong: the slack in the incentive constraints is required to be
bounded away from zero uniformly on a best reply set. Despite this, the strict ICR correspondence fails to be
lower hemi-continuous in the product topology.



There exist, of course, finer topologies under which the ICR correspondence is upper
hemi-continuous and the strict ICR correspondence is lower hemi-continuous in all games.
The coarsest such topology is the strategic topology introduced by Dekel, Fudenberg, and
Morris (2006); it embodies the minimum restrictions on the class of admissible perturba-
tions of higher-order beliefs necessary to render rationalizable behavior continuous. Thus
the strategic topology gives a tight measure of the robustness of strategic behavior: if the
analyst considers any larger set of perturbations he is bound to make a non-robust predic-
tion in some game. Given this significance, we believe the strategic topology deserves closer
examination. Indeed, Dekel, Fudenberg, and Morris (2006) only define it implicitly in terms
of proximity of behavior in games, as opposed to explicitly using some notion of proximity
of probability measures. This leaves open the important question as to what proximity in
the strategic topology means in terms of the beliefs of the players.

To address this question we introduce a new metric topology on types, called uniform
weak topology, under which a sequence of types (t,)»>1 converges to a type t if the k-order
belief of t,, weakly converges to that of t and the rate of convergence is uniform over k > 1.
More precisely, for each k = 1 we consider the Prohorov metric, d¥, over k-order beliefs—a
standard metric that metrizes the topology of weak convergence of probability measures—
and then define the uniform weak topology as the topology of convergence in the metric
d" = supy.; d¥. Our first main result, Theorem 1, is that convergence in the uniform weak
topology implies convergence in the uniform strategic topology. The latter, also introduced
by Dekel, Fudenberg, and Morris (2006), is the coarsest topology on types under which
the ICR correspondence is upper hemi-continuous and the strict ICR correspondence is
lower hemi-continuous, where the continuity is now required to hold uniformly across all
games.? In particular, Theorem 1 implies that convergence in the uniform weak topology is
a sufficient condition for convergence in the strategic topology.

To put Theorem 1 in perspective, a comparison with a well known result of Monderer
and Samet (1989) will prove useful. This early paper studies the robustness of Nash equi-
librium to small amounts of incomplete information, defining proximity to complete infor-
mation via the notion of common belief. Given a payoff-relevant parameter 0, say that a
type of a player has common p-belief in 0 if he assigns probability no smaller than p to
0, assigns probability no smaller than p to the event that 0 obtains and the other players
assign probability no smaller than p to 0, and so forth, ad infinitum. A sequence of types
(tn)n=1 has asymptotic common certainty of 0 if for every p < 1, t,, has common p-belief in
0 for all n large enough. Although the focus of Monderer and Samet (1989) is on the ex ante
robustness of Nash equilibrium under common prior perturbations, their main result has
the following counterpart in our interim, non-common prior, non-equilibrium framework:

2See section 3 for the precise definition of the modulus of continuity on which the uniformity is based.



If a sequence of types (ty)n=1 has asymptotic common certainty of 6 then, for every game,
every action that is strictly interim correlated rationalizable when 0 is common certainty

remains interim correlated rationalizable for type ty, for all n large enough.

It turns out that asymptotic common certainty of 0 is equivalent to uniform-weak conver-
gence to the type that has common 1-belief in 8. Thus our Theorem 1 is a generalization
of Monderer and Samet’s (1989) main result to environments where the limit game has
incomplete information.

An important corollary of Theorem 1 is that the strategic, uniform-strategic and product
topologies generate the same o-algebra.? Indeed, a fundamental result of Mertens and Za-
mir (1985), which is the Bayesian foundation of Harsanyi’s (1967-68) model of types, is that
the space of hierarchies of beliefs, called the universal type space, exhausts all the relevant
uncertainty of the players when endowed with the product o-algebra. It is reassuring to
know that this universality property remains valid when the players can reason about any
strategic event.*

Our second main result, Theorem 2, is that uniform-weak convergence is also a neces-
sary condition for strategic convergence when the limit is a finite type, i.e. a type belonging
to a finite type space. Indeed, for any finite type t, and for any sequence of (possibly infi-
nite) types (t,)n>1 that fails to converge to t uniform-weakly, we construct a game in which
an action is strictly interim correlated rationalizable for t, but not interim correlated ra-
tionalizable for t,,, infinitely often along the sequence.” Thus, the uniform weak topology
fully characterizes the strategic topology around finite types. Moreover, the assumption
that the limit is a finite type cannot be dispensed with. Under the uniform weak topology
the universal type space is not separable, i.e. it does not contain a countable dense subset;
on the other hand, Dekel, Fudenberg, and Morris (2006) show that a countable set of finite
types is dense under the strategic topology.® This implies the existence of infinite types
to which uniform-weak convergence is not a necessary condition for strategic convergence.
(We explicitly construct such an example in section 4.) While this fact imposes a natural

3This is because uniform-weak balls are countable intersections of finite-order cylinders and the strategic
topologies are sandwiched between the uniform-weak and the product topologies, by Theorem 1.

4Morris (2002, section 4.2) raises the question of whether the Mertens-Zamir construction is still meaningful
when strategic topologies are assumed.

>This complements the main result of Weinstein and Yildiz (2007), who fix a game (satisfying a payoff-
richness assumption) and a finite type t, and then construct a sequence of types converging to t in the product
topology such that the behavior of t is bounded away from the behavior of all types in the sequence. By way
of contrast, we fix a sequence of types which fails to converge to a finite type t in the uniform-weak topology,
and then construct a game for which the behavior of t is bounded away from the behavior of the types in the
sequence, infinitely often.

6while Dekel, Fudenberg, and Morris (2006) only state the weaker result that the set of all finite types is
dense in the strategic topology, their proof actually establishes the stronger result above.



limit to our analysis, finite type spaces play a prominent role both in applied and theoretical
work, so it is important to know that our sufficient condition for strategic convergence is
also necessary in this case.

Finite types are also the focus of our third main result, Theorem 3. We show that,
under the uniform-strategic topology, the set of finite types is nowhere dense, i.e. its closure
has an empty interior. To understand the conceptual implications of this result, recall
that Dekel, Fudenberg, and Morris (2006) have demonstrated the denseness of finite types
under the non-uniform version of the strategic topology.” Arguably, this result provides a
compelling justification for why it might be without loss of generality to model uncertainty
restricting attention to finite type spaces: Irrespective of how large the “true” type space
T is, for any given game there is always a finite type space T’ with the property that the
predictions of strategic behavior based on T’ are arbitrarily close to those based on T. Our
nowhere denseness result thus implies that such finite type space T’ cannot be chosen
independently of the game. This is particularly relevant for environments such as those
of mechanism design, where the game—both payoffs and action sets—is not a priori fixed.
More generally, our result implies that the uniform strategic topology is strictly finer than
the strategic topology. Thus, while a priori these two notions of strategic continuity seem
equally compelling, assuming one or the other can have a large impact on the ensuing
theory.

The exercise in this paper is similar in spirit to that of Monderer and Samet (1996)
and Kajii and Morris (1998), who, like us, consider perturbations of incomplete informa-
tion games. These papers provide belief-based characterizations of strategic topologies for
Bayesian Nash equilibrium in countable partition models a la Aumann (1976). However,
since both of these papers assume a common prior and adopt an ex ante approach, while
we adopt an interim approach without imposing a common prior, it is difficult to estab-
lish a precise connection.® Another important difference between their approach and ours
is in the distinct payoff relevance constraints adopted: we fix the set of payoff-relevant
states, so our games cannot have payoffs depending directly on players’ higher-order be-
liefs; Monderer and Samet (1996) and Kajii and Morris (1998) have no such payoff relevance
constraint.

The connection between uniform and strategic topologies first appears in Morris (2002),
who studies a special class of games, called higher-order expectation games (HOE), and

“Mertens and Zamir (1985) prove the denseness of finite types under the product topology. Dekel, Fudenberg,
and Morris (2006) argue that this result does not provide a sound justification for restricting attention to finite
types, for strategic behavior is not continuous in the product topology.

8Monderer and Samet (1996) fix the common prior and consider proximity of information partitions, whereas
Kajii and Morris (1998) vary the common prior on a fixed information structure. For this reason, it is already
unclear what the precise connection between these papers is.



shows that the topology of uniform convergence of higher-order iterated expectations is
equivalent to the coarsest topology under which a certain notion of strict ICR correspondence—
different from the one we consider—is lower hemi-continuous in every game of the HOE
class.? Compared to the uniform weak topology, the topology of uniform convergence of
iterated expectations is neither finer nor coarser, even around finite types. We further elab-

orate on this relationship in section 3.3.

This paper is also related to contemporaneous work by Ely and Peski (2008). Following
their terminology, a type t is critical if, under the product topology, the strict ICR corre-
spondence is discontinuous at t in some game. Ely and Peski (2008) provide an insightful
characterization of critical types in terms of a common belief property: a type is critical
if and only if, for some p > 0, it has common p-belief in some closed (in product topol-
ogy) proper subset of the universal type space.'’ Conceptually, this result shows that the
usual type spaces that appear in applications consist almost entirely of critical types, as
these type spaces typically embody nontrivial common belief assumptions. For instance,
all finite types are critical and so are almost all types belonging to a common prior type
space. Thus Ely and Peski’s (2008) result tells us when—based on the common beliefs of
the players—there will be some game and some product-convergent sequence along which
strategic behavior is discontinuous, whereas we identify a condition for an arbitrary se-
quence to display continuous strategic behavior in all games.

The rest of the paper is organized as follows. Section 2 introduces the standard model of
hierarchies of beliefs and type spaces and reviews the solution concept of ICR. Section 3 re-
views the strategic and uniform-strategic topologies of Dekel, Fudenberg, and Morris (2006),
introduces the uniform-weak topology and presents our two main results concerning the
relationship between these topologies (Theorems 1 and 2) along with a discussion. Section 4
examines the non-genericity of finite types under the uniform-strategic and uniform-weak
topologies, presenting the nowhere denseness result (Theorem 3).

9Morris (2002) defines his strategic topology for HOE games using a distance that makes no reference to ICR.
But, as we claimed above, it can be shown that his strategic topology coincides with the coarsest topology under
which a certain notion of strict ICR correspondence is continuous in every HOE game. The notion of strictness
implicit in Morris’s (2002) analysis, unlike ours, does not require the slack in the incentive constraints to be

uniform.
10Moreover, they show that under the product topology the regular types, ie. those types which are not

critical, form a residual subset of the universal type space —a standard topological notion of “generic” set.



2 Preliminaries

Throughout the paper, we fix a two-player set I and a finite set © of payoff-relevant states
with at least two elements.!! Given a player i € I, we write —i to designate the other player
in I. All topological spaces, when viewed as measurable spaces, are endowed with their
Borel o-algebra. For a topological space S we write A(S) to designate the space of proba-
bility measures over S equipped with the topology of weak convergence. Unless explicitly
noted, all product spaces are endowed with the product topology and subspaces with the
relative topology.

2.1 Hierarchies of beliefs and types

Our formulation of incomplete information follows Mertens and Zamir (1985).!2 Define
X0 =0, X! = X9 % A(XY), and for each k > 2 define recursively

k
Xk = {(Q,ul,...,uk) e x%x éX AXEYY  margye. pf = pt=t vl = 2,...,k}.
/~1

By virtue of the above coherency condition on marginal distributions, each element of X*
is determined by its first and last coordinates, so we can identify X* with ® x A(X*-1). For
eachi el and k > 1 we let Tik = A(X*-1) designate the space of k-order beliefs of player i,
so that Tik = A(0O X T_"i‘l). The space T; of hierarchies of beliefs of player i is

T; = {(uk)kzl € kX1A(Xk) : margyee uk = pkl vk > 2}.

Since O is finite, 7; is a compact metrizable space. Moreover, there is a unique mapping
Ui : T; — A(O x T_;) which is belief preserving, i.e. for all t; = (t},t?,...) € T;and k > 1,

ir%i
pi () [0 x (%) "L(E)] = t¥"1[0 x E] for all @ € © and measurable E c TX,

where 'ITik is the natural projection of 7T; onto Tik. Furthermore, the mapping p; is a home-
omorphism, and so, to save on notation, we will identify each hierarchy of belief t; € T;
with its corresponding belief p;(t;) over ® x T_;. Similarly, for each t; € T; we will write
tk € T instead of the more cumbersome 1t¥(t;).

Hierarchies of beliefs can be implicitly represented using a type space, i.e. a tuple
(Ti, ¢i)ier where each T; is a Polish space of types and each ¢; : T; — A(® x T_;) is a

llwe restrict attention to two-player games with finitely many payoff-relevant states for ease of notation. Our

results remain valid with any finite number of players and ® a compact metric space.
12 An alternative, equivalent formulation is found in Brandenburger and Dekel (1993).



measurable function. Indeed, every type t; € T; is mapped into a hierarchy of beliefs
vi(t;) = (vf(ti))kzl in a natural way: vil(ti) = margg ¢;(t;) and for k > 2,

vE()[6 x E] = ¢i(t)[0 x (v¥71)H(E)] for all 6 € ® and measurable E c T*1.

The type space (73, U;)icr is called the universal type space, since for every type space
(T3, ¢i)ier there is a unique belief-preserving mapping from T; into T;, namely the mapping
v; above.'3 When the mappings (v;);c are injective the type space (T;, ¢;)ic; is called non-
redundant. In this case, (v;)ie; are measurable embeddings onto their images (v;(T;))ier,
which are measurable and can be viewed as a non-redundant type space, since we have
i(vi(t))[O x v_i(T_;)] = 1 foralli € I and t; € T;. Conversely, any (T;)ie; such that
T; € T; and u; (t;)[@ x T_;] = 1 for all i € I and t; € T; can be viewed as a non-redundant
type space.

2.2 Bayesian games and interim correlated rationalizability

A game is a tuple G = (Aj, gi)icr, Where A; is a finite set of actions for player i and g; :
Ai X A_j Xx® — [-M, M] is his payoff function, with M > 0 an arbitrary bound on payoffs
that we fix throughout.'* We write G to denote the set of all games, and for each integer
m > 1 we write G™ for the set of games with |A;| < m foralli € I.

The solution concept of interim correlated rationalizability, or ICR, was introduced in
Dekel, Fudenberg, and Morris (2007). Given a y € R, a type space (T, ¢i)ic; and a game G,
for each player i € I, integer k > 0 and type t; € T;, we let R{.‘(ti, G,y) < A; designate the
set of k-order y-rationalizable actions of t;. These sets are defined as follows:

RY(ti,G,y) = A,

and recursively for each integer k > 1, R{.‘(ti, G,y) is the set of all actions a; € A; for which
there is a conjecture, i.e. a measurable function o—; : ® x T_; — A(A_;), such that

suppo_i(0,t_;) < R’j{l(t,i, G,y) for ¢;i(t;)-almost every (0,t_;) € @ X T_;
and for all a; € A;,

j [91(ai, 0-i(0,£-),0) — gi(al, 0-1(0, t_1), 0)] i (t:)(dO x dt_7) = —y.
OXT_;

13To say that v; is belief-preserving means that p; (v; (£;))[0 X E] = ¢ (£;)[0 x (v_;)~1(E)] for all 0 € ©® and
measurable E < T_;.

l4we will also denote by g; the payoff function in the mixed extension of G, writing g; («;, ®_;, 0) with the
obvious meaning for any «; € A(A;) and «x_; € A(A_;).



For future reference, a conjecture o—; : ©xT_; — A(A_;) satisfying the former condition will
be called a (k — 1)-order y-rationalizable conjecture for type t;. The set of y-rationalizable
actions of type t; is then defined as

Ri(t;,G,y) = [ R¥(ti, G, y).
k>1
Finally, following Ely and Peski (2008), an action a; € A; is strictly interim correlated y-
rationalizable for type t;, and we write a; € R;(t;, G, y), if a; € R;(t;,G,y’) for some y’ < y.

As shown in Dekel, Fudenberg, and Morris (2007), R;(t;,G,y) is non-empty for every
game G, type t; and y > 0.1°

ICR has a characterization in terms of best reply sets. A pair of measurable functions
Gi: T; — 24, i € I, has the y-best reply property if for each i € I and t; € T;, each action
a; € gi(t;) is a y-best reply for t; to a conjecture o_; : ® X T_; - A(A_;) with

suppo_i(0,t_;) = ¢c_i(t_;) for ¢;(t;)-almost every (0,t_;) € ® x T_;.

If (¢i)icr has the y-best reply property then ¢;(t;) < R;(t;,G,y) forallie I and t; € T;. As
shown in Dekel, Fudenberg, and Morris (2007), the pair (R;(-, G, y))ier is the maximal pair
of correspondences with the y-best reply property. This means there is no other pair (g;)ier
with the y-best reply property such that R;(t;, G,y) < ¢;(t;) for each i € I and t; € T;, with
strict inclusion for some i € I and t; € T;. Therefore, an action is y-rationalizable for a type
t; if and only if it is a y-best reply to a y-rationalizable conjecture for t;, i.e. a conjecture
0_i:0xT_; - A(A_;) such that

suppo-i(0,t_;) < R_i(t-;,G,y) for ¢;(t;)-almost every (0,t_;) € © x T_;.

Dekel, Fudenberg, and Morris (2007) also show that the set of y-rationalizable actions
of a type is determined by the induced hierarchy of beliefs. Indeed, for any k > 1, any two
types (possibly belonging to different type spaces) mapping into the same k-order belief
must have the same set of k-order e-rationalizable actions. This has two implications. First,
for interim correlated rationalizability it is without loss of generality to identify types with
their corresponding hierarchies. Thus, in what follows we will restrict attention to type
spaces (T;)ic; with T; € T; and t;[@ x T_;] = 1 for all i € I and t; € T;. Accordingly, we will
take the universal type space 7T; to be the domain of the correspondence R;(-,G,y) : T; =
Aj. Second, in order to establish whether an action is k-order y-rationalizable for a type t;
we can restrict attention to (k — 1)-order y-rationalizable conjectures o_; for t; which are

measurable with respect to (k — 1)-order beliefs.16

I5Note that for y < —2M, we have R;(t;,G,y) = @, and that for y > 2M we have R;(t;,G,y) = A;.
16This means that o_;(0,s_;) = o_;(0,t_;) for all 0 and all types s_;, t_; with the same (k — 1)-order beliefs.



Finally, the following result shows that, similar to rationalizability in complete informa-
tion games, interim correlated rationalizability has a characterization in terms of iterated
dominance, where the notion of dominance now becomes an interim one.

Proposition 1. Fixy, a game G = (A, gi)ic; and a type space (T;)c;. For each k > 1, player
i el typet; € T; and action a; € A; we have a; € Ri-‘(ti,G,y) if and only if for each
i € A(A;) and n > 0 there exists a measurable o_; : © X T_; — A(A_;) with

supp 0_i(0,t_;) € R’j{l(t,i, G,y) fort;-almostevery (0,t_;) € @ x T_; (1)
such that

[gi(aiyo'—i(e: ti),0) —gi(ag,0-:(0,t ), 9)] ti(d0xdt_;) = -y —n. (2)
OXT_;

The proof of this proposition, relegated to Appendix A, uses a separation argument
analogous to the one establishing the equivalence between strictly dominated and never
best reply strategies in complete information games. Here, too, the usefulness of the result
comes from the fact that, in order to check whether an action is rationalizable for a type,
we are able to reverse the order of quantifiers and seek a possibly different conjecture for
each possible (mixed) deviation.

3 Topologies on types

The strategic topology introduced in Dekel, Fudenberg, and Morris (2006), or simply S-
topology, is the coarsest topology on the universal type space T; under which the ICR cor-
respondence is upper hemi-continuous and the strict ICR correspondence is lower hemi-
continuous in all games. More explicitly, following a formulation due to Ely and Peski
(2008), the S-topology is the topology generated by the collection of all sets of the form

{ti eTi:a; ¢ Ri(ti:G,)’)} and {ti €T;:a;ec Ri(ti,Gy}/)},
where G = (A, gi)ier, ai € A;and y € R.17

The S-topology on 7; is metrizable by the distance d3, defined as follows.'8 For each
game G = (A, gi)icr, action a; € A; and type t; € T; let

hi(tila;,G) =inf{y : a; € Ri(t;,G,y)}.

17The strategic topology can be given an equivalent definition which makes no direct reference to y-
rationalizability for y # 0. Indeed, by Ely and Peski (2008, Lemma 4), a sub-basis of the strategic topology
is the collection of all sets of the form {t; : a; ¢ R(t;,G,0)} and {t;: a; € lsi(ti, G,0)}.

8pekel, Fudenberg, and Morris (2006) define the S-topology directly using the distance df, rather than using
the topological definition above.

10



Then, for each s; and t; € T;,
di(si,ty) = > 2™ sup max |hi(sila;,G) — hi(tila;,G)|.
m=1 G=(A1,gi)icr€GM Ai€A
In terms of convergence of sequences, Dekel, Fudenberg, and Morris (2006) show the fol-
lowing: For every t; € T; and every sequence (t;)n>1 in T;, we have d; (t;»,t;) — 0 if and
only if for every game G = (A;, gi)ier, action a; € A; and y € R, the following upper and
lower hemi-continuity properties hold: for every sequence y, — y,

ai € Ri(tin,G,yn) Yn=1 = a;€Ri(t,G,y), (wh.c)
and for some sequence y, \ y,
ai € Ri(t;,G,y) = a;€Ri(tin,G,yn) Vn=x=L1 (Lh.c)

Dekel, Fudenberg, and Morris (2006) also introduce the uniform strategic topology, or
US-topology for short, which strengthens the definition of the strategic topology by requir-
ing the convergence to be uniform over all games. More precisely, the US-topology is the
topology of convergence under the metric d}°, defined as

dss(ti,s;) = sup max |h;(t;lai,G) — hi(silai, G)|.
G=(A1,9i)ie1€G Fi€AI
This uniformity renders the US-topology particularly relevant for environments where the
game—both payoffs and action sets—is not fixed a priori, such as in a mechanism design
environment.

We now introduce a metric topology on types, which we call uniform weak topology, or
UW-topology, under which two types of a player are close if they have similar first-order
beliefs, attach similar probabilities to other players having similar first-order beliefs, and
so on, where the degree of similarity is uniform over the levels of the belief hierarchy. Thus,
unlike the S and US topologies, which are behavior-based, the UW-topology is a belief-based
topology, i.e. a metric topology defined explicitly in terms of proximity of hierarchies of be-
liefs. The two main results of this section, Theorems 1 and 2 below, establish a connection
between these behavior- and belief-based topologies.

Before we present the formal definition of the UW-topology, recall that for a complete
separable metric space (S,d) the topology of weak convergence on A(S) is metrizable by
the Prohorov distance p, defined as

p(u,u’) =inf {6 > 0 : p(E) < ' (E%) + & for each measurable E < S}, Vu,u’ € A(S),

where E® = {s € § : infycsd(s,s’) < 8}. The UW-topology is the metric topology on T;
generated by the distance

A (si,t;) = sup d¥(si,ti), Vsiti € T;,
k>1
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where d° is the discrete metric on ©, and recursively for k > 1, d’i‘ is the Prohorov distance
on A(@ x T*!) induced by the metric max {d°, d*;'} on ® x TX1.

In the remainder of section 3 we explore the relationship between the UW-topology and
the S- and US-topologies. First, we show that the UW-topology is finer than the US-topology
(Theorem 1). Second, we prove a partial converse, namely that around finite types, i.e. types
belonging to a finite type space, the S-topology (and hence also the US-topology) is finer than
the UW-topology (Theorem 2). We conclude the section with a discussion of our results in
connection with the literature.

3.1 UW-convergence implies US-convergence

Theorem 1. For each player i € I and for all types s;,t; € T,
dP®(si, ti) < AMAy™ (s, ty).
Thus the UW-topology is finer than the US-topology.

This theorem is a direct implication of the following proposition, whose proof exploits
the characterization of rationalizability provided in Proposition 1.

Proposition 2. Fix a game G,y = 0 and 6 > 0. For each integer k > 1,

d¥(si,t;) <6 = RN, G,y) S RN(si, G,y +4M3)  Viel, Vst € Ti.

Before presenting the proof of this proposition, it is useful to discuss its basic steps.
Fix y = 0, n > 0, a k-order rationalizable action a; for a type t; and a (possibly mixed)
deviation «;. By Proposition 1 there is a (k — 1)-order y-rationalizable conjecture o_; such
that the difference in expected payoffs between a; and «; is at least —y — n. Now partition
the space of (k — 1)-order beliefs of player —i in two ways: first, so that beliefs in the
same cell have the same set of (k — 1)-order y-rationalizable actions; second, analogously,
according to the (k — 1)-order (y + 4M¢)-rationalizable actions. Then the expected payoff
difference between a; and «; for t; under o_; cannot decrease if instead of o_; we use an
appropriate pure conjecture that is measurable with respect to the first partition—namely,
a conjecture that selects for each 0 and each (k — 1)-order belief of —i some pure action of
—1i that maximizes the payoff difference between a; and «; under 6 over all (k — 1)-order
y-rationalizable actions of —i corresponding to the given partition cell. Now take any type
si whose k-order beliefs are 6-close to those of t;, and define a pure conjecture for s; in
the same way, but according to the second partition and using a (y + 4M¢§)-rationalizable
action as the maximizer for each cell. To prove that a; is (y + 4M¢d)-rationalizable for
si, we show that the differences in expected payoffs between a; and «;, computed for t;
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under the first pure conjecture and for s; under the second one, are close. We achieve this
in three final steps: First, for each partition and associated pure conjecture, we order the
pairs comprising states and partition cells by the payoff difference between a; and «; under
the pure conjecture under consideration; accordingly, we obtain two ordered partitions of
OxT l‘{ 1. Second, we use the induction hypothesis and the assumption that the k-order
beliefs of t; and s; are close to argue that the probabilities assigned by tf to the upper-
contour sets which are measurable with respect to the first ordered partition are close to
those assigned by sl‘ to the upper-contour sets which are measurable with respect to the
second ordered partition.!® Finally, using a summation-by-parts argument we prove that
proximity of probabilities of upper-contour sets is indeed enough to guarantee that the
expected payoff difference between a; and «; for s; is at least —y — n —4M§. This, again by
Proposition 1, delivers the desired conclusion.

Proof of Proposition 2. Fix a game G = (A, gi)iel, ¥ = 0 and 6 > 0. The proof is by in-
duction on k. For k = 1, let s; and t; € T; be such that dl1 (si,t;) < 6. Fix an arbitrary
ai € R} (t;,G,y) and let us show that a; € R} (si, G, y + 4M &) using Proposition 1. Fix n > 0
and «; € A(A;). By Proposition 1 there exists a conjecture o_; : ® — A(A_;) for type t;
such that

S (gilai, d-i(0),0) — gi(e,0-(0),0))t} 0] = —y — n. 3)
0O

(Note that condition (1) is trivial for k = 1.) Pick any function a_; : ® — A_; such that

a_i(0) € argmax [gi(a;,ai,0) - gi(ai,a—,0)] VO €0,

a_j€A_;

and define
h(0) = gi(a;,a_i(0),0) — gi(xi,a_i(0),0) VO €O,

so that
h(0) = gi(a;,0-i(0),0) — gi(x;, 0-i(0),0) Vo € 0. 4)

To conclude the proof for k = 1 we now show that > ycg h(9)5i1 [0] = —y—4M6 —n. Indeed,
let {Gn}»ﬁ:1 be an enumeration of ® such that h(6,) = h(0,.1) foralll <n < N — 1. Thus,

19 An upper-contour set induced by the first (resp. second) ordered partition is a subset of ® x 7~ l‘[ ! which is
measurable with respect to the first (resp. second) ordered partition and contains all pairs (6, tf;l) for which
the payoff difference between a; and «; under the first (resp. second) conjecture is greater than some value.
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it follows from d}(si, ti) <6 and |h(0)| < 2M for all 0 that

N-1 n
D h0) (s 01-tl0]) = > (h(0n) —h(0ns1)) > (sHOm] -t} [0])
0O n=1 m=1

)
- -~

N-1
= 2 (h(0) = h(0n+1) (s{ [{Om} o] = 6 [{Om} )
n=1 g

>0 >-0
N-1
> =8> h(0p) —h(Oni1)
n=1
= ~6(h(61) - h(6y))
> —4MS§6,

hence

D> h(0)s}HOl= D> h(0)(st[01-tH0]) + D h(0)t}[0] = —4MS5 + > h(0)t}[0]
0O 0O 0O 0O

> —4MS + > (gi(ai, 0-i(0),0) — gi(xi, 0-(0),0))t}[0] = —y — 4MS — n,
0O

where the penultimate inequality follows from (4) and the last inequality from (3). Thus,
aj € Ri1 (54, G,y + 4M6) by Proposition 1, which proves the desired result for k = 1.

Proceeding by induction, we now suppose the result is valid for some k > 1 and show
that it remains valid for k + 1. Let s;,t; € T; be such that d’fH (si, t;) < 0. Fix an arbitrary
a; € R¥"1(t;,G,y) and let us show that a; € R¥*1(s;, G,y +4M§). Fix n > 0 and o; € A(A;).
By Proposition 1 there exists a k-order (y + n)-rationalizable conjecture o—; : @ x T _ki -
A(A_;) for type t; such that

j (gilai, 0-(0,t%),0) — gi(x;, 0-(0,t%),0)) tF*(dO x dt*)) = -y —n.  (5)
oxTk

Pick any measurable functiona_; : ® x T _ki — A_; such that

ai(0,t*)e  argmax  (gi(ai,a-i,0) - gi(xi,a-i,0)) V(6,t5) €O x T,
a_;eR*, (t*,,G,y+4M5)

By construction, a_; is a k-order (y + 4Md)-rationalizable conjecture for type s;. (In fact,
for any type.) Thus, By Proposition 1, to conclude that a; € Rf“ (si,G,y + 4M ) we need
to show that

J (gi(ai,a_i(0,t%)),0) — gi(oi,a_i(0,t%)),0)) sk1(do x dt*,) = —y —4M5 —n. (6)
oxTX

Let Aj,...,A; be an enumeration of the non-empty subsets of A_; and define

he(0) = max [gi(ai,a,i,e) —gi((xi,a,i,e)] VeeO, Vl<¥<L.

a_i€Ap
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Next, define a partition {Pi,...,P.} of T. l‘i as follows:
Py ={tk e Tk : R¥(t%,G.y) = A} vi<l<L
Since o—; is a k-order y-rationalizable conjecture for t;, we have
he(0) = gi(ai, 0-i(0,t%)),0) - gi(e, 0-i(0,t%,), 0)
tk+1

for t;""-almost every (0, tfi) € O X Py and therefore

L
> > hp(O) etk o x Pyl =

0e€0 =1
J [gi(ai, 0-i(0,t%)),0) — gi(xi, 0-4(0, %)), 0)] -1 (0 x dt*)). (7)
oxTk
Likewise, define a partition {Q1,...,Q} as follows:

Qe = {t'fi e T : RE(t,,

Gy+4Ms) =A;}  Vvisls<L

Thus we have

J [gi(ai,a_i(0,t%),0) — gi(;,a_i(0,t%),0)] sk 1(d6 x dt*,) =
OxTX

he(0)sK110 x Qy],

||Mt~

0cO
which, together with (5) and (7), implies

J [gi(ai,a_i(e,t’fi),e)—gi((xi,a_i(e,t’fi),9)]5{‘“(619xdtfi) >

oxTk
> j [gi(ai,0-i(0,t%),0) — gi(xi, 0-:(0,t%)),0) ] -1 (do x dt*,)
oxTk
L
+ 2 D he(0)(sFO x Q] — tf 10 x Py])
0€b =1
> —y-n+ > th(G K0 x Q] - tFH0 x Py)),

00 {=1

Therefore, in order to prove (6) and conclude that a; € Rf“ (si,G,y + 4M ) we only need
to show that

L
> D he(0)(sE 0 x Qpl — tf 1[0 X Pyl) = —4MS.
0€0 =1
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Indeed, to prove this inequality first note that the induction hypothesis implies

Pl |J Qn VIsl<L. (8)
n:A,24,
Next, let N = |®|L and consider an enumeration {(Gn,ﬁn)}ﬁ=1 of ® x {1,...,L} such that

for all n,
hy, (0n) = hy, ., (Oni1),

and for all m = n,
(Ag,, 2 Ay, and Ay, +#Ap) = m<n? (9)

Thus, for eachn =1,...,N,

n n
s U omxQe,] = sE U 0mxP] | (by (8) and (9))
m=1 m=1
n
> sl’.‘“[( U QmXPym)ﬁ]
m=1
n
= U U OmxPy,|-8  bydtisit) <d)
m=1

and therefore,

L
> he(0)(sK O x Qpl - tFOx Pypl) =
0€l =1

hy, (0) (sK1[04 x Qq, 1 - tF* 1[0, x Py, 1)

Il
Mz

n=1
N-1 n
= > (hg, (0n) —hy,,, (0ni1)) D> (sK 1 [0m x Qp, ] — tF [ Om x Py, ])
n=1 m=1
N-1

2 (e On) e, gnﬂ))(s A

ﬁC:

Om x Qpy |~ [ U Omx Py, ])
1 m=

>O . -

>-0

v

N-1
-0 Z (hé’n(en) - hynﬂ(enﬂ)) = —5[]%)1(91) - h,eN(QN)] > —4M3§,
n=1

as required. O

Corollary 1. The Borel o -algebras of the UW-, US-, S- and product topologies coincide.

20To see why an enumeration of © x {1, ..., L} satisfying these two properties exists, note that it follows
directly from the definition of hy(0) that Ay 2 A, implies hp(0) = hy, (0).

16



Proof. Theorem 1 implies that the Borel o-algebra of the US-topology is contained in the
Borel o-algebra of the UW-topology. Moreover, Lemma 4 in Dekel, Fudenberg, and Morris
(2006) implies that the Borel o-algebra of the strategic topology contains the product o-
algebra. Hence, it suffices to show that the product o-algebra contains the UW-o-algebra.
In effect, every uniform-weak ball is a countable intersection of cylinders, therefore every
uniform-weak ball is product-measurable, which implies that every UW-measurable set is
product measurable. O

An important implication of this corollary is that the Mertens-Zamir universal type space
(T, Mi)ier Temains a universal type space when equipped with either of the topologies S,
US or UW instead of the product topology, a fact that was not known prior to this paper.
Indeed these topologies leave the measurable structure unchanged, so p; : T; — A(@ X T_;)
remains the unique belief-preserving mapping and a Borel isomorphism, albeit no longer a
homeomorphism.

3.2 S-convergence to finite types implies UW-convergence

Here we provide a partial converse to Theorem 1. We show that, as far as convergence
to finite types is concerned, convergence in the S-topology implies convergence in the UW-
topology (and hence also in the US-topology).

Theorem 2. Around finite types the S-topology is finer than the UW-topology, i.e. for each
player i € I, finite type t; € T; and & > 0 there exists € > 0 such that for each s; € T3,

di(si,ti) <€ = d™(s;t;) <6.
This theorem is a direct implication of Proposition 3 below, which in turn relies on the
following result:

Lemma 1. Let (T;)ic; be a finite type space. For every 6 > 0 there exist € > 0 and a game
G = (Ai, gi)ier, with A; 2 T; for all i € 1, such that for everyi €I and t; € Tj,

ty € argmax > > gi(ait-;,0)t[0,t ], (10)
ai€Ai  ge@t_ ;€T

and for every ¢ € A(®© X A_;) such that y[D] < t;[D] — 6 for someD < ® x T_;,

min > > (gi(ti,a-;,0) - gi(ai,a-;,0)) w[0,a_;] < —¢. (11)

ai€A; 0€0 a_ijcA_;

The proof of this lemma, given in Appendix A, uses a “report-your-beliefs” game em-
bedded in a “coordination” game. More precisely, we construct a game where each player
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i chooses a point in a finite grid A; < A(® x T_;) that includes all types in T; (viewed as
probability distributions over ® x T_;). When player —i chooses an action a_; € T_; the
payoff to player i is f;(0,a_i,a;), where f; : ® x T_; X A(®@ X T_;) — [—1,1] is a proper
scoring rule.?’?2 This guarantees that truthful reporting by all types of all players in the
type space (T;)ie; has the 0-best reply property, as shown in (10). If instead player —i
chooses an action in A_; \ T_; then the payoff to player i is either —4/6 or —1, according to
whether i chooses an action in T; or A; \ Tj, respectively. In any case, this is no greater than
the minimum possible value of f;(0,a_;,a;), and strictly less when choosing an action in
T;. The grid A; is chosen fine enough, and & small enough, so no action t; € T; can be an
&-best reply to a conjecture ¢y € A(O x A_;) that is not d-close to t; (viewed as a probability
over ® X A_;), as shown in (11). Indeed, either y assigns large probability to —i choosing
an action in A_; \ T—;, and hence on the payoff difference between t; and any a; € A; \ T;
being —4/6 + 1, or it assigns probability large enough to ® x T_;, so that the conditional
Y = @(-|® X T—;) is close to ¢ and hence far from t;. Thus, in both cases the expected
payoff difference under ¢ between t; and any grid point a; € A; \ T; sufficiently close to ¢
will be less than —&. The proof of Proposition 3 uses Lemma 1 to show by induction that
for any type s; € T; whose k-order beliefs differ from those of a type t; € T; by more than
0, action t; is not &-rationalizable.

Proposition 3. Let (T;)icr be a finite type space. For each 6 > 0 there exist € > 0 and a game
G such that for each integer k > 1, each player i € I and each (t;, s;) € T; X T;,

d¥(si,ti) =86 = RN, G,0) ¢ R¥(s4,G, 6).

Proof. Fix a finite type space (Tj)ic; and 6 > 0. By Lemma 1 there exist ¢ > 0 and a
game G = (Aj, gi)ier With A; 2 T; such that (10) and (11) hold for every t; € T; and
every ¢ € A(® x A_;) such that ¢[D] < t;[D] — 6 for some D < ® x T_;. Thus, for
each (t;,s;) € T; x T; and each measurable function o—; : ® X T_; — A(A_;), if for some
DcOXT

S| ot atadsioxdey) < 1o,

(8,a-;)eD — ,
w(0,a-;)

21A proper scoring rule on a measurable space Q is a measurable function f : Q x A(Q) — R such that
[ flw, ) p(dw) = [ f(w,u’) u(dw) for all u, u’ € A(Q), with strict inequality whenever p’ # .

22Dekel, Fudenberg, and Morris (2006) use a report-your-beliefs game to prove their Lemma 4, which states
that for every k > 1 and 6 > 0 there exists € > 0 such that, for all t;,s; € T3, d; (s, t;) < € implies d;‘(si, t;) < 6.
Our assumption that ¢; is finite allows us to find an ¢ that does not depend on k, and hence obtain Theorem
2. The game we construct in Lemma 1 differs from theirs in two respects: first, Dekel, Fudenberg, and Morris
(2006) use a pure report-your-beliefs game, while we embed a report-your-beliefs game in a coordination game;
second, in our game the players report infinite hierarchies of beliefs (albeit in a finite type space), whereas in
the game of Dekel, Fudenberg, and Morris’s (2006) Lemma 4, players report only their k-order beliefs.
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then for some a; € A;,

J [gi(ti,(hi(Q,Li),Q) —gi(ﬂi,Oli(Q,Li),Q)]Si(dQthfi) < —&. (12)
@XT,,'

We now show that for each i € I,

t; € Ri(t;,G,0) Vit € Ty, (13)
d(ti,si) >6 = ti ¢ RE(s;,G,e) Vk=>1, V(t;,si) € T; x Ti. (14)

Fori € I and t; € T; consider the conjecture o—; : ©XT-; — A(A_;) suchthato_;(0,t_;)[t_;] =
1 for all (0,t_;) € ® x T—;. Then the action t; is a best reply to the conjecture o_; for type

t; by (10), and hence t; € R;(t;, G,0) by the characterization of ICR in terms of best reply
sets, proving (13).

To prove (14) for k = 1, pick s; € T; with d}(ti,si) > 0. Then there exists E = © such
that s} [E] < t![E] — &, and hence for every o_; : ® — A(A_;) we have

> o i (O)[T-i1s!10] < s} [E] < t}[E] -6 = t;[Ex T_;] - 6.
0cE

It follows from (12) that t; ¢ Ril(si, G, €). Proceeding by induction, let k > 2 and assume
that (14) holds for k — 1. Fixi € I and t; € T; and pick s; € T; with d’i‘(ti,si) > 6. Then
there exists some E € © x T*1 such that

sKIES] < tk[E] - 6. (15)

Define D = {(0,t-;) € ®@x T-; : (0, tf{l) € E}, so that s;[D] = sf[E]. Consider an arbitrary
(k — 1)-order &-rationalizable conjecture o—; : ® X T_; — A(A_;) for type s;, i.e.

suppo_i(0,t_;) < Rflfl(t,i, G,¢) for s;-almost every (0,t_;) € @ x T_;. (16)

By the induction hypothesis, for s;-almost every (0,t_;) € ® x T_; and every (0,s_;) € D,
we can have o_;(0,t_;)[s_;] > 0 only if d’jl(s_i, t_;) < 6. Thus,

> o-i(0,t-)[s-1s:(0 xdt;) <

(Q,S,L’)ED T,i

< 3 [ ocuecatsasioxay
(OS-DED kot {5k 130

< > sifox (kT (Isk)]
(G,S,i)GD

= > skex (%115 = sK[E?] < tF[E1 - 6 = t;[D] - 6,
(0,551 eE

where the last inequality is (15). By (12) this implies t; ¢ Ri‘(si, G,é¢). O
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Theorems 1 and 2 combined yield:

Corollary 2. The UW-, US-, and S- topologies are equivalent around finite types.

To end this section, we note that in Theorem 2 the assumption that t; is a finite type
cannot be dispensed with. This is because the universal type space is not separable un-
der the uniform-weak topology, whereas Dekel, Fudenberg, and Morris (2006) have shown
that a countable set of finite types is dense under the strategic topology. To see why the
uniform-weak topology is not separable, fix two states 0y and 0; in ® and consider the
non-redundant type space (X;)ic;, where X; = {0,1}N and each type x; = (Xin)nen as-
signs probability one to the pair (0Ox,,,L;(x;)), where L; : X; — X_; is the shift operator,
ie. L((xi1,%i2,...)) = (xi2,%i3,...) for each x; = (xin)nen. Clearly, the UW-distance be-
tween any two different types in X; is one, and hence, under the UW-metric, X; is a discrete
subset of the universal type space. Since X; is uncountable, it follows that the universal
type space is not separable under the UW-topology.

3.3 Discussion
3.3.1 Relationship with common p-belief

As we mentioned in the introduction, the uniform-weak topology is related to the notion of
common p-belief due to Monderer and Samet (1989). Fix a state 8 € ® and p € [0,1]. For
each player i € I define

B (0) = {tll eT!: tHo] = p} and BN (0) = {tf e TFK: t*[o x B "7 (0)] = p},

recursively for all k > 2. A type t; has common p-belief in 0, and we write t; € Cf(@), if
tf IS Bf‘p(G) for all k = 1. A sequence of types (tin)n>1 has asymptotic common certainty
of 0 if for every p < 1 we have t;,, € Cip (0) for n large enough.

Monderer and Samet (1989) use this notion of proximity to common certainty, i.e. com-
mon 1-belief, to study the robustness of Nash equilibrium to small amounts of incomplete
information. Their main result states that for any game and any sequence of common prior
type spaces, a sufficient condition for Nash equilibrium to be robust to incomplete informa-
tion (relative to the given sequence of type spaces) is that, for some sequence p,, ~ 1, the
prior probability of the event that the players have common p,-belief on the payoffs from
the complete information game converges to 1 as n — . A related paper, Kajii and Mor-
ris (1997), shows that asymptotic common certainty is actually a necessary condition for
robustness in all games. Since both results are formulated for Bayesian Nash equilibrium
in common prior type spaces, to facilitate comparison with our results we report (with-
out proof) an analogue of their results for interim correlated rationalizability and without
imposing common priors:
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Proposition 4. A sequence of types (tin)n=1 has asymptotic common certainty of 0 if and
only if for every game and every € > 0, every action that is rationalizable for player i when 0
is common certainty remains interim correlated e-rationalizable for type t;y for all n large
enough.

Thus the “only if” part is an interim version of Monderer and Samet (1989) and the “if” part
an interim version of Kajii and Morris (1997).

As it turns out, the uniform-weak topology can be viewed as an extension of the concept
of asymptotic common certainty: these two notions of convergence coincide when the limit
type has common certainty of some state. Indeed, letting t; ¢ designate the type of player i
who has common certainty of 6, we have:

Proposition 5. A sequence (tin)n=0 has asymptotic common certainty of 0 if and only if
A (tin, tie) - 0asn — .

Proof. 1t suffices to show that for each i € I, p € [0,1] and k = 1 we have Bf””(@) =
{tf’e}lfp. For k = 1 this follows directly from til‘e[Q] = 1. Now suppose this holds for k — 1
and let us show that it also holds for k. Indeed,

BiP(0) = {tk e T} tk[ox B (0)] = p} =
= {the Tk tlox (k50 P = pl = {th}' 7,

i,

where the second equality follows from the induction hypothesis and the third from the
fact that tf,[0,t*; 5] = 1. O

Thus, taken together, Theorems 1 and 2 extend Proposition 4 to perturbations of incom-
plete information models.??

3.3.2 Other uniform metrics

The Prohorov metric, on which the uniform-weak topology is based, is but one of many
equivalent distances that metrize the topology of weak convergence of probability mea-
sures. For any such distance one can consider the associated uniform distance over hierar-
chies of beliefs. Interestingly, these metrics can generate different topologies over infinite
hierarchies, even though the induced topologies over k-order beliefs coincide for each k > 1.
Below we provide such an example.

Z3Note that t; g is a finite type.
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Given a metric space (S, d) let BL(S, d) designate the vector space of real-valued, bounded,
Lipschitz continuous functions over S, endowed with the norm

ll.fllgL = max {Sl}l{p |f(x)],sup LfG) = fOI

\v BL .
oy d(x,y) } feBLS.d)

Recall that the bounded Lipschitz distance over A(S,d) is

B(u,u’) = sup {Hfdu - Ifdu’

. £ € BL(S, d) with [ flla < 1}, Vi, € AS,d).

This distance metrizes the topology of weak convergence and it relates to the Prohorov
metric p as follows:%4
(2/3)p%> < B < 2p.

Now define a uniform metric ¥ over hierarchies of beliefs as follows. Let B0 denote the
discrete metric over ® and, recursively, for k > 1 let B’i‘ denote the bounded Lipschitz metric
on A(@ x T*~1) when ® x TX! is equipped with the metric max {8°, *;1}. Then

B = sup Bf.
k>1

For each k > 1 the metric B’i‘ is equivalent to df, as they both induce the weak topology
on k-order beliefs. However, as we will now show, pY" is not equivalent to d{.?> Suppose
that ® = {0y, 01}, and for each n > 1 consider the type space (T;)icr Where

Tin = {Wi0, Wi, tin} Viel
and beliefs are as follows:
uio[Oo, u—iol =1, uin[6r,u-—in]=1 Viel,
and
tin[O0,u—io]l =1/n,  tin[01,toin]=1-1/n Viel.

Thus df(ti,n,ui,l) = 1/n for all k = 1, and therefore d{"(t;n,ui1) — 0 as n — co. We will
now show that Y™ (t;n,u;1) + 0. Let f be the indicator function of {6}, i.e. f(0) =m
for m € {0,1}. Then, define the k-order iterated expectation of f for each k > 1 and each
player i, denoted fik : ’Tik — R, as follows:

£l = det} —tl[0] and fE(tY = jff;l dt%, fork=2.

24Gee Dudley (2002), p. 398 and p. 411.
25The example actually shows that the two metrics are not equivalent even around complete information

types. In particular, asymptotic common certainty does not guarantee convergence under .
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Thus, we have

Iff{l duf‘l =1 and Jff{l dtf‘n = (1-1/n)k.
Since it can be shown that fX € BL(T}, B%) and || f¥llsL < 1, we have BX(tipn, ui1) = 1 - (1 -
1/n)¥, and hence Y (t;n,ui1) = 1 for every n > 1.

This example is also relevant for the comparison between our work and Morris (2002),
who shows that the topology of uniform convergence of iterated expectations is equivalent
to the strategic topology associated with a restricted class of games, called higher-order
expectations (HOE) games. By this result and the example above, uniform-weak convergence
is not sufficient for convergence in the strategic topology for HOE games. This might seem
puzzling at first, given that we have shown uniform-weak convergence to imply convergence
in Dekel, Fudenberg, and Morris’s (2006) strategic topology, which is defined by requiring
lower hemi-continuity of the strict ICR correspondence in all games, not just HOE games.
To reconcile these facts, we note that the notion of strict ICR correspondence implicitly
used in Morris (2002) is different from the one we use, in that it does not require the slack
in the incentive constraints to hold uniformly in a best reply set. Thus, for a given game,
continuity of Morris’s (2002) notion of strict ICR is more demanding than ours.

4 Non-genericity of finite types

Dekel, Fudenberg, and Morris (2006) show that finite types are dense under the S-topology,
thus strengthening an early result of Mertens and Zamir (1985) that finite types are dense
under the product topology. In contrast, in Theorem 3 below we show that under the
US-topology finite types are nowhere dense, i.e. the closure of finite types has an empty
interior.2® An implication of this result is that the US-topology is strictly finer than the
S-topology.2”

The proof of Theorem 3 relies on Lemmas 2 and 3 below. First, Lemma 2 states that
finite types are not dense under the UW-topology. To prove this, we consider an instance
of the countably infinite common-prior type space from Rubinstein’s (1989) E-mail game
and show that none of its types can be UW-approximated by a sequence of finite types.
Second, in Lemma 3 we show that any sequence of types that fails to converge to a type
in the E-mail type space under the UW-topology must also fail to converge under the US-
topology. Together, these lemmas imply that finite types are bounded away from the E-mail

26This is equivalent to saying that the complement of the set of finite types contains an open and dense set
under the US-topology.

27Dekel, Fudenberg, and Morris (2006) state the result that the US-topology is strictly finer than the S-topology.
However, as reported in Chen and Xiong (2008), the proof in that paper contains a mistake.
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type space in US-distance, which we state as Proposition 6 below. This implies that the set
of finite types is not dense under the US-topology. Using this result, the proof of Theorem 3
shows that every finite type can be US-approximated by a sequence of infinite types, none of
which is the US-limit of a sequence of finite types, thereby establishing nowhere denseness.

In effect, consider the following instance of the E-mail type space. Let ® = {0, 01} and
let the type space (U;, U») be thus defined:%8

Ui = {u,0,u1,1,u12,...}, Uz = {uz0,u21,u2,,...},
and u1,0[0o,u20] =1, uz0[00,u1,0] =2/3, u20[01,u1,1]1 =1/3,

UL n[01,Uu2n-1]1=2/3, U061, u2,] =1/3 vn =1,

U201, u1n] = 2/3, U201, U101l =1/3 vn = 1.

Proposition 6. di®(t;,uin) = M/6 for everyi € I, finite typet; € T; andn = 0.

The proposition is a direct consequence of the following two lemmas:
Lemma 2. d{"V(t;,uin) = 1/3 foreveryi € I, finite type t; € T; and n = 0.

Lemma 3. d}®(ti, uin) = (M/2)d™(ti,uin) foreveryiel, tie T;andn = 0.

In the proof of Lemma 2, given in Appendix A, we first show by induction that the UW-
distance between any two distinct types of any player in the E-mail type space above is at
least 2/3.29 Second, we use another induction to show that any finite type t», whose UW-
distance from u; 4 is less than 1/3 must attach positive probability to (and hence implies
the existence, in the same finite type space, of) a type t; »+1 whose UW-distance from u ;1
is less than 1/3, which in turn implies the existence in the same finite type space of some
type t2n+1 whose UW-distance from 1,41 is less than 1/3, and so on. These two facts
together imply the contradiction that the types t;1,ti?,... are all different but belong to
the same finite type space, whence the result follows.

Turning to Lemma 3, fix an arbitrary 6 = 0. The proof, also in Appendix A, constructs
for each N = 0 a game such that for each player i and each 0 < n < N a certain action a;
is rationalizable for u;, but is not §-rationalizable for any type t; with d’i‘ (ti, Uin) > 26/M,

28This type space is an instance of the E-mail type space where the more informed player 1 who received k
messages attaches probability p = 2/3 (resp. 1 — p = 1/3) to player 2 having received k — 1 (resp. k) messages,
and the less informed player 2 who received k messages attaches probability p (resp. 1 — p) to player 1 having
received k (resp. k + 1) messages. Our choice that p = 2/3 is immaterial; our results hold true if we assume any

other value for p.
29The type u; .k of player 1 who received k messages assigns probability 2/3 to the other player having received

k — 1 messages, while u 1 attaches probability zero to that event, and similarly for player 2.
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Figure 1: The game from Lemma 3 for N = 1 and M = 4.

where the order k grows with the difference N — n. To provide intuition we discuss the
argument for the case N = 1. The game corresponding to this case is depicted in Figure 1,
with the payoff bound normalized to M = 4.

It is clear that in this game, for all i = 1,2 and n = 0, 1, action a; is rationalizable
for ui,n.30 However, a;, is weakly dominated by s;, and the payoffs from b;, and c;, are
such that whenever the beliefs of a type t; are sufficiently far from those of u;, then any
d-rationalizable conjecture about player —i that §-rationalize a;, against s; cannot do so
against both b; », and c;, as well. Indeed we have

df (ti,uin) >26/M = ain ¢ R}(t;,6) Vi<k=<2-n. (17)

To see this for k = 1, first note that a, ¢ is weakly dominated by s1, hence a1 ¢ R% (t;,0)
for any type t; with d}(t1,u1,0) > 6/2. Indeed, ui 4[6o] = 1 and hence di(t1, u10) > /2
implies t%[@o] < 1-46/2, so the highest possible expected payoff for t; under a; o is —26,
whereas s; yields 0. By the same token, a1 ¢ R (t1,8) for any t; with di (t1,u1,1) > 6/2,
and ap, ¢ R}(tp,8) for any t» with d}(t2,u21) > §/2. Consider action a» now, and pick
any t such that dj(t2, uz0) > 8/2. Since uj,[61] = 1/3, we must have either t3[0;] <
1/3-6/2or t%[@o] < 2/3 + 6/2. Pick any conjecture o that d-rationalizes ay o, so that the
difference in expected payoff between s; and a» is at most 6. This requires the induced
distribution over © x A; to satisfy

PI’[Qo,aLo | tz,O’l] + Pr[91,a1,1 | tg,O’l] >1-6/4,
hence the difference in expected payoffs between b o and az is
Pr[Qo,aLo | t2,0'1] - 2Pr[91,a1,1 | t2,0'1] > —3Pr[91,a1,1 | tz,O’l] +1-06/4,

which is greater than é when t%[@l] < 1/3 = 6/2. Likewise, the difference in expected

30The pair (¢1, ¢2) with Gi(Uin) =a;nif n <1andg;(u;yu) = s; if n = 2 has the best reply property.

25



payoffs between cz o and a o is
*Pf[@o,alyo | t2,0'1] + 2Pr[61,a1,1 | tz,O’l] > 73Pr[90,a1,0 | tz,O’l] +2-0/2,

which is greater than & when t3[6p] < 2/3 + §/2. Thus, in any case a»o ¢ R} (t2,5), and
the proof of (17) for k = 1 is complete. The proof for n = 0 and k = 2 uses the arguments
just given for the case k = 1 and is completely analogous—for instance, those arguments
show that if 07 is a first-order §-rationalizable conjecture that d-rationalizes a; o for a type
t1, then we must have 1 — §/4 < Pr[0o,az0 | t1,02] < t§[00 x {u}(}?%/M] and hence the
distance between the second-order beliefs of t; and 1, is at most 6.

We are now ready to prove the main result of this section.

Theorem 3. Finite types are nowhere dense under the US- and the UW-topology.

Proof. It suffices to prove that every finite type can be UW-approximated by a sequence of
infinite types, none of which is the US-limit of a sequence of finite types.3! Fix a finite type
space (T1,T») and a type t2 € T». For eachn > 1 let 6,, = 1/(n + 1) and define the infinite
type tz » by the requirement that, for every k > 1 and every measurable E c © x 7, 1"‘1,

t5 J[E] = (1 — Sp)EE[E] + Spub o [E].
Note that for all n > 1, k = 1 and measurable E < O x Tf‘fl we have
t5 J[E] = (1 — Sp)tS[E] + Spub o[E] < t5 , [E%"] + 6,

hence d5" (ton,t2) < 6, — O.

It remains to prove that none of the types in the sequence (t2,)xn>1 is in the US-closure
of the set of finite types, i.e. for every n > 1 there exists &, > 0 such that the US-distance
between t» ,, and every finite type in 7, is at least &,. Thus, fix n > 1, pick any 0 < &, <
min{M/6,M/(3n + 1)}, any finite type space (S1,S2) and any type s» € S», and let us show
that d5®(t2 n, $2) > &,. Using Lemma 2 choose N > 1 large enough so that

ANVt u0)=1/3  VHETUS (18)

and let Gy = (Ain,ginN)i-1,2 be the game defined in the proof of Lemma 3. Now define
another game Gy = (A] v, g; y)i=1,2 as follows:

Aly=A1N,  Aby=An x{0,1},

3lmdeed, by Theorem 1 the sequence will also US-approximate the finite type, hence nowhere denseness in
the US-topology will follow; by the same theorem, none of the types in the sequence will be the UW-limit of a
sequence of finite types, thus nowhere denseness in the UW-topology will also follow.
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and forall a; € Ay N, a2 € Aon, x € {0,1} and 0 € 6,

, 1
gin(ai,azx,0) = EQI,N(GLI;GLZ;G) (19)

M/2 if x =1and a; = a1,
, 1
gonlar,az, x,0) = §g2,N(a1,a2, 0)+1-M/(3n+1) ifx=1and a; # a1, (20)

0 otherwise.

Note that, since all payoffs in Gy are between —M and M, the same is true for all payoffs in
Gy - Moreover, we have the following lemma, which is proved in Appendix A.

Lemma 4. Forallk = 0 and all € = 0,

RX(t1,Gn, 2¢) = R¥(t1,G, ) Vi, € T3, (21)
R§(t2,Gn, 2€) = proja, , RS (t2, Gy, €) Vtr € T. (22)

We now prove that (ap, 1) € Ra(t2n, Gy, 0) for some a, € Ay y, but (az,1) € Ra(s2, Gy, &n)
for all a, € Ay, reaching the desired conclusion that d%° (tp ., S2) > &x.

To show that (a2,1) € Ra(t2n,Gy,0) for some ax € Ay, it suffices to construct a
rationalizable conjecture o for t», in game Gj under which, for all a, € Ay, actions
(a»,0) and (a,1) give t, the same expected payoff. Let o7 : @ X 71 — A(A;n) be an
arbitrary rationalizable conjecture for t» , in Gy and define o : @ x T1 — A(A] y) as

o1(0,t1)[a1] = 01(6,t1)[a1] Vty € T1\ Uy, Vai € Ay,
o (0, ur)laix]l =1 vk > 0.

From the proof of Lemma 3 it follows, using (21) with ¢ = 0, that ¢y is a rationalizable
conjecture for t;,, in Gy and also, using (18) and the fact that &, < M/6, that

aio € Ri(t1,Gn, &n) Vit € T1 U St (23)

Thus, 07 (0, t1)[a10] =0 for all 0 € ® and t; € Ty, hence for all a> € Ay v we have

[gé,N(a{(G, t1),az,1,0) — gs 5 (01(6,t1),az,0, 9)]t2,n(d9 x dt;) =
@X’Tl
M

—F = 0.
3n+1

M
= (2511/3)? —(1-26,/3)

This proves that (a,0) and (az, 1) give type t» , the same expected payoff under o for all
az € Az n, as was to be shown.

Turning to the proof that (az,1) ¢ R2(s2, Gy, &n) for all a; € Ap n, consider an arbitrary
&x-rationalizable conjecture o for s in game Gy. By (21) and (23), forall @ € ® and s; € S
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we must have o7 (6,s1)[a1,0] = 0. Thus, for all a; € Ay N,

> 32[9,Sl][gé,N(m(@,sl),@,1,9) —gé,N(m(@,sl),az,O,G)] =gl <
(0,51)€OXS;
which proves that (a2, 1) is not &,-rationalizable for s, in game Gy. O

A Omitted Proofs

A.1 Proof of Proposition 1

Fix k = 1 and t; € T;. Let 3_; denote the set of equivalence classes of measurable functions
0_i:0xT_; - A(A_;) such that

suppo_i(0,t_;) < R’j;l(t_i, G,y) for t;-almost every (0,t_;) € © x T_;,

where we identify pairs of functions that are equal t;-almost surely. Notice that X_; can be
viewed as a convex subset of the real vector space L of (equivalence classes of) R4-il-valued
measurable functions over ® x T_;.

Consider the function f : A(A;) X 2_; — R such that

flei, 0-4) = J [gi(ai,Ufi(Q,Li),Q) —gi(ai,mi(Q,Li),@)] ti(dO xdt_;).
OXT_;

Thus, f is the restriction of a bi-linear functional on R!4-I x L to the Cartesian product
of the compact, convex set A(A;) with the convex set 3_; (not topologized). By a minmax
theorem of Fan (1953) we obtain
min sup f(«;,0-;)= sup min f(&;,0_i).
GEA(AY) o_jes_; o_€3_; GEA(A;)
Now a; € Rf(ti, G, y) if and only if the right-hand side is greater than or equal to —y. We

have thus shown that a; € R{.‘(ti, G,y) if and only if for every n > 0 and «; € A(A;) there
exists o_; € X_; such that f(x;,0-;) > —y — n, which is the desired result.

A.2 Proof of Lemma 1

For each i € I let p; and ||-||; denote the Prohorov distance on A(® x T_;) and the Euclidean
norm on R/@IT-il respectively. Also, let fi : @ x T_; xA(®x T_;) — R be the function defined
by

fi0,t_i, @) =2wl0,t_] - wllF,
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and let F; : A(® X T_;) X A(® x T_;) — R be the function defined by

Fw', @)= > fil6,t,¢")wlo,t].

(0,t_)e®OXT_;

Note that F;(y, @) — Fi(@/', @) = |l — ¢'|? for all ¢, p’ € A(® x T-;), hence

S mi ' / )
UEEmln{Fi(W:W)—Fi(W,QU)IW:WEA(@XT,i),pi(w,w)ZE}>0,
and also®?
pi((p1(p’)<n/2 - Fi(W1W)*Fi((IJ,,(/J)<r] VW,W,EA(G)XT_i)-

The compact set A(® x T_;) can be covered by a finite union of open balls of radius n/2.
(These balls are taken according to the metric p;.) Choose one point in each of these balls
and let A; € A(® x T_;) denote the finite set of selected points. Enlarge A;, if necessary,
to ensure A; 2 T;. (Recall that we identify each t; € T; with u;(t;).) Thus, for every
Y € A(O x T_;) there exists a; € A; \ T; such that F;(y,y) — Fi(ai, ) < n.

Now define the payoff function g; : ® X A; X A_; — R, as follows:

fi(6,a-i,a;) ifa;eT,
gi(0,ai,a_;) =1-4/6 ifaijeT;anda_; ¢ T,
-1 ifa;¢ Tianda_; ¢ T_;.

It follows directly from the definition of g; and the fact that t;[®XxT-;] = 1 thateach a; € A;
yields an expected payoff of F;(ai,t;) to type t; under the conjecture o_; : @ X T_; — A(A_;)
such that o_;(0,t_;)[t_;] = 1 for all (0,t_;) € ® x T_;. Since F;(t;,t;) = Fi(a;, t;) for all
a; € A;, (10) follows.

Fix any 0 < € < min{n(1 — 6/2),6/2}. We shall prove (11) now. Fix t; € T; and ¢ €

A(O® x A_;), and assume that there exists D € ® x T_; such that ¢[D] < t;[D] — §. First
suppose Y[O x T_;] <1 - /2. Pick any a; € A; \ T;. Since f; maps into [—1,1],

> > (giltia-i,0) - gilai,a—i,0)w[0,ai] <

0O a_jeA_;

<2(1-6/2)+(65/2)(-4/6+1) =-6/2 < —¢,

32Letting h: ©x T_; — [—1,1] denote the mapping (0,t_;) — h(0,t_;) = w[0,t_;]1—y'[0,t_;], foreach T = 0
we have

Fi(w, @) - Fi(p', @) = lly - ¢'lI> = > wlot_dh@, i) - > Wle,t_]h(6,1_;) <2C
(0,t_;)e®XT_; (0,t_;)e®XT_;

whenever p; (¢, ') < C.
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which proves (11) for the case ¢y[® xT_;] < 1—6/2. Now suppose that ¢[@xT_;] = 1-65/2.
Consider the conditional probability ¢(-) = @ (-|® x T_;). Then

Y[D]z w[D] = @[DIY[O X T_i] = P[D]-6/2, (24)

hence
|@[D] - ;[D]| = |wID] - ti[D]| - |w[D] - $[D]| > 6 - 6/2 = §/2,

which implies F; (@, @) — Fi(t;, ) > 2n by the definition of n. Now pick any a; € A; \ T;
with p; (¢, ai) < n/2, so that Fi(a;, ¢) — Fi(¢, P) > —n. Then Fi(a;, P) — Fi(t;,P) > n and
hence

> > (giti,a-i,0) — gilai,a-,0))wl0,a_;] =

0ecO@a-icA_;
= (Fi(ti, ¢) = Fi(ai, P))@lO X T-{1+ (—4/6+1)(1 —@[O x T-4]) <
< (Fi(ti,¢) = Fiay, 9)w[O X T_i] < (1 = §/2)(-n) < —¢,

which proves (11) also for the case y[®@ x T_;] =1 —6/2.

Finally, to ensure that the payoffs are bounded by M, multiply g; and ¢ by a factor of
M6 /4, if necessary. This normalization does not affect the validity of (11).

A.3 Proof of Lemma 2

First we prove by induction that
A (Uin, Uim) = 2/3 Vi=1,2,Vn=0 Vm=0 s.t. m = n. (25)

For all n > 1 we have u}([0p] = 1 and u{ ,[00] = 0, hence di(uy0,u1n) =1 > 2/3;

moreover, u3,[0o] = 2/3 and u},[60] = 0, hence d3(u20,u2,) > 2/3. Assume that we

have proved d’i“(ui,n,l,ui,m) >2/3foralli =1,2,some N > 1,alll <n < N, and all

m = n. Then, for all m > n, since u1,[601 X Uz n_1] = 2/3 and U1 m[O1 X uzpl = 0
n+1

for all £ < n, we obtain uy}'[01 x u%, ;] = 2/3 and u’f},}[@l x {u%, 13%/3] = 0, hence

AT (U, Urm) = 2/3. Since up »[01 XUt n] = 2/3 and up [ 01 xuy o] = 0 for all £ < n, we

also get ub ;' [01 xuf' .1 = 2/3 and u¥;, [01 % {ul,}2/3] = 0, hence d3*" (u2,n, U2,m) = 2/3.

The proof of (25) is complete.

Now let (T4, T2) be a finite type space and for every i = 1,2 and every n > 0 define
Tin=1{ti € T; : d™(ti,uin) <1/3}.

We must show that each T;;, is empty. Note that (25) implies T; » N T; . = & for each player
iand all n = 0 and m = O such that m = n. Thus, it suffices to show that if T;,, + &
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for some player i and some n > 0, then Ty ,, * @ and Tz, + <& for all m > n, as this
contradicts the finiteness of T; and T>.

Assume that T} o # @. Pick any t10 € Tip and 1/3 > 6 > d{"(t1,0,u1,0). Then
t’fyo[é)o X {u’z‘bl}‘s] > u’f‘o[eo X u’z“ff] -5=1-6 Vk=1
and hence, using the fact that § < 1/3 and t1,0[00 X Tz2] = t1,0[00 X T2], also
t10[60 X Top] = t10[600 % {tz € T2 : A5 (t2,u20) <6}] = 1-6 > 0,

implying that T>0 # @ as well. Now let n > 0 and assume T>, #= &. Pick any t2n € Ton
and 1/3 > & > d¥"(ton, U2,n). Then

th (00 x ukol 1] = ub o xuksl -6 =1/3-6  Vk=1
and hence, as before,
ton[01 X Tins1] = ton[01 x {t1 € T1 : A (t1, u1n1) <6} =2 1/3-6 > 0,

S0 T1n+1 # &. Similarly, we can show that T; , = & implies T, = & for all n > 1.

A.4 Proof of Lemma 3

For any given N > 1 we construct a game Gy with action sets

AN = {tll,o,al,hb1,1,C1,1,---,a1,N,b1,N,C1,N,Sl},
AyN = {az,o, br0,¢2,0,...,a2,N-1,b2,N-1,C2N-1,a2N, 52}
such that
ain € Ri(Uin,GnN,0) Viel, VO<n=<N (26)

and moreover, for every d > 0and 0 < k < N,

arn € RR*V(t,Gn, 6) = A3V (tr,uon) <26/M VYn<N-k Vt, €Ty, (27)
azn € R (t2,Gn,8) = d3X* ' (tr,usn) <26/M VYn <N -k, Vi, € T». (28)

Indeed, this implies the statement of the lemma.

Fix N = 1. For convenience, throughout the proof let a; y+1 = 51 and 6, = 0; for every
n > 2. The payoffs in Gy are as follows. Actions s; and s, give constant payoffs:

gin(0,s1,a2) = gan(0,a1,52) =0 for every 6 € @, a; € Ay N, and a; € Ay N.
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Actions a1 ,0,...,a1n and az,...,az y are weakly dominated by s; and s>, respectively:

0 if n =0and (6,a2) = (6g,a2,0),

)

gin(0,a1,n,a2) = if n > 0and (0,a2) € {(01,a2n-1), (01,a21)},

—M otherwise;

0 lf (Qla‘l) € {(Qn;al,n);(gl,al,rwrl)};

gZ,N(Q,alla&n) =
—M otherwise.

The payoffs for actions by 1,¢11,-..,b1 N, C1 N are as follows:

M/4 if (0,a2) = (01,a2n-1),

91N (0,b1n,a2) = —g1n(0,C1n, a2) = .
_M/2 1f (9,(12) = (91’6{'2,1@)’

giN(0,b1n,a2) = gin(0,C1n,a2) = —M  otherwise.

Finally, the payoffs for b, c2,0,...,b2,n-1,C2,N-1 are

M/4 if (0,a1) = (Qn,al,n);

92n(0,a1,b2n) = —g2N(0,a1,c20n) = .
-M/2 if (0,a1) = (01,a1,n+1),

g2n(0,a1,b2) = gon(0,a1,c2,n) = —M  otherwise.

It is immediate to verify that (26) holds. To see this, just note that the mappings ¢; :
U; — 24iN such that ¢;(u; ) = ain for 0 <n < N and ¢;(u;) = s; for n > N have the best
reply property.

It remains to prove that (27) and (28) hold for every 0 < k < N. To do this we now fix
6 > 0 and establish the following three claims. First, we show that (28) holds for k = 0.
Second, we prove that (28) implies (27) for all 0 < k < N. Third, we show that if (27) holds
for some 0 < k < N then (28) holds with k + 1 substituted for k, thus concluding the proof.
To ease notation, for every player i, type t; € T; and conjecture o—_; : @ X7_; — A(A_; n), in
what follows we write Pr[- | t;, 0_;] for the probability distribution over ® x A_; y induced
by t; and o_;, i.e.

PF[Q,(/‘Li | ti,OLl'] = ‘[’T o_;(0, tfi)[afi]ti(e X dt,i) V(0,a_;) € O X A_iN.

—i

To prove our first claim, namely that (28) is valid for k = 0, fix any t, € 7> and 0 <
n < N, assume that ax, € R%(tz, Gn,6),and let 07 : @ x T — A(A; N) be a corresponding
O-order o-rationalizable conjecture. Since a»j, is a d-best reply to o, the difference in
expected payoff when choosing s, instead of a;, under o; must be at most 8, hence

Pr[@n,al,n | tz,O’l] + PI’[91,0L1,7H1 | t2,0’1] >1- 5/M (29)
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Similarly, the difference in expected payoff when choosing b» 5, or ¢, instead of a» , under
o1 must be at most 8, hence
-0 < %Pr[@n,alyn | t2, 01] — %Pr[@l,al‘nﬂ | t2,00] < 6.
The latter inequalities together with (29) imply
Pr[On,a1n | t2,01] = 2/3 - 285/M, Pr[01,a1n+1 | t2,01] = 1/3 = 26/M, (30)

hence t1[0,] > 2/3 - 26/M and t3[0,] > 1/3 — 25/M. Moreover, if n > 0, then (29) implies
t3[011=1-28/M. Thus, d}(t2,uz,) < 25/M, as (28) requires for k = 0.

To prove our second claim, namely that (28) implies (27) for all 0 < k < N, fix any
such k, any t; € 77 and any 0 < n < N, assume that a;, € Rf(k“)(tl,GN,é), and let
02 :0 x Ty — A(AzN) be a corresponding (2k + 1)-order §-rationalizable conjecture. First
consider the case n = 0. Since a; o is a d-best reply to o7, it must give an expected payoff

within 6 of the one from s;, hence
Pr[0o,az0 | t1,02] =1 -6/M >1-25/M.
Since o, is (2k + 1)-order 6-rationalizable for 1, from (28) we thus obtain
t%(k+1)[90 % {u%ﬂ}zsw] > 1-25/M,

as required by (27) when n = 0. Next consider the case n > 0. Since a; ; is a d-best reply

to oo, it must give an expected payoff within § of the one from s;, hence
Pr[01,a2n-1 | t1,02] + Pr[01,a2n | t1,02] =1 - 6/M.
Similarly, comparing a1, to by » and c1,, we must have
-8 < %Pr[@l,ag,n,l | t1,02] - %Pr[@l,az,n | t1,02] < 6.

The latter three inequalities together imply

Pr(01,a2n-1 | t1,02] + Pr[01,a2, | t1,02] = 1 —25/M, (31)
Pr(61,a2n-1 | t1,02] = 2/3 -256/M, (32)
Pr[01, aop | t1,00] = 1/3 — 25/M. (33)

Since 07 is (2k + 1)-order §-rationalizable for t;, by (28) we have 02 (01, t2)[azn-1] = 0 for
all t> € T, such that d%k“(tg,ug,n,l) > 28/M and 02(61,t2)[a2n] =0 for all t, € T such
that d3*1 (t2,u2.,) > 25/M. By (31), (32) and (33) this implies
tf(k”)[el X {u%f‘yﬁl,u%,’ﬁl}z‘sm] >1-25/M,
[0y x {udk 1120 = 2/3 - 26/ M,
00y x {udk 1120 = 1/3 - 26/ M,
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as required by (27) when n > 0.

There remains to prove our third claim. Assuming (27) for some 0 < k < N, we must
show that (28) remains valid when k is replaced by k + 1. Pick any t, € T, and 0 <
n < N — k — 1, assume that az, € R V" (t,, Gy, 5) and let o7 : © X Ty — A(ALn)
be a corresponding 2(k + 1)-order d-rationalizable conjecture. Since a;, is a §-best reply
to o1, the difference in expected payoff when choosing s» or by, or ¢z, instead of az
under o7 must be at most §. Thus, as before, (29) and (30) must hold. Moreover, since
o1 is 2(k + 1)-order d-rationalizable for t», by (27) we have 01(0n,t1)[a1n] = 0 for all
t1 € T1 with 2%V (t;,u1,) > 26/M and 01(01,t1)[a1ns1] = O for all £, € T, with
A2* Y (1 U1 pi1) > 26/M. This implies

B 0, x i V1] 2 273 - 26,
G0 o x il ] = 13 - 25/,
and if n > 0 also
o
0 o fu ™, w2 1 - 207w,

as required by (28) when k is replaced by k + 1.

A.5 Proof of Lemma 4

Fix & > 0 and note that (21) and (22) are trivially true for k = 0. Now we assume they are
true for some k > 0 and prove that they hold for k + 1. Note that since (22) holds for k,
there exists a mapping & : 7> X Ay y — {0, 1} satisfying

(az,E(t2,a2)) € R5(t2, Gy, €) Vt, € T», Vay € R¥(t2, Gy, 2¢). (34)
Let us prove (21) for k + 1 now. Fix any t; € 77 and a; € R’f“(tl,GN,Zs) and let

02 : 0 X Ty - A(AzN) be a corresponding k-order 2&-rationalizable conjecture. Define the
conjecture 0, : © X Tz — A(A; y) for game Gy as follows:

05(0,t2)[az,E(t2,a2)] = 02(6,t2)[az] VO €0, Vt, € To, Vas € Ao n.
By (34), 0y is a k-order e-rationalizable conjecture for t;. Moreover, the difference in ex-
pected payoff for t; between any a} € A} y and a; under o in game Gy is
| [gn(a1, 02(0,12),0) — g} (a1, 0300, 12), 0) |tk (40 x dt) -
OXTF

1 !
) J [glvN(“l’O'Z(@,tz),G) —g1,N(d1,02(9,t2),9)]ti‘+1(d9 x dtk) <
OxT¥

2 = ¢,
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where the inequality follows from the fact that a; € R’f“(tl, Gn,2¢&). This proves that
a; € R¥(t1,Gy, €), and we have thus shown that R¥!(t1,Gy,2¢) = RN (1, Gy, 26).
Conversely, pick any a; € R¥*1(t1,G)y, €) and let 05 : © x Tp — A(Aj ) be a corresponding
k-order ¢-rationalizable conjecture. Define 0 : © X T» — A(A2 N) as

02(0,t2) = marg,, . 05(0,t2) VO €0, Vi, € T».

Since (22) holds for k, this is a k-order 2¢&-rationalizable conjecture for t; in Gy. Moreover,
the difference in expected payoff for t; between any a} € A; y and a; under o0» in game
GN is

J [gl,N(ai,Uz(Q, tz),e)—g1,N(a1,02(9,t2),9)]t{‘“(d9><dt’z‘) =
OXTF

=2 [ [ginai, 08(0,62),0) - g} (a1, 530, t2), 0) |t (d0 x deh) < 2e,
OxT¥

hence a; € R¥*!(t;,Gn,2¢). This shows that R¥*1(t1, Gy, 2¢) = R¥*1(ty, Gy, 2¢), so the
proof of (21) for k + 1 is complete.

Now we show that (22) also remains true for k + 1, thus concluding the proof. Fix
tr € T, and let a, € R’2‘+1(t2,GN,25) and let 07 : ® x 77 — A(A; N) be a corresponding
k-order 2¢-rationalizable conjecture. Choose any

x* € arg max J o n (0100, 81), a2, x, )51 (dO x dif).

x€{0,1}
oxTf

Then the difference in expected payoff for t, between any (a5}, x) € A’Z,N and (ap,x*) under
0 in game Gy is

J [QQ,N(m(G,U),a’Z,x, 0) — gon(01(6,11),a2,x*, 9)]t’2‘+1(d9 x dt¥) <
OxTF

< | [9(01(0,0),05,%,0) ~ g (01(0,11), a2, x,0) |t (dO x ) =

OxTF

1 ’
=5 J [g28(01(0,11), a5, 0) - g2n (01(0,11), a2, 0) |t5+1 (40 x dtf) <
oxT¥

N | —

hence (az,x*) € Rk*(t2, Gy, €). This proves R§*!(t,, G, 2¢) < Proja, RX(t2, Gy, €). Con-
versely, let (az,x) € R5*!(t2,Gy,€) and let o] : © x Ty — A(A] ) be a corresponding
k-order e-rationalizable conjecture. Then the difference in expected payoff for t, between
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any a, € Ay y and a, under o in game Gy is
[ oa(oi(0,00,05,0) ~ g2 (07(0,t1), a2, 0) |t (do x k) =
OxTH

=2 J [gé‘N(ol'(G, t1),as, x,0) — g n(07(0,11),az, X, 9)]t§+1(d9 X dt{‘) < 2s,
OxTE

hence a, € R&*!(t2,Gy,2¢). This proves Proja, RX(t2, Gy, €) = RE* L (t2, G, 2¢), so the

proof of (22) for k + 1 is complete.
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