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Latin hypercube sampling with dependence and applications in finance
Natalie Packham and Wolfgang M. Schmidt

October 2008

Abstract: In Monte Carlo simulation, Latin hypercube sampling (LHS) [McKay et al. (1979)] is a
well-known variance reduction technique for vectors of independent random variables. The method
presented here, Latin hypercube sampling with dependence (LHSD), extends LHS to vectors of
dependent random variables. The resulting estimator is shown to be consistent and asymptotically
unbiased. For the bivariate case and under some conditions on the joint distribution, a central limit
theorem together with a closed formula for the limit variance are derived. It is shown that for a
class of estimators satisfying some monotonicity condition, the LHSD limit variance is never greater
than the corresponding Monte Carlo limit variance. In some valuation examples of financial payoffs,
when compared to standard Monte Carlo simulation, a variance reduction of factors up to 200 is
achieved. LHSD is suited for problems with rare events and for high-dimensional problems, and it
may be combined with Quasi-Monte Carlo methods.
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1. Introduction

Consider the problem of reducing the variance of a Monte Carlo estimator targeted at a vector of
dependent random variables. Many existing variance reduction techniques are powerful, but exploit
particular properties of the problem at hand; see [Glasserman (2004), Section 4.7] for a comparison
of variance reduction techniques taking into account their complexity and effectiveness. The method
proposed here, Latin hypercube sampling with dependence (LHSD), is generally applicable, it is
particularly simple, and it achieves an effective variance reduction for many estimation problems,
including problems with rare events and high-dimensional problems. It is often effective even for low
sample sizes, and it may easily be combined with other variance reduction techniques.

LHSD is a generalisation of a multivariate variance reduction technique known as Latin hyper-
cube sampling (LHS), introduced by [McKay et al. (1979)] and further studied by [Stein (1987)]
and [Owen (1992)], amongst others. LHS relies on independence of the components of the random
vector involved. Essentially, LHSD extends LHS to random vectors with dependent components. The
method is mentioned by [Stein (1987)], but, to the best of our knowledge, it has not been analysed
in detail and no results about its effectiveness have been derived yet.



On a probability space (2, F,P), let (U',...,U%) be a random vector with uniform marginals
and with copula® C. Suppose the goal is to estimate Eg(U!,...,U?) with g : [0,1]% — R Borel-
measurable and C-integrable.

The usual Monte Carlo estimator based on n independent samples (U},...,U%),i=1,...,n, is
/n>0 g(UL,...,UD). Tt is a strongly consistent estimator, i.e., 1/nY 1 g(UL, ..., U2) P
Eg(UY,...U%) as n — oo. The central limit theorem for sums of independent random vari-

ables states that the scaled estimator converges in distribution to a Normal distribution, i.e.,
1/vny i gUk, ..., U £ N(0,0?%), with 02 = Var(g(U%,...,U?)). The central limit theorem
serves as an indicator of the speed of convergence via the approximation 1/nY ., g(U}, ..., U) ~
X, for some X ~ N(0,0%/n), from which we may derive confidence intervals and other statistics. In
general, the variance of an estimator is a key figure for assessing the quality of an estimation.

LHSD transforms n independent samples (U},...,U%), i =1,...,n, in such a way that for each
dimension j, the marginals Uij ,i=1,...,n, are uniformly spread over [0, 1]. At the same time, the
transformation aims to preserve the copula. We show that the LHSD estimator of Eg(U?,...,U?) is
strongly consistent for bounded and continuous g, and consistent for bounded and C-a.e. continuous
g. In the bivariate case, under some moderate conditions on the copula C of the underlying random
vector, we derive a central limit theorem, which states that the LHSD estimator converges to a
Normal distribution. The central limit theorem is derived by applying a result from [Fermanian
et al. (2004)]. We show that, under some monotonicity conditions on g, the limit variance of the
LHSD estimator is never greater than the respective Monte Carlo limit variance.

Monte Carlo simulation is widely used for the valuation of financial claims. The general approach
to value a financial claim is to generate sample paths of the underlying financial securities. The
discounted expectation of the claim’s payoff under a risk-neutral measure is then an estimator of the
claim’s fair value. For a comprehensive overview of Monte Carlo simulation in financial applications,
we refer to [Glasserman (2004)].

We consider two examples of financial claims that depend on the joint distribution of several
underlying assets. A first-to-default credit basket is valued based on random numbers and Sobol
sequences, both with and without LHSD. The variance (resp. mean square error) of the LHSD
estimators is between 2.25 and 4 times smaller compared to the corresponding estimators without
LHSD. An interesting feature of the LHSD estimator is that, even though defaults are rare events, it
guarantees that a fixed number of default events are sampled. The second example is concerned with
the valuation of an Asian basket option, wich may be formulated as a high-dimensional estimation
problem (dimension 2500 in the example). The variance reduction achieved depends on the strike of
the option and lies between factors of 6 and 200.

The outline of the paper is as follows: In Section 2 we introduce stratified sampling, a univariate
variance reduction technique, and its multivariate extension, Latin hypercube sampling. We present
the LHSD method in Section 3. Section 4 contains statements about the consistency and unbiasedness
of the LHSD estimator. In Section 5, restrictring ourselves to the bivariate case and under some
conditions on the copula, we provide a central limit theorem and we analyse the rate of convergence
of the LHSD estimator. In Section 6 we show that the LHSD estimator for random vectors with
uniform marginals extends naturally to random vectors with nonuniform marginals. As example
applications we consider the valuation of first-to-default credit baskets and Asian basket options in
Section 7.

aA copula C is the distribution function of a random vector with uniform marginals, see e.g. [Joe (1997)] and [Nelsen
(1999)]. We also associate with C the measure induced by the copula C.
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Fig. 1. Left: Original sample (U7, U12), ceey (Ullo, U120)7 with (Ull, U12) marked by a circle. Right: Corresponding Latin
hypercube sample, with (V{1, Vi2) marked by a circle. The permutations are ! = {5,9,7,8,1,10,4,2,3,6} and 2 =
{1,7,9,6,3,2,5,10,4, 8}.

2. Preliminaries
2.1. Stratified sampling

Stratified sampling is a variance reduction technique in a univariate setting that constrains the
fraction of samples drawn from specific subsets, so-called strata. For a detailed exposition we refer
to [Glasserman (2004), Chapter 4.3].

Suppose the goal is to estimate Eg(U) with U ~ U(0,1) (i.e., a uniform random variable on
[0,1]), and with g : [0,1] — R a Borel-measurable and integrable function. Let Aq,..., A, be a
partition of [0,1]. Then,

Eg(U) = ZE(g(UMU € A)P(U € 4),

and a corresponding estimator of Eg(U) is derived from sampling U conditional on {U € A;},

i = 1,...,n. In the simplest case, the strata are chosen to be the equiprobable intervals A; =
((i = 1)/n,i/n], i = 1,...,n, and one sample is drawn from each stratum. This is achieved for
example by drawing independent U (0, 1) samples, Uy, ..., U,, and setting
i—1 U
V= + =, i=1,...,n. (1)
n n

The resulting estimator of Eg(U), given by 1/n .1, g(V;), is consistent, and by a central limit
theorem for the stratified estimator it follows that the limit variance is smaller than the Monte
Carlo variance, cf. [Glasserman (2004), Section 4.3.1].

2.2. Latin hypercube sampling

Simply extending stratified sampling to d-dimensional random vectors by stratifying each dimension
with n samples is unfeasible even for moderately small dimensions, since to have one sample in each
stratum requires at least n? samples. Latin hypercube sampling (LHS) efficiently extends stratified
sampling to random vectors (U?, ..., U?) whose components are independent (i.e., they are linked by
the independence copula). It was introduced in [McKay et al. (1979)] and further developed by [Stein
(1987)] and [Owen (1992)]. For an in-depth treatment of LHS see [Glasserman (2004), Section 4.4].

Assume that the goal is to estimate Eg(U!,...,U%) with g : [0,1] — R Borel-measurable
and integrable. Fixing a sample size n, generate n independent samples (U}, ..., U%), i =1,...,n,



and generate d independent permutations 7',..., 7% of {1,...,n} drawn from the distribution that
makes all permutations equally probable. Denoting by 7] the value to which 7 is mapped by the j-th
permutation, a Latin hypercube sample is given by

-1, U

V] = —+-h j=1.d i=1.n

An example of a Latin hypercube sample is shown in Figure 1. Observe that in each dimension j,
(V{,...,VJ)is astratified sample. Furthermore, each point (V;!, ..., V;%), is uniformly distributed on
[0,1]9,1 < < n. The LHS estimator 1/nY_;", g(V;}, ..., V,?) is consistent. [Stein (1987)] shows that,
for functions g with finite second moment, the variance of the LHS estimator is smaller compared
to the standard Monte Carlo estimator as long as the number of samples is sufficiently large. For
bounded g, [Owen (1992)] derives a central limit theorem for the LHS estimator.

Requiring independence of the components of the random vector is fundamental: Applying LHS
to a sample of a random vector whose components are dependent destroys the dependence by
application of random and independent permutations in each dimension. Conversely, applying first
LHS to a sample of a random vector with independent components, and then applying a transform
to introduce dependence breaks, in general, the stratification of the marginals, thereby losing much
of the appeal of LHS.

3. Latin hypercube sampling with dependence

We now describe an extension of LHS for random vectors with dependence. The general idea is to
generate a Latin hypercube sample, albeit with the following modification: Instead of choosing a
random permutation in each dimension, a particular permutation that depends on the samples of
that dimension is chosen. For this we need the notion of a rank statistic.

Definition 1 (Rank statistic). Let Xi,...,X,, be i.i.d. random wvariables with continuous dis-
tribution function. Reorder them such that XV < ... < X P-q.s.. The index of X; within
XM X" s the i-th rank statistic, given by

n
Tin(X1, o Xn) = 1ix,<x,)- (2)
k=1
That such an ordering exists P—a.s. follows from the continuity of the distribution function. For ease
of notation, we write just r; , instead of 7; ,(X1,..., Xy).
Consider a random vector (U',...,U%), U? ~ U(0,1), j = 1,...,d, whose components are

linked by an arbitrary copula C, and let (Uil, e Uzd),‘i =1,...,n, ben independenp samples of
(U',...,U%). For 1 <i<nand1<j<d denote by 7, the i-th rank statistic of (U{,..., U?). A
Latin hypercube sample with dependence is given by
J
r

=t 4+ B i=1,...,n, j=1,...,d, (3)
n n

where 77{,7; are random variables taking values in [0, 1], which we specify below. Figure 2 shows an
example with 10 samples drawn from a bivariate Gaussian copula with correlation 1/2 and the
corresponding LHSD samples.

Just as in regular LHS, (Vlj ,...,VJ) is a stratified sample in each dimension j. Recall that each
sample from the stratified sample of Equation (1) is uniformly distributed within its stratum. If
nfn = Uf this property is lost by application of the rank statistic: in each dimension, the smallest
sample is allocated to the first stratum, the second smallest to the second stratum, and so on.
Conditional on {rfn = k}, U/ follows a beta distribution with parameters k and n, i.e., P(U? <
a:|rfn = k) = Bj(z), which is the distribution of the k-th order statistic of n independent uniform
random variables, see e.g. [Feller (1971), Ch. 1.7]. The following choices produce a LHSD sample
with uniform marginals:
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Fig. 2. Left: Original sample (U11,U12)7 ceey (U1107U120) linked with a Gaussian copula with correlation p = 1/2;
(U{,U2) is marked by a circle. Right: Corresponding LHSD sample, with (Vlly107 V12,10) marked by a circle. The rank

statistics are r! = {8,6,1,4,3,7,5,2,9,10} and 2 = {7,9,6,4,3,2,5,1,8,10}, and 773,10 =1/2,5=1,2,i=1,...,10.

() m, =B (U),i=1,...,n,j=1,....d,

(ii) (ng,n)izl,.--,n;j:h--,d is a sample of independent U(0,1) random variables independent of
(Ug)izl,...,n;jzl,...w

If the primary goal is to capture the joint distribution, the following choices are computationally
more efficient:

(

iii » ‘= 1/2, which places each sample in the middle of its stratum,
(iv

)
) nfn := 1, in which case Vljn is just the empirical distribution function of (U7, ...,Ud) at U/,
i=1,...,n,j=1,...,d.

Remark 2. LHS is a special case of LHSD: Let (U!,...,U%) be independent, and let
(n])i=1,..nsj=1,...a be chosen according to choice (ii). Then (U;)i=1,. n;j=1,..4 determine indepen-
dent and equiprobable permutations that allocate samples to strata, and (773 )i=1,...n;j=1,...d determine
independently the position, uniformly distributed, of each sample in its stratum.

Assume that the quantity to estimate is Eg(U?,...,U%) with g : [0,1]9 — R Borel-measurable
and integrable and (U?!,...,U?) a random vector with uniform marginals and copula C. The LHSD
estimator is given by

1 n

with V7

©n?

Before we analyse the estimator formally, let us reflect why it would reduce the variance: Vari-

i=1,...,n,j=1,...,d, obtained from the transformation of Equation (3).

ance reduction over the usual Monte Carlo estimator is achieved by drawing “favourable” samples
and avoiding “unfavourable” samples (i.e., samples with a large contribution to the variance of
the estimator). For each dimension 1 < j < d, LHSD ensures that the samples Vlj,n, ceey V;{m are
uniformly spread over the unit interval, thereby deleting inter-stratum variance and leaving only
intra-stratum variance. As a consequence however, in general, the original dependence structure of
the samples is broken, i.e., for fixed n, the copula of (Vzln, e Vi‘fn), 1 =1,...,n, differs from the

copula of (UY,..., Ud). On the other hand, as n — oo, each sample Vljn converges to Uij, since the
k=1,...,n, such that ijn < V7 . tends to Ulj This notion is captured

i,n’

fraction of samples ij

)n,



by the rank statistic. We shall see below in Lemma 9 that the empirical distribution function of the
LHSD samples tends to the original copula C. Summarising, an LHSD sample has marginals that
are uniformly spread over the unit interval and, provided n is large enough, we can expect the error
between the original copula and the copula of the LHSD samples to be small.

4. Consistency of the LHSD estimator

We establish consistency of the LHSD estimator, provided g is bounded and fulfills some continuity
conditions. The main results of this section are Propositions 5 and 6.

Observe that the usual laws of large numbers for sums of independent random variables do not
apply, for the following reasons:

e In each dimension, by application of the rank statistic, the samples fail to be independent.
e For any i,j, V/, # V;, ., hence, when progressing from n to n 4 1, we are not just adding
an (n + 1)-th term to the existing sum (4), but all terms of the sum change.

Henceforth we shall assume that the following condition holds:

Condition 3. For any i,k <n,

(UL ULV, VA E U ULV V).
We state a sufficient condition for Condition 3 to hold. We say that random elements ({1, ...,&,)
are exchangeable, if for every permutation (kq,...,ky,) of {1,...,n},
c
(617' .. 7571) = (5/61?- .. agkn)~
Lemma 4. Let vy, := (U},...,.U 0l ooond), i =1, 0. If vig, ..., Uy are exchangeable,
then
U}, ULV VEYE WU UV VR, ik <.

Proof. For every bounded continuous function f : [0,1]?¢ — R,

EfU},..., ULV, ... V)
D om=1 Lun <vi—14m2 Dot Liua <t _14me
:Ef <Ui17~-~,UZ'd7 1 U< i +"77,,n}’...7 1 HUg< i 1+7h,n} 7 i<mn.
n n
The claim now follows from the exchangeability of v ..., Vn p. O

Recall the choices (ii)-(iv) for (U{,n)jzl,.u,d;izl,‘..,n- These are all such that nfn = nfym, for all m,n,

which allows us to write (ng)izl,m,n;j:L,_,d. Moreover, for these choices the vectors (n},...,nd),
i =1,...,n, are ii.d. and independent of (U},...,Uf), i = 1,...,n, hence v;,, i = 1,...,n are
iid and exchangeable. Exchangeability of v;,, i = 1,...,n, can also be shown for choice (i) of

(nlj‘m)j:l,...,d;i:l,...,n~

Proposition 5. Let g : [0,1]2 — R be bounded and continuous. Then the LHSD estimator (4) is
strongly consistent, i.e.,
7M.

1 " —a.Ss
— E g(Viln,...,Vd)P—'>'IEg(U1,...,Ud)7 as n — oo.
n ;

i=1

Proposition 6. Let g : [0,1]¢ — R be bounded and continuous C-a.e.. Then the LHSD estimator
(4) is consistent, i.e.,

’ l7n

1
EZQ(Viln,...,Vd)L]Eg(Ul,...,Ud), as n — oo. (5)



It follows immediately by Dominated Convergence that the estimator is asymptotically unbiased:

Corollary 7. Let g : [0,1]% — R be bounded and continuous C-a.e.. Then the LHSD estimator (4)
is asymptotically unbiased, i.e.,

1 n
E(n;g(%}n,,mdn)> —>IEg(U1,...,Ud)7 as n — 0o.

We require some preliminary results for the proofs of Propositions 5 and 6 .

Lemma 8. For each dimension j =1,...,d,
Vj . UJ P-a.s. 0 R
sup | in | — 0, as n — oo.
i€{l,...,n}

Proof. We omit the dimension j. Fix ¢,n, with ¢ < n. Then

Tim(Ut, ..., Up) — 1+, 1 « 1—mn 1—mn
Vvi,n: i,m nz R :E}gz_ll{UkSUl}_TZ“:F‘n([]l)_Tln7
where F), denotes the empirical distribution function based on the sample Uy,...,U,. By the

Glivenko-Cantelli Theorem, sup,,¢o,1) [ £ (u) — uf P20, as n — oo, and, since (1—min) <1,

1- i,mn
sup B (U5) — —— — U]

ie{l,...,n}

P-a.s.
— 0, as n — o0.

Lemma 9. For 0 <u',...,u? <1, define C, : [0,1]? — [0,1] by

sup |Cn(u1,...,ud)—C(ul,...,ud)| Pas 0, as n — oo.
(ul,...,u4)€l0,1]4

Proof. It is straightfoward to verify that C), is a distribution function on [0, 1], n € N. For the
second statement, let FJ be the empirical distribution function based on U7,..., Ul j =1,...,n,
and define C,, : [0,1]¢ — [0,1] as

N 1 n

Cn(ul’ . 7ud) = ﬁ Z 1{F}L(U;)Su1,m,F;‘f(U;‘f)Sud}' (6)

k=1
It is a consequence of [Deheuvels (1979), Théoréme 3.1] (or [Deheuvels (1981), Lemmas 6 and 7])
that
P-a.s.

sup C’n(ul,...,ud)—C(ul,...,ud)‘ — 0, as n — 00.
(ul,...,ud)€l0,1]4

Using the fact that F,{(U,g) = ri,n/n, the claim follows from

E
3

1o 1
1 d 1 d 72 1
[Cnu?y s u®) = Calu, s uf)] < nk_ll{ule[ri,zlfﬁ '),...,ude{’"ﬁ,:”’ran>} = n’
for any (u!,... u) € [0,1]%. m|

We state the following two Lemmas without proof, cf. [Kallenberg (2001), Lemmas 4.3 and 4.4].

Lemma 10. Let £, &1, o, ... be random vectors in R with &, P, ¢, and let the mapping f : R - R
be measurable and P-a.s. continuous at §. Then f(&,) P, f&).



Lemma 11. Let & = (€4,...,&9), &, = (&L,...,€%), n € N, be random vectors in R:. Then &, £, I3

no

if and only if & Lﬁj m R foreach j=1,...,d.

Proof of Proposition 5. Observe that

1 n
/ gdCy, = EZQ(Vkl,m-~~kad,n)v
[0,1]¢ k=1

which is just the LHSD estimator. It follows from Lemma 9 that C,, converges weakly to C for
P-almost all w € Q, which is equivalent to

/ gdC, — gdC =Eg, forP —a.a. w,
[0,1]¢ [0,1]¢
for every bounded, continuous function g : [0,1]¢ — R. O

Proof of Proposition 6. Fix ¢ € N. From Lemma 8 it follows that Vljn 2, Uz-j, j=1,...,d
P

By Lemma 11, (V},,..., V%) — (U},...,Uf). Since g is C-a.e. continuous, by Lemma 10,
gV, V) L. g(U},...,U%). Moreover, since g is bounded, by Dominated Convergence,
E|9(V2n>,szdn)fg(UzlaaUzd” —»O, as n — o0. (7)

Turning now to Equation (5), it suffices to show that, for any € > 0,

: 1 & 1 d 1 - 1 d _
nlgrolop(‘n;gmn,...,mm)—n;g(Ui,...,Ui) >e| =0, (8)

since by the Strong Law of Large Numbers, 1/n >, g(U}, ..., Uf) Pas. Eg(U',...,U%) as n — oc.
Equation (8) holds if and only if"

lim ]E<

1 n
52 [g(‘/zlnaa‘/z(,in) _g(Uilv""Uid)]

A 1) =0. (9)

i=1
For any n,
1 & 1<
E(nZ[g(%?n,m,wm—g(U},..-7Uf>] A1><En [9(Vims -2 Vi) = (U} U]
i=1 =1

where the last step follows from Condition 3. Equation (9) then follows from (7). |

Remark 12. The boundedness condition on ¢ ensures existence of the expectations

E|g(V21n,,Vldn) —g(UL,...,UY], i = 1,...,n, n € N. Inspection of the proof shows that uni-
form integrability of (V;ln, ey Vi‘fn), i = 1,...,n, would be sufficient for establishing the claim.

However, we have no means of establishing uniform integrability other than requiring boundedness,
as in general the distribution of (V! . Kdn) is not known. On the other hand, boundedness is an

ino e

acceptable limitation when doing Monte Carlo simulation.

PA sequence (£n),>1 converges to & in probability if and only if E(|&, — & A1) — 0, cf. [Kallenberg (2001), Ch. 4].
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5. Central Limit Theorem for LHSD and variance reduction

It is natural to investigate the speed of convergence of the LHSD estimator and compare this to the
rate of convergence of the standard Monte Carlo estimator. Assuming the bivariate case and posing
some conditions on the copula, we state a central limit theorem for the LHSD estimator and we
establish that the limit distribution is Normal. We derive a closed-form expression for the LHSD
estimator’s limit variance, and we compare it to the corresponding Monte Carlo limit variance.
Finally, we show that if the copula fulfills a certain positive dependence property and if the function
to be estimated is nondecreasing in each argument, then the LHSD limit variance is always less or
equal to the corresponding MC limit variance.

The empirical distribution function of the LHSD samples bears close resemblance to the em-
pirical copula of the original sample, and it turns out the LHSD estimator is a special case of
some multivariate rank-order statistics. For the study of empirical processes and empirical copulas,
see e.g. [Deheuvels (1979)], [Deheuvels (1981)], [Gaenssler and Stute (1987)] and [Vaart and Wellner
(1996)], [Fermanian et al. (2004)]. For results on multivariate rank-order statistics we refer to [Ruym-
gaart et al. (1972)], [Riischendorf (1976)], [Genest et al. (1995)] and [Fermanian et al. (2004)]. The
central limit theorem stated below is derived from Theorem 6 of [Fermanian et al. (2004)]. Although
the following analysis is restricted to the bivariate case, we presume that it can be extended to the
multivariate case.

Definition 13. A function g : [0,1]> — R is of bounded variation (in the sense of Hardy-Krause),
if there exists a constant K such that

(i) for every bounded rectangle [a,b] x [c,d] C [0,1]%, for all m,n and points a = zo < z1 <
rTm=b,c=yo <y < <yn=4d,

m—1n—1

0 9@ yy) + 9@, yi1) — 9(xi yi00) — 9(@ign, )| < K,
i=0 j=0

(i) for every u € [0,1], v — g(u,v) is a function whose variation is bounded by K,
(iii) for every v € [0,1], u— g(u,v) is a function whose variation is bounded by K.

Note that there are different definitions of bounded variation in the bivariate case, see [Clarkson
and Adams (1933)]. We use the term “bounded variation” as a synonym of “bounded variation in
the sense of Hardy-Krause”. For illustration we list some properties of bounded variation functions.
It is a consequence of [Hobson (1921), §308] that if g : [0,1]> — R is of bounded variation, then
lim,, o0 g(ul,u?) exists for any sequence (ul,u?),>1, with (u?,),>1 monotone, j = 1,2. By [Adams
and Clarkson (1934), Corollary to Theorem 13], the discontinuities of a function of bounded variation
are located on a denumerable number of parallels to the axes. Finally, note that a function of bounded

variation is bounded [Clarkson and Adams (1933), p. 827].

Definition 14. A function g : [0,1]*> — R is right-continuous if for any sequence (ul,u?),>1, with
w) Lwd, j =12, limy oo g(ug, ufy) = g(u', u?).

See [Kallenberg (2001), Theorem 4.28] or [Jacod and Protter (2003), Theorem 18.8] for the
following Lemma:

Lemma 15. Let (X,,),>1 and (Yy,)n>1 be sequences of R-valued random variables, with X, £ x
and | X, — Y| 5 0. Then Y, 5 X.

In the following, all integrals are Lebesgue-Stieltjes integrals and integrals are over (0, 1] if not
stated otherwise. Throughout U,V are U(0, 1)-distributed random variables.
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Theorem 16 (Central Limit Theorem for LHSD). Let the copula C of (U,V) have continu-
ous partial derivatives and let g : [0,1]> — R be of bounded variation and right-continuous. Then

L
\/‘Z zn’ zn Eg(Ul Uz)) - N(07UI2JHSD)7

where, setting 01C(u,v) = 0C(u,v)/0u and 0,C(u,v) = 0C(u,v)/dv,

ULHSD—/// Clunu',v Av')dg(u,v)dg(u’,v") — (/ Cuvdguv))

+ /// 81C(u', V) (Cu, ) — Clu A, v)) + 0yC(u, v)(C(u', v yu — Clu A/, v))
+ 0,C (1, ") (O, v — Clu,v Av')) + 820 (u, ) (C(u!, 0o — C(u' v A V)
+01C(u,0) L C (U, ") (u A — unt') + 320 (u, v) BC (', ') (0 A — wr) (10)
+ 010, v) 0w, )(Clu,0') = ') + RO, 0') 95 (w, v) (Cu,v) — u'v) }
dg(u,v) dg(u’,v").

Proof. Theorem 6 of [Fermanian et al. (2004)] states that, under the above conditions on g and C,

(FA(U]), FA(U?) —Eg(U', U%) = Ge(u,v) dg(u,v),
\F Z ) [0,1]2
where FJ is the empirical distribution function based on the sample Uf, ..Ul j=1,2, and

Ge(u,v) = {Beo(u,v) — 0:C(u,v)Beo(u, 1) — 92C(u,v)Bo(1,0)},

with B¢ a Brownian bridge on [0,1]?, i.e., a Gaussian family (B¢ (u, V) (u,w)ef0,1]2, With mean zero
and covariance function

E(Bc(u,v)Be(u',v") = Clu Au/,v Av') — Clu,v)C(u,0"), 0 <wu,u,v,0" <1
In particular, the limit distribution is Gaussian. _ '
Recall that V/, = (r! , — 14! ,,)/n and F{(U}) = v/ /n, j = 1,2. Fix n, and, for notational
convenience, set v! := Vf and u? := FJ(U/), j = 1,2. Assume that the variation of g is bounded

by K. Then,

n

S oot o) - g(u},um‘

i=1

7,n? ,n

[9(Vin: Vitn) = (EH@%FﬂUﬂﬂ‘:

NE

l9(vf, v7) + g(uf, u) — g(v},uf) — g(uf, vf) — 2g(uj, ui) + g(vj,ui) + g(uj,v})

M- L

1

.
Il

lg(v},07) + g(uj,u?) — g(v],u?) — g(u], v; \+Zlg v, u) + g(uf,0) — g(uf, u7) — g(v},0)|

<

7

+ ) lglui, v?) +9(0,uf) = g(uj, uf) — g(0,07)]

i=1

+ " g(v},0) |+Z|g 0,uf)| <A4K,

'M:

=1
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since each sum consists of terms that refer to non-overlapping intervals. Hence,
1 n
7 |22 [0V Vi) —g(Fa(UD), FXU2)]| — 0, asn— oo,
i=1

and the first statement follows by Lemma 15.

The expression for of 4 is obtained by taking the second moment of the limit distribution,
E (ff Ge(u,v)dg(u, v))z, and applying Fubini’s Theorem, which is justified as follows: g as a function
of bounded variation is the difference of two quasi-monotone functions (see e.g. [Adams and Clarkson
(1934), Theorem 5]) and may be written as the difference of two integrals with respect to positive
measures. Since ¢ is bounded, the conditions for Fubini’s Theorem are satisfied by observing that
E|XY| < oo for two jointly Normal random variables X and Y. |

We now examine the relationship between o?ygp and the limit variance of the standard Monte
Carlo estimator, denoted by o%. By the usual Central Limit Theorem for sums of i.i.d. random

026 = Var(g(U, V) // u, )2 dC (u, v) — (// udeuv))

We first derive an expression for o7y;qp when C' is the independence copula. Recall that LHSD is
a generalisation of Latin hypercube sampling (cf. Remark 2), so that o} ;g is a different way of
writing the LHS limit variance derived in [Stein (1987)] and [Owen (1992)], where by a different
argument, the LHS variance is derived as the “residual from additivity” of g.

variables,

We need the following Lemma:

Lemma 17. Let C be a copula and let h : [0,1]* — R be bounded. Then

////h(u,v,%v’)dC(uAquAv’) z//h(u,v,u,v)dc(%v)_

Proof. Observe that C'(u Au',v Av’) is a copula, since by
Clunu ,vAv)=PU <urd,V<uvAv)=PU <u,U<u, V<0,V <), (11)

it is a joint probability distribution with uniform marginals. By Equation (11),

Eh(U,V,U,V) = //// h(u,v,u/,0")dC(u A’ ;v AV,

and the statement follows. O

Proposition 18. Let g: [0,1]% — R be of bounded variation and right-continuous, and let C' be the
independence copula, i.e., C(u,v) = wv, u,v € [0,1]. Then for independent and U(0,1)-distributed
Ut,u? us
2
otusp = orc +2 (Eg(U', U?))” — E(g(U", U)g(U',U?)) — E(g9(U*, U%)g(U*,U?)) < oiyc

Proof. For the first statement, by Equation (10), after some computations,

0t s = //// {uAu)(vAV) +uod'v — (u A )ov —uu' (v AV')}dg(u, v) dg(u',v').
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By integration by parts (see Appendix A) and Lemma 17, after some calculations,

otwsn = [ [ (9(11) + glu0) = g 1) - 9(1,0))* dudv

([ 600 % o) —g01) o010 dwa)

— [ 600+ g0 0) — 900 1) = 901.0)) (900,1)+ gas0') = g 1) = g(1,0) dudvay
— ][ 610+ g(u0) — 900 1) = 901,0)) (900,1)+ 900 0) = ') = 6(1.0) dud do

= [[]] 00+ gtu.) = 900 1) = 1,00 ftn0) + 001 = g0, 1") — 900/, ) e’ dw !
()

Observe that [[[[(g(1,1) — g(u,1) — g(1,v))(x) duduw’dvdv” = 0, so that

stuso = [ [[ [ o) totw0) + o0’ v') = gu) = g/, 0) dud dw v

= //g(u,v)Zdudv—i— (//g(u,v)dudv>2
_ ///g(u,@)g(u,v')dudvdv' - ///g(u,v)g(u',v) dudu’ dv,

which establishes the first statement.

For the second statement, we show that E(g(U*, U?)g(U*,U?)) > Eg(U*,U?)Eg(U!, U?). For the
left-hand side we obtain by the tower law for conditional expectations and conditional independence
of U? and U? given U!,

with h(u) = Eg(u,U), U ~ U(0,1). By Jensen’s inequality

E (h(U")?) > (ER(UY))?
=E (E(g(U",U?)|UY)) E (E(g(U,U®)[UY))
=Eg(U, U*) Eg(U*,U?).

By establishing E(g(U*Y, U?)g(U?,U3)) > Eg(U',U?)Eg(U?,U3) in the same way, the second state-
ment follows. O

The following Proposition gives us a means of comparing o7 ;o and ogj.

Proposition 19. Let the copula C of (U, V) have continuous partial derivatives and let g : [0,1]? —
R be of bounded variation and right-continuous. Then,

UIZJHSD = 0'1%/[C - QCOV(g(U, V)a g(U, 0)) - 2COV(9(U’ V)a g<0v V)) + Var(g(U, O) + 9(07 V)) - Cg
= Var(g(Uv V) - g(U7 0) - 9(07 V)) - Cga
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where

C= [[[[ {0 o0t O~ Cwn ) + (00w O - At )
+ (1 = %0, 0"))(Clu, 0)v" = Clu,v A')) + (1 = 85C (u,0))(C(u,v")v — Clu', 0 Av'))
+ (1= 010w, ) O, ")) (w A —w) + (1 = 850 (u, v)C (', 0')) (0 Av' — vv')
+ (1= 01 C(u,0)0C(u,0')(Clu,0') = ') + (1= SO, 0')0C (,0)(Cu!,v) — w'v) |
dg(u, v) dg(u/,0"). a2)

Proof. By Lemma 17,

e =Var(g(U.V) = [ [ gtwv?dctu) ~ [[[ [ gtuvigtv) a0, act v
= [[[[ stworste.yac@niony ~ [[[ [ otwvtut. ) aciu acw o)

Observe that the conditions required for integration by parts (see Appendix A) are satisfied; in
particular every copula is continuous [Nelsen (1999), Theorem 2.2.4]. Integration by parts yields

aMc—/// Clunu',v Av')dg(u,v)dg(u’,v") (/ Cuvdguv)>
//// (u,v)u" = Clu A v)) + (O, v )u — Clu Au',v"))

+ (C(u,v)v" = Clu,v AV')) + (C(W 0" ) v — C(u,v AD'))
+ (uAu —uu)+ (v AV —v')

+ (C(u,v") —w') + (C(u,v) — u’v)} dg(u,v)dg(u’,v")
+2Cov(g(U, V), g(U,0)) + 2Cov(g(U, V), g(0,V)) — Var(g(U, 0) + g(0,V)).

The first statement follows by combination with Equation (10). The second statement follows from

2Cov(g(U,V),9(U,0)) +2Cov(g(U, V), g(0,V)) — Var(g(U,0) + g(0,V))
= Var(g(U,V)) — Var(g(U,V) — g(U,0) — g(0,V)). O

For copulas with a specific dependence property and assuming that g is nondecreasing in each
argument, ofyqp i8S never greater than oy as we now show. For a comprehensive treatment of
dependence properties of copulas, see [Nelsen (1999), Section 5.2] and [Joe (1997), Section 2.1].

Let X and Y be two random variables. We say that Y s right-tail increasing in X if, for all y,
x +— P(Y > y|X > z) is nondecreasing. If X and Y are continuous random variables whose copula
C has continuous partial derivatives, then Y is right-tail increasing in X if and only if
v—C(u,v)

1—u
cf. [Nelsen (1999), Corollary 5.2.6]. We say that C' is RTI if X is right-tail increasing in Y and Y
is right-tail increasing in X. An example of a copula that is RTI and that has continuous partial
derivatives is the bivariate Normal copula with parameter p € (0, 1); see [Joe (1997), Secion 5.1] for
a comprehensive list of one- and two-parameter copulas that are RTI.

M C(u,v) > ,  u,v €[0,1],

Proposition 20. Let the copula C be RTI and have continuous partial derivatives and let g :
[0,1]2 — R be right-continuous, of bounded variation and monotone nondecreasing in each argument.
Then J%HSD < O’l%/lc.
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Proof. First note that if C' is RTI then C(u,v) > wv, for all u,v € [0,1] (this property is called
positive quadrant dependence).

Under the conditions stated, Var(g(U,V)) > Var(g(U,V) — ¢g(U,0) — ¢g(0,V)), which can be
verified for example by integration by parts. It remains to be established that C, given by Equation
(12) is nonnegative. Consider first the case u < u' and the first, second, fifth and seventh term of
the integral of Equation (12):

(1—=0:C (', v"))(C(u,v)u’ — C(u,v)) + (1 — hC(u,v))(Cu,v")u — C(u,v"))

+ (1= 01C(u,v)01 C(u',v")) (u — uu’) + (1 — &1C(u, v)02C (v, 0"))(C(u,v") — uv')
=1 =0CW, )1 -u)(u-Clu,v)) = (1 = 0 C(u,v))uv’ - Cu',v"))

+ 01 C(u, ") (1 — 01C(u,v))u(l —u') + 01 C(u,v)(1 — 0w, v"))(Clu,v') — uv')

(1= B (1~ )~ Clr) — (1 00— E (1 )
+01C(u,v") (1 — 1 C(u,v))u(l —u') + 0,C(u,v)(1 — 0C(u', ")) (C(u,v') — uv’)

T = 0,0 )1 = w)(u - Clu,v)) — (1 — B, v))udy C ', ') (1 — )

+ 0 C(u,0") (1 — 010 (u,v))u(l —u') + 81 C(u,v)(1 — BC (W, v"))(C(u,v") — uv’)

=(1-0.C(,v")(1 —u")(u— Clu,v)) + hC(u,v)(1 — &l (u',v"))(C(u,v") — uv’)
>0,

since all partial derivatives are in [0, 1], u > C(u,v) and C(u,v") > wv’. In the case v < v/, the same
computation may be applied for the remaining terms of the integral of Equation (12). In the same
way nonnegativity for the case u’ < u,v’ < v is obtained. Finally, consider the cases u < u/,v' <w
and v’ < u,v < v'. Observe that we may regroup the integrand of Equation (12), taking into account
that g(u,v) and g(u’,v") may be exchanged appropriately. In the case u < u/,v" < v, write the last
two terms of the integrand of Equation (12) as

//// 2(1 — 010 (u, v)9:C (v, v"))(C(u,v") — uv') dg(u, v) dg(u’, v")

and in the case v’ < wu,v < v’ as

//// 2(1 — 8:C(u',v")92C (u,v))(C (v, v) — u'v) dg(u, v) dg(u’, v"),

and repeat the computation above accordingly. O

Example 21. Let g(u,v) = In(In(uv + 1) + 1) and let (U',U?) be a random vector with uniform
marginals and Normal copula with parameter p = 0.5. Numerical integration yields Jl%/[c = 0.022756
and ofqp = 0.001101. We estimated o3¢ and ofyqp by running 1000 batches of n independent
simulations of the respective estimators, for n € {200,400, 600,800,1000}. The deviations to the
numbers from numerical integration are within 0.003 for MC and 4 - 1075 for LHSD.

Numerical examples indicate that the classes of functions and copulas for which the LHSD limit
variance is bounded from above by the respective MC limit variance are much larger than the ones
stated in Proposition 20.

6. LHSD on random vectors with nonuniform marginals

So far, we have restricted our analysis to vectors of uniform random variables on [0,1]. We now
provide the link to random vectors with nonuniform marginals. It is always possible to generate
a random variable of arbitrary distribution from a uniform random variable on [0,1] by applying
the so-called inverse transform method. The association of a joint distribution function with a
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copula (a distribution function with uniform marginals on [0, 1]) leads to methods for constructing
random vectors (X!,..., X%) with arbitrary marginals from random vectors (U1,...,U?), where
Ul ~U(0,1),j=1,...,d. We discuss this in more detail.

The inverse transform method is explained for example in [Glasserman (2004), Section 2.2.1]
and [Nelsen (1999), Sections 2.3, 2.9]. Let X be a random variable with distribution function F. We
shall assume F' to be continuous, which implies P(X = z) = 0, x € R. The right-inverse of F' is
defined as the function F(=1 : [0,1] — R U {400} with

FOY(u) == inf{z: F(z) >u}, uel0,1].

The right-inverse is right-continuous, strictly increasing and has at most countably many discon-
tinuities. If F' is strictly increasing, then F(=1) is just the inverse of F. From the monotonicity of
distribution functions, F(~Y(u) < = if and only if u < F(z). It follows that if U ~ U(0,1), then

X £ FEU(U), since
P(X <z)=F(z)=P(U < F(z)) = P(F"Y(U) < 2).

Accordingly, for a Borel-measurable function h : R — R, h(X) £ g(U), with g := ho F(=1),

Now consider the multivariate case. Recall that a copula is a multivariate distribution function
whose margins are U(0, 1) distributions. By Sklar’s Theorem [Nelsen (1999), Theorem 2.10.9], the
copula associated with a d-dimensional distribution function F' and univariate marginal distribution
functions F1, ..., Fy is the distribution function C : [0,1]¢ — [0,1] that satisfies F(z1,...,7q4) =
C(Fi(x1), ..., Fa(zq)). Conversely, for any (uy,...,uq) € [0,1]¢,

C(uh s ,Ud) = F(Fl(il)(ul)a s 7F¢§71)(ud))7

cf. [Nelsen (1999), Corollary 2.10.10]. If F' is continuous, then C' is unique, otherwise C' is unique
on RanF} x --- x RanFy, where RanF; C [0, 1] denotes the range of F;, j = 1,...,d. The copula
provides the link between the marginal distributions and the joint distribution of a random vector.

Now consider a random vector (X!, ..., X9) with marginal distribution functions Fi, ..., F; and
joint distribution function F. Then, for a Borel-measurable function h : R — R,

hXY . XD ERETV@Y,. . T W) =gt U, (13)

where the joint distribution of (U!,...,U?) is determined by the copula corresponding to F and
Fy, ..., Fy. The following properties are immediate:

(i) If Fj, j =1,...,d are continuous, and if & is F-a.e. continuous, then g is C-a.e. continuous.
(ii) If h is right-continuous, and F]-(fl)
g is right-continuous. Moreover, if h is of bounded variation, then so is g; this follows from

,j=1,...,d, are the right-inverses of F}, j =1,...,d, then

the the strict monotonicity of the right-inverses.

Now, assuming that h is F-integrable, the LHSD estimator of Eh(X!,..., X?) is given by

1o 1 1
i=1
with Vljn, i=1,...,n,7=1,...,d as in Equation (3).

By the following Lemma, the ranks may be computed without first transforming the marginals
X', ..., X% into uniforms.

Lemma 22. Let Xq,...,X,, be i.i.d. random variables whose distribution F is continuous. Then,
foranyi=1,...,n,

Ti,n(le ce ,Xn) = ’I“i77L(F(X1), ce 7F(Xn)) P-a.s..
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Proof. If F is strictly increasing, the statement is clear by Equation (2). By Equation (2) it suffices
to show that P-a.s. X; < X if and only if FI(X,) < F(Xj), for any ¢,j = 1,...,n. By monotonicity
of F', X; < X, implies FI(X;) < F(X;). For the reverse statement consider

P(F(Xi) = F(X)), Xi > X;) = P(X; € (X;, FEV(F(X)))))

= [Pxi € uFOEQ) P = [ [FEOEW) - P Py =0,

where the last equality follows from F(F(~Y(z)) = z because of the continuity of F. |

7. Applications in finance

We demonstrate the effectiveness of LHSD with two examples. First, we value a first-to-default
credit basket (FTD) - a contract that insures the loss incurred by the first default event in a basket
of underlying securities. The value of an FTD depends crucially on the joint default probability
distribution of the basket components. The example demonstrates that LHSD is an effective tech-
nique when sampling rare events; in fact, LHSD guarantees that a certain number of rare events
is sampled. We also combine Quasi-Monte Carlo (QMC) and LHSD by feeding our algorithm with
Sobol sequences instead of random numbers. The combination of these techniques leads to a further
pickup in efficiency.

In the second example we value an Asian basket call option. Here, a call option is written on
the weighted sum of a basket of securities monitored at several time points. The example is taken
from [Imai and Tan (2007)], where a basket of 10 assets is monitored at 250 time points. [Imai and
Tan (2007)] show that each simulation entails generating a correlated random vector of size 2500.
This example demonstrates that LHSD can be used for high-dimensional problems. It is known
that low discrepancy sequences lose their effectiveness in high dimensions, hence we do not test the
combination of QMC and LHSD. There are techniques to use QMC in a high-dimensional setting,
see e.g. [Owen (1998)]; a combination of these techniques with LHSD may again improve results.

7.1. Example: Valuing a first-to-default credit basket

An FTD is a contract between two counterparties, a protection buyer and a protection seller, that
insures the protection buyer against the loss incurred by the first default event in a portfolio of
some underlying risky entities over a fixed time horizon. The protection buyer regularly pays a
constant premium s, called the spread, as a fraction of the notional until the first default event in
the underlying portfolio takes place or until maturity of the FTD, whichever occurs first. This stream
of payments is termed the premium leg of the FTD. In turn, the protection buyer compensates the
protection buyer for the loss incurred by the first default event at the time of default. This side of
the contract is called the default leg.

For the valuation of an FTD we follow [Schmidt and Ward (2002)]. With each credit j =1,...,d
of the underlying portfolio we associate the random default time 7; and the recovery rate R;. We
assume R, to be constant and known. Furthermore, we assume the default distributions P(7; < t),
t>0,j=1,...,d, to be given. These can be derived from the credit default swap (CDS) market;
as an approximation, assuming a constant CDS spread s; for credit j, we determine the default
intensity A;, of credit j from the so-called credit triangle, A; :=s;/(1 — R;), and we set

Fi(t):=P(r; <t)=1—e' t>0. (15)
For t > 0, denote by B; today’s default-free zero bond price with maturity ¢. Let to = 0 and

let t1 < to < ... < tg = T be the spread payment dates of an FTD with maturity 7', and set
Ay, =tp —tp—1, k=1,..., K. Denote the time of the FTD’s default event by 7 := min(ry,...,74).
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The discounted payoffs of the default leg and the premium leg are given by

d
ha(ri,-. ., 7a) = Y (1= R)B(T) (o1} (7) L{r=r,) (16)
j=1
K
hp(T1s . Ta) = 5 Ay B(t) Lz, (17)
k=1

The fair spread s of the FTD is then obtained by equating the expected value (under the risk-neutral
measure) of the premium and the default leg,

K d T
SZAthtkP<T > ty) = Z(l — Rj)/ B,P(r € du, T = T15). (18)
k=1 j=1 0
From this equation and from P(7 <t) =1—-P(m > t, 72 > t,...,7q > t) it is clear that the value of
the FTD depends on the joint distribution of 71, ..., 74. Setting s = 1, the left-hand side of Equation
(18) can be interpreted as the present value of a risky basis point.
In our example we assume that the joint distribution of the default times 7, ..., 74 is driven by
a Normal copula (Gaussian copula),

P(ri <t <1) = Ny (NCOF@), ..., NCOE 1)),

with Ny the multivariate standard normal distribution function with correlation matrix ¥ and N(—1)
the inverse of the univariate standard normal distribution function.

1: // m: number of simulations, d : number of credits

2: for j=1toddo

3: Aj —s;/(1 = Ry) // default intensities; credit triangle

4: end for

5. Compute A such that AAT =% // e.g. Cholesky factorisation

6: for i =1 ton do

T: for j =1toddo

8: generate Xg ~N(0,1) // independent of X;*, k=1,...i—1,m=1,...,j—1
9: end for

10: (Z, ., ZHT — A (XE .. XHT // vector of correlated standard normal samples
11: end for

12: for j =1 to d do

13: compute 17 ..., 75 , // ranks from (Z7,...,Z3), cf. Lemma 22

14: for i =1ton do

15: v/, —(rl, —1/2)/n // Equation (3)

16: Tij — Fj(_l)(Vi{n) // default times; Fj(_l)(t) = —1In(1 —t)/A;, Equation (15)
17: end for

18: end for

19: s 1
20: for i =1ton do
21: Li « hg(t}, ..., 7% // discounted default leg, Equation (16)
22: P, hy(7h, ... 1) // Equation (17)
23: end for
24: L (Ly+---+Ly)/n // present value of expected loss, RHS of Equation (18)
25: P (P +-+ P,)/n // PV of a risky basis point, left-hand side of Equation (18)
26: return s« L/P // fair spread of FTD

Algorithm 1: FTD valuation
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Table 1. Parameters of FTD example; the fair spread of the
FTD is 417.88bp.

Parameter Value

Maturity T =5 (years)

spread payment dates (frequency) (tk)k=1,...,k (quarterly)
Default-free zero bond prices By =e 0t t>0
Number of underlying credits d=5

5yr.-CDS spread of each credit s;=1%,j=1,...,d
Recovery rate of each credit R;=03,5=1,...,d

Correlation between any two credits  p = 30%

The valuation algorithm for the fair FTD spread is given by Algorithm 1. The input parameters
for an example involving 5 homogeneous credits are given in Table 1. The fair FTD spread was
computed from simulations using random numbers and using low discrepancy sequences, both “as
is” and adding a LHSD step. This leads to the following four simulation cases:

(i) Standard Monte Carlo simulation
(ii) LHSD based on random numbers

(iii) Simulation with low discrepancy sequence
LHSD based on low discrepancy sequence

— — — —

(iv
The implementation was done in C++ with the QuantLib library [QuantLib (2008)] using the
Mersenne twister algorithm for random number generation and Sobol sequences for low discrep-
ancy sequences. Root mean square error estimates were obtained by simulating each estimator 100
times. The RMSE estimates and RMSE ratios for various samples sizes are given in Table 2. The
ratios of CPU time consumed for generating samples with and without LHSD is also shown for
various sample sizes. The CPU time ratios do not include the CPU time required for computing
the FTD payoff; consequently the efficiency of LHSD increases with the CPU time required for
computing the payoff function. The LHSD step involves sorting a sequence of random numbers (see
e.g. [Press et al. (1992)], Chapter 8.4 for sorting algorithms), hence the computational overhead of
the LHSD step is of the complexity of the sorting algorithm. On the other hand, by Lemma 22,
the rank statistics can be computed from samples of any distribution (cf. Line 13 in Algorithm 1),
whereas in a typical Monte Carlo simulation, the generated samples may additionally need to be
transformed to uniforms. Finally, observe that over all simulations, LHSD samples a fixed number
of default events of the individual credits, but the occurence of joint defaults is random.

Table 2. Root mean square error of estimation in basis points and CPU
time ratios for various sample sizes (100 simulations of estimator). Compa-
rable ratios were obtained for smaller simulation sizes. The fair FTD spread

is 417.88bp.
No. of sim. (x103) 200 400 600 800 1000
MC 2.02 147 110 089  0.80
MC + LHSD 1.00 061 053 045  0.39
Sobol 030 020 0.16 014 0.11
Sobol 4+ LHSD 021 012 011 0.09  0.08
MC/(MC + LHSD) 2.02 241 208 198  2.05
Sobol/(Sobol + LHSD) 143 167 145 156  1.38

CPU time (MC + LHSD)/MC  1.66  1.71  1.75  1.78  1.82
CPU (Sobol + LHSD)/Sobol ~ 1.47  1.52 154 155  1.56

Note: CPU time ratios involve the generation of random samples only.
Adding the CPU time required for computing the payoff decreases the ratios
accordingly.
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7.2. Example: Valuing an Asian basket option

We now consider pricing an Asian basket option®, whose payoff depends on the sum of several
underlying assets monitored at various points in time. As this is a path-dependent option in a high-
dimensional setting, simulation is a standard valuation approach. Following [Imai and Tan (2007)],
the payoff may be formulated as a function of a matrix product whose dimensions depend on the
number of assets and time points monitored.

Assume a basket of m assets, with S} the price of the i-th asset at time ¢, i = 1,...,m. Fixing a
maturity T, a strike K, a set of n monitoring time points 0 < t; < to < ... < t, = T and weights
w9 i=1,...m,j=1,...n, > i w% = 1, the payoff of the Asian basket call option on the m-asset
basket is

m n
max [ > wS] —K,0]|. (19)
i=1 j=1

We assume that asset prices follow a Geometric Brownian motion, i.e., S1,...,S™ is the solution of
the stochastic differential equation (SDE)

dS! =rSidt+o'SidW), i=1,...,m,

where 7 is the risk-free interest rate, o° is the volatility of the i-th asset and (W1, ..., W™) is an
m-dimensional Brownian motion, whose components W, W* are correlated with p*, 1 < i,k < m.
The solution of the SDE is given by

Stz — Sée(T—(o'i)2/2)t+o'th’i’ 7 = 1, cee,Mm. (20)

Pricing the option requires simulating the paths of each asset at the monitoring time points.
Assume that the time points ¢1,...,%, are equidistant and let At = T'/n so that t; = jAt. Let X
be an m x m covariance matrix given by ¥ = (p"*o’c* At); x=1._m. Let X be the nm x nm-matrix
generated from ¥ via

. ¥2¥ ... 2%
M=
Y2¥ - nd

'l:he asset  prices may  be  simulated according to  Equation  (20) with
W = (01Wt11, co oMW, 0'1Wt12, o oW derived via

W =C2Z,
where C is such that CC’" = ¥ and Z is a vector of nm independent standard Normal random
variables. The payoff at time T of the Asian basket option can then be written as

max(g(W) — K,0)

with

mn

gy = e+
k=1
1F = In(wy, g, Sk, (0)) + (1 — (¢")?/2) t,,  where
ki=(k-1) mod m+1
ky=[(k—=1)/m]+1, k=1,...,mn.
In this approach, simul~ation of option payoffs involves the compu:cation o~f products of high-
dimensional matrices. For C' we choose the Cholesky decomposition of 3 (i.e., C' is lower triangular

©This is also known as an arithmetic average Asian option.
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Table 3. Parameters of Asian basket option

Parameter Value

Maturity T =1 (years)

Number of assets m =10

Number of time steps n = 250

Weights w¥ =1/(nm),i=1,...,n,5=1,...,m
Initial asset value Sg =100,j=1,...,m

Asset volatility 07 =014+ —-1)/(m—-1)-04,5=1,...,m
Correlation p7 =04,1<i<j<m

Interest rate r =0.04

Strike K =90,100,110

Table 4. Simulated prices of an Asian basket option (parameters in Table 3) for strikes
K € {90,100, 110}. The results are based on 10 runs with 4096 and 8192 simulations each. The numbers
in parentheses denote the sample standard deviation based on the 10 runs. The CPU time ratios of
LHSD versus MC were 1.40 CPU seconds (4096 simulations) and 1.44 CPU seconds (8192 simulations).

sim. size K =90 K =100 K =110
MC 4096 12.3045  (0.1930) 5.6726  (0.1402) 2.0574  (0.0916)
MC+LHSD 4096 12.3283  (0.0130) 5.6567  (0.0187) 2.0288  (0.0316)
MC 8192 12.3481  (0.1602) 5.6697  (0.1041) 2.0413  (0.0633)
MC+LHSD 8192 12.3253  (0.0150) 5.6535  (0.0166) 2.0302  (0.0261)
MC/(MC+LHSD) 4096 14.8462 7.4973 2.8987
MC/(MC+LHSD) 8192 10.6800 6.2711 2.4253

with CC’ = f]) Typical choices of C' other than the Cholesky decomposition yield a reduction of the
dimension of the matrix multiplication, while keeping the error introduced small. For example, the
simulation technique of [Imai and Tan (2007)] reduces the dimension of the problem by determining
C as the solution of an optimization problem.

Based on the data set of [Imai and Tan (2007)], we simulate W using a Cholesky decomposition
and introducing an LHSD step in each dimension over all simulations. The parameters of the option
are given in Table 3. As in [Imai and Tan (2007)], we computed 10 runs of 4096 simulations and 10
runs of 8192 simulations. The resulting prices and standard deviations for Monte Carlo and LHSD
are given in Table 4. The implementation was done in C++ using QuantLib, see [QuantLib (2008)],
and using matrix multiplication routines from the Fortran code of GNU Octave, see [GNU Octave
(2008)]. The results show that LHSD outperforms the standard Monte Carlo simulator by factors of
2.5 to 15 based on standard deviations (resp. 9 and 200 in terms of variance); the computing time
consumed by LHSD increases by a factor of approximately 1.4. The pickup in accuracy depends
strongly on the strike of the option and decreases with increasing strike. The same observation is
made in an example from [Glasserman (2004), p. 242-243], where an Asian call option is priced
using standard LHS. There, this behaviour is attributed to the fact that LHS is more effective the
more the function to be estimated is ”additive”; this is resembled at lower strikes, where the option
payoffs are more linear.

To benchmark their method, [Imai and Tan (2007)] simulated the Asian basket option using a
Quasi-Monte Carlo method together with a technique called Latin supercube sampling. The latter
method avoids sampling low discrepancy sequences in high dimensions, see [Owen (1998)]. The
standard error of LHSD is comparable to that of the QMC technique, the latter being between
0.00905 and 0.0144. Recall that LHSD is a very simple and practicable technique. Finally, it should
be noted that our results do not keep up with standard errors obtained from the dimension reduction
technique of [Imai and Tan (2007)], but we conjecture that combinations of LHSD together with
dimension-reduction techniques may be effective.



22

Appendix A. Integration by parts formula

We derive the integration by parts formula as it is used in the paper. An integration by parts formula
for two dimensions is given in [Gill et al. (1995)]; a version for R* is found in [Gill and Johansen
(1990), p. 1530].

Let us recall some well-known concepts and facts, see e.g. [von Neumann (1950), Chapter X.5].
Let H : [0,1] — R be a right-continuous function. For rectangles B = (ay,b;] % - - x (aq, bg] C [0,1]%,
define

Vi(B):= 3 sen(c)H(o),

c vertex of B

where
1, if ¢, = ay for an even number of k’s,
sgn(c) =

—1, if ¢ = ay, for an odd number of k’s.

If in addition Vg (B) > 0 for all rectangles B, then H is called quasi-monotone. If H is quasi-
monotone and right-continuous, it determines a o-additive, nonnegative measure, which we also
denote by H, via

/ dH = Vg (B), (A.1)
B

for all rectangles B. If H is of bounded variation and right-continuous, then it is the difference of
two quasi-monotone, right-continuous functions, and hence determines a o-additive, signed measure
via the relationship (A.1).

Proposition 23. Let H,G : [0,1]* — R be of bounded variation and right-continuous, with at least
one of H,G continuous and such that [[[[ HdG exists. Then,

//// H(us, up, s, wa) dG (s, s, s, 1g) — /// Ve ((un, 1] % -+ x (wa, 1]) dH (s, s, s, s)

+ /// {H(0,u2,us,us) + H(uy,0,us,us) + H(u1,uz,0,us) + H(uy, uz,us,0)
— H(0,0,u3,us) — H(0,uz,0,us) — H(0, ug, us, 0)
— H(u1,0,0,u4) — H(u1,0,us,0) — H(ug,u2,0,0) (A.2)
+ H(0,0,0,uq) + H(0,0,us,0) + H(0,us2,0,0) + H(u1,0,0,0)
— H(0,0,0,0)} dG(u1, u2, us, us).
Proof. By Equation (A.1),

H(ul,...,U4):/ dH(Z‘l,...,JM)
(0,u1]X*-~X(O,U4]

+ H(0,u2,u3,uq) + H(u1,0,us, usg) + H(us,uz,0,us) + H(u1, usz,us,0)
— H(0,0,u3,uq) — H(0,u2,0,us) — H(0, us, us, 0)

— H(u1,0,0,u4) — H(u1,0,us,0) — H(u1,u2,0,0)

+ H(0,0,0,us) + H(0,0,us3,0) + H(0,usz,0,0) + H(u1,0,0,0)

— H(0,0,0,0).

Insert this expression into Equation (A.2) and apply Fubini’s theorem to the first term, for which

we then obtain
//// VG([ul,l] X+ X [U4,1])dH(U1,U2,U3,U4).



23

The statement follows by observing that from the continuity of one of H and G,

4 4
1 0= 1 0 >T s dG(ul,...,U4)dH(.’E1,...7£L'4):0.
/(0,1]1x-~~x(0,1]4 -/(0,1]1><»--><( Z fwi=ea} H {us2es} O

011 =1 =1

References

Adams, C. and Clarkson, J. (1934). Properties of functions f(z,y) of bounded variation, Trans. Amer.
Math. Soc 36, 4, pp. 711-730.

Clarkson, J. and Adams, C. (1933). On definitions of bounded variation for functions of two variables,
Trans. Amer. Math. Soc. 35, 4, pp. 824-854.

Deheuvels, P. (1979). La fonction de dépendance empirique et ses propriétés, Bulletin de I’Académie Royale
de Belgique, Classe des Sciences 5, 65, pp. 274-292.

Deheuvels, P. (1981). Multivariate tests of independence, in Analytical Methods in Probability Theory,
Proceedings of the conference held at Oberwolfach, June 1980, Lecture Notes in Mathematics (Springer),
pp. 42-50.

Feller, W. (1971). An Introduction to Probability Theory and Its Applications, Vol. 2, 2nd edn. (John Wiley
& Sons, New York).

Fermanian, J.-D., Radulovic, D. and Wegkamp, M. (2004). Weak convergence of empirical copula processes,
Journal of the Bernoulli Society 10, 5, pp. 847-860.

Gaenssler, P. and Stute, W. (1987). Seminar on Empirical Processes, DMV seminar, volume 9 (Birkh&user).
Genest, C., Ghoudi, K. and Rivest, L.-P. (1995). A semiparametric estimation procedure of dependence
parameters in multivariate families of distributions, Biometrika 82, 3, pp. 543-552.

Gill, R. and Johansen, S. (1990). A survey of product-integration with a view toward application in survival
analysis, Ann. Statist 18, 4, pp. 1501-1555.

Gill, R. D., van der Laan, M. J. and Wellner, J. A. (1995). Inefficient estimators of the bivariate survival
function for three models, Ann. Inst. Henri Poincaré 31, 3, pp. 545-597.

Glasserman, P. (2004). Monte Carlo Methods in Financial Engineering (Springer).

GNU Octave (2008). A high-level language, primarily intended for numerical computations, version 2.9.9,
URL http://www.octave.org, http://www.octave.org.

Hobson, E. (1921). The Theory of Functions of a Real Variable Vol. I, 2nd edn. (Cambridge University
Press).

Imai, J. and Tan, K. S. (2007). A general dimension reduction technique for derivative pricing, Journal of
Computational Finance 10, 2, pp. 129-155.

Jacod, J. and Protter, P. (2003). Probability Essentials, 2nd edn. (Springer).

Joe, H. (1997). Multivariate Models and Dependence Concepts (Chapman & Hall/CRC).

Kallenberg, O. (2001). Foundations of Modern Probability, 2nd edn. (Springer).

McKay, M. D., Beckman, R. J. and Conover, W. J. (1979). A comparison of three methods for selecting
values of input variables in the analysis of output from a computer code, Technometrics 21, pp. 239-245.
Nelsen, R. B. (1999). An Introduction to Copulas (Springer).

Owen, A. B. (1992). A central limit theorem for Latin hypercube sampling, Journal of the Royal Statistical
Society Series B 54, 13, pp. 541-551.

Owen, A. B. (1998). Latin supercube sampling for very high-dimensional simulations, ACM Transactions
on Modeling and Computer Simulation 8, 1, pp. 71-102.

Press, W. H., Teukolsky, S. A., Vetterling, V. and Flannery, B. P. (1992). Numerical Recipes in C: The Art
of Scientific Computing, 2nd edn. (Cambridge University Press).

QuantLib (2008). A free/open-source library for quantitative finance, version 0.9.0, URL http://quantlib.
org, http://quantlib.org.

Rischendorf, L. (1976). Asymptotic distributions of multivariate rank order statistics, Ann. Statist. 4, 5,
pp. 912-923.

Ruymgaart, F. H., Shorack, G. R. and van Zwet, W. R. (1972). Asymptotic normality of nonparametric
tests for independence, Annals of Mathematical Statistics 43, 4, pp. 1122-1135.

Schmidt, W. and Ward, 1. (2002). Pricing default baskets, RISK 15, 1.

Stein, M. (1987). Large sample properties of simulations using Latin hypercube sampling, Technometrics
29, 2, pp. 143-151, correction in 32:367.

Vaart, A. W. v. d. and Wellner, J. A. (1996). Weak convergence and empirical processes (Springer).

von Neumann, J. (1950). Functional operators. Volume I: Measures and integrals (Princeton University
Press).



FRANKFURT SCHOOL / HFB — WORKING PAPER SERIES

101.

100.

99.

98.

97.

96.

95.

94.

93.

92.

91.

90.

89.

88.

87.

86.

85.

84.

83.

82.

81.

80.

79.

Author/Title

Heidorn, Thomas / Pleiiner, Mathias
Determinanten Europdischer CMBS Spreads. Ein empirisches Modell zur Bestimmung der Risikoaufschlige von
Commercial Mortgage-Backed Securities (CMBS)

Schalast, Christoph / Schanz, Kay-Michael (Hrsg.)
Schaeffler KG/Continental AG im Lichte der CSX Corp.-Entscheidung des US District Court for the Southern District
of New York

Holscher, Luise / Haug, Michael / Schweinberger, Andreas
Analyse von Steueramnestiedaten

Heimer, Thomas / Arend, Sebastian
The Genesis of the Black-Scholes Option Pricing Formula

Heimer, Thomas / Holscher, Luise / Werner, Matthias Ralf
Access to Finance and Venture Capital for Industrial SMEs

Bottger, Marc / Guthoff, Anja / Heidorn, Thomas
Loss Given Default Modelle zur Schitzung von Recovery Rates

Almer, Thomas / Heidorn, Thomas / Schmaltz, Christian
The Dynamics of Short- and Long-Term CDS-spreads of Banks

Barthel, Erich / Wollersheim, Jutta
Kulturunterschiede bei Mergers & Acquisitions: Entwicklung eines Konzeptes zur Durchfiihrung einer Cultural Due
Diligence

Heidorn, Thomas / Kunze, Wolfgang / Schmaltz, Christian
Liquiditdtsmodellierung von Kreditzusagen (Term Facilities and Revolver)

Burger, Andreas
Produktivitit und Effizienz in Banken — Terminologie, Methoden und Status quo

Lochel, Horst / Pecher, Florian
The Strategic Value of Investments in Chinese Banks by Foreign Financial Insitutions

Schalast, Christoph / Morgenschweis, Bernd / Sprengetter, Hans Otto / Ockens, Klaas / Stachuletz, Rainer /

Safran, Robert

Der deutsche NPL Markt 2007: Aktuelle Entwicklungen, Verkauf und Bewertung — Berichte und Referate des NPL
Forums 2007

Schalast, Christoph / Stralkowski, Ingo
10 Jahre deutsche Buyouts

Bannier, Christina / Hirsch, Christian
The Economics of Rating Watchlists: Evidence from Rating Changes

Demidova-Menzel, Nadeshda / Heidorn, Thomas
Gold in the Investment Portfolio

Holscher, Luise / Rosenthal, Johannes
Leistungsmessung der Internen Revision

Bannier, Christina / Hinsel, Dennis
Determinants of banks' engagement in loan securitization

Bannier, Christina
“Smoothing® versus “Timeliness* - Wann sind stabile Ratings optimal und welche Anforderungen sind an optimale
Berichtsregeln zu stellen?

Bannier, Christina
Heterogeneous Multiple Bank Financing: Does it Reduce Ine+cient Credit-Renegotiation Incidences?

Cremers, Heinz / Lohr, Andreas
Deskription und Bewertung strukturierter Produkte unter besonderer Beriicksichtigung verschiedener Marktszenarien

Demidova-Menzel, Nadeshda / Heidorn, Thomas
Commodities in Asset Management

Cremers, Heinz / Walzner, Jens
Risikosteuerung mit Kreditderivaten unter besonderer Beriicksichtigung von Credit Default Swaps

Cremers, Heinz / Traughber, Patrick
Handlungsalternativen einer Genossenschaftsbank im Investmentprozess unter Beriicksichtigung der Risikotragfihig-
keit

Frankfurt School of Finance & Management

Year

2008

2008

2008

2008

2008

2008

2008

2008

2008

2008

2008

2008

2008

2007

2007

2007

2007

2007

2007

2007

2007

2007

2007



78.

7.

76.

75.

74.

73.

72.

71.

70.

69.

68.

67.

66.

65.

64.

63..

62.

61.

60.

59.

58.

57.

56.

55.

54.

53.

52.

Gerdesmeier, Dieter / Roffia, Barbara
Monetary Analysis: A VAR Perspective

Heidorn, Thomas / Kaiser, Dieter G. / Muschiol, Andrea

Portfoliooptimierung mit Hedgefonds unter Beriicksichtigung hoherer Momente der Verteilung

Jobe, Clemens J. / Ockens, Klaas / Safran, Robert / Schalast, Christoph

Work-Out und Servicing von notleidenden Krediten — Berichte und Referate des HfB-NPL Servicing Forums 2006

Abrar, Kamyar
Fusionskontrolle in dynamischen Netzsektoren am Beispiel des Breitbandkabelsektors

Schalast, Christoph / Schanz, Kai-Michael
Wertpapierprospekte:

Markteinfithrungspublizitidt nach EU-Prospektverordnung und Wertpapierprospektgesetz 2005

Dickler, Robert A. / Schalast, Christoph
Distressed Debt in Germany: What’s Next? Possible Innovative Exit Strategies

Belke, Ansgar / Polleit, Thorsten
How the ECB and the US Fed set interest rates

Heidorn, Thomas / Hoppe, Christian / Kaiser, Dieter G.
Heterogenitit von Hedgefondsindizes

Baumann, Stefan / Lochel, Horst

The Endogeneity Approach of the Theory of Optimum Currency Areas - What does it mean for ASEAN + 3?

Heidorn, Thomas / Trautmann, Alexandra
Niederschlagsderivate

Heidorn, Thomas / Hoppe, Christian / Kaiser, Dieter G.
Moglichkeiten der Strukturierung von Hedgefondsportfolios

Belke, Ansgar / Polleit, Thorsten

(How) Do Stock Market Returns React to Monetary Policy ? An ARDL Cointegration Analysis for Germany

Daynes, Christian / Schalast, Christoph

Aktuelle Rechtsfragen des Bank- und Kapitalmarktsrechts II: Distressed Debt - Investing in Deutschland

Gerdesmeier, Dieter / Polleit, Thorsten
Measures of excess liquidity

Becker, Gernot M. / Harding, Perham / Holscher, Luise
Financing the Embedded Value of Life Insurance Portfolios

Schalast, Christoph

Modernisierung der Wasserwirtschaft im Spannungsfeld von Umweltschutz und Wettbewerb — Braucht Deutschland

eine Rechtsgrundlage fiir die Vergabe von Wasserversorgungskonzessionen? —

Bayer, Marcus / Cremers, Heinz / Kluf3, Norbert
Wertsicherungsstrategien fiir das Asset Management

Lochel, Horst / Polleit, Thorsten
A case for money in the ECB monetary policy strategy

Richard, Jorg / Schalast, Christoph / Schanz, Kay-Michael

Unternehmen im Prime Standard - ,,Staying Public* oder ,,Going Private*? - Nutzenanalyse der Borsennotiz -

Heun, Michael / Schlink, Torsten

Early Warning Systems of Financial Crises - Implementation of a currency crisis model for Uganda

Heimer, Thomas / Kohler, Thomas
Auswirkungen des Basel II Akkords auf dsterreichische KMU

Heidorn, Thomas / Meyer, Bernd / Pietrowiak, Alexander
Performanceeffekte nach Directors Dealings in Deutschland, Italien und den Niederlanden

Gerdesmeier, Dieter / Roffia, Barbara
The Relevance of real-time data in estimating reaction functions for the euro area

Barthel, Erich / Gierig, Rauno / Kiihn, IImhart-Wolfram
Unterschiedliche Ansitze zur Messung des Humankapitals

Anders, Dietmar / Binder, Andreas / Hesdahl, Ralf / Schalast, Christoph / Thone, Thomas
Aktuelle Rechtsfragen des Bank- und Kapitalmarktrechts I :
Non-Performing-Loans / Faule Kredite - Handel, Work-Out, Outsourcing und Securitisation

Polleit, Thorsten
The Slowdown in German Bank Lending — Revisited

Heidorn, Thomas / Siragusano, Tindaro
Die Anwendbarkeit der Behavioral Finance im Devisenmarkt

Frankfurt School of Finance & Management

2007

2007

2006

2006

2006

2006

2006

2006

2006

2005

2005

2005

2005

2005

2005

2005

2005

2005

2004

2004

2004

2004

2004

2004

2004

2004

2004



51.

50.

49.

48.

47.

46.

45.

44.

43.

42.

41.

40.

39.

38.

37.

36.

35.

34.

33.

32.

31.

30.

29.

28.

217.

26.

25.

Schiitze, Daniel / Schalast, Christoph (Hrsg.)
Wider die Verschleuderung von Unternehmen durch Pfandversteigerung

Gerhold, Mirko / Heidorn, Thomas
Investitionen und Emissionen von Convertible Bonds (Wandelanleihen)

Chevalier, Pierre / Heidorn, Thomas / Krieger, Christian
Temperaturderivate zur strategischen Absicherung von Beschaffungs- und Absatzrisiken

Becker, Gernot M. / Seeger, Norbert
Internationale Cash Flow-Rechnungen aus Eigner- und Glaubigersicht

Boenkost, Wolfram / Schmidt, Wolfgang M.
Notes on convexity and quanto adjustments for interest rates and related options

Hess, Dieter
Determinants of the relative price impact of unanticipated Information in
U.S. macroeconomic releases

Cremers, Heinz / KluB3, Norbert / Konig, Markus
Incentive Fees. Erfolgsabhingige Vergiitungsmodelle deutscher Publikumsfonds

Heidorn, Thomas / Konig, Lars
Investitionen in Collateralized Debt Obligations

Kahlert, Holger / Seeger, Norbert
Bilanzierung von Unternehmenszusammenschliissen nach US-GAAP

Beitrige von Studierenden des Studiengangs BBA 012 unter Begleitung von Prof. Dr. Norbert Seeger
Rechnungslegung im Umbruch - HGB-Bilanzierung im Wettbewerb mit den internationalen
Standards nach IAS und US-GAAP

Overbeck, Ludger / Schmidt, Wolfgang
Modeling Default Dependence with Threshold Models

Balthasar, Daniel / Cremers, Heinz / Schmidt, Michael
Portfoliooptimierung mit Hedge Fonds unter besonderer Beriicksichtigung der Risikokomponente

Heidorn, Thomas / Kantwill, Jens
Eine empirische Analyse der Spreadunterschiede von Festsatzanleihen zu Floatern im Euroraum
und deren Zusammenhang zum Preis eines Credit Default Swaps

Bottcher, Henner / Seeger, Norbert
Bilanzierung von Finanzderivaten nach HGB, EstG, IAS und US-GAAP

Moormann, Jiirgen
Terminologie und Glossar der Bankinformatik

Heidorn, Thomas
Bewertung von Kreditprodukten und Credit Default Swaps

Heidorn, Thomas / Weier, Sven
Einfithrung in die fundamentale Aktienanalyse

Seeger, Norbert
International Accounting Standards (IAS)

Moormann, Jiirgen / Stehling, Frank
Strategic Positioning of E-Commerce Business Models in the Portfolio of Corporate Banking

Sokolovsky, Zbynek / Strohhecker, Jiirgen
Fit fiir den Euro, Simulationsbasierte Euro-MaBnahmenplanung fiir Dresdner-Bank-Geschiftsstellen

RoBbach, Peter
Behavioral Finance - Eine Alternative zur vorherrschenden Kapitalmarkttheorie?

Heidorn, Thomas / Jaster, Oliver / Willeitner, Ulrich
Event Risk Covenants

Biswas, Rita / Lochel, Horst
Recent Trends in U.S. and German Banking: Convergence or Divergence?

Eberle, Giinter Georg / Lochel, Horst
Die Auswirkungen des Ubergangs zum Kapitaldeckungsverfahren in der Rentenversicherung auf die Kapitalmirkte

Heidorn, Thomas / Klein, Hans-Dieter / Siebrecht, Frank
Economic Value Added zur Prognose der Performance européischer Aktien

Cremers, Heinz
Konvergenz der binomialen Optionspreismodelle gegen das Modell von Black/Scholes/Merton

Lochel, Horst
Die 6konomischen Dimensionen der ,New Economy*

Frankfurt School of Finance & Management

2004

2004

2003

2003

2003

2003

2003

2003

2003

2003

2003

2002

2002

2003

2002

2001

2001

2001

2001

2001

2001

2001

2001

2001

2000

2000

2000



24.

23.

22.

21.

20.

09.

08.

07.

06.

05.
04.

03.
02.

01.

Frank, Axel / Moormann, Jiirgen

Grenzen des Outsourcing: Eine Exploration am Beispiel von Direktbanken

Heidorn, Thomas / Schmidt, Peter / Seiler, Stefan
Neue Moglichkeiten durch die Namensaktie

Boger, Andreas / Heidorn, Thomas / Graf Waldstein, Philipp
Hybrides Kernkapital fiir Kreditinstitute

Heidorn, Thomas
Entscheidungsorientierte Mindestmargenkalkulation

Wolf, Birgit
Die Eigenmittelkonzeption des § 10 KWG

Cremers, Heinz / Robé, Sophie / Thiele, Dirk
Beta als RisikomaB - Eine Untersuchung am europdischen Aktienmarkt

Cremers, Heinz
Optionspreisbestimmung

Cremers, Heinz
Value at Risk-Konzepte fiir Marktrisiken

Chevalier, Pierre / Heidorn, Thomas / Riitze, Merle
Griindung einer deutschen Stromborse fiir Elektrizititsderivate

Deister, Daniel / Ehrlicher, Sven / Heidorn, Thomas
CatBonds

Jochum, Eduard
Hoshin Kanri / Management by Policy (MbP)

Heidorn, Thomas
Kreditderivate

Heidorn, Thomas
Kreditrisiko (CreditMetrics)

Moormann, Jiirgen
Terminologie und Glossar der Bankinformatik

Lochel, Horst
The EMU and the Theory of Optimum Currency Areas

Lochel, Horst
Die Geldpolitik im Wéhrungsraum des Euro

Heidorn, Thomas / Hund, Jiirgen
Die Umstellung auf die Stiickaktie fiir deutsche Aktiengesellschaften

Moormann, Jiirgen
Stand und Perspektiven der Informationsverarbeitung in Banken

Heidorn, Thomas / Schmidt, Wolfgang
LIBOR in Arrears

Jahresbericht 1997

Ecker, Thomas / Moormann, Jiirgen
Die Bank als Betreiberin einer elektronischen Shopping-Mall

Jahresbericht 1996

Cremers, Heinz / Schwarz, Willi
Interpolation of Discount Factors

Moormann, Jiirgen

Lean Reporting und Fiithrungsinformationssysteme bei deutschen Finanzdienstleistern

Frankfurt School of Finance & Management

2000

2000

2000

2000

2000

2000

1999

1999

1999

1999

1999

1999

1999

1999

1998

1998

1998

1998

1998
1998

1997
1997

1996

1995



FRANKFURT SCHOOL / HFB — WORKING PAPER SERIES
CENTRE FOR PRACTICAL QUANTITATIVE FINANCE

No.

14.

13.

12.

11.

10.

09.

08.

07.

06.

05s.

04.

03.

02.

01.

Author/Title

Hakala, Jiirgen / Wystup, Uwe
FX Basket Options

Weber, Andreas / Wystup, Uwe
Vergleich von Anlagestrategien bei Riesterrenten ohne Beriicksichtigung von Gebiihren. Eine Simulationsstudie zur
Verteilung der Renditen

Weber, Andreas / Wystup, Uwe
Riesterrente im Vergleich. Eine Simulationsstudie zur Verteilung der Renditen

Wystup, Uwe
Vanna-Volga Pricing

Wystup, Uwe
Foreign Exchange Quanto Options

Wystup, Uwe
Foreign Exchange Symmetries

Becker, Christoph / Wystup, Uwe
Was kostet eine Garantie? Ein statistischer Vergleich der Rendite von langfristigen Anlagen

Schmidt, Wolfgang

Default Swaps and Hedging Credit Baskets

Kilin, Fiodor

Accelerating the Calibration of Stochastic Volatility Models

Griebsch, Susanne/ Kiihn, Christoph / Wystup, Uwe
Instalment Options: A Closed-Form Solution and the Limiting Case

Boenkost, Wolfram / Schmidt, Wolfgang M.
Interest Rate Convexity and the Volatility Smile

Becker, Christoph/ Wystup, Uwe
On the Cost of Delayed Currency Fixing

Boenkost, Wolfram / Schmidt, Wolfgang M.
Cross currency swap valuation

Wallner, Christian / Wystup, Uwe
Efficient Computation of Option Price Sensitivities for Options of American Style

HFB — SONDERARBEITSBERICHTE DER HFB - BUSINESS SCHOOL OF FINANCE & MANAGEMENT

01.

Author/Title

Nicole Kahmer / Jiirgen Moormann
Studie zur Ausrichtung von Banken an Kundenprozessen am Beispiel des Internet
(Preis: € 120,--)

Printed edition: € 25.00 + € 2.50 shipping

Download:

Year

2008

2008

2008

2008

2008

2008

2008

2007

2007

2007

2006

2005

2004

2004

Year

2003

Working Paper: http://www.frankfurt-school.de/content/de/research/Publications/list_of_publication0.html

CPQF: http://www.frankfurt-school.de/content/de/research/quantitative_Finance/research_publications.html

Order address / contact
Frankfurt School of Finance & Management
Sonnemannstr. 9-11 = D-60314 Frankfurt/M. = Germany
Phone: +49(0)69 154008—-734 = Fax: +49(0)69 154008 -728
eMail: m.biemer @frankfurt-school.de
Further information about Frankfurt School of Finance & Management
may be obtained at: http://www.frankfurt-school.de

Frankfurt School of Finance & Management



