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1 Introduction

Since the seminal work of Ramsey [12], optimal growth models have played a central
role in modern macroeconomics. Classical growth theory relies on the assumption
that labor is supplied in fixed amounts, although the original paper of Ramsey did
include the disutility of labor as an argument in consumers’ utility functions. Subse-
quent research in applied macroeconomics (theories of business cycles fluctuations)
have reassessed the role of labor-leisure choice in the process of growth. Nowadays,
intertemporal models with elastic labor continue to be the standard setting used to
model many issues in applied macroeconomics.

Lagrange multiplier techniques have facilitated considerably the analysis of con-
strained optimization problems. The applications of those techniques in the analysis
of intertemporal models inherits most of the tractability found in a finite setting.
However, the passage to an infinite dimensional setting raises additional questions.
These questions concern both the extension of the Lagrangean in an infinite di-
mensional setting as well as the representation of the Lagrange multipliers as a
summable sequence.

Our purpose is to prove existence of competitive equilibrium for the basic neo-
classical model with elastic labor using some recent results (see Le Van and Saglam
[8]) concerning the existence of Lagrange multipliers in infinite dimensional spaces
and their representation as a summable sequence and using less stringent assump-
tions.

Previous work addressing existence of competitive equilibrium issues in intertem-
poral models attacks the problem of existence from an abstract point of view. Fol-
lowing the early work of Peleg and Yaari [11], this approach is based on separation
arguments applied to arbitrary vector spaces (see Bewley [2], Bewley [3], Aliprantis
et al. [1], Dana and Le Van [4]). The advantage of this approach is that it yields
general results capable of application in a wide variety of specific models but they
require a high level of abstraction and some strong assumptions.

Le Van and Vailakis [9], in order to prove the existence of competitive equi-
librium in a model with one representative agent and elastic labor supply impose
relatively strong assumptions !. In this paper, the existence of equilibrium cannot
be established by using marginal utilities since we may have boundary solutions.

Recently, Le Van et al [10] extend the canonical representative Ramsey model
to include heterogeneous agents and elastic labor supply where supermodularity is
used to establish the convergence of optimal paths. The novelty in their works is
that relatively impatient consumers have their consumption and leisure converging
to zero and any Pareto optimal capital path converges to a limit point as time tends
towards infinity. However, if the limit points of the Pareto optimal capital paths are
not bounded away from zero, then their convergence results do not ensure existence
of equilibrium.

To obtain the convergence results, they impose strong assumptions which are
not used in our paper 2. Following the Negishi approach, our strategy for tackling

1They used assumptions @ — 400 as € — 0 for the proof ¢; > 0,1 > 0 and % < 7;“1 for
the proof k¢ > 0 for all t. ¢ !

2Le Van et al [10] assumed the cross-partial derivative u;, has constant sign, u’(z,z) and
u}(z, x) are non-increasing in x, production function F is homogenous of degree a < 1 and Fyr > 0



the question of existence relies on exploiting the link between Pareto-optima and
competitive equilibria. We show that there exists a Lagrange multiplier as a price
system such that together with the Pareto-optimal solution they constitute an equi-
librium with transfers. These transfers depend on the individual weights involved
in the social welfare function. An equilibrium exists provided that there is a set of
welfare weights such that the corresponding transfers equal zero.

The organization of the paper is as follows. In section 2, we present the model
and provide sufficient conditions on the objective function and the constraint func-
tions so that Lagrangean multipliers can be presented by an l}r sequence. We
characterize some dynamic properties of the Pareto optimal paths of capital and
of consumption-leisure. In particular, we prove that the optimal consumption and
leisure paths of the most impatient agents will converge to zero in the long run,
with a very elementary proof compared to the one in Le Van et al, [10] which uses
supermodularity for lattice programming. In section 3, we prove the existence of
competitive equilibrium by using the Negishi approach and the Brouwer fixed point
theorem.

2 The model

We consider an intertemporal model with m > 1 consumers and one firm. The
preferences of each consumer take additively form: Y ;2 Bfu’(c}, 1) where 3; €
(0,1) is the discount factor (i = 1,...,m). At date ¢, agent 7 consumes the quantity
¢, spends a quantity of leisure ! and supplies a quantity of labor L! and normalized
as [+ L; = 1. Production possibilities are presented by the gross production function
F and a physical depreciation § € (0,1). Denote F(ks, > vy Li) + (1 — 6)ke =
Flhe, 32000 L)

We next specify a set of restrictions imposed on preferences and production
technology.? The assumptions on period utility function v’ : Ry x [0,1] — R are
as follows:

Ul: u' is continuous, concave, increasing on Ry x [0,1] and strictly increasing,
strictly concave on Ri4 x (0,1).

U2: 4(0,0) = 0.

U3: u' is twice continuously differentiable on Ry, x (0,1) with partial derivatives
satisfying the Inada conditions: lim. o ul(c,1) = +o0, VI € (0,1] and lim;_, ui(c, 1) =
400, Ve > 0.

We extend the utility functions on R? by imposing u’(c,l) = —oc if (c,1) €
R2\ {R,; x [0,1]}.

The assumptions on the production function F : Ri — R, are as follows:

F1: F s continuous, concave, increasing on Ri and strictly increasing, strictly
concave on R?H.

(assumptions U4, F4, U5, F5 )

3We relaxed some important assumptions in the literature. For example, Bewley [2] assumes
that the production set is a convex cone (Theorem 3 , page 525). Also, he assumes the strictly
positiveness of derivatives of utility functions on ]Rf_ ( Bewley [2], strictly monotonicity assumption,
page 240). In our model, the utility functions may not be differentiable in R4 X [0,1] (only
differentiable on R4y x (0,1)) from which many difficulties arise when we deal with boundary
points.



F2: F(0,0) =0.
F3: F is twice continuously differentiable on Ri | with partial derivatives satisfying
the Inada conditions: limy_.o F(k, L) = 400, VL > 0, limy_, 1 o, Fi(k,m) < § and
limy_,o Fr(k, L) = 400, Vk > 0.
We extend the function F over R? by imposing F(k, L) = —oo if (k,L) ¢ R?.
For any initial condition kg > 0, when a sequence k = (kg, k1, ka, ..., ki, ...)
such that 0 < ki1 < f(ky,m) for all ¢, we say it is feasible from kg and we
denote the class of feasible capital paths by II(kg). Let (c!,c?,...,ct, ...,c™) where
ct = (ci,ci,...ct,...) denote the vector of consumption and (11 l2 18, 1™) where
1V = (I3,1%,...1¢,...) denote the vector of leisure of all agents at date t. A pair of
consumption-leisure sequences (c',1%) =(c},1});e, is feasible from ko > 0 if there
exists a sequence k € II(kg) that satisfies V¢,

m

> etk < flke,» (1-17) and 0<1f < 1.

i=1 i=1
The set of feasible from kg consumption-leisure is denoted by > (ko). Assumption
F3 implies that

fe(+oo,m) = Fj(+oo,m)+ (1—6) <1,
fe(0,m) = Fp(0,m)+(1—46)> 1.

It follows that there exists k > 0 such that: (i) f(k,m) =k, (ii) k > k implies
f(k,m) < k, (iii) k < k implies f(k,m) > k. Therefore for any k € II(kg), we have
0 < k¢ < max(ko, k). Thus, a feasible sequence k is in [3° which in turn implies that
any feasible sequence (c,1) belongs to I x [0, 1]*°

In what follows, we study the Pareto optimum problem. We obtain that the
Lagrange multipliers are in l}r. Then these multipliers will be used to define prices
and wages systems for the equilibrium.

Let A = {n1,m2,....nm|n > 0 and >_";n; = 1}. Given a vector of welfare
weights n € A, define the Pareto problem

max ZmZﬁt ekl
i=1  t=0

s.t. Zci +kep1 < f(ke, Z(l - lé))th

i=1 i=1
>0, 1L>0, I8 <1, Vi, vt
ks > 0, Vt and kg given.
Note that, for all kg > 0, 0 < k; < max(kg, k), then 0 < ¢! < f(max(kg, k), m)

Vt, Vi = 1...m. Therefore, the sequence (u'), = > ., Biu’(c},l}) is increasing and
bounded and will converge. Thus we can write

ZmZﬁt 1Ct7 ZZnﬁt Zcm

i=1 t=0 t=0 i=1

Let x = (c, k,1) € (IT)™ x I x (I2)™



Define

Fx) = =>> mplu'(c 1)

t=0 i=1
o;(x) = Zci+kt+1*f(k‘t,2(1*li))
i=1 i=1
W) =
P}(x) = —k
B0 = )
(%) = -1
o = ((I)%vq)tziv(p?—i-lv(p?i’@?i), Vt,Vi=1..m

The Pareto problem can be written as:

min F(x)
st.®(x) < 0,xe (IF)™ x 1T x (&)™

where:
F oo ()" I x (IF)™ = RU {+o0}
O = (Py)i=0..00 : (IT)" x 1T x (IF)™ = RU {+o0}
Let C =

dom(F) = {x € (IT)™ x I x (IT)™|F(x) < +o0}
I' = dom(®)={xe (I)" xI x (I)"|P(x) < +o0, Vt}.

The following theorem follows from Theorem1 and Theorem?2 in Le Van and Saglam

[8]-

Theorem 1 Letx,y € (I)™ x I x (I¥)™, T € N.
x if t<T
ye if t>T
Suppose that two following assumptions are satisfied:
Ti:Ifx € C,y € (I)™ x I x (I8°)™ satisfy VI > Ty, x* (x,y) € C then
F(xT(x,y)) = F(x) when T — oo.
T2: Ifxel,y el and xT(x,y) €T, VT > Ty, then

Define zl'(x,y) =

a) &,(x7(x,y)) = ®(x)as T — oo
b) IMs.t.NT > Ty, || (xT (x,y))|| < M
¢) N = Ty, lim [@(x" (x,¥)) ~ ®i(y)] = 0

Let x* be a solution to (P) and x € C satisfy the Strong Slater condition:
sttlpq)t(fc) <0.
Suppose x” (x* x) € C NT. Then, there exists A € I1\{0} such that
F(x)+ A®(x) > F(x*) + A®(x™), Vx € (I°°)™ x [ x (™)™

and A®(x*) = 0.



Obviously, for any n € A, an optimal path will depend on 7. In what follows,
if possible, we will suppress 1 and denote by (c**, k*, L*!,1*%) any optimal path for
each agent i. The following proposition characterize the Lagrange multipliers of the
Pareto problem.

Proposition 1 If x* = (c**,k*,1*) is a solution to the Pareto problem:

maXZZniﬁfui(ci,li) Q)

t=0 i=1

sty itk < f(keL7), V>0
i=1
o> 0, 0Il>0,11<1, Vi,Vt
ki > 0, Vit and ko given.

Then there ezists, Vi = 1..m, A = (A", A2, A3, A% \5i) € Box ()™ x I x ()™ x
(IL)™ X # 0 such that

SN Bl (e 1) z»zc Koy — S, L))

t=0 :=1
+ZZ)\21 +Z)\3k*+ZZ>\4zl*z+ZZ)\51 l*z
t=0 i=1 i= t=0 i=1
2 ZZU Biu' (¢}, 1 ZA (Zci+kt+1 — f(ke, L))
t=0 i=1 =0 i=1
+ZZ>\21 1+ZA~°’@+ZZAW+ZZA5Z - @
t=0 i=1 i= t=0 i=1
ZC ki — FO5Y L) =0 (2)
i=1

Mt =0,Vi=1..m 3

(3)

Ak =0 (4)
N =0,Vi=1..m (5)
N1 =17 =0,Vi=1..m (6)
0 € mpiovu' (cf, 1) — (N} + D), Vi = 1..m (7)

0 € i dau’ (¢, 1F') = NgDa f (ki L) + {N} = {A'}, Wi = Lm (8)
0€ N f(kf, Ly) +{N} = {1} (9)

where, Ly = >0 Lyt =" (1=17%), 9julc;t, 1Y), 0; f(ki, L}) respectively denote
the projection on the j" component of the subdifferential of function u at (c*,1}*)
and the function f at (k;,L})*

8
9

4For a concave function f defined on R™,8f(x) denotes the subdifferential of f at x. We have
to write the first-order conditions by the subgradient set since at the point (0, 0), the functions ut
and f are not assumed to be differentiable.



Proof: We show that the Strong Slater condition holds. Since f5(0,m) > 1,5for
all kg > 0, there exists some k € (0, k) such that: 0 < k < f(k,m) and 0 < k <
f(ko,m).Thus, there exists two small positive numbers ¢, g1 such that:

<@+6<f(%,m—51) and0<%+8<f(k0,m—€1).

OHx) = D ch+k— flko, Y (1-1)))
i=0

i=1

= €+Eff(k:0, —e1)<0
ol(x) = Zc1+kz— (k1> (1~ 1)
i=1

= 6+k—f(k:,m—51)
dl(x) = e4+k—flkym—e)) <0, Vt>2

PH(R) = —¢' = —— <0, ¢ >0,¥i = 1..m
¢ m

P3(x) = —ko<0;
P(x) = —k<0 Vi>1.

(%)= L <0, > 0,¥i=1..m
m

PiE) =L 1<0, >0,Vi=1.m
m
Therefore the Strong Slater condition is satisfied.
It is obvious that, VT, x”'(x*,x) belongs to (I3°)™ x I5° x (I3°)™
As in Le Van and Saglam [8], Assumption T2 is satisfied. We now check As-

sumption T1.
For any x € C,x € (I)™ x I x (I3°)™ such that for any T, x7(%,x) € C we

have
F(x" ZZW Z Zwu (ch, 1.

t=0i=1 t=T+1i=1
Asx € ()™ x 1 x (I2)™, sup|6~2| < +o00 , there exists a > 0, Vt, \gt| < a. Since
t

B €(0,1), as T — oo we have

0< nlﬁu c7ll<ua1 n:3 = u(a,1) niBt — 0
>y ; >y DY

t=T+1i=1 t=T+1i=1 1=1t=T+1

5 Assumption f(0,1) > 1 is equivalent to the Adequacy Assumption in Bewley [2], see Le Van
and Dana [6] Remark 6.1.1. This assumption is crucial to have equilibrium prices in I} since
it implies that the production set has an interior point. Subsequently, one can use a separation
theorem in the infinite dimensional space to derive Lagrange multipliers.



where u(a,1) = max{u;(a,1),i = 1,...,m}. Hence, f(xT(i,>:<)) — F(x) when
T — oo. Taking account of the Theorem 1, we get (1) - (6).

Obviously, N ri(dom(u®)) # 0 where ri(dom(u®)) is the relative interior of
dom(u®). Tt follows from the Proposition 6.5.5 in Florenzano and Le Van [5], we
have

aznlﬂt i C*Z l*z 77hﬁ Zau C*Z l*z

We then get (7) - (9) as the Kuhn-Tucker first-order conditions. ®

Remark 1 1. 1. It is easy to prove that n; =0 = c;* =0, I;* =0, Vt.
2. For any optimal solution (c**, k*,1*%), we have for any t, any i, O1u*(c;’, ;%) #
0, Ooul(cii, 1Y) # 0, O f(kF, Ly) # 0, agf(k;f,L*) # 0, where Ly =m—>Y_, 1}
3. We have cj* > 0 iff [} > 0. In this case, O1u'(c;t, [}%) = {ul(c;?, [;1)}, Ogul (e}, 1) =
fui (e’ 1)} | |
4. For any ko > 0, there exists t with ), c¢f* > 0 and hence ), I;* > 0 (if
not, the value of the Pareto problem is null which is a contradiction).

Let us denote I = {i |n; > 0}, B =max{G;li € I}, 1 ={i € I | B; = B} and
In the following proposition, we will prove the positiveness of the optimal capital
path.

Proposition 2 If kg > 0, the optimal capital path satisfies ki > 0, Vt.

Proof: Let kg > 0 but assume that kf = 0. From (9), L7 = 0. This implies
>, =0and [j* = 1,Vi: a contradiction with (7). Hence ki > 0. By induction,
ky >0,vt > 0.

|

Remark 2 From (9) and Proposition 2, if kg > 0, we have LT > 0 for any t > 0.
Hence, for any t =0, 01 f(kj, L7) = {fe(ki, L7)}, O2f (K7, Ly) = {fo(k}, L)}

Proposition 3 Let kg > 0. (a) With any n € A, there exists a unique solution to
the Pareto problem ((c*i)7 (l*i),k*). We have:

For anyt >0,
A () € Nier miBlow’ (¢, ;") (10)
A () fo(kf, Ly) € Nier miBioau’ (¢, 1Y) (11)

and for any t > 1,
0 € XM f(kf, Ly) = XN—1(n) (12)



(b) Conversely, if the sequences c**,1** k* L* satisfy

VE>0, Ly = Y (1-1)

ZC? = f(ki, L) — ki
ki = ko
and if there exists \' € 1L which satisfies (10), (11) and (12), then ¢**,1** k*

solve the Pareto problem with weights ) and \' is an associated multiplier.

Proof: (a) For any ¢; > 0, we have
miBiut (e’ 1Y) = miBjut (e, 7Y > (N = AF) (e — 1)
> A =)+ M > N (G — )
If ¢; < 0,, then u'(ct,l}) = —oo, and the inequality still holds. Thus, A\}(n) €
niBLO1ut (e 1Y), Vi
Similarly, we can prove A} (n)fL(k;, L}) € Nicr m:iBt0au’(c}, 1Y),
We have from (9),

() [f (ky, Ly) = f(k, L))

Y

oy = X1k — k)
AL (k=) + Nk > AL (kF — k), if k> 0.

v

If k <0, then f(k,L) = —oco and the inequality still holds.
(b) The proof is easy. m

When m > 1 we introduce an additional assumption which, together with U1,
U2, U3, F1, F2, F3 , will ensures positiveness of the total optimal consumptions
for any period. ‘

U4: There exists an agent 7 with a utility function which satisfies lim. .o, w(e0)

(&
—+o00.

Proposition 4 Add Uj4. Assumeko > 0. Then),c;* > 0 (and hence Y, 17" > 0)
for any t.

Proof: Assume the contrary. There exist t with ¢;® = [;* = 0 for every i € I. Take
1 which satisfies U4. Then for any ¢ > 0,

i3t [ui(0,0) —u'(c, O)} > —)\ic

since A! € n; 8011’ (0,0) from Proposition 3. We then obtain

(e, 0
A mﬂ;“(? ) veso
i(c,0
and A} > ;8! hIJP M:—i—oo
c——+oo c

contradicting A' € I!. m

We now show that the consumption and leisure paths of all agents with a dis-
count factor less than the maximum one converge to zero. The proof is very simple
compared to the one in Le Van et al [10] which uses the supermodular structure
inspired by lattice programming.



Proposition 5 If (k*, c*, l*i) denotes the optimal path starting from kg, then Vi €

LI, ¢;" — 0 and I}* — 0.
Proof: Consider problem R;

Vi(ke, ke41) = max Z miBiu’ (e, ;)
i=1

F (ki i(l —11)+ (1= 0)k .

i=1

IN

m
s.t. Z Ci —+ kt+1
i=1
It is easy to see that the Pareto problem is equivalent to

maxZV}(kt, kt+1)
t=0
s.t. 0 S kt+1 S F(kt,m) + (1 — 5)]%, Vit Z 0

ko is given.
Observe that
i AN
Vilk,kepr) = B'max» (51) u' (g )
i=1

F(ky, Z(l 1))+ (1 =)k .

i=1

IN

m
s.t. Z Ci + kt+1
i=1

Denote Zt = (nv(%)t> From Berge Theorem, the strict concavity and the increas-
ingness of the utility functions, the optimal c¢**, [** are continuous with respect
to (Z* ki, kiy1). Denote these functions by (TU(Z% kf, kfyy), A(Z8 ki ki),
Let x*,£* denote the limit points of kf,k;,; when ¢ — +oo. Then, for i € Iy,
I(Z k}, ki) converges to T“(0y,, (:)icr,, %, &) = 0, and AY(Z%, k}, ki ;) con-
verges to AY(Or,, (:)ier,, K%, 6*) =0. =

3 Existence of competitive equilibrium

Let us give the characterization of equilibrium. For each consumer i, let o' > 0
denote the share of the profit of the firm which is owned by consumer ¢. We have
St a’=1. Let 9" > 0 be the share of the initial endowment owned by consumer
i. Obviously, > i~ 9" = 1. Clearly, V' ko is the endowment of consumer i.

Definition 1 Let kg > 0. A competitive equilibrium for this model consists of a
sequence of price p* = (p)2, for the consumption good, a wage sequence w* =
(W)L, for the labor, a price r for the initial capital stock ko and an allocation
{c* k*, 1" L**} such that

i)

¢ e 1P 1 elR LY el kel

p* € IM\{0},w* € l\{0},r > 0.



ii)For every i, (c*',1**) is a solution to the problem

max Yo, Biu'(ci, 17)
s.t Z:io pj{c}; + Zzo wt*lf; < Z:io w2k+19irk0 + o'

where 7 is the mazimum profit of the single firm.
iii) (k*,L*) is a solution to the firm’s problem

7T* = mapr,f [f(kt,Lt kt+1 Zwt Lt — Tko

st 0

IN

ktJrl S f(kt7Lt)70 S Lt7Vt

iv) Markets clear: Vt,

m

ZC kiy1 = f(k':‘,ZLz‘l),

t=1

i+ L' =1L =Y Lj and kj = ko.

t=1

Now we define an equilibrium with transfers.

Definition 2 A given allocation {c**,k*,1** L*'}, together with a price sequence
P for consumption good, a wage sequence w* for labor and a price v for the initial
capital stock ko constitute an equilibrium with transfers if
i)
ct e (IP)™MIre(d)" L™ e ()™ kel
p* € l}r\{()},w* € l}r\{O}, r>0

ii) For every i = 1..m, (c**,1*%) is a solution to the problem
> .
maxz Blu'(ck, 1)
oo oo (oo}
Zptct T2 wilh <D pie + ) wily’
t=0 t=0 =0
iii) (k*,L*) is a solution to the firm’s problem:

T = maXpr[f(kt,Lt — k1] — Ztht—Tko

st 0 kiyr < f(key Ly),0 < Ly, Vit

IN

iv) Markets clear

vt S ki = (R LD,

=S L =1L and kg = ko

10



Before proving existence of an equilibrium, we will first prove that any x* =
(c*t, k*,1*%), solution to the Pareto problem associated with kg > 0 and n € A is an
equilibrium with transfers, with some appropriate prices (p;) € i1 \ {0} and wages
(w;) € 1\ {0}.

The following result is required.

Proposition 6 Let kg > 0. 1. For any ¢ > 0, there exists T such that, for any
neAa,

+oo
Z)\l Zc*1<€
T
Z/\l )fr(k;, L;) Zz*ﬁ<s

ZA ) fu(k; L) <

2. There exists M such that, for any n € A,

+oo
ZA%(WZCI" < M
=0 i
Z)\l )fr(k;, L7) Zz*l < M
ZAl Voki, LY) < M

Proof: 1. We know that there exists A such that c¢j’(n) < A, Vt, Vi, ¥n € A.
Therefore

Y]

sz (e, 1) = u' (0,0)]
ZA% Do+ ZA%fL(k:,LD oo
T [ T %

Let € > 0. There exists T such that % < e. Hence, > 47X\ ()X, ¢t < e,
7N () fo(ky L) Y, 17 < e, for any 7).
We now prove that for T large enough, S5 X' (n) fr.(kf, L) < ¢ for any 7.
We have

pr ;
T3 Zu%(A, 1)

v

> et = fky LY = ki
Since

we obtain by using (9):

T+ T+t
SN et = N ek, L)k = Npypo K + > M Fo(k], L)L
= 7 t=T

11



Let 7 — +o00. Since ' € 1!, and k < max{ko, k}, V¢, we have

+oo “+o0
S et = Npfe(Br L)k + > M fo(ki, L)L
_ i t=T

+oo +oo
> Y OAMfo(kp L)L =Y N fukl L) (m =) 1)
t=T t=T 7

Hence, for T large enough,

+oo
mZA fu(ky,Ly) ZAIZcszAifL(k:,L:f)Zz:iSs

i t=T i
for any 7.
2. Obviously:

+oo +oo
SIS G Y N LG L)Y < M= —— S (A,
0 [ 0 i 1

+oo
DRI )

t=0

A
&
|
|
X

Proposition 7 Let kg > 0. Let (k*,c*,L*,1*) solve the Pareto problem associated
with n € A. Toke

pi = A wp =N folkf, L) for any t
andr = N[Fr(ko,0) +1—4].

Then {c*,k*, L*, p*,w*,r} is an equilibrium with transfers .
Proof: i) We have
cte(IX)" 1 e (IP)™ k" el preli,whell.

From Remark 1 statement 4, p* # 0, and together with Remark 2, w* # 0.
ii) We now show that (c**,1*%) solves the consumer’s problem. Let (c?,1%) satisfies

oo oo o0
Zptct + Z’wflfg SZpICIZ + Zw;‘lz”
t=0 t=0 t=0

By the concavity of u?, we have:

A= Zﬂ“ ) = Brul(en 1)

t=0

Z z l*z Ct + Zﬂt *z l*z l*z o lz)

=0
Combining (3 ), ( ) yields

> )\21 ; e )\1](' k*7L* _ )\472 4 \i i ;
A > Z( Ct)"'z(tL(t tg. t t)(lt — 1)
t= t=0 ¢

12



o0

+Z>\ ok, LY) a +Z)\E” (1-19)

>
i Pt Mi
oo MRS LY
> —@+Z“%;”@um
t=0 ¢

*

t=0

Z
i ®+ifw>@m
:0 t=0 It

This means (c*?,1*%) solves the consumer’s problem.
iii) We now show that (k*,L*) is solution to the firm’s problem. Since p; = A},
wi = A fr(kf, L}), we have

>‘*
I
NE

Mf(kE LE) — kiiq) ZA fo(kr, LY) L —rko.

~
I
=)

Let :

T
ZA (k7 Ly) — ki) = > M fo(ki, Ly) Ly — ko

t=0
— <ZA;}[ (kt, Le) — k] — ZA fo(k, LY)Ly —rk())
t=0

By the concavity of f , we get

T
Ar > ZA fulks, Ly ZA kiva — ki)

t=0
[)\1fk(’€1aLT) — Aol (ky — k1)
+Ap fr (B, L) — Ap_1](kp — kr) — Ap(k4q — krga).

By (4) and (9), we have: ¥Vt =1,2,..

T

*9

N fi ks L) = N (k= he)
= =N (k — k) = Xk > 0.

Thus,
Ar > =Ap(kiiy = krg1) = =Apkfgq + Apkryr > =Apki .

Since A € l+, supk T41 < +oo, we have

lim Az > lim — Apkjy, =0.

T—+00 T—+

We have proved that the sequences (k*, L*) maximize the profit of the firm.
Finally, the market is cleared by the strict increasingness of the utility functions.

|
Let &y > 0. We define:
¢i(n) = {D_ i }+{Zwt ) ()} = {Zwt )} ={0'rko} — {o'7*(n)}

13



vt, p; € {/\1} wy € {\frky, L)}

™) = Zpt n), Ly () — kiza(n Zwt — rko.
The correspondence ¢; is convex valued. Indeed, we know that c;?, ;% k;, L} are
single-valued. If Y, ¢j* > 0, then from Remark 1, we also have Y, [;* > 0, and A}

is also single-valued from (7). In this case, pj,w; are single-valued. If Y, ¢}’ = 0,
then pjcf’ = 0,wil;* =0. Let 7 = {t: >, ¢;* > 0}. We have

=D {pime )+ wi ()l ()}~ Z{wt f={0'rko} — o' {7 ()}

teT teT
where
Vt, p; = /\tl7 wy = AlfL(kf,L*)
mm) = Y pi(n) ), Li(m) = k()] = > wi(n)L; (n) — rko.
teT teT

The correspondence ¢; is uniformly bounded (see Proposition 6, statement 3).

Proposition 8 i) Let ko > 0. Then for anyn € A, 7*(n) > 0.
i) If ; = 0 then Vt, ¢;* =0, I} = 0 and ¢;(n) <0

Proof: i) Let (ko,0,0,...) € II(kg). Then

() = A(n)[F(ko,0) + (1 — 8)ko] — rko
= N®[F(ko,0) + (1 — 8)ko] — A (1) [Fie (Ko, 0) + 1 — 6]ko

> 0.

ii) Let ; = 0. From Remark 1, ¢;* = [J* = 0, Vt. Now, we have

¢in) = > _pi( +Zwt )i (n Zwt )—9'rky — a'm* (1)
t=0
= —Zwt —0'rky — a'm*( )S—Zw{f(n)<0, since w* € I} \ {0}.
]

We can now state our main result.

Theorem 2 Assume U1, U2, U3, F1, F2, F3. If m > 1, then add Uj. Let
ko > 0. Then there exists n € A,n >> 0, such that ¢;(n) = 0,Vi . That means
there exists an equilibrium.

Proof: When m = 1, the result follows Proposition 7. When m > 1, from Propo-
sition 3, for any ¢, there exists ¢ with ¢;* > 0, ;' > 0. Obviously, 7; > 0. Then
p; = A = niBluccyi, ;1. The correspondence ¢; is single-valued. We now prove it

is continuous.

14



Let € > 0. Observe that

+oo +oo
=D pim) Dt =Y wim)(m =Y 1)) - rko.
t=0 7 t=0 i
From Proposition 6, there exists 7" such that, for any n,

|ZPZ(U” ) + Zwt M (n

t>T t>T
=S wi(")='rko — o' Y pr(n™) Y (™)
t>T t>T i
= wim")(m =Y 1Y) —rko| < e
t>T i

and

1> 0 e (m) + Y wi ()l (n)

t>T t>T

= wim)=Vrko —a' > pi(m) Y cit(n)
t>T t>T 7

=S wim)(m =Y 1) —rko| < ¢
t>T i

Consider t € {0,...,T — 1}. If ¢;*(n) > 0, then
ci' (") — ¢ (), 1 (™) — 1 (), K (™) — ki (), 0 (™) — i (), wi (") — wi (1)

Since for any ¢, there exists i with c¢j? > 0, we have p} (n™) — p}(n) and w; (n™) —
wi ()

We have k7 (1) — ki (n) > 0, Li (") — Li(1) > 0.

The proof of the continuity of ¢; is complete.

Observe that ), ¢;(n) = 0 for any n by Walras Law. Let us define T': A=A,
T(n) = (T1(n), Te(n), ..., Tm(n)) where T;(n) defined as

i + ¢;(77)
L+ 370, ¢:(n)

with ¢;(n) = —¢i(n) if ¢i(n) < 0, and ¢;(n) = 0 if ¢;(n) > 0. T is a continuous
mapping from the simplex into itself. By the Brouwer fixed point theorem, there
exists 17 € A such that T'(7) = 1. We have

Ti(n) =

i 2 ©m2¢ (13)
If 77, = 0, Proposition 8 (ii) implies that ¢;(7;) < 0 and ¢;(7) > 0 :a contradiction
with (13). Thus, n; > 0, Vi. If iqﬁ;(ﬁ) > 0, then ¢,(7) > 0, ¥i. From the definition
of (,25/( ) this implies (,bl( ) < ZO:,lw. But this contradicts Walras Law which says
Zqﬁl( ) = 0. Thus, Zqﬁ (77) = 0 which implies ¢;(77) = 0, Vi. But in this case we
have ¢i(n) >0, Vi. From Walras Law we have ¢;(n) =0, Vi. m

15



Remark 3 Ezistence of equilibrium can be obtained without U4 by assuming, as in

Bewley [2], that any consumer i has at each t an endowment wi > 0 which satisfies

O1:
The feasible constraints become:

S wi € int 1P

VE>0, ) ¢4k <Y wi+ f(ke, L)

The proof of existence of equilibrium is briefly given Appendix
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4 Appendix

Proof of the claim in Remark 3
Let a = inf; ), wi.
(1) We can prove as in the proof of Proposition 6 that for any n € A, any T

,BT ‘ +o00 . +oo 00
e DIUUCHEDPYD DML DETED SR AL ety
i t=T 7 T T

or

T +oo +00 +00
P = SN ST (e Lk LD 2 a3 A+ m DAL L) (14)
i t=T i T T
Define p}(n) = A, wi(n) = A\ fo(kf,L;). Inequality (14) shows that the sets
{pi(m)}y, {w;(n)}, are relatively weakly compact in .
(2) To prove that an equilibrium exists, it remains to prove that the correspon-
dences ¢; are usc. Since they are in fixed compact sets, we have just to check their

closedness.
Let n™ — n. Let 27" € ¢;(n™). There exists p*(n™), w*(n™), c* (™), 1*!(n™), k*(n™)
such that

=Y pime () + D wi ™M ()= Y wi () =9 (ko — o' 7 (")
t=0 t=0

where r(n™) = p§{(n™)[Fr(ko,0) + 1 — 4].
We first have
'™ — (), (™) — (), k(™) — K (n)

Since the sets {p; (1)}, {w;(n)}, are relatively weakly compact in [*, we can assume
that p*(n™), w*(n") converge weakly to p € I*, W € I and w; = p;fr, (kf(n), L (n))
for any t. We can easily check that, for any ¢

0 € mifioru’ (c;' (), 1{" () = pr, Vi = 1..m

0 € n;Bloou’ (¢} (), 17 (n)) — PeOaf (ki (n), L;(n)), Vi = 1l..m
0 € pio f(ki(n), Ly (n)) — Pe—1

That means, from Proposition 3, that p is a multiplier associated with ¢**(n),1*(n), k*(n)
and p; = p;fk (T’)a Wy = w: (77)7 vt.

Define
zi= Y peei'(m) + Y _wilyi(m) =Y wi—0'rky — o' (n)
t=0 t=0 t=0
where

7 () = Y [FUk5 (), Li () = ki ()] = D@L (n) — ko
t=0 t=0

and 7 = po[F(ko,0) + 1 — 0]. Obviously, z; € ¢;(n).
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Let € > 0 be given. From inequality (14), there exists T such that for any n we

have:
> M) ™) + > wi (™ (™)
>T >T
=S wi ) =ik — oY pr (") D (™)
i>T i>T i
= wimM)m =Y ") = rko| < e
>T i
and

| ZﬁtCZ‘i(n) + Z wily" (n)

t>T t>T
- Z w—1'7ky — o' Zﬁt Z cii(n)
t>T t>T
=Y wi(m =Y 1) ~7ho| < e
t>T i

Consider t € {0,...,T —1}. One has: p;(n™) — pr, w; (™) — w0y, ¢;H(n™) — c;i(n),
IFi(n™) — 17 (n), k7 (n™) — ki (n). Thus, for n large enough, we have |27 — ;| < 3¢.
That means 2> — z;. The proof is complete.
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