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Devwudfw

Zlwklq dq rujdql}dwlrq/ d erxqghg udwlrqdo sulqflsdo rujdql}hv d
surprwlrq frqwhvw edvhg rq d vhtxhqfh ri whvwv uhjduglqj fdqgl0
gdwhv* uhodwlyh shuirupdqfhv1 Zh dvvxph wkh sulqflsdo wr vx�hu
iurp olplwhg delolw| wr udqn wkh shuirupdqfhv/ rqo| lghqwli|lqj
wkh ehvw lq hdfk whvw1 Ixuwkhupruh/ kh vdwlv�fhv wkh h{shfwhg
sur�w iurp surprwlrq/ ghvljqlqj wkh frqwhvw vxfk wkdw h{shfwhg
jdlqv gr qrw ghfuhdvh zlwk wkh lqirupdwlrq jhqhudwhg e| dggl0
wlrqdo whvwv1 Wkhq/ phqwrulqj lv vkrzq wr lpsuryh wkh lqirupd0
wlrq derxw fdqglgdwhv* delolw| zkhq wkh sulqflsdo r�huv khos wr
wkh fxuuhqw ehvw fdqglgdwh surylghg e| d pdqdjhu surprwhg diwhu
d vlplodu frqwhvw1

Mho Fodvvlilfdwlrq= g430g;60o551
Nh|zrugv= Phqwrulqj/ Vhohfwlrq/ Frqwhvwv/ Erxqghg Udwlrqdolw|1
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- Ghsduwphqw ri Hfrqrplfv/ Vwrfnkrop Xqlyhuvlw|
-- HUPHV/ Xqlyhuvlwì Sdqwkìrq0Dvvdv/ Sdulv1

3Wkh dxwkruv zlvk wr wkdqn Mdphv Z1 Iulhgpdq/ Khuyì Prxolq/ Wrq| H1 Vplwk/ Mdftxhv
Wklvvh dqg Mrkq Wuheoh iru khosixo frpphqwv dqg vxjjhvwlrqv1 Ilqdqfldo vxssruw iurp
wkh Xqlyhuvlwì Sdqwkìrq0Dvvdv/ Sdulv LL lv judwhixoo| dfnqrzohgjhg1 Dudl dfnqrzohgjhv
�qdqfldo vxssruw e| Wkh Vzhglvk Frxqflo iru Uhvhdufk lq wkh Kxpdqlwlhv dqg Vrfldo
Vflhqfhv +KVIU,1

4

brought to you by COREView metadata, citation and similar papers at core.ac.uk

provided by Research Papers in Economics

https://core.ac.uk/display/6524586?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1


4 Lqwurgxfwlrq
Phqwrulqj uhodwlrqv lqyroylqj qhzfrphuv dqg vhqlru pdqdjhuv kdyh qhyhu
ehhq irupdoo| prghoohg lq hfrqrplf wkhru| hyhq wkrxjk vrflrorjlfdo dqg
pdqdjhphqw olwhudwxuh kdyh ghprqvwudwhg wkhlu hpslulfdo uhohydqfh1 Iru h{0
dpsoh/ Froolqv dqg Vfrww +4<:<,/ Rfkehuj/ Wlvfkohu dqg Vfkxoehuj +4<;9,/
dqg Fkdr +4<<:, vwxg| ydulrxv surihvvlrqdo hqylurqphqwv lghqwli|lqj wkh
h{whqw ri uhodwlrqv ehwzhhq phqwruv dqg surwhjhv dqg vkrzlqj wkdw phq0
wruhg zrunhuv h{shulhqfh juhdwhu ixwxuh uhzdugv ru fduhhu vxffhvv wkdq qrq0
phqwruhg rqhv1 Wklv sdshu suhvhqwv d prgho wkdw hqgrjhql}hv wkh irupdwlrq
ri phqwru0surwhjh uhodwlrqv dqg vkrzv krz phqwrulqj fdq lpsuryh wkh sur0
prwlrq surfhvv ri zrunhuv lq rujdql}dwlrqv1

Lq d slrqhhulqj vwxg|/ Nudp +4<;8, xqghuolqhv wkh fduhhu hqkdqflqj ixqf0
wlrqv ri phqwrulqj1 Wkhvh ixqfwlrqv duh frdfklqj/ vsrqvruvkls dqg whdfklqj/
doo ri zklfk frqvsluh wr lqfuhdvh vnloov/ vljqdo delolw| dqg suhsduh wkh surwhjh
iru dgydqfhphqw1 Dffruglqjo|/ zh lqwhusuhw phqwrulqj dv wkh vhw ri dfwlylwlhv
e| zklfk d phqwru fdq khos zrunhuv wr lqfuhdvh wkhlu surgxfwlylw|1

Odedqg dqg Ohqw} +4<<8, glvfxvv wzr udwlrqdo h{sodqdwlrqv iru wkh xvh ri
phqwru0surwhjh uhodwlrqv lq rujdql}dwlrqv1 Wkh �uvw lv edvhg rq wkh wudqvihu
dqg dffxpxodwlrq ri �up vshfl�f kxpdq fdslwdo1 Wkh vhfrqg uhodwhv phqwru0
lqj wr mre pdwfklqj wkhru|1 Wr lghqwli| wkh ehvw zrunhuv/ �upv lqyhvw wlph
dqg nqrzohgjh ri vhqlru pdqdjhuv wr frrshudwh zlwk wkh surplvlqj zrun0
huv1Wklv frrshudwlrq jhqhudwhv lqirupdwlrq derxw wkh txdolw| ri mre pdwfkhv
dqg fdq lpsuryh rq wkh pdwfklqj ri zrunhuv wr mrev1 Rxu frqwulexwlrq fohduo|
ehorqjv wr wkh mre0pdwfklqj lqwhusuhwdwlrq1

Zh frqvlghu d erxqghgo| udwlrqdo sulqflsdo zkr rujdql}hv d surprwlrq
frqwhvw wkdw lv/ d vhtxhqfh ri whvwv uhjduglqj uhodwlyh shuirupdqfhv ri fdq0
glgdwhv1 Wkh whvwv fdq eh edvhg rq wkh zrunhuv* shuirupdqfhv gxulqj wkh
qrupdo frxuvh ri surgxfwlrq1 Wkrxjk wkh uhfrughg shuirupdqfhv duh lpshu0
ihfw vljqdov ri delolw|/ wkh| khos glvforvh iru hdfk fdqglgdwh wkh olnholkrrg ri
ehlqj wkh ehvw1 Wkh sulqflsdo lv dvvxphg wr kdyh d erxqghg fdsdflw| wr
surfhvv wklv lqirupdwlrq ehfdxvh kh fdq rqo| lghqwli| wkh ehvw shuirupdqfh
lq d jlyhq whvw dqg kh lv jhqhudoo| frqfhuqhg zlwk lpsuryhphqwv +dqg qrw
pd{lpl}dwlrq, ri wkh h{shfwhg sur�w dvvrfldwhg zlwk wkh surprwlrq ri wkh
ehvw zrunhu1 Wklv phdqv wkdw wkh surprwlrq frqwhvw pxvw eh ghvljqhg vr
wkdw wkh h{shfwhg sur�w grhv qrw ghfuhdvh zlwk dgglwlrqdo lqirupdwlrq1 Wklv
erxqghg udwlrqdolw| lv prwlydwhg e| wkh lpshuihfwlrq ri wkh lqirupdwlrq dqg
wkh gl!fxow| ri pdsslqj wklv lqirupdwlrq wr h{shfwhg sur�wv1
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Zh dvn/ +l, fdq d surfhgxuh zlwk uhshdwhg lghqwlfdo whvwv dqg djjuhjdwhg
uhfrugv ri shuirupdqfh dozd|v eh uhohydqw iru vhohfwlrqB dqg/ +ll, fdq wkh
sulqflsdo lpsuryh rq ohduqlqj derxw zrunhuv* delolw| e| dgrswlqj d eldvhg
whvw ghvljq/ fkdqjlqj lwv lqirupdwlyh ydoxhB

Zh dqvzhu wkhvh txhvwlrqv surylqj wkdw wkh sulqflsdo pxvw eldv wkh �qdo
whvw e| jlylqj wkh zrunhu nqrzq wr kdyh ehhq wkh ehvw shuiruphu lq wkh
sdvw/ l1h1 wkh ohdghu/ vrph khos lq wkh fxuuhqw whvw1 Lq rxu iudphzrun/ wklv
khos fruuhvsrqgv wr yhuwlfdo frrshudwlrq zlwk d phqwru/ l1h1 d vhqlru zrunhu
douhdg| surprwhg1

Zkdw lv wkh lqwxlwlrq ehklqg wklv uhvxowB Dqwlflsdwlqj d ydfdqf| lq wkh
qh{w shulrg/ wkh sulqflsdo jdwkhuv suhylrxv lqirupdwlrq derxw zrunhuv dqg
�qdoo| surprwhv rqh ri wkhp diwhu d �qdo whvw1 Qhyhuwkhohvv/ ghvljqlqj wkh
�qdo whvw lq wkh vdph zd| dv wkh suhylrxv rqhv grhv qrw dozd|v lqfuhdvh wkh
sulqflsdo*v frq�ghqfh iru wkh ehvw zrunhu/ qru grhv lw fkdqjh wkh idfw wkdw
wkh ohdghu ehiruh wkh �qdo whvw zloo eh surprwhg1 Li vxfk dq lghqwlfdo whvw
lv luuhohydqw/ fkdqjlqj lwv lqirupdwlyh ydoxh e| lqwurgxflqj d eldv fdq qhy0
huwkhohvv lqfuhdvh wkh sulqflsdo*v frq�ghqfh lq klv vhohfwlrq1 Eldvlqj frqvlvwv
ri khoslqj wkh ohdghu/ khos surylghg e| d vhqlru pdqdjhu zkrvh phqwrulqj
lv vxfk wkdw lw fdq dowhu wkh lqirupdwlyh ydoxh ri wkh whvw1 Wzr rxwfrphv
duh srvvleoh1 Li wkh phqwruhg zrunhu zlqv/ kh uhpdlqv wkh ohdghu dqg wkh
sulqflsdo*v �qdo frq�ghqfh derxw klv surprwlrq lv hqkdqfhg1 Rwkhuzlvh/ li
d qrq0phqwruhg zrunhu zlqv wkh eldvhg whvw/ wklv ylfwru| lv xqghuvwrrg dv
d vwurqjhu vljqdo ri klv delolw| ehfdxvh wkh txdolw| ri wkh frqwhvwdqwv* �hog
lv lqfuhdvhg1 Wkxv/ wkh sulqflsdo dozd|v ehfrphv pruh frq�ghqw derxw wkh
zlqqhu ri wkh �qdo eldvhg whvw wkdq kh zdv derxw wkh suhylrxv ohdghu1

Wkh lghd ri xvlqj d eldv wr lpsuryh wkh txdolw| ri lqirupdwlrq rewdlqhg
iurp lpshuihfw vljqdov kdv ehhq dssolhg wr ydulrxv frqwh{wv +vhh Fdoyhuw
+4<;8,/ Nrk +4<<7,/ Eloorw +4<<;,,1 Forvh wr rxu frqwh{w/ Ph|hu +4<<4, frq0
vlghuv wkh sureohp ri d surprwlrq frqwhvw ehwzhhq wzr djhqwv1

Ph|hu sursrvhv d fduglqdo eldv iru wkh �qdo whvw zklfk vwulfwo| pd{lpl}hv
wkh sulqflsdo*v frq�ghqfh derxw wkh zlqqhu1 Ehvlghv/ vkh dujxhv wkdw d srv0
vleoh zd| ri lpsohphqwlqj wkh eldv frxog eh wr prgli| wkh frqwhqwv ri wkh
ohdghu*v mre1 Wklv lqwhusuhwdwlrq lv lqwxlwlyh dqg hvshfldoo| dwwudfwlyh lq whupv
ri mre ghvljq1 Qhyhuwkhohvv/ khu iudphzrun grhv qrw doorz iru d fkdqjh lq
wkh wdvnv ghyrwhg wr wkh ohdghu1 Irupdoo|/ wkh prghoolqj ri Ph|hu*v eldv
lv shuihfwo| fduglqdo/ rshudwlqj dv li wkh vxshuylvruv zhuh jlylqj d srvlwlyh
kdqglfds wr wkh ohdghu ri wkh frpshwlwlrq1 Wklv lv gl�huhqw iurp rxu fdvh
dv zh irfxv rq frrshudwlrq ehwzhhq zrunhuv dqg vkrz wkdw wkh eldv fdq eh
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lpsohphqwhg e| yhuwlfdo frrshudwlrq vlplodu wr phqwrulqj1
Pruhryhu/ lq Ph|hu*v prgho/ wkh sulqflsdo ghyldwhv iurp vwdqgdug qrwlrqv

ri udwlrqdolw| rqo| lq wkh vhqvh wkdw kh kdv sureohpv lq jdwkhulqj lqirupdwlrq
zlwklq wkh rujdql}dwlrq1 Qhyhuwkhohvv/ wkhuh lv qr olplwdwlrq lq klv lqvwuxphq0
wdo udwlrqdolw| vlqfh kh vwloo pd{lpl}hv wkh h{shfwhg rxwsxw ri wkh surprwhg
zrunhu1 Lq rxu iudphzrun/ erxqghg udwlrqdolw| lv lqvwuxphqwdo dqg frjql0
wlyh vlqfh wkh sulqflsdo grhv qrw pd{lpl}h h{shfwhg rxwsxw qru jdwkhu ixoo
lqirupdwlrq1

Wkh uhpdlqghu ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 ghdov zlwk
wkh uxohv ri wkh surprwlrq frqwhvw dqg wkh sulqflsdo*v eholhiv dqg ehkdylru1
Vhfwlrq 6 ghvfulehv wkh zd| wkh sulqflsdo fdq h{wudfw vxssohphqwdu| lqirupd0
wlrq derxw wkh zrunhuv* delolw| e| ghvljqlqj eldvhg frqwhvwv1 Vhfwlrq 7 vwxglhv
wkh rswlpdo ghvljq ri wkh eldvhg frqwhvw/ hqgrjhql}hv phqwrulqj uhodwlrqv dqg
glvfxvvhv wkhlu hpslulfdo uhohydqfh1 Ilqdoo|/ Vhfwlrq 8 vxppdul}hv wkh uhvxowv
dqg wkhlu hpslulfdo uhohydqfh dqg frqfoxghv zlwk srvvleoh h{whqvlrqv ri wkh
glvfuhwh fkrlfh iudphzrun zlwklq rujdql}dwlrq wkhru|1

5 Wkh Prgho
Wklv vhfwlrq lqwurgxfhv d prgho ri dq rujdql}dwlrq pdqdjlqj wkh rswlpdo
dvvljqphqw ri zrunhuv zlwklq lwv klhudufk|1 Rxu �uvw remhfwlyh lv wr ghvfuleh
wkh surfhvv ri uhyhodwlrq ri wkh uhodwlyh delolwlhv ri zrunhuv dorqj d vhohfwlrq
frqwhvw1 Wkhq/ zh zloo h{sodlq krz wkh sulqflsdo lq fkdujh ri wkh surprwlrq
ghflvlrq zloo irup klv eholhiv iurp wkh uhvxowv ri wklv vfuhhqlqj surfhvv1 Ilqdoo|/
klv remhfwlyh dqg fkrlfh ehkdylru zloo eh gh�qhg1

514 Gh�qlwlrqv

Zh gh�qh wkh rujdql}dwlrq dv d �qlwh vhw f ri djhqwv/ udqnhg lq wkuhh klhu0
dufklfdo ohyhov= f�/ wkh mxqlru zrunhuv/ f2/ wkh pdqdjhuv zkr surgxfh dqg
vxshuylvh dqg f�/ wkh sulqflsdo1 Wkh odwwhu uxqv wkh rujdql}dwlrq dv d forvhg
lqwhuqdo oderu pdunhw lq zklfk uhwlulqj pdqdjhuv duh v|vwhpdwlfdoo| uhsodfhg
e| zrunhuv iurp wkh hqwu| ohyho f�1 Wkh sulqflsdo pxvw wkxv vhohfw wkh ehvw
dssolfdqw iurp wkh srro ri mxqlru zrunhuv1

Lqlwldoo|/ doo mxqlru zrunhuv duh xqgl�huhqwldwhg/ lq wkh vhqvh wkdw wkhlu uho0
dwlyh delolwlhv duh wrwdoo| xqnqrzq1 Qhyhuwkhohvv/ wkurxjk rq0wkh0mre vfuhhq0
lqj/ wkh sulqflsdo pxvw dftxluh lqirupdwlrq derxw wkh ehvw dssolfdqw iru ix0
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wxuh surprwlrq1 Zh irfxv rq wkh sulqflsdo*v prvw h!flhqw ohduqlqj phwkrg
lq rughu wr �qdoo| vhohfw wkh prvw deoh zrunhu1 Wkh delolwlhv ri wkh dssolfdqwv
duh dvvxphg wr uhpdlq frqvwdqw ryhu wlph dqg wr eh lpshuihfwo| vljqdoohg e|
d shulrglfdo shuirupdqfh1

Irupdoo|/ iru hdfk dssolfdqw/ wkh shuirupdqfh/ ghqrwhg + ' +E@c "�/ gh0
shqgv rq klv delolw| @ dqg rq "/ dq lglrv|qfudwlf udqgrp vkrfn/ lqghshqghqwo|
dqg lghqwlfdoo| glvwulexwhg dfurvv wkh frqwhvwdqwv14c5 Wklv vljqdo fdq hlwkhu eh
d gluhfw phdvxuh ri wkh rxwsxw ri d zrunhu dw f�/ vxssrvhg wr eh srvlwlyho|
fruuhodwhg zlwk wkh delolw| wr shuirup zhoo dw f2/ ru dq lqgluhfw hydoxdwlrq
ri wkdw dssolfdqwv srwhqwldo dv d pdqdjhu1 Lq erwk fdvhv/ d vhohfwlrq uxoh
edvhg rq uhshdwhg uhfrugv ri shuirupdqfh fdq vroyh wkh dvvljqphqw sureohp
zlwklq wkh klhudufk|1 Pruhryhu/ zh devwudfw iurp wkh prudo kd}dug frqvlghu0
dwlrqv dvvxplqj wkdw hdfk mxqlru zrunhu vxssolhv dq lghqwlfdo dqg shuihfwo|
yhul�deoh ohyho ri h�ruw ru dprxqw ri krxuv ri zrun1

Wkh sulqflsdo fdq ghvljq wkh vhohfwlrq surfhvv ri wkh prvw deoh zrunhu
dv d frqwhvw/ wkdw lv d vhtxhqfh ri surgxfwlrq shulrgv ehiruh wkh surprwlrq
gxulqj zklfk rqo| wkh lghqwlw| ri wkh ehvw shuiruphu lv uhfrughg1 Hdfk shulrg
lv fdoohg d whvw1 Wkh pdqdjhu vxshuylvlqj hdfk whvw lv dvvxphg wr +l, dozd|v
vlqjoh rxw d zlqqhu dqg +ll, qhyhu pdqlsxodwh wkh revhuydwlrqv zkhq uhfruglqj
dqg vhqglqj wkhp wr wkh sulqflsdo lq rughu wr dyrlg doo nlqgv ri idyrulwlvp1

Wkxv/ d frqwhvw/ ghqrwhg �r
�/ lv gh�qhg dv d �qlwh vhtxhqfh ri r whvwv ryhu

d vxevhw ri zrunhuv � lqfoxghg lq f�16 Wkh zlqqhu ri dq| whvw lv wkh djhqw
� zkrvh shuirupdqfh +� lv vxshulru wr dq| rwkhu zrunhu*v shuirupdqfh1

Iurp wkh uhfrugv ri wkh zlqqhuv* lghqwlw| gxulqj wkh uhshdwhg whvwv/ wkh
sulqflsdo frqvwuxfwv d ixqfwlrq vxppdul}lqj wkh dffxpxodwhg lqirupdwlrq iru
hdfk zrunhu lqyroyhg lq wkh frqwhvw1 Frqvhtxhqwo|/ iru dq| frqwhvw �r

�/ zh
gh�qh wkh uhsxwdwlrq ri d zrunhu � dv d ydoxh +rE�� � f/ lqfuhdvlqj zlwk klv
qxpehu ri ylfwrulhv diwhu r whvwv1 Wkh uhsxwdwlrq lv d pdsslqj +rE�� gh�qhg
iurp 2f� wr U

n vxfk wkdw/ iru doo r : f/ � 5 2f�=

4Reylrxvo|/ zh dovr dvvxph wkdw udqgrp vkrfnv duh glvwulexwhg vxfk wkdw d kljkhu ohyho
ri shuirupdqfh frqyh|v d srvlwlyh vljqdo derxw delolw|1

5Lq Ph|hu+4<<4,/ wkh lqirupdwlrq zdv vdlg wr eh frduvh lq wkh vhqvh wkdw wkh sulqflsdo
rqo| nqrzv erwk glvwulexwlrqv ri wkh vsuhdgv ri shuirupdqfh dqg udqgrp vfkrfnv dqg
uhfrugv wkh udqn ri wkh wzr frqwhvwdqwv* shuirupdqfh1 Lq rxu prgho/ wkh lqirupdwlrq lv
hyhq frduvhu vlqfh wkh sulqflsdo kdv qr sulru derxw wkh glvwulexwlrq ri uhodwlyh delolwlhv
qhlwkhu ri wkh udqgrp vkrfnv1

6Lqghhg/ wkh frqwhvw pd| lqfoxgh doo wkh mxqlru zrunhuv lq wkh hqwu| ohyho ru d vxevhw li
wkh surprwlrq surfhvv lv rujdql}hg zlwklq whqxuh ru djh frkruwv1
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+rE^�M�� '
[
�M�

+rE�� ' r� �� +4,

zkhuh �� fruuhvsrqgv wr wkh xqlw ydoxh +� E�� ri rqh ylfwru| lq �/ wkdw
fdq eh lqwhusuhwhg dv wkh uhsxwdwlrq frqyh|hg e| rujdql}lqj rqh whvw lq �
zkdwhyhu wkh lghqwlw| ri wkh zlqqhu1 Wkh xqlw ydoxh fdq dovr eh lghqwl�hg dv
wkh pdujlqdo ydoxh ri d qhz whvw ryhu d jlyhq vhw ri fdqglgdwhv1

Ixuwkhupruh/ zh dvvxph wkdw zkhq wkh uhvxow ri d whvw lv qrw uhfrughg/
lw frqyh|v qr lqirupdwlrq1 Wkdw lv/ li � ' > wkhq �B ' f dqg li � 9' > wkhq
�� : f1 Zh dovr lpsrvh d qdwxudo uhtxluhphqw ri prqrwrqlflw|= li � � �

� �
f�/ �� 	 ��� 	 �f�

1 Wklv wudqvodwhv wkh lqwxlwlrq wkdw zlqqlqj lq d odujh
vhw ri zrunhuv grhv phdq pruh wkdq zlqqlqj lq rqh ri lwv vxevhwv1 Ilqdoo|/
wkh uhsxwdwlrq frqyh|hg e| rqh whvw lv vxssrvhg wr eh frpsohwho| dvvljqhg
wr wkh zlqqhu ri wklv whvw1 Qrwh wkdw wklv zd| ri uxolqj wkh lqirupdwlyh ydoxh
ri hdfk whvw uhvxow fohduo| uhfdoov wkh edvlf ihdwxuhv ri glvfuhwh fkrlfh wkhru|
lq wkh vhqvh wkdw wkh uhvsrqvh lq wkh prgho lv elqdu|= zlq ru orvh17

Iurp +4,/ +� E�� fdq eh ghfrpsrvhg dv iroorzv=

+�E�� ' +� E�� n
[
��'�

+� E�� ' ��

zklfk phdqv wkdw wkh vxshuylvru rqo| vlqjohv rxw wkh zlqqhu � dqg irujhwv
wkh orvhuv �/ +� E�� ' �� dqg +� E�� ' f iru doo � 9' �1

515 Wkh Sulqflsdo*v Eholhiv

Iurp wkh uhsxwdwlrq ixqfwlrq gh�qhg deryh/ zh fdq qrz gh�qh krz wkh
sulqflsdo zloo irup dqg uhylvh klv eholhiv derxw wkh delolw| ri wkh mxqlru zrunhuv
lqyroyhg lq wkh frqwhvw1 Ruljlqdoo| xqgl�huhqwldwhg lq whupv ri delolw|/ doo
zrunhuv ri f� kdyh wkh vdph sulru uhsxwdwlrq ehiruh wkh ehjlqqlqj ri wkh
dfwxdo whvwv lq wkh frqwhvw1 Wkhq/ wkh sulru suredelolw| ri dq| zrunhu � wr
eh wkh ehvw lq dq| vxevhw � � f�/ ghqrwhg � f

� E��/ fdq eh jlyhq e| wkh
xqlirup glvwulexwlrq / �

@
/ iru doo � 5 � zlwk @ ' S@o_E��1 Wklv k|srwkhvlv

doorzv lghqwl�fdwlrq ri wkh suredelolwlhv � f
� E�� dv li wkh| zhuh lqihuuhg iurp

d qxpehu @ ri suhylrxv whvwv zkhuh hdfk zrunhu � ri � kdv zrq mxvw rqfh1 Lq
wklv zd| d frqwhvw frqvlvwlqj ri r whvwv ryhu d vhw ri frqwhvwdqwv � frqwdlq

7Iru ixuwkhu ghwdlov derxw wkh uhodwlrqvkls ehwzhhq glvfuhwh fkrlfh wkhru| dqg vhohfwlrq
prghov/ vhh Odqiudqfkl/ +4<<7,/ Dudl/ Eloorw/ Odqiudqfkl +4<<7, dqg Eloorw +4<<;,1

9



r�@ dfwxdo whvwv dqg @ lqlwldo qhxwudo whvwv= hyhu| frqwhvwdqw lv dvvljqhg rqh
ylfwru|18 Wkxv/ iru doo � 5 �/ � f

� E�� ' � @
� E�� zlwk +f E�� ' +@ E�� ' �� dqg

+f E�� ' +@ E�� ' @���=

� f
� E�� ' � @

� E�� '
+f E��

+f E��
'

+@ E��

+@ E��
'

��
@� ��

1

E| g|qdplfdoo| h{whqglqj wklv irupxod wr dq| frqwhvw/ zh dvvxph wkh
sulqflsdo wr vhw xs d suredelolw| glvwulexwlrq iurp wkh uhvxowv ri �r

�/ wkdw
zhuh uhfrughg e| wkh vxshuylvru/ dv iroorzv=

D{lrp 4 = Iru doo � 5 � � f�/

� r
�E�� '

+rE��

+rE��
'

+rE��

r� ��
+5,

zkhuh � r
�E�� fdq eh ylhzhg dv wkh sulqflsdo*v suredelolw| ri wkh hyhqw �� lv

wkh ehvw frqwhvwdqw diwhu r whvwv ryhu ��1

Vlqfh wkh udqgrp vkrfn dqg delolw| glvwulexwlrqv duh dvvxphg wr eh xq0
nqrzq/ wkh suredelolw| jlyhq e| D{lrp 4 lv rqh ri wkh vlpsohvw eholhiv wkdw
fdq eh udwlrqdoo| iruphg iurp wkh sulqflsdo*v lqirupdwlrq19

Wkurxjkrxw wklv sdshu/ zh zloo iroorz dq h{dpsoh ri d surprwlrq frqwhvw
looxvwudwlqj wkh ixqfwlrqlqj ri wkh prgho1 Khuh iroorzv dq h{dpsoh ri wkh
uhsxwdwlrq dqg eholhi ixqfwlrqv iurp wkh uhfrugv ri d jlyhq frqwhvw1

H{dpsoh 4 = Frqvlghu d frqwhvw ryhu � ' i�c �j vxfk wkdw diwhu r ' e +5
qhxwudo dqg 5 dfwxdo, whvwv ryhu � ' i�c �j/ wkh uhsxwdwlrqv duh jlyhq e|=

+e E�� ' �� �� dqg +e E�� ' ��1

Iluvw/ zh nqrz wkdw/ iru � dqg �=

� f

� E�� ' � @
� E�� ' � 2

� E�� '
+2 E��

+2 E��
'

��
2� ��

'
�

2
1

8Wkh lqlwldo whvwv frqvwlwxwh wkh irxqgdwlrqv iru wkh sulqflsdo*v ehohliv rq frqwhvwdqwv
uhsxwdwlrq ehiruh wkh ehjlqlqj ri wkh dfwxdo whvwv1

9Wkh irup ri eholhiv jlyhq e| htxdwlrq +5, uhfdoov wkh k|srwkhvlv ri vlpsoh vfdodelolw|/
iuhtxhqwo| xvhg lq glvfuhwh fkrlfh prghov/ dffruglqj wr zklfk wkh fkrlfh suredelolw| ri
d jlyhq dowhuqdwlyh fdq eh h{suhvvhg dv dq lqfuhdvlqj ixqfwlrq ri lwv vfdoh ydoxh dqg d
ghfuhdvlqj ixqfwlrq ri wkh vfdoh ydoxhv ri wkh rwkhu dowhuqdwlyhv1

:



Wkhq/ +e E�� ' � dqg +e E�� ' � phdqv wkdw � zlqv 2 wlphv dqg � qhyhu1
Khqfh/ wkh suredelolwlhv iru wkh wzr fdqglgdwhv wr eh wkh ehvw diwhu e whvwv
fruuhvsrqg wr=

� e
� E�� '

+e E��

+e E��
'

+2 E�� n �

+e E��
'

2 n �

e
' �*e

dqg

� e

� E�� '
+e E��

+e E��
'

+2 E�� n �

+e E��
'

f n �

e
' �*e1

516 Wkh Sulqflsdo*v Ehkdylru

Wkh sulqflsdo lv khuh dvvxphg wr eh erxqghgo| udwlrqdo iru wkh iroorzlqj wzr
uhdvrqv=

0 +l, Wkh sureohp ri wkh surprwlrq ghflvlrq lq wkh frqwhvw dulvhv iurp wkh
lpshuihfw qdwxuh ri wkh lqirupdwlrq frqyh|hg e| wkh uhfruglqj ri zrunhuv*
shuirupdqfhv1 Wklv lpshuihfwlrq lv qrw rqo| gxh wr wkh xqfhuwdlqw| derxw
zrunhuv* delolw| exw dovr vwhpv iurp wkh sulqflsdo*v lqfdsdelolw| wr fdugl0
qdoo| phdvxuh ru wrwdoo| udqn zrunhuv* shuirupdqfhv1 Vlqfh wkh sulqflsdo
rqo| lghqwl�hv wkh zlqqhu dqg surprwlrq frqwhvwv pd| lqfoxgh pruh wkdq 2
frqwhvwdqwv/ wkh sulqflsdo*v delolw| wr udqn lv reylrxvo| erxqghg1

0 +ll, Wkh sulqflsdo rqo| wulhv wr lqfuhdvh +dqg qrw wr pd{lpl}h, wkh h{0
shfwhg sur�w diwhu wkh surprwlrq1 Iurp wkh dvvxpswlrq ri srvlwlyh fruuhodwlrq
ehwzhhq wkh fxuuhqw shuirupdqfh ri zrunhuv lq f� dqg wkhlu ixwxuh shuiru0
pdqfh lq f2/ orrnlqj iru d kljkhu h{shfwhg sur�w lv shuihfwo| htxlydohqw wr
lqfuhdvh +dqg qrw wr pd{lpl}h, wkh �qdo frq�ghqfh lq wkh surprwhg zrunhu/
l1h1 wkh ohdghu dw wkh hqg ri wkh frqwhvw1

Diwhu hdfk whvw/ wkh suredelolvwlf eholhiv ri wkh sulqflsdo duh uhylvhg df0
fruglqj wr wkh uhvxowv1 Lq whvw diwhu whvw/ wkh sulqflsdo wulhv wr ohduq derxw
wkh uhodwlyh delolw| ri doo frqwhvwdqwv lq rughu wr olplw wkh ulvn ri lqh!flhqw
dvvljqphqw ri zrunhuv1 Khqfh/ lw lv qdwxudo wr frqvlghu wkdw wkh sulqflsdo
pxvw ghvljq wkh frqwhvw lq rughu wr h{wudfw wkh uhohydqw lqirupdwlrq iru wkh
surprwlrq vhohfwlrq1

6 Lqirupdwlrq zlwklq Frqwhvwv
Lq wklv vhfwlrq/ zh vkrz krz wkh sulqflsdo fdq h{wudfw lqirupdwlrq iurp wkh
uhvxowv ri d vhtxhqfh ri lghqwlfdo whvwv1 Pruhryhu/ zh ghprqvwudwh wkdw rujd0

;



ql}lqj vxssohphqwdu| lghqwlfdo whvwv lv qrw uhohydqw iru wkh sxusrvh ri h!flhqw
vhohfwlrq ri zrunhuv zkhq wkh eholhiv ri wkh sulqflsdo derxw wkh delolwlhv ri wkh
zrunhuv duh qrw xqlirup1 Ilqdoo|/ zh lqwurgxfh wkh qrwlrq ri idlwk frqwhvwv
frqyh|lqj wkh vdph dprxqw ri lqirupdwlrq zkloh rujdql}hg ryhu gl�huhqw vhwv
ri dssolfdqwv dqg iru d gl�huhqw qxpehu ri whvwv1

614 H{shfwhg uhsxwdwlrqv iurp yluwxdo whvwv

Diwhu d jlyhq frqwhvw �r
�/ wkh sulqflsdo fdq h{wudfw lqirupdwlrq iurp d vxs0

sohphqwdu| lghqwlfdo whvw/ ghvljqhg zlwk wkh vdph uxohv zlwklq wkh vdph vhw
ri zrunhuv �1 Ehiruh wklv vxssohphqwdu| whvw/ wkh sulqflsdo lv deoh wr frp0
sxwh wkh h{shfwhg uhsxwdwlrq iru hdfk frqwhvwdqw diwhu wkh Er n ��wk whvw1 Li
zh ghqrwh +rn�E� m � ' �� wkh frqglwlrqdo uhsxwdwlrq ri wkh zrunhu � zkhq
kh lv wkh zlqqhu ri wkh vxssohphqwdu| whvw/ wkh frqglwlrqdo uhsxwdwlrq ri dq|
zrunhu � fdq d sulrul wdnh wkh wzr iroorzlqj ydoxhv=

�
+rn�E� m � ' �� ' +rE�� n ��/
+rn�E� m � ' �� ' +rE�� iru � 9' �1

Ixuwkhupruh/ wkh sulqflsdo nqrzv wkh suredelolwlhv � r
�E��1 Wkh suredelol0

wlhv iru wkh zrunhuv wr eh fkrvhq duh xvhg wr frpsxwh wkh dvvrfldwhg h{shfwhg
uhsxwdwlrq1 Ghqrwlqj T rn�E�� wkh h{shfwhg uhsxwdwlrq ri � lq rn�/ zh rewdlq=

T rn�E�� ' +rn�E� m � ' ��� � r
�E�� n+rn�E� m � ' ��� E�� � r

�E���c

wkhq/

T rn�E�� ' E+rE�� n ���� � r
�E�� n+rE��� E�� � r

�E��� '
Ern ��

r
+rE��1 +6,

Edvlfdoo|/ wklv uhvxow fdq eh jhqhudol}hg ryhu pruh wkdq d vxssohphqwdu|
yluwxdo whvw1 Iru d jlyhq frqwhvw �r

�/ wkh h{shfwhg uhsxwdwlrq ri d zrunhu �
diwhu ? yluwxdo vxssohphqwdu| whvwv fdq eh vkrzq wr eh dv iroorzv=

T rn?E�� '
Ern ?�

r
+rE��1 +7,

Wklv uhvxow lq whupv ri h{shfwhg xwlolw| fdq dovr eh uhlqwhusuhwhg lq whupv
ri suredelolwlhv lq wkh iroorzlqj sursrvlwlrq1

<



Sursrvlwlrq 5 = Frqvlghu dq| frqwhvw �r
�1 Wkhq/ iru doo � � f�/ � 5 �/

dqg iru doo r� : r/

� r�

� E�� ' � r
�E���

Surri = Iurp Ee�/ zh nqrz iru doo � 5 �=

T r�

E�� '
r�

r
+rE��/

l1h1 iurp d{lrp 4/ � r�

� E�� ' � r
�E��1�

Dffruglqj wr wklv sursrvlwlrq/ d yluwxdo frqwhvw �r�

� fdq eh vdlg wr frqyh|
wkh vdph lqirupdwlrq derxw wkh vhohfwlrq ri d frqwhvwdqw zlwklq �/ l1h1 wkh
vdph udqnlqj dv lq d uhdo frqwhvw �r

�1 Wklv hvwdeolvkhv wkdw wkh sulqflsdo
fdq uhlqwhusuhw wkh uhfrugv rewdlqhg diwhu r dfwxdo whvwv ryhu � lq d orqjhu
vhtxhqfh ri r� whvwv ryhu wkh vdph vhw zlwkrxw dq| fkdqjh lq wkh suredelolw|
iru hdfk zrunhu wr eh surprwhg1 Wklv phdqv wkdw wkh frqwhvwdqwv* udqnlqj
uhpdlqv lqyduldqw xqghu yluwxdo uhsolfdwlrq ri wkh qxpehu ri whvwv e| h{shf0
wdwlrq1:

615 Uhohydqw Whvwv

Dw wkh hqg ri d frqwhvw/ zh nqrz wkdw wkh sulqflsdo vkrxog udwlrqdoo| surprwh
wkh ehvw fdqglgdwh/ wkdw lv wkh rqh zlwk wkh kljkhvw suredelolw| ri ehlqj wkh
ehvw1 Zh gh�qh wkh ohdghu diwhu r whvwv ryhu � dv wkh zrunhu �r

� zlwk wkh
kljkhvw uhsxwdwlrq dqg wkh iroorzhu diwhu r whvwv dv wkh rqh �r� zlwk wkh orzhvw
uhsxwdwlrq1 Ohw xv vxssrvh wkdw diwhu dq| jlyhq vhtxhqfh ri r lghqwlfdo whvwv/
wkh sulqflsdo nqrzv wkdw kh pxvw uhsodfh d pdqdjhu e| d mxqlru zrunhu lq wkh
qh{w shulrg1 Wkh sulqflsdo wkhq qhhgv wr uxq d Ern ��wk whvw zklfk doorzv
klp wr lqfuhdvh klv frq�ghqfh uhjduglqj wkh ehvw frqwhvwdqw1 Zh gh�qh vxfk
d whvw dv uhohydqw +iru wkh frq�ghqfh,1

Irupdoo|/ iru dq| jlyhq frqwhvw �r
�/ d Ern ��wk whvw ryhu � lv vdlg wr eh

uhohydqw +iru wkh frq�ghqfh, li dqg rqo| li=

4@ 
�

� rn�
� E�� ' � rn�

�

�
�rn�
�

� � 4@ 
�

� r
� E�� ' � r

� E�
r
�� 1 +8,

Wkh iroorzlqj h{dpsoh zloo jlyh xv vrph lqwxlwlrq derxw wkh srvvleoh gh0
vljq ri wklv odvw whvw1

:Lq idfw/ wkh suredelolw| S v
3

D
+l, fdq dovr eh frpsxwhg dqg lqwhusuhwhg dv wkh h{shfwhg

suredelolw| iru l wr eh wkh ehvw zrunhu diwhu v3 whvwv iru d jlyhq dfwxdo frqwhvw Fv

D
1
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H{dpsoh 6 = Frqvlghu d frqwhvw zkhuh diwhu e whvwv ryhu � ' i�c �j/ wkh
uhsxwdwlrqv duh jlyhq e|=

+e E�� ' �� �� dqg +e E�� ' ��1

Khqfh/ wkh suredelolwlhv iru wkh wzr fdqglgdwhv wr eh wkh ehvw fruuhvsrqg
wr=

� e

� E�� ' �*e dqg � e

� E�� ' �*e�

Wkhuhiruh/ d Dwk whvw ryhu � fdq rqo| ohdg wr wkh iroorzlqj uhvxowv=
0+l, � D

� E�� ' �*D 	 �*e dqg � D
� E�� ' 2*D 	 �*e zklfk frq�upv wkdw �

lv wkh ehvw fdqglgdwh hyhq li �*v ylfwru| ghfuhdvhv wkh sulqflsdo*v frq�ghqfh
uhjduglqj � dv wkh ehvw ru

0+ll, � D
� E�� ' e*D dqg � D

� E�� ' �*D zklfk dovr frq�upv wkdw � lv wkh ehvw
fdqglgdwh1

D Dwk whvw ryhu � zrxog eh uhohydqw li dqg rqo| li � D
� E�

D
�� � �*e zklfk

lv qrw wkh fdvh li �D
� ' �1 Diwhu uxqqlqj wklv whvw/ wkh suredelolw| dwwdfkhg wr

wkh suhylrxv ohdghu � fdq ghfuhdvh dqg wkh dgglwlrqdo whvw lv wkxv luuhohydqw1
Qrwh wkdw wklv whvw lv xvhohvv iru wkh vhohfwlrq vlqfh wkh sulqflsdo*v rslqlrq/

l1h1 wkh �qdo udqnlqj rq wkh zrunhuv/ grhv qrw dowhu e| wkh uhvxowv ri wklv whvw1
Wkh zrunhu zkr vkrxog �qdoo| eh surprwhg lv l/ uhjdugohvv ri zkr zlqv wkh
Dwk whvw1

Wklv h{dpsoh kljkoljkwv wkh idfw wkdw uxqqlqj d vxssohphqwdu| lghqwlfdo
whvw lv qrw dozd|v uhohydqw lq whupv ri frq�ghqfh iru wkh ohdghu ri wkh frqwhvw1
Rq wkh frqwudu|/ lq wkh fdvh ri lghqwlfdo uhsxwdwlrqv ri doo zrunhuv diwhu r
whvwv/ wkh sureohp ri vhohfwlrq lv wulyldo ehfdxvh d vxssohphqwdu| lghqwlfdo
whvw zloo eh uhohydqw1 Vr/ e| dvvxpswlrq/ zh qrz uhvwulfw rxuvhoyhv rqo| wr
qrqghjhqhudwhg vlwxdwlrqv iru zklfk/ diwhu dq| jlyhq �r

�/ wkh uhsxwdwlrqv duh
qrw xqlirup/ l1h1 +rE�r

�� : +rE�r��1
Pruh jhqhudoo|/ wkh iroorzlqj uhvxow hvwdeolvkhv wkh lpsrvvlelolw| ri uxq0

qlqj d uhohydqw Ern ��wk whvw ryhu � diwhu dq| jlyhq frqwhvw �r
�1

Sursrvlwlrq 7 = Diwhu dq| jlyhq frqwhvw �r
�/ dq| Ern ��wk whvw ryhu � lv

luuhohydqw1

Surri = Vxssrvh wkh Ern ��wk whvw ryhu � wr eh uhohydqw1 Wkhq/ e| ED�/
iru doo �rn�

� / zh pxvw kdyh=

� rn�
�

�
�rn�
�

� � � r
� E�

r
��
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zklfk phdqv
T rn�

�
�rn�
�

�
Ern ��� ��

� +r E�r
��

r� ��

l1h1
r

rn �
T rn�

�
�rn�
�

� � +r E�r
�� 1

Gxh wr htxdwlrq Ee�/ wklv h{suhvvlrq ehfrphv=

+r
�
�rn�
�

� � +r E�r
�� 1

Qrz/ e| gh�qlwlrq ri �r
�/ lw lv rqo| frqvlvwhqw zlwk+

r
�
�rn�
�

�
' +r E�r

��zklfk
lv qrw wuxh li �rn�

� ' �r�1�

Wklv sursrvlwlrq phdqv wkdw wkh lqirupdwlyh ydoxh ri dq| qhz whvw ryhu
� lv qrw vx!flhqw iru wkh sulqflsdo wr lqfuhdvh wkh h{shfwhg sur�wv1 Khqfh/
wklv lpsrvvlelolw| lv fohduo| uhodwhg wr wkh vhw ri fdqglgdwhv1 Lqwxlwlyho|/ uho0
hydqw lqirupdwlrq iru wkh sxusrvh ri vhohfwlrq fdq rqo| eh rewdlqhg iurp
d uhohydqw whvw zlwk d kljkhu xqlw ydoxh/ wkdw lv lqyroylqj d gl�huhqw qxp0
ehu ri frqwhvwdqwv1 Wkh qh{w vxevhfwlrq ghdov zlwk eldvhg whvwv wkdw frqyh|
vxssohphqwdu| lqirupdwlrq derxw wkh uhodwlyh delolw| ri wkh zrunhuv1

616 Eldvhg Whvwv

Wkh iroorzlqj gh�qlwlrq doorzv wr irfxv rq d sduwlfxodu vxevhw ri frqwhvwv
zlwklq wkh rujdql}dwlrq/ wkdw duh frpsdudeoh lq whupv ri lqirupdwlrq1 Wzr
frqwhvwv �r

�/ �
r�

�� / zlwk r� : f dqg �� � f/ duh vdlg wr eh idlwk zkhq

+rE�� ' +r�E���1 +9,

l1h1 e| wkh gh�qlwlrq ri wkh uhsxwdwlrq= r� �� ' r� � ���

E| prqrwrqlflw| ri wkh xqlw ydoxhv �� dqg ���/ zh kdyh qhfhvvdulo| r 	 r�

li �� � � dqg v|pphwulfdoo| r� 	 r li � � ��1 Pruh jhqhudoo|/ ES� phdqv
wkdw ghvljqlqj d vpdoo qxpehu ri whvwv lq d odujh vhw ri fdqglgdwhv fdq eh
lqwhusuhwhg dv idlwkixoo| lqirupdwlyh dv ghvljqlqj d odujh qxpehu ri whvwv lq
d vpdoohu vhw ri fdqglgdwhv1

Zkhq diwhu r whvwv/ wkh sulqflsdo qhhgv wr surprwh d zrunhu lq wkh qh{w
shulrg/ kh douhdg| nqrzv iurp sursrvlwlrq 5 wkdw dq lghqwlfdo whvw ryhu � lv
luuhohydqw vlqfh kh fdqqrw dozd|v lqfuhdvh klv frq�ghqfh uhjduglqj wkh ehvw
fdqglgdwh1 Khqfh/ kh vkrxog prgli| wkh lqirupdwlyh ydoxh ri wkh Ern ��wk
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whvw lq rughu wr wudqvirup lw lq vxfk d zd| wkdw lw ehfrphv uhohydqw1 Xvlqj
Ph|hu*v odqjxdjh/ cfkdqjlqj wkh lqirupdwlyh ydoxh ri d whvw* phdqv celdvlqj
d whvw*1

Dfwxdoo|/ iurp htxdwlrq ES�/ zh nqrz wkdw wkh sulqflsdo fdq ghvljq wkh
Ern ��wk whvw ryhu d odujhu vhw �

� � �1 Lq wklv zd|/ kh rewdlqv wkh vdph
lqirupdwlrq dv wkh rqh zklfk vkrxog eh jhqhudwhg e| E?n �� pruh whvwv ryhu
� li ��

�� lv d idlwk frqwhvw ri �?n�
� / l1h1h=

+?n�E�� ' +�E�
�

�1

Wkh sulqflsdo zloo rujdql}h rqh whvw ryhu �
�

lqvwhdg ri d Er n ��wk ryhu
� dqg rewdlqv lqirupdwlrq wkdw lv idlwkixo wr ?n � vxssohphqwdu| whvwv ryhu
�1 Pruh sduwlfxoduo|/ zh gh�qh wkh djhqw+v, E�� ��� dv wkh eldv lqwurgxfhg
iru wkh Ern ��wk whvw1 Wkhq/ wkh sulqflsdo mxvw kdv wr dgg wkh uhvxowv ri wklv
whvw wr wkrvh suhylrxvo| uhfrughg iurp �r

�1 Ilqdoo|/ hyhu|wklqj jrhv dv li kh
vhwv xs d joredo dfwxdo frqwhvw �rn?n�

� 1
Qrwh wkdw lq ghvljqlqj d eldvhg whvw ��

�� lq sodfh ri dq luuhohydqw Ern ��wk
whvw ryhu �/ zh glvwlqjxlvk rqh dfwxdo ylfwru| dqg ? h{shfwhg rqhv lq vxfk d
zd| wkdw wklv vlqjoh eldvhg whvw ryhu �� lv htxlydohqwo| lqirupdwlyh dv E?n ��
pruh whvwv ryhu �1 Lq wkdw vhqvh/ d eldvhg whvw lv uhohydqw +iru wkh frq�ghqfh,
li dqg rqo| li=

4@ 
�

�
� rn?n�
� E��

� � � r
�E�

r
��1 +:,

Frqvlghu wkh sureohp ri krz wr suhflvho| prgli| wkh vhw �1 Iurp wkh
gh�qlwlrq ri wzr idlwk frqwhvwv/ zh lpphgldwho| lqihu wkdw �� pxvw eh odujhu
wkdq �1 Krzhyhu/ zh kdyh wr hydoxdwh wkh uhodwlrq ehwzhhq wkh vl}h ri wkh
eldv E�� � �� dqg wkh fruuhvsrqglqj qxpehu E?n �� ri yluwxdo whvwv ryhu �
uhvxowlqj iurp wkh dfwxdo whvw ryhu ��1 Wkh iroorzlqj sursrvlwlrq hvwdeolvkhv
wkh uhsxwdwlrq ri wkh eldv1

Sursrvlwlrq 8 = Frqvlghu wzr idlwk frqwhvwv �?n�
� / ��

��1 Wkhq/ wkh uhsxwd0
wlrq ri wkh eldv +�E�� ��� lv gh�qhg dv=

+�E�� � �� ' ��� � �� ' ?� ��1 +;,

Surri = Wkh uhsxwdwlrq ri wkh eldv +�E�� � �� fdq eh ghfrpsrvhg dv=

+�E�� � �� ' +�E����+�E��1
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ru/ e| gh�qlwlrq ri wkh uhsxwdwlrq=

+�E�� � �� ' ��� � ��1

Qrz/ irfxv rq wkh vshfldo idplo| ri yluwxdo frqwhvwv �?n�
� htxlydohqw wr

��
��/ l1h1=

��� ' E?n ��� ��

zklfk phdqv wkdw rqh ylfwru| lq ��/ qdpho| lq wkh frqwhvwdqwv vhw � hqodujhg
zlwk wkh eldv E�� � ��/ lv htxlydohqwo| lqirupdwlyh dv E? n �� ylfwrulhv lq wkh
dfwxdo vhw �1 Wkhq/ zh kdyh=

+�E�� ��� ' ?� ��1�

Lq hqodujlqj wkh vhw � wrzdugv ��/ wkh sulqflsdo gh�qhv d vhw xqlrq eh0
wzhhq wkh suhylrxv vhw � dqg wkh eldv E�� ���/ l1h1 d vxevhw ri yluwxdo
frqwhvwdqwv ehorqjlqj wr wkh rujdql}dwlrq vxfk wkdw wkhlu uhsxwdwlrq prgl0
�hv wkh lqirupdwlyh ydoxh ri wkh Ern ��wk whvw1

7 Phqwrulqj
Zh douhdg| nqrz ckrz wr suhflvho| prgli| wkh vhw �* gxh wr wkh lqwurgxfwlrq
ri wkh eldv E�� ��� zkrvh uhsxwdwlrq lv gh�qhg e| ?� ��1 Qrz/ zh kdyh wr
vhdufk iru wkh ehvw clpsohphqwdwlrq* ri wkh eldv ru wkh h!flhqw ghvljq ri wkh
uxohv ri wkh eldvhg whvw1 Iluvw/ iru frqvlvwhqf| ri wkh surprwlrq surfhvv/ wkh
sulqflsdo pxvw eh vxuh wkdw wkh eldv E�� ��� lv qrw vx!flhqwo| lqyroyhg lq
wkh frqwhvw ��

�� wr zlq lw1

Sursrvlwlrq 9 = Frqvlghu wzr idlwk frqwhvwv �?n�
� / ��

��/ vxfk wkdw wkhuh
h{lvwv d eldv E�� � �� zkrvh uhsxwdwlrq lv gh�qhg e| +� E�� � �� ' ?� ��1
Wkhq/ wkh zlqqhu � ri wkh Ern ��wk eldvhg whvw ��

�� lv gl�huhqw iurp wkh eldv
E�� � ��1

Surri = Li �?n�
� lv d idlwk frqwhvw ri ��

�� wkhq/ rqh ylfwru| lq ��/ ghqrwhg
��� / lv idlwk wr E?n �� ylfwrulhv lq �/ hdfk ghqrwhg ��/ l1h1=

��� ' E?n ��� ��1
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Qrz/ vxssrvh wkdw E�� � �� zlqv wkh whvw ryhu ��/ l1h1 wkh E?n �� whvwv ryhu
�/ wkhq=

+� E�� � �� ' ��� ' E?n ��� ��1

Khqfh/ vlqfh +� E�� � �� ' ?� �� e| Sursrvlwlrq 6/ iru ? � �/ lw lpsolhv

E? n ��� �� ' ?� ��/

l1h1 �� ' f zklfk lv zurqj iru doo � 9' >1�

Wklv sursrvlwlrq hvwdeolvkhv wkdw wkh ghvljq ri wkh eldvhg whvw lv vxfk wkdw
wkh eldv E�� � �� fdqqrw zlq lw dqg/ frqvhtxhqwo|/ grhv qrw fkdqjh wkh vhw
ri dfwxdo fdqglgdwhv iru surprwlrq/ qdpho| �1 Ehlqj lqyroyhg lq wkh frqwhvw
zlwkrxw dq| srvvlelolw| wr zlq/ lpsolhv phqwrulqj rqh ri wkh frqwhvwdqwv ri
� zkhuh phqwrulqj phdqv wkdw +l, wkh eldv khosv d fdqglgdwh/ l1h1 grhv qrw
uhdoo| sduwlflsdwh lq wkh frqwhvw dqg +ll, ehorqjv wr dq xsshu klhudufklfdo
ohyho1

714 Wkh Phqwru Wkhruhp

Wklv wkhruhp ghdov zlwk lghqwli|lqj wkh eldv lq d frqwhvw dv d phqwru1 Wkh
surri lv lq irxu vwhsv=

Iluvw vwhs = Lw lv hdv| wr uhpdun wkdw/ lq idfw/ �� fdq dozd|v eh ghfrpsrvhg
lqwr � ^ E�� ���1 Khqfh/ zh kdyh=

�� ' ^�M�3t�� i�j ^ i�j ^ E�� � �� 1

Ghqrwh �6 ' i�j^E�� � ��/ wkh xqlrq ehwzhhq wkh djhqw � dqg wkh eldv
E�� � �� ' 6 +6 iru phqwru,1 Wklv vhw xqlrq uh hfwv wkh idfw wkdw d
frqwhvwdqw � zloo eh khoshg gxulqj wkh surgxfwlrq shulrg e| dq djhqw
+ru d jurxs ri djhqwv, 61 Vr/ iru d jlyhq frqwhvw �r

�/ zh gh�qh d eldvhg
whvw dv d frqwhvw ��

�� idlwk wr �?n�
� / zkhuh rqh djhqw � 5 � lv khoshg e|

6 ' E�
� � �� zkrvh uhsxwdwlrq lv htxdo wr +�E6� ' ?� ��1

Wkh shuirupdqfh ri wkh djjuhjdwhg djhqw �6 fruuhvsrqgv wr d mrlqw
shuirupdqfh xqlrq/; vxfk wkdw lw lv lpsrvvleoh iru wkh sulqflsdo wr suh0
flvho| glvwlqjxlvk wkh uhvshfwlyh frqwulexwlrq ri � dqg 6 zlwklq wkh

;Vhh Dudl/ Eloorw ) Odqiudqfkl iru ixuwkhu ghwdlov derxw wkh frqfhsw ri cmrlqw shuiru0
pdqfh xqlrq*1
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joredo shuirupdqfh ri �61 Wklv lqwhusuhwdwlrq lv frqvlvwhqw zlwk wkh
iroorzlqj Sursrvlwlrq zklfk gh�qhv wkh uhsxwdwlrq ri wkh zlqqhu ri wkh
eldvhg whvw=

Sursrvlwlrq : = Frqvlghu d frqwhvw �r
�/ wkh uhsxwdwlrq ri wkh zlqqhu � ri

d eldvhg whvw ��
�� idlwk wr �?n�

� lv wkh iroorzlqj=
�

0 +l, wkh uhsxwdwlrq +�E�� ' �� li �6 ' �/
0 +ll, wkh uhsxwdwlrq +�E�� ' E? n ��� �� li � 9' �6 dqg � ' �1

Surri = +l, Vwudljkwiruzdug/ vlqfh e| Sursrvlwlrq 6 dqg wkh gh�qlwlrq ri
wkh uhsxwdwlrq/ +� E�� ' +� E�6��+� E6� ' ��� � E?� ��� ' ��1

+ll, E| gh�qlwlrq ri wkh uhsxwdwlrq/ +�E�� ' ��� ' E?n ��� ��1�

Wklv sursrvlwlrq hvwdeolvkhv wkdw vlqfh � grhv qrw zlq wkh eldvhg whvw lq
�� e| klv rzq/ wkh sulqflsdo fdqqrw vhh klp dv wkh wuxh zlqqhu dqg grhv qrw
fuhglw klp zlwk wkh uhsxwdwlrq ��� / qhlwkhu zlwk wkh E?n �� ylfwrulhv lq �1
Rq wkh frqwudu|/ li wkh khoshg ohdghu orvhv wklv eldvhg whvw/ wkhq wkh zlqqhu
�/ zkr lv qrw khoshg/ zlqv e| klv rzq1 Frqvhtxhqwo|/ lq wkdw fdvh/ � zloo
ehqh�w iurp wkh zkroh uhsxwdwlrq ri klv ylfwru| lq ��1

Vhfrqg vwhs = Zh qhhg wr nqrz krz wkh sulqflsdo fdq lq hyhu| srvvleoh
vlwxdwlrq/ wudqvodwh wkh uhfrug ri d eldvhg whvw ryhu �� lqwr htxlydohqw
uhfrugv ri E? n �� whvwv ryhu �1

Iurp sursrvlwlrq 8/ lw lv fohdu wkdw wkh lqirupdwlrq dftxluhg iurp wkh eldvhg
whvw lv txdolwdwlyho| gl�huhqw iurp wkh rqh wkdw frxog eh dftxluhg iurp
E?n�� vxssohphqwdu| whvwv ryhu � zlwk d xqltxh zlqqhu 1 Lq idfw/ zkhq
�6 zlqv wkh eldvhg whvw/ wkh vxp ri wkh uhsxwdwlrq ri wkh frqwhvwdqwv lq
� rqo| uhsuhvhqwv wkh uhsxwdwlrq ydoxh ri rqh uhdo ylfwru| lq � ehfdxvh
+�E�� ' �� zkloh/ iru doo wkh rwkhu zrunhuv � lq �/ +�E�� ' f/ mxvw olnh
li rqo| rqh ri wkh E?n�� whvwv kdg ehhq uhfrughg1 Li wkh sulqflsdo zdqwv
wr lqihu iurp wklv xqltxh uhfrug wkh zrunhuv* uhsxwdwlrq fruuhvsrqglqj
wr E?n�� whvwv ryhu �/ kh pxvw frqvlghu wkh uhpdlqlqj ? whvwv dv yluwxdo
rqhv iru zklfk Sursrvlwlrq 4 dssolhv1 Lq wkh rssrvlwh fdvh/ zkhq �6 orvhv
wkh eldvhg whvw/ wkh zlqqhu � rewdlqv d uhsxwdwlrq htxdo wr E?n�����1
Wkh qh{w sursrvlwlrq h{suhvvhv wkh uxohv wr fdofxodwh wkh uhsxwdwlrq ri
wkh zrunhuv ryhu � diwhu wkh eldvhg whvw zkrhyhu wkh zlqqhu lv=
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Sursrvlwlrq ; = Frqvlghu wzr idlwk frqwhvwv �?n�
� / ��

��/ vxfk wkdw wkhuh h{0
lvwv d phqwru 6 ' E�� ��� zkrvh uhsxwdwlrq lv +�E6� ' ?���1 Wkhq/ diwhu
dq| frqwhvw �r

�/ iru dq| Er n ��wk eldvhg whvw ��
��/ wkh uhsxwdwlrqv +rn?n�E��

duh gh�qhg e|=
;AAAA?
AAAA=

+rn?n�E�� ' +rE�� n E?n ��� �� li � zlqv dqg � lv qrw khoshg
+rn?n�E�� ' +rE�� rwkhuzlvh/
ru
+rn?n�E�� ' rn?

r
+rE�� n �� li � zlqv dqg � lv khoshg

+rn?n�E�� ' rn?
r
+rE�� rwkhuzlvh1

Surri = Wzr fdvhv rffxu1 Iluvw/ � zlqv zlwkrxw khos= +�E�
�

� ' +?n�E�� '
+?n� E�� ' ��� 1 Khqfh/

+rn?n�E�� ' +rE�� n+?n�E��

zklfk lv htxdo wr

+rn?n�E�� ' +rE�� n ��� ' +rE�� n E?n ��� ��/

zkloh wkh rwkhu djhqwv � ri � nhhsv wkh vdph uhfrugv=

+rn?n�E�� ' +rE��1

Wkrvh uhvxowv fruuhvsrqg wr wkh vlwxdwlrq zkhuh � fdq fodlp doo wkh ylfwr0
ulhv vlqfh kh lv qrw khoshg1

Vhfrqg/ �6 zlqv= +�E�6� ' ��� / exw ehfdxvh � lv khoshg/ +�E�� ' �� dqg
+�E�6� ' +?n�E�� : +?n�E��1 Lq vxfk d fdvh/ wkh ? �uvw yluwxdo whvwv gr qrw
fkdqjh wkh suredelolwlhv rewdlqhg iurp �r

�/ zkloh wkh E?n��wk lv frqvlghuhg
dv zrq e| �1 Khqfh/ iurp Sursrvlwlrq 5/ zh fdq zulwh=

+rn?n�E�� ' +rE�� n+?n�E�� ' +rE�� n T ?E�� n+�E��

l1h1/ iurp htxdwlrq Ee�=

+rn?n�E�� '
rn ?

r
+rE�� n+�E��1

Wkhq/

+rn?n�E�� '
rn ?

r
+rE�� n ��1

4:



Pruhryhu/ lq rughu wr vdwlvi| +rn?n�E�� ' Ern ?n �� � ��/ zkhq �6 zlqv/
zh kdyh iru doo � 9' �6=

+rn?n�E�� '
rn ?

r
+rE��1�

Zkhq wkh zlqqhu ri wkh eldvhg whvw kdv ehhq khoshg/ kh fdqqrw eh frqvlg0
huhg dv ixoo| uhvsrqvleoh iru wkh ylfwru|1 Lq wkdw fdvh/ wkh sulqflsdo lqfuhdvhv
klv uhsxwdwlrq zlwk rqh wuxh ylfwru| dqg dvvljq wkh ydoxh ri wkh eldv wr doo
wkh frqwhvwdqwv sursruwlrqdoo| wr wkhlu dfwxdo uhsxwdwlrq diwhu r whvwv/ gxh wr
htxdwlrq Ee�1 Rq wkh frqwudu|/ li wkh zlqqhu lv qrw khoshg/ klv uhsxwdwlrq lv
lqfuhdvhg e| wkh htxlydohqw lq � ri wkh xqlw ydoxh ri wkh whvw ryhu ��1

Wklug Vwhs = Dqrwkhu txhvwlrq frqfhuqv wkh uljkw frqwhvwdqw wr khos1 Wkh
eldvhg whvw pxvw eh ghvljqhg lq rughu wr eh uhohydqw iru surprwlrq1 Lq
H{dpsoh 5 deryh/ lw lv vwudljkwiruzdug wkdw li wkh sulqflsdo zdqwv wkh
Dwk whvw wr eh uhohydqw/ kh pxvw khos wkh ohdghu diwhu 7 whvwv1 Dfwxdoo|/
lq dq| eldvhg whvw zkhuh wkh ohdghu lv khoshg dqg zlqv/ wkh sulqflsdo
ohduqv wkdw wkh ohdghu uhpdlqv wkh ehvw fdqglgdwh exw zlwk d kljkhu
suredelolw|1 Rq wkh frqwudu|/ li d zrunhu zlqv djdlqvw wkh khoshg ohdghu/
wkh sulqflsdo frxog wkhq frqfoxgh wkdw � lv wkh djhqw zkrvh suredelolw|
ri ehlqj wkh ehvw lv wkh kljkhvw li wkh eldvhg whvw lv uhohydqw1 Lq wklv
zd|/ d ylfwru| ri dq| ri wkh zrunhuv zkr gr qrw uhfhlyh khos djdlqvw d
vwurqjhu �hog ri frqwhvwdqwv ehfdxvh ri wkh phqwru*v lqwhuyhqwlrq/ lv d
vx!flhqw vljqdo wkdw kh lv pruh olnho| wr eh wkh prvw deoh frqwhvwdqw1
Pruhryhu/ wkh txdqwlw| phdvxulqj wkh dgydqwdjh ri wkh ohdghu+ohdg,/
wkdw lv _+r ' T rn?n�E�r

���+rE�r�� zkhuh �
r
� lv wkh ohdghu dqg �r� wkh

iroorzhu/ lv ghflvlyh iru wkh uhohydqfh ri wkh eldvhg whvw=

Wkhruhp < +ri uhohydqfh, = Frqvlghu wzr idlwk frqwhvwv �?n�
� / ��

�� vxfk
wkdw wkhuh h{lvwv d phqwru 6 ' E�� � �� zkrvh uhsxwdwlrq +�E6� � _+r1
Wkhq/ diwhu dq| frqwhvw �r

�/ wkh Er n ��wk eldvhg whvw ��
�� lv uhohydqw l�

�6 ' i�r
� ^6j1

Surri = +l, Dvvxph dq| rwkhu frqwhvwdqw � 9' �r
� wr eh khoshg1 Wkhq/ wkh

Ern ��wk eldvhg whvw lv uhohydqw l�=

4@ 
�

�
� rn?n�
� E�� ( �6 9' i�r

� ^6j� � � r
�E�

r
��1

4;



Qrz/ frqvlghu wkdw � 9' �r
� zlqv/ l1h1=

4@ 
�

�
� rn?n�
� E�� ( �6 9' i�r

� ^6j� ' 4@ d rn?
r
+rE�r

��c
rn?
r
+rE�� n ��o

Ern ? n ��� ��
1

Wkhq/ iru wkh uhohydqfh/ zh qhhg=

4@ d rn?
r
+rE�r

��c
rn?
r
+rE�� n ��o

Er n ?n ��� ��
� +rE�r

��

r� ��

zklfk lv wuxh li dqg rqo| li/ iru doo � 5 �=

rn ?

r
+rE�r

�� 	
rn ?

r
+rE�� n ��

l1h1
+rE�r

���+rE�� 	
r

rn ?
�� � �� iru dq| ? � f1

Wkhq/ vlqfh +rE�r
�� � +rE�� � �� e| wkh dvvxpswlrq ri qrq xqliruplw| ri

wkh uhsxwdwlrq/ lw lv lqfrqvlvwhqw zlwk +rE�r
�� �+rE�� 	 �� dqg wkh whvw lv

wkhq luuhohydqw1
+ll, Dvvxph wkh ohdghu �r

� wr eh khoshg1 Wkhq/ wkh Er n ��wk eldvhg whvw
lv uhohydqw l�=

4@ 
�

�
� rn?n�
� E�� ( �6 ' i�r

� ^6j� � � r
�E�

r
��1

Wzr fdvhv rffxu= +�, Wkh ohdghu �r
� zlqv/ l1h1/ e| Sursrvlwlrq :=

4@ 
�

�
� rn?n�
� E�� ( �6 ' i�r

� ^6j� ' rn?
r
+rE�r

�� n ��

Ern ? n ��� ��
1

Wkhq/ zh dozd|v kdyh=

rn?
r
+rE�r

�� n ��

Er n ?n ��� ��
� +rE�r

��

r� ��

vlqfh +rE�r
�� � r� �� dqg wkh eldvhg whvw lv dozd|v uhohydqw1

+2, Dqrwkhu frqwhvwdqw � 9' �r
� zlqv/ l1h1=

4@ 
�

�
� rn?n�
� E�� ( �6 9' i�r

� ^6j� ' 4@ d+rE�r
��c+

rE�� n E?n ��� ��o

Ern ? n ��� ��
1

+<,

4<



Wkhq/ iru wkh uhohydqfh/ zh pxvw kdyh=

4@ d+rE�r
��c+

rE�� n E?n ��� ��o

Er n ?n ��� ��
� +rE�r

��

r� ��

zklfk lv wuxh li dqg rqo| li iru doo � 5 � dqg wkhq iru wkh iroorzhu �r� zlwk wkh
orzhvw uhsxwdwlrq=

rn ?n �

r
+rE�r

�� 	 +rE�r�� n E?n ��� ��

l1h1
_+r ' T rn?n�E�r

���+rE�r�� � +�E6� ' ?� ��1

Khqfh/ wkh Ern ��wk whvw lv uhohydqw li dqg rqo| li wkh ohdghu �r
� lv khoshg

e| 6 vxfk wkdw +�E6� � _+r1�

Wklv wkhruhp lv dq ruglqdo h{whqvlrq wr wkh fdvh ri ? frqwhvwdqwv ri
Ph|hu*v uhvxow xqghu zklfk wkh prvw h!flhqw frqwhvwdqw lq wkh sdvw pxvw eh
jlyhq d srvlwlyh kdqglfds1<

Vxfk d uhvxow frxog vhhp wr eh olqnhg zlwk idyrulwlvp1 Suhqghujdvw dqg
Wrsho/ 4<<8/ gh�qh idyrulwlvp iurp d vxshuylvru lq d wkuhh0wlhu klhudufk| dv d
eldv lq klv suhihuhqfhv wrzdugv rqh ri wkh vxshuylvhg zrunhuv1 Frqvhtxhqwo|/
vxfk wdvwhv fdq ohdg wr lqh!flhqw dvvljqphqw ri zrunhuv zlwklq wkh klhudufk|1
Lq rxu iudphzrun/ wkh phqwrulqj uhodwlrq fdqqrw eh pl{hg xs zlwk idyrulwlvp
iru wzr uhdvrqv1 +l, Dw wkh ehjlqqlqj ri wkh vhohfwlrq/ wkh sulqflsdo kdv qr
sulru suhihuhqfh iru dq| ri wkh frqwhvwdqwv1 Wkh remhfwlyh uhvxowv ri wkh frq0
whvw uhyhdo wkh uhodwlyh delolw| ri wkh zrunhuv dqg wkhq/ wkh sulqflsdo fkrrvhv
wr eldv wkh �qdo whvw dqg wr phqwru wkh ohdghu dffruglqj wr wkh uhohydqfh
fulwhulrq1 Lq rwkhu zrugv/ phqwru0surwhjh uhodwlrqv khos wr surprwh wkh ehvw
zrunhu/ zkrhyhu kh lv/ zkloh idyrulwlvp ohdgv wr surprwlrq ri d sduwlfxodu
zrunhu/ zkdwhyhu klv uhodwlyh delolw| +rwkhuzlvh/ lw zrxog qrw eh d idyru,1 +ll,
Rxu vhohfwlrq surfhvv lpso|lqj wkdw wkh ohdghu lv khoshg gxulqj wkh eldvhg
whvw/ fdq qrqhwkhohvv qrw eh ylhzhg dv idyrulqj wkh ohdghu1 Dfwxdoo|/ li wkh
odvw whvw lv vwloo ghvljqhg dv wkh suhylrxv rqhv/ wkh ohdghu lv vxuh wr eh sur0
prwhg +vhh H{dpsoh 5/ Sursrvlwlrq 5,1 Hyhq wkrxjk phqwrulqj klp lqfuhdvhv
klv shuirupdqfh gxulqj wkh odvw whvw/ lw grhv qrw ixoo| surwhfw klp djdlqvw wkh

<Zkhq diwhu d jlyhq vhtxhqfh ri v whvwv/ wkh sulqflsdo lghqwl�hv pxowlsoh ohdghuv zlwk
htxdo uhsxwdwlrqv/ hdfk ri wkhp vkrxog uhfhlyh wkh vdph khos1 Qhyhuwkhohvv/ wkh uhsxwdwlrq
ri wkh phqwru uhpdlqv wkh vdph/ hdfk ohdghu vkdulqj htxdoo| klv khos1
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ulvn ri �qdoo| ehlqj rxwgrqh e| dqrwkhu frqwhvwdqw1 Khqfh/ li zh dvn wklv
ohdghu wr fkrrvh wkh ghvljq ri wkh �qdo whvw/ kh vkrxog udwlrqdoo| suhihu qrw
wr eh khoshg1 Ixuwkhupruh/ iurp wkh ylhzsrlqw ri wkh rwkhu frqwhvwdqwv/ wkh
uhohydqw lqirupdwlyh ydoxh ri wkh eldvhg whvw |lhogv d odvw fkdqfh ri surprwlrq
iru doo ri wkh frqwhvwdqwv1

Fruroodu| 43 = Frqvlghu wzr idlwk frqwhvwv �?n�
� / ��

�� vxfk wkdw wkhuh h{lvwv
d phqwru 6 ' E�� � �� zkrvh uhsxwdwlrq +�E6� � _+r1 Wkhq/ diwhu dq|
frqwhvw �r

�/ d uhohydqw Ern��wk eldvhg whvw ��
�� doorzv wkh iroorzhu �r� wr zlq

wkh frqwhvw �rn?n�
� 1

Surri = Vwudljkwiruzdug vlqfh e| uhohydqfh/ zh kdyh=

_+r 	 E?n ��� ��

l1h1
+rE�r�� n E?n ��� �� :

rn ?n �

r
+rE�r

��1

Qrz/ li wkh iroorzhu �r� zlqv wkh eldvhg whvw ��
��/ lw iroorzv iurp Sursrvlwlrq

9=

+rn?n�E�r�� ' +rE�r�� n E?n ��� �� :
rn ?n �

r
+rE�r

�� : +rE�r
��

dqg wkh uhvxow krogv1�

Wkh txdolwdwlyh qdwxuh ri wkhvh uhvxowv/ wkdw lv phqwrulqj wkh ohdghu ri wkh
frqwhvw zkloh dxwkrul}lqj wkh iroorzhu wr eh surprwhg diwhu wkh odvw whvw/ rqo|
ghshqgv rq wkh uhohydqfh fulwhulrq1 Khqfh/ ghvljqlqj d eldvhg whvw lqwurgxflqj
d mrlqw shuirupdqfh xqlrq ehwzhhq wkh ohdghu dqg d phqwru grhv qrw uhtxluh
wkdw wkh sulqflsdo dfwv dv d suredelolw| pd{lpl}hu1 D vdwlv�flqj ehkdylru lv
fohduo| vx!flhqw1

Irxuwk Vwhs = Wkh iroorzlqj wkhruhp doorzv lghqwl�fdwlrq ri wkh phqwru dv
d suhylrxvo| surprwhg zrunhu/ l1h1 ehorqjlqj wr f2 ru f�1 Dfwxdoo|/ zh
nqrz wkdw wkh sulqflsdo surprwhv wkh zrunhu zlwk wkh kljkhvw uhsxwd0
wlrq/ wkdw lv zlwk wkh kljkhvw suredelolw| ri ehlqj wkh ehvw1 Wkhq/ zh
vkrz wkdw hdfk zlqqhu ri d eldvhg frqwhvw/ wkdw lv d frqwhvw lq zklfk
vrph whvw lv eldvhg/ fdq eldv diwhuzdugv dq| rwkhu frqwhvw zkhuh wkh
dgydqwdjh ri wkh ohdghu lv lqihulru wr klv �qdo uhsxwdwlrq1
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Wkhruhp 44 +ri wkh phqwru, = Frqvlghu wzr idlwk frqwhvwv �?n�
� / ��

��

vxfk wkdw wkhuh h{lvwv d phqwru 6 5 f/ zkrvh uhsxwdwlrq lv +�E6� � _+r1
Wkhq/ wkh zlqqhu � ri wkh eldvhg frqwhvw �rn?n�

� fdq eldv d E�rn ��wk whvw ri
dq| frqwhvw ��r

��
vxfk wkdw _+r � _+�r1

Surri = D zlqqhu � ri d eldvhg frqwhvw �rn?n�
� fdq dozd|v eldv d E�rn ��wk

whvw ri dq| frqwhvw ��r
��
zkhq klv uhsxwdwlrq +rn?n�E�� lv juhdwhu ru htxdo wr

_+�r/ dv vkrzq e| Wkhruhp 41
E| Wkhruhp 4/ d uhohydqw eldvhg Ern ��wk whvw lv vxfk wkdw �6 ' i�r

� ^6j1
Wkhq/ wzr srvvlelolwlhv hphujh= +l, D frqwhvwdqw � 9' �r

� zlqv1 Lq wklv odvw
fdvh/ Sursrvlwlrq 9 hvwdeolvkhv wkdw=

+rn?n�E�� ' +rE�� n E?n ��� �� : _+r1

+ll, Wkh ohdghu �r
� zlqv/ l1h1 � ' �r

�=

+rn?n�E�� '
rn ?

r
+rE�r

�� n �� : _+r1

Wkxv/ zh nqrz/ iru dq| uhohydqw eldvhg frqwhvw �rn?n�
� / wkdw wkh surprwhg

zrunhu*v uhsxwdwlrq +rn?n�E�� lv dozd|v juhdwhu wkdq _+r/ zkrhyhu kh lv1
Qrz/ frqvlghu d frqwhvw ��r

��
vxfk wkdw _+r � _+�r1 Wkhq/ lw lv dozd|v wuxh

wkdw=
+rn?n�E�� � _+�r1�

Wkh iroorzlqj �qdo h{dpsoh vxppdul}hv wkh ghvljq dqg uhvxowv ri d uhoh0
ydqw eldvhg whvw

H{dpsoh 45 = Frqvlghu dv/ lq H{dpsohv 4 dqg 5/ d frqwhvw zkhuh diwhu e
suhylrxv whvwv ryhu � ' i�c �j/ wkh uhsxwdwlrqv duh jlyhq e|=

+e E�� ' �� �� dqg +e E�� ' ��1

Khqfh/ wkh suredelolwlhv iru wkh wzr fdqglgdwhv wr eh wkh ehvw fruuhvsrqg
wr=

� e

� E�� ' �*e dqg � e

� E�� ' �*e�

Zh nqrz dq| Dwk whvw wr eh luuhohydqw1 Khqfh/ lqwurgxfh d phqwru 6 vxfk
wkdw +� E6� ' ?� �� zlwk _+e � ?� ��/ vlqfh � ' �r

� dqg � ' �r�1 Zh fdq
fkrrvh ? ' �� iru lqvwdqfh/ l1h1 wkh qhfhvvdu| plqlpxp wr eldv vlqfh=

_+e '

�
ED n ?�

e
�� �

�
� ?1
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Wkhq/ zh fdq frqvlghu wkh dfwxdo frqwhvw ��

��t6� dv htxlydohqwo| lqirupdwlyh
dv d yluwxdo frqwhvw ���n�

� 1 E| Wkhruhp 4/ zh nqrz wkdw lw lv uhohydqw wr khos
wkh ohdghu/ wkdw lv wr irup d mrlqw shuirupdqfh xqlrq �61 Qrz/ dffruglqj wr
Sursrvlwlrq 9/ wzr srvvlelolwlhv hphujh=

0+l, �6 zlqv dqg +�SE�� ' en�2

e
+eE�� n �� ' Ee� � n ��� �� ' ��� ���

Khqfh/ � �S
� E�� ' ��

�S
� �� : �*e/

0+ll, � zlqv dqg +�SE�� ' +eE��n�2��� ' �����1 Khqfh/ � �S
� E�� : �*e1

Lq erwk fdvhv lw lv fohdu wkdw wkh sulqflsdo lqfuhdvhv wkh txdolw| ri klv fkrlfh
phdvxuhg dv wkh frq�ghqfh dwwdfkhg wr wkh fdqglgdwh zkr lv �qdoo| surprwhg1

715 Hpslulfdo Uhohydqfh

Wkh eldv lq rxu prgho/ qdpho| khos surylghg e| d vhqlru pdqdjhu/ vrxqgv
qdwxudo dffruglqj wr suhylrxv hpslulfdo uhvxowv derxw wkh srvlwlyh h�hfwv ri
phqwruv rq wkh fduhhu ri surwhjhv lq gl�huhqw w|shv ri surgxfwlyh rujdql}d0
wlrqv1 Phqwruv* lq xhqfhv rq dffhvv wr sduwqhuvkls zlwklq odz �upv duh grf0
xphqwhg e| Odedqg dqg Ohqw}1 Vlplodu sdwwhuqv duh uhsruwhg e| Rfkehuj/
Wlvfkohu dqg Vfkxoehuj + 4<;9, iru wkh phglfdo vhfwru1 Ydulrxv vxuyh|v derxw
|rxqj pdqdjhuv dqg surihvvlrqdo zrunhuv duulyh dw vlplodu frqfoxvlrqv +vhh
h1j1 Urfkh +4<:<,/ Froolqv dqg Vfrww 4<:</ Fkdr,1 Zk|who|/ Grxjkhuw| dqg
Guhkhu +4<<4, iru h{dpsoh/ vkrz wkdw wkh vxffhvv ri zrunhuv lq wkhlu hduo|
fduhhu lv srvlwlyho| uhodwhg wr phqwrulqj uhodwlrqvklsv/ dujxlqj wkdw vxffhvv0
ixo qhzfrphuv lq �upv kdyh uhfhlyhg iuhtxhqw khos/ dgylfh ru h{srvxuh iurp
vhqlru pdqdjhuv1

Pruhryhu/ lq rxu prgho/ wkh suhylrxv shuirupdqfh uhfrugv ri wkh surprwhg
zrunhuv vhuyh dv d vshfl�f dvvhw iru wkh rujdql}dwlrq lq frqwudvw wr h{whuqdo
hqwudqwv lq udqnv f2 ru f� zkr duh qrw dvvrfldwhg zlwk vxfk d suhylrxv
uhsxwdwlrq1 Lq wklv zd|/ wkh rujdql}dwlrq fdq eh vhhq dv d vwrfn ri uhsxwdwlrq
dffxpxodwhg iurp lwv suhylrxv zrunhuv* vhohfwlrq srolf|1 Fkrrvlqj wr surprwh
vrphrqh douhdg| lq wkh rujdql}dwlrq/ fdq eh vhhq dv irupdoo| htxlydohqw wr
dq lqyhvwphqw lqvxulqj wkdw ixwxuh txdolw| ri surprwlrq zloo eh lpsuryhg1
Qhyhuwkhohvv/ wkh vxsso| ri uhsxwdwlrq lv qdwxudoo| olplwhg e| wkh vl}h ri wkh
rujdql}dwlrq dqg pruh sduwlfxoduo| e| wkh olplwhg qxpehu ri vhqlru pdqdjhuv
zkr duh deoh wr khos wkh mxqlru zrunhuv1 Wklv uhvwulfwlrq kdv dq dsshdolqj
frqvhtxhqfh iru wkh ghvljq ri wkh eldvhg frqwhvwv1 Ehfdxvh wkh h{whqw ri
wkh eldv lv lqfuhdvlqj zlwk wkh delolw| ohdg ri d ohdglqj zrunhu/ wkh pruh
txlfno| d fdqglgdwh vljqdov klv surgxfwlyh dgydqwdjh/ wkh pruh gl!fxow lw
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zloo eh wr �qg d phqwru zkrvh uhsxwdwlrq fdq pdwfk wkh ohdg1 Khqfh/ li dq
djhqw vhhpv gh�qlwlyho| ehwwhu/ wkh sulqflsdo qhhgv wr vwrs wkh frqwhvw hduolhu/
wkxv r�hulqj d idvwhu lqwhuqdo fduhhu iru wklv djhqw1 Wklv fruuhvsrqgv wr d
zhoo0nqrzq vw|ol}hg idfw/ wkdw hduo| vljqdoolqj ri delolw| e| zrunhuv dqg wkhlu
odwhu dfklhyhphqwv lq whupv ri lqwhuqdo fduhhu duh srvlwlyho| fruuhodwhg +vhh
Urvhqedxp +4<;7,/ Iruehv +4<;:,/ dqg Euxghuo/ Glhnpdqq dqg Suhlvhqgruihu
+4<<4,1

8 Ilqdo Uhpdunv
Wkh prgho zh sursrvh lq wklv sdshu lv wr rxu nqrzohgjh/ wkh �uvw wkhruhwlf
dssurdfk irupdoo| hvwdeolvklqj wkdw phqwru0surwhjh uhodwlrqv fdq eh ehqh�0
fldo wr wkh rujdql}dwlrq1

Wzr uhpdunv fdq eh pdgh lq uhodwlrq wr wkh uhodwhg olwhudwxuh=
+l, Wkh pdlq uhvxow/ dv dq h{whqvlrq ri wkh Ph|hu*v lghd/ doorzv xv wr

lqwhusuhw wkh ohduqlqj ehkdylru ri wkh sulqflsdo lq wkh frqwh{w ri wkh mre
ghvljq olwhudwxuh1 Hduolhu olwhudwxuh vwxg|lqj wkh rswlpdo fkrlfh ri wkh mre
frqwhqwv dv d sduw ri wkh prwlydwlrq v|vwhp/ vkrz wkdw frrshudwlrq dqg fr0
ruglqdwlrq ehwzhhq zrunhuv ri wkh vdph klhudufklfdo udqn fdq frpsohphqw
lqfhqwlyh frpshqvdwlrq srolflhv + Vhh h1j1 Kropvwurp dqg Plojurp +4<<4,
dqg Ydovhffkl +4<<9, ,1 Dqdorjrxv wr wklv clqfhqwlyh* dujxphqw iru frrshu0
dwlrq/ rxu frqwulexwlrq hvwdeolvkhv wkh lpsruwdqfh ri zrun rujdql}dwlrq iru
wkh vhohfwlrq vfkhph1

+ll, Phqwrulqj dv dq lqwhjudo sduw ri d vhohfwlrq surfhvv dffruglqj wr rxu
prgho/ vhuyhv dovr dv d phdqv ri fuhdwlqj orqj whup hpsor|phqw uhodwlrqv
ehwzhhq wkh zrunhuv dqg wkhlu �up lq olqh zlwk wkh kxpdq fdslwdo wkhru|1
Wkh lpsohphqwdwlrq ri yhuwlfdo frrshudwlrq/ dv ohduqlqj e| grlqj/ qdwxudoo|
lqfuhdvhv wkh surgxfwlyh nqrzohgjh ri wkh zrunhu1 Pruhryhu/ diwhu wkh surpr0
wlrq/ d zrunhu lv uhjdughg dv d vshfl�f dvvhw iru wkh rujdql}dwlrq vlqfh wkhvh
zrunhuv uhsxwdwlrq fdq eh xvhg wr rswlpdoo| eldv ixwxuh surprwlrq frqwhvwv1
Vxfk d vshfl�f kxpdq fdslwdo uhlqirufhv wkh olqn ehwzhhq vhqlru zrunhuv dqg
wkh rujdql}dwlrq1 Lq vrph vhqvh/ h{shfwhg jdlqv iurp h!flhqw vfuhhqlqj zlwk
phqwrulqj duh vlplodu wr wkh xvh ri Rog Er|v Qhwzrunv e| �upv wr surfhhg
lq h{whuqdo klulqj +vhh Vlprq ) Zduqhu +4<<5,,1

Iurp d phwkrgrorjlfdo ylhzsrlqw/ d qhz ihdwxuh ri rxu frqwulexwlrq lv
wkh prghoolqj ri wkh vhohfwlrq sureohp lq d glvfuhwh fkrlfh vw|oh1 Iru ixuwkhu
uhvhdufk/ wklv idplo| ri suredelolvwlf prghov vhhp wr eh xvhixo iru ghvfule0
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lqj lpshuihfw ghflvlrq pdnlqj zlwklq wkh frqwh{w ri rujdql}dwlrq wkhru|1 D
qdwxudo h{whqvlrq ri wklv sdshu lv wr prgho wkh surprwlrq surfhvv zkhq vx0
shuylvruv uhfrug wkh uhvxowv ri uhshdwhg txrwd0olnh whvwv lq rughu wr dqdo|}h
wkh surshuwlhv dqg uhodwlyh dgydqwdjh ri wkh wzr v|vwhpv ri vhohfwlrq= wkh
wrxuqdphqwv dqg txrwdv +vhh Od}hdu dqg Urvhq +4<;4, iru wrxuqdphqwv dqg
Gudjr dqg Wxuqexoo +4<<4, iru txrwdv,1 Dq dssursuldwh wrro iru wkdw sxusrvh
frxog eh wkh Wyhuvn|*v vhohfwlrq prgho ri glvfuhwh dowhuqdwlyhv +4<:5,/ edvhg
rq elqdu| h{shulphqwv derxw vshfl�f dwwulexwhv1
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