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Frqwuroolqj lq dwlrq lq d frlqwhjudwhg yhfwru
dxwruhjuhvvlyh prgho zlwk dq dssolfdwlrq wr XV

gdwd1

Vûuhq Mrkdqvhq dqg Ndwdulqd Mxvholxv
Hfrqrplfv Ghsduwphqw/ Hxurshdq Xqlyhuvlw| Lqvwlwxwh/

Ioruhqfh

Mdqxdu| 5334

Devwudfw

Wkh qrwlrqv ri lqvwuxphqw/ lqwhuphgldwh wdujhw dqg �qdo wdujhw duh
gh�qhg lq wkh frqwh{w ri wkh frlqwhjudwhg YDU1 D wdujhw yduldeoh lv vdlg
wr eh frqwuroodeoh li lw fdq eh pdgh vwdwlrqdu| durxqg d ghvluhg wdujhw
ydoxh e| xvlqj wkh lqvwuxphqw1 Wklv fdq eh h{suhvvhg dv d frqglwlrq rq
wkh orqj0uxq lpsdfw pdwul{1 Dsso|lqj d frqwuro uxoh wr lqwhuyhqh lq wkh
pdunhw fkdqjhv wkh g|qdplfv ri wkh surfhvv dqg wkh surshuwlhv ri wkh qhz
frqwuroohg surfhvv kdyh wr eh ghulyhg1 Wkh wkhruhwlfdo uhvxowv duh dssolhg
wr XV prqhwdu| gdwd rq d gdlo| dqg prqwko| edvlv1 Wkh hpslulfdo uhvxowv
gr qrw surylgh vxssruw iru wkh zlgho| khog eholhi wkdw wkh Ihghudo Uhvhuyh
Edqn fdq eulqj XV FSL lq dwlrq grzq e| lqfuhdvlqj wkh ihghudo ixqgv
udwh1

Nh|zrugv= Lq dwlrq Wdujhw/ Prqhwdu| Lqvwuxphqwv/ Frqwuro Uxohv
MHO Fodvvl�fdwlrq= F6/ H8
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Wdeoh 4= Hohphqwv ri prqhwdu| srolf|
Lqvwuxphqwv= Lqwhuphgldwh Wdujhwv Ilqdo Wdujhwv
� Uhvhuyh uhtxluhphqwv
rq sulydwh edqnv $ � Prqh| Vwrfn $ � Lq dwlrq Udwh

� Fhqwudo edqn lqwhuhvw
udwhv $ � Pdunhw Lqwhuhvw $ � JGS Jurzwk

� Rshq pdunhw rshudwlrqv Udwhv

� Lqwhuyhqwlrqv lq wkh $ � H{fkdqjh udwhv $ � Sxufkdvlqj
iruhljq fxuuhqf| pdunhw Srzhu Sdulw|

4 Lqwurgxfwlrq

Prqhwdu| srolf| uhdfwlrq uxohv kdyh uhfhqwo| rewdlqhg d orw ri dwwhqwlrq1 Wkh
ruljlqdo lghd/ �uvw vxjjhvwhg e| Wd|oru +4<<6,/ zdv wr ghvfuleh d fhqwudo edqn*v
srolf| ghflvlrqv e| d vlpsoh uxoh wkdw dvvrfldwhg fkdqjhv lq wkh prqhwdu| lq0
vwuxphqw zlwk wkh glvfuhsdqf| ehwzhhq wkh wdujhw yduldeoh dqg lwv ghvluhg ydoxh
dqg zlwk wkh vwdwh ri wkh hfrqrp| vxppdul}hg e| vrph nh| pdfurhfrqrplf
yduldeohv1 Ixuwkhu ghyhorsphqwv kdyh lqfoxghg gl�huhqw prghov dqg dssurdfkhv
+iruzdug orrnlqj udwlrqdo h{shfwdwlrqv yhuvxv dgdswlyh h{shfwdwlrqv/ plfur irxq0
gdwlrqv yhuvxv qr vxfk irxqgdwlrqv,/ vhh iru h{dpsoh wkh froohfwhg sdshuv lq
Wd|oru +4<<<,/ Fodulgd/ Jdol dqg Jhuwohu +4<<;, dqg uhihuhqfhv wkhuhlq1 Prvw
ri wkh dssolfdwlrqv frqwdlq wkh iroorzlqj hohphqwv= d irupxodwlrq ri d prqhwdu|
srolf| uxoh iru wkh fhqwudo edqn/ hvwlpdwlrq ri d prgho iru wkh hfrqrp| +xvxdoo|
d YDU,/ ghulydwlrqv ri wkh lpsolfdwlrqv ri wkh sursrvhg uxoh/ dqg �qdoo| dq lq0
yhvwljdwlrq li prqhwdu| dxwkrulwlhv kdyh iroorzhg wkh vxjjhvwhg uxoh1 Lq jhqhudo/
wkh sdshuv gr qrw dvn xqghu zklfk frqglwlrqv wkh xowlpdwh wdujhwv/ ru wkh jrdo
yduldeohv/ fdq eh frqwuroohg jlyhq wkh lqvwuxphqwv dqg wkh phfkdqlvpv ri wkh
hfrqrp|1 Wklv lv wkh sxusrvh ri wkh suhvhqw sdshu1

Wkh gldjudp lq Wdeoh 4 looxvwudwhv wkh uhodwlrq ehwzhhq prqhwdu| lqvwux0
phqwv/ lqwhuphgldwh dqg �qdo wdujhwv +ru jrdov,1 Wkh fhqwudo edqn fkdqjhv wkh
lqvwuxphqwv lq rughu wr lq xhqfh wkh jrdo yduldeohv yld vrph lqwhuphgldwh wdu0
jhwv1 Iru h{dpsoh/ d fhqwudo edqnhu pd| fkdqjh wkh uhvhuyh uhtxluhphqwv ri
wkh sulydwh edqnv +txdqwlw| frqwuro, wr lq xhqfh wkh ohyho ri prqh| vwrfn lq wkh
hfrqrp|/ xqghu wkh dvvxpswlrq wkdw +l, wkhuh lv d gluhfw uhodwlrqvkls ehwzhhq
wkh ohyho ri prqh| vwrfn dqg wkh sulfh ohyho dqg +ll, wkh ohyho ri fdxvdwlrq jrhv
iurp prqh| vwrfn wr sulfhv1 Dowhuqdwlyho|/ d fhqwudo edqnhu pd| fkdqjh wkh glv0
frxqw udwh +gluhfw sulfh frqwuro, ru hqjdjh lq rshq pdunhw rshudwlrqv +lqgluhfw
sulfh frqwuro, xqghu wkh dvvxpswlrq wkdw wklv zloo lq xhqfh wkh pdunhw lqwhu0
hvw udwhv/ dqg hyhqwxdoo| djjuhjdwh ghpdqg +JGS jurzwk, dqg prqh| ghpdqg
+prqh| vwrfn,1

Lq sudfwlfh wkh wlph lw wdnhv iru d srolf| lqwhuyhqwlrq wr lq xhqfh wkh �qdo
wdujhw kdv jhqhudoo| ehhq irxqg wr eh orqj dqg gl!fxow wr suhglfw/ zkhuhdv wkh
uhvsrqvh ri dq lqwhuphgldwh wdujhw lv pruh lpphgldwh dqg/ wkhuhiruh/ hdvlhu wr
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hvwlpdwh hpslulfdoo|1 Pruhryhu/ wkh lqwhuyhqwlrqv wdnh sodfh rq d gdlo| edvlv/
exw wkh lq dwlrq udwh/ wkh wdujhw yduldeoh/ lv rqo| phdvxuhg rq d prqwko| edvlv1
Khqfh/ wkh gluhfw hydoxdwlrq ri wkh �qdo lpsdfw ri d prqhwdu| lqwhuyhqwlrq rq
wkh jrdo yduldeoh lv riwhq gl!fxow1 Ehfdxvh ri wklv wkh dvvhvvphqw ri prqhwdu|
srolf| kdv riwhq ehhq edvhg rq prghov frqwdlqlqj lqwhuphgldwh wdujhwv dqg jrdo
yduldeohv/ exw qrw qhfhvvdulo| wkh lqvwuxphqw yduldeohv1 Wkh sdshu ghprqvwudwhv
wkdw wklv fdq vwloo eh d ydolg surfhgxuh li wkh lqwhuphgldwh wdujhw fdq eh frqwuroohg
e| wkh fhqwudo edqn dxwkrulwlhv dqg li lw frlqwhjudwhv zlwk wkh �qdo wdujhw1

Wkh hpslulfdo dssolfdwlrq/ zklfk lv edvhg rq XV gdwd/ dssurdfkhv wkh hp0
slulfdo dvvhvvphqw ri wkh srolf| frqwuro sureohp lq wzr ohyhov= Lq wkh �uvw vwhs
zh h{dplqh zkhwkhu wkh Ihghudo Uhvhuyh Edqn lv deoh wr frqwuro wkh vkruw0whup
pdunhw udwh +khuh wkh 6 prqwkv weloo udwh, xvlqj wkh ihghudo ixqgv udwh dv dq
lqvwuxphqw1 Lq wkh vhfrqg vwhs zh h{dplqh zkhwkhu wkh weloo udwh fdq eh frq0
vlghuhg dq dssursuldwh lqwhuphgldwh wdujhw/ gh�qhg dv ehlqj frlqwhjudwhg zlwk
qrq0}hur frh!flhqwv zlwk wkh �qdo wdujhw/ wkh lq dwlrq udwh1

D edvlf dvvxpswlrq khuh lv wkdw wkh YDU prgho lv fdsdeoh ri vdwlvidfwrulo|
ghvfulelqj wkh g|qdplfv ri wkh gdwd dqg wkdw wkh htxdwlrqv iru wkh yduldeohv wkdw
duh qrw vxemhfw wr lqwhuyhqwlrq uhpdlq wkh vdph ehiruh dv diwhu wkh lqwhuyhqwlrq1
Lq vxfk d prgho zh vd| wkdw d wdujhw yduldeoh lv frqwuroodeoh li lw fdq eh pdgh
vwdwlrqdu| durxqg d jlyhq phdq1 Wkxv/ iru d qrqvwdwlrqdu| wdujhw yduldeoh zh
zdqw wr dfklhyh erwk vwdwlrqdulw| dqg wkh ghvluhg phdq1

Iru hdvh ri h{srvlwlrq/ wkh jhqhudo wkhru| iru dsso|lqj d olqhdu frqwuro uxoh
lv jlyhq lq wkh Dsshqgl{/ zkhuhdv wkh pdlq exon ri wkh sdshu glvfxvvhv d vlpsoh
uxoh wkdw dsshduv qdwxudo iru wkh frlqwhjudwhg YDU prghov zh frqvlghu khuh1

Wkh frqwuro sureohp lv irupxodwhg lq Vhfwlrq 5= D irupdo gh�qlwlrq ri dq
lqvwuxphqw/ dq lqwhuphgldwh wdujhw/ dqg d �qdo wdujhw lv jlyhq dqg d qdwxudo frq0
wuro uxoh lv irupxodwhg wkdw h{sorlwv wkh g|qdplfv ri wkh YDU surfhvv1 Vhfwlrq
6 ghulyhv wkh surshuwlhv ri wkh frqwuroohg surfhvv/ l1h1 wkh surfhvv wkdw dulvhv dv
d frqvhtxhqfh ri dsso|lqj wkh ghulyhg frqwuro uxoh doo wkh wlph1

Wkh hpslulfdo looxvwudwlrq lv glvfxvvhg lq Vhfwlrqv 7 dqg 81 Wkh frqglwlrq
iru frqwuroodelolw| ri dq lqwhuphgldwh wdujhw lv fkhfnhg lq Vhfwlrq 7 xvlqj gdlo|
revhuydwlrqv ri wkh XV ihghudo wdujhw udwh/ wkh ihghudo ixqgv udwh dqg wkh 6 dqg
9 prqwkv wuhdvxu| eloo udwhv1 Vhfwlrq 8 lqyhvwljdwhv zkhwkhu wkh Ihghudo Uhvhuyh
Edqn fdq frqwuro wkh lq dwlrq udwh/ jlyhq wkh hvwlpdwhg uhodwlrqvkls ehwzhhq wkh
lqvwuxphqwv dqg wkh lqwhuphgldwh wdujhwv dqg wkh wudqvplvvlrq phfkdqlvp ri wkh
pdfurhfrqrp|1 Wkh odwwhu lv ghvfulehg e| d YDU ri uhdo prqh|/ rxwsxw/ lq dwlrq
udwh/ wkh 43 |hduv erqg udwh/ wkh 6 dqg 9 prqwkv wuhdvxu| eloo udwhv/ wkh ihghudo
ixqgv udwh/ dqg wkh ihghudo wdujhw udwh1 Vhfwlrq 9 frqfoxghv1 Lq Dsshqgl{ D
wkh uhvxowv rq wkh jhqhudo olqhdu frqwuro uxoh duh jlyhq dqg Dsshqgl{ E frqwdlqv
ydulrxv judskv ri wkh gdwd1
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5 Gh�qlwlrq ri wkh frqwuro sureohp

Zh dvvxph wkdw wkh wudqvplvvlrq phfkdqlvp ri wkh hfrqrp| fdq eh ghvfulehg
e| wkh frlqwhjudwhg YDU+n, prgho jlyhq lq wkh huuru fruuhfwlrq irup=

�{
w

� � @ �+�3{
w�4

� �3+w� 4,� �, .
n�4[
l@4

�
l

+�{
w�l

� �, . %
w

> w @ 4> = = = > W>

+4,

zkhuh {
w

lv s�glphqvlrqdo/ � dqg � duh s� u ri udqn u> �
l

lv s� s> � lv s� 4
dqg �3 @ �3�1 Wkh huuruv duh l1l1g1 zlwk phdq }hur dqg yduldqfh =

Wr vlpsoli| qrwdwlrq lq wklv vhfwlrq wkh edvlf gh�qlwlrqv duh lqwurgxfhg iru
wkh frlqwhjudwhg YDU+4, prgho zlwkrxw wuhqg/ l1h1 iru �

l

@ 3 iru doo l> � @ 3=
Wkh htxdwlrq +4, wkhq ehfrphv

�{
w

@ �+�3{
w�4

� �, . %
w

> +5,

zklfk gh�qhv d frlqwhjudwhg L+4, surfhvv li dqg rqo| li wkh sdudphwhuv vdwlvi|
wkh uhvwulfwlrq

mhlj+L
u

. �3�,m ? 4> +6,

wkdw lv/ wkh hljhqydoxhv ri L
u

. �3� kdyh devroxwh ydoxh ohvv wkdq rqh1 Lq wklv
fdvh wkh surfhvv lv uhsuhvhqwhg dv

{
w

@ F
w[

l@4

%
l

. |
w

.D. �+�3�,�4�>

zkhuh D ghshqgv rq lqlwldo ydoxhv +�3D @ 3,> |
w

lv vwdwlrqdu| zlwk phdq }hur
dqg khqfh �3{

w

@ �3|
w

. � lv vwdwlrqdu| zlwk phdq �/ dqg wkh orqj0uxq lpsdfw
pdwul{ lv

F @ �
B

+�3
B

�
B

,�4�3
B

@ L
s

� �+�3�,�4�3> +7,

zkhuh �
B
lv d s � +s � u, pdwul{ ri ixoo udqn/ vr wkdw �3�

B
@ 3= Li � @ 3 +vr

wkdw wkhuh lv qr htxloleulxp huuru fruuhfwlrq, wkhq �
B
@ L

s

+l1h1 s dxwrqrprxv
vwrfkdvwlf wuhqgv lq wkh gdwd,/ dqg li � @ L

s

+l1h1 {
w

� L+3,, wkhq �
B
@ 3 +qr

vwrfkdvwlf wuhqgv lq wkh gdwd,1 Frqglwlrq +6, lpsolhv wkdw �3� kdv ixoo udqn>
dqg wklv lv htxlydohqw wr m�3

B

�
B

m 9@ 3> vr wkdw F lv zhoo gh�qhg1 Vlqfh �3{
w

lv d
YDU+4, surfhvv zlwk frh!flhqw pdwul{ +L

u

.�3�,> wkh frqglwlrq iru vwdwlrqdulw|
+6, uxohv rxw xqlw urrwv dqg h{sorvlyh urrwv/ vhh Mrkdqvhq +4<<9/ Wkhruhp 715,
iru surriv1 Zh gh�qh wkh dwwudfwru vhw e|

i{m�3{ @ �j @ �+�3�,�4�. vs+�
B

,= +8,

Iljxuh 4 looxvwudwhv wkh dgmxvwphqw g|qdplfv ri wkh surfhvv/ zklfk iru wkh
vlpsoh YDU+4, duh jlyhq e| wkh yhfwruv 	�= Vlqfh wkh| srlqw wrzdugv wkh dw0
wudfwru vhw/ wkh surfhvv lv sxoohg wrzdugv wkh odwwhu zlwk d irufh wkdw ghshqgv rq
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�
w
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B

,
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???�

???� �3
B

S
w

l@4
%
l

{
w

{fwu
w

Iljxuh 4= Dw wkh srlqw {
w

@ +U
w

> �
w

, wkh surfhvv lv pryhg wr {fwu
w

e| fkdqjlqj
wkh qrplqdo lqwhuhvw udwh U

w

= Li wkh huuruv zhuh vzlwfkhg r�/ wkh surfhvv zrxog
pryh iurp wklv srvlwlrq dorqj wkh gluhfwlrq ri �� wr d srlqw zkhuh lq dwlrq
�
w

@ ��=

wkh pdjqlwxgh ri wkh glvwdqfh �3{
w

��= Wkxv/ iru srlqwv rq wkh dwwudfwru vhw wkh
irufh lv }hur dqg wkhuh lv qr whqghqf| wr pryh dzd|/ dqg vxfk srlqwv duh fdoohg
htxloleulxp srlqwv ru vwhdg| vwdwh srlqwv1 Wkh frpprq wuhqgv �3

B

S
w

l@4
%
l

sxvk
wkh surfhvv dorqj wkh dwwudfwru vhw dqg jhqhudwh wkh qrqvwdwlrqdu| ehkdylru ri
wkh surfhvv1

Wkh vroxwlrq ri +5, zlwk lqlwldo ydoxh {
3
fdq dovr eh zulwwhq dv

{
w

@ +L
q

. ��3,w{
3
.

w�4[
l@3

+L
q

. ��3,l+%
w�l

� ��,= +9,

Wkh iroorzlqj uhvxow lv edvhg rq +9,=

Ohppd 4 Iru wkh L+4, surfhvv {
w

jlyhq e| +5, wkh h{shfwdwlrq H+{
w

m{
3
, frq0

yhujhv wr

{
4

@ olp
w$4

H+{
w

m{
3
, @ F{

3
. �+�3�,�4�>

wkh orqj0uxq h{shfwhg ydoxh/ zklfk lv d srlqw lq wkh dwwudfwru vhw1

Surri1 Iurp wkh uhodwlrqv

�3
B

+L
s

. ��3,w @ �3
B

dqg �3+L
s

. ��3,w @ +L
u

. �3�,w�3
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lw iroorzv iurp +9, wkdw

H+�3
B

{
w

m{
3
, @ �3

B

{
3
>

H+�3{
w

m{
3
, @ +L

u

. �3�,w�3{
3
�S

w�4

l@3
+L
u

. �3�,l�3��

$ �S
4

l@3
+L
u

. �3�,l�3�� @ �=

Khqfh/ xvlqj +7, zh �qg

H+{
w

m{
3
, @ �

B

+�3
B

�
B

,�4H+�3
B

{
w

m{
3
, . �+�3�,�4H+�3{

w

m{
3
, $ F{

3
. �+�3�,�4�=

Ehfdxvh �3{
4

@ �3+F{
3
.�+�3�,�4�, @ �> lw iroorzv wkdw {

4
lv lq wkh dwwudfwru

vhw +8,/ l1h1 lv dq htxloleulxp/ ru vwhdg| vwdwh srlqw1 Zh vd| wkdw wkh srvlwlrq
{
3
dlpv dw wkh orqj0uxq h{shfwdwlrq {

4
= Vhh dovr Surlhwwl +4<<:,/ Euxqhdx dqg

Mrqghdx +4<<<,/ dqg Ehglql dqg Prvfrql +5333,1

Wkh iroorzlqj gh�qlwlrqv duh qhhghg iru wkh glvfxvvlrq ri frqwuro wkhru| lq
whupv ri lqvwuxphqwv/ lqwhuphgldwh dqg xowlpdwh wdujhwv=

Gh�qlwlrq 5 +l, Lqvwuxphqw yduldeohv d3{
w

> +d +s �p,, kdyh wkh surshuw| wkdw
zh fdq fkdqjh wkhp e| dq lqwhuyhqwlrq/ vr wkdw wkh ydoxh d3{

w

lv uhsodfhg e|
d3{

w

. y> iru dq| y 5 Up=
+ll, Ilqdo ru xowlpdwh wdujhw yduldeohv e3{

w

> +e +s �p,, duh wkh yduldeohv zh
zrxog olnh wr pdnh vwdwlrqdu| zlwk phdq e�> wkh ghvluhg wdujhw ydoxh1 Wkh wdujhw
vsdfh lv jlyhq e| wkh srvlwlrqv { zklfk vdwlvi|

i{me3{ @ e�j=
+lll, Lqwhuphgldwh wdujhw yduldeohv f3{

w

> +f +s � p,, duh yduldeohv wkdw duh
frlqwhjudwhg zlwk wkh �qdo wdujhw e3{

w

> vr wkdw wkhuh h{lvwv d vwdwlrqdu| uhodwlrq
f3{

w

. !e3{
w

zkhuh wkh pdwul{ ! +p�p, kdv ixoo udqn1

Diwhu dq lqwhuyhqwlrq wkdw fkdqjhv wkh fxuuhqw ydoxh ri d3{
w

wr d3{
w

. y wkh
frqwuroohg ydoxh ri wkh surfhvv {

w

ehfrphv=

{fwu
w

@ �d
B
d3
B

{fwu
w

. �dd3{fwu
w

@ �d
B
d3
B

{
w

. �d+d3{
w

. y, @ {
w

. �dy>

zkhuh �d @ d+d3d,�4 dqg �d
B
lv vlploduo| gh�qhg1 Lq sudfwlfh wkh lqwhuyhqwlrq y

zloo ghshqg rq fxuuhqw dqg odjjhg ydoxhv ri wkh surfhvv1 Lw lv d pdmru dvvxpswlrq
lq wklv sdshu wkdw li wkh vdph lqwhuyhqwlrq uxoh lv dssolhg dw doo wlph srlqwv
wkh htxdwlrqv +4, zloo jhqhudwh d qhz surfhvv {qhz

w

wdnlqj lqwr dffrxqw wkh
lqwhuyhqwlrqv exw rwkhuzlvh ohdylqj wkh sdudphwhuv ri wkh prgho xqfkdqjhg1
Iru d glvfxvvlrq ri wkh qhz surfhvv vhh Vhfwlrq 61

Gh�qlwlrq 6 D vhw ri wdujhw yduldeohv e3{
w

zlwk wdujhw ydoxh e� lv frqwuroodeoh
e| wkh lqwhuyhqwlrq d3{

w

dqg wkh frqwuro uxoh +�> �
3
, li/ e| lqwhuyhqlqj dw doo wlph

srlqwv xvlqj

{fwu
w

@ {
w

. �d+�3{
w

� �
3
,>
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wkh qhz surfhvv kdv wkh surshuw| wkdw wkh wdujhw/ e3{qhz
w

> ehfrphv vwdwlrqdu| zlwk
phdq e�1

Wkxv/ wkh h�hfw ri frqwuroolqj d qrqvwdwlrqdu| yduldeoh lv sduwo| wr uhpryh
wkh qrqvwdwlrqdulw| dqg sduwo| wr jlyh lw wkh ghvluhg phdq1

Dv d vlpsoh h{dpsoh frqvlghu d YDU ri lq dwlrq udwh/ lqwhuhvw udwh/ dqg
rxwsxw jds/

{3
w

@ +�
w

> U
w

> +| � |�,
w

,=

Wkh fhqwudo edqn zdqwv wr dfklhyh d ghvluhg lq dwlrq udwh/ ��@ 5(/ xvlqj wkh
lqwhuhvw udwh dv dq lqvwuxphqw1 Lq wklv fdvh e3 @ +4> 3> 3,> d3 @ +3> 4> 3, dqg wkh
srvlwlrqv lq wkh wdujhw vsdfh wkdw vdwlvi| e3{

w

@ e� duh jlyhq e| �
w

@ 5(=
D vlpsoh frqwuro uxoh lv wr uhsodfh d3{

w

@ U
w

e| U
w

. y> dqg wkh sureohp lv
krz wr fkrrvh y @ �3{

w

� �
3
vr wkdw e3{

w

@ �
w

ehfrphv vwdwlrqdu| durxqg 5(
lq wkh qhz surfhvv1

Lq Dsshqgl{ D zh ghulyh lq Wkhruhp : d qhfhvvdu| frqglwlrq iru pdnlqj
d qrqvwdwlrqdu| wdujhw yduldeoh vwdwlrqdu| durxqg d ghvluhg ydoxh edvhg rq d
jhqhudo uxoh y @ �3{

w

� �
3
= Khuh zh irfxv rq wkh ghulydwlrq ri d vlpsoh frqwuro

uxoh iru d vhw ri qrqvwdwlrqdu| wdujhwv zlwk d qdwxudo lqwhusuhwdwlrq uhodwhg wr
wkh g|qdplfv ri wkh surfhvv1

Wkh lghd/ looxvwudwhg lq Iljxuh 4/ lv wr pryh wkh surfhvv wr d frqwuroohg
srvlwlrq {fwu

w

e| fkrrvlqj wkh lqwhuyhqwlrq y vxfk wkdw/ li wkh huuruv zhuh vzlwfkhg
r�/ wkh surfhvv {

w.k
> k @ 4> 5> = = = > vwduwlqj dw {fwu

w

> zrxog frqwlqxh wrzdugv d
srlqw lq wkh wdujhw vsdfh1 Wkdw lv/ zh fkrrvh y vr wkdw

e� @ e3+F{fwu
w

. �+�3�,�4�, @ e3+F+{
w

. �dy, . �+�3�,�4�,> +:,

vhh Ohppd 41 Iru wkh htxdwlrqv wr kdyh d vroxwlrq iru y> wkh iroorzlqj frqglwlrq

udqn+e3Fd, @ p +;,

kdv wr eh vdwlv�hg1 Wklv gh�qhv wkh frqglwlrq iru frqwuroodelolw|/ vhh Wkhruhp :
zkhuh wkh suhflvh uhvxow lv irupxodwhg1

Li me3Fdm 9@ 3/ htxdwlrq +:, fdq eh vroyhg iru y zklfk/ xvlqj +7,/ jlyhv xv wkh
frqwuro uxoh

�dy @ �d+e3F�d,�4+e� � e3�+�3�,�4�� e3F{
w

, +<,

@ d+e3Fd,�4^e� � e3{
w

. e3�+�3�,�4+�3{
w

� �,`=

Wkh lqwhuyhqwlrq +<, qhhghg wr sxw wkh surfhvv rq wkh uljkw wudfn ghshqgv
rq

� e��e3{
w

> zklfk lv wkh revhuyhg glvfuhsdqf| ehwzhhq wkh ydoxh ri wkh wdujhw
yduldeoh e3{

w

dqg lwv ghvluhg wdujhw ydoxh e�>

� �3{
w

� �> zklfk phdvxuhv wkh ghyldwlrq iurp vwhdg| vwdwh dw wkh wlph ri
wkh lqwhuyhqwlrq1

:



Li wkh hfrqrp| lv lq vwhdg| vwdwh/ dv gh�qhg e| wkh dwwudfwru vhw ~�3{ @ �j/
wkhq wkh glvfuhsdqf| ehwzhhq wkh wdujhw dqg wkh wdujhw ydoxh ghwhuplqhv wkh
pdjqlwxgh ri wkh qhfhvvdu| lqwhuyhqwlrq1 Exw li wkh hfrqrp| lv dzd| iurp vwhdg|
vwdwh/ wkhq wkh pdjqlwxgh ri wkh vwhdg| vwdwh huuru dovr d�hfwv wkh vl}h ri wkh
lqwhuyhqwlrq1

Frqwuroodelolw| lv gh�qhg e| d frqglwlrq rq wkh hohphqwv ri wkh orqj0uxq
lpsdfw pdwul{/ vhh +7,/ zklfk lv gh�qhg e| wkh ruwkrjrqdo frpsohphqwv ri � dqg
�= Wkhuhiruh/ d vwdwlrqdu| yduldeoh/ zklfk lv d olqhdu frpelqdwlrq ri �3{

w

> fdqqrw
eh frqwuroohg e| wklv uxoh1 Lq wkh vlpsoh fdvh ri rqh wdujhw dqg rqh lqvwuxphqw/
frqglwlrq +;, uhtxluhv wkdw wkh orqj0uxq lpsdfw ri d vkrfn +dq lqwhuyhqwlrq, wr
wkh lqvwuxphqw yduldeoh rq wkh wdujhw yduldeoh pxvw qrw eh }hur1 Wkhuhiruh/
frqwuroodelolw| lv lqfrqvlvwhqw zlwk orqj0uxq qhxwudolw| ri wdujhw wr lqvwuxphqw1

Wr vxppdul}h/ zh kdyh vhhq wkdw li me3Fdm 9@ 3 lw lv srvvleoh wr gh�qh d
qdwxudo frqwuro uxoh e|

{fwu
w

@ {
w

. d+e3Fd,�4^+e� � e3{
w

, . e3�+�3�,�4+�3{
w

� �,`= +43,

Wkh uxoh lv frqvwuxfwhg vr wkdw wkh srvlwlrq {fwu
w

dlpv dw wkh wdujhw ydoxh/ wkdw
lv/ vr wkdw

e3+F{fwu
w

. �+�3�,�4�, @ e�=

Iljxuh 5 vkrzv krz wkh srlqw {
w

lv pryhg e| wkh prqhwdu| dxwkrulwlhv rqwr
wkh grwwhg olqh1 Rqfh wkhuh/ wkh g|qdplfv ri wkh surfhvv zloo wdnh lw wrzdugv
wkh srlqw rq wkh dwwudfwru vhw gh�qhg e| wkh ghvluhg wdujhw ydoxh ��> surylghg
lw lv pryhg e| wkh fhqwudo edqn wr wkh grwwhg olqh dw doo wlph srlqwv=

6 Wkh qhz surfhvv
E| dsso|lqj frqwuro uxoh +43, wkh lqvwuxphqw yduldeoh lv pryhg wr d qhz srvlwlrq/
{fwu
w

> iurp zklfk wkh g|qdplfv ri wkh surfhvv hyhqwxdoo| zloo eulqj wkh wdujhw
yduldeoh wr wkh ghvluhg ydoxh/ e�> jlyhq wkdw wkh huuruv zhuh vzlwfkhg r�1 Exw/
vlqfh wkh surfhvv lv vxemhfw wr qhz glvwxuedqfhv/ wkh surfhvv {

w.k
> +k @ 4> 5> = = = ,

zloo guliw dzd| iurp {fwu
w

dqg kdv wr eh eurxjkw edfn wr d qhz srvlwlrq zklfk
dlpv dw d srlqw/ iru zklfk e� lv dfklhyhg1 Wkxv/ wkh deryh frqwuro uxoh kdv wr eh
xvhg dw hdfk srlqw ri wlph/ wkhuhe| jhqhudwlqj d qhz surfhvv1 Iru wklv surfhvv
wkh wdujhw yduldeoh ehfrphv vwdwlrqdu| durxqg wkh wdujhw ydoxh/ dv vkrzq ehorz/
surylghg wkh frqwuroodelolw| frqglwlrq +;, lv vdwlv�hg1

Wkh surri ri wklv pdlq uhvxow lv jlyhq iru d jhqhudo olqhdu frqwuro uxoh ri wkh
irup y @ �3{

w

� �
3
lq Wkhruhp : lq Dsshqgl{ D141 Iru hdvh ri h{srvlwlrq zh

irfxv khuh rq wkh uhvxow iru wkh vshfldo fdvh +43,/ exw zkhq qhhghg zh zloo uhihu
wr vrph ri wkh pdlq uhvxowv lq Dsshqgl{ D1 Zh �uvw jlyh d uhvxow iru wkh vlpsoh
prgho +5, dqg wkhq iru prgho +4,1

Fruroodu| 7 Dvvxph wkdw +l, wkh L+4, surfhvv {
w

lv jlyhq e|

�{
w

@ �+�3{
w�4

� �, . %
w

>

;



!

�

U
w

�
w

��

i{m�3{ @ �j

id3+F{. �+�3�,�4�, @ d�j
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a
a

a
a

aaC
%
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{
w�4

{
w

{fwu
w

#�
&�

{qhz
w.4

{fwu
w.4

#�
&�

{qhz
w.5

Iljxuh 5= Wkh srlqw {
w

lv pryhg e| wkh fhqwudo edqn wr {fwu
w

/ dqg wkh htxdwlrqv
jhqhudwh wkh srlqw {qhz

w.4
> zklfk lq d YDU+5, prgho lv edvhg xsrq {fwu

w

dqg {
w

1
Wklv srlqw lv pryhg wr {fwu

w.4
/ dqg wkh htxdwlrqv jhqhudwh {qhz

w.5
iurp {fwu

w.4
dqg

{fwu
w

1

<



+ll, me3Fdm 9@ 3> vhh +7,> dqg +lll, wkh frqwuro uxoh

{fwu
w

@ {
w

. d+e3Fd,�4+e� � e3{
w

. e3�+�3�,�4+�3{
w

� �,,

lv dssolhg dw doo wlph srlqwv1 Wkhq wkh qhz surfhvv {qhz
w

lv dq L+4, frlqwhjudwhg
YDU+4, surfhvv zlwk frlqwhjudwlqj vsdfh vs+�> e, dqg dgmxvwphqw vsdfh vs+�> d,1
Lw iroorzv wkdw +l, �3{qhz

w

lv vwdwlrqdu| zlwk phdq �> +ll, e3{qhz
w

lv vwdwlrqdu|
zlwk phdq e�> dqg +lll, e3F{qhz

w

lv zklwh qrlvh zlwk phdq e� � e3�+�3�,�4�=

Surri1 Wkh uhvxow iroorzv iurp Wkhruhp : lq Dsshqgl{ D14/ e| fkrrvlqj

�3 @ �+e3F�d,�4e3F> dqg �
3
@ �+e3F�d,�4+e� � e3�+�3�,�4�,>

vr wkdw �3 vdwlv�hv wkh uhodwlrqv

�3� @ 3> L
p

. �3�d @ 3=

Khqfh/ wkh frqglwlrq iru vwdelolw| +4<, lv vdwlv�hg dqg �3{qhz
w

lv vwdwlrqdu| zlwk
phdq �> dqg �3{qhz

w

@ �+e3F�d,�4e3F{
w

lv zklwh qrlvh durxqg �
3
@ �+e3F�d,�4+e��

e3�+�3�,�4�,= Iurp +7, qrwh wkdw

e3F{qhz
w

@ e3{qhz
w

� e3�+�3�,�4�3{qhz
w

=

Ehfdxvh �3{qhz
w

lv vwdwlrqdu| zlwk phdq �/ e3{qhz
w

lv vwdwlrqdu| durxqg e�=
Lq Dsshqgl{ D14 lw lv vkrzq wkdw wkh frqwuro uxoh �3{

w

� �
3
pdnhv �3{

w

vwdwlrqdu|1 Wkhuhiruh/ zh frxog vlpso| fkrrvh � @ e wr pdnh e3{
w

vwdwlrqdu|/
exw wkh uhvxowv vlpsoli| frqvlghudeo| li �3� @ 3= Vlqfh �3{

w

lv vwdwlrqdu| lq wkh
frqwuroohg surfhvv/ wkh fkrlfh ri � @ e . ��> iru vrph �/ zrxog dovr pdnh e3{

w

vwdwlrqdu|1 Wkhuhiruh/ zh fkrrvh d � vr wkdw �3� @ e3�. �3�3� @ 3> zklfk jlyhv
�3 @ �e3�+�3�,�4 dqg �3 @ e3 � e3�+�3�,�4�3 @ e3F= Diwhu qrupdol}dwlrq wklv
lv suhflvho| uxoh +43,1

Dq L+4, surfhvv {
w

jlyhq e| +4, kdv d olqhdu wuhqg �w= Zh gh�qh

� @ L
s

�
n�4[
l@4

�
l

> dqg F @ �
B

+�3
B

��
B

,�4�3
B

=

Zh dsso| uxoh +43, wr wkh ghwuhqghg vwdfnhg surfhvv/ vhh Wkhruhp ; lq Dsshqgl{
D1

Wkhruhp 8 Li +l, wkh L+4, surfhvv {
w

lv jlyhq e| wkh YDU+n, prgho +4,/ +ll,
me3Fdm 9@ 3> dqg +lll, zh dsso| wkh uhfxuvlyho| gh�qhg frqwuro uxoh

{fwu
w

@ {qhz
w

� d+e3Fd,�4e3F^+{qhz
w

� �w,�S
n�4

l@4
�
l

+{fwu
w�l

� �+w� l,,`

.d+e3Fd,�4+e� � e3+L
s

�F�,���,
+44,

dw doo wlph srlqwv/ dqg wkh qhz surfhvv lv gh�qhg e|

{qhz
w.4

@ {fwu
w

. �+�3{fwu
w

� �3w� �, .
n�4[
l@4

�
l

+�{fwu
w.4�l

� �, . %
w.4

> +45,

43



wkhq wkh vwdfnhg surfhvv +{qhz3
w

> {fwu3
w�4

> = = = > {fwu3
w�n.4

,3 lv d frlqwhjudwhg YDU+4, sur0
fhvv zlwk �3{qhz

w

dqg e3{qhz
w

wuhqg vwdwlrqdu| durxqg � . �3w dqg e� . e3�w=

Pruhryhu e3F+{qhz
w

�S
n�4

l@4
�
l

{fwu
w�l

, lv zklwh qrlvh durxqg lwv phdq1
Lw lv vrphwlphv frqyhqlhqw wr uhzulwh wkh frqwuro uxoh dv d ixqfwlrq ri wkh

htxloleulxp huuruv/ �3{qhz
w

> ghyldwlrq ri wdujhw iurp ghvluhg wdujhw/ dqg �qdoo|
wkh gl�huhqfhv ri wkh surfhvv=

{fwu
w

@ {qhz
w

� d+e3Fd,�4^e3+{qhz
w

� �w,� e�

.e3+F�� L
s

,��+�3{qhz
w

� �3w� �, . e3F
S

n�4

l@4
�
l

+{qhz
w

� {fwu
w�l

� �l,,`
+46,

Surri1 Wklv uhvxow iroorzv iurp Wkhruhp ;/ e| wkh fkrlfh

�3
4
@ �+e3F�d,�4e3F> �3

l

@ +e3F�d,�4e3F�
l�4

> l @ 5> = = = > n

dqg

�
3
@ �+e3F�d,�4+e� � e3+L

s

�F�,���,=

Ehfdxvh �3�
4
@ 3> dqg

�3
l

@ ��3
4
�
l�4

> l @ 5> = = = > n

lw iroorzv wkdw ��3�� @ 3> vhh +67,1 Ixuwkhupruh �3
4
�d @ �L

p

> dqg khqfh

e3F+{qhz
w

�
n�4[
l@4

�
l

{fwu
w�l

,

lv d zklwh qrlvh surfhvv durxqg lwv phdq1
Wkh vhfrqg h{suhvvlrq iru wkh frqwuro uxoh lv vhhq dv iroorzv1 Iurp

F^+{qhz
w

� �w,�S
n�4

l@4
�
l

+{fwu
w�l

� �+w� l,,`

@ F�+{qhz
w

� �w, .F
S

n�4

l@4
�
l

+{qhz
w

� {fwu
w�l

� �l,

dqg wkh uhodwlrq

F� @ +F�� L
s

, . L
s

@ +F�� L
s

,���3 . L
s

zh �qg wkdw

e3F�+{qhz
w

� �w,� +e� � e3+L
s

�F�,���,
@ e3+F�� L

s

,��+�3+{qhz
w

� �w,� �, . e3+{qhz
w

� �w,� e�=

Froohfwlqj wkh whupv zh �qg wkh h{suhvvlrq +46,1
Qrwh wkdw {qhz

w

lv qrw qhfhvvdulo| d YDU surfhvv/ dv lw lv wkh vwdfnhg surfhvv
wkdw kdv wklv surshuw|1

Wkh uroh ri wkh lqwhuphgldwh wdujhw lv jlyhq lq

Sursrvlwlrq 9 Li f3{
w

lv dq lqwhuphgldwh wdujhw dqg f3{
w

lv frqwuroodeoh e| wkh
lqvwuxphqw d3{

w

> wkhq wkh �qdo wdujhw lv frqwuroodeoh e| d3{
w

=

44



Surri1 Ohw e� eh wkh ghvluhg wdujhw iru e3{
w

= Ehfdxvh !e3{
w

.f3{
w

lv vwdwlrqdu|
zlwk vrph phdq p> vd|/ wkhq lw iroorzv iurp Wkhruhp : wkdw !e3{qhz

w

. f3{qhz
w

lv dovr vwdwlrqdu| zlwk phdq p= Wkhuhiruh f3{
w

lv frqwuroodeoh dqg zh fkrrvh wr
frqwuro lw vr wkdw lv ehfrphv vwdwlrqdu| zlwk phdq p� !e�= Lw iroorzv wkdw

e3{qhz
w

@ !�4 ^+!e3{qhz
w

. f3{qhz
w

,� f3{qhz
w

`

lv vwdwlrqdu| durxqg

!�4^p� +p� !e�,` @ e�=

7 D gdlo| prgho iru XV gdwd4

Wkh wkhruhwlfdo uhvxowv lq Vhfwlrq 5 dqg 6 ghprqvwudwhg wkdw d srolf| frqwuro
sureohp fdq eh dssurdfkhg lq wzr vwhsv= Lq wkh �uvw vwhs zh qhhg wr hvwdeolvk
frqwuroodelolw| ri dq lqwhuphgldwh wdujhw e| wkh dydlodeoh lqvwuxphqwv dqg lq wkh
vhfrqg vwhs frlqwhjudwlrq ehwzhhq dq lqwhuphgldwh wdujhw dqg wkh �qdo wdujhw1
Zkhq wkhvh frqglwlrqv duh vdwlv�hg zh fdq ghulyh dq dghtxdwh lq dwlrq frqwuro
uxoh dv d ixqfwlrq ri +l, wkh glvfuhsdqf| ehwzhhq wkh dfwxdo dqg ghvluhg wdujhw/
+ll, wkh glvhtxloleulxp huuruv iurp wkh hfrqrp|0zlgh vwhdg|0vwdwh uhodwlrqv/ dqg
+lll, wkh �qdo lpsdfw ri wkh fkdqjh lq wkh lqvwuxphqw rq lq dwlrq1

Wkh �uvw sduw ri wkh hpslulfdo dqdo|vlv uhsruwhg ehorz ghdov zlwk wkh uhodwlrq0
vkls ehwzhhq wkh prqhwdu| lqvwuxphqw dqg wkh lqwhuphgldwh wdujhwv/ zkhuhdv
wkh dqdo|vlv ri wkh +lqwhuphgldwh, wdujhwv dqg wkh �qdo wdujhwv dqg krz wkh| duh
uhodwhg wr wkh vwdwh ri wkh hfrqrp| lv suhvhqwhg lq Vhfwlrq 81

Wkh sxusrvh ri wkh gdlo| dqdo|vlv lv �uvw wr fkhfn zkhwkhu wkh ihghudo ixqgv
udwh kdv forvho| iroorzhg wkh ihghudo wdujhw udwh zklfk lv vhw e| wkh Ihg1 Edvhg
rq Sursrvlwlrq 9 zh wkhq lqyhvwljdwh zkhwkhu wkh Ihg kdv ehhq deoh wr frqwuro
wkh vkruw0whup pdunhw udwhv/ khuh wkh wkuhh dqg vl{ prqwkv wuhdvxu| eloo udwhv/
xvlqj wkh ihghudo ixqgv udwh1

Wkh gdlo| dqdo|vlv lv edvhg rq wkh gdwd yhfwru {3
w

@ ^Wuj
w

> Ii
w

> U6
w

>U9
w

`>
zkhuh Wuj

w

lv wkh wdujhw udwh vhw e| wkh Ihghudo Uhvhuyh Edqn/ Ii
w

lv wkh
ihghudo ixqgv udwh/ U6

w

lv wkh wkuhh prqwkv dqg U9
w

wkh vl{ prqwkv weloo udwh/
dqg w @ 4<<9=34=35> = = = > 4<<<=36=59> d wrwdo ri ;57 gdlo| revhuydwlrqv1 Doo gdwd
vhulhv duh iurp wkh gdwdedvh HfrZlq1 Wkh judskv ri wkh yduldeohv duh jlyhq lq
Dsshqgl{ E/ Iljxuhv ;/ </ dqg 431

Dowkrxjk wkh ihghudo ixqgv udwh lv qrw gluhfwo| ghwhuplqhg e| wkh Ihg wkh
yhu| forvh fruuhvsrqghqfh ri wkh wzr judskv lq sdqho +d, fohduo| ghprqvwudwhv
wkdw iru sudfwlfdo sxusrvhv lw fdq eh dvvxphg vhw e| wkh Ihg1 Wkh uhpdlqlqj
sdqhov +e, dqg +f, vkrz hdfk ri wkh weloo udwhv uhodwlyh wr wkh wdujhw udwh1 Vlqfh
wkh wdujhw udwh kdv jhqhudoo| ehhq rq d kljkhu ohyho wkdq wkh wuhdvxu| eloo udwhv/

4
Doo hpslulfdo uhvxowv erwk lq wkh gdlo| dqg wkh prqwko| prgho kdyh ehhq fdofxodwhg xvlqj

wkh vriwzduh surjudp FDWV lq UDWV +Kdqvhq dqg Mxvholxv/ 4<<7,1 Vrph ri wkh judskv kdyh

ehhq surgxfhg lq JlyhZlq +Grruqln dqg Khqgu|/ 4<<;,1
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Wdeoh 5= Plvvshfl�fdwlrq whvwv/ fkdudfwhulvwlf urrwv/ dqg zhdn h{rjhqhlw| iru wkh
gdlo| gdwd

Xqlyduldwh whvwv= �U6
w

�U9
w

�Ii
w

DUFK+5, 531: 481: 4<19
M10E1+5, 9717 4:916 48516
vnhzqhvv 03144 3136 315;
h{fhvv nxuwrvlv 4196 613< 6133
a�
%

� 433 3136; 3136: 3154;
U5 3157 3148 3198
Wkh wudfh whvw 837

+68,

6<
+53,

7
+<,

Wkh 6 odujhvw urrwv ri wkh surfhvv u @ 5 413 31<4 314;
Whvw ri zhdn h{rjhqhlw| iru u @ 5 =

"5
3=<8

+5, @ 9=3 :14 ;1: 79314

wkh judskv kdyh ehhq phdq dgmxvwhg wr idflolwdwh d frpsdulvrq1 Iljxuh ; vkrzv
wkdw wkh wdujhw udwh grhv qrw vdwlvi| wkh vwrfkdvwlf dvvxpswlrqv xqghuo|lqj wkh
YDU prgho1 Lw lv/ wkhuhiruh/ wuhdwhg dv dq h{rjhqrxv yduldeoh dqg prgho +4, lv
prgl�hg dffruglqjo|=

�|
w

@ �+�3{
w�4

� �, .
n�4[
l@4

�
l

�{
w�l

.D
3
�}

w

.�G
w

. %
w

> w @ 4> = = = > W> +47,

zkhuh {3
w

@ ^|
w

> }
w

`> }
w

@ Wuj
w

> |3
w

@ ^Ii
w

> U6
w

>U9
w

`> dqg G
w

lv d yhfwru ri gxpp|
yduldeohv1

714 Prgho vshfl�fdwlrq

Dowrjhwkhu vl{whhq gxpplhv zhuh qhhghg wr dffrxqw iru h{wudruglqdu| vkrfnv
lq xhqflqj wkh ihghudo ixqgv udwh dqg wkh weloo udwhv1 Wkh| duh dv iroorzv=

G3

w

@ ^G9> G75> G76> GL45;> G47<> GL48<> G4:5> G4;:> G588>
G694> G6;3> GL796> G8<:>G:39> GL:46>G:98`>

zkhuh G{ lv dq = = = 3> 3> 4> 3> 3> = = = lpsxovh gxpp| ghvfulelqj d shupdqhqw vkrfn
dw revhuydwlrq w @ { dqg GL{ lv dq = = = 3> 3> 4>�4> 3> 3> = = = gxpp| ghvfulelqj d
wudqvlwru| vkrfn dw revhuydwlrq w @ {1

D YDU+5, surgxfhg wkh iroorzlqj plvvshfl�fdwlrq whvwv= Wkh pxowlyduldwh
OP whvw iru �uvw rughu uhvlgxdo dxwrfruuhodwlrq/ glvwulexwhg dv "5+<,> jdyh d whvw
vwdwlvwlf ri 913 dqg wkh qxoo ri qr dxwrfruuhodwlrq zdv dffhswhg zlwk d s0ydoxh
ri 31:71 Wkh pxowlyduldwh qrupdolw| whvw "5+9, zdv vwurqjo| uhmhfwhg edvhg rq
d whvw vwdwlvwlf ri 777181 Wkh xqlyduldwh whvw ydoxhv duh/ wkhuhiruh/ dgglwlrqdoo|
uhsruwhg lq Wdeoh 5/ wrjhwkhu zlwk wkh wudfh whvwv/ wkh urrwv ri wkh YDU surfhvv
dqg zhdn h{rjhqhlw| whvw ri wkh yduldeohv1
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Lw dsshduv wkdw wkh uhvlgxdov h{klelw vljql�fdqw DUFK h�hfwv dqg wkdw wkh
vwurqj uhmhfwlrq ri qrupdolw| lv gxh wr h{fhvv nxuwrvlv exw qrw wr vnhzqhvv1 Vlqfh
wkh hvwlpdwlrq uhvxowv duh jhqhudoo| prghudwho| urexvw wr DUFK h�hfwv +Kdqvhq
dqg Udkehn/ 4<<;, dqg h{fhvv nxuwrvlv +Jrq}dor/ 4<<7, +exw qrw vnhzqhvv, zh
zloo glvuhjdug wkh qrq0qrupdolw| sureohp khuh1

Wkh wudfh whvw lv frqvlvwhqw zlwk u @ 5= Wklv fkrlfh ohdyhv d idluo| odujh urrw
+31<4, lq wkh prgho/ lqglfdwlqj wkdw wkh dgmxvwphqw wr wkh vhfrqg frlqwhjudwlrq
yhfwru lv olnho| wr eh txlwh vorz1 Wklv lv frq�uphg e| wkh �

5�
frh!flhqwv lq

Wdeoh 6 dqg wkh judsk ri �3
5
{
w

lq Iljxuh 61 Wkh whvwv ri zhdn h{rjhqhlw| iru wkh
orqj0uxq sdudphwhuv vkrz wkdw qrqh ri wkh yduldeohv fdq eh frqvlghuhg zhdno|
h{rjhqrxv dqg wkdw wkh ihghudo ixqgv udwh lv dgmxvwlqj pxfk pruh vwurqjo| wkdq
wkh wuhdvxu| eloo udwhv1

715 Wkh gdlo| uhvxowv

Lq Wdeoh 6 zh uhsruw dq lghqwl�hg vwuxfwxuh ri wkh wzr orqj0uxq uhodwlrqv/ a�
3

{
w

>
dqg wkhlu fruuhvsrqglqj vkruw0uxq dgmxvwphqw sdudphwhuv/ a�= Vljql�fdqw frh!0
flhqwv duh lq erog idfh1 Wkh whvw ri wkh wzr ryhulghqwli|lqj uhvwulfwlrqv +Mrkdqvhq
dqg Mxvholxv/ 4<<7,/ glvwulexwhg dv "5+5,> surgxfhg d whvw vwdwlvwlf ri 5=45 dqg
wkh uhvwulfwlrqv fdq eh dffhswhg zlwk d s0ydoxh ri 31681 Dgglwlrqdo uhvwulfwlrqv lq
wkh irup ri d xqlw frh!flhqw rq Ii

w

lq a�
4
jdyh d whvw vwdwlvwlf ri :17; +"5+6,> s0

ydoxh 3139, dqg vlploduo| rq U9
w

lq a�
4
d whvw vwdwlvwlf ri ;199 +"5+6,> s0ydoxh

3136,1 Lpsrvlqj xqlw frh!flhqwv rq erwk uhodwlrqv/ l1h1 wkh whvw zkhwkhu wkh wzr
vsuhdgv/ Ii

w

� Wuj
w

dqg U6
w

�U9
w

> vsdq wkh frlqwhjudwlrq vsdfh/ zdv uhmhfwhg
edvhg rq d whvw vwdwlvwlf ri 4718; +"5+7,> s0ydoxh 3134,1 Vlplodu uhvxowv zhuh dovr
rewdlqhg lq wkh prqwko| prgho/ khqfh wkh frh!flhqwv duh ohiw xquhvwulfwhg1

Wkh �uvw frlqwhjudwlrq uhodwlrq frq�upv wkh ylvxdo lpsuhvvlrq iurp wkh
judskv lq Dsshqgl{ E/ Iljxuh 43/ sdqho +d,/ wkdw wkh ihghudo ixqgv udwh kdv
ehhq forvho| wudfnlqj wkh wdujhw udwh vhw e| wkh Ihg1 Wkh a�

64
frh!flhqw vkrzv

wkdw hyhq rq d gdlo| edvlv wkh dgmxvwphqw wr wkh wdujhw udwh lv yhu| idvw1 Exw/
pruh lqwhuhvwlqjo|/ wkh weloo udwhv kdugo| uhdfw dw doo wr ghyldwlrqv iurp wkh
ihghudo ixqgv udwh uhodwlrq= a�

44
dqg a�

54
duh forvh wr }hur/ wkrxjk erughuolqh

vljql�fdqw iru wkh vl{ prqwkv wuhdvxu| eloo udwhv5 1
Wkh vhfrqg frlqwhjudwlrq uhodwlrq ghvfulehv d *prgl�hg* |lhog jds ehwzhhq

wkh 6 dqg wkh 9 prqwkv weloo udwhv1 Erwk duh dgmxvwlqj wr wklv uhodwlrq +wkrxjk
qrw yhu| vwurqjo| vr,/ zkhuhdv wkh ihghudo ixqgv udwh lv qrw1 Zh lqwhusuhw wkh
uhvxowv dv vrph/ exw qrw yhu| vwurqj/ hylghqfh ri pdunhw dgmxvwphqw ehwzhhq
wkh wuhdvxu| eloo udwhv +dv wkh h{shfwdwlrqv* k|srwkhvlv zrxog suhglfw,1 6

Dowkrxjk wkh hvwlpdwhv ri � ghprqvwudwhg prghvw uhdfwlrq dprqj wkh pdu0
nhw udwhv wr wkh orqj0uxq uhodwlrqv �3{

w

/ wkh hvwlpdwhv ri �
4
dqg D

3
uhsruwhg

lq Wdeoh 6 pd| vwloo frqwdlq lpsruwdqw vkruw0uxq h�hfwv1 Wkh 6 prqwkv weloo

5
Wkh uhvlgxdo fruuhodwlrq ehwzhhq wkh ihghudo ixqgv udwh dqg wkh wzr pdunhw udwhv duh 31336

dqg 3134:/ uhvshfwlyho|/ zklfk vwuhqjkwhqv wklv uhvxow1

6
Wkh uhvxowv iurp wkh prqwko| prgho edvhg rq dq h{whqghg lqirupdwlrq vhw/ vxjjhvw wkdw

wkh suhvhqw lqirupdwlrq vhw pd| qrw eh vx!flhqw wr surylgh d frpsohwh ghvfulswlrq ri wkh whup

vwuxfwxuh1
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Wdeoh 6= Dq ryhulghqwl�hg uhsuhvhqwdwlrq ri wkh frlqwhjudwlqj vsdfh iru wkh gdlo|
gdwd1 +Vljql�fdqw ydoxhv lq erogidfh,

Frlqwhjudwlrq yhfwruv � Dgmxvwphqw frh!flhqwv �
w0ydoxhv lq eudfnhwv w0ydoxhv lq eudfnhwv

Ydu1 a�
4�

a�
5�

Ht1 a�
4�

a�
5�

U6
w

313 4=3 �U6
w

3133
+315,

�3138
+051;,

U9
w

313 �3=;:
+�54=5,

�U9
w

3=34
+5=3,

3=37
+5=7,

Ii
w

�3=<5
+�6;=6,

313 �Ii
w

31<3
+571;,

03134
+0314,

Wuj
w

413 3=3

Frqvwdqw 03=79
+�6=;,

03=88
+�5=9,

Vkruw0uxq dgmxvwphqw frh!flhqwv
�
4

D
3

�U6
w�4

�U9
w�4

�Ii
w�4

�Wuj
w�4

�Wuj
w

�U6
w

3138
+414,

3137
+31<,

3134
+513,

�3135
+0315,

3146
+513,

�U9
w

3134
+316,

3134
+315,

3134
+51<,

3146
+41:,

3133
+313,

�Ii
w

3193
+519,

�31:9
+0615,

3134
+318,

3146
+316,

31:<
+514,

udwh vhhpv wr kdyh ehhq d�hfwhg e| wkh fxuuhqw fkdqjh lq wkh wdujhw udwh dqg
wkh odjjhg fkdqjh lq wkh ihghudo ixqgv udwh exw wkh h�hfwv duh prghvw dqg rqo|
erughuolqh vljql�fdqw1 Wkh 9 prqwkv weloo udwh lv pruh vljql�fdqwo| d�hfwhg e|
wkh odjjhg ihghudo ixqgv udwh1 Ixuwkhupruh/ wkh ihghudo ixqgv udwh kdv uhdfwhg
txlwh vwurqjo| wr wkh odjjhg fkdqjh lq wkh |lhog jds1 Wklv lv frq�uphg lq wkh
prqwko| prgho1

Zkhwkhu wkh weloo udwhv fdq eh frqwuroohg ru qrw xvlqj wkh ihghudo ixqgv udwh
dv dq lqvwuxphqw ghshqgv rq wkh wdujhw2lqvwuxphqw hohphqwv ri wkh orqj0uxq
lpsdfw pdwul{1 Wkh hvwlpdwhg F pdwul{ lv uhsruwhg lq Wdeoh 7 wrjhwkhu zlwk
�
B
> ��

B

@ �
B

+�3
B

��
B

,�4> dqg = Zlwk u @ 5 frlqwhjudwlrq uhodwlrqv/ wkhuh lv
mxvw rqh frpprq vwrfkdvwlf wuhqg/ �3

B

	w

l@4
a%
l

> zkhuh a%3
l

@ ^a%
U6
>a%

U9
> a%

Ii

`=
Wkh hvwlpdwh ri �

B
vkrzv wkdw wkh vwrfkdvwlf wuhqg lv ghwhuplqhg pdlqo| e|

fxpxodwhg vkrfnv wr wkh wzr wuhdvxu| eloo udwhv1 Wkh hvwlpdwh ri h�
B

vkrzv wkdw
wkh wuhdvxu| eloo udwhv duh lq xhqfhg e| wklv wuhqg lq wkh vdph sursruwlrq dv
wkh frlqwhjudwlrq frh!flhqwv lq Wdeoh 61 Wkh ihghudo ixqgv udwh lv qrw d�hfwhg
e| wkh vwrfkdvwlf wuhqg lq wkh wuhdvxu| eloo udwhv/ exw vwurqjo| d�hfwhg e| wkh
zhdno| h{rjhqrxv wdujhw udwh dv vkrzq lq Wdeoh 61

Wkh hvwlpdwhv ri wkh F pdwul{ frq�up wkh deryh lqwhusuhwdwlrq= qhlwkhu
U6

w

> qru U9
w

zrxog eh frqwuroodeoh dffruglqj wr frqglwlrq +;,/ vlqfh wkh| erwk
dsshdu wr eh orj0uxq qhxwudo zlwk uhvshfw wr Ii

w

= Wkxv wkh| fdqqrw vhuyh dv
fdqglgdwhv iru lqwhuphgldwh wdujhwv/ vhh Gh�qlwlrq 5/ hyhq wkrxjk wkh| pd|
frlqwhjudwh zlwk lq dwlrq1
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Iljxuh 6= Wkh judskv ri wkh wzr lghqwl�hg frlqwhjudwlrq uhodwlrqv ri Wdeoh 6 iru
wkh gdlo| gdwd1

Zh kdyh vkrzhg deryh wkdw wkh frqglwlrq iru frqwuroodelolw| ri wkh wkuhh
prqwkv weloo udwh zdv qrw vdwlv�hg edvhg rq wkh gdlo| dqdo|vlv dqg wkh hpslulfdo
dqdo|vlv frxog vwrs wkhuh1 Ehfdxvh ri wkh vwurqj sulru eholhi lq wkh Ihg*v delolw| wr
frqwuro lq dwlrq zh kdyh/ qhyhuwkhohvv/ frqwlqxhg wkh dqdo|vlv edvhg rq prqwko|
gdwd dqg jlyh d idluo| ghwdlohg lqwhusuhwdwlrq ri wkh hpslulfdo uhvxowv1

8 Wkh prqwko| XV prgho

Lq wkh vhfrqg ohyho ri wkh dqdo|vlv wkh grphvwlf prqhwdu| wudqvplvvlrq phfkd0
qlvp ghvfulehv krz fkdqjhv lq wkh lqwhuphgldwh wdujhwv/ wuhqg0dgmxvwhg prqh|
+p�p�, dqg wkh vkruw0whup lqwhuhvw udwh +U

v

,> g|qdplfdoo| d�hfw wkh grphvwlf
hfrqrp| wkurxjk wkh vxevhtxhqw dgmxvwphqw ri orqj0whup lqwhuhvw udwhv +U

o

,>
wkh rxwsxw jds +| � |�,> dqg �qdoo| lq dwlrq udwh +�s,= Wkh iroorzlqj vlpsoh
gldjudp vhuyhv dv dq looxvwudwlrq=

Fhqwudo edqn
lqwhuyhqwlrqv =

�$ +�,

p�p� �
+.,

U
v

�$
+.,

U
o

�$
+�,

| � |� �$
+�,

�s

+48,

Doo irxu yduldeohv iurp wkh gdlo| dqdo|vlv duh dydlodeoh rq d prqwko| edvlv vwduw0
lqj iurp Dxjxvw 4<;81 Zh wkhuhiruh nhhs wkh suhylrxv yduldeohv lq wkh prgho
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Wdeoh 7= Wkh F0pdwul{ dqg wkh frpprq wuhqgv �
B
dqg wkh dvvrfldwhg zhljkwvh�

B

iru wkh gdlo| gdwd
Wkh F pdwul{ h�

B

�
B

h
a%
U6

a%
U9

a%
Ii

U6
w

3178
+518,

3185
+618,

�3134
+416,

31;: 3185 3136;5

U9
w

3186
+518,

3193
+6=8,

�3134
+416,

4133 3193 3194 3136:5

Ii
w

03136
+518,

03137
+618,

3133
+416,

03135 03137 31336 3134: 3154;5

dqg h{whqg lw zlwk irxu qhz yduldeohv/ p � s> uhdo prqh| vwrfn lq orjv +P6,/
| uhdo JGS7 lq orjv/ E43 wkh 43 |hduv erqg udwh/ dqg wkh �qdo wdujhw yduldeoh/
�s prqwko| FSL lq dwlrq udwh +�oqFSL,1 Zh dsso| wkh YDU prgho +4, wr wkh
iroorzlqj hljkw yduldeohv

{3
w

@ ^p� s> |>�s>U6> U9> E43> Ii> Wuj`
w

>

zkhuh U6>U9> Ii> dqg Wuj duh prqwko| dyhudjhv ri gdlo| revhuydwlrqv1 Wkh
qrplqdo lqwhuhvw udwhv kdyh ehhq wudqviruphg wr prqwko| udwhv dqg glylghg e|
433 wr pdnh wkhp frpsdudeoh zlwk prqwko| lq dwlrq1 Wkh vdpsoh lv iurp 4<;8=;
wr 4<<<=5/ frqvlvwlqj ri 496 prqwko| revhuydwlrqv1 Judskv ri wkh prqwko| gdwd
duh jlyhq lq Dsshqgl{ E/ Iljxuhv < dqg 431

814 Prgho vshfl�fdwlrq

Wkh wdujhw udwh lq Dsshqgl{ E/ Iljxuh 43 orrnv pruh olnh d vwrfkdvwlf surfhvv
diwhu djjuhjdwlrq1 Ehfdxvh d prgho iru wkh wdujhw udwh pljkw frqwdlq lqirupdwlrq
rq krz wkh Ihg kdv vhw lwv wdujhw dv d uhvsrqvh wr fkdqjlqj pdunhw frqglwlrqv/
l1h1 rq dq lpsolflw srolf| uxoh/ lw kdv ehhq lqfoxghg dv d v|vwhp yduldeoh lq wkh
YDU prgho1 8

Wkuhh gxpplhv zhuh qhhghg wr dffrxqw iru wkh iroorzlqj lqwhuyhqwlrqv=

G3

w

@ ^G;9=36> G;9=45> G;:=44`>

zkhuh G{{> || ghvfulehv d shupdqhqw lpsxovh gxpp| wr wkh v|vwhp dw wlph
4<{{1||1

Wkh uhvxowv lq Wdeoh 8 duh edvhg rq d YDU+5, prgho1 Wkh pxowlyduldwh OP
whvw iru �uvw rughu uhvlgxdo dxwrfruuhodwlrq/ glvwulexwhg dv "5+97,> jdyh d whvw
vwdwlvwlf ri ;413 dqg zdv dffhswhg zlwk d s�ydoxh ri 313:1 Wkh pxowlyduldwh
qrupdolw| whvw "5+49, zdv uhmhfwhg edvhg rq d whvw vwdwlvwlf ri ;:1:1 Wdeoh 8
uhsruw dgglwlrqdoo| xqlyduldwh plvvshfl�fdwlrq whvwv iru uhvlgxdo DUFK h�hfwv

7
Wkh prqwko| JGS ydoxhv kdyh ehhq lqwhusrodwhg iurp txduwhuo| gdwd xvlqj wkh surfhgxuh

lqwhusrodwh1vfu lq UDWV/ Hvwlpd/ dvvxplqj d udqgrp zdon . guliw prgho1

8
Dv d vhqvlwlylw| fkhfn wkh zkroh dqdo|vlv zdv grqh zlwk wkh wdujhw udwh dv dq h{rjhqrxv

yduldeoh1 Vlqfh wkh pdlq frqfoxvlrqv uhpdlqhg xqdowhuhg/ zh uhsruw rqo| wkh uhvxowv ri wkh ixoo

v|vwhp dqdo|vlv1
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Wdeoh 8= Plvvshfl�fdwlrq whvwv/ fkdudfwhulvwlf urrwv/ dqg zhdn h{rjhqhlw| iru wkh
prqwko| gdwd
Xqly1 whvwv= �p

w

�|
w

�5s
w

�U6
w

�U9
w

�E43
w

�Ii
w

�Wuj
w

DUFK+5, 419 315 314 4816 41; 314 514 461:
M10E1+5, 319 71; 91< 619 313 31; 413 6313
a�
%

� 433 3159 3148 3146 3134 3134 3135 3134 3134
U5 31:8 3199 31:3 317< 3175 316: 319: 3185
Wudfh whvw= 668

+4;5,

567
+479,

489
+448,

<;
+;:,

85
+96,

57
+75,

44
+58,

6
+45,

Wkh urrwv= 413 413 413 413 31<4 31;3 31;3 3176
Whvw ri zhdn h{rjhqhlw| iru u @ 7 =
"5+7, @ <=8 5818 5:19 7315 ;19 51: 713 631< 5614

dqg qrupdolw|/ dv zhoo dv wudfh whvwv/ wkh urrwv ri wkh YDU surfhvv dqg zhdn
h{rjhqhlw| whvwv1 Wkh wudfh whvw vxjjhvwv irxu frlqwhjudwlqj uhodwlrqv dqg/ khqfh/
irxu frpprq wuhqgv1 Zlwk wkh fkrlfh ri u @ 7 wkh prgxoxv ri wkh odujhvw
vwdwlrqdu| urrw lv 31<4 lq wkh prgho1

Lw dsshduv wkdw wkh 9 prqwkv weloo udwh dqg wkh 43 |hduv erqg udwh lqglylgxdoo|
fdq eh dvvxphg zhdno| h{rjhqrxv iru wkh orqj0uxq sdudphwhuv �> zkhuhdv wkh
6 prqwkv weloo udwh lv d erughuolqh fdvh1 Wkh whvw ri mrlqw h{rjhqhlw| ri wkh �uvw
wzr jdyh d whvw vwdwlvwlf ri <13 A "5

3=<8
+;, dqg d s0ydoxh ri 3167/ zkhuhdv wkh

whvw wkdw doo wkuhh duh mrlqwo| h{rjhqrxv zdv vwurqjo| uhmhfwhg edvhg rq d whvw
vwdwlvwlf ri 8613 A "5

3=<8
+45, dqg d s0ydoxh ri 31331

815 Wkh prqwko| uhvxowv

Dffruglqj wr Gh�qlwlrq 5 d qhfhvvdu| frqglwlrq iru frqwuroodelolw| ri d �qdo
wdujhw wkurxjk wkh lqwhuphgldwh wdujhw lv frlqwhjudwlrq ehwzhhq dq lqwhuphgldwh
wdujhw dqg wkh �qdo wdujhw1 Pruh jhqhudoo|/ frlqwhjudwlrq surshuwlhv ehwzhhq
lqvwuxphqwv/ lqwhuphgldwh dqg �qdo wdujhwv frqwdlq lpsruwdqw lqirupdwlrq rq
wkh prqhwdu| wudqvplvvlrq phfkdqlvp looxvwudwhg lq Wdeoh 41 Wkhuhiruh/ zh
�uvw whvw frlqwhjudwlrq ehwzhhq lq dwlrq udwh dqg hdfk ri wkh lqwhuhvw udwhv dqg
wkhq ehwzhhq wkh lqwhuhvw udwhv uhodwlyh wr hdfk rwkhu1

Doo k|srwkhvhv K
4
� K

48
lq Wdeoh 9 duh ri wkh irup � @ iK!>#j> l1h1

wkh| whvw uhvwulfwlrqv rq d vlqjoh yhfwru dqg ohdyh wkh rwkhu yhfwruv xquhvwulfwhg
+Mrkdqvhq dqg Mxvholxv/ 4<<5,1 H{fhsw iru K

48
> K! whvwv zkhwkhu wzr yduldeohv

duh frlqwhjudwhg +4> d,> zkhuh d lv iuhho| hvwlpdwhg1 Li wkhuh h{lvwv frlqwhjudwlrq
ehwzhhq sdluv ri yduldeohv/ wklv surfhgxuh vkrxog �qg lw1

Wkh k|srwkhvhv K
4
�K

8
duh whvwv ri frlqwhjudwlrq ehwzhhq wkh lq dwlrq udwh

dqg hdfk ri wkh lqwhuhvw udwhv1 Wkhuh lv zhdn hylghqfh wkdw lq dwlrq udwh lv
frlqwhjudwhg +4/ 0317, zlwk wkh ihghudo ixqgv udwh +ru wkh wdujhw udwh,1 Dprqj
wkh uhpdlqlqj k|srwkhvhv K

9
�K

48
> frlqwhjudwlrq lv rqo| irxqg lq K

48
zklfk

ghvfulehv wkh vsuhdg ehwzhhq wkh ihghudo ixqgv udwh dqg wkh wdujhw udwh1 Vwdwlrq0
dulw| lv dffhswhg zlwk d s0ydoxh ri 31<;1 Wkh hvwlpdwhg frh!flhqw ehwzhhq wkh

4;



1990 1995

0

.5

1

1.5 (a) Ffs rate-3M tbill rate

1990 1995

-.5

0

.5

1

1.5 (b) Ffs rate-6M tbill rate

1990 1995

-.25

0

.25

.5
(c) 6M tbill rate-3M tbill rate

1990 1995

1

2

3

(d) 10yBond rate-6M tbill rate

Iljxuh 7= Wkh judskv ri wkh vsuhdg ehwzhhq +d, wkh ihghudo ixqgv udwh dqg wkh
6 prqwkv weloo udwh/ +e, wkh ihghudo ixqgv udwh dqg wkh 9 prqwkv weloo udwh/ +f,
wkh 9 prqwkv weloo udwh dqg wkh 6 prqwkv weloo udwh/ dqg +g, wkh 43 |hduv erqg
udwh dqg wkh 9 prqwkv weloo udwh1

6 dqg 9 prqwkv weloo udwhv lq K
9
lv forvh wr xqlw|/ exw wkh vsuhdg lv qhyhuwkhohvv

irxqg wr eh qrqvwdwlrqdu|1 Vhh dovr wkh judsk lq sdqho +f, ri Iljxuh 71
Dowkrxjk vwdwlrqdulw| ri wkh lqwhuhvw udwh vsuhdg lv ri sduwlfxodu lqwhuhvw/ lw

lv qrw qhfhvvdu| wr whvw wklv k|srwkhvlv vlqfh wkh ohvv uhvwulfwlyh k|srwkhvlv ri
frlqwhjudwlrq +4> d, zdv douhdg| uhmhfwhg lq K

4
� K

47
= Lq Iljxuh 7 wkh judskv

ri wkh vsuhdg ehwzhhq wkh ihghudo ixqgv udwh dqg hdfk ri wkh weloo udwhv duh
jlyhq lq sdqho +d, dqg +e,/ ehwzhhq wkh 6 dqg 9 prqwkv weloo udwhv lq sdqho +f,
dqg lq sdqho +g, ehwzhhq wkh 43 |hduv erqg udwh dqg wkh 9 prqwk weloo udwh1
Dowkrxjk wkh lqwhuhvw udwhv vhhp wr pryh wrjhwkhu yhu| forvho|/ dv looxvwudwhg e|
wkh judskv lq Iljxuh < lq Dsshqgl{ E/ wkh vsuhdg ehwzhhq wkhp/ qhyhuwkhohvv/
grhv qrw vhhp wr eh vljql�fdqwo| phdq uhyhuwlqj1

Wkh srolf| uxoh lq Wkhruhp 9 gh�qhv wkh qhfhvvdu| lqwhuyhqwlrq wr eh d
ixqfwlrq ri wkh glvfuhsdqf| ehwzhhq wkh dfwxdo dqg wkh ghvluhg wdujhw ydoxh
dqg ri wkh htxloleulxp huuruv lq wkh hfrqrp|/ dv phdvxuhg e| wkh frlqwhjud0
wlrq uhodwlrqv �3{

w

= Wdeoh : uhsruw dq lghqwl�hg vwuxfwxuh ri wkh frlqwhjudwlqj
yhfwruv a� dqg wkhlu fruuhvsrqglqj vkruw0uxq dgmxvwphqw sdudphwhuv a�= Vljql�0
fdqw frh!flhqwv duh lq erog idfh1 Wkh ; ryhulghqwli|lqj uhvwulfwlrqv jdyh d whvw
vwdwlvwlf ri 8=:8> zklfk frpsduhg wr "5

3=<8
+;, @ 48=8 fdq eh dffhswhg zlwk d

s�ydoxh ri 319;1 Judskv ri wkh irxu frlqwhjudwlqj uhodwlrqv duh jlyhq lq Ilj0

4<



Wdeoh 9= Whvwlqj sdluzlvh frlqwhjudwlrq surshuwlhv1 Prqwko| gdwd
p0s | �s U6 U9 E43 Ii Wuj "5+ , s1ydo1

K
4

3 3 4 03176 3 3 3 3 4417+7, 3135
K
5

3 3 4 3 03178 3 3 3 4418+7, 3135
K
6

3 3 4 3 3 03189 3 3 4;1;+7, 3133
K
7

3 3 4 3 3 3 0316: 3 ;1<+7, 3139
K
8

3 3 4 3 3 3 3 0316: ;18+7, 313:
K
9

3 3 3 4 04137 3 3 3 4<17+7, 3133
K
:

3 3 3 4 3 04189 3 3 5918+7, 3133
K
;

3 3 3 4 3 3 031;4 3 5315+7, 3133
K
<

3 3 3 4 3 3 3 031;4 5314+7, 3133
K
43

3 3 3 3 4 03199 3 3 5915+7, 3133
K
44

3 3 3 3 4 3 031:; 3 4818+7, 3133
K
45

3 3 3 3 4 3 3 031:< 481;+7, 3133
K
46

3 3 3 3 3 4 03186 561<+7, 3133
K
47

3 3 3 3 3 4 3 03186 561;+7, 3133
K
48

3 3 3 3 3 3 4 04 31;4+8, 31<;

xuh 81 Wkh vwdelolw| ri wkh prgho sdudphwhuv kdyh ehhq fkhfnhg e| wkh uh0
fxuvlyh whvw surfhgxuhv glvfxvvhg lq +Kdqvhq dqg Mrkdqvhq/ 4<<<,1 Wkh uhfxu0
vlyho| fdofxodwhg <8( frq�ghqfh vhwv durxqg a�

w

frqwdlqhg �
W4

dqg �
W

iru doo
w @ W

4
@ 4<<4=9> = = = > W @ 4<<<=51 Wkh uhfxuvlyho| fdofxodwhg frh!flhqwv ri �

lm

dqg �
lm

vkrzhg uhpdundeoh frqvwdqf|1
Wkh �uvw frlqwhjudwlrq uhodwlrq fruuhvsrqgv wr K

48
lq Wdeoh 91 Wkh dgmxvw0

phqw frh!flhqwv/ �
4�
> vkrz wkdw erwk wkh wdujhw udwh dqg wkh Ihg udwh duh

dgmxvwlqj wr wkh vsuhdg ehwzhhq wkh ihghudo ixqgv udwh dqg wkh wdujhw udwh/ exw
wkh odwwhu pruh vwurqjo| vr1 Qrwh dovr wkdw lq dwlrq lv qrw vljql�fdqwo| dgmxvwlqj
wr wklv uhodwlrq/ qru lv dq| ri wkh pdunhw ghwhuplqhg lqwhuhvw udwhv1

Wkh vhfrqg uhodwlrq lv d krprjhqhrxv uhodwlrq ehwzhhq wkh wkuhh pdunhw
udwhv/ wkh 6 dqg 9 prqwkv weloo udwhv dqg wkh 43 |hduv erqg udwh

U6�U9 @ 3=47+U9�E43, . vwdw=frps=>

lqglfdwlqj wkdw wkh qrqvwdwlrqdulw| ri wkh weloo vsuhdg lv uhodwhg wr wkh qrqvwd0
wlrqdulw| ri wkh vsuhdg ehwzhhq wkh erqg udwh dqg wkh 9 prqwkv weloo udwh1 Wkh
dgmxvwphqw frh!flhqwv/ �

5�
> vkrz wkdw wkh ihghudo ixqgv udwh whqg wr jr xs dqg

prqh| vwrfn frqwudfw zkhq U6 lv deryh wkh vwhdg| vwdwh ydoxh1 Wklv zrxog
eh frqvlvwhqw zlwk wkh Ihg fdxvlqj d frqwudfwlrq lq prqh| vwrfn lq rughu wr
lqfuhdvh wkh Ii udwh dv d uhvsrqvh wr d pdunhw lqfuhdvh lq wkh vkruw weloo udwh1

Wkh wklug uhodwlrq vhhpv wr frqwdlq hohphqwv ri dq LV fxuyh dqg d Skloolsv
fxuyh uhodwlrq

+| � wuhqg, @ 3=43+p� s� wuhqg,� 43=4+E43��s, . 46=7�s. vwdw=frps=

53



Wdeoh := D ixoo| lghqwl�hg uhsuhvhqwdwlrq ri wkh frlqwhjudwlqj uhodwlrqv iru wkh
prqwko| prgho1

Frlqwhjudwlrq yhfwruv �
w0ydoxhv lq eudfnhwv

Ydu1 a�
4�

a�
5�

a�
6�

a�
7�

p
w

313 3=3 3=337
+4=:,

3=335
+5=3,

|
w

313 3=3 �3=375
+�7=7,

�3=354
+�7=<,

�s
w

313 313 4=3 313

U6
w

313 4=3 313 4=77
+8=3,

U9
w

313 �4=47
+�;<=9,

313 �5=97
+�;=;,

E43
w

313 �3=48
+�<=:,

�3=76
+�6=4,

313

Ii
w

4=3 313 3=3 313
Wuj

w

0413 313 313 413
Wuhqg 313 313 31333 31333

Dgmxvwphqw frh!flhqwv �
w0ydoxhv lq eudfnhwv

Ht1 a�
4

a�
5

a�
6

a�
7

�p
w

�31;3
+0317,

�4:18
+0718,

3=56
+3=<,

7=5:
+7=4,

�|
w

�31<9
+031;,

�6193
+041:,

3=:9
+8=3,

4=7:
+5=8,

�5s
w

4=64
+416,

51:9
+418,

�3=<9
+�:=7,

�3=77
+�3=<,

�U6
w

�314:
+041:,

�3134
+314,

3=35
+4=;,

�3=39
+�4=4,

�U9
w

�3=53
+�4=;,

3=55
+4=4,

3=35
+4=7,

0 3=38
+�3=;,

�E43
w

�3=34
+�3=3,

�3=4;
+�3=:,

3=37
+4=<,

3=37
+�3=8,

�Ii
w

0317;
+0817,

3=7:
+5=<,

3=35
+4=8,

�3=53
+�7=7,

�Wuj
w

315<
+519,

314<
+31<,

3=34
+4=3,

�3=53
+�6=9,
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1990 1995

0005

0

0005

.001
ecm1

1990 1995

0025

0

0025
ecm2

1990 1995

-.005

0

.005 ecm3

1990 1995

-.001

0

.001 ecm4

Iljxuh 8= Wkh judskv ri wkh irxu lghqwl�hg frlqwhjudwlrq uhodwlrqv lq Wdeoh : iru
wkh prqwko| gdwd1

Wuhqg0dgmxvwhg uhdo JGS lv srvlwlyho| uhodwhg wr uhdo wuhqg0dgmxvwhg p6/ qhjd0
wlyho| wr uhdo orqj0whup lqwhuhvw udwh +wkh LV fxuyh h�hfw, dqg srvlwlyho| wr wkh
lq dwlrq udwh +wkh Skloolsv fxuyh h�hfw,1 Erwk uhdo JGS dqg lq dwlrq udwh duh
htxloleulxp huuru fruuhfwlqj wr wklv uhodwlrq1

Wkh irxuwk uhodwlrq pljkw eh lqwhusuhwhg dv dq lpsolflw uxoh iru wkh wdujhw
udwh

wuj @ 4=5U9 . 4=7+U9�U6, . 3=35+| � wuhqg,� 3=335+p� s� wuhqg, . ===

lqglfdwlqj wkdw wkh wdujhw udwh kdv iroorzhg wkh 9 prqwkv weloo udwh exw rq d
53( kljkhu ohyho/ kdv ehhq srvlwlyho| uhodwhg wr rxwsxw jds/ dqg srvlwlyho| wr
wkh vsuhdg ehwzhhq wkh 9 dqg 6 prqwkv weloo udwhv1 Wkh qhjdwlyh frh!flhqw
wr wuhqg0dgmxvwhg prqh| vwrfn lv olnho| wr ghvfuleh wkh prqhwdu| frqwudfwlrq
h�hfw dvvrfldwhg zlwk dq lqfuhdvh lq fhqwudo edqn lqwhuhvw udwhv1 Wkh vkruw0uxq
dgmxvwphqw frh!flhqwv/ �

7�
> vkrz wkdw erwk wkh wdujhw udwh dqg wkh ihghudo

ixqgv udwh duh vljql�fdqwo| dgmxvwlqj wr wklv uhodwlrq1 Lq wkh vkruw uxq erwk uhdo
lqfrph dqg uhdo prqh| vwrfn uhdfw srvlwlyho|1

Wkh vkruw0uxq dgmxvwphqw h�hfwv lq a�
4
+qrw uhsruwhg khuh, zhuh dowrjhwkhu

vpdoo dqg prvwo| lqvljql�fdqw1 Wkh lq dwlrq udwh zdv vljql�fdqwo| dgmxvwlqj
wr wkh odjjhg fkdqjh ri uhdo prqh| vwrfn +exw qhjdwlyho|$,/ ri 9 prqwkv weloo
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Wdeoh ;= Wkh orqj0uxq lpsdfw pdwul{ F iru wkh prqwko| gdwd1 +w0ydoxhv lq
eudfnhwv,

%
p

%
|

%
�s

%
U6

%
U9

%
E43

%
Ii

%
Wuj

p
w

61<
+615,

�4=6
+�3=8,

�414
+0317,

�48618
+513,

4791:
+41<,

�7<=:
+�5=6,

5315
+413,

8;15
+514,

|
w

31;
+515,

515
+5=;,

41:
+41;,

�561;
+0413,

58=3
+414,

�4:1<
+�5=;,

;17
+416,

4<19
+517,

�s
w

313
+315,

3=5
+713,

314
+614,

�315
+0315,

�415
+0414,

3=8
+4=8,

31<
+51<,

3=8
+4=7,

U6
w

3137
+416,

3147
+5=6,

3147
+513,

�4143
+0319,

5179
+416,

�3=55
+�3=7,

3144
+315,

3=<3
+4=7,

U9
w

3136
+415,

3=45
+5=4,

3146
+41<,

�4=3:
+0319,

5=65
+4=7,

�3=3<
+�3=5,

3143
+315,

31;3
+416,

E43
w

�3=33
+3=3,

3=34
+3=5,

3=37
+4=3,

�3=84
+�3=8,

3=36
+3=3,

4=3:
+6=9,

3=64
+4=4,

3=35
+3=4,

Ii
w

3137
+414,

314<
+51:,

314<
+516,

�4155
+0319,

5133
+413,

3=37
+3=4,

3179
+31;,

413;
+418,

Wuj
w

3137
+414,

3=4<
+5=;,

314<
+517,

�414;
+0319,

41<7
+413,

3=38
+3=4,

317:
+31<,

4=3;
+4=8,

Qrwh= Wkh odujh frh!flhqwv wr lqwhuhvw udwhv lq wkh �uvw wzr urzv duh gxh wr wkh gdwd

wudqvirupdwlrq ghvfulehg dw wkh ehjlqqlqj ri Vhfwlrq 91

udwh +qhjdwlyho|,/ dqg ri wkh orqj0whup erqg udwh +srvlwlyho|,1 Odjjhg fkdqjhv
ri rxwsxw jds kdg srvlwlyh h�hfwv rq hvvhqwldoo| doo wkh lqwhuhvw udwhv1 Odjjhg
fkdqjhv ri wkh ihghudo ixqgv udwh dqg wkh wdujhw udwh kdg qr vljql�fdqw h�hfwv
rq dq| ri wkh yduldeohv1

Zkhwkhu lq dwlrq lv frqwuroodeoh ru qrw lv fuxfldoo| ghshqghqw rq wkh orqj0
uxq lpsdfw pdwul{/ F1 Wdeoh ; uhsruwv wkh hvwlpdwhg aF1 Wkh frqglwlrq wkdw
lq dwlrq fdq eh frqwuroohg e| wkh Ihg +xvlqj wkh ihghudo ixqgv udwh, lv wkdw
f
6:

9@ 3 +ru/ ehfdxvh ri wkh vwurqj frlqwhjudwlrq ehwzhhq Iw dqg Wuj> f
6;

9@ 3,
lq wkh F pdwul{1 Erwk frh!flhqwv duh srvlwlyh +djdlqvw wkh sulru eholhi ri d
qhjdwlyh lpsdfw rq lq dwlrq lq wkh orqj uxq,/ exw rqo| wkh ihghudo ixqgv udwh
f
6:

lv vljql�fdqw lq Wdeoh ;1
Wkh deryh uhvxowv vxjjhvw wkdw vkrfnv wr wkh ihghudo ixqgv udwh kdyh sulpdulo|

kdg d frvw0sxvk h�hfw rq lq dwlrq1 Wkh wzr qhjdwlyh hohphqwv lq wkh lq dwlrq
urz/ f

67
dqg f

68
> fruuhvsrqglqj wr wkh weloo udwhv/ duh qrw vljql�fdqwo| gl�huhqw

iurp }hur1 Wkh prvw vljql�fdqw orqj0uxq lpsdfw rq lq dwlrq lv iurp vkrfnv wr
wkh rxwsxw jds/ srvvleo| vljqli|lqj d *ghpdqg0sxoo* h�hfw rq lq dwlrq1 Khqfh/
wkh zlgho| khog eholhi wkdw wkh Ihg fdq eulqj XV FSL lq dwlrq grzq e| lqfuhdvlqj
wkh ihghudo ixqgv udwh grhv qrw rewdlq hpslulfdo vxssruw1

816 Vlpxodwlqj wkh qhz surfhvv

Dv dq h{dpsoh ri wkh h�hfw ri uxoh +46, rq wkh yduldeohv lq wkh hfrqrp|/ zh
kdyh xvhg wkh hvwlpdwhg sdudphwhuv dqg uhvlgxdov iurp wkh YDU prgho ri wklv
vhfwlrq wr jhqhudwh wkh surfhvv {qhz

w

edvhg rq +45,=

{qhz
w.4

@ {fwu
w

. a�+a�
3

{fwu
w

� a�, . a�
4
�{fwu

w

. a�G
w.4

. a%
w.4

=
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Zlwkrxw lqwhuyhqwlrqv wkh surfhvv {
w

zrxog eh jhqhudwhg e|=

{
w.4

@ {
w

. a�+a�
3

{
w

� a�, . a�
4
�{

w

. a�G
w.4

. a%
w.4

=

E| vxewudfwlqj {
w.4

iurp {qhz
w.4

zh �qg dq h{suhvvlrq iru {qhz
w.4

lq whupv ri
{
w.4

> {
w

>�{
w

> {fwu
w

dqg �{fwu
w

jlyhq e|=

{qhz
w.4

@ {
w.4

. +L
s

. a�a�
3

,+{fwu
w

� {
w

, . a�
4
�+{fwu

w

� {
w

,>

zklfk wrjhwkhu zlwk +46,

{fwu
w

@ {qhz
w

� d+e3 aFd,�4^e3{qhz
w

� e� . e3+ aFa�� L
s

,a�+a�
3a�,�4+a�

3

{qhz
w

� a�,

.e3 aFa�
4
+{qhz

w

� {fwu
w�4

,`

fdq eh xvhg wr ghulyh wkh qhz surfhvv1 Wkh lqwhuyhqwlrq/ jlyhq e| wkh gl�huhqfh
d3+{fwu

w

� {qhz
w

,> lv judskhg lq Iljxuh 9 wrjhwkhu zlwk wkh Ihghudo Ixqgv udwh1
Wkh dgglwlrqdo lqwhuyhqwlrqv qhhghg wr pdnh lq dwlrq vwdwlrqdu| duh yhu| vpdoo
lqghhg1 Wkh ghulyhg lqwhuyhqwlrqv dqg wkh revhuyhg YDU uhvlgxdov duh qhjdwlyho|
fruuhodwhg vxjjhvwlqj wkdw wkh iruphu frpsulvh d vpdoo qhjdwlyh fruuhfwlrq ri wkh
dfwxdo *vkrfnv* wr wkh ihghudo ixqgv udwh1

Ehfdxvh wkh orqj0uxq lpsdfw ri shupdqhqw vkrfnv wr wkh ihghudo ixqgv udwh
zdv vljql�fdqw +wkrxjk srvlwlyh,/ lq dwlrq lv frqwuroodeoh1 E| dsso|lqj wkh frq0
wuro uxoh +46,/ lq dwlrq zrxog kdyh ehfrph vwdwlrqdu| durxqg d wdujhw phdq ri
5( dv looxvwudwhg lq Iljxuh :1 Krzhyhu/ wkh gl�huhqfh ehwzhhq wkh *qhz frq0
wuroohg* lq dwlrq udwh dqg wkh revhuyhg lq dwlrq lv qrw yhu| odujh lq wklv shulrg1

9 Frqfoxvlrqv

Edvhg rq wkh frlqwhjudwhg YDU prgho wklv sdshu kdv ghulyhg d vlpsoh srolf|
frqwuro uxoh uhodwhg wr wkh glvfuhsdqf| ehwzhhq wkh dfwxdo dqg ghvluhg ydoxh ri
wkh wdujhw yduldeoh/ dqg wr wkh htxloleulxp huuruv lq wkh hfrqrp| dv ghvfulehg e|
wkh frlqwhjudwlqj uhodwlrqv1 Wkh uhvxowv duh jlyhq iru wkh fdvh zkhq wkh qxpehu
ri wdujhwv duh wkh vdph dv wkh qxpehu ri lqvwuxphqwv dqg zkhq wkh remhfwlyh
lv wr fkdqjh d jlyhq surfhvv wr d vwdwlrqdu| surfhvv zlwk d phdq jlyhq e| wkh
ghvluhg wdujhw ydoxh1 Zkhq wkh frqwuro uxoh lv dssolhg dw doo wlph srlqwv wkh
g|qdplfv ri wkh wdujhw yduldeoh fkdqjh dv d uhvxow ri lqwhuyhqlqj lq wkh pdunhw/
exw wkh sdudphwhuv ri wkh rwkhu htxdwlrqv ri wkh prgho gr qrw fkdqjh1 Wkh
qhz surfhvv lv vwloo jhqhudwhg e| d YDU prgho lq zklfk wkh wdujhw yduldeoh lv
qrz vwdwlrqdu| durxqg wkh wdujhw ydoxh1 Wklv uhvxow krogv xqghu frqwuroodelolw|/
h{suhvvhg dv d frqglwlrq rq wkh hohphqwv ri wkh orqj0uxq lpsdfw pdwul{1

Wkh wkhruhwlfdo uhvxowv zhuh dssolhg wr XV prqhwdu| gdwd1 Lq wkh shulrg
h{dplqhg wkh prvw lpsruwdqw lqvwuxphqw xvhg e| wkh Ihghudo Uhvhuyh Edqn
zdv rshq pdunhw rshudwlrqv zlwk wkh sxusrvh ri fkdqjlqj wkh ihghudo ixqgv
udwh wr pdnh lw iroorz wkh Ihg*v wdujhw udwh1 Dvvxplqj wkdw wklv �uvw frqwuro
rshudwlrq zrunv zhoo +dv lw reylrxvo| grhv,/ vwdqgdug wkhru| dvvxphv wkdw dq
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1986 1988 1990 1992 1994 1996 1998
-0.0016

0.0000

0.0016

0.0032

0.0048

0.0064

0.0080

0.0096
INTERVENTION
FED_FUNDS_RATE

Iljxuh 9= Judskv ri wkh ihghudo ixqgv udwh +grwwhg olqh, dqg wkh ghulyhg lqwhu0
yhqwlrqv/ Iifwu

w

� Iiqhz
w

+vrolg olqh,1
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1987 1989 1991 1993 1995 1997
0.000

0.008

0.016

0.024

0.032

0.040

0.048

0.056

0.064
ANNUAL_INFL
ANNUAL_INFL_NEW

Iljxuh := Dqqxdo lq dwlrq +vrolg olqh, dqg wkh qhz dqqxdo lq dwlrq +grwwhg
olqh,/ xvlqj wkh frqwuro uxoh +46, dw doo wlph srlqwv1
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lqwhuyhqwlrq wr wkh ihghudo ixqgv udwh �uvw fkdqjhv wkh vkruw0whup pdunhw udwhv/
wkhq wkh orqj0whup pdunhw udwhv dqg/ �qdoo|/ yld wkh wudqvplvvlrq phfkdqlvp ri
wkh hfrqrp|/ wkh �qdo wdujhw +wkh jrdo, yduldeoh lq wkh ghvluhg gluhfwlrq1 Wkh
h�hfwlyhqhvv ri prqhwdu| srolf| lv wkxv ghshqghqw rq wkhuh ehlqj dq h{sorlwdeoh
uhodwlrqvkls iurp wkh lqwhuphgldwh wdujhw yld wkh pdfurhfrqrplf wudqvplvvlrq
phfkdqlvp wr wkh �qdo wdujhw/ wkh lq dwlrq udwh1

Wkh hpslulfdo dvvhvvphqw zdv grqh lq wzr vwhsv= Lq wkh �uvw vwhs wkh frq0
wuroodelolw| ri dq lqwhuphgldwh wdujhw +wkh 6 prqwkv weloo udwh, e| wkh Ihg zdv
h{dplqhg edvhg rq gdlo| gdwd1 Lq wkh vhfrqg vwhs wkh wudqvplvvlrq phfkdqlvp
iurp wkh ihghudo ixqgv udwh wr vkruw0whup pdunhw udwhv dqg iurp wkh odwwhu wr
wkh pdfurhfrqrp| dqg wkh lq dwlrq udwh zdv hvwlpdwhg edvhg rq prqwko| gdwd1
Lq erwk vwhsv wkh fodlp wkdw lq dwlrq fdq eh frqwuroohg e| wkh Ihghudo Uhvhuyh
Edqn lqfuhdvlqj wkh ihghudo ixqgv udwh glg qrw uhfhlyh hpslulfdo vxssruw xvlqj
wkh gh�qlwlrqv dqg prghoolqj iudphzrun glvfxvvhg khuh1

Wkuhh lpsruwdqw frqglwlrqv qhhghg iru vkruw0whup lqwhuhvw udwh frqwuro wr
zrun dv ghvluhg glg qrw uhfhlyh hpslulfdo vxssruw lq wkh gdwd=

41 Wkh Ilvkhu sdulw|/ zklfk dvvxphv wkdw h{shfwhg lq dwlrq lv ghwhuplqlqj
qrplqdo lqwhuhvw udwhv dqg wkdw uhdo lqwhuhvw udwh lv frqvwdqw ru vwdwlrqdu|1

51 Wkh h{shfwdwlrqv k|srwkhvlv ri lqwhuhvw udwhv/ zklfk dvvxphv wkdw wkh
vsuhdg ehwzhhq lqwhuhvw udwhv ri gl�huhqw pdwxulwlhv vkrxog eh vwdwlrqdu|
dqg frqvhtxhqwo| wkdw rqh frpprq wuhqg lv gulylqj wkh lqwhuhvw udwhv1

61 Wkh olqn ehwzhhq lqwhuhvw udwhv ri gl�huhqw pdwxulw|/ wkdw lv dvvxphg wr
uxq iurp wkh vkruw udwhv vhw e| wkh fhqwudo edqn wr wkh orqj0whup pdunhw
udwhv1

Qrqh ri wkh qrplqdo lqwhuhvw udwhv +wkh ihghudo ixqgv udwh/ wkh 6 dqg 9 prqwkv
wuhdvxu| eloo udwhv/ dqg wkh 43 |hduv jryhuqphqw erqg udwh, dsshduhg frlqwh0
judwhg zlwk FSL lq dwlrq udwh +zklfk xqghu zhdn dvvxpswlrqv ri udwlrqdo djhqwv
vkrxog eh frlqwhjudwhg zlwk h{shfwhg lq dwlrq,1 Frqvlvwhqw zlwk wklv +Mxvholxv/
4<<<, zh irxqg wkdw wkh vsuhdgv zhuh qrw sdlu0zlvh vwdwlrqdu|/ lqglfdwlqj pruh
wkdq rqh frpprq wuhqg lq wkh whup vwuxfwxuh ri wklv shulrg1 Qhyhuwkhohvv/ kr0
prjhqhlw| ehwzhhq wkh pdunhw udwhv zdv dffhswhg ghprqvwudwlqj wkh forvh olqnv
ehwzhhq qrplqdo pdunhw udwhv1 Ilqdoo|/ wkh olqn zdv iurp wkh orqj0whup erqg
udwh wr wkh vkruwhu hqg ri wkh whup vwuxfwxuh/ dv gh�qhg e| wkh zhdn h{rjhqhlw|
whvwv dqg wkh hvwlpdwhg dgmxvwphqw g|qdplfv/ dqg qrw wkh rwkhu zd| durxqg1
Wklv lv frqvlvwhqw zlwk wkh uhvxowv lq Mxvholxv dqg PdfGrqdog +5333d/ 5333e,
zkhuh grphvwlf dqg iruhljq wudqvplvvlrq h�hfwv rq lq dwlrq/ lqwhuhvw udwhv/ dqg
uhdo h{fkdqjh udwhv zhuh lqyhvwljdwhg1

Vhyhudo rwkhu hpslulfdo vwxglhv edvhg rq Hxurshdq gdwd kdyh vlploduo| irxqg
prqhwdu| h�hfwv rq lq dwlrq wr eh qhjoljleoh lq wkh odvw ghfdghv ri lqfuhdvhg
joredol}dwlrq dqg fdslwdo olehudol}dwlrq +Mxvholxv/ 4<<;,1 Dovr/ wkh uroh ri lq d0
wlrqdu| h{shfwdwlrqv dqg wkhlu h�hfw rq iruzdug +zdjh, frqwudfwv/ dqg ri h{fhvv
djjuhjdwh ghpdqg iru ghpdqg0sxoo lq dwlrq vhhp wr kdyh ehfrph ohvv vljql�fdqw
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+Mxvholxv/ 5333,1 Wkhuhiruh/ fhqwudo edqnv vhhp wr sulpdulo| kdyh fdxvhg frvw0
sxvk lq dwlrq zkhq lqfuhdvlqj lqwhuhvw udwhv wr fxue lq dwlrqdu| h{shfwdwlrqv
dqg wr ghfuhdvh ghpdqg0sxoo h�hfwv rq lq dwlrq1

: Uhihuhqfhv

Ehglql/ F1 dqg U1 Prvfrql +5333,= �Qhz wrrov iru wkh g|qdplf dqdo|0
vlv ri frlqwhjudwhg YDU prghov/� Glsduwlphqwr gl Hfrqrplfd h Surgx}lrqh/
Srolwhfqlfr gl Plodqr1 zzz1hfrsur1srolpl1lw2krph2Urffr1Prvfrql

Euxqhdx/ F1 dqg H1 Mrqghdx +4<<<,= �Orqj0uxq fdxvdolw| zlwk dq dssol0
fdwlrq wr lqwhuqdwlrqdo olqnv ehwzhhq orqj0whup lqwhuhvw udwhv/� R{irug Exoohwlq
ri Hfrqrplfv dqg Vwdwlvwlfv/ 94/ 878089;1

Fodulgd/ U1/ M1 Jdol/ dqg P1 Jhuwohu +4<<;,= �Prqhwdu| srolf| uxohv lq
sudfwlfh1 Vrph lqwhuqdwlrqdo hylghqfh/� Hxurshdq Hfrqrplf Uhylhz/ 75/ 43660
439:1

Grruqln/ M1D1 dqg G1I1 Khqgu| +4<<;,/ JlyhZlq1 Dq lqwhuidfh wr hp0
slulfdo prghoolqj/ Wlpehuodnh Frqvxowdqwv1

HfrZlq/ +4<<<,= Jrwkhqexuj= Kdqvhq dqg Sduwqhuv DE/ zzz1hfrzlq1frp1
Jrq}dor/ M1 +4<<7,= �Ilyh dowhuqdwlyh phwkrgv ri hvwlpdwlqj orqj0uxq htxl0

oleulxp uhodwlrqvklsv/� Mrxuqdo ri Hfrqrphwulfv/ 93/ 53605661
Kdqvhq/ K1 dqg V1 Mrkdqvhq +4<<<,= �Vrph whvwv iru sdudphwhu frqvwdqf|

lq wkh frlqwhjudwhg YDU/� Hfrqrphwulfv Mrxuqdo/ 5/ 63906661
Kdqvhq/ K1 dqg N1 Mxvholxv +4<<7,= FDWV lq UDWV/ Pdqxdo wr Frlqwh0

judwlrq Dqdo|vlv ri Wlph Vhulhv1 Hydqvwrq= HVWLPD/ zzz1hvwlpd1frp1
Kdqvhq/ H1 dqg D1 Udkehn +4<<;,= �Vwdwlrqdulw| dqg dv|pswrwlfv ri

pxowlyduldwh DUFK wlph vhulhv zlwk dq dssolfdwlrq wr urexvwqhvv ri frlqwhjud0
wlrq dqdo|vlv/� Ghsduwphqw ri Wkhruhwlfdo Vwdwlvwlfv/ Xqlyhuvlw| ri Frshqkdjhq/
kwws=22zzz1vwdw1nx1gn2�udkehn21

Mrkdqvhq/ V1 +4<<9,= Olnholkrrg0edvhg Lqihuhqfh lq Frlqwhjudwhg Yhfwru Dx0
wruhjuhvvlyh Prghov1 R{irug= R{irug Xqlyhuvlw| Suhvv1

Mrkdqvhq/ V1 dqg Mxvholxv/ N1 +4<<5,= �Whvwlqj vwuxfwxudo k|srwkhvhv lq
d pxowlyduldwh frlqwhjudwlrq dqdo|vlv ri wkh SSS dqg wkh XLS iru XN/� Mrxuqdo
ri Hfrqrphwulfv 86/ 54405771

Mrkdqvhq/ V1 dqg Mxvholxv/ N1 +4<<7,= �Lghqwl�fdwlrq ri wkh orqj0uxq
dqg wkh vkruw0uxq vwuxfwxuh1 Dq dssolfdwlrq wr wkh LVOP prgho/� Mrxuqdo ri
Hfrqrphwulfv/ 96/ :0691

Mxvholxv/ N1 +4<<;,= �Fkdqjlqj prqhwdu| wudqvplvvlrq phfkdqlvpv zlwklq
wkh HX/� Hpslulfdo Hfrqrplfv/ 56/ 78807;41

Mxvholxv/ N1 +4<<<,= �Prghov dqg uhodwlrqv lq hfrqrplfv dqg hfrqrphwulfv/�
Mrxuqdo ri Hfrqrplf Phwkrgrorj|/ 9/ 58<05<31

Mxvholxv/ N1 +5333,= �Hfrqrplf dvshfwv ri mrlqlqj wkh HPX= Uh hfwlrqv di0
whu wkh Gdqlvk qr/� Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq/ zzz1hfrq1nx2rnrnm1

Mxvholxv/ N1 dqg U1 PdfGrqdog +5333d,= �Lqwhuqdwlrqdo sdulw| uhodwlrq0
vklsv ehwzhhq Jhupdq| dqg wkh Xqlwhg Vwdwhv= d mrlqw prghoolqj dssurdfk/�
Vxeplwwhg iru sxeolfdwlrq/ zzz1hfrq1nx2rnrnm1
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Mxvholxv/ N1 dqg U1 PdfGrqdog +5333e,= �Lqwhuhvw udwh dqg sulfh olqn0
djhv ehwzhhq wkh XVD dqg Mdsdq= Hylghqfh iurp wkh srvw Euhwwrq Zrrgv
shulrg/� Vxeplwwhg iru sxeolfdwlrq/ zzz1hfrq1nx2rnrnm1

Suhvwrq/ D1 M1 dqg D1 U1 Sdjdq +4<;5,= Wkh Wkhru| ri Hfrqrplf Srolf|/
Vwdwlfv dqg G|qdplfv1 Fdpeulgjh= Fdpeulgjh Xqlyhuvlw| Suhvv1

Surlhwwl/ W1 +4<<:,= �Vkruw uxq g|qdplfv lq frlqwhjudwhg v|vwhpv/� R{irug
Exoohwlq ri Hfrqrplfv dqg Vwdwlvwlfv/ 8</ 73807551

Wd|oru/ M1 +4<<6,= �Glvfuhwlrq yhuvxv srolf| uxohv lq sudfwlfh/� Fduqhjlh0
Urfkhvwhu Frqihuhqfh Vhulhv rq Sxeolf Srolf|/ 6</ 4<805471

Wd|oru/ M1 +hg1, +4<<<,= Prqhwdu| Srolf| Uxohv1 Fklfdjr= Xqlyhuvlw| ri
Fklfdjr Suhvv1

5<



D Dsshqgl{= Olqhdu frqwuro uxohv

Wkh sxusrvh ri wklv Dsshqgl{ lv wr suhvhqw d pruh jhqhudo irupxodwlrq ri wkh
vlpsoh olqhdu frqwuro uxoh glvfxvvhg lq wkh pdlq exon ri wkh sdshu1 Dssolfdwlrqv
ri frqwuro wkhru| lq hfrqrplfv kdyh ehhq h{whqvlyho| wuhdwhg iru vwdwlrqdu| gdwd/
vhh iru h{dpsoh Suhvwrq dqg Sdjdq +4<;5,/ exw qrw lq wkh frqwh{w ri frlqwhjudwhg
YDU prghov1 Wkhuhiruh/ wkh uhvxowv khuh duh doprvw h{foxvlyho| ghulyhg iru wkh
odwwhu prghov1

Wkh jhqhudo remhfwlyh lv wr fkdqjh vrph wdujhw yduldeohv vr wkdw wkh| ehfrph
vwdwlrqdu| zlwk wkh phdq jlyhq e| wkh ghvluhg wdujhw ydoxhv1 Wkh uhvxowv duh
ghulyhg iru wkh fdvh zkhq wkh qxpehu ri wdujhwv lv wkh vdph dv wkh qxpehu ri
lqvwuxphqwv1 E| dsso|lqj wkh frqwuro uxoh dw doo srlqwv ri wlph wkh g|qdplfv ri
wkh surfhvv fkdqjh dqg zh qhhg wr ghulyh wkh surshuwlhv ri wkh surfhvv uhvxowlqj
iurp wkh qhz prgho1 Wkh pdlq uhvxow lv jlyhq lq Vhfwlrq D14/ Wkhruhp :/ iru
wkh frqwuro ri d qrqvwdwlrqdu| surfhvv zlwk rqh odj dqg qr wuhqg/ dqg h{whqghg
lq Vhfwlrq D15 wr d surfhvv zlwk vhyhudo odjv dqg d wuhqg1 Ilqdoo|/ lq Vhfwlrq D16
zh jlyh wkh uhvxowv iru krz wr fkdqjh wkh phdq ri d vwdwlrqdu| wdujhw yduldeoh
wr ehfrph wkh ghvluhg wdujhw ydoxh1

D14 D jhqhudo olqhdu frqwuro uxoh

Zh dvvxph khuh wkdw wkh vlpsoh YDU+4, prgho +5, ghvfulehv wkh pdfurhfrqrp|
dqg gh�qh d jhqhudo olqhdu frqwuro uxoh iurp d s�p pdwul{ �> dqg dq p yhfwru
�
3
e|

{fwu
w

@ {
w

. �d+�3{
w

� �
3
,=

Zkhq dsso|lqj wkh uxoh dw doo wlph srlqwv zh fuhdwh d qhz prgho zklfk jhqhudwhv
wkh qhz surfhvv {qhz

w

= Edvhg rq {qhz
w

wkh fhqwudo edqn fkrrvhv dq lqwhuyhqwlrq
jlyhq e| wkh frqwuro uxoh

{fwu
w

@ +L
s

. �d�3,{qhz
w

� �d�
3
= +49,

Wkh pdunhw rq wkh rwkhu kdqg jhqhudwhv wkh qh{w ydoxh ri wkh qhz surfhvv edvhg
rq prgho +5,

{qhz
w.4

@ +L
s

. ��3,{fwu
w

� ��. %
w.4

= +4:,

Zh wkhq suryh

Wkhruhp : Li {
w

lv jlyhq e| wkh prgho

�{
w

@ �+�3{
w�4

� �, . %
w

dqg zh dsso| wkh frqwuro uxoh

{fwu
w

@ {
w

. �d+�3{
w

� �
3
,> +4;,

dw doo wlph srlqwv/ wkhq wkh qhz surfhvv {qhz
w

lv jlyhq e| d YDU+4, prgho1
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Wkh qhz surfhvv lv dq L+4, surfhvv zlwk +u .p,�glphqvlrqdo frlqwhjudwlqj
vsdfh vs+�> �, dqg dgmxvwphqw vsdfh vs+�> d,> li dqg rqo| li����hlj� L

u

. �3� +L
u

. �3�,�3�d
�3� L

p

. �3+L
s

. ��3,�d

����� ? 4= +4<,

Lq wklv fdvh

m�3Fdm 9@ 3 +53,

dqg +�> �,3{qhz
w

lv vwdwlrqdu| zlwk phdq +�3> �3
3
,3 dqg d orqj0uxq lpsdfw pdwul{

jlyhq e|

Fqhz @ F �Fd+�3Fd,�4�3F= +54,

Li �3� @ 3> wkhq �3{qhz
w

lv YDU+4, zlwk frh!flhqw pdwul{ L
p

.�3�d= Khqfh/ lw lv
zklwh qrlvh durxqg �

3
li dqg rqo| li

L
p

. �3�d @ 3= +55,

Wkxv/ e| dgglqj �d+�3{
w

� �
3
, wr wkh surfhvv dw doo wlph srlqwv zh uhpryh

p xqlw urrwv/ li frqglwlrq +4<, lv vdwlv�hg1 Wklv frqglwlrq uxohv rxw h{sorvlyh
urrwv/ qrw rqo| ri wkh qhz frpelqdwlrqv �3{qhz

w

exw dovr iru �3{qhz
w

= Lw lv wkhuh0
iruh qhhghg iru wkh qhz surfhvv +�> �,3{qhz

w

wr eh vwdwlrqdu|1 Lq sduwlfxodu/ li zh
fkrrvh �3� @ 3> wkh uhvxowv vlpsoli| frqvlghudeo|/ dqg wkh surfhvv �3{qhz

w

eh0
frphv dxwruhjuhvvlyh dqg xqghu +55, hyhq zklwh qrlvh1 Li �3� @ 3> wkh vwdwlrqdu|
urrwv ri wkh ruljlqdo surfhvv duh dovr urrwv ri wkh qhz surfhvv1

Wkh lpsruwdqw qhfhvvdu| frqglwlrq iru dfklhylqj vwdwlrqdulw| ri wkh yduldeoh
�3{

w

lv jlyhq e| m�3Fdm 9@ 3> vhh +53,1 Wkxv/ lq wkh h{dpsoh lq Vhfwlrq 5 zh fdq
pdnh wkh qrqvwdwlrqdu| lq dwlrq udwh �

w

vwdwlrqdu| xvlqj wkh lqwhuhvw udwh U
w

dv dq lqvwuxphqw surylghg wkh uhohydqw hohphqw ri wkh F pdwul{ lv qrq}hur=

F
�/U

9@ 3=

Surri1 Vxevwlwxwlqj +49, lqwr +4:, zh ghulyh wkh htxdwlrq iru wkh qhz surfhvv

{qhz
w.4

@ +L
s

. ��3,++L
s

. �d�3,{qhz
w

� �d�
3
,� ��. %

w.4

ru

�{qhz
w.4

@ +�> +L
s

. ��3,�d,

�
�3{qhz

w

� �
�3{qhz

w

� �
3

�
. %

w.4
> +56,

zklfk gh�qh d YDU+4, prgho iru {qhz
w

1 Frqglwlrq +6, iru wkh surfhvv wr eh d
frlqwhjudwhg L+4, surfhvv lv jlyhq e| +4<,1 Li +4<, lv vdwlv�hg wkhq����� �3� +L

u

. �3�,�3d
�3� �3+L

s

. ��3,d

����� @ m�3�mm�3�d� �3�+�3�,�4�3dm @ m�3�mm�3Fdm
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lv qrq}hur/ zklfk suryhv +53,1 Li frqglwlrq +4<, krogv wkhuh duh p . u frlqwh0
judwlqj yhfwruv +�> �, dqg wkh dgmxvwphqw frh!flhqwv kdyh fkdqjhg wr

�qhz @ +�> +L
s

. ��3,�d,=

Khqfh/

vs+�qhz, @ vs+�> d,=

Li �3� @ 3> frqglwlrq +4<, vlpsol�hv wr����hlj� L
u

. �3� +L
u

. �3�,�3�d
3 L

p

. �3�d

����� ? 4>

zklfk lv htxlydohqw wr��hlj+L
u

. �3�,
�� ? 4 dqg mhlj+L

p

. �3�d,m ? 4=

Pxowlso|lqj +56, e| �3> iru zklfk �3� @ 3> zh �qg dq htxdwlrq iru �3{qhz
w

=

�3�{qhz
w.4

@ �3�d+�3{qhz
w

� �
3
, . �3%

w.4
>

zklfk vkrzv wkdw �3{qhz
w

lv d YDU+4, surfhvv1 Li lq dgglwlrq �3�d @ �L
p

> lw lv
zklwh qrlvh durxqg lwv phdq=

Wr ghulyh wkh qhz pdwul{ Fqhz zh �uvw fdofxodwh�
�3� �3+L

s

. ��3,�d
�3� �3+L

s

. ��3,�d

�
�4
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�
D
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D
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D
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D
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�
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