View metadata, citation and similar papers at gore.ac.uk brought to you by fCORE

provided by Research Papers in Economics

DISCUSSION PAPERS

Department of Economics
University of Copenhagen

Studiestreede 6, DK-1455 Copenhagen K., Denmark
Tel. +45 35 32 30 82 - Fax +45 35 32 30 00
http://www.econ.ku.dk


https://core.ac.uk/display/6518644?utm_source=pdf&utm_medium=banner&utm_campaign=pdf-decoration-v1
http://www.econ.ku.dk

Controlling inflation in a cointegrated vector
autoregressive model with an application to US
data.

Sgren Johansen and Katarina Juselius
Economics Department, European University Institute,
Florence

January 2001

Abstract

The notions of instrument, intermediate target and final target are
defined in the context of the cointegrated VAR. A target variable is said
to be controllable if it can be made stationary around a desired target
value by using the instrument. This can be expressed as a condition on
the long-run impact matrix. Applying a control rule to intervene in the
market changes the dynamics of the process and the properties of the new
controlled process have to be derived. The theoretical results are applied
to US monetary data on a daily and monthly basis. The empirical results
do not provide support for the widely held belief that the Federal Reserve
Bank can bring US CPI inflation down by increasing the federal funds
rate.
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Table 1: Elements of monetary policy

Instruments: Intermediate Targets Final Targets
o Reserve requirements
on private banks — e Money Stock — e Inflation Rate
e Central bank interest
rates — o Market Interest — o GDP Growth
e Open market operations Rates
e Interventions in the — e Exchange rates — o Purchasing
foreign currency market Power Parity

1 Introduction

Monetary policy reaction rules have recently obtained a lot of attention. The
original idea, first suggested by Taylor (1993), was to describe a central bank’s
policy decisions by a simple rule that associated changes in the monetary in-
strument with the discrepancy between the target variable and its desired value
and with the state of the economy summarized by some key macroeconomic
variables. Further developments have included different models and approaches
(forward looking rational expectations versus adaptive expectations, micro foun-
dations versus no such foundations), see for example the collected papers in
Taylor (1999), Clarida, Gali and Gertler (1998) and references therein. Most
of the applications contain the following elements: a formulation of a monetary
policy rule for the central bank, estimation of a model for the economy (usually
a VAR), derivations of the implications of the proposed rule, and finally an in-
vestigation if monetary authorities have followed the suggested rule. In general,
the papers do not ask under which conditions the ultimate targets, or the goal
variables, can be controlled given the instruments and the mechanisms of the
economy. This is the purpose of the present paper.

The diagram in Table 1 illustrates the relation between monetary instru-
ments, intermediate and final targets (or goals). The central bank changes the
instruments in order to influence the goal variables via some intermediate tar-
gets. For example, a central banker may change the reserve requirements of
the private banks (quantity control) to influence the level of money stock in the
economy, under the assumption that (7) there is a direct relationship between
the level of money stock and the price level and (i¢) the level of causation goes
from money stock to prices. Alternatively, a central banker may change the dis-
count rate (direct price control) or engage in open market operations (indirect
price control) under the assumption that this will influence the market inter-
est rates, and eventually aggregate demand (GDP growth) and money demand
(money stock).

In practice the time it takes for a policy intervention to influence the final
target has generally been found to be long and difficult to predict, whereas the
response of an intermediate target is more immediate and, therefore, easier to



estimate empirically. Moreover, the interventions take place on a daily basis,
but the inflation rate, the target variable, is only measured on a monthly basis.
Hence, the direct evaluation of the final impact of a monetary intervention on
the goal variable is often difficult. Because of this the assessment of monetary
policy has often been based on models containing intermediate targets and goal
variables, but not necessarily the instrument variables. The paper demonstrates
that this can still be a valid procedure if the intermediate target can be controlled
by the central bank authorities and if it cointegrates with the final target.

The empirical application, which is based on US data, approaches the em-
pirical assessment of the policy control problem in two levels: In the first step
we examine whether the Federal Reserve Bank is able to control the short-term
market rate (here the 3 months tbill rate) using the federal funds rate as an
instrument. In the second step we examine whether the tbill rate can be con-
sidered an appropriate intermediate target, defined as being cointegrated with
non-zero coefficients with the final target, the inflation rate.

A basic assumption here is that the VAR model is capable of satisfactorily
describing the dynamics of the data and that the equations for the variables that
are not subject to intervention remain the same before as after the intervention.
In such a model we say that a target variable is controllable if it can be made
stationary around a given mean. Thus, for a nonstationary target variable we
want to achieve both stationarity and the desired mean.

For ease of exposition, the general theory for applying a linear control rule
is given in the Appendix, whereas the main bulk of the paper discusses a simple
rule that appears natural for the cointegrated VAR models we consider here.

The control problem is formulated in Section 2: A formal definition of an
instrument, an intermediate target, and a final target is given and a natural con-
trol rule is formulated that exploits the dynamics of the VAR process. Section
3 derives the properties of the controlled process, i.e. the process that arises as
a consequence of applying the derived control rule all the time.

The empirical illustration is discussed in Sections 4 and 5. The condition
for controllability of an intermediate target is checked in Section 4 using daily
observations of the US federal target rate, the federal funds rate and the 3 and
6 months treasury bill rates. Section 5 investigates whether the Federal Reserve
Bank can control the inflation rate, given the estimated relationship between the
instruments and the intermediate targets and the transmission mechanism of the
macroeconomy. The latter is described by a VAR of real money, output, inflation
rate, the 10 years bond rate, the 3 and 6 months treasury bill rates, the federal
funds rate, and the federal target rate. Section 6 concludes. In Appendix A
the results on the general linear control rule are given and Appendix B contains
various graphs of the data.



2 Definition of the control problem

We assume that the transmission mechanism of the economy can be described
by the cointegrated VAR (k) model given in the error correction form:

k—1
Azy —y=a(Bz 1 —p(t—1)—p)+ ZFi(A:Et,i —Y)+et=1,....,T,

. 1)

where x; is p—dimensional, o and 3 are p x r of rank r, T'; isp x p, yisp x 1
and p’ = ('vy. The errors are i.i.d. with mean zero and variance Q.

To simplify notation in this section the basic definitions are introduced for
the cointegrated VAR(1) model without trend, i.e. for I'; = 0 for all 4, v = 0.
The equation (1) then becomes

Az = (21 — p) + e, (2)

which defines a cointegrated I(1) process if and only if the parameters satisfy
the restriction

leig(I, + f'a)| <1, (3)

that is, the eigenvalues of I, + 3 a have absolute value less than one. In this
case the process is represented as

t
Ty = ngi +ye + A+ a(Ba) My,

i=1

where A depends on initial values (3'A = 0), y; is stationary with mean zero
and hence 3'z; = §'y; + p is stationary with mean g, and the long-run impact
matrix is

C=p,(a8,) " =T, —a(fa) 4, (4)

where o) is a p X (p — r) matrix of full rank, so that &’a; = 0. If & = 0 (so
that there is no equilibrium error correction) then o, = I, (i.e. p autonomous
stochastic trends in the data), and if @ = I, (i.e. x; ~ I(0)) then a; =0 (no
stochastic trends in the data). Condition (3) implies that 3« has full rank,
and this is equivalent to |o/, 3| # 0, so that C is well defined. Since 3’z is a
VAR(1) process with coefficient matrix (I, + 3 @), the condition for stationarity
(3) rules out unit roots and explosive roots, see Johansen (1996, Theorem 4.2)
for proofs. We define the attractor set by

{z|6'z = p} = a(B'a)  +sp(BL). (5)

Figure 1 illustrates the adjustment dynamics of the process, which for the
simple VAR(1) are given by the vectors +a. Since they point towards the at-
tractor set, the process is pulled towards the latter with a force that depends on
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Figure 1: At the point z; = (R, m;) the process is moved to z{" by changing
the nominal interest rate R;. If the errors were switched off, the process would
move from this position along the direction of —« to a point where inflation
T =",

the magnitude of the distance 3 x; — p. Thus, for points on the attractor set the
force is zero and there is no tendency to move away, and such points are called
equilibrium points or steady state points. The common trends o/, Zle €; push
the process along the attractor set and generate the nonstationary behavior of
the process.

The solution of (2) with initial value zg can also be written as

t—1

w1 = (In+ 0 a0 + Y (I + af ) (e1mi — o), (6)
=0

The following result is based on (6):

Lemma 1 For the I(1) process x; given by (2) the expectation E(xi|xg) con-
verges to

Too = tlim E(x¢|20) = Cxo + (') i,
— 00
the long-run expected value, which is a point in the attractor set.

Proof. From the relations

o (I, + af) =/ and B (I, + a3) = (I, + ')



it follows from (6) that

E(d z¢|xg) = o o,
E(B'vi|zo) = (I + B'a)'8'z0 — Yi_g(Ir + B'a)'8 ap

— =Yg+ ) fap=p
Hence, using (4) we find
E(x¢|zo) = BJ_(a’J_,BJ_)_lE(o/J_a:t\xo) + a(,@’a)_lE(ﬂ/xt\xo) — Cxg + a(,@’a)_l,u.

Because 3'wo, = ' (Cxo+a(B'a) i) = pu, it follows that z is in the attractor
set (5), i.e. is an equilibrium, or steady state point. We say that the position

xo aims at the long-run expectation z.,. See also Proietti (1997), Bruneau and
Jondeau (1999), and Bedini and Mosconi (2000). m

The following definitions are needed for the discussion of control theory in
terms of instruments, intermediate and ultimate targets:

Definition 2 (i) Instrument variables o'z, (a (p X m)) have the property that
we can change them by an intervention, so that the value a’xz; is replaced by
a’xy + v, for any v € R™.

(ii) Final or ultimate target variables bz, (b(p x m)) are the variables we
would like to make stationary with mean b*, the desired target value. The target
space is given by the positions x which satisfy

(x|t = b*}.

(iii) Intermediate target variables 'z, (c(p x m)) are variables that are
cointegrated with the final target b'x;, so that there exists a stationary relation
dxy + PV xy where the matriz ¢ (m x m) has full rank.

After an intervention that changes the current value of a’z; to a’z; + v the
controlled value of the process x; becomes:

" =ay a2 + ad " = ayd vy + ala'zy +v) =z + av,
where @ = a(a’a)™! and @, is similarly defined. In practice the intervention v
will depend on current and lagged values of the process. It is a major assumption
in this paper that if the same intervention rule is applied at all time points
the equations (1) will generate a new process x}° taking into account the
interventions but otherwise leaving the parameters of the model unchanged.
For a discussion of the new process see Section 3.

Definition 3 A set of target variables Uz, with target value b* is controllable
by the intervention o'z, and the control rule (k, ko) if, by intervening at all time
points using

i = x4 + a(k 'z — ko),



the new process has the property that the target, b x¢", becomes stationary with
mean b*.

Thus, the effect of controlling a nonstationary variable is partly to remove
the nonstationarity and partly to give it the desired mean.

As a simple example consider a VAR of inflation rate, interest rate, and
output gap,

3?; = (7Tt, Ry, (iy - y*)t)'

The central bank wants to achieve a desired inflation rate, 7*= 2%, using the
interest rate as an instrument. In this case ¥’ = (1,0,0), o’ = (0,1,0) and the
positions in the target space that satisfy bz, = b* are given by m; = 2%.

A simple control rule is to replace o'z, = R; by R; + v, and the problem is
how to choose v = k’xy — kg so that V'z; = 7 becomes stationary around 2%
in the new process.

In Appendix A we derive in Theorem 7 a necessary condition for making
a nonstationary target variable stationary around a desired value based on a
general rule v = k’x; — Kkg. Here we focus on the derivation of a simple control
rule for a set of nonstationary targets with a natural interpretation related to
the dynamics of the process.

The idea, illustrated in Figure 1, is to move the process to a controlled
position z§'" by choosing the intervention v such that, if the errors were switched

off, the process zy1n, h = 1,2,..., starting at z&", would continue towards a
point in the target space. That is, we choose v so that
b= (02" + a(Fa) ) = B (O, +av) + (@), (7)

see Lemma 1. For the equations to have a solution for v, the following condition
rank(t/Ca) =m (8)

has to be satisfied. This defines the condition for controllability, see Theorem 7
where the precise result is formulated.

If |b'Ca| # 0, equation (7) can be solved for v which, using (4), gives us the
control rule

av = a(t'Ca) ' (b* —ba(fa) tu—VCx) 9)
= a(t/Ca) 'b* —Vay + b (B ) LBz — ).

The intervention (9) needed to put the process on the right track depends
on

e b* —b'x;, which is the observed discrepancy between the value of the target
variable 'z, and its desired target value b*,

e (3'x; — pu, which measures the deviation from steady state at the time of
the intervention.



If the economy is in steady state, as defined by the attractor set {8’z = u},
then the discrepancy between the target and the target value determines the
magnitude of the necessary intervention. But if the economy is away from steady
state, then the magnitude of the steady state error also affects the size of the
intervention.

Controllability is defined by a condition on the elements of the long-run
impact matrix, see (4), which is defined by the orthogonal complements of « and
3. Therefore, a stationary variable, which is a linear combination of 3z, cannot
be controlled by this rule. In the simple case of one target and one instrument,
condition (8) requires that the long-run impact of a shock (an intervention) to
the instrument variable on the target variable must not be zero. Therefore,
controllability is inconsistent with long-run neutrality of target to instrument.

To summarize, we have seen that if [0’Ca] # 0 it is possible to define a
natural control rule by

287 =y + a(b' Ca) (b — V) + V() "B e — ). (10)

The rule is constructed so that the position " aims at the target value, that

is, so that
W (Cxé + a(B'a) tu) = b*.

Figure 2 shows how the point z; is moved by the monetary authorities onto
the dotted line. Once there, the dynamics of the process will take it towards
the point on the attractor set defined by the desired target value 7*, provided
it is moved by the central bank to the dotted line at all time points.

3 The new process

By applying control rule (10) the instrument variable is moved to a new position,
¢ from which the dynamics of the process eventually will bring the target
variable to the desired value, b*, given that the errors were switched off. But,
since the process is subject to new disturbances, the process z¢p, (h =1,2,...)
will drift away from ¢ and has to be brought back to a new position which
aims at a point, for which b* is achieved. Thus, the above control rule has to be
used at each point of time, thereby generating a new process. For this process
the target variable becomes stationary around the target value, as shown below,
provided the controllability condition (8) is satisfied.

The proof of this main result is given for a general linear control rule of the
form v = k'zy — ko in Theorem 7 in Appendix A.1. For ease of exposition we
focus here on the result for the special case (10), but when needed we will refer
to some of the main results in Appendix A. We first give a result for the simple
model (2) and then for model (1).

Corollary 4 Assume that (i) the I(1) process x is given by

Ay = Bz 1 — p) + e,
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Figure 2: The point z; is moved by the central bank to ¢*", and the equations
generate the point ¢}, which in a VAR(2) model is based upon z{"" and ;.

This point is moved to x§;, and the equations generate z}¢§ from x{%"; and
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(¢7) |b'Cal # 0, see (4), and (iit) the control rule
" =y + a(b’Ca)fl(b* — b+ b’a(,@’a)fl(ﬂlazt —u)

is applied at all time points. Then the new process xP°™ is an I(1) cointegrated

VAR(1) process with cointegrating space sp(0,b) and adjustment space sp(c, a).
It follows that (i) B’z is stationary with mean p, (ii) b'zPeY is stationary

with mean b*, and (iii) b'Cxe? is white noise with mean b* — V' a(B ) L.

Proof. The result follows from Theorem 7 in Appendix A.1, by choosing
K =—'Ca)~V'C, and kg = —(V'Ca) "1 (b* — Va(B'a) ' p),
so that k' satisfies the relations
Ka=0, I, ++a=0.

Hence, the condition for stability (19) is satisfied and 3'z2¢¥ is stationary with
mean y, and K’z = —(b'Ca) =1t Czy is white noise around kg = —(b'Ca) =1 (b*—
Va(B'a)~tp). From (4) note that

b/CfL‘.?ew — b/aj?ew _ b/a(ﬁ/a)—llgl:ﬂ?ew.

/ . . . . .
Because ('2}¢v is stationary with mean u, ¥'2¢v is stationary around b*. m

In Appendix A.1 it is shown that the control rule x’x; — ko makes 'z
stationary. Therefore, we could simply choose x = b to make bz, stationary,
but the results simplify considerably if x’a = 0. Since 3'x; is stationary in the
controlled process, the choice of kK = b+ 3¢, for some &, would also make bz,
stationary. Therefore, we choose a ¢ so that x'a = t/a + &'’ = 0, which gives
¢ =-Va(BFa)t and ¥ =V —Va(Fa) 13 =bC. After normalization this
is precisely rule (10).

An I(1) process x; given by (1) has a linear trend v¢t. We define

k-1
r=1, - ZF“ and C = B, (o, TG, )" ).

i=1

We apply rule (10) to the detrended stacked process, see Theorem 8 in Appendix
A.

Theorem 5 If (i) the I(1) process x; is given by the VAR(k) model (1), (it)
|b'Ca| # 0, and (iti) we apply the recursively defined control rule
2§t = P — a(l/ Ca) 'V Cl(ap — 1) = i Tl = y(t 1)) -
11
+a(t' Ca)~t(b* — b/ (I, — CT)Bu)

at all time points, and the new process is defined by

k—1
Ty =2 +a(@ e =t =)+ 3 TuAafli =) +e,  (12)
i=1

10



then the stacked process (xp",x{™{, ... x{""} 1) is a cointegrated VAR(1) pro-
cess with BV and b'ze? trend stationary around p + p't and b* + VAt
Moreover b C(zpe" — Zi:ll T,z is white noise around its mean.

It is sometimes convenient to rewrite the control rule as a function of the

equilibrium errors, (3'x¢¥, deviation of target from desired target, and finally

the differences of the process:

oftr = e — a(V/' Ca) LY (zBev — At) — b*

_ B 13
LY(CT — L)B(B e — p't — ) + HO S yapew — astr, — i) (D)

Proof. This result follows from Theorem 8, by the choice
k) = —-'Ca)™'WC, k,=@{'Ca)""WCTi_1,i=2,...,k
and
ko = —(¥/Ca) (5" — /(L — CT)Bp).
Because o’k = 0, and

/ / -
Ky =—klic1,1=2,...,k

~) ~

it follows that #'a@ = 0, see (34). Furthermore xfa = —1I,,,, and hence

k—1
VO(aper =Y Tiagm)
=1

is a white noise process around its mean.
The second expression for the control rule is seen as follows. From

Cl(ape™ —~t) = X052 Talagtt; = v(t —1))]
= CT (2 — yt) + C 7 Ty(apew — a8t — i)
and the relation
CT = (CT —1I,) + I, = (CT — I,)BB + I,
we find that

BOT 2y — 1) — (b° — (I, — CT)5p)
= b/(CT — )38 (e — 1) — o) + b (ap=" —4) — b,

Collecting the terms we find the expression (13). m

Note that x}°" is not necessarily a VAR process, as it is the stacked process
that has this property.

The role of the intermediate target is given in

Proposition 6 If c'z; is an intermediate target and c'zy is controllable by the
instrument a'x;, then the final target is controllable by a’xy.

11



Proof. Let b* be the desired target for b’ z;. Because ¢’ z;+c'; is stationary
with some mean m, say, then it follows from Theorem 7 that ¢b/zje® + ¢/ xje?
is also stationary with mean m. Therefore ¢’z; is controllable and we choose to
control it so that is becomes stationary with mean m — ¢b*. It follows that

b/l‘?ew _ (/)71 [(d)b/%?ew + c/xgew) _ C/xgew]
is stationary around

¢ m — (m — ¢b")] = b*.

4 A daily model for US data!

The theoretical results in Section 2 and 3 demonstrated that a policy control
problem can be approached in two steps: In the first step we need to establish
controllability of an intermediate target by the available instruments and in the
second step cointegration between an intermediate target and the final target.
When these conditions are satisfied we can derive an adequate inflation control
rule as a function of (i) the discrepancy between the actual and desired target,
(ii) the disequilibrium errors from the economy-wide steady-state relations, and
(iii) the final impact of the change in the instrument on inflation.

The first part of the empirical analysis reported below deals with the relation-
ship between the monetary instrument and the intermediate targets, whereas
the analysis of the (intermediate) targets and the final targets and how they are
related to the state of the economy is presented in Section 5.

The purpose of the daily analysis is first to check whether the federal funds
rate has closely followed the federal target rate which is set by the Fed. Based
on Proposition 6 we then investigate whether the Fed has been able to control
the short-term market rates, here the three and six months treasury bill rates,
using the federal funds rate.

The daily analysis is based on the data vector a} = [Trg., Ff;, R3:, R6],
where T'rg, is the target rate set by the Federal Reserve Bank, F'f; is the
federal funds rate, R3; is the three months and R6; the six months thill rate,
and t = 1996.01.02, ... ,1999.03.26, a total of 824 daily observations. All data
series are from the database EcoWin. The graphs of the variables are given in
Appendix B, Figures 8, 9, and 10.

Although the federal funds rate is not directly determined by the Fed the
very close correspondence of the two graphs in panel (a) clearly demonstrates
that for practical purposes it can be assumed set by the Fed. The remaining
panels (b) and (c¢) show each of the thill rates relative to the target rate. Since
the target rate has generally been on a higher level than the treasury bill rates,

LAll empirical results both in the daily and the monthly model have been calculated using
the software program CATS in RATS (Hansen and Juselius, 1994). Some of the graphs have
been produced in GiveWin (Doornik and Hendry, 1998).

12



Table 2: Misspecification tests, characteristic roots, and weak exogeneity for the

daily data
Univariate tests: AR3; AR6; AFf;
ARCH(2) 20.7 15.7 19.6
J-B.(2) 64.4 176.3 152.3
skewness -0.11 0.03 0.28
excess kurtosis 1.63 3.09 3.00
6. x 100 0.038 0.037 0.218
R? 0.24 015 065
The trace test 504 39 4
(35) (20) (9)
The 3 largest roots of the process r = 2 1.0 091 0.18
Test of weak exogeneity for r = 2 :
X2.45(2) = 6.0 7.1 8.7  460.1

the graphs have been mean adjusted to facilitate a comparison. Figure 8 shows
that the target rate does not satisfy the stochastic assumptions underlying the
VAR model. It is, therefore, treated as an exogenous variable and model (1) is
modified accordingly:

k—1
Ayy = o'z 1 — p) + ZFiAazt,i + AgAz +PDy +ey, t=1,..., T, (14)

i=1

where z; = [y;, 2], 2t = Trae, y; = [F fr, R3¢, R6], and Dy is a vector of dummy
variables.

4.1 Model specification

Altogether sixteen dummies were needed to account for extraordinary shocks
influencing the federal funds rate and the tbill rates. They are as follows:

D} = [D6, D42, D43, DI128, D149, DI159, D172, D187, D255,
D361, D380, DI463, D597, D706, DI713, D765],

where Dz isan ...0,0,1,0,0, ... impulse dummy describing a permanent shock
at observation t = x and DIz is an ...0,0,1,—1,0,0,... dummy describing a
transitory shock at observation ¢t = x.

A VAR(2) produced the following misspecification tests: The multivariate
LM test for first order residual autocorrelation, distributed as x?(9), gave a test
statistic of 6.0 and the null of no autocorrelation was accepted with a p-value
of 0.74. The multivariate normality test x2(6) was strongly rejected based on
a test statistic of 444.5. The univariate test values are, therefore, additionally
reported in Table 2, together with the trace tests, the roots of the VAR process
and weak exogeneity test of the variables.

13



It appears that the residuals exhibit significant ARCH effects and that the
strong rejection of normality is due to excess kurtosis but not to skewness. Since
the estimation results are generally moderately robust to ARCH effects (Hansen
and Rahbek, 1998) and excess kurtosis (Gonzalo, 1994) (but not skewness) we
will disregard the non-normality problem here.

The trace test is consistent with » = 2. This choice leaves a fairly large root
(0.91) in the model, indicating that the adjustment to the second cointegration
vector is likely to be quite slow. This is confirmed by the g, coefficients in
Table 3 and the graph of 357, in Figure 3. The tests of weak exogeneity for the
long-run parameters show that none of the variables can be considered weakly
exogenous and that the federal funds rate is adjusting much more strongly than
the treasury bill rates.

4.2 The daily results

In Table 3 we report an identified structure of the two long-run relations, B/xt,
and their corresponding short-run adjustment parameters, &. Significant coeffi-
cients are in bold face. The test of the two overidentifying restrictions (Johansen
and Juselius, 1994), distributed as x?(2), produced a test statistic of 2.12 and
the restrictions can be accepted with a p-value of 0.35. Additional restrictions in
the form of a unit coefficient on Ff; in 3; gave a test statistic of 7.48 (x%(3), p-
value 0.06) and similarly on R6; in (3, a test statistic of 8.66 (x2(3), p-value
0.03). Imposing unit coefficients on both relations, i.e. the test whether the two
spreads, F'f; — Trg, and R3; — R6,, span the cointegration space, was rejected
based on a test statistic of 14.58 (x?(4), p-value 0.01). Similar results were also
obtained in the monthly model, hence the coefficients are left unrestricted.

The first cointegration relation confirms the visual impression from the
graphs in Appendix B, Figure 10, panel (a), that the federal funds rate has
been closely tracking the target rate set by the Fed. The &s; coefficient shows
that even on a daily basis the adjustment to the target rate is very fast. But,
more interestingly, the tbill rates hardly react at all to deviations from the
federal funds rate relation: ¢&;1 and d&g; are close to zero, though borderline
significant for the six months treasury bill rates?.

The second cointegration relation describes a 'modified’ yield gap between
the 3 and the 6 months tbill rates. Both are adjusting to this relation (though
not very strongly so), whereas the federal funds rate is not. We interpret the
results as some, but not very strong, evidence of market adjustment between
the treasury bill rates (as the expectations’ hypothesis would predict). *

Although the estimates of & demonstrated modest reaction among the mar-
ket rates to the long-run relations ('z;, the estimates of I'y and Ag reported
in Table 3 may still contain important short-run effects. The 3 months tbill

2The residual correlation between the federal funds rate and the two market rates are 0.003
and 0.017, respectively, which strenghtens this result.

3The results from the monthly model based on an extended information set, suggest that
the present information set may not be sufficient to provide a complete description of the term
structure.
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Table 3: An overidentified representation of the cointegrating space for the daily
data. (Significant values in boldface)

Cointegration vectors 3 Adjustment coefficients «
t-values in brackets t-values in brackets
Var. 0. Bs. | Eq. Q. Q.
R3; 0.0 1.0 | AR3; 0.00 -—0.05
(0.2) (-2.8)
RG, 0.0 —0.87 | ARG, 0.01 0.04
(—21.2) (2.0) (2.4)
Ffy —0.92 0.0 | AFf; 0.90 -0.01
(—38.3) (24.8) (-0.1)
Trg; 1.0 0.0
Constant -0.46 -0.55
(=3.8) (~2.6)
Short-run adjustment coefficients
Iy Ag
AR3t,1 ARthl AFft,1 AT’I"gt,1 AT’/’gt
AR3; 0.05 0.04 0.01 —0.02 | 0.13
(1.1) (0.9) (2.0) (-0.2) (2.0)
ARG, 0.01 0.01 0.01 0.13 | 0.00
(0.3) (0.2) (2.9) 17) | (0.0)
AF f; 0.60 —-0.76 0.01 0.13 | 0.79
(2.6) (-3.2) (0.5) 03) | (2.1)

rate seems to have been affected by the current change in the target rate and
the lagged change in the federal funds rate but the effects are modest and only
borderline significant. The 6 months tbill rate is more significantly affected by
the lagged federal funds rate. Furthermore, the federal funds rate has reacted
quite strongly to the lagged change in the yield gap. This is confirmed in the
monthly model.

Whether the tbill rates can be controlled or not using the federal funds rate
as an instrument depends on the target/instrument elements of the long-run
impact matrix. The estimated C' matrix is reported in Table 4 together with
ar, B, =6.(a/,TB,), and Q. With r = 2 cointegration relations, there is
just one common stochastic trend, o/, $¢_,2;, where &, = [¢r3,£re, Erf].

The estimate of oy shows that the stochastic trend is determined mainly by
cumulated shocks to the two treasury bill rates. The estimate of 3, shows that
the treasury bill rates are influenced by this trend in the same proportion as
the cointegration coefficients in Table 3. The federal funds rate is not affected
by the stochastic trend in the treasury bill rates, but strongly affected by the
weakly exogenous target rate as shown in Table 3.

The estimates of the C' matrix confirm the above interpretation: neither
R3;, nor R6; would be controllable according to condition (8), since they both
appear to be log-run neutral with respect to F'f;. Thus they cannot serve as
candidates for intermediate targets, see Definition 2, even though they may
cointegrate with inflation.
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Figure 3: The graphs of the two identified cointegration relations of Table 3 for
the daily data.

We have showed above that the condition for controllability of the three
months tbill rate was not satisfied based on the daily analysis and the empirical
analysis could stop there. Because of the strong prior belief in the Fed’s ability to
control inflation we have, nevertheless, continued the analysis based on monthly
data and give a fairly detailed interpretation of the empirical results.

5 The monthly US model

In the second level of the analysis the domestic monetary transmission mecha-
nism describes how changes in the intermediate targets, trend-adjusted money
(m—m*) and the short-term interest rate (R,), dynamically affect the domestic
economy through the subsequent adjustment of long-term interest rates (R;),
the output gap (y — y*), and finally inflation rate (Ap). The following simple
diagram serves as an illustration:

Central bank . (=) (+) (+) (=) (=)
interventions : m-m* S R, — R — y—-y* — A
(15)

All four variables from the daily analysis are available on a monthly basis start-
ing from August 1985. We therefore keep the previous variables in the model
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Table 4: The C-matrix and the common trends o) and the associated weights
B, for the daily data

The C matrix B o Q
ER3 ERe Ery
R3; 0.45 0.52 —0.01 0.87 0.52 | 0.0382
(25) (3.5) (1.3)
R6; 0.53 0.60 —0.01 1.00 0.60 0.61 0.0372
(2.5) (3.5) (1.3)
Ff, -0.03 -0.04 0.00 -0.02 -0.04 0.003 0.017 0.2182
(2.5) (3.5) (1.3)

and extend it with four new variables, m — p, real money stock in logs (M3),
y real GDP* in logs, B10 the 10 years bond rate, and the final target variable,
Ap monthly CPI inflation rate (Aln CPI). We apply the VAR model (1) to the
following eight variables

x'/t = [m_payaApaRgaR6aBlovaa T?"g]t,

where R3, R6, F'f, and Trg are monthly averages of daily observations. The
nominal interest rates have been transformed to monthly rates and divided by
100 to make them comparable with monthly inflation. The sample is from 1985:8
to 1999:2, consisting of 163 monthly observations. Graphs of the monthly data
are given in Appendix B, Figures 9 and 10.

5.1 Model specification

The target rate in Appendix B, Figure 10 looks more like a stochastic process
after aggregation. Because a model for the target rate might contain information
on how the Fed has set its target as a response to changing market conditions,
i.e. on an implicit policy rule, it has been included as a system variable in the
VAR model. °

Three dummies were needed to account for the following interventions:

D), = [D86.03, D86.12, D87.11],

where Dzxx,yy describes a permanent impulse dummy to the system at time
19xx.yy.

The results in Table 5 are based on a VAR(2) model. The multivariate LM
test for first order residual autocorrelation, distributed as x?(64), gave a test
statistic of 81.0 and was accepted with a p—value of 0.07. The multivariate
normality test x2(16) was rejected based on a test statistic of 87.7. Table 5
report additionally univariate misspecification tests for residual ARCH effects

1The monthly GDP values have been interpolated from quarterly data using the procedure
interpolate.scr in RATS, Estima, assuming a random walk + drift model.

5As a sensitivity check the whole analysis was done with the target rate as an exogenous
variable. Since the main conclusions remained unaltered, we report only the results of the full
system analysis.
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Table 5: Misspecification tests, characteristic roots, and weak exogeneity for the
monthly data

Univ. tests: Amt Ayt Agpt AR3t ARGt ABlOt AFft ATT’gt

ARCH(2) 1.6 0.2 0.1 15.3 1.8 0.1 2.1 13.7
J.-B.(2) 0.6 4.8 6.9 3.6 0.0 0.8 1.0 30.0
6. x 100 0.26 0.15 0.13 0.01 0.01 0.02 0.01 0.01
R? 0.75 0.66 0.70 0.49 0.42 0.37 0.67 0.52
Trace test: 335 234 156 98 52 24 11 3
(182)  (146)  (115) (87) (63)  (42) (25) (12)

The roots: 1.0 1.0 1.0 1.0 0.91 0.80 0.80 0.43
Test of weak exogeneity for r =4 :

X2(4) =95 25.5 276 40.2 8.6 2.7 4.0 30.9 23.1

and normality, as well as trace tests, the roots of the VAR process and weak
exogeneity tests. The trace test suggests four cointegrating relations and, hence,
four common trends. With the choice of » = 4 the modulus of the largest
stationary root is 0.91 in the model.

It appears that the 6 months tbill rate and the 10 years bond rate individually
can be assumed weakly exogenous for the long-run parameters 3, whereas the
3 months thill rate is a borderline case. The test of joint exogeneity of the first
two gave a test statistic of 9.0 > x245(8) and a p-value of 0.34, whereas the
test that all three are jointly exogenous was strongly rejected based on a test
statistic of 53.0 > x2 ¢5(12) and a p-value of 0.00.

5.2 The monthly results

According to Definition 2 a necessary condition for controllability of a final
target through the intermediate target is cointegration between an intermediate
target and the final target. More generally, cointegration properties between
instruments, intermediate and final targets contain important information on
the monetary transmission mechanism illustrated in Table 1. Therefore, we
first test cointegration between inflation rate and each of the interest rates and
then between the interest rates relative to each other.

All hypotheses H; — Hys in Table 6 are of the form 8 = {H¢p, vy}, ie.
they test restrictions on a single vector and leave the other vectors unrestricted
(Johansen and Juselius, 1992). Except for His, H¢ tests whether two variables
are cointegrated (1, a), where a is freely estimated. If there exists cointegration
between pairs of variables, this procedure should find it.

The hypotheses H; — Hs are tests of cointegration between the inflation rate
and each of the interest rates. There is weak evidence that inflation rate is
cointegrated (1, -0.4) with the federal funds rate (or the target rate). Among
the remaining hypotheses Hg — His, cointegration is only found in Hy5 which
describes the spread between the federal funds rate and the target rate. Station-
arity is accepted with a p-value of 0.98. The estimated coefficient between the
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Figure 4: The graphs of the spread between (a) the federal funds rate and the
3 months thill rate, (b) the federal funds rate and the 6 months tbill rate, (c)
the 6 months tbill rate and the 3 months thill rate, and (d) the 10 years bond
rate and the 6 months tbill rate.

3 and 6 months tbill rates in Hg is close to unity, but the spread is nevertheless
found to be nonstationary. See also the graph in panel (c) of Figure 4.

Although stationarity of the interest rate spread is of particular interest, it
is not necessary to test this hypothesis since the less restrictive hypothesis of
cointegration (1,a) was already rejected in H; — Hig. In Figure 4 the graphs
of the spread between the federal funds rate and each of the tbill rates are
given in panel (a) and (b), between the 3 and 6 months thill rates in panel (c)
and in panel (d) between the 10 years bond rate and the 6 month tbill rate.
Although the interest rates seem to move together very closely, as illustrated by
the graphs in Figure 9 in Appendix B, the spread between them, nevertheless,
does not seem to be significantly mean reverting.

The policy rule in Theorem 6 defines the necessary intervention to be a
function of the discrepancy between the actual and the desired target value
and of the equilibrium errors in the economy, as measured by the cointegra-
tion relations 'z Table 7 report an identified structure of the cointegrating
vectors 3 and their corresponding short-run adjustment parameters &. Signifi-
cant coefficients are in bold face. The 8 overidentifying restrictions gave a test
statistic of 5.75, which compared to X3 ¢5(8) = 15.5 can be accepted with a
p—value of 0.68. Graphs of the four cointegrating relations are given in Fig-
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Table 6: Testing pairwise cointegration properties. Monthly data

m-p y Ap R3 R6 B10 Ff  Trg  x*(v) p.val
H 0 O 1 -0.43 0 0 0 0 11.4(4) 0.02
Hs 0 0 1 0 -0.45 0 0 0 115(4) 002
Hy 0 0 1 0 0 -0.56 0 0 188(4) 0.0
Hy 0 0 1 0 0 0 -0.37 0 8914 0.06
Hs 0 O 1 0 0 0 0 -0.37 8.5(4) 0.07
He 0 0 0 1 -1.04 0 0 0 19.4(4) 0.00
M 0 0 0 1 0 -156 0 0 2654 0.00
‘Hs 0 0 0 1 0 0 -0.81 0 20.2(4) 0.00
Ho 0 0 0 1 0 0 0 -0.81 20.1(4) 0.00
Hio 0 0 0 0 1 -0.66 0 0 26.2(4) 0.00
Hu 0 0 0 0 1 0 -078 0 155(4)  0.00
Hiz 0 0 0 0 1 0 0 -0.79 15.8(4) 0.00
His 0 0 0 0 0 1 -0.53 23.9(4) 0.00
Hisa 0 0 0 0 0 1 0 -0.53 23.8(4) 0.00
His 0 0 0 0 0 0 1 -1 0.81(5) 0.98

ure 5. The stability of the model parameters have been checked by the re-
cursive test procedures discussed in (Hansen and Johansen, 1999). The recur-
sively calculated 95% confidence sets around Bt contained @7, and B for all
t =Ty =1991:6,... ,T =1999:2. The recursively calculated coefficients of (3,;
and «;; showed remarkable constancy.

The first cointegration relation corresponds to His in Table 6. The adjust-
ment coefficients, ai,, show that both the target rate and the Fed rate are
adjusting to the spread between the federal funds rate and the target rate, but
the latter more strongly so. Note also that inflation is not significantly adjusting
to this relation, nor is any of the market determined interest rates.

The second relation is a homogeneous relation between the three market
rates, the 3 and 6 months tbill rates and the 10 years bond rate

R3 — R6 = 0.14(R6 — B10) + stat.comp.,

indicating that the nonstationarity of the tbill spread is related to the nonsta-
tionarity of the spread between the bond rate and the 6 months tbill rate. The
adjustment coefficients, aae, show that the federal funds rate tend to go up and
money stock contract when R3 is above the steady state value. This would
be consistent with the Fed causing a contraction in money stock in order to
increase the F'f rate as a response to a market increase in the short tbill rate.

The third relation seems to contain elements of an IS curve and a Phillips
curve relation

(y —trend) = 0.10(m — p — trend) — 10.1(B10 — Ap) + 13.4Ap + stat.comp.
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Table 7: A fully identified representation of the cointegrating relations for the
monthly model.

Cointegration vectors 3

t-values in brackets

Var. B Ba. Bs. Ba.

my 0.0 0.0 0.004 0.002
(1.7) (2.0)

ve 0.0 0.0 —0.042 -0.021
(—4.4) (=4.9)

Ap, 0.0 00 1.0 0.0

R3, 0.0 1.0 0.0 1.44
(5.0)

R6, 0.0 -1.14 0.0 —2.64
(—89.6) (—8.8)

B10; 0.0 -0.15 —-0.43 0.0

(=9.7) (=3.1)

Ff, 1.0 0.0 0.0 0.0

Trg, -1.0 0.0 0.0 1.0

Trend 0.0 0.0 0.000 0.000

Adjustment coefficients «

t-values in brackets

Eq. a Qo aig Qy
Amy —-0.80 -—-17.5 0.23 4.27
(04)  (4.5) (09) (41)

Ay, —0.96 —3.60 0.76 1.47
(-0.8) (-1.7) (5.0) (2.5)

A2p, 131 276 —096  —0.44
(1.3) (1.5) (—7.4) (—0.9)

AR3; —-0.17  —-0.01 0.02 —0.06
1.7) 0.1) (1.8) (—1.1)

ARG —0.20 0.22 0.02 -0.05
(—1.8) (1.1) (1.4) (—0.8)

AB10; —-0.01 —-0.18 0.04 0.04
(—0.0)  (—0.7) (1.9) (=0.5)

AF f; -0.48 0.47 0.02 —0.20
(5.4) (2.9) (1.5) (—4.4)

ATrg, 0.29 0.19 0.01 —0.20
(2.6) (0.9) (1.0) (—3.6)
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Figure 5: The graphs of the four identified cointegration relations in Table 7 for
the monthly data.

Trend-adjusted real GDP is positively related to real trend-adjusted m3, nega-
tively to real long-term interest rate (the I.S curve effect) and positively to the
inflation rate (the Phillips curve effect). Both real GDP and inflation rate are
equilibrium error correcting to this relation.

The fourth relation might be interpreted as an implicit rule for the target
rate

trg = 1.2R6 + 1.4(R6 — R3) + 0.02(y — trend) — 0.002(m — p — trend) +

indicating that the target rate has followed the 6 months thill rate but on a
20% higher level, has been positively related to output gap, and positively to
the spread between the 6 and 3 months tbill rates. The negative coefficient
to trend-adjusted money stock is likely to describe the monetary contraction
effect associated with an increase in central bank interest rates. The short-run
adjustment coefficients, e, show that both the target rate and the federal
funds rate are significantly adjusting to this relation. In the short run both real
income and real money stock react positively.

The short-run adjustment effects in Iy (not reported here) were altogether
small and mostly insignificant. The inflation rate was significantly adjusting
to the lagged change of real money stock (but negatively!), of 6 months tbill
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Table 8 The long-run impact matrix C' for the monthly data. (t-values in
brackets)

Em €y €EAp  ER3 ER6 €B10 EFf ETrg

my 3.9 -13 -1.1 -153.5 146.7 —-49.7 20.2 58.2
(32)  (-05) (04)  (2.0) (19 (-23) (10) (2.1)

Yt 0.8 2.2 1.7 —23.8 25.0 —-179 84 19.6
(2.2) (2:8)  (18) (-1.0) (1) (-2.8) (1.3)  (24)

Ap, 0.0 0.2 0.1 —0.2 —1.2 0.5 0.9 0.5
(0.2) (4.0)  (31) (-0.2) (-1.1) (15)  (29) (1.9

R3; 0.04 0.14 0.14 —1.10 246 —-0.22 0.11 0.90
(1.3)  (2:3) (2.0 (-0.6) (1.3)  (=0.4) (02)  (L.4)

R6; 0.03 0.12 0.13 —1.07 232 —-0.09 0.10 0.80
(12) (21  (1.9) (-0.6) (14)  (-02) (02)  (1.3)

B10, —0.00 0.01 0.04 —0.51 0.03 1.07 031 0.02
©0)  (02) (10) (05  (0.0) (36 (L) (0.1

Ff; 0.04 0.19 0.19 —1.22 2.00 0.04 046 1.08
(1.1) (27 (2.3) (-0.6) (1.0) (0.1)  (0.8)  (1.5)

Trg: 0.04 019 0.19 —1.18 1.94 0.05 047 1.08
(11) (28 (24) (-0.6) (1.0) (0.1) (0.9 (1.5

Note: The large coefficients to interest rates in the first two rows are due to the data

transformation described at the beginning of Section 6.

rate (negatively), and of the long-term bond rate (positively). Lagged changes
of output gap had positive effects on essentially all the interest rates. Lagged
changes of the federal funds rate and the target rate had no significant effects
on any of the variables.

Whether inflation is controllable or not is crucially dependent on the long-
run impact matrix, C. Table 8 reports the estimated C. The condition that
inflation can be controlled by the Fed (using the federal funds rate) is that
csr # 0 (or, because of the strong cointegration between F't and Trg, css # 0)
in the C' matrix. Both coefficients are positive (against the prior belief of a
negative impact on inflation in the long run), but only the federal funds rate
cs7 is significant in Table 8.

The above results suggest that shocks to the federal funds rate have primarily
had a cost-push effect on inflation. The two negative elements in the inflation
row, c34 and cs5, corresponding to the tbill rates, are not significantly different
from zero. The most significant long-run impact on inflation is from shocks to
the output gap, possibly signifying a ’demand-pull’ effect on inflation. Hence,
the widely held belief that the Fed can bring US CPI inflation down by increasing
the federal funds rate does not obtain empirical support.

5.3 Simulating the new process

As an example of the effect of rule (13) on the variables in the economy, we
have used the estimated parameters and residuals from the VAR model of this
section to generate the process )¢ based on (12):

new ctr

~/ ~ ~
ot = o + (B " — i) + T1Af"” + PDyyy + €t
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Without interventions the process x; would be generated by:

~/ ~ ~
Ti41 = Tt + 6&(6 Ty — ﬁb) + FlAJ)t + q)Dt+1 + ét+1.

By subtracting x4, from zifY we find an expression for x7{{ in terms of

Tpp1, Ty, Axy, 6 and Azt given by:

N ~
Ty = wepr + (L + 6B ) (0f — @) + T1A@" — 2y),
which together with (13)

A~ A A PPN ~/ N
2t = aper — a(b'Ca) T aper — b+ H(CT — L)B(E B)~ (B ape — )
+H/CTy (e — agtn)

can be used to derive the new process. The intervention, given by the difference
a’(z§'" — xPev), is graphed in Figure 6 together with the Federal Funds rate.
The additional interventions needed to make inflation stationary are very small
indeed. The derived interventions and the observed VAR residuals are negatively
correlated suggesting that the former comprise a small negative correction of the
actual ’shocks’ to the federal funds rate.

Because the long-run impact of permanent shocks to the federal funds rate
was significant (though positive), inflation is controllable. By applying the con-
trol rule (13), inflation would have become stationary around a target mean of
2% as illustrated in Figure 7. However, the difference between the 'new con-
trolled’ inflation rate and the observed inflation is not very large in this period.

6 Conclusions

Based on the cointegrated VAR model this paper has derived a simple policy
control rule related to the discrepancy between the actual and desired value of
the target variable, and to the equilibrium errors in the economy as described by
the cointegrating relations. The results are given for the case when the number
of targets are the same as the number of instruments and when the objective
is to change a given process to a stationary process with a mean given by the
desired target value. When the control rule is applied at all time points the
dynamics of the target variable change as a result of intervening in the market,
but the parameters of the other equations of the model do not change. The
new process is still generated by a VAR model in which the target variable is
now stationary around the target value. This result holds under controllability,
expressed as a condition on the elements of the long-run impact matrix.

The theoretical results were applied to US monetary data. In the period
examined the most important instrument used by the Federal Reserve Bank
was open market operations with the purpose of changing the federal funds
rate to make it follow the Fed’s target rate. Assuming that this first control
operation works well (as it obviously does), standard theory assumes that an
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intervention to the federal funds rate first changes the short-term market rates,
then the long-term market rates and, finally, via the transmission mechanism of
the economy, the final target (the goal) variable in the desired direction. The
effectiveness of monetary policy is thus dependent on there being an exploitable
relationship from the intermediate target via the macroeconomic transmission
mechanism to the final target, the inflation rate.

The empirical assessment was done in two steps: In the first step the con-
trollability of an intermediate target (the 3 months tbill rate) by the Fed was
examined based on daily data. In the second step the transmission mechanism
from the federal funds rate to short-term market rates and from the latter to
the macroeconomy and the inflation rate was estimated based on monthly data.
In both steps the claim that inflation can be controlled by the Federal Reserve
Bank increasing the federal funds rate did not receive empirical support using
the definitions and modelling framework discussed here.

Three important conditions needed for short-term interest rate control to
work as desired did not receive empirical support in the data:

1. The Fisher parity, which assumes that expected inflation is determining
nominal interest rates and that real interest rate is constant or stationary.

2. The expectations hypothesis of interest rates, which assumes that the
spread between interest rates of different maturities should be stationary
and consequently that one common trend is driving the interest rates.

3. The link between interest rates of different maturity, that is assumed to
run from the short rates set by the central bank to the long-term market
rates.

None of the nominal interest rates (the federal funds rate, the 3 and 6 months
treasury bill rates, and the 10 years government bond rate) appeared cointe-
grated with CPI inflation rate (which under weak assumptions of rational agents
should be cointegrated with expected inflation). Consistent with this (Juselius,
1999) we found that the spreads were not pair-wise stationary, indicating more
than one common trend in the term structure of this period. Nevertheless, ho-
mogeneity between the market rates was accepted demonstrating the close links
between nominal market rates. Finally, the link was from the long-term bond
rate to the shorter end of the term structure, as defined by the weak exogeneity
tests and the estimated adjustment dynamics, and not the other way around.
This is consistent with the results in Juselius and MacDonald (2000a, 2000b)
where domestic and foreign transmission effects on inflation, interest rates, and
real exchange rates were investigated.

Several other empirical studies based on European data have similarly found
monetary effects on inflation to be negligible in the last decades of increased
globalization and capital liberalization (Juselius, 1998). Also, the role of infla-
tionary expectations and their effect on forward (wage) contracts, and of excess
aggregate demand for demand-pull inflation seem to have become less significant
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(Juselius, 2000). Therefore, central banks seem to primarily have caused cost-
push inflation when increasing interest rates to curb inflationary expectations
and to decrease demand-pull effects on inflation.
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A Appendix: Linear control rules

The purpose of this Appendix is to present a more general formulation of the
simple linear control rule discussed in the main bulk of the paper. Applications
of control theory in economics have been extensively treated for stationary data,
see for example Preston and Pagan (1982), but not in the context of cointegrated
VAR models. Therefore, the results here are almost exclusively derived for the
latter models.

The general objective is to change some target variables so that they become
stationary with the mean given by the desired target values. The results are
derived for the case when the number of targets is the same as the number of
instruments. By applying the control rule at all points of time the dynamics of
the process change and we need to derive the properties of the process resulting
from the new model. The main result is given in Section A.1, Theorem 7, for
the control of a nonstationary process with one lag and no trend, and extended
in Section A.2 to a process with several lags and a trend. Finally, in Section A.3
we give the results for how to change the mean of a stationary target variable
to become the desired target value.

A.1 A general linear control rule

We assume here that the simple VAR(1) model (2) describes the macroeconomy
and define a general linear control rule from a p X m matrix x, and an m vector
ko by

ctr

o = a2y + a(K 2 — ko).

When applying the rule at all time points we create a new model which generates
the new process x7°*. Based on x7°" the central bank chooses an intervention
given by the control rule

o' = (I, + ar')x}" — ako. (16)

The market on the other hand generates the next value of the new process based
on model (2)

ot = (I + af)af"™ — ap+ e (17)
We then prove
Theorem 7 If x; is given by the model
Azy = (B — p) + e
and we apply the control rule
28 =z + a(k'zy — ko), (18)

at all time points, then the new process " is given by a VAR(1) model.
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The new process is an I(1) process with (r + m)—dimensional cointegrating
space sp(B, k) and adjustment space sp(a,a), if and only if

g (Tr e A ) <0 (19)

In this case

|k'Cal| # 0 (20)

and (B, k) xPe? is stationary with mean (', ky)'

given by

and a long-run impact matriz

cmev = ¢ — Ca(k'Ca)~ K/ C. (21)

If K¥'a =0, then k'z}e* is VAR(1) with coefficient matriz I,,, + 'a. Hence, it is
white noise around ko if and only if

I, +r'a=0. (22)

Thus, by adding a(x’z; — ko) to the process at all time points we remove
m unit roots, if condition (19) is satisfied. This condition rules out explosive
roots, not only of the new combinations x’z¢% but also for 3'z}¢*. It is there-
fore needed for the new process (3, k)’ z7°" to be stationary. In particular, if we
choose k'a = 0, the results simplify considerably, and the process k'z}** be-
comes autoregressive and under (22) even white noise. If ’o = 0, the stationary
roots of the original process are also roots of the new process.

The important necessary condition for achieving stationarity of the variable
K’z is given by |k'Cal # 0, see (20). Thus, in the example in Section 2 we can
make the nonstationary inflation rate m; stationary using the interest rate R;
as an instrument provided the relevant element of the C matrix is nonzero:

Oﬂ"R 76 0.

Proof. Substituting (16) into (17) we derive the equation for the new process
oty = (Ip + af')(Ip + ar")ap™ — ako) — o+ ee4a

or

new

/
ApE? = (a (Ip+aﬁ’)&)< i —p )mﬂ, (23)

/
Kz — Ko

which define a VAR(1) model for z¢*. Condition (3) for the process to be a
cointegrated I(1) process is given by (19). If (19) is satisfied then

’ ( Ba (I,+8a)fa

o el )| = wala - saay el = Fallca
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is nonzero, which proves (20). If condition (19) holds there are m + r cointe-
grating vectors (0, k) and the adjustment coefficients have changed to

Q™" = (a, (I, + a3)a).

Hence,

new)

sp(a = sp(a, a).

If ' = 0, condition (19) simplifies to

. I.+5a (I +Fa)fa
(7 g

which is equivalent to

|eig(I + B'a)| <1 and |eig(I, + K'a)| < 1.

/ new .

Multiplying (23) by &/, for which «’a = 0, we find an equation for x'z
KAz = Ka(k'2P — ko) + Kerqa,

which shows that «’z¢* is a VAR(1) process. If in addition x'a = —1I,,, it is
white noise around its mean.
To derive the new matrix C™¢" we first calculate

( Ba B'(I, + af)a >1 _ < Ay A >
I€/Oé H/(Ip —+ aﬁ/)a A21 A22
where

A= (6 a) (ﬂ'a)fl B' (I, + af)a(x'Ca) ' o (6 )

Ay = —(K'Ca)~ Ha(ﬁa) !

A =— (B a) "(I, + af)a(k'Ca) =t

Ao = (K'Ca)
and then find

/ / N= \ —1
onev — Ip o (Oé, (Ip + aﬂ’)a) ( 6 « 6 (Ip + a/@/)g ) (/67'%)/

K a K (I, + af")

/-\

which reduces to the expression given in (21). m

A.2 A model with several lags and a linear trend

Next we apply the main result in Theorem 7 to a model with more lags and a
linear trend. We allow the control rule to depend on deviations from trend of
current and lagged observations:

k
2 = 2+ (Y Ki(wiipn — (= i+ 1)) = o).

i=1
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It is convenient to introduce the stacked process. To keep notation simple we
assume here that £ = 3 and define

xy —t €t Iz
i‘t = Ti—1 — ’)/(t - 1) ,gt = 0 s [L = 0 5 (24)
Ti_o —y(t—2) 0 0

and write (1) as an error correction model in companion form

Ady = (B F1-1 — i) + &,

(25)
where

(0% F1 FQ (62N

a= 0 I, O , = Ty , (26)
0 0 I, —Tya

- ﬁ ]p 0 - ﬁJ_

g = 0 *Ip Ip , By = /8J_ (27)
0 0 —1, 6.

We find

&LBJ_ = a/J_(Ip —T1—T9)B, = a/J_FBJ_’

which for an I(1) process has full rank, (Johansen 1996, Theorem 4.2). Finally,
we find the long-run impact matrix

. o - IP IP /
C=pg.(a\p) e =1L |C| -T7 |, (28)
1, —T
where
C=pB, (T8 ) ey (29)
We now define the extended instrument, target and control matrices
a . b K1
a=1 0 |,b6=10 |,&=| ko |,
0 0

K3
and formulate the general result for model (1).

Theorem 8 If (i) z; is a VAR(k) process given by (1) and (it) we apply the
recursively defined control rule
Igtr — x?ew

k—1
+ary (ap —t) +ad  wia (@ —y(t =) — ko), (30)
i=1
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at all time points, and (iii) the new process is defined by the equations

k—1
gj?_fefl‘) = (Ip + Oé,@'l)xgtr _ ap/t —op+ ZFZ(A:E)?ZI—Z — ’}/) + €41,
i=1
then the stacked process (xp®", xft], ... x{t"} 1) is given by a VAR(1) model.

The stacked process is an I(1) process with r + m cointegrating relations if
and only if

~7 P N S
cig| e (LH5a)s f‘,“flzl~ IRIES? (31)
R'a I, +R'(I, +ap )a(d'a)
In this case
|k'Cal #0 (32)

and B 2P — p't — p and k' (27 —~t) — kg are stationary with mean zero. Here
(k= Zle k;). The stacked process has a long-run impact matriz given by

/

I I
I, T
(C — Ca(k'Ca)™1k'C) , . (33)
Ip 711271
If #a =0, or equivalently

Oé/lﬁll = 0, IZZ/ = Iﬁ]/l(.[p, —Fl, ceey _Fk—l)a (34)

then Kjzpe" + Zi:zl kieft 1 s a VAR(1) with coefficient matric I, + K\a.
Furthermore, if

I, + Kkja=0, (35)
k—1 . ) . )
then kizP” + 5.7, /Q;:E‘t:t_’;_i_l 1s white noise around its mean.

Proof. For notational simplicity we let k& = 3 and assume without loss of
generality that v = 0, and hence p = 0. The stacked process is given by the
equations

Ady = &(F 71 — i) + &

We now apply Theorem 7 to the stacked process and the control rule & at all
time points and obtain from (16) and (17) the equations

= apeY +a(@'a) (R — ko) (36)
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and
~new ~ 2\ ~ctr ~ ~ ~
Fe = (Top + &F)ET — G+ Eusa. (37)

From (36) we find for " = (24", 264, £5§,™)’, and similarly for ¢, the
equations

sctr =l new = ./ xnew = ./ snew =
9 = (Ip + arky)TFY + ary@hY + aksiye™ — aro,

sctr _ snew
Lot = Tap (38)
jctr — gnew

3t — 3t

and from (37) we get

By = (I + o' + T — (Ty — Do) @8} — Todsl” — ap+ erq,

~ et

55 = I (39)
i, = sy

We find that

~ctr _ ~new __ ~ctr
Lot+1 = 241 = L1

and
~ctr _ ~new __ ~etr _ ~etr
T3a41 = U341 = T2 = T1g—1
ctr __ sctr new __ ynew
so that for x{"" = z{;” and zp°¥ = 277", we get
xctr pnew
£ tt tt
~ctr ctr ~new __ ctr
Ty = xt;l Ty = $t{1
ctr ctr
$t72 Ty

Substituting (36) into (37) we see that Z}'¢} satisfies the VAR(1) model
~new ~new ~ N~y — A
Fpe = AT — (I + & )a(@a) ko — &+ Eura, (40)
where A is given by
B(]p + (_Ifﬁ',ll) Bc_lli'/z —TI'1 419 Bc_llﬁé —TI'y
A= I, +axj aKs ars
0 I, 0

with B = I, + a8’ +Ty. The first equation in (40) defines 2'¢} in terms of z}*
and the lagged ”controlled” values that were valid in previous periods. The
next set of equations defines the controlled values based on the intervention rule
(38). Note that z7¢" is not a VAR process in companion form because of the
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second set of equations. Hence the first component, z}***, need not be a VAR
process.
From Theorem 7 we find, under assumption (31), that the processes

~/
smnew new/ new/ ctr/ ctr/ ctr/\/
B ape = (ape’ B, ape — af, af] — x{")

»lyanew . .new /! .ctr ! .ctr
Rxy™ = Koy ™" + KXy Ty + K3® o

are stationary around fi and kg respectively. This shows that 3 x¢¥ — p, alew —

2 and x", — x§'", are stationary with mean zero. From

new ctr ctr /!, new new ctr

/ / / _ / / new ctr
K12y + Roxily + KTy = Koy — ko (2 — i) — k(2 — i)

it follows that &'z} — Ky is also stationary with mean zero.
Finally we notice that

/

B I, I, a
#Ca= (K, kyk5) | I, |C| —T} 0 | =x'Ca,
I, T 0

which proves (32), and shows that (33) is a consequence of (21). The condition
&'k = 0, becomes

o'k =0, T)k1 + ko = Thky + kg = 0.

A.3 Controlling a stationary variable
We finally give a result on the control of a stationary variable.
Theorem 9 If x; is given by the model
Azy = a(Bri 1 —p) + e
and we apply the control rule
o = a +a(¢' (8w — p) — ko),

at all time points, then the new process ¢V is given by a VAR (1) model which is
I(1) with cointegrating space sp(3), and adjustment space sp(a+ (af' + I,)ag’),
if and only if

leig(I, + B'a)(I, + B'ad’)| < 1. (41)
In this case ¢' (3’2" — p) — Ko is stationary with mean

—(I + ¢’ (I, + (B'a) ™) B'a) k. (42)
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If V'xy is stationary, b* is the desired target value, and V'a = 0, then the
control rule

2 = x dab'z, — b — O b — V(B a) 1)),
makes b'z; stationary around b*, provided
= Va(fa) ' (Fat+)(Fa)"'fa=—-bAz)""a|m (43)
has full rank, where A(z) is the characteristic polynomial of the process.

Condition (43) is roughly the same as the condition |b'Ca| # 0, in the sense
that they both relate to the leading term in the expansion of A(z)~!, since if
|b'Cal # 0, then

bCa = ll_)rri(l —2)V A(2) " a.
Proof. We find as before the equations
Aty = (a+ (I + af)ag))(F'ay — p) = (I, + af)ako +epr. (44)
The condition for the process to be I(1) is
leig(Ly + (e + (I, + af)ad))| <1,

which is equivalent to (41). Multiplying (44) by 8’ we find, since E(8 Axpevw) =
0, that

0=0"(a+ (I, + af)ad ) E(B zr — u) — (I, + B a)f ako.

The coefficient matrix to E(3'z}¢”) is full rank by assumption (41). Hence,
with ¢ = (I, + (8'a) 1)@ we find

¢'E(B'xp — p) = ¢ (I + ¢') " pro = (L, + ¢'y) 7

which shows (42).
If 'z, is stationary, then b = B¢. We can choose ¢ = (o/3)~1a/b and, using
(42), it follows that

(b/ new) _ (d) ,6/ new) d)/ﬂ + @<I7’ + @)—1’{0 — b*,
which has the solution
ko = (I + O (b — 'p).

Hence, b'z¢* has mean b*, when © has full rank.
Condition (43) concerns the matrix © which we simplify using the relation

Va(fa) t8a=ba=0

37



0 =Va(@Fa) (Fa+)(Fa)"Fa
=Va-+ b’a(ﬁ’a)_Qﬂld = b’a(ﬂ/a)_Qﬂld.

We finally find the characteristic polynomial and its inverse

A(z) = (1= 2)I, — af'z,

A(z)7t = Cliz +a(fa) LY (I 4+ )y B2 2 #1,
and for b = B¢, we have
VA(z)  al,—1 = Va(fa)™? Z(IT +Ba) faz|.—1 = —ba(fa)2Fa.
i—0

K2
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B Appendix: The data.
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Figure 8: Daily observations of the federal target rate and the federal funds rate
(panel a), the 3 months treasury bill rate and the federal target rate (panel b),
and the 6 months treasury bill rate and the federal target rate (panel c) over
the period 1996.01.02 to 1999.03.26. The plots are mean adjusted.
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Figure 9: The graphs of monthly observations of the deviation of real GDP from
a linear trend (panel a), deviations of real M3 from a linear trend (panel b), and
the yearly CPI inflation rates (panel c).
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Figure 10: The graphs of monthly observations of the federal reserve rate and
the federal target rate (panel a), the 3 months treasury bill rate and the target
rate (panel b), and finally the 6 months treasury bill rate and the 10 years
government bond rate (panel c).
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