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Xqghufxw0surri vxejdph shuihfw
htxloleulxp ri d sulflqj jdph

Ghedeudwd GdwwdW

Ghsduwphqw ri Hfrqrplfv

Dvxwrvk Froohjh/ Fdofxwwd Xqlyhuvlw|

<5 V1 S1 Pxnkhumhh Urdg/ Fdofxwwd :33 359/ Lqgld

Mdlghhs Ur|_

Lqvwlwxwh ri Hfrqrplfv

Xqlyhuvlw| ri Frshqkdjhq

Vwxglhvwuégh 9

GN 4788 Frshqkdjhq N/ Ghqpdun

Dsulo 43/ 5334

Devwudfw

Wzr �upv vhoolqj d krprjhqrxv surgxfw wr wzr w|shv ri ex|huv

duh lqyroyhg lq d vhtxhqwldo sulflqj jdph zlwk }hur frvwv1 Wkh sulflqj

vwudwhj| dydlodeoh lqyroyhv d �{hg sulfh dqg d ur|dow|1 Lw lv vkrzq wkdw

wkhuh h{lvwv d xqltxh vxejdph shuihfw htxloleulxp zlwk srvlwlyh sur�wv

wr erwk �upv li dqg rqo| li ex|huv gl�hu vljql�fdqwo| lq wkhlu zloolqjqhvv

wr sd|1 Lq sduwlfxodu/ wkh lqfxpehqw vhwv d srvlwlyh ur|dow| dqg vhoov

wr wkh orz ghpdqg ex|hu zkloh wkh hqwudqw rqo| fkdujhv d �{hg sulfh

dqg vhoov wr wkh kljk ghpdqg ex|hu/ uhvxowlqj lq dq xqghufxw0surri

vxejdph shuihfw htxloleulxp1

Nh|zrugv= vhtxhqwldo sulflqj/ �{hg sulfh/ ur|dow|/ xqghufxw0surri

vxejdph shuihfw htxloleulxp vlwxdwlrq1

MHO= F:6/ G76/ O461

WGhedeudwd Gdwwd judwhixoo| dfnqrzohgjhv uhvhdufk vxssruw dqg krvslwdolw| surylghg

e| wkh Lqvwlwxwh ri Hfrqrplfv/ Xqlyhuvlw| ri Frshqkdjhq gxulqj wkh suhsdudwlrq ri wklv

pdqxvfulsw/ dqg wkdqnv Elujlw Jurgdo lq sduwlfxodu lq wklv uhjdug1 who= .<4 66 7;8 57<3>

h0pdlo= gdwwdbghedeudwdCpdqwudrqolqh1frp
_
who= .78 68 65 77 55> id{= .78 68 65 63 33> h0pdlo= mdlghhs1ur|Chfrq1nx1gn
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4 Lqwurgxfwlrq

Lq wkh odwh vhyhqwlhv/ [hur{ fdph wr Lqgld wr vhoo skrwrfrs|lqj pdfklqhv

dqg dv kdv ehhq wkhlu xvxdo sudfwlfh wkurxjkrxw wkh zruog/ wkh| lqwurgxfhg

d sulflqj srolf| zklfk fkdujhg d �{hg sulfh shu pdfklqh dqg d ur|dow| rq

hdfk frs| pdgh1 Zlwklq d frxsoh ri |hduv/ Fdqrq dovr hqwhuhg wkh pdunhw

zlwk d sulflqj srolf| zkhuh vxfk ur|dowlhv zhuh devhqw1 Zlwk wkh dgyhqw

ri wkh skrwrfrs|lqj whfkqrorj|/ pdq| lqglylgxdov vwduwhg vhwwlqj xs vpdoo

exvlqhvvhv zklfk lqyroyhg skrwrfrs|lqj iru rwkhuv djdlqvw d sulfh shu frs|1

Ghshqglqj xsrq wkh orfdwlrq ri wkh frs|lqj vkrs/ vxfk hqwhusulvhv frxog

eh fodvvl�hg lqwr kljk dqg orz ghpdqg orfdo prqrsrolvwv1 Lw vr kdsshqhg

wkdw ryhu wkhvh |hduv prvw ri wkh orz ghpdqg xvhuv suhihuuhg [hur{ zkloh

Fdqrq ehfdph srsxodu zlwk wkh kljk ghpdqg rqhv1 Zk| glg Fdqrq qrw

rsw iru d sulflqj srolf| h{dfwo| olnh wkdw ri [hur{ dqg fkdujh d �{hg sulfh d

olwwoh ohvv wkdq [hur{ dv wkhq Fdqrq zrxog kdyh wdnhq wkh hqwluh pdunhw ri

vxfk vkrsnhhshuv/ olnh lq d w|slfdo sulfh frpshwlwlrq prgho zlwk krprjhqrxv

surgxfw B

Wr dgguhvv wklv lvvxh/ zh xvh d prgho zlwk wzr orfdoo| prqrsrolvwlf

vkrsnhhshuv zkr gl�hu lq wkh ghpdqg wkh| idfh iru skrwrfrs|lqj dqg hdfk

vkrsnhhshu ex|v rqo| rqh pdfklqh1 Wkhuh duh wzr �upv zkr vhoo wkhvh pd0

fklqhv dqg erwk kdyh wkh rswlrq ri fkdujlqj d ur|dow| ru qrw1 Ehwzhhq wkhp/

rqh �up lv dq lqfxpehqw zkloh wkh rwkhu lv d srwhqwldo hqwudqw1 Wklv lv d

w|slfdo vhtxhqwldo sulflqj jdph zlwk wkh txdol�fdwlrq wkdw wkh sulflqj whfk0

qrorj| lv vrph irup ri d cwlh0lq* +vhh Wluroh 4<<7/ ss 479,14 Ilupv kdyh

}hur frvw dqg wkxv vlqfh xqghufxwwlqj lv ihdvleoh/ wkh lqfxpehqw jhwv }hur

sur�wv xqohvv lw fdq lqgxfh wkh hqwudqw/ e| d vxlwdeoh fkrlfh ri vwudwhj|/ qrw

wr xqghufxw ryhu wkh h{lvwlqj sulfh1 Zh fdoo vxfk d srvvlelolw| +li lw h{lvwv,

xqghufxw0surriqhvv= Ex|huv fkrrvh wr ex| iurp wkh �up zkrvh sulflqj whfk0

qrorj| lv pruh dwwudfwlyh zkloh zkhqhyhu wkh| duh lqgl�huhqw/ wkh| dozd|v

ex| iurp wkh hqwudqw15 Zh vkrz wkdw wkhuh h{lvwv d xqltxh xqghufxw0surri

4Dv dq h{dpsoh ri dqrwkhu w|sh ri sulflqj whfkqrorj|/ Eodfnvwrqh +4<:8, vwxglhv d

frs|lqj pdfklqh lqgxvwu| zkhuh dq lqfxpehqw prqrsrolvw +VFP, xvhg wlh0lq srolf| e|

iruflqj wkh fxvwrphuv wr xvh d vshfldo w|sh ri sdshu zklfk zdv surgxfhg e| wkh �up lwvhoi1
5Wklv lv d wlh0euhdnlqj vlpsol�fdwlrq zlwk wkh lqwhusuhwdwlrq wkdw li wkh hqwudqw r�huv
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vxejdph shuihfw htxloleulxp zkhuh

+l, erwk �upv fdq hduq srvlwlyh sd|r�v xqghu rxu jhqhudo sulflqj0vwudwhj|

vsdfh li dqg rqo| li vkrsnhhshuv gl�hu vljql�fdqwo| lq wkh vl}h ri ghpdqg wkh|

idfh lqglylgxdoo|/

+ll, wkh lqfxpehqw �up dozd|v fkdujhv d �{hg sulfh dqg d srvlwlyh ur|dow|

shu frs| zkloh wkh hqwudqw rqo| xvhv d �{hg sulfh/

+lll, wkh sulflqj frqwudfw r�huhg e| wkh lqfxpehqw xvhv d ur|dow| zklfk

lv vwulfwo| ohvv wkdq wkdw li lw zhuh d prqrsrolvw dqg ghflghg wr vhuyh erwk

wkh vkrsnhhshuv/ dqg

+ly, wkh orz ghpdqg vkrsnhhshu ex|v iurp wkh lqfxpehqw zkloh wkh kljk

ghpdqg rqh ex|v iurp wkh hqwudqw1

414 Uhodwhg olwhudwxuh

Wkhuh lv d odujh olwhudwxuh wkdw vwxglhv sulfh frpshwlwlrq vlqfh Ehuwudqg*v

+4;;6, fulwltxh djdlqvw Frxuqrw frqmhfwxuhv1 Lq jhqhudo lw lv vkrzq wkdw

olqhdu sulfh frpshwlwlrq gulyhv sur�wv wr frpshwlwlyh ohyhov gxh wr wkh wkuhdw

ri sulfh xqghufxwwlqj/ h{fhswlqj zkhq �upv idfh fdsdflw| frqvwudlqwv +Nuhsv

dqg Vfkhlqnpdq +4<;6,/ ru wkh jrrgv duh gl�huhqwldwhg1

Zlwk wkh srvvlelolw| ri qrq0olqhdu sulflqj/ yhuwlfdo pdunhw vhjphqwdwlrq

uhvxowv zkhq frqvxphuv gl�hu lq wkhlu ydoxdwlrq ri wkh surgxfw1 Vshqfh

+4<::, vkrzv wkdw wkhuh h{lvwv d qrq0olqhdu sulflqj vwudwhj| wkdw glylghv wkh

pdunhw rq wkh edvlv ri gl�huhqw dprxqwv sxufkdvhg e| lqglylgxdo frqvxphuv1

D vlplodu skhqrphqrq rffxuv lq rxu fdvh dv zhoo1 Pxvvd dqg Urvhq +4<:;,

�qgv vlplodu vhsdudwlqj htxloleuld dvvxplqj yduldwlrq lq wkh txdolw| ri wkh

surgxfw sxufkdvhg1

Zdooqhu +4<<<, dqdo|}hv d �qlwh krul}rq vhtxhqwldo pryh sulflqj gxrsro|

zlwk d krprjhqrxv surgxfw/ zkhuh �upv xvh Pdunry vwudwhjlhv dqg hduq

sd|r�v hdfk shulrg1 Wklv lv lq frqwudvw wr rxu fdvh zkhuh dq h{whqvlyh irup

jdph lv vwxglhg dqg sd|r�v duh uhdol}hg rqo| zkhq doo sod|huv kdyh fkrvhq

d sulfh vxfk wkdw wkh d ex|hu lv lqgl�huhqw ehwzhhq ex|lqj iurp wkh lqfxpehqw dqg wkh

hqwudqw/ wkh hqwudqw dfwxdoo| xqghufxwv lq�qlwhvlpdoo|1
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wkhlu vwudwhjlhv1 Wkh vroxwlrq |lhogv vwdwlrqdu| sdwwhuqv zkhuh wkh uhdfwlrq

ixqfwlrqv iroorz 60shulrg f|fohv1 Wkh pdunhw sulfh qhyhu vhwwohv grzq dqg

lv dw doo wlphv vwulfwo| deryh pdujlqdo frvwv1

Forvhvw wr rxu zrun lv wkh rqh e| Prujdq dqg Vk| +4<<9,1 Wkh| sursrvh

dq htxloleulxp frqfhsw vlplodu wr rxuv fdoohg Xqghufxw0Surri htxloleulxp

lq d vlqjoh0vkrw sulflqj jdph ehwzhhq �upv surgxflqj gl�huhqwldwhg eudqgv

dqg vkrz wkdw zkhuhdv d Qdvk0Ehuwudqg htxloleulxp lq sxuh dfwlrqv qhyhu

h{lvwv/ d xqltxh xqghufxw0surri htxloleulxp dozd|v h{lvwv dqg eudqg sulfhv

prqrwrqlfdoo| glyhujh zkhq wkh eudqgv ehfrph pruh gl�huhqwldwhg dqg duh

lghqwlfdo zkhq wkh eudqgv ehfrph krprjhqhrxv1 Krzhyhu lq rxu prgho/

d vlplodu htxloleulxp lv ghulyhg hyhq zlwk d krprjhqrxv jrrg exw zlwk

yduldwlrq lq wkh ydoxdwlrq ri ex|huv1 Zh dovr revhuyh d vlplodu prqrwrqlf

glyhujhqfh sdwwhuq gulyhq e| gl�huhqw ghpdqg lqwhufhswv ri wkh vkrsnhhshuv1

Wkh uhvw ri wkh sdshu lv vwuxfwxuhg dv iroorzv1 Lq vhfwlrq 5 zh ghvfuleh

wkh prgho1 Vhfwlrq 6 dgguhvvhv lvvxhv uhjduglqj h{lvwhqfh/ qrq0h{lvwhqfh

dqg xqltxhqhvv ri vxejdph shuihfw htxloleuld ri wkh jdph lqgxfhg e| wkh

hqylurqphqw vwxglhg1 Ilqdoo| wkh sdshu frqfoxghv lq vhfwlrq 71

5 Wkh prgho

Wzr �upv/ { dqg |/ zlvk wr vhoo d krprjhqrxv jrrg zklfk fdq eh xvhg dv dq

lqsxw wr jhqhudwh sur�wv1 Iru vlpsolflw| dqg zlwkrxw dq| orvv ri jhqhudolw|

zh dvvxph }hur frvw ri surgxfwlrq ri wkh jrrg1 Wkh jrrg lv sxufkdvhg e| wzr

vkrsnhhshuv/ 4 dqg 51 Wkh jrrg fdq eh xvhg e| wkh vkrsnhhshuv wr surgxfh

rxwsxw zklfk fdq eh vrog lq d pdunhw1 Wkh vkrsnhhshuv duh orfdo prqrsrolvwv

dqg idfh lqyhuvh ghpdqg ixqfwlrqv s�+t�, @ d � t� dqg s2+t2, @ 4 � t2

uhvshfwlyho|1 Zh dvvxph iru vlpsolflw| wkdw rqfh wkh vkrsnhhshuv dftxluh

wkh jrrg/ wkh| idfh }hur frvwv ri surgxfwlrq1 Ohw +��>D�, 5 Un�Un eh wkh

sulfh frqwudfw r�huhg e| �up l @ {> |1 Li vkrsnhhshu m @ 4> 5 ex|v wkh jrrg

iurp �up l dqg ghflghv wr vhoo t� xqlwv ri klv surgxfw/ wkhq wkh sd|r� wr

vkrsnhhshu m lv

x�+��> D�> t�, @ s�+t�,t� � ��t� �D�/
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zkloh wkh sd|r� wr �up l lv

X�+��> D�> t�, @ ��t� .D�1

Ilup { lv wkh cohdghu* dqg lv wkh �uvw wr r�hu +�%>D%,1 Diwhu revhuylqj

wkh pryh ri {/ �up | r�huv +�+> D+,1 Wkh jdph hqgv dqg wkh vkrsnhhshuv

vhoi vhohfw wkhpvhoyhv lq wkhlu prvw suhihuuhg sulflqj rswlrq1 Doo sod|huv kdyh

d }hur uhvhuydwlrq sd|r�1

Lq zkdw zh iroorzv zh duh lqwhuhvwhg lq �qglqj wkh vhw ri vxejdph shuihfw

htxloleuld ri wkh h{whqvlyh irup jdph lqgxfhg e| wkh deryh hqylurqphqw dqg

sod|hg ehwzhhq wkh �upv dqg wkh vkrsnhhshuv1

6 Dqdo|vlv

Ohw xv �uvw frqvlghu wkh sureohp idfhg e| vkrsnhhshu m zkr ex|v iurp �up

l1 Vkrsnhhshu m fkrrvhv t� wr vroyh

Pd{
^�

s�+t�,t� � ��t� �D�1

Wkh �uvw rughu frqglwlrq ri wkh deryh sureohp |lhogv rswlpdo fkrlfh ri t�

htxdo wr

t
W

� +��> D�, @

�
@3Z�

2
iru m @ 4

�3Z�

2
iru m @ 5

zkloh wkh pd{lpl}hg sd|r� wr vkrsnhhshu m lv

x
W

� +��> D�, @

�
�

e

�
d2 � 5d�� . �2� � 7D�

�
iru m @ 4

�

e

�
4� 5�� . �2� � 7D�

�
iru m @ 5

Ohppd 4 Iru dq| jlyhq N � 3/ wkh orfl xW
�
+��> D�, @ N dqg xW

2
+��> D�, @

N duh frqyh{ wr +3> 3,= Ixuwkhupruh/ wkh lvr0sd|r� ixqfwlrqv vdwlvi| wkh vlq0

joh furvvlqj surshuw| lq wkh +D� � ��, sodqh l� d 9@ 41

Surri1 Qrwlfh wkdw li �up l lv vhoolqj wr vkrsnhhshu m/ wkhq iru dq|

D� 5 Un/ �� ? d li m @ 4 dqg �� ? 4 li m @ 51 Vhwwlqj xW
�
+��> D�, @ N dqg

xW
2
+��> D�, @ N e| lpsolflw ixqfwlrq wkhruhp zh rewdlq

gD�

g��
@

�� � d

5
? 3 dqg

gD�

g��
@

�� � 4

5
? 3 uhvshfwlyho|1
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Vhfrqgo|/

g2D�

g�2�

@
4

5
A 3 dqg

gD�

g��
@

4

5
A 3 uhvshfwlyho|1

Wklv hvwdeolvkhv wkh frqyh{lw| surshuw|1

Vlqfh xW�+��>D�, lv frqwlqxrxv lq �� dqg D�/ iru hvwdeolvklqj wkh vlqjoh

furvvlqj surshuw|/ lw vx!fhv wr vkrz wkdw iru dq| jlyhq sdlu +��> D�,>
_��

_Z�
iru

vkrsnhhshu 4 lv gl�huhqw iurp wkdw iru vkrsnhhshu 5 zklfk lv wulyldo zkhqhyhu

d 9@ 41

Zh zloo dvvxph wkurxjkrxw wkdw d A 4 lpso|lqj wkdw 4 lv wkh kljk0

ghpdqg vkrsnhhshu lq rxu hqylurqphqw1 Vxssrvh iru d prphqw wkdw l lv d

prqrsrolvw dqg dvvxph wkdw l fdqqrw sulfh glvfulplqdwh1 Wkhq/ l kdv wzr

rswlrqv= +L, hlwkhu wr vhuyh rqo| vkrsnhhshu 4 ru +LL, wr vhuyh erwk 4 dqg 516

Sureohp +L, Vxssrvh wkhuhiruh wkdw l vhuyhv rqo| 41 Jlyhq dq| sdlu

+��>D�,/ l nqrzv wkdw t
W

�
+��>D�, @

@3Z�

2
dqg xW

�
+��>D�, @

�

e

�
d2 � 5d�� . �2

�
� 7D�

�
1

Vr l vroyhv wkh iroorzlqj sureohp1

Pd{
Z�c��

��

�
d� ��

5

�
.D�

v=w= =
4

7

�
d2 � 5d�� . �2

�
� 7D�

�
@ 31

Wkxv l*v sureohp uhgxfhv wr

Pd{
Z�

��

�
d� ��

5

�
.

d2 � 5d�� . �2
�

7

iru zklfk rswlpdolw| uhtxluhv

�
d� ��

5

�
�

d

5
@ 3

zklfk lpsolhv

�6+4, @ 3 dqg D6+4, @
d2

7
1

6Qrwlfh wkdw jlyhq dq| EZ�c ���/ li �
W

2 EZ�c ��� D f wkhq lw pxvw eh wkdw �W� EZ�c ��� : f1
Wkxv lq d prqrsro| vlwxdwlrq/ � fdqqrw vhuyh 2 rqo|1
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Sureohp +LL, Rq wkh rwkhu kdqg vxssrvh l vhuyhv erwk 4 dqg 51

Wkhq l*v sureohp lv

Pd{
Z�c��

5D� . ��

�
d. 4� 5��

5

�

v=w= =
4

7

�
4� 5�� . �2

�
� 7D�

�
@ 31

Wkxv l*v sureohp uhgxfhv wr

Pd{
Z�

4� 5�� . �2
�

5
. ��

�
d. 4� 5��

5

�
1

Rswlpdolw| uhtxluhv

d. 4� 5�� � 5 @ 3

iurp zklfk zh jhw

�6+4> 5, @
d� 4

5
dqg D6+4> 5, @

d2 � 9d. <

49
1

Iljxuh +4, ghslfwv wkh rswlpdo sulfhv fkdujhg e| d prqrsrolvw1 Wkh

prqrsrolvw*v htxloleulxp zloo eh xvhixo lq wkh uhpdlqlqj ri wkh dqdo|vlv1

Qrwlfh wkdw prqrsro| htxloleulxp uhpdlqv xqfrqvwudlqhg li dqg rqo| li d ? 6

dv rwkhuzlvh �6+4> 5, h{fhhgv 4 iru zklfk vkrsnhhshu 5 qhyhu ex|v +l1h1

tW
2
+�6+4> 5,, @ 3 zkhqhyhu �6+4> 5, � 41,

Lq wkh iroorzlqj wkhruhp zh vkrz wkdw zlwk gxrsro|/ erwk �upv fdq hduq

srvlwlyh sur�wv lq htxloleulxp dqg { vhwv d srvlwlyh ur|dow| zkloh | grhv qrw1

Wkhruhp 5 Wkhuh h{lvwv d xqltxh VSH zlwk �% 5 +3> 4, dqg �+ @ 3 l�

d � 4 .
s
51 Lq sduwlfxodu/ �% @

�I
2
? �6+4> 5,1 Pruhryhu +l, erwk �upv

dqg vkrsnhhshu 4 hduq srvlwlyh sd|r�v zkloh vkrsnhhshu 5*v sur�w lv }hur dqg

+ll, tW
�
@ sW

�
@ d@5 dqg tW

2
@

�

2
� �

2
I
2
dqg sW

2
@

�

2
.

�

2
I
2
/ lpso|lqj wkdw wkh

kljk0ghpdqg vkrsnhhshu fkdujhv d kljkhu sulfh shu frs| dqg vhoov d kljkhu

ghpdqg wkdq lwv orz0ghpdqg frxqwhusduw1

Surri1 Vxssrvh { fkrrvhv wr vhuyh rqo| 41 Wkhq { nqrzv wkdw zkhq |*v

wxuq frphv/ | zloo kdyh wkh rswlrq ri vhuylqj rqo| 4 ru erwk1 Li | fkrrvhv

:



 
 
 
 A 
 

     Am(1) 
 
 
 
        u1

* = 0 
 
 u1

* > 0 
                      u2

* = 0 
 
                Am(1,2)  
 
 
                            0 
 �

m(1,2)                    1               a � 

Iljxuh 4= Prqrsro| Htxloleulxp

wr vhuyh rqo| 4 wkhq | zloo xqghufxw ryhu {*v vwudwhj|1 Rq wkh rwkhu kdqg

li | fkrrvhv wr vhuyh erwk fohduo| 4 zloo suhihu |*v r�hu wr wkdw ri { zkloh

5 zrxog uhpdlq lqgl�huhqw ehwzhhq wkh wzr r�huv1 Zlwk wkh wlh euhdnlqj

dvvxpswlrq +wkdw zkhqhyhu d vkrsnhhshu lv lqgl�huhqw ehwzhhq ex|lqj iurp

{ dqg | wkh| dozd|v ex| iurp |, { zloo qhyhu r�hu dq| sulfh wr vhuyh rqo|

41 Wklv zrxog lpso| wkdw iru dq| +�%>D%, zh kdyh x
W
2
+�%> D%, � 31

Vr wdnh dq| frqwudfw +�%>D%, vxfk wkdw xW
2
+�%> D%, � 31 Wkhq | kdv wzr

rswlrqv= +l, r�hu +�+> D+, vxfk wkdw rqo| 4 ex|v ru +ll, r�hu +�+> D+, vxfk

wkdw erwk 4 dqg 5 ex|1 Xqghu +l,/ |*v ehvw vwudwhj|/ jlyhq sureohp +L, ri wkh

prqrsrolvw/ lv wr vhw a�+ @ 3 dqg aD+ vxfk wkdw

aD+ @
5d�% � �2% . 7D%

7
1

Xqghu +ll,/ | idfhv wkh iroorzlqj sureohp1

Pd{
Z+c�+

5D+ . �+

�
d. 4� 5�+

5

�

v=w= = +l, xW
2
+�+>D+, @ xW

2
+�%> D%, dqg +ll, �+ � �%1

;



Qrwlfh wkdw wkh deryh sureohp lv htxlydohqw wr sureohp +LL, ri wkh prqrsrolvw

h{fhswlqj wkh idfw wkdw qrz | idfhv dq dgglwlrqdo frqvwudlqw +ll,1 Vlqfh wkh

vroxwlrq iru � lq wkh sureohp +LL, ri wkh prqrsrolvw lv lqghshqghqw ri D/ lw

iroorzv wkdw wkh rswlpdo vroxwlrq ri | lv

��+ @ plq

�
d� 4

5
> �%

�
iru dq| �%/ dqg �D+ @

5�% � �2% � 5��+ . ��2+

7
.D%1

Jlyhq wkh deryh/ { nqrzv wkdw wkh rqo| srvvlelolw| iru lw wr hduq d srvlwlyh

sur�w lv wr vhuyh 5 dqg hqvxuh wkdw | vhuyhv rqo| 41 Wkxv/ wkh sureohp idfhg

e| { lv

Pd{
Z%c�%

D% . �%

�
4� �%

5

�

v=w= = +l, aD+ � 5 �D+ . ��+

�
d. 4� 5��+

5

�
dqg +ll, xW

2
+�%> D%, � 31

Qrwlfh wkdw { fdq dozd|v gr ehwwhu e| fkrrvlqj +�%> D%, vxfk wkdw aD+ @

5 �D+ . ��+

�
@n�32�Z+

2

�
1 Wkhq zh jhw

D% @
d�%

5
.
�2%

7
� d��+

5
.

��+

5
.

��2+

5
� �%1

E| vxffhvvlyh uhsodfhphqwv/ {*v sureohp uhgxfhv wr

Pd{
Z%c�%

4

5
d�% �

4

7
�
2

% �
4

5
�+d.

4

5
�+ .

4

5
�
2

+ �
4

5
�%

v=w= =
4� 5�% . �2%

7
�D% @

4

7
.

4

5
�% �

4

5
d�% .

4

5
�+d�

4

5
�+ �

4

5
�
2

+ � 31

Vxssrvh �% � @3�
2
1 Wkhq/ ��+ @ �%1 Wkhq {*v sureohp uhgxfhv wr

Pd{
Z%

4

7
�
2

%

v=w= =
4

7
� 4

5
�
2

% � 31

Wkh xqltxh vroxwlrq wr wkh deryh sureohp lv

�
W
% @

4s
5
dqg D

W
% @

6

;
� 4

5
s
5
5 +3> 4, 1

<



Wkhq/

aD+ @
d

5
s
5
.

4

7
� 4s

5
1

Wkxv wkh sd|r�v ri wkh sod|huv duh=

X
W
%+�

W
%> D

W
%> a�+>

aD+, @
4

;
A 3/ XW+ +�

W
%>D

W
%> a�+>

aD+, @
d

5
s
5
.

4

7
� 4s

5
dqg

x
W
�+�

W
%> D

W
%> a�+>

aD+, @
d2

7
� d

5
s
5
� 4

7
.

4s
5
A 3/

x
W
2+�

W
%> D

W
%> a�+>

aD+, @
4� 5 �I

2
. �

2

7
�
�
6

;
� 4

7

s
5

�
@ 31

Qrz/ qrwlfh wkdw zh vwduwhg zlwk wkh dvvxpswlrq wkdw �W% � @3�
2
= Exw wklv

lpsolhv wkdw d � 4 .
s
51 Qrz dw d @ 4.

s
5 zh kdyh

X
W
+ +�

W
%> D

W
%> a�+>

aD+, @
6

7
� 4

7

s
5 A 3/

zklfk lpsolhv wkdw lq wkh uhohydqw udqjh ri �W% � @3�
2
/ zh kdyh

X
W
+ +�

W
%>D

W
%> a�+>

aD+, @
d

5
s
5
.

4

7
� 4s

5
A 31

Qrz vxssrvh �% A
@3�
2
1 Wdnh dq| +�%>D%,1 Li | zdqwv wr xqghufxw {

dqg vhuyh erwk vkrsnhhshuv/ wkhq | r�huv
�
��+> �D+

�
vxfk wkdw xW

2

�
��+> �D+

�
@

xW
2
+�%> D%,1 Jlyhq sureohp +LL, ri wkh prqrsrolvw/ zh kdyh

�
��+> �D+

�
@

�
d� 4

5
>
5� d

7
.

+d� 4,2

49
.

5�% � �2% � 4

7
.D%

�
1

Rq wkh rwkhu kdqg/ li | zdqwv wr vhuyh rqo| 4 e| wkh vwudwhj|
�
a�+> aD+

�
wkhq

jlyhq +�%> D%, dqg sureohp +L, ri wkh prqrsrolvw/ lw pxvw eh wkdw a�+ @ 3

dqg xW
�

�
3> aD+

�
@ xW

�
+�%>D%,1 Iurp wklv zh rewdlq

aD+ @ D% .
5d�% � �2%

7
1

Wkxv { vroyhv wkh iroorzlqj sureohp1

Pd{
Z%c�%

D% . �%

�
4� �%

5

�

v=w= = +l, aD+ @ �D+ . ��+

�
d� ��+

5

�
dqg +ll, xW2 +�%> D%, � 31

43



 
 
 
  
   A 
 
 Ây 

 A'
y                                       u1

* > 0  
 
 
 ��x

',Ax
') 

 
 
 

��x,Ax) 
 
 ��y,Ay) u2

* = 0 
 0  
 (a - 1)/2   � 

Iljxuh 5= Qrqh{lvwhqfh ri vxejdph shuihfw htxloleuld zlwk �% A
@3�
2
1

Qrz/ iurp frqvwudlqw +l, zh rewdlq

�% @
6 +d� 4,

;
1

Wkxv lw pxvw eh wkdw �W
%
@

�E@3��
H

1 Exw vlqfh zh dvvxphg wkdw �W
%
A @3�

2
/ wkh

vroxwlrq lv lpsrvvleoh1 Wklv lpsolhv wkdw �W
%
�

@3�
2

dqg wkhuhiruh ��+ @ �W
%

dqg zh duh edfn lq +l,1 Frqvhtxhqwo| wkh vkrsnhhshuv sur�w pd{lpl}lqj

vwudwhjlhv duh tW� @ sW� @ d@5 dqg tW2 @
�
2 �

�

2
I
2
dqg sW2 @

�
2 .

�

2
I
2
1

Frqvlghu �jxuh 5 zklfk dvvxphv wkdw �W
%
A @3�

2
1

Vxssrvh { fkrrvhv vrph +�%> D%,1 Wkhq lw lv fohdu wkdw li | zdqwv wr

xqghufxw dqg wdnh erwk wkh vkrsnhhshuv/ wkhq |*v ehvw vwudwhj| lv wr vhw

�+ @
@3�
2

dqg r�hu d frqvhtxhqw �{hg sulfh htxdo 1 Vxfk d sulflqj frqwudfw

iurp | lv wkh srlqw +�+> D+,1 Rq wkh rwkhu kdqg jlyhq +�%>D%, li | zdqwv

wr vhuyh rqo| vkrsnhhshu 4/ wkhq lwv ehvw vwudwhj| lv wr vhw �+ @ 3 dqg D+ @

aD+1 Vxssrvh iru wkh prphqw wkdw |*v sd|r� ehwzhhq +�+> D+, dqg
�
3> aD+

�

lv htxdo1 Wkhq zh vkrzhg lq sduw +ll, ri wkh surri ri wkhruhp 5 wkdw �%
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fdqqrw eh dw wkh vdph wlph juhdwhu wkdq @3�
2
1 Wkxv wkh rqo| rwkhu vroxwlrq

srvvleoh lv zkhq { ghvljqv lwv r�hu vxfk wkdw | uhfhlyhv d sd|r� rxw ri
�
3> aD+

�

vwulfwo| juhdwhu wkdq zkdw lw uhfhlyhv xqghu +�+>D+,1 Vr vxssrvh wkdw |*v

sd|r� xqghu
�
3> aD+

�
lv vwulfwo| juhdwhu wkdq xqghu +�+>D+,1 Jlyhq wklv/ {

zrxog �qg lw rswlpdo wr pryh wr d qhz vwudwhj| +��
%
>D�

%
, zklfk lv wr wkh ohiw

+dorqj wkh xW
2
++�%>D%, orfxv, ri +�%>D%, dv �upv dozd|v suhihu wr uhgxfh

wkh ur|dow| dqg lqfuhdvh wkh �{hg sulfh iru dq| jlyhq ohyho ri vkrsnhhshu*v

xwlolw| +wklv iroorzv gluhfwo| iurp sureohp +L, ri wkh prqrsrolvw,1 Lq idfw/ {*v

rswlpdo fkrlfh ri +��
%
> D�

%
, zrxog eh h{dfwo| zkhuh jlyhq +��

%
>D�

%
,/ | uhpdlqv

lqgl�huhqw ehwzhhq vhuylqj erwk wkh frqvxphuv +e| r�hulqj +�+>D+,, dqg

vhuylqj rqo| 4 e| r�hulqj +3>D+,1 Exw wklv eulqjv xv edfn wr wkh vlwxdwlrq

zkhuh jlyhq wkh frqwudfw r�huhg e| {/ | ehfrphv lqgl�huhqw ehwzhhq vhuylqj

rqo| 4 dqg vhuylqj erwk/ d fdvh zkhuh d vroxwlrq fdqqrw h{lvw li zh dovr

uhtxluh �% wr eh vwulfwo| juhdwhu wkdq @3�
2
1

Qrz vxssrvh zh doorz �% � @3�
2
1 Wkhq iurp wkh surri ri wkhruhp 5 zh

�qg wkdw wkhuh h{lvwv d xqltxh vxejdph shuihfw htxloleulxp wkdw lv ghslfwhg

lq �jxuh 61 Qrwlfh wkdw wkh htxloleulxp vwudwhj| ri { lv lqghshqghqw ri

d> wkh ghpdqg lqwhufhsw ri wkh kljk ghpdqg vkrsnhhshu1 Rq wkh rwkhu

kdqg/ dv d lqfuhdvhv/ wkh htxloleulxp �{hg sulfh fkdujhg e| | lqfuhdvhv

d!qho|1 Iru h{dpsoh lq wkh �jxuh/ 4 .
s
5 ? d� ? d2 dqg wkxv aDW

+
+d�, ?

aDW
+
+d2,1 Pruhryhu/ vxfk d prqrwrqlf glyhujhqfh lv dovr rewdlqhg ehwzhhq

wkh sulfhv fkdujhg e| wkh vkrsnhhshuv1 Lq sduwlfxodu/ dv d lqfuhdvhv/ wkh

sulfh fkdujhg e| vkrsnhhshu 4 lqfuhdvhv vwulfwo| zkloh wkdw ri vkrsnhhshu 5

uhpdlqv frqvwdqw1

Wkh lqwxlwlrq ri wkh deryh uhvxow lv dv iroorzv1 Zkhq vhwwlqj d sulfh

vwudwhj|/ { uhdol}hv wkdw vlqfh | fdq dozd|v sulfh xqghufxw dqg wdnh dzd|

wkh hqwluh ghpdqg iurp {/ wkh rqo| zd| { fdq uhpdlq lq exvlqhvv zlwk

vwulfwo| srvlwlyh sur�w lv e| iruflqj | qrw wr vhuyh dw ohdvw rqh vkrsnhhshu1

Krzhyhu/ { dovr nqrzv wkdw zkhqhyhu wkh orz ghpdqg xvhu ex|v/ wkh kljk

ghpdqg xvhu zloo dovr ex|1 Wkxv/ { nqrzv wkdw lw zloo hduq srvlwlyh sur�w li

dqg rqo| li | vhuyhv rqo| wr kljk ghpdqg xvhuv1 Fdq { �qg d sulflqj vwudwhj|

vxfk wkdw lw lv lq wkh ehvw lqwhuhvw iru | lwvhoi wr ghvljq d sdfndjh vxfk wkdw
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Iljxuh 6= Lq wkh xqltxh vxejdph shuihfw htxloleulxp { vhwv �% @ �I
2
?

�6+4> 5, dqg vhuyhv wkh orz ghpdqg vkrsnhhshu zkloh | vhwv �+ @ 3 dqg
aDW
+
@ @

2
I
2
. +�

e
� �I

2
, dqg vhuyhv wkh kljk ghpdqg rqh1
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kljk ghpdqg xvhu suhihuv |*v sdfndjh wr wkdw ri { zkloh wkh orz ghpdqg xvhu

suhihuv {*v sdfndjh wr wkdw ri |1 Exw wklv lv srvvleoh rqo| li {*v sdfndjh lwvhoi

lv vxfk wkdw xqghufxwwlqj lw dqg vhoolqj wr erwk vkrsnhhshuv |lhogv yhu| orz

sur�wv1 Suhflvho| zk| { vhwv vxfk d orz �{hg sulfh dqg ur|dow|/ pdnlqj |

lqvwhdg r�hu rqo| d �{hg sulfh dqg wdujhw wkh kljk ghpdqg xvhu1

7 Frqfoxglqj uhpdunv

Lq d vlpsoh vhwwlqj zh kdyh vkrzq wkdw hyhq lq d qrq0uhshdwhg hqylurqphqw/

[hur{ +wkh lqfxpehqw �up, dqg Fdqrq +wkh hqwudqw, zrxog �qg lw rswlpdo

qrw wr hqwhu lq d sulfh zdu exw udwkhu vhjphqw wkh pdunhw lqwr lqglylgxdo

prqrsrolhv1 Hylghqwo| lq rxu prgho Fdqrq kdv d vhfrqg0pryhu dgydqwdjh

dv h{shfwhg lq d vhtxhqwldo sulflqj jdph1 Lq uhdolw| krzhyhu/ wkhuh duh rwkhu

uhdvrqv iru dyrlglqj sulfh zduv1 Iru h{dpsoh/ wkh pdfklqhv vrog e| wkh �upv

pd| qrw lq wkh �uvw sodfh eh krprjhqrxv1 Lq wkdw fdvh wkh ydoxdwlrqv ri wkh

vkrsnhhshuv pd| gl�hu dqg lpsolflwo| vhjphqw wkh pdunhw/ jlylqj urrp wr

wkh �upv wr hduq srvlwlyh sur�wv zlwk sulfh frpshwlwlrq1 Vhfrqgo|/ wkuhdw

ri ixwxuh xqghufxwwlqj pd| lwvhoi ohdg wr vrph irup ri wdflw frooxvlrq zkhuh

hdfk �up �qgv lw rswlpdo wr vhuyh rqo| d sduwlfxodu w|sh ri ex|huv1 Zkdw

zh vkrz lv wkdw hyhq lq wkh devhqfh ri surgxfw gl�huhqwldwlrq dqg wdflw

frooxvlrq/ lw pd| eh lq wkh ehvw lqwhuhvw ri wkh �upv qrw wr hqwhu sulfh zduv1

Uhihuhqfhv

^4` Ehuwudqg/ M= +4;;6,1 �Wkìrulh pdwkìpdwltxh gh od ulfkhvvh vrfldoh�/ M1

Vdydqwv/ ss 7<<083; =

^5` Eodfnvwrqh/ H1 +4<:8,1 �Uhvwulfwlyh sudfwlfhv lq wkh pdunhwlqj ri hohf0

wurid{ frs|lqj pdfklqhv dqg vxssolhv= wkh VFP frusrudwlrq fdvh�/ Mrxu0

qdo ri Lqgxvwuldo Hfrqrplfv/ 56/ ss1 4;<05351

^6` Luhodqg/ Q1 M1 +4<<4,1 �Zhoiduh dqg qrq0olqhdu sulflqj lq d Frxuqrw

roljrsro|�/ Wkh Hfrqrplf Mrxuqdo/ 434/ ss1 <7<0<8:1
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^7` Nuhsv/ G1 dqg M1 Vfkhlqnpdq1 +4<;6,1 �Txdqwlw| suh0frpplwphqw

dqg Ehuwudqg frpshwlwlrq |lhog Frxuqrw rxwfrphv�/ Ehoo Mrxuqdo ri Hfr0

qrplfv/ 47/ ss1 659066:1

^8` Prujdq/ S1 E1 dqg R1 Vk| +4<<9,1 �Xqghufxw0surri htxloleuld�/ Who

Dyly Xqlyhuvlw|/ Irhughu Lqvwlwxwh iru Hfrqrplf Uhvhdufk Zrunlqj Sd0

shu= 532<9/ Mxo|1

^9` Pxvvd/ U1 dqg V1 Urvhq +4<:;,1 �Prqrsro| dqg surgxfw txdolw|�/

Mrxuqdo ri Hfrqrplf Wkhru|/ 4;/ ss 634064:1

^:` Vshqfh/ P1 +4<::,1 �Qrq0olqhdu sulfhv dqg zhoiduh�/ Mrxuqdo ri Sxeolf

Hfrqrplfv/ ;/ ss1 404;1

^;` Wluroh/ M1 +4<<7,1 �Wkh wkhru| ri Lqgxvwuldo Rujdql}dwlrq�/ PLW Suhvv/

Fdpeulgjh/ Pdvvd fkxvhwwv1

^<` Zdooqhu/ N1 +4<<<,1 �Vhtxhqwldo pryhv dqg wdflw frooxvlrq= uhdfwlrq0

ixqfwlrq f|fohv lq d �qlwh sulflqj gxrsro|�/ Mrxuqdo ri Hfrqrplf Wkhru|/

;7/ ss1 584059:1
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