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Abstract This paper deals with models, relaxations and algorithms for an integrated approach to vehicle
and crew scheduling. We discuss potential benefits of integration and provide an overview of
the literature, which considers mainly partial integration. Our approach is new in the sense that
we can tackle integrated vehicle and crew scheduling problems of practical size.

We propose new mathematical formulations for integrated vehicle and crew scheduling
problems and we discuss corresponding Langrangian relaxations and Lagrangian heuristics. To
solve the Lagrangian relaxations, we use column generation applied to set partitioning type of
models. The paper is concluded with a computational study using real life data, which shows
the applicability of the proposed techniques to practical problems. Furthermore, we also
address the effectiveness of integration in different situations.
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minimum maximum minimum maximum minimum maximum minimum maximum
number of pieces 1 1 2 2 2 2 2 2
start time (min.) 645 646 914 915
end time (min.) 1177 1334
piece length (min.) 30 300 30 300 30 240 30 300
break length (min.) 15 90 15 90 15 90
duty length (min.) 30 300 532 420 570
work time (min.) 30 300 532 420 570

Type 1 (Tripper) Type 2 (Early Duty) Type 3 (Normal Duty) Type 4 (Late Duty)

c9d e(f&g hIi�j9k�g lBm&h g n d h o6lBp9q r r�s�d t@h g h u�n6n vBm@h oJl(p�s&f�n d h o

w(xJy6z h6m�g d {Lq g vNl(|�} h ~ n d �(h6d o9n lI{Cd u�d {Cd � h6n z h6o f�{�lBp&|�f�o h o�q(u�sCs�g d �(h g o9f�o h s
d u"n z hCo ~ z h s�f&r h x c&l(gI|�f�oIo ~ z h s�f�r d u&e*��h z q �(hLqLo h ~ lBu�s&q g v$lB|�} h ~ n d �BhCl(p
{Ad u�d {Ad � d u�eAqC~ l({N|�d u&q n d l(u*lBp�n g q �(h r�q u�s*d s�r hIn d {AhNq o6s�h ��u�h s*d u*o f�|&o h ~ �
n d l(uC� x w(x c&l(g9~ g h ��o ~ z h s&f�r d u�e���h�s�l�u�l(n z q �Bh6qJo h ~ lBu�s&q g vNl(|�} h ~ n d �(h x�� h
f�o hC����h s/~ l(o n oId u"l(g s�h gIn l$q o o f�g hCn z q nIn z hA{Cd u�d {Cf�{�u�f�{N|@h gIl(p�|�f�o h o
q(u�sNs�g d �(h g o9d o9n z h�m�g d {Aq(g vIl(|�} h ~ n d �(h x c&l(g�n z h6~ lB{Cm�f�n q(n d lBu&q r�g h o f�r n o�m�g h �
o h u�n h s*d u$n z d oJo h ~ n d lBu�����hIlBu�r v*g h m&l(g nJn z hIu�f�{N|@h g6lBp�|�f�o h o�q(u�s$s�g d �(h g o
o d u�~ hIn z h o hNq g hIg h r h �(q u�n6p lBg6l(f�g6o n f�s�v x

� xJy6z hNm�g d ~ d u�eLm�g lB|�r h {AoIq g hNo l(r �(h s$o h m&q(g q n h r v$p l(g�h q ~ z n vBm@hNlBp9s&f�n v x�� h
��lBg �L�Jd n z g h s�f�~ h s$u�h n ��lBg �Bo�p l(gJh q ~ z n v�m@hIlBp9s�f�n v(�&n z q(nJd o �&l(u�r v*u�lBs�h o
~ l(g g h o m@l(u�s�d u�eAn lLm�d h ~ h oJlBp9��lBg �*q(g hI~ l(u&o d s�h g h s$� z d ~ z ~ l(f�r s$|&hNm&q g nJl(p
qCs�f�n vLl(p9qC~ h g n q(d u$n v�m&h x

� xJy6z h��9q eBg q u�e(d q uA{Nf�r n d m�r d h g o�q(g h6d u�d n d q r d � h sCn l�� h g l x9y�z h�{Lq ��d {Nf�{�uBf�{C�
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¥��N� � «B�N� �B J� ¦��N� ��¬�� ¡@� ��¬�� ����� ¡�¡�  ��� ¤ ¦E ®@¯ °I±�² ³(³(³�´6µ ¶$· ¸(· ¹ º*» ¼ · ¹ ½ ¼ » ¾(¶
¾B¿�¼ À�·IÁ ¾(Â Ã�ÄA¶*ÅB· ¶�· ¹ ½(¼ » ¾(¶/½ Â Å(¾B¹ » ¼ À�Ä$Æ&½ ¿ ¼ · ¹6Ç ¾(Â ¸B» ¶�ÅA¼ À�·IÄL½ Ç ¼ · ¹6È&¹ ¾BÉ�Â · Ä$Æ
Ê(Ë@Ì Í$Î ÏLÎ Ð�Ñ Ò Ó Ô Ï Ó Õ�Ö�×�Ø�Ù�ÚÜÛBÒ Ó Ó Õ�×�Ý�Ó Þ�Ò Î Ï ß Î Ñ$Î ÏAÞ�Ï Ó ÕFß à"ÛBÓ ßLà(Ð�á ×�Ð�à(Ð�â
Ð�Ó Û�Ô ß Î ãBÓNä�Ô(Û(Ò Ô Ð&Û(Î Ô(Ð$Ñ à(Ï ßJã(Ô Ò Î Ô Ö�á Ó ÏJÎ Ð$ß Ý�ÓNåLÔ Ï ß Ó ÒJæ&Ò àBÖ�á Ó å$ÙJç6Ý�ÓNÎ Ð�Î ß Î Ô(á
ã(Ô(á Þ�Ó ÏJàBè9ß Ý�ÓIä9Ô Û(Ò Ô(Ð�Û(Î Ô Ð$åCÞ�á ß Î æ�á Î Ó Ò ÏJè à(Ò�ÔCÐ�Ó é_åLÔ Ï ß Ó ÒJæ�Ò àBÖ�á Ó åÜÔ(Ò ÓIÏ Ó ß
ß à/ß Ý�ÓAã(Ô(á Þ�Ó ÏNÒ Ó Ï Þ�á ß Î Ð�Û$è Ò àBå�ß Ý�ÓLæ�Ò Ó ã�Î à(Þ�ÏNåLÔ Ï ß Ó ÒNæ�Ò à(Ö&á Ó å*ê9Ö&Ó è à(Ò ÓLß Ý�Ó
ÛBÒ Ó Ó Õ�×LÝ�Ó Þ�Ò Î Ï ß Î ÑIé6Ô Ï�Ô æ�æ�á Î Ó Õ�Ù
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æ�Ò à ãBÓ åCÓ Ð�ß�Î ÐIß Ý�Ó�á à é�Ó Ò�Ö&à(Þ�Ð&ÕIÎ Ï�à(Ö�ß Ô(Î Ð�Ó ÕNè àBÒ�õ6Î ß Ó Ò Ô ß Î à(Ð�Ï6í ö(õBî6Î ß Ó Ò Ô ß Î à(Ð�Ï
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²x³ ´�µ ¶>·�¸ ¸ ¹�º;µ;³ ´�· ³C»�¹�¸C¼�½ ¾ ¿µ ½ ¸/· ½ µ;ÀÁ�Â ¶e· Â Â À Ã%µ ¼>³ ÀK¸ ³ · ½ ³/· Á�¼eµ Á�¼>³ ´�µ ¾ ½
¼�¹�³ ¶x· ³/³ ´�µ�¼�µ ÄQÀ�³ Å"Ã	´�µ ½ µ ·�¸/¾ ÁxÀ¹�½/Æ ·�¸ µ�¼�½ ¾ ¿µ ½ ¸/Æ · Áx¸ ³ · ½ ³;· Á�¼xµ Á�¼j· ³
µ ¿�µ ½ ¶/½ µ Â ¾ µ ÇQÄQÀ�¾ Á³�È ¾ É µÉ Å�· ³"³ ´�µ+¸ ³ · ½ ³ Ê µ Á�¼'À�Ç$µ ¿�µ ½ ¶/³ ½ ¾ Ä�· Á�¼�· ³%³ ´�µ+¼�µ ÄQÀ�³ Ë Ì
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problem low upp bus driv low upp bus driv
prob24 12 12 6 6 12 12 6 6
prob42 19 19 9 10 19 20 9 11
prob72 15 15 5 10 15 15 5 10
prob113 23 24 8 16 26 26 8 18
prob148 34 34 11 23 45 45 11 34
prob238 27 29 9 20 30 33 9 24

changeovers no changeovers
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prob24 prob42 prob72 prob113 prob148 prob238
nodes 48 84 144 226 296 476
arcs 132 312 460 846 1,376 2,260
iterations 5 6 9 9 15 20
average pieces 463 1,568 4,606 9,891 16,237 52,538
duties 529 1,689 6,026 9,329 28,208 70,307
cpu m. 0 0 3 7 1,261 1,845
cpu p. 1 8 41 136 6,907 14,422
cpu t. 1 8 44 178 8,169 16,274
lower 6 9 9 13 19 16
upper 6 9 9 14 22 18
gap (%) 0.00 0.00 0.00 7.14 13.64 11.11
cpu 0 0 0 50 53 52
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î ß ï�ð ñ ò�ó@ô+è å�æ�ç�Ý é�õ�ö�ï�÷ î ßß�ð ß�ß ó@ô ð+ø�â�ù�Þ å�ä Ú é�å�Þ æ�õ�Þ ú é�Ý Þû�ú é�Ý�ä ë�Þ�ã è Ý ÛÞ Ý�ç�Ý é�õ�ã Þ ù
Ú å�â ä è�å�ê Þ âNü�Þ@ç�Þ Ý ú é�Ý ùýù@é�Ý Þ@Ú ä Þ Ý è ä Ú éå�âNé�ú�ä ë�ÞVâ Ü�õ�Û�Ý è�æ�Ú Þ å�ä�éç�ä Ú ù@Ú þ è ä Ú é�åQä ë�è å
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ß��@ä éQß ��ðVí�ë�Ú â�Ú âNç�é�â â Ú õ�ã Þû�õ�Þ ê è Ü�â Þ@é�å�ã �RèVâ ù@è�ã ãZç�è Ý äNé�ú�ä ë�Þ@ê é�ù@ç�Ü�ä è ä Ú é�å�è�ã
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prob24 prob42 prob72 prob113 prob148 prob238 prob24 prob42 prob72 prob113 prob148 prob238
nodes 48 84 144 226 296 476 48 84 144 226 296 476
arcs 132 312 460 846 1,376 2,260 132 312 460 846 1,376 2,260
iterations 5 12 19 44 106 254 3 4 12 9 15 14
average pieces 463 1,568 4,606 9,891 16,237 52,538 1,367 4,706 8,716 19,511 33,435 101,187
duties 512 1,711 7,063 12,644 29,667 80,945 2,201 3,780 5,092 3,150 8,984 16,536
combined duties 213 438 628 323 1,816 4,972
cpu m. 0 2 18 150 911 27,644 0 0 7 0 3 12
cpu p. 1 14 34 837 4,188 214,436 1 19 289 41 255 3,927
cpu t. 1 18 56 1,024 5,185 242,080 1 19 296 41 258 3,942
real_lower 12 18 14 23 33 27 12 18 14 26 38 30
upper 12 18 14 23 34 28 12 18 14 26 41 32
buses 6 9 5 8 11 9 6 9 5 8 12 9
drivers 6 9 9 15 23 19 6 9 9 18 29 23
gap (%) 0.00 0.00 0.00 0.00 2.94 3.57 0.00 0.00 0.00 0.00 7.32 6.25
cpu 4 3 37 212 351 1,907 0 0 42 0 29 35

changeovers no changeovers
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problem low upp driv low upp bus driv low upp bus driv low upp bus driv low upp bus driv
prob24 12 12 6 12 12 6 6 12 12 6 6 12 12 6 6 12 12 6 6
prob42 18 18 9 19 19 9 10 18 18 9 9 19 20 9 11 18 18 9 9
prob72 14 14 9 15 15 5 10 14 14 5 9 15 15 5 10 14 14 5 9
prob113 21 22 14 23 24 8 16 23 23 8 15 26 26 8 18 26 26 8 18
prob148 30 33 22 34 34 11 23 33 34 11 23 45 45 11 34 38 41 12 29
prob238 25 27 18 27 29 9 20 27 28 9 19 30 33 9 24 30 32 9 23

changeovers no changeovers
independent sequential integration sequential integration
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