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Abstract

We provide a method for decomposing the variance of world na-
tional incomes (present values) into components in such a way as to
indicate the most important risk-sharing opportunities among nations
of the world. We identify risk-sharing opportunities in terms of eigen-
vectors of a variance matrix of deviations of the present value of country
incomes from their respective shares (adjusted for population and risk
aversion) of world income.

The method is applied to data on national incomes of six large
countries 1870-1992 (Maddison [1995]): Canada, France, Germany,
Ttaly, United Kingdom and United States. The method reveals that,
assuming symmetric risk aversions, the most important risk sharing
contract to devise for these countries would be essentially a national
income swap between the United States, and together on the other side,
France, Germany and Italy, i.e., approximately a US—FEurope national
income swap. A contract that is essentially a France-Germany swap
is the second most important risk-sharing contract.

*The authors are indebted to David Backus, Subir Bose, Guido Cazzavilan, John
Geanakoplos, Maurice Obstfeld, Kenneth Rogoff, Xavier Sala-i-Martin, and Paul Willen
for comments, and to two anonymous referees for some helpful suggestions. This research
was supported by the US National Science Foundation under grant SBR-9320831.



World Income Components:
Measuring and Exploiting International
Risk Sharing Opportunities

In this paper, we propose major international risk-sharing arrangements
that are, according to a welfare criterion for the countries we study, the most
important risk-sharing arrangements that could be made for these countries.
To do this, we develop a method for characterizing the risk structure of the
present value of world incomes (wealth). It is useful to discover what the
most important risk-sharing arrangements actually are, to provide guidance
for future efforts to manage risks.

The importance of, and feasibility of, devising international risk-sharing
arrangements in terms of large income aggregates was argued in Shiller
[1993b]. Our method of identifying risk sharing arrangements (based on
Athanasoulis [1995] and Shiller and Athanasoulis [1995]) is related to princi-
pal components analysis. Demange and Laroque [1995] have, independently
of us, derived a similar theory but did not apply it to data. We apply the
theory to the present value of national incomes (strictly speaking, present
values of gross domestic products, GDPs) of the nations of the world. Our
method takes account of the relative size and variability of different coun-
tries’ incomes, as well as the tendency of certain national incomes to move
together, to suggest the most important opportunities for risk sharing. Our
method differs from standard principal components analysis applied to na-
tional incomes in that, among other things, ours relates to a variance de-
composition of risk-sharing opportunities, not of national incomes (present
values) themselves. Although the variance matrix that underlies the analy-
sis cannot be precisely estimated, we think that enough is known to provide
some rough suggestions of the kinds of risk sharing arrangements that are
most important, very basic suggestions that might not have seemed natural
or obvious without our method. We arrive at our proposals for risk-sharing
arrangements using data on annual real per capita GDPs for six countries
1870-1992, measured in 1990 Geary—Khamis dollars; see Maddison [1995].

A product of our analysis is a set of world income components, or indices
(that is, linear combinations) of national incomes, designed to be used as
the basis for settlement of risk management contracts. Although the con-
tracts that exploit the risk sharing opportunities we discover might take



many forms, we will refer to the contracts as income component securities,
tradable claims on the indices created by contracts that define cash pay-
ments based on published index values. The securities would exist with
zero net value, for every long there is a short, and the dividends, defined in
terms of the published indices, would be paid by the shorts to the longs. We
imagine that these contracts would be traded on securities markets just as
other securities are traded today. The contracts might also be called income
component futures contracts, again cash settled based on published index
values, and be traded at futures exchanges. Alternatively, the exploitation
of the risk sharing opportunities could take the form of agreements among
governments that are settled in terms of the published indices, or even of
governments’ creating institutions to allow individuals to sell claims on their
future income, claims which could be bundled together and securitized to
create marketable assets resembling the securities defined here. We will not
refer further to such possibilities here; we will persist in this paper in giving
our contracts an interpretation as marketable securities cash settled using
the published indices.

Some of the securities could be described as insurance policies for certain
groups of countries; calling a security an insurance policy is most appropriate
when the variation in the index is highly negatively correlated with the
income of one country, and the people in that country buy the security to
reduce their income risk. Some of the securities could also be described as
swaps of certain groups of national incomes for other groups; calling one
of our securities a swap is most appropriate when the index gives negative
weights to roughly half of the national incomes. We shall see below that
even when the optimal securities that we derive can be thought of roughly
as insurance policies, they are always swaps since a swapping of risks is
always involved with an optimally defined contract. Our analysis does not
begin with any preconceived notions whether we want to create insurance
policies or swaps, or any other instrument: our analysis goes directly for the
most advantageous risk-sharing arrangement.

Our study of risk-sharing opportunities among national incomes (present
values) is potentially very important, since national incomes are measures
of total economic welfare of the countries, and since there have been histori-
cally large variations in real national incomes. Moreover, there is very little
effective risk diversification across nations today (see, for example, Obstfeld
[1993], Tesar and Werner [1992]). It is obvious that national governments do
not make significant risk sharing arrangements with each other; even within
the European Union, Sala-i-Martin and Sachs [1992] estimate, a one dol-



lar adverse shock to the national income of one country creates, all things
considered, less than a 0.005 dollars reduction of that country’s tax pay-
ment to the European Community. Our empirical results show that there is
substantial risk-sharing that can be exploited within the European Union.

Because there do not now exist any markets for national incomes or for
any large income aggregates, and because there is very little income risk
sharing among governments, when we set up any such contracts we must
consider how they would work pretty much in isolation. National incomes
consist primarily of labor incomes, which are not now represented by any
securities markets. Existing markets for stocks, bonds, and real estate are
markets for claims on the rents of factors of production other than labor
or are residual claims, and there is no reason to expect dividends in these
markets to correlate well with labor income. There is instead some evidence
that they do not correlate well, see Shiller [1993b] and Bottazzi, Pesenti and
van Wincoop [1996].

In attempting to define a small number of income component risk shar-
ing arrangements that will allow maximal risk sharing given the number of
contracts, we are essentially seeking to define the best first world risk mar-
ket to set up, as well as the best second and/or third markets. We assume
that the number of markets introduced must be kept small, especially at the
beginning. By analogy, there are not many stock index futures markets in
the world, indeed, from a world perspective, not many aggregate liquid risk
management markets at all.

Another reason for confining our attention to only one or a few contracts
is that it is useful for us to be able to prescribe in simple terms the most
important risk management actions that should be taken by large groups
of people. Simple prescriptions are what most people take from existing
models. The capital asset pricing model (CAPM) in finance, to which our
method is related, is most often used by practitioners not to arrive at com-
plicated definitions of optimal portfolios, but just for the simple prescription
that investors should hold the market portfolio of investable assets, and we
now have many indexed funds that are designed to allow them to do just
this. The problem with this commonly-given prescription is that it is not
really the logical consequence of the foundations of the CAPM, since it
disregards the correlation of investment returns with innovations in other
income, other income which is much larger in the aggregate than income
from existing investable assets. We seek here to devise a method to replace
this simple prescription associated with the CAPM with a more sensible
simple prescription, though any such prescription cannot be taken until the



new contracts are created.

We derive (Section 3 below), for securities whose dividends are linear
combinations of national incomes, an expression for the prices of the securi-
ties in general equilibrium. The linear combinations defining the securities
are then chosen so as to maximize social welfare (Section 4); this then defines
our income component securities. It turns out that the optimal securities
are defined in terms of eigenvectors of a variance matrix of deviations of
national incomes (present values) from their respective contract-year shares
(weighted in terms of population and risk aversions) of world income. Hav-
ing made a specification of utility functions, we are able to derive estimates
of the welfare increase in dollars generated by the creation of the new con-
tracts.

In Section 5 below, we show some illustrative examples of the theory,
and in Section 6 we discuss how to apply our method of defining the in-
come component securities to the data. In Section 7 we present results for
six countries and in Section 8 we conduct some bootstrap experiments to
gauge the robustness of our results. A discussion follows in Section 9 to in-
terpret these results as suggesting genuine opportunities for important new
contracts. We have been unable to find in the literature or popular media
any proposals for markets resembling ours.

1 Assumed Utility Function for Individuals'

We will assume that each individual in country ¢ maximizes:

U, = Eguc(We) (1)

where Fj is the expectation operator conditional on information at time 0
and u(+) is the utility function for each individual in country ¢, continuous
everywhere on the real line, v/, > 0 and u/ < 0, and where W, is the
individual’s after-hedging wealth, unknown at time 0. As we will apply
this theory to the data below, W, will be the present value of after-hedging
income accruing to a person in country ¢ who is alive at time 0; W, is not
the market value at time 0 of future income, but the present value of actual
future income.

1A table of symbols and a table of basic relations appear near the end of this paper.



2 Definition of Contracts and Risk Structure

All contracts are made at time 0. To buy one security, the long must transfer
value, a claim on a fixed stream of payments whose value is P, (the price) at
time 0, to the short in the contract. In exchange for this, the long receives
a claim on an uncertain “dividend” D,, (in our applications, actually the
present value of future dividends) from the short in the contract, where D,
is defined in terms of individual incomes in such a way that EyD,, equals
0. Thus, the price P, is the known fixed payment for the contract and
the dividend D, is the unknown (random) benefit from being long in the
contract.

Let Wp be the C-element row vector whose cth element is ch, the
wealth before hedging. We assume that a C-element column vector A,
is defined in contract n at time 0, and the contract specifies that D,, =
(W, — EyW)A,,. The dividend D, is our nth world income component, a
linear combination of demeaned present values of pre-hedged world incomes,
and our objective below will be to define this dividend optimally by choosing
the best vector A,,.

In our intended application for this theory, it must be recognized that
the payments in fulfillment of the claims specified in the contract will take
place gradually over time. It will be supposed that P, is the present value
of a stream of future fixed payments each year, t = 1,2,... specified in
the contract, and D,, will be the present value of dividend payments in each
subsequent year t = 1,2, ... where the payments are defined by the formula in
the contract. We may specify that dividends are paid each year in accordance
with that year’s income, using the same A, vector, and this specification
will be consistent with assumptions above about the relation between D,
and V~Vp. We define the real time-t dividend Dy, = (¥: — Eoyt)Ay, to the
long in the contract, where y, is the C-element row vector whose cth element
is the real income at time t of an individual in country ¢ before hedging.
The dividend btn is not known at time 0 since time-t national incomes are
not yet known.

We adopt the convention that A,, is defined so that the price P, is
nonnegative. If P, were negative we would multiply A,, by minus one. This
is just a convention defining who is called long and who short. The dividend
D,, differs from the usual dividend on a security in that it can be either
positive or negative. There is no free disposal in this contract, so there is
no problem with negative dividends.

In writing contracts in terms of demeaned incomes (present values), in-



comes minus their expected values at time 0, we are assuming here that
public expected values of future real incomes are objective public knowledge
at time 0, so that contracts can be written in terms of these expectations. In
practice some proxy for the expectations would have to be used by contract
designers. Our use of expectations in the contract definition and omission
of a constant term from the formula defining D,, is essentially only a nor-
malization rule for price, so that P, is the expected payment, conditional
on information at time 0 and D,, is the unexpected payment. If contract
designers misrepresent public expectations when they design the contract,
then the result will only be a change in the market-clearing contract price;
the contract price P, will then not have the precise interpretation we give
it.

Let D denote the N-element row vector whose nth element is D,,. Then,
D= (Wp - EOWP)A where A is the C' x N matrix whose nth column is
A,,. Let P denote the N-element column vector whose nth element is P,.

3 Solving the Individual’s Problem and Defining
Equilibrium

In this section we derive, for exogenously given A, the equilibrium prices and
quantities of the securities demanded by all individuals under the assumption
that incomes are jointly normally distributed. Let us define q. as the N-
element column vector whose nth element is the number of securities n
purchased by a single person in country c¢. Our objective, then, is to define
a simple aggregate demand function for securities, q. as a function of P,
and then summing these demands over all agents will allow us to obtain
equilibrium prices, since net supply is zero.
Wealth W, of an individual in country ¢, after hedging, is:

Wc = WCP —Plg.+ (Wp - EOWp)AqC- (2)

Substituting this expression into expression (1), and differentiating with
respect to qc, we derive the first order condition:

qc = Eo {UIC(WCP —Plg. + (Wp - EOWp)AQc)(_P, + (Wp - Epr)A} =0.
(3)

We assume that incomes (present values) are normally distributed, and



2

using Stein’s lemma,” we can rewrite this first order condition in the form:

—FEou,P' + Equ[QUA + q,A'QA] =0 (4)

where €2 is the C' x C variance matrix of individual incomes (present values)
by country, @ = Eo((W,—EoW,) (W, —EyW,)), and Q. is its cth column.
The normalization we choose for A is A’QQA = I. Substituting this in the
above expression we derive an expression for qg:

dc = _P/% - A'Q, (5)

where v, = —Egul/Epu,, is the coefficient of absolute risk aversion. In
general, 7. will depend on prices P as well as the matrix A, although in
the special case where the utility function is of the constant absolute risk
aversion form, v, will be a constant. Defining the C' x C' diagonal matrix T"
whose cth diagonal element is 7. and the C-element column vector ¢ whose
elements all equal one, we can write the matrix q whose cth column is q.
as:

q=-P/T"1-A'Q (6)

Note that if 7. is a constant for all ¢ (utilities are constant absolute risk
aversion) then demand for contract n is not affected by prices of other con-
tracts; this property of demand is a consequence of the fact that dividends
on the securities are constructed to be uncorrelated with each other, and of
the mean-variance utility assumption. This demand schedule implies that
individuals in country ¢ will purchase more of the security the lower the price
and the lower the country’s covariance with the security. They will hold a
positive quantity of a security at a positive price only if the covariance is
sufficiently negative so that the security is providing enough risk reduction
to warrant paying the price. Note also that a person in a country whose own
income is riskless will hold negative quantities of all securities, that is, be a
seller of securities, (since we are normalizing all securities to have nonnega-
tive prices). This means that in terms of these contracts the individuals in
this country are strictly in the insurance business of accepting risk in return
for an insurance premium.

Market clearing requires that qPOP:. = 0, where POP is a C x C
diagonal matrix with the populations of the C' countries on the diagonal. It

2Stein’s lemma states that if « and y are jointly normally distributed and E(y) = 0
and f(-) is a continuous function then E(f(z)y) = E(fN(z))cov(z,y).



follows immediately that market clearing prices are:
P = —A'QPOP. (ur—lpom)*l . (7)
If one substitutes (7) into (6), one discovers that:
q=-A'OM (8)

where M is defined as I — ((/T~'POP:)~1/T~L. The C x C matrix M
is idempotent, of rank C — 1. M is the matrix such that WPM is the C-
element row vector whose cth element is the difference between an individual
in country ¢’s income (present value) and that person’s share in world in-
come (present value), where shares are allocated according to risk aversions.
If everyone’s coeflicient of risk aversion is the same, then the cth element
of WPM is the difference of country ¢ = s per capita income and world per
capita income. Thus, in general equilibrium, a country will hold positive
quantities of a security only if the deviations of its income from its share
of world income covary negatively (as measured by ) with the dividends
on the security. Prices depend only on covariances with world income, not
variances, even though markets are incomplete, a result which corresponds
to a property of the CAPM that has been noted by many people and was ob-
served first by Mayers [1972]. Oh [1996] showed that when new markets are
created in mean variance economies, prices of existing assets are unchanged,
as we observe here.

4 Contract Designer’s Problem

Let us now turn to the contract designer’s problem, which is to define a small
number, N, of optimal securities. We assume that the contract designer
wishes to choose A to maximize, following Nash [1953], the sum of the log
of the expected utilities over all individuals, where the individual’s utilities
are maximized given A and equilibrium prices P. For generality, we allow
this to be a weighted sum, where the log utility for an individual in country
¢ is multiplied by a weight, w,, before summing so that the contract designer
maximizes:

C
S =Y w.POP.In(U.). 9)

c=1
Note that, unless we bias our weights in favor of certain countries, this social
welfare function is independent of national boundaries. For example, social



welfare would be unchanged if we lumped together two identical countries
that had the same weight. Our use of nations in our analysis arises essentially
because nationalities are indicators of incomes, and because we have data
on nations. We could apply this method to less aggregated groups of people.

Our method of defining optimal securities is to substitute equation (2) for
W, into utility, equation (1), and then into (9). One then maximizes social
welfare with respect to A subject to the constraint that A’'QA = I. We set
up the Lagrangian that represents the constraint that diagonal elements of
A’QA equal 1. The Lagrangian is,

C N n
L =Y wePOP:In Egue(Wep—P'qe+Dq,)— > Y (A, QA —e(m, 1) Ann
c=1 n=1m=1
(10)
where e(m,n) is a function that equals zero unless m = n, where it is

one, and where the Langrange multipliers Ay, correspond to the constraints
implicit in A’QA = I. First order conditions for a maximum are:

oL
0A,

C P/ ~
= > w.POP.Ey (u’c OWe — P'qc + ch)/8An>
c=1

Eyu,

N n
- QA — DY QAN =0, n=1,..,N.  (11)

n=1m=1
aiL —nAQA—-1=0, n=1,..,N. (12)
aiL =mA,QA =0, m#n. (13)

where P depends on A,, via equation (7), q. depends on A,, via equation
(8), and D depends on A, via its definition D = (W, — EgW,)A. For most
utility functions u.(-) and assumptions about the stochastic properties of
income (present value) before hedging Wp, the solution to these equations
will have to be solved numerically.

The above equations are much simpler, however, if we assume a constant
absolute risk aversion utility function along with our normality assumption
for the distribution of pre-hedged income (present value) Wp. In this case,
we need consider explicitly only the diagonal constraints in A’QQA = I. In
matrix form, the first order conditions reduce to:

MIwPOPM'QA = AA (14)



where A is a diagonal matrix whose nth diagonal element is A, (see Ap-
pendix A for derivation). Thus, the desired matrix A is determined as an
eigenmatrix of the expression that premultiplies A. To show that the off-
diagonal elements of A’Q2A are then zero, first factor €2 (which is positive
definite by assumption) into S’S, and premultiply (14) by S. It follows
that SA is an eigenmatrix of a positive definite symmetric matrix, and so
A’S'SA = A'QA is diagonal.
Since q = —A’QM, we can rewrite (14) in terms of q:

M QMI?*wPOPq = qA. (15)

In the special case where w = T?POP~!, then q is just the matrix of the
N eigenvectors of M'Q2M corresponding to the highest eigenvalues. M'QM
is the variance matrix of deviations of individual incomes (present values
by country) minus their share of world incomes (present values), and if all
countries have the same populations and risk aversions, then M'QM is just
the variance matrix of individual incomes (present values by country) minus
average individual income (present values) in the world.

We now show that all of our optimal contracts will be essentially swaps.
Postmultiply (14) by A~!, one finds that A equals M times a product of
other matrices. Hence, since M is idempotent, MA = A. It follows, since
/T~IM = 0, that /T~!A = 0. Thus, a sum of the elements in each column
of A weighted by inverses of coefficients of absolute risk aversions equals
zero. Since all elements of I" are nonnegative, we cannot have a situation in
which all elements of a column of A are positive.

We can now produce measures that place a dollar value on the availability
of these income component securities. The dollar present discounted value
of these markets, I, is the solution to

Eguc(We) = Eoue(Wep + Fe) (16)
where F, is a constant. If utility is of the CARA form, then

Fe = %’ch,cqc- (17)
See Appendix B for the derivation.

5 Some Illustrative Examples

To clarify what we have done let us consider some very simple examples of
our theory. The first example, example A, illustrates how the population
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of a country affects the optimal contracts when all else is the same across
countries. The second example, example B, illustrates the effect of unequal
risk on contract design. The third example, example C, is used to illustrate
how our theory creates groupings of countries of the world, how it decides
which countries should be grouped with each other as having positive weights
in the A matrix and which should be grouped together as having negative
weights.

In our example A, we show the importance of the population of the
countries in contract design by using a two country case, case 1, and a
three country case, case 2. In these cases we assume all countries have unit
coefficient of risk aversion, unit variance and the covariances across countries
are zero. All individuals have the same expected per capita wealth, the only
difference is the population in each country. For case 1 let population in
country 2 be ten times larger than population in country 1. Despite the
unequal total national wealth in the two countries, the optimal contract
is an equal swap of demeaned per capita wealth. Each agent in the world
would like to trade off some of her wealth for some of the wealth agents in
the other country have. Since we normalize the price of the contract to be
positive, it must be that the contract covaries negatively with the world and
thus country 1 weights positively in the contract while country 2 weights
negatively in the contract. This must be the case since both countries have
equal but opposite weights in the contract and country 2 is larger. Agents
in country 1 will sell the contract, and receive a payment, while agents in
country 2 will buy the contract. The agents in country 1 benefit enormously
by both reducing their risk and receiving a premium for doing so. The
agents in country 2 have much less risk reduction and also pay a premium
to achieve the reduction.

In case 2, we add in a third country, country 3. Let her population equal
the population of country 2. Then the first best contract is an equal swap of
demeaned per capita wealth between country 2 and country 3 with country
1 having a weight of virtually zero. The price of this contract is virtually
zero and both countries, 2 and 3, benefit equally by this symmetric swap of
risk. The small country hardly benefits at all. As the number of countries
in the exercise are increased, the less populous countries tend to have less
benefit in the first few contracts. The only way less populous countries can
benefit in the first few contracts, is if they happen to correlate well with
some more populous country.

For example B, we suppose that there are only two countries and that
and 72 = 1 and the first country has a variance of 1, the second a variance
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of 3 and the covariances are zero. The populations of the two countries are
the same. The optimal contract will be a one-for-one swap of each country’s
demeaned per capita wealth. That the swap is one-for-one may seem strange
given the unequal risk of per capita wealth across the two countries but one
must remember that the contract must be constructed so that each agent in
the world can take a position in the contract and hold a share of the world.
Thus there must be a one-for-one swap of risk. Given the equal populations
across the two countries, since country two is riskier, agents in country 2
will pay for this contract while agents in country 1 receive a payment. In
the end all agents hold a share of the world.

In our example C, we move to a four-country case with nonsingular 2
and we assume that the world divides naturally, in terms of correlations,
into two blocks: within each block the countries are highly correlated with
each other, but there is no correlation between blocks. Let us assume that
there are four countries with an € matrix given by expression (18):

1.0 09 0 O
09 1.0 0 O
= 0 0 10 09 |- (18)

0 0 09 1.0

Supposing that the populations and contract-year incomes of all four coun-
tries are the same, and that we give all four countries the same weight, we
take w, T' and POP all to be identity matrices. Then M’QMwIT?POP
equals M'QM which has the form given by expression (19),

525 425 —.A475 —A75
425 525 —.A475 —.A75
—AT5 —AT5 525 425 |°
—AT5 —A4T5 425 525
~1
~1
A=36| | (20)
1

M'OM =

This matrix has one eigenvalue equal to 1.9 and two eigenvalues both equal
to 0.1. The vector A, derived as shown above using the eigenvector corre-
sponding to the largest eigenvalue is given by expression (20).

a=69[1 1 -1 —1| (21)
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Thus, except for scaling, the component may be described as just a short
position in the first two countries and an equal and opposite long position
in the other two. This contract is, as we might expect, a swap between the
two blocks of countries. This component is quite different from the first
principal component of 2. That matrix has two first principal components,
both with the same eigenvalue. These components are proportional to the
vectors [1 1 0 0] and [0 0 1 1]’; if we created a contract in either of these,
then we would not provide any means for the two groups of countries to
swap their risks. The vector ¢ is given by expression (21). The first two
countries are short the component, the second two are long the component.
Note also that in this case, where there is symmetry between the two blocks
of countries, the price P is zero.

75 =25 25 .25
-25 .75 25 .25
25 25 75 =25
25 020 =25 .75

I+Aq= (22)

It is instructive to look in example C at the C' x C' matrix I + Aq,
expression (22), whose cth column gives the after-hedging exposure of an
individual in country ¢ to risks faced by individuals in each of the four
countries. Not all elements of this matrix equal .25, as would be the case if
we had included all three possible contracts and thereby spanned the world
risk sharing opportunities, resulting in each country holding one quarter
of the world. Since we have only one contract for trading income, it is
not possible for each country to hold the world income portfolio, but the
holdings shown in expression (22) do nearly as well for risk reduction, given
the covariance matrix €2 that was assumed. For example, for country 1 the
holding of .75 times its own income minus .25 times country two’s income
is almost as good as the holding of .25 times its own income and .25 times
country two’s income, given the high correlation between the two.

If we were in example C to create the next two contracts, the contracts
whose creation would have the next-highest contribution to social welfare,
then each of these contracts would entail a swap between the pairs of coun-
tries within each block; again the contract price will be zero. The risk
reduction afforded by such swaps is much smaller because the countries are
so highly correlated within each pair.
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6 Data Analysis

Our data set 1870-1992 covers a period with two world wars and two major
depressions (the depressions of the 1890s and 1930s).> These events might
be viewed as regime changes, not easily amenable to econometric analysis.
One approach might be to delete these events from the sample used for data
analysis, but then one would be eliminating the events that caused some of
the biggest income changes. The objective of risk management is to hedge
the big events that make major changes in income levels, and although
such big events are inherently infrequent and have “special” causes that are
not likely to be repeated exactly, we do not want to delete these from our
analysis. The comovements that country incomes show even in reaction to
these “special causes” may well be indicators of the tendencies for incomes
to move together in response to other “special causes” in the future, since
the comovements indicate relatedness and similarity of the countries. We
therefore use the entire sample for our analysis.

In our empirical work we assume that each contract signer individually
earns his or her share of per capita national income in subsequent years from
sources other than the contracts we define here. We define the present value
of per capita income (wealth) TW,,, as:

ytc
=5 e )

The unforecastable variability of ch at time 0 represents the total income
uncertainty as of time 0 in country c for all who are around at time 0 to sign
contracts. We measure this variability by the conditional variance matrix
at time 0 of national income accruing to current populations at time 0.

Estimating the variance matrix €2 is not a trivial matter; it is supposed
to reflect the conditional variance matrix at the time the contract is signed
for the present value of future national incomes. To estimate such a variance
matrix, we need first to form some representation of the conditional expected
value each year for future national income.

3Maddison [1995] used the Geary-Khamis approach for producing real GDPs so that
international comparisons can be made. It relies on the concept of purchasing power par-
ity of currencies and international average prices of commodities. It allows for multilateral
rather than binary comparison. The International Comparison Project for OECd coun-
tries, such as those in our sample, provide high quality data for Purchasing Power Parity
computations.
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There are many models that might be used to provide estimates of €2.
Estimating time series models, such as autoregressive models, for the na-
tional income of each country would help us to separate out which compo-
nents of national incomes are forecastable and which are not. Estimating
spatial models, such as the spatial autoregressive models or other Markov
random field models, would allow us to put structure on the matrix {2 so that
fewer parameters would be estimated allowing for more accurate estimates.
Spatial models could use measures of economic distance between countries,
measures depending on a number of variables (see our earlier paper [1995]).

For this paper we use a very simple methods to estimate, a method that
is intended to be transparent and simple. Our estimate Q of the cieath
element of €2 is:

30 30

9dp i 7.c, 9Apeir e
c1,C2 = gdp1992,¢, 9AP1992,¢5COV : ; :
“ “ (Tzzl (14 p)7gdpt.c, ;1 (1+ p)ngpt,c2>

(24)
where gdp; . is per capita real GDP in year ¢ of country c. The sample
period for the covariance calculations is t = 1870 to ¢t = 1962 (93 overlapping
observations) allowing for 30 years after the start of the interval. We chose
for the discount rate p a value of 5% a year; with this value 1/(14p)30 = .23,
so the truncation of the present value at 30 years may not present too serious
a problem.*

Table 1 shows statistics from our data set 1870-1992 on income and pop-
ulation, as well as the estimated variance matrix €2 for present values and

the corresponding correlation matrix. Almost all correlations are positive,
and none is very negative. Correlations show some relation both to geo-
graphical distance and to cultural difference. The US and Canada, which
share both a border and a language, show the highest correlation of any
pair of countries. Both the US and Canada also correlate well with the UK,
which is more distant from them but with which they share a language and
other cultural ties. Both the US and Canada show low correlation with all
remaining countries in the sample, which are more distant than the UK and
speak other languages.

We choose 7. as three divided by an estimate of the expected present
value of GDP for country c over the next thirty years. We chose the number
3 as a typical estimate of the coefficient of relative risk aversion in empirical
studies. The optimal contracts (the estimated A matrices) are of course

4The contract definitions, A matirix, are similar for p evaluated at 3%, 7% and 10%.
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unaffected by this choice, though the estimated prices and welfare gains will
be affected. The estimate of the expected present value of GDP was formed
by discounting hypothetical future values of GDP as follows:

30

~ gdpt+Tc
EW,, = gd —_— 25
ep =9 191992,ch1 (1+ p)"gdpr.c (25)

where the mean is calculated with sample ¢ = 1870 to ¢ = 1962 (93 ob-
servations). The discount rate used is the same as that used to define our
variance matrix.

7 Optimal New Markets Implied by Our Analysis

Our results show that the first, most important, optimal contract (the first
column of the A matrix, Table 2A column 1) is essentially a swap between
the United States, on one side, and France, Germany and Italy on the other.
It might be described as a US—-Europe swap, where Europe is defined in the
traditional sense, and not as the European Union. The UK and Canada
enter in the swap on the same side as the US, but with small coefficients. In
practice, since it is important to keep contract definitions simple, we would
recommend that the coefficients be rounded to simple, easily understood
numbers: a swap of US per capita income against a simple average of France,
Germany and Italy’s per capita incomes. Such a contract would omit the UK
completely, but, in terms of our estimated covariance matrix, one might say
that the UK is already halfway between the US and continental Europe, and
is thus already effectively “hedged.” Our analysis has helped us, as contract
designers, avoid the trap of using obvious political boundaries in defining
contracts, and we do not make the mistake of creating a US—European
Union swap. It is possible, of course, that the Economic and Monetary
Union (EMU) will make the UK economy behave in the future more like its
counterparts on the continent. Contract designers will have to decide how
important the EMU is relative to historical cultural and economic ties in
deciding how much this analysis needs to be modified judgmentally.

The price of the first contract is $92.85 (in present value in 1990 dollars,
see Table 2B, row 1), and, under our assumption that people make optimal
use of these contracts, each person in the United States sells 39.6 contracts
(see Table 2C column 1), resulting in value received for each person with
a present value of about $3680 (Table 2D, column 1), or about 0.9% of
the present value of income (Table 2E, column 1). With our assumed 5%
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interest rate, this amounts to about $200 extra sure income for each person
in the US per year. These people in the US also see a reduction in the
standard deviation of the present value of income of $5250 (Table 2F, column
1), which corresponds to a reduction in the estimated US variance of real
income present values of 18.7% (see Table 2G, column 1). Thus, people in
the US see both an increase in sure income and a reduction in variance; they
do not need to pay for the insurance. Even though people in the US pay less
than nothing for a reduction in variance, the welfare gain to Americans has
a present value of only $5570 (Table 2H, column 1).5 France has a welfare
gain with a present value of $19,800 per capita, and Italy has a welfare gain
of $17,200 per capita with this contract alone. The greater welfare gain,
even though these countries must pay money rather than receive money for
the variance reduction, occurs because they experience a greater reduction
of the standard deviation of the present value of income. France gets rid of
nearly 73.1% of the uncertainty about the present value of income with this
contract alone.

The second contract (the second column of the A matrix, Table 2A col-
umn 2) might be described as essentially a Germany-France swap; their
coeflicients in the second column of the A matrix are roughly equal and op-
posite, and other countries’ coefficients are much smaller. These two coun-
tries both gain substantially from this swap; the present value per capita
consumer surplus from this second contract is $13,100 for Germany and
$6,630 for France. The third contract (the third column of the A matrix,
Table 2A column 3) is essentially an Italy—France swap, again their co-
efficients are roughly equal and opposite, and other coefficients are much
smaller. The present-value consumer surplus for this third contract is $3060
for Ttaly and $1720 for France. The remaining two contracts, shown here for
completeness, may not be worth creating, since in each case no more than
one country receives consumer surplus in the thousands of dollars.

8 Robustness of Results

To see how robust our results are for this swap of risk between the US and
continental Europe, we conducted a bootstrap experiment. For each coun-

5We suspect that empirical work using sample covariance matrices may understate
consumer surplus, since distributions of present values of national incomes may be “fat
tailed,” and hence non-normal. The risk-management benefits of the contracts may be
greater than shown by our analysis in that they help to prevent potential disasters bigger
than observed in the historical sample.
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try, we estimate an AR(1) model of the annual growth rates over our sample,
1870-1992, with a constant. We assemble the C' univariate regressions into
a C-element vector autoregression (VAR(1)) with a diagonal coefficient ma-
trix. We take the first growth rates, 1870-1871, as given and then draw from
the vector residuals with replacement and by recursive substitution construct
a 122-element time series of the yearly growth rates from the model. We
do this 100,000 times and estimate € using equation (24) and then evaluate
the first column of the A matrix 100,000 times.

We normalized the A vector so that the US weight is always positive.
We are interested in whether the coefficients generally have the correct sign.
Thus since the US is positive 100% of the time we would like to see France,
Germany and ITtaly to be negative most of the time. We find that France has
a negative coefficient about 91% of the time, Germany 52.5% of the time
and Ttaly 92% of the time. Canada has a positive coefficient 53% of the time
and the UK 26% of the time.

Thus the swap of risk between the US and continental Europe is fairly
robust, with perhaps the exception of Germany. Similar results are obtained
if one uses a random walk to estimate the growth rates. While there is still
substantial uncertainty in the estimate of the A matrix, we feel that there
is enough accuracy here to provide some guidance for the establishment of
new markets.

9 Discussion

In practice, given human psychology and a desire for simplicity, it might
possibly be better to create markets for the components of the swaps, rather
than the swaps themselves. For example, we might, instead of creating a
US—Europe swap, create markets for the US and Europe separately, allowing
people to create a swap between them by buying one and shorting the other.
However, the reasons for creating such markets for the sides of the swap
rather than for the swap itself would be purely psychological: their primary
use for risk management would still be to use them to create swaps. Even if
we were to design such markets that are not swaps, our analysis would still
remain fundamental to the definition of the contracts.

In an earlier version of this paper [1995] we did an analyis of twelve coun-
tries around the world, but using only post-World War II data (Summers
and Heston [1991]). With such a short sample, the results are less reliable,
although the data do cover the world more completely. In the results of that
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paper we found that a swap between Europe and other countries (the other
countries were primarily the US and Japan) was very important, but in that
paper this swap was the second contract, not the first. The first contract
there was essentially a US—Japan swap. In the post war data, the variance
of incomes in Japan was higher than the variance of incomes in Europe.

As a result of this analysis we wish to propose to major exchanges that
trading begin in contracts that allow long-term US—Europe income swaps
and US—Japan income swaps. These proposals are serious; they can and
should be implemented. Other such long-term contracts, as illustrated in
the results here or analogous contracts for countries not analyzed here, might
also be created.
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Appendix A

One can prove that equation (14) holds in two ways. Either one can
take exponential utility and substitute into the first order condition, (11),
or notice that under the assumptions of joint normality of wealth across
countries and CARA utility that expected utiltiy is easily solved. Substitute
this into the Lagrangian, (10), and solve. We will show this using the latter.
Expected utility assuming CARA is given by

Uc = EO“C(WC) = - eXP[_%(WCP - PI(lc + ]‘jqc)}
= exp[—Ye(BEoWep — P'ac) + 392 (Qee + dge + 2qLA'Qe)]. (1)

Substituting this into the Lagrangian and ignoring the off diagonal con-
straints we obtain

C
L = chPOPc[’YC(EOWCp - P/qc) (2)
c=1
N
- %VCQ(QCC + qlcqc + 2qchIQc)] - Z(A—;'LQA-TL - 1)>\nn
n=1

Substituting equation (7) and (8) into (A2) we obtain:

N
L =) [A,QMI*WwPOPM'QA,]
n=1
C . N
+ ) [EoWep + Qee] — > (ALQA, — 1) Ay (3)
c=1 n=1

Taking the first order conditions and putting them in matrix form gives us
the desired result.
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Appendix B

To obtain the welfare gain we solve for F, such that:

Eoue(W,) = Egue(Wep + Fo). (1)

With CARA utility the expression becomes:
Using equations (7) and (8) we rewrite (B2) as:

—exp[—e(BoWep — P'de) + 377 (Qee + dlqc + 2qA'Q)]
- eXP[_'Yc(EOch + FC) + %%Q(QCC)]- (2)

Thus we have
F.= %’ch,cqo (3)
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Table 1

Statistics on Income and Population
A. Income, population, and present value of income

Income Population Present Value
Country per capita  in 000’s of Income
Canada 18159 28436 487401.71
France 17959 57372 475901.59
Germany 19351 64846 514781.31
Ttaly 16229 57900 442040.64
United Kingdom 15738 57848 367555.35
United States 21558 255610 551945.41

B. Estimated 2 matrix, variance matrix for real per capita income
present values in 1992, income measured in thousands of 1990 dollars

United United

Country Canada France Germany  Italy  Kingdom  States
Canada 2855.13

France 263.20 8645.09

Germany 1498.69 4825.24 11325.34

Italy 1126.66 6505.99  6337.67 T475.87

United Kingdom  880.28  665.13 1790.30 1171.96 680.78
United States 2348.70 -984.72 1084.94 -127.00 671.35 2859.37

C. Correlation matrix corresponding to €2 in above panel:
Correlation matrix for real per capita income present values

United  United

Country Canada France Germany Italy Kingdom States
Canada 1.00

France 0.05 1.00

Germany 0.26 0.49 1.00

Italy 0.24 0.81 0.69  1.00

United Kingdom 0.63 0.27 0.64 0.52 1.00

United States 082  -0.20 0.19 -0.03 0.48 1.00
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Table 2

Characteristics of Optimal Securities and Resulting General Equilibrium

A. A matrix in percent (The nth column gives the percent of per capita
income of each country that a short in one contract n pays the long.)

Country 1 2 3 4 5

Canada 0.071%  0.0711% -0.335%  0.092% -3.828%
France -0.383%  0.785%  1.535% —0.210% -0.336%
Germany -0.274% -1.127%  0.674% —0.289% —0.464%
ITtaly -0.406%  0.200% -—2.250% —0.637% 1.028%
United Kingdom  0.043%  0.009% -0.181%  4.481% 0.114%
United States 0.814%  0.146%  0.259% -2.132% 2.585%

B. Price P,, n=1,...,5, in 1990 dollars

Contract Price
1 92.85
2 121.74
3 51.21
4 180.64
5 102.65

C. q Matrix, giving numbers of contracts an individual in
each country purchases

Country 1 2 3 4 5

Canada -23.30  -8.00 9.98 -2.23 23.24
France 69.06 —-39.99 —20.40 0.71  1.00
Germany 52.47 5840 -9.01 1.22  1.42
Italy 61.99 889 26.14 3.20 —2.47
United Kingdom  -2.93 -0.54 1.71 -20.00 -1.74
United States -39.60 -2.81 —0.56 3.58 —2.22
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D. Total (Present Value) price paid gn.Py by a person in country c
for all contracts n purchased in equilibrium (in 1990 $1000)

Country 1 2 3 4 ) Total
Canada -2.16 097 051 -0.40 2.39 -0.64
France 6.41 -487 -1.04 0.13 0.10 0.73
Germany 487 711 046 022 0.15 11.89
Ttaly 576 -1.08 1.34 0.58 -0.25 6.34
United Kingdom -0.27 -0.07 0.09 -3.61 -0.18 -4.04
United Kingdom -3.68 -0.34 -0.03 0.65 -0.23 -3.63

E. Total Price (Present Value) paid by a person in country ¢
for all of contract n purchased in equilibrium as percent of
present value of per capita real income in that country

Country 1 2 3 4 ) Total
Canada -0.6% -03% 01% -01% 0.6% -0.2%
France 1.8% -13% -03% 0.0% 0.0% 0.2%
Germany 1.2%  1.8% -01% 01% 0.0% 3.0%
Italy 1.7% -03% 04% 02% -0.1% 1.9%
United Kingdom -0.1% -0.0% 0.0% -1.3% -0.1% -1.4%
United Kingdom -0.9% -0.1% -0.0% 0.2% -0.1% -0.9%

F. Increase in standard deviation of present value of real income
(in 1990 $1000) caused by each contract

Country 1 2 3 4 5 Total
Canada -0.08 1.63 -2.16 0.88 -11.89 -11.63
France -44.73  -2.31 -0.89 -0.17 -0.14 -48.23
Germany -20.99 -28.59 0.18 -0.28 -0.19 -49.86
Ttaly -38.01 0.94 -5.88 -0.81 0.29 -43.47
United Kingdom 0.81 0.23 -0.38 4.93 0.58 6.18
United States -5.25 0.82 0.07 -1.85 0.55 -5.66
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G. Percent increase in variance of real income caused by each contract
(Elements of Panel E above divided by prehedging variance, in percent)

Country 1 2 3 4 5 Total
Canada —0.3% 6.2% -7.9% 3.3% —-39.6% -38.3%
France -73.1%  49% -1.9% -04% -0.3% -80.5%
Germany -35.6% —46.5% 0.3% -05% —0.4% -82.6%
Italy —68.6% 2.2% -131% -1.9% 0.7% ~80.7%
United Kingdom 6.3% 1.8%  2.9% 41.4% 4.5% 51.1%
United States -18.7% 3.1% 0.3% —6.8% 2.1% -20.1%

H. Consumer surplus, Fey — Fyv_1), added by each contract,

measured in 1990 $1000

Country 1 2 3 4 5 Total

Canada 2.20  0.26 0.40 0.02 2.19 5.07

France 19.76  6.63 1.72 0.00 0.00 28.12

Germany 10.54 13.06 0.31 0.01 0.01 23.92

Italy 1721 0.35 3.06 0.05 0.03 20.70

United Kingdom  0.05 0.00 0.02 2.12 0.02 2.20

United States 5.57 0.03 0.00 0.056 0.02 5.67
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Mathematical Symbols

Note: Matrices and vectors are represented as bold-faced symbols.
A. Latin Symbols

A

D

POP.,
POP

C x N matrix whose cnth element is the share of country c¢’s
income that is included in the dividend

N element row vector of real dividends paid by a short to a long
in each contract. By our definitions, D = (W, — EgWp)A. D is
unknown at time 0.

N-element row vector whose nth element is f)m, the rgal dividend
paid by a short to a long in year ¢ in (y — Egy)A. Dy for t > 0
is unknown at time 0.

Number of contracts, income component securities defined here;
i.e., the number of distinct contract types available for use in risk
management.

N-element column vector whose nth element is the real price of
income component security n according to contract n at time 0,
and amount paid at time 0 from the long in one contract to the
short. Each element of P is made to be nonnegative by choosing
the sign of the corresponding column of A.

Population of country ¢ in the contract year, year 0.
C' x C matrix whose cth diagonal element is POP.,.

N x C matrix whose ncth element is the number of the nth income
component security demanded by the representative individual in
country c.

Social welfare, a weighted sum of utilities.
Year, contract year is 0, first year following contract is 1.

Wealth in country c after hedging, unknown at time 0; the present
value of after-hedging income.

Wealth in country c pre-hedging, unknown at time 0; the present
value of pre-hedging income.

C' x C diagonal matrix, whose cth diagonal element is the weight
given to one individual in country ¢ by the contract designer
in the social welfare function used to derive the optimal income
component securities.

26



W

gtc

The C-element row vector whose cth element is the present value
at time 0 of i, t =1,2,....

Real per capita income in year t of country ¢ before hedging. In
our data, fi is per capita gross domestic product of country c,
measured in 1990 dollars.

B. Greek Symbols

Ve
r

L

An

Risk aversion parameter for country c.
C x C diagonal matrix whose cth diagonal element equals 7.
C x 1 vector, all of whose elements equal one.

A Lagrangian multiplier for the contract designer’s problem, cor-
responding to the constraint that A QA,, = 1, where A,, is the
nth column of A; also the nth eigenvalue of a matrix defined in
that problem.

N x N diagonal matrix, whose nth diagonal element is A,,.

N x 1 vector, whose elements are Lagrangian multipliers for the
constraints that the IV markets clear.

C x C matrix, the variance matrix, conditional on information
at year 0, whose cjcoth element is the conditional covariance be-
tween countries ¢; and co of present value of a representative
individual’s real income. In empirical work, per capital real in-
come is used for the representative individual’s income. € =

Eo(y — Eoy)'(y — Eoy)-
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Summary of Basic Relations

D = (W, - E;W,)A
P = —A'QPOP.(/T"'POP.) !
q=—(A'Q+P/T)

q=-A'OM

qPOP. =0

AT 1, =0

qA = -1

A = -MwI?POPq¢'A~!
A =MA

q=9qM

W,A = (W,M)A

M =1I-POP.(/T'POP,)~ /T !

MPOP:. =0, /T"'M =0

MT 'POP M =T"'M

WpM = vector, cth element is the difference between an individual in
country c’s wealth less her share of world wealth according to populations
weighted by risk aversions.

A'QMwI?POPM'QA = qwI?POPq = A

M'OQMwI?POPq = d'A

Call e the matrix of first N eigenvectors of (WI'*POP)°M'QM(wI'?POP)->
so that €’e = I, then ' = (WI'?POP)~®eA®, where A is diagonal matrix
of the eigenvalues.

Adding kT'~1./T~! to Q for any scalar k& > 0 has no effect on A or q.

IfN =C-1 MQMPOP = ¢ and Aq = —M and I + Aq =
POP.(/T 'POP.,) 1/T !
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