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Abstract

This paper analyzes the higher-order properties of nested pseudo-likelihood (NPL) esti-
mators and their practical implementation for parametric discrete Markov decision models in
which the probability distribution is defined as a fixed point. We propose a new NPL estima-
tor that can achieve quadratic convergence without fully solving the fixed point problem in
every iteration. We then extend the NPL estimators to develop one-step NPL bootstrap pro-
cedures for discrete Markov decision models and provide some Monte Carlo evidence based
on a machine replacement model of Rust (1987). The proposed one-step bootstrap test
statistics and confidence intervals improve upon the first order asymptotics even with a rela-
tively small number of iterations. Improvements are particularly noticeable when analyzing

the dynamic impacts of counterfactual policies.
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1 Introduction

Understanding the dynamic response of individuals and firms is imperative for properly assess-
ing various policy proposals. As numerous empirical studies have demonstrated, the estimation
of dynamic structural models enhances our understanding of individual and firm behavior, es-
pecially when expectations play a major role in decision making.!

The literature on estimating parametric discrete Markov decision models was pioneered by
Rust (1987, 1988) who introduced the nested fixed point algorithm (NFXP). The NFXP requires
repeatedly solving the fixed point problem during optimization and can be very costly when
the dimensionality of state space is large. Hotz and Miller (1993) developed a simpler estima-
tor, called the conditional choice probabilities (CCP) estimator, based on the policy iteration
mapping—denoted by W(P,#)—which maps an arbitrary choice probability P and the model
parameter 6 to another choice probability. The true choice probability is characterized as a fixed
point of the mapping, i.e., Py = ¥(Py,0). The CCP estimates the parameter § by minimizing
the discrepancy between the observed choice probabilities and \II(PO, 6), where PV is an initial
estimate. The CCP requires only one policy iteration to evaluate the objective function, leading
to a significant computational gain over the NFXP.

Aguirregabiria and Mira (2002) [henceforth, AM] extended the CCP estimator and proposed
the nested pseudo-likelihood (NPL) estimator. Upon obtaining 6 from the CCP, one can update
the conditional choice probabilities estimate as Pl = \I/(PO, é), which provides a more accurate
estimator of Py than P°. Next, one can obtain another estimator of 6, 6, by using \P(Pl, 6) in-
stead of ‘IJ(PO, 0). Iterating this procedure generates a sequence of the NPL estimators, including
the CCP as the initial element and the NFXP estimator as its limit. Somewhat surprisingly, AM
showed that the NPL estimator for any number of iterations has the same limiting distribution
as the NFXP estimator.

The NPL provides a menu of first-order equivalent estimators that empirical researchers can
choose from, but little is known about their higher-order properties. Since the choice among
these estimators involves a trade-off between efficiency and computational burden, understanding

their higher-order properties is necessary for making an appropriate choice for a given situation.

! Contributions include Miller (1984), Pakes (1986), Berkovec and Stern (1991), Rust (1987), Keane and Wolpin
(1997), Rust and Phelan (1997), Gilleskie (1998), Eckstein and Wolpin (1999), Imai and Keane (2004).



In fact, the simulations by AM reveal that iterating the policy iteration mapping improves the
accuracy of the parameter estimates, often by a substantial magnitude, suggesting that higher-
order properties may be of practical importance.

We present the simulation results showing that tests based on first order asymptotics can be
unreliable. While bootstrap tests are known to provide a better inferential tool than first-order
asymptotic approximations, few studies have analyzed a bootstrap-based inference method for
discrete Markov decision models. The main obstacle lies in the computational burden, because
the bootstrap requires repeated parameter estimation under different simulated samples while
it is not unusual for estimating one set of the parameters to take more than a day. This further
increases the need for computationally attractive methods. Moreover, because the asymptotic
improvement of the bootstrap relies on its higher-order properties, analyzing those properties is
essential for practical applications.

The contributions of this paper are three-fold. First, we analyze the higher-order properties
of the NPL estimator and derive the stochastic differences [c.f., Robinson (1988)] between the
NFXP and the sequence of estimators generated by the NPL algorithm. We show the rate
at which the sequence of the NPL estimators approaches the NFXP and provide a theoretical
explanation for the simulation results in AM, in which iterating the NPL algorithm improves
the accuracy of the NPL estimator.

Second, we propose two new estimators based on the NPL estimator. First, we develop a
nested modified pseudo-likelihood (NMPL) estimator that uses a pseudo-likelihood defined in
terms of two policy iterations as opposed to one policy iteration in the NPL. We show the
convergence rate of the NMPL is faster than quadratic while that of the NPL is less than
quadratic. Second, we propose a version of the NPL and NMPL estimators, called the one-
step NPL and NMPL estimators, that use only one Newton-Raphson (NR) step to update
the parameter 6 during each iteration. By using only one NR step rather than fully solving the
pseudo-likelihood problem for every iteration, we can reduce the computational cost significantly.
The one-step NMPL estimator with the NR method achieves a quadratic convergence while the
convergence rate of the one-step NPL estimator is less than quadratic.

Our one-step NPL and NMPL estimators are closely related to the k-step estimators ana-
lyzed by Pfanzagl (1974), Janssen, Jureckova, and Veraverbeke (1985), Robinson (1988), and

Andrews (2002a), among others. Specifically, our one-step estimators may be viewed as a (semi-



parametric) k-step estimator in which an estimate of nuisance parameter P is updated between
NR steps.

The key to understanding the convergence properties of the NPL and the NMPL algorithms
is the orthogonality condition between the parameter of interest # and the nuisance parameter
P. When we define a pseudo-likelihood in terms of two policy iterations, § and P become
orthogonal in any sample size. This strengthens one of the key properties of the NPL that 6
and P are asymptotically orthogonal. Consequently, the effect of the nuisance parameter P on
the estimation of 8 becomes negligible at a faster rate in the NMPL than in the NPL, leading
to their different convergence rates.

The superior convergence properties of the NMPL over the NPL is not without cost. The
computational cost for each NR step is larger in the NMPL, because its pseudo-likelihood is
defined in terms of two policy iterations in contrast to one policy iteration in the NPL. Comparing
the number of policy iterations required to achieve a particular level of convergence suggests that
the overall computational cost of the one-step NMPL may be lower than that of the one-step
NPL when the target level of convergence is high.

Third, we develop a computationally attractive bootstrap procedure for parametric dis-
crete Markov decision models, applying the framework developed by Davidson and MacKinnon
(1999a) and Andrews (2002b, 2005). Starting with an estimate from the original sample, a boot-
strap estimator is obtained with the bootstrap sample by using the (one-step) NPL and NMPL,
where taking a small number of iterations suffices to achieve higher-order improvements. Since
their computational burden is substantially less than that of the NFXP, our proposed bootstrap
is feasible for many discrete Markov decision models where the standard bootstrap procedure
is too costly to implement. The computational burden is further reduced because the covari-
ance matrix can be consistently estimated in the bootstrap sample using the derivatives of a
pseudo-likelihood function instead of the likelihood function based on the fixed point solution.
The proofs of higher-order properties of the proposed algorithm build on the results developed
in Andrews (2002a,b, 2005).

We also consider two extensions of our bootstrap procedure: counterfactual experiments
and models with unobserved heterogeneity. When estimated structural models are used to
quantitatively assess the impact of counterfactual policies, the reliability of the estimated impact

arises as an important issue. We develop a bootstrap procedure that allows us to construct



reliable Cls for the impact of counterfactual policies where asymptotic CIs may be unreliable.
We also show that our bootstrap procedure can be applied to a finite mixture model, which is
a popular approach when preferences are likely to be different across individuals.

In order to assess the performance of our bootstrap procedure, we provide Monte Carlo
evidence based on a machine replacement model of Rust (1987) and Cooper, Haltiwanger, and
Power (1999). We compare the performance of the bootstrap Cls for the impact of counter-
factual policies with that of the asymptotic CIs. The bootstrap Cls perform better than the
asymptotic Cls, and the one-step bootstrap Cls with a few iterations often achieve a similar
performance to the bootstrap Cls based on the NFXP. The simulation results suggest that we
may construct more reliable Cls by using our proposed one-step bootstrap procedure without
facing a prohibitive computational burden.

The remainder of the paper is organized as follows. Section 2 introduces the model. In
Section 3, we propose and analyze a modification to the NPL estimator. Section 4 describes
our one-step estimation algorithm and proves its convergence properties. Section 5 analyzes
the higher-order improvements from applying parametric bootstrapping to the one-step NPL
estimators. Practical extensions are discussed in Section 6, and Section 7 reports some simulation

results. Proofs and technical results are collected in Appendices A and B.

2 The Econometric Model

This section introduces the class of discrete Markov decision models considered in this paper. We
closely follow the setup and the notations of Aguirregabiria and Mira (2002) [AM, hereafter].
An agent maximizes the expected discounted sum of utilities, E[} 72, BIU (844, attj)|at, stl,
where s; is the vector of states and a; is an action to be chosen from the discrete and finite set
A={1,2,...,J}. The transition probabilities are given by p(s¢+1|s¢, at). The Bellman equation

for this dynamic optimization problem is written as

W) = {Usw.0) 4.5 [ Wsptasiantoo) |

JFrom the viewpoint of an econometrician, the state vector can be partitioned as s; = (z¢, €;),

where x; is observable and ¢; is unobservable. We consider the following assumptions.

Assumption 1 (Additive Separability): The unobservable state variable €; is additively



separable in the utility function so that U(st, ar) = u(xe, ar) + €(ar), where e(ay) is the

a-th element of the unobservable state vector ¢, = {€,(a) : a € A}.

Assumption 2 (Conditional Independence): The transition probability of the state vari-
ables can be written as p(sit+1|st, ar) = g(€r+1|Ti+1) f(ze41|2e, ar), where g(e|x) has finite
first moments and is twice differentiable in e uniformly in x € X; the support of €(a) is

the real line for all a.
Assumption 3: The observable state variable z; has compact support X C R%.

Assumptions 1 and 2 are analogous to Assumptions 1 and 2 in AM. They are first introduced
by Rust (1987) and widely used in the literature. Assumption 3 admits x; to have a continuous
distribution, relaxing Assumption 3 in AM that assumes x; has a finite support.

Define the integrated value function V(z) = [ W(z,€)g(de|z), and let By be the space of
V ={V(x): x € X}. The Bellman equation can be rewritten in terms of this integrated value

function as:

V(z) = /meaj( {u(x, a) + e(a) + ﬁ/ V(") f(da' |z, a)} g(de|x). (1)
@ X
Let I'(+) be the Bellman operator defined by the right-hand side of the above Bellman equation.
The Bellman equation is compactly written as V- =T'(V).
Let P(alz) denote the conditional choice probabilities of the action a given the observable

state x, and let Bp be the space of {P(a|z) : z € X}. Given the value function V', P(a|z) is

expressed as
Plalo) = [ 1{a = argmatote. i) + <] glaelo), )
j
where v(z,a) = u(z,a) + 3 [ V(a') f(da'|z,a) is the choice-specific value function and I(-) is
an indicator function. The right-hand side of the equation (2) can be viewed as a mapping from

one Banach (B-) space By to another B-space Bp. Define the mapping A(V) : By — Bp as

AWlale) = [ 1{a = argmagtote.) + )] ataelo) ®)

We now derive the mapping from choice probabilities to value functions based on Hotz and

Miller (1993). First, the Bellman equation (1) can be rewritten as

V(r) = 3 Plala) {uu, o)+ Ble(a)lo,a . Plalo)] + 5 [ Vi) e a)} (4)

a€A



where

Ele(a)|z, a; Ty, Palz)] = [P(a]z)] ™! /E(G)I{fl(% a) +e(a) = 0(x, ) +€(j), j € Apg(de|z),

where (z,a) = v(z,a) — v(z,1) and 0, = {0(z,a) : a > 1}.

Define P, = {P(a|x) : a > 1}. For each z, there exists a mapping from the utility differences
¥, to the conditional choice probabilities P,. Denote this mapping as P, = Q,(7,). Hotz
and Miller (1993) showed that this mapping is invertible so that the utility differences can be
expressed in terms of the conditional choice probabilities: @, = Q,(P;). Invertibility allows
us to express the conditional expectations of €(a) in terms of the choice probabilities P, as
eala, P2) = Ele(a)|2,a: Q' (P,), P(ala)].

By substituting these functions into (4), we obtain
V(z) =up(z) + BEPV (), (5)

where up(z) = Y ,c 4 Plalz)[u(z, a)+es(a, Py)] and EpV (z) = 3,4 Plalz) [ V(&) f(d2'|z, a).
Here, up is the expected utility function implied by the conditional choice probability P, whereas
Ep is the conditional expectation operator for the stochastic process {z, a;} induced by the con-
ditional choice probability P(a:|z;) and the transition density f(z+1|z¢, at).

Define P = {P, : x € X}. The value function implied by the conditional choice probability
P is a unique solution to the linear operator equation (5): V = (I — BEp)~'up. The right-hand
side of this equation can be viewed as a mapping from the choice probability space Bp to the
value function space By . Define this mapping as ¢(P) = (I — 8Ep) 'up. Then we may define

a policy iteration operator ¥ as a composite operator of ¢(-) and A(:):

Given the fixed point of this policy iteration operator, P, the fixed point of the Bellman equation
(1) can be expressed as V = ¢(P).

Before proceeding, we collect some definitions. Because P and V are infinite dimensional
when x; is continuously distributed, the derivatives of ¥, A, and ¢ need to be defined as Fréchet
(F-) derivatives. For a map g : X — Y, where X and Y are B-spaces, ¢ is F-differentiable at x

iff there exists a linear and continuous map 1" such that

g(x +h) —g(x) =Th+o([lhll), h—0



for all h in some neighborhood of zero, where || - || is an appropriate norm (e.g. sup norm,
Euclidean norm if g € RM). If it exists, this 7 is called the F-derivative of g at x, and we let
Dg(z) denote the F-derivative of g. Note that Dg(z) is an operator. When X is a Euclidean
space, the F-derivative coincides with the standard derivative dg(x)/dx. Concepts such as the
chain rule, product rule, higher-order and partial derivatives, and Taylor expansion are defined
analogously to the corresponding concepts defined for the functions in Euclidean spaces. For
further details the reader is referred to Zeider (1986). Ichimura and Lee (2004) provide a concise
summary on F-derivatives. Let D’g(z,y) denote the jth order F-derivative of g(z,), and let
D,g(z,y) denote the partial F-derivative of g(x,y) with respect to x. If x is a finite dimensional
parameter, D,g(z,y) is equal to the standard partial derivative dg(x,y)/0z.

One of the important properties of the policy iteration operator ¥ is that the derivative of
¥ in P is zero at the fixed point. AM proves this property in the case where the support of
is finite. The following proposition establishes that this zero-Jacobian property also holds even

when the support of z; is not finite and V' does not belong to a Euclidean space.

Proposition 1 Suppose Assumptions 1 - 3 hold. Then ¢(-) is F-differentiable at the fixed point
P. If V(-) is F-differentiable at P, then Dp(:) = D¥(-) = 0 (zero operator) if evaluated at the
fized point P. In other words, Do(P)¢{ = DV (P){ =0 for any £ € Bp.

3 Maximum Likelihood Estimator and its Variants

We consider a parametric model by assuming that the utility function and the transition prob-
abilities are unknown up to an Lg x 1 parameter vector 6 = (6,,60,,0f), where 6,,0,, and 0
are the parameter vectors in the utility function u, the density of unobservable state variables
g, and the conditional transition probability function f, respectively. Consequently, the policy
iteration operator ¥ is parameterized as VU(P,0) = A(¢(P,0),0). This corresponds to AM’s
notation Wy(P).

Let Py denote the fixed point of the policy iteration operator so that Py = W(Py,0). Let
{w; : i = 1,2,..., N} be a random sample of w = (a,2’,z) from the population, where z;
is drawn from the stationary distribution implied by Py and fy o @ is drawn conditional on x;

from Py(-|z;), and 2 is drawn from fy ;(|zi,a;). Under Assumption 2, the log-likelihood function



can be decomposed into conditional choice probability and transition probability terms as:

N N
lN(e) = lN71((9) + lN72(9f) = Zln Pg(ai‘éﬂi) + Zln fgf (a:;\a:“ ai). (6)
=1 =1

Since 6 can be estimated consistently without having to solve the Markov decision model, we
focus on the estimation of a = (6, 6,) given initial consistent estimates of 6 from the likelihood
InN2(0f). Thus, U(P,0) = U(P,«a,0¢), and we use both U(P,0) and V(P,«a,0y) henceforth.

The maximum likelihood estimator solves the following constrained maximization problem:

N
1 R
max El In P(a;|x;) s.t. P=VY(Pa,by). (7)

Rust (1987) develops the celebrated Nested Fixed Point (NFXP) algorithm by formulating the
parameter restriction in terms of Bellman’s equation. The NFXP repeatedly solves the fixed
point problem at each parameter value to maximize the likelihood with respect to a.. Let & denote
the solution to the maximization problem (7), and let P denote the associated conditional choice

probability estimate characterized by the fixed point: P = \II(P, é, 0 )

3.1 Nested Pseudo-likelihood (NPL) Estimator

Assuming an initial consistent estimator Py is available, the nested pseudo-likelihood (NPL)

estimator developed by AM is recursively defined as follows.

Step 1: Given ]5]-13_’—41, update a by

N
1 . ~
@fL = argmaxﬁ E In \Il(a, Pjp_li, Qf)(az]:rz)
* i=1

Step 2: Update P using the obtained estimate de by PJ-PL = \IJ(PJP_Ll, ész, éf)

Iterate Steps 1-2 until j = k.

Let PY be the true set of conditional choice probabilities, and let f° be the true conditional
transition probability of z. Let ©, and © be the set of possible values of o and 0y, and define
O = 0, x O;. Following AM, consider the following regularity conditions:

Assumption 4. (a) O, and © are compact. (b) V(P,«,6;) is three times continuously F-
differentiable. (c) W(P, o, 0f)(alr) > 0 for any (a,z) € A x X and any {P,a,0s} €



Bp x O x Of. (d) w; = {aj, z},x;}, for i =1,2,..., N, are independently and identically
distributed, and dF(x) > 0 for any x in the support of z;, where F'(z) is the distribution
function of x;. (e) There is a unique 9? € int(Oy) such that, for any (a,z,2’) € Ax X x X,
f@?p (2'|z,a) = fO(2'|7,a). (f) There is a unique o €int(6,) such that, for any (a,z) € A x
X, Pyo(a|r) = P°alz). For any a # o, Prgo({(a,2) : \I’(PO,Q,G?)(CLM) # P%alx)}) > 0.
(8) Ego Sup(pa,;) ||D*W(P,a,0f)(alx)||* < oo for s =1,...,4. (h) éf — 0% = O,(N~1/2),
PPL_ p0 = 0p(1), and the NFXP estimator & satisfies v N(& — a®) —4 N(0,Q).

Assumptions 4(a)—4(f) are similar to the regularity conditions 4(a)-(f) in AM. The supremum
in 4(g) may be taken in a neighborhood of (P%,aY, 653).

Following Robinson (1988), for matrix/mapping and (nonnegative) scalar sequences of ran-
dom variables {Xy, N > 1} and {Yn, N > 1}, respectively, we write Xy = O,(Yn)(0p(Yn)) if
|| Xn|| < CYy for some (all) C' > 0 with probability arbitrarily close to one for sufficiently large
N.

Our first main result shows that the NPL estimator converges to the MLE, &, at a superlinear,

but less than quadratic, convergence rate.

Proposition 2 Suppose Assumptions 1-4 hold. Then, for k=1,2,...
apt —a = Op(NTV2|BE - P+ |1BER = PII), B — P =0y(lar" - all).

This proposition provides a theoretical explanation for the result of the AM’s Monte Carlo
experiment. Their experiment illustrates that the finite sample properties of the NPL estimators
improve monotonically with k and that the estimators with k = 2 or 3 substantially outperform
the estimator with £ = 1.

Note that P{’F — PO = O,(N~") with b > 1/4 suffices for VN(aL" — a%) —4 N(0,Q)
for all £ > 1. This weakens assumption (g) of Proposition 4 of AM and also implies that the
NPL estimator is valid even if x; has an infinite support and a kernel-based estimator is used
to estimate P°. The result suggests that the NPL algorithm may work even with relatively
imprecise initial estimates of the conditional choice probabilities.

If PéDL — P% = O,(N~?) with b € (1/4,1/2], repeated substitution gives

de &= Op(N_(k_l)/2_2b), p{’L - P _ Op(N_(k_l)/Q_Qb). (8)

10



In particular, if the support of z; is finite and we can obtain 15({3 L such that 15({3 L_po =

O,(N~Y/2), then the convergence rate becomes N~ (k+1)/2,

3.2 Nested Modified Pseudo-likelihood (NMPL) Estimator

We now introduce the nested modified pseudo-likelihood (NMPL) estimator that achieves a

faster rate of convergence than the NPL estimator:

Step 1: Given ]%-AffL, update a by

N
1
AéwPL — argmax—ZID\I’ (PMPL (07 ef)(az|$z)
=1

where

Uy (P, 0f)(as|zs) = U (V(P, o, ), a, 0f) (a;|;).
Step 2: Update P using the obtained estimate aMPL by PMPL \II(PMPL AMPL Hf)

Iterate Steps 1-2 until j = k.

Assumption 5. (a) For any a # a°, Prgpo({(a,x) : \IIQ(PO,a,G?)(aM) # P%alz)}) > 0. (b)
Ego sup(pa.0,) |ID*Wo (P, v, 0f) (a|x;)||? < oo for s = 1,...,4. (c) PMPE — PO =o,(1).

The following proposition shows the NMPL estimator of o converges at a rate faster than

quadratic while the NMPL estimator of P converges at a quadratic rate.
Proposition 3 Suppose Assumptions 1-5 hold. Then, for k=1,2,...
't —a = Op(NTV2|BITE — PIP + ||BYTE = PIP), BYPE - P = O,(I|IBMT" - PIP).
If PMPL — PO = 0,(N~?) with b € (0,1/2], then the convergence rate is given by

)

&IJC\JPL - Op(N*1/2*b2k + N73b2’“*1> pé\/[PL _p= Op(N*ka).

In particular, if PJPF — PO = O,(N~'/2), then we have aMPL — g = Op(N_1/2_2k71). Note
that PMPL — PO = O,(N~?) with b > 1/6 suffices for vV N(a)PF —a®) —4 N(0,9Q) for all k > 1.
Therefore, the NMPL estimator requires a weaker condition on the initial estimate of P? than

the NPL estimator. The NMPL estimator may, therefore, be preferable to the NPL estimator

11



when we only have a poor initial estimate of P°, as is likely to be the case, for instance, in
models with unobserved heterogeneity.

Using W (P, v, 6) instead of W(P, a, fy) achieves a faster rate of convergence. However, the
NMPL algorithm requires more policy iterations than the NPL for computing each ¢&;, which
implies that the overall computational cost for achieving a given rate of convergence may be
higher with the NMPL.

The following two orthogonality conditions between & and P are the key to understanding

the difference in the rates of convergence between the NPL and the NMPL estimators:?

N Zz]il Dpo In ¥ (F, 0)(ai|z;) = Op(N~1/2),

- : )
N1 Zi:l Dp,In \I/Q(Pé, 9)((11’331) = 0.

Thus, at the fixed point, & and P are asymptotically orthogonal in the NPL while they are
orthogonal in any sample size in the NMPL. In case of the NPL, the asymptotic orthogonality
in the first equation of (9) implies that the estimation error P,i Ll — P has an asymptotically

negligible effect on df L _ &, diminishing at the rate of N~1/2. Since the extent to which the

impreciseness of ]5,5 Ll would be carried over to the estimate ész L is mitigated only at the rate
of N~Y2, the NPL converges at a superlinear, but less than quadratic, rate. In case of the
NMPL, the second equation of (9) implies that Pk]‘{ PL _ P has, at most, a second-order effect
on d,]c\/[ PL _ & for any sample size N and hence the NMPL converges, at least, at a quadratic
rate. In the appendix, we also show that N~! Zfil DppoIn o (P, 0)(ai|z;) = Op(N~1/2) [c.f,

1/2
9y

Lemma 9(b)], implying that the second-order effect is diminishing at the rate of N~ and

thus the NMPL converges at a faster rate than quadratic.

3.3 Covariance Matrix Estimation and Test Statistics

Suppose 6 is obtained by maximizing Iy 2(fs). Suppress (alz) and (2'|z,a) from Py(alz) and
fo;(#'|z,a). Expanding the first order condition for & and éf gives the asymptotic covariance
matrix of 6 = (&, é})’ as

£(0°) = D(°) " V(O) (D)"Y,

2They follow from Lemma 8(c), the root-N consistency of #, and Lemma 9(a).

12



D) = Dii(0) Dia(0) | B E(0?/0a0a’) In Py E(62/8a30}) In Py

- 0 Dn®) | 0 E(02/00;00,)In fy,

Vo) = V11(0) Vi2(0) B (0/0ca) In Py (0/0a) In Py /
Vo1(6) Vaa(0) (0/00y) In fo, (0/00f)In fo,

The information matrix equality from the MLE based on [y 2(6) alone implies Daa(6°) = Va2 (6°),
and the information matrix equality from the full MLE based on Iy (#) implies D11(6°) = Vi1(6°)
and —E(9°/0ad0}) In Ppo = E(9/da) In Pyo(0/d8))(In Pyo + In fe(;).

There are several ways to estimate Y(0°) consistently. Let Dy (6) and V() be the sample

analogue of D(#) and V(0), respectively, and define
D99) 1 ZN: (0/00)In Py(8/0a/) In Py (9/dcr)In Py(9/06%)(In Py + In fy,)
N - N
NI 0 (0/007)In fo,(9/007)In fo,

D} (9) is an outer-product-of-the-gradient (OPG) estimator of D(#), which does not require the

calculation of the second derivatives of In Py and In fy ;- Then one can use ¥y = X ~n(6), where

f is a consistent estimate of #° and

n(0) = Dn(0)'VN(O)(Dn(O)'), or (10)
Sn(0) = DRO)'Vn(0)(DS(0)).

The consistency of X (0) follows from the standard argument. Notice, however, that computing
Y n () potentially requires a large number of policy iterations, being based on the full solution
of the fixed point problem.

Alternatively, we may estimate V' (#) and D(0) using the pseudo-likelihood function defining
the NPL and NMPL estimators. Define DEX(P,6) and DX (P, 6) by replacing Pp in the defi-
nition of Dy (0) with ¥(P, ) and Wy (P, 0), respectively, and define D%PL(P7 0), D](\),’MPL(P, 0),
VZE(P,0), and VIPL(P ) analogously. As shown in the following Proposition, we can esti-

mate Y(6°) consistently using these estimates with the NPL and NMPL estimators of (P,a)

and construct t- and Wald statistics with a limited number of policy iterations.

Proposition 4 Let P and 0 denote estimators that converge to PPand 6° in probability. Then,

D3(P,6), DY (P,0) —, D(0°) and Vi(P,8) —, V(6°) for s = {PL, MPL}.
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Let 6, 09, and 6, denote the r-th elements of 6, 0°, and 0 respectively. Let (Xx). denote
the (r,7)-th element of ¥ . The t-statistic for testing the null hypothesis Hy : 6, = 6 is

T (67) = N'2(6, — 0))/(Sn ).

Let n(6) be an RE7-valued function that is continuously differentiable at §°. The Wald statistic
for testing Ho : n(6°) = 0 versus H4 : n(6°) # 0 is

Wa(0°) = Hy(0,6°)Hy(6,6°), where
0 9 9 2 1/2
Hy(0,07) = @U(Q)ZN(Q)%W(G) NYn(0).

Then T (6°) —4 N(0,1) and Wy (6°) —4 X%n under the null hypotheses.

4 One-step NPL and NMPL Estimators

We propose one-step NPL and NMPL estimators which update the parameter « using one
Newton step without fully solving the optimization problem. This reduces the computational
cost of the corresponding estimators especially when the dimension of « is high. Let Ly (P, o, 6)

denote the objective function of the NPL estimator as

Ly(P,a,0f) = Zlnty P, o, 05)(ailz;). (11)
=1

The one-step NPL estimator, (df L ka L), is defined recursively as:
Step 1: Given (PPL17 @t 1,0f) update o by
& = aP% — Q) o (P T 6y, (12)
where Qn j—1 = QN(PPLl, a; 1,Hf)
Step 2: Update P using the policy iteration operator evaluated at the updated df L
Prt=w(pPlh al* 6y).

J

Iterate Steps 1-2 until j = k.

14



The matrix )y j—1 determines whether the one-step NPL estimator uses the NR, default NR,
line-search NR, or Gauss-Newton (GN) steps. The NR choice of Qn j_1 is QN7 i1 = = (0?/0ada’)
LN(PP Q- 1,0f) The default NR choice of Qn j—1, denoted QNJ 1 equals QN] p if de
defined in (12) satisfies LN(PPL PL Hf) > LN(PPL ] L, Qf) but equals some other matrix
otherwise. Typically, (1/¢)Igim(q) for some small & > 0 is used. The line-search NR choice,
QNJ 1> computes @ PLA for A € (0, 1] using (1/)\)QN] , and chooses the one that maximizes
the objective function. The GN choice, denoted QS N,j—1, uses a matrix that approximates the
NR matrix Q%?_l. A popular choice is the OPG estimator

~ 0 ~
Q%{;gl = —7271 v PPL le,Qf)(aZ]xl) lnq}(PP Q- 1’9f)(a"$1)

because this does not require the calculation of the second derivative of the objective function.

The following proposition establishes that the one-step NPL estimator achieves a similar rate
of convergence to the original NPL estimator. This is because taking one NR step brings the
one-step NPL estimator sufficiently close to the NPL estimator. In fact, the distance between
the one-step NPL estimator and the NPL estimator is at most of the same order of magnitude

as the distance between the NFXP estimator and the NPL estimator.

Proposition 5 Suppose the assumptions of Proposition 2 hold and the initial estimates (d(I)DL, }50

are consistent. Then, for k=1,2,...,

all —a = op(|att —a|* + N~V2|BEE — P|| +||PEL — PI1%)
[+O0,(N~2|a — afh|)  for OPG ],
Bt —P = Oylaf*t - al|).

If the initial estimates satisfy ab” — o, P — PO = O,(N~%) with b € (1/4,1/2], then

repeated substitution gives®

aFl — 4 — Op(N—(k—l)/2—2b)’ prL—p = Op(N‘(k‘l)/Q_Qb), (13)

3The initial root-N consistent estimate, &5'~, can be obtained from applying the original NPL estimator with
k = 1 or using Hotz and Miller’s CCP estimator. Furthermore, when we apply the one-step NPL estimator to
the bootstrap-based inference, we may use the estimate from the original sample as an initial root-NN consistent

estimate for the bootstrap sample.
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and the one-step NPL estimator achieves the same convergence rate as the NPL estimator.

The one-step NMPL estimator (a77F, PMPL) is defined analogously using N~ Zf\il In Uy (P, 0)(a;|x;)
as Ly(P,a,0). As shown in the following proposition, it achieves the quadratic rate of conver-
gence when the NR, default NR, or line-search NR is used. When the OPG is used, however,

its convergence rate reduces to that of the one-step NPL estimator.

Proposition 6 Suppose the assumptions of Proposition 8 hold and the initial estimates (dg/IPL, POMPL)

are consistent. Then, for k=1,2,...,

apt—a = Op(llaht —al? + N7V PMYE — PP + || BETE - PP)
[+Op(N 2|6 " — | + ||[BMYE = PI*) - for OPG ],

PYPE—P = Op(llay"" —all + (| BT — PIP).

When the initial estimates satisfy i — o, BP’* — PO = O,(N~?) with b € (1/4,1/2],

repeated substitution gives

aMPL _q = 0,(N~¥), PMPL_p—0,(N"") for NR, default NR, line-search NR

aMPl —a = O (N~U=D/2=2y 0 pMPL _ B g (N~(*-D/2-20) - for OPG.

For the NR, the default NR, and the line-search NR, the result follows from a quadratic
convergence of NR iterations. For the OPG estimator, the convergence rate is less than quadratic
because the matrix QJOV?C_;l approximates (0?/0ada’) Ly, leading to an approximation error of
the magnitude O,(N~/2) in the NR search direction.

Comparing the number of policy iterations required to achieve a particular level of con-
vergence with these estimators reveals that the one-step NMPL estimator requires fewer policy
iterations than the one-step NPL estimator when the target level of convergence is high. We may

also consider a hybrid algorithm that needs the fewest policy iterations by using the one-step

NPL estimator for the first few steps and then switching to the one-step NMPL estimator.

5 Parametric Bootstrap and Higher-order Improvements

In this section, building upon Andrews (2005), we analyze the higher-order improvements from

applying parametric bootstrapping to the parametric discrete Markov decision models.
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5.1 The NFXP Parametric Bootstrap

First, consider bootstrapping the NFXP estimator. The parametric bootstrap sample {w; :
i=1,...,n} is generated using the parametric density at the (unrestricted) NFXP estimator &
and the MLE 6 . The conditional distribution of the bootstrap sample given = (&, é})’ is the
same as the distribution of the original sample except that the true parameter is 6 rather than
00 = (¥, 9?’)’.4

The bootstrap estimator §* = (a™,0})" is defined exactly as the original estimator 0 but

using the bootstrap sample {w} : i = 1,...,n}. Specifically,

05 = argmaxiy,(0y), where I§,(0f) = Zlnfgf (¥ |zf, ab), (14)
9f€9f

of = ar max— In P(a}|z]) st. P=Y(P«a,0%).
5 1 Z i l77) ( 7)

The bootstrap covariance matrix estimator, X%, is defined as X3, (0*) where X7%,(6) has the
same definition as X (6) in (10) but with the bootstrap sample in place of the original sample.

The bootstrap t and Wald statistics are defined as

TN(0:) = N7 —6,)/(Z8)07, (15)
Wi(0) = HY(0%,0) Hi(0,0), where
; ] ) V2 i ;
Hy(0,0) = | 571(0)%N5(0)5,n(0) NY2(n(0) = n(0)),
06 00

where 0 denotes the r-th element of %, and (X}),» denotes the (r,r)-th element of ¥%;. Here,
we use the bootstrap Wald statistics to test Hg : 7(0") = 0 versus Ha : n(6°) # 0.

Let 2/ o» 27,0 and 23, , denote the 1 — o quantiles of T%(6,)], T (6,), and Wi (6), respec-
tively. The symmetric two-sided bootstrap CI for 62 of confidence level 100(1 — )% is

Clsy1t(0,) = [Br — 2t (SN (O)HL2/NY2,0, + 2y (S (B)2/NY2), (16)
The equal-tailed two-sided bootstrap CI for 69 of confidence level 100(1 — a)% is

Clpr(0y) = [0r — 250 o (En(O)12 N2, 00 — 271 o o (S (9))12 /N, (17)

41f x; is assumed to be exogenous, then x; = z; needs to be used. If z; is assumed to be drawn from its

stationary distribution A(6) implied by Py and fp,, then 7 is either equal to x; or drawn from ().
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The symmetric two-sided bootstrap ¢ test of Hy : 6, = 6° versus Hj : 0, # 00 at significance level
a rejects Ho if [T (69)] > z‘*lea. The equal-tailed two-sided bootstrap ¢ test at significance level
a for the same hypotheses rejects Hy if Ty (62) < 271 —q)2 O Tn(69) > 27 2+ The bootstrap
Wald test rejects Hy if Wy (09) > 2 0

We introduce technical conditions that are used in establishing the higher-order improve-
ments. They mainly consist of the conditions on the higher-order differentiability, the existence
of the higher-order moments, and the Cramér condition. They are essentially the same as

Assumptions 4.1-4.3 in Andrews (2005). Let ¢ be a non-negative constant such that 2c¢ is an in-

teger. Let g(w;,0) = ((0/90") In Py(alx), (0/00%)In fo,(2'|z,a))’, and let h(w;,0) € REr denote

!/

the vector containing the unique components of g(w;, ) and g(w;,0)g(w;,0)" and their partial
derivatives with respect to 6 through order d = max{2c+ 2, 3}. Let Apin(A) denote the smallest
eigenvalue of the matrix A. Let d(6, B) denote the distance between the point 6 and the set B.

We assume the true parameter 6° lies in a subset ©g of © and establish asymptotic refine-
ments that hold uniformly for #° € ©¢. For some 6 > 0, let ©; = {# € © : d(,0¢) < §/2} and
O2 = {0 €O :d(0,0¢) < d} be slightly larger sets than ©¢. For the reason why these sets need

to be considered, see Andrews (2005).

Assumption 6. (a) ©; is an open set. (b) Given any € > 0, there exists n > 0 such that
110 — 6°]| > ¢ implies that Ego In Pyo(as|x;) — Ego In Py(ailzi) > n and Ego In fo, (|2, a;) —
EgoIn fo, (}|zi,a;) > for all 6 € © and 6° € O1. (c) supgoce, Ego suppee |lg(wi, 0)[|% <
00, SUPgoce, Fgo supgee | In Po(ailz;)|® + [In fo, (x7]|zi, ;)| } < oo for all 6 € © for go =
max{2c + 1, 2}.

Assumption 7. (a) g(w, ) is d = max{2c + 2,3} times partially differentiable with respect to
6 on O for all w = (a,2’,2) € A x X x X. (b) supgoce, Ego||h(w;, 6°)]|"" < oo for some
q1 > 2¢+2. (c) infgoce, Amin(V(6°)) > 0, infpoce, Amin(D(6%)) > 0. (d) There is a function
Ch(w;) such that ||h(w;, 8) — h(w;, 0°)|] < Ch(w;)||@ — 6°| for all @ € O and 6° € ©1 such

that |6 — 6°|] < & and supgoce, EgoCy' (w;) < oo for some g > 2¢ + 2.

Assumption 8. (a) For all ¢ > 0, there exists a positive  such that for all + € R*» with
[t]| > €, |Ego exp(it'h(w;,0°))] < 1 — 6 for all #° € ©1. (b) Vargo(h(w;, #°)) has smallest

eigenvalue bounded away from 0 over §° € ©;.
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The higher-order differentiability of In Pp(alr) and In fy,(2'|z,a) are satisfied if the den-
sity function of the unobserved state variable, €, and the utility function, ug, are sufficiently
smooth. Note that Assumption 4.1(b) of Andrews (2005) is satisfied by the definition of &
and 9f. Assumption 4.1(c) of Andrews (2005) is satisfied with p(6,0°) = Egyo In Py(alz) and
Egoln f,(2'|z,a). Assumption 4.1(d) of Andrews (2005) is satisfied by Assumption 6(b). Be-
cause w; is iid, Assumption 4.3(a), (b), and (d) of Andrews (2005) are trivially satisfied, and his
Assumption 4.3(c) reduces to the standard Cramér condition. Assumption 4.3(f) of Andrews
(2005) follows from our Assumption 8(b) since w; is iid. Assumption 8(a), however, is not
satisfied when all elements of the observed state variable have a finite support.

The following Lemma establishes the higher-order improvements of the bootstrap NFXP

estimator.

Lemma 1 Suppose Assumptions 1-8 hold with ¢ in Assumptions 6 and 7 as specified below.

Then,

(a) supgoce, |Preo (6 € Clsyu(0,))—(1—a)=O0N"2) fore=2,
(b) supgoce, [Proo (00 € CIpr(0,)) — (1 —a)|=o(N~'InN) forc=1,
(c) supgoce, |Proo(Wn (8°) < Zya) — (1—a)|= o(N=32InN) forc=3/2.

The errors in coverage probability of standard delta method CIs are O(N~') and O(N~1/2)
for symmetric CIs and equal-tailed Cls, respectively. The errors in rejection probability of a
standard Wald test are O(N~1). Davidson and MacKinnon (1999b) and Kim (2005) analyze an
alternative parametric bootstrap procedure that draws the bootstrap sample using the restricted
MLE where the null is imposed. The results in Davidson and MacKinnon and Kim indicate that
the bootstrap equal-tailed t-test from the restricted parametric bootstrap have smaller errors
in rejection probabilities than the unrestricted parametric bootstrap. In this paper, we mainly
focus on Cls, but we conjecture that such a refinement from bootstrapping with the restricted

MLE is also possible in our context.

5.2 One-step NPL and NMPL Parametric Bootstrap

Bootstrapping the NFXP estimator is computationally costly because one has to estimate the
model repeatedly under different bootstrap samples, where each estimation requires the re-

peated full solution of the Bellman equation. For this reason, we propose the one-step boot-
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strap NPL and NMPL estimators, which are defined as GZP L — (a,’ZP L,,H}')’ and HZMP L —
aMPL' 92!\ where 0% is defined in (14) and (a;PL, PiPL qfMPL - pxMPLY are defined exactly
i ¥ ¥ k k k k

~PL pPL ~MPL pMPL
a‘s(ak 7Pk » A 7Pk )

but using the bootstrap sample {w} : i =1,...,n}.

We estimate 6 by the NFXP estimator in the original sample and use the fixed point at the
NFXP estimator P as the initial estimate of P for the one-step estimation with the bootstrap
samples. Using the NFXP and P, does not increase the computational burden significantly,
since we are required to estimate 6 and compute F; only once in the original sample.’

We use the derivatives of the pseudo-likelihood function defining the NPL or NMPL estimator
to construct the covariance matrix estimate (c.f., Proposition 4). This is essential for developing
computationally attractive bootstrap-based inference in this context. Evaluating the derivatives
of the pseudo-likelihood functions involves a limited number of policy iterations and, under the
assumption of extreme-value distributed unobserved state variables, the analytical expression for
the first derivatives are available. The computational saving from using the pseudo-covariance
matrix estimate can be substantial, since we need to compute the covariance matrix estimates
as many times as the number of bootstraps.

With (P,:‘P L GZP L), we use the bootstrap covariance matrix estimator as
SN (P.0) = D PH(P.0) VT (P.0) (DY H(PLO) Y (18)

where D;‘VO’PL(P, 0) and V3FL(P,0) are the same as D]?,’PL(P, 0) and VL (P, 0) but constructed
with the bootstrap sample. Here, care must be exercised; using the bootstrap covariance ma-
trix estimator defined as D3FE(PrPE, 03P~ PL(PrPL, 03 PLY (DL (PrPE, 0;P L) =) does not
yield the higher-order refinement, because the second derivatives of In Py and In (P, 6) with
respect to 8 do not agree with each other even when evaluated at the fixed point.

With (PfMPL gxMPL) e use either

SN(P,0) = DRPE(P o) VMPL(P, o) (DYPE(P,0)7YY,  or
Sh(P0) = DMPE(P o) WMPE(P,6) (D MR (P o), (19)

5 Alternatively, we may estimate 6 by the NPL or NMPL estimator in the original sample and use PFY or
PéWPL as the initial estimate for the bootstrap estimation. Here, we focus on the case of estimating 6 by the
NFXP estimator but the similar argument applies to the case of estimating 6 by the NPL or NMPL estimator in

the original sample.
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with analogous definitions for D3MPE(P,0), ViMPL(P,¢), and D}kVO’MPL(P, ). It is important
to note that D3MPL(P, ) must be used if Dy(6) is used in forming ¥y (6), and DTVO’MPL(P, 0)
must be used if DY (#) is used in forming ¥ (8). For instance, using DM PL(P, §) when D (0) is
used in forming ¥ x(0) introduces an approximation error of magnitude O,(N~/2) and, hence,
does not yield the higher-order refinement.

The one-step bootstrap ¢- and Wald statistics, T’ ]"\‘,k(ér) and W]”Qk(é), are defined as in (15),
but with (0*,%%) replaced by (0;7F, S5 (PrPL, 0:L)) or (9FMPL S (PPMPL 9:MPLY) - The
one-step bootstrap Cls, denoted Clgy ar i, CIgT )k, are defined analogously to (16) and (17) but
using the 1 — a quantiles of ]Tj{,k(ér)\ and T]’(,k(ér) instead of |T]’{,(ér)] and Tj{,(ér)

Define

pung = N -2+ ln2k(N ) for the one-step NMPL estimator with NR, default NR, and line-search NR,

UNE = N~E+D/21nk+1 (N for the one-step NPL estimator and the one-step NMPL estimator with OPG.

Lemma 2 establishes the higher-order equivalence of the one-step NPL and NMPL bootstrap
estimators and NFXP bootstrap estimator. Lemma 3 shows, under suitable conditions on ¢ and
k, the difference between the bootstrap test statistics constructed using the one-step NPL or

NMPL estimator and the NFXP estimator is o(N~¢).

Lemma 2 Suppose Assumptions 1-8 hold for some ¢ > 0 with 2c an integer and supgcg
11(0/00) Py(alz)|], suppg) [| DY (P, 0)(alz)||, supp g |D?W(P,0)(a|z)|| < oo with probability one.
Then, for alle >0 and s = {PL, MPL},

sup Prgo (Prg(ue;;s — 0| > ) > N’%ﬁ) — o(N79),
90690
sup Prgo (PrZ(\T]{,’k(G}) —T5(0,)] > NYV2pn ) > N””g) — o(N79),
90690
sup Pryo (Prs(IWii(8) = Wia(@) > N'2ung) > N™%) = o(N7),

90O

Lemma 3 Suppose the assumptions of Lemma 2 hold and iy = O(N_(C+1/2)). Then, for all
e >0,

sup Prgo (supZeR |Zk(2)| > N*Cé:) =o(N™°),
09O

for Ex(z) = Pry(NY2(6;°—0) < 2)—Prs(NV2(6"—0) < z) with s = {PL, MPL}, Prj(T} 1 (6,) <
2) = Pri(Tx(0,) < 2), or Pry(Wi 4(0) < 2) — Pry(Wi(6) < 2).
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Admittedly, the additional finiteness assumptions on the derivatives of P and ¥ are strong.
We conjecture they can be weakened to assumptions in terms of their moments, but doing so
would require a longer proof. The following Lemma shows that the errors in coverage probability
of the one-step NPL and NMPL bootstrap Cls are the same as those of the NFXP bootstrap Cls.
Therefore, the one-step bootstrap estimators achieve the same level of higher-order refinement

as the NFXP bootstrap estimator.

Lemma 4 Suppose the assumptions of Lemma 2 hold.

(a) If c = 2 and pn = o(N~5/2), then supgoce, | Preo (82 € Clgyu, K(0,))—(1—a)| = O(N~2).
(b) Ifc = 1 and . = o(N=3/?), then SUpgoce, | Proo (6 € Clpri(8,))—(1—a)| = o(N~'In N).
(c) If ¢ = 3/2 and pny = o(N~3/2), then supgoce, |Prgo(Wn(6°)

o(N~3/2In N).

(
< Hya) — (1-a)| =

The condition pyj = o(N =5/ 2) requires k > 3 for the one-step NMPL estimator with the
NR, default NR, and line-search NR, and requires k& > 5 for the one-step NPL estimator and the
one-step NMPL estimator with the OPG. Constructing a one-step NMPL bootstrap-t statistic
requires 8 policy iterations. This is because the one-step bootstrap NMPL estimator with k£ = 3
requires 6 policy iterations and the pseudo-covariance matrix estimator based on the second
equation of (19) requires 2 policy iterations.® On the other hand, constructing a one-step NPL
bootstrap-t statistic requires 6 policy iterations by using the one-step NPL estimator with k£ =5
and using (18), and hence fewer computation. The fewest policy iterations with pn = o(IN =5/ 2)
are achieved if we use the one-step NPL estimator in the first and second iterations, the one-step
NMPL estimator in the third iteration, and using the pseudo-covariance matrix estimator based

n (18); this yields uyx = O(N~3In®(N)) with 5 policy iterations.

The NPL and NMPL estimators yield the same level of higher-order refinement as stated in
Lemma 4 except that, reflecting the difference in their convergence rates, the definition of 1y
for the NMPL estimator is different from that for the one-step NMPL estimator. Specifically,
we have puyp = N-21-1/2 lnzk“(N) for the NMPL estimator with NR, default NR, and line

search NR. We omit the proof because it is very similar to the proof of Lemmas 2-4.

5We may reduce the number of policy iterations from 8 to 7 by using the pseudo-covariance matrix estimator

(18) instead of (19).
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6 Practical Extensions

6.1 Bootstrapping Counterfactual Experiments

One important advantage of structural models over reduced-form models is that we can use
them to quantitatively assess the dynamic impact of public policy proposals, often called coun-
terfactual experiments. Thereby, the reliability of the estimated impact of policies arises as an
important issue. Our proposed bootstrap method allows us to construct reliable Cls for the
dynamic impact of counterfactual policies where asymptotic CIs may be unreliable.

Counterfactual policies are characterized by a counterfactual parameter which in turn de-
pends on the true parameter. Given the true parameter 6, a counterfactual parameter is denoted
by 9¥(0), where ¥(-) is a (non-random) smooth mapping from © to itself. The quantity of in-
terest under a counterfactual policy often depends on the true parameter 8, a counterfactual
parameter ¥(6), as well as the conditional choice probabilities Py and Pyg); see the examples
provided in Section 7. We assume that the quantity of interest takes a scalar value and denote
it by y(0) = g(0,9(0), Py, Pyg)). Define Y (6) = 9y(0)/00. In practice, Y () is evaluated by
taking a numerical derivative of y(6).

Denote the NFXP estimator by 6 and the covariance matrix estimator by X N(é) The
asymptotic CI for y(f) of confidence level 100(1 — ) is Clasy = [y(6) — za/gﬁy/Nl/Q, y(0) +
za/zﬁy/Nl/Q], where 67 = Y (6)'Sn(0)Y () and z, denotes the 1 — a quantiles of the standard
normal random variable. It is also straightforward to define the bootstrap Cls for y(f) . Define
the bootstrap t-statistic as T, = NY/2(y(6*) — y(é))/cfy“, where 0;2 =Y (0*)Z}(6%)Y (0*) and

0* is the bootstrap NFXP estimator. Let z}yﬂ and z"’ifym denote the 1 — o quantiles of T},
and |T,|. The symmetric and equal-tailed two-sided bootstrap CI for y() of confidence level
100(1 — @) are defined as Clsya(y(0)) = [y(0) — z‘*Tymc}y/Nl/Q,y(é) + z‘*Ty"ac}y/Nlm] and
Clpr(y(0)) = [y(0) — 7 w20/ N2, y(0) — o 1ay20y/N'/?], respectively.

Define 6;° = (azs’,é})’, where s € {PL,MPL}. The one-step NPL or NMPL bootstrap
CIs, denoted by CISYM’k(y(é)) and CIET,k(y(é)), are defined exactly as Clgya(y(d)) and
Clgr(y(9)) but with (8%, %5(6*)) replaced with (0;°, 25 (P2, 05°)), where s € {PL, MPL} and
Y3 (P, 0) is defined by (18)-(19).

When y(0) depends on Py(g), constructing the one-step bootstrap Cls often requires com-

puting the numerical derivatives of Pﬁ(ezs) with respect to 6;°. This is potentially expensive
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because it requires solving the fixed point problem, P = W¥(P,¥(0;°)), as many times as the
number of bootstraps multiplied by the dimension of 6.7 Let 0}, denote either GZP L or GZM PL.
We propose to reduce the computational burden in computing y(#) by approximating the fixed
point Pyg+) by taking a finite number of policy iterations under ¥(6}) starting from the fixed
point under §. That is, starting from ng}c = Pﬁ(é), we repeat policy iterations under ¥(6}) as
ng}c = \P(P;,]}c_l,ﬁw};)) to obtain a sequence {P;Jk 1 j > 0}. Since P35 — Pygry = O,(N~1/2)
and the policy iteration mapping W¥(-,9(6;)) has the quadratic convergence property, we have
P;’j = Py(or) = Op(N_ijl). Under the assumption that g(6,9(0), Py, Py)) is a smooth func-
tional of Py, it follows that g(0;,9(05), Pf, Pyer)) — 9(05, 9(07), Py, Pyl) = Op(N7271).
This suggests that a small value of j may suffice to achieve higher-order refinement in boot-
strapping. Let C’IéYM’k(y(HA)) and CIJETk(y(é)) be the approximated one-step bootstrap Cls
that use the approximated conditional choice probabilities Pgi in place of Pﬁ(@;). Define
,ugv = N *Qj_llny(N ) and uf‘v’k = max{/n , /ﬁ\,} The following Lemma shows choosing
j =k =3 (j =k =2) suffices to achieve higher-order refinement in constructing the symmetric
(equal-tailed) two-sided bootstrap Cls for y(6).

Lemma 5 Suppose the assumptions of Lemma 2 hold, 9(0) and g(0,9, Py, Py) are continuously
F-differentiable, and supy [|(0/00)9(0)[|, supg.9,p,,p,) [1Dg(0,0, Py, Py)|| < oo with probability
one. Then

(a) If ¢ = 2 and ,ug\,’k = o(N75/2), then supgoce, | Proo(y(6°) € C’IéYM,k(y(é))) -1-a)|=
O(N72).

(b) If e = 1 and iy, = o(N“3/2), then supgoce, | Proo (y(6°) € Cliyy, (y(6)) — (1 — )| =
o(N~'In N).

6.2 Unobserved Heterogeneity

In the model of Section 2, it is assumed that individuals are homogenous in terms of the param-
eter A representing their preferences and transition probabilities. However, in many empirical

applications, preferences and transition probabilities are likely to be different across individuals.

"Note that numerically evaluating the derivative of g(@,ﬁs,ﬁ(ezs),szs,Pﬁ(g;s)) with respect to 0;° requires
changing the value of an element of 6;° slightly, computing Py.) for the new value 6;° by solving the fixed point

problem, and repeating it elementwise for all elements of 6;°.
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An approach often used in practice is to treat such heterogeneity as unobserved by econome-
tricians and to allow for a finite mixture of types (c.f., Keane and Wolpin, 1997). This section
discusses an extension of our bootstrap method to a finite mixture model.

Suppose there are M types of individuals, where type m is characterized by a type-specific

parameter ™ = (« and the probability of being type m in the population is 7 (m =

ml, 9?1/)/
1,...,M).8 Tt is assumed that the number of types, M, is known and 7™ € (0,1). As often done
in practice, we reparametrize the type probabilities as 7™ (7) = exp(Y™)/(1 + "ML exp(~%))
form=1,...,M —1and 7™ (y) = I—Z% “L 7™ (), where v = (71,..., M),

Let ¢ = (v/,0Y,...,0M") be the parameter to be estimated, and let ©¢ denote the set of pos-
sible values of ¢. Let {{a, i, .’If'i,t_t'_l}g‘:l}ﬁ\il be a panel data such that w; = {a, zi, :I:i7t+1}tT:1
is randomly drawn across ¢’s from the population. In particular, the initial state xz;; is assumed
to be randomly drawn from a type-specific stationary distribution implied by the conditional
choice probability and the transition probability. We consider the asymptotics when T is fixed

and N — oo.

Conditional on being type m, the likelihood of observing w; is

T
L(w;; 0™) = A(xil;Pem,feyl)Hfeyl(ﬂ«"z',t+1|wit,az‘t)Pem(az‘t!wit), (20)
=1
J
A(@; Pym, fom) = /ZPam(a/\x,)fe;n(x’ﬂ?/,a/)dA(x';Pem,fe;n% (21)
a’'=1

where Pym is the fixed point of W(-,0™). \(z; Pym, fg'}n) is the stationary distribution of x for type
m defined as the fixed point of the mapping defined by (21), and it is used to evaluate the (type-
specific) likelihood contribution of the initial observation x;;. Since solving (21) given (FPym, fQ?@)
is often less computationally intensive than computing Pym, we assume the full solution of (21)
is available given (Pym, fg}n).

The NFXP estimator of ( is defined as

M
( = arg max— Zl (wi; ), where l(w;;¢) =In (Z wm('y)L(wi;Hm)> . (22)
m=1

C€®C

Let P™ be the conditional choice probability for type m. Stack P™’s as P = (P!,..., PM),
and let PY denote its true value. Define (P, () = (¥(P,0'),..., ¥(PM 0M)) and Wy(P,() =

81f the transition probabilities are common across types so that 07 = 07 for m =1,..., M, then we may use

the 2-stage procedure analogous to that of Section 3.
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(Ua(PY,0Y), ..., Uay(PM 6M)). The pseudo-likelihood function for the NPL estimator is

N

1
L P NZZPL (wi; P,¢),  where I"F(w;; P,¢) = In (Z 7™ () LPE (wi; P™, em)>

and
T
LY (wy; P™,0™) = A (xil; U(P™ 0m), fe}n) H feyl(xz’,t+1|33z‘t, ait)U(P™,0™)(ai|xi),
=1

where \ is given by the fixed point of the mapping defined by (21). The pseudo-likelihood
function for the NMPL estimator is defined by LMFPL(P,¢) = N~V SN IMPL(y,: P, (), where
IMPL (i P, C) = 1P (wi; @ (P, €), €), i.e., we replace P™ in the NPL pseudo-likelihood function
LEE(P, ¢) with U(P™ 0™). Let LML (w;; P, 0™) = LPL (w;; O (P™, 0™), 0™).

Let {n%™}M_, be the true set of type probabilities, and let {P%™ fOmIM_ he the true
sets of type-specific conditional choice probabilities and transition probabilities. Let P°(w)
denote the true set of probabilities for w defined as P%(w) = Z%:l 7om) ($1;P07m, f07m) X

Hthl FO(zpy1|me, ap) PO™ (ag|z). Let f’gL and f’é\/[PL be initial consistent estimators of P.

Consider the following regularity conditions that correspond to Assumptions 4 and 5.

Assumption 4UH. (a) O is compact. (b) A™(x; P, f) is three times continuously F-differentiable.
(¢) A(z; P, fo;) >0 for any x € X and any {P,0} € Bp x Of. (d) w; = {(ait, Tit, Tit+1) :
t=1,...,T} fori=1,..., N, are independently and identically distributed, and dF(z) >
0 for any x € X, where F'(z) is the distribution function of z;. (e) For any {P™, 07} € Bpx
O, there exists a unique solution to the fixed point problem of (21). (f) There is a unique
¢° €int(O;) such that, for any w = {(ar, x4, x441) 1t =1,..., T}, SM_ (A0 L(w; §0™) =
PO(w). For any ¢ # ¢°, Preo({w : Yo 7 (v) L (w; P%™,0™) # PO(w)}) > 0 for s €
{PL,MPL}. (g) Ecosup(p s ||D*Ma; P, f)||* < oo for s = 0,...,4. (h) PIL—P = 0,(1),
PYPL — PO = 0,(1), and the NFXP estimator ¢ satisfies VN (¢ — ¢0) —4 N(0, Q).

The following Lemma corresponds to Proposition 1 and equation (9) and establishes the key
property of the pseudo-likelihood functions of the NPL and NMPL algorithm in the context of

a finite mixture model. Define P¢ = (Py1, ..., Py ).

Lemma 6 Suppose Assumptions 1-3 hold and V(-) and A(-;-,-) are F-differentiable. Then
DplPL(w;; Pe,¢) = DplMPL(w;; Pe,¢) = 0. Suppose, in addition, Assumption 4(a)-(c), 4(e)-
(9) and 4UH hold. Then DpcLRF(P¢,¢) = Op(N~Y2) and DpcL3PH(Pg, ) = 0.
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Thus, at the fixed point, the parameter of interest ( and the nuisance parameter P are
asymptotically orthogonal for the NPL estimator and are orthogonal in any sample size for the
NMPL estimator. Given this result, we may develop the NPL. and NMPL algorithms for a finite
mixture model which have similar convergence properties to those in section 3.

The NPL and NMPL estimators are defined as follows. Let s € {PL, MPL}.

Step 1: Given f’j_l, éj is computed by

]PL—argén%xﬁpL(P] 1,() or j\/[PL:argéré%xﬁ%PL(P%IfL,C). (23)
¢

Step 2: Form =1,..., M, update Pj’_"f using the obtained estimate éjm as ]5;’7" = \II(PS ", (9]8 ™).

Iterate Steps 1-2 until j = k.

The following proposition corresponds to Propositions 2 and 3 and establishes the conver-
gence rates of the NPL and the NMPL estimators for a finite mixture model. Define P=P &
the NFXP estimator of P.

Proposition 7 Suppose Assumptions 1-3, 4(a)-(c), 4(e)-(g), 5, and 4UH hold. Then, for k =
1,2,...

~

—( = O(INTV2PE — P+ [[PLE —PIP), PLE P = 0,167 <D,

G'PE=C = Op(INTRPYEE — PP+ PR - PIP), PP P = O,(IIPYE —PP).

The one-step NPL and NMPL estimators are analogously defined to the NPL and NMPL
estimators except that they update the parameter ¢ using one Newton step without fully solving

the pseudo-maximization problem (23). Specifically, the one-step NPL estimator is updated as

5]1‘DL = EﬁLl - (P] 17< ) (8/6C)£PL(P] 10 55— 1)

Then, f’f_Ll is updated as ]5;’m = \I/(Psnf, 0; ") for m = 1,..., M. This process is iterated for
j =1,...,k The NR choice of QEF is QL (P,¢) = (02/9¢o¢") L (P, ¢) whereas the OPG
estimator is QEF¥(P,¢) = —N~! Zi]\il(a/(‘?g)lPL(wi;P,C)(@/@C’)ZPL(wi;P,C). The one-step
NMPL estimator is defined analogously.

The following proposition corresponds to Propositions 5 and 6 and shows that the one-

step NPL/NMPL estimator achieves a similar rate of convergence as the original NPL/NMPL
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estimator for a finite mixture model. The proof is omitted because it follows the proof of

Propositions 5 and 6.

Proposition 8 Suppose the assumptions of Proposition 7 hold and the initial estimates (BDL, 15(1)3[’)

and (g:éWPL,laf)pr) are consistent. Then, for k =1,2,...

GFE—C = Op(ICH = QP + NTV2BEE — |+ IPFE - PIP?)
[+ Op(N Y2155 = CIl) for OPG,

PIL—P = 0y(IIE" - LI
GUPE =& = Op(IIGHE" — CIIP + N7V BYEE — B2 4 |PYLE — PI?)
[+ Op(N"Y2|IGMEE — {|| +|[PYEE — PI) for OPG ],

PP P = O(IIG"" — Il + PR — P2,

The asymptotic covariance matrix of ¢ is given by 2(¢°%) = D(¢%)~1V(¢)(D(¢?) 1Y, where
D(¢) = —E(0%/9¢0¢)(w; ¢) and V(¢) = E(0/9¢)(w;¢)(0/0¢")(w; ). As in Section 3.3, we
may estimate the asymptotic covariance matrix either using the averages of the derivatives of
I(wy; €) or the derivatives of the summands of the pseudo-likelihood function.

Applying our bootstrap-based inference method to a finite mixture model is straightforward.
We estimate ¢ by the NFXP estimator as (22) in the original sample and use ¢ and P;,,’s as the
initial estimates for the bootstrap samples. The one-step bootstrap NPL and NMPL estimators

*PL PL MPL MPL
(Pk; ) ]: 9 P]: ) C]:

) are defined exactly as (

f)]fL’ ~;fL, f)é\/[PL, Eépr) but computing

from the bootstrap sample. The bootstrap covariance matrix estimator, Z*NP L (PZP L C;:P LY (or
SMPL(PpMPL (xMPLY)) " ig defined analogously to the covariance matrix estimator, 2N (0),
except that we use the bootstrap sample and the corresponding pseudo-likelihood function. The
one-step bootstrap ¢- and Wald statistics, Ty, k(ér) and Wy k(é ), are then defined as in (15), but
with (6%, X%) replaced by (¢;FL, SiPE(PiPL, GPE)) or (GMPL SiMPL(PMPL (xMPLY)) = The
one-step bootstrap Cls are defined similarly to (16) and (17).

Before presenting the final lemma, we define some notation. Let h¢(w;, () € REr¢ denote the
vector containing the unique components of (9/9¢)l(w;¢) and (9/9¢)l(w; ¢)(0/I¢" ) (w; ) and
their partial derivatives with respect to ¢ through order d = max{2c+2,3}. We assume the true

parameter (¥ lies in a subset O, of ©,. For some § > 0, let O, 1 = {¢ € O¢ : d(0,0. ) < §/2}
and O¢o = {( € O¢ : d(#,0¢0) < 0}. The following lemma establishes the higher-order
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improvements of the one-step bootstrap NPL and NMPL algorithms for a finite mixture model.

The proof follows the proof of Lemmas 1-4 and is therefore omitted.

Lemma 7 Suppose Assumptions 1-3, 4(a)-(c), 4(e)-(g9), 5, and 4UH hold. Suppose Assump-
tions 6-8 hold with 6,0,01, 02, Py(alz), h(w;, ) replaced by (,O¢, O¢1,0O¢ 2, l(w; (), he(ws, €),
respectively, for some ¢ > 0 with 2c an integer. Suppose supycg ||(9/00)Py(alz)||, sup(pg) [| DY (P, 0)(alz)||,
sup(p,g) [|D*W (P, 0)(alz)|| < oo with probability one. Then the errors in coverage probability of
C’ISYM’k(fr) and CIET’k(@) and the errors in rejection probability of the one-step bootstrap

Wald test are given by Lemma 4(a)-(c), respectively.

7 Monte Carlo Experiments

This section compares the performance of our proposed bootstrap-based inference method with

that of the standard inference method based on first-order asymptotics.

7.1 Experimental Design

The model we consider is a version of the machine replacement models of Rust (1987) and
Cooper, Haltiwanger, and Power (1999). There are two observable state variables in the model:
machine age s; € N and productivity shock w; € R. We denote the vector of observed state
variables by z; = (s¢,w;) and let the variable a; € {0,1} represent the machine replacement

decision. The profit function is given by u(x¢, at) + €(at), where

U(xt, at) = y(Stth, at) - mC(St, at) - T’C(at)

with
re(a) = Ooay,
y(st,wr,ar) = exp(frsi(l — ag) +wy),
me(se,ar) = Oasi(l —ay).

Here, y(s¢,wi,at) is a revenue function; c¢(s;) is a machine maintenance cost; rc(sy) is a re-
placement cost; and €(a;) is an unobserved state variable which follows an extreme value dis-

tribution independently across alternatives. The transition function of s; is given by s; =
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at—1+ (1 —ay—1)(st—1 + 1) and productivity shock w; follows an AR(1) process wy = pwi—1 + 1y
with 7 ~ N (O, 0727). The model requires estimation of the three structural parameters whose
true value is given by 6 = (6,61, 602)" = (2.0,—0.2,0.1)". We assume that the other parameters
in the model, (3, p,0,), are known and fixed at (3, p,0y) = (0.96,0.8,0.2).

We generate a cross-sectional data set of sample size N from a parametric model by first
randomly drawing the initial states {(s;,w;) : 4 = 1,..., N} from the stationary distribution of
(s,w) under @ and then simulating a;’s using the conditional choice probabilities Py(als;,w;).
The data set consists of {(s;,w;,a;):i=1,...,N}.

To simulate the data from the model with a continuous state space, we first solve an ap-
proximated model with a discrete state space using a finite number of grids and then use the
“self-approximating” property of the Bellman operator [c.f., Rust (1996)] to evaluate conditional
choice probabilities at points outside of the grids. This allows us to generate a sample with con-
tinuously distributed w from the approximated model and to evaluate a likelihood function at
points outside of the grids. Finally, we approximate the state space of w by 10 grid points using

Gauss-Hermit quadrature points while the state space of s; is given by {1,...,10}.7

7.2 Parametric Bootstrapping

We conduct parametric bootstraps with 1000 simulated samples consisting of N = 1000 obser-
vations. For each simulated sample, we estimate the parameters by Maximum Likelihood (ML)
using the NFXP algorithm and draw B=599 bootstrap samples from the parametric model eval-
uated at the ML estimates.'® Then we estimate parameters for each bootstrap sample using ML,
NPL, NMPL, one-step NPL, and one-step NMPL estimators starting from the ML estimates

and the corresponding conditional choice probabilities in the original sample. The covariance

9The choice of approximation methods can potentially affect estimation and inference. We checked the robust-
ness of the results by repeating the same bootstrapping exercise with the NFXP using alternative approximation
methods. First, using 15 instead of 10 grid points in approximating the state space of w does not substantially
change the results. Second, using the method of Tauchen (1986) instead of Gauss-Hermit quadrature method to

approximate the state space of w and their transition probabilities produces similar results.
1%We draw the bootstrap samples of {(s},w;) :i = 1,..., N} from the stationary distribution under the ML

estimate §. We examine the alternative case in which (s},w}) is set to the original observation (s;,w;) and find
that the results are similar. We also experiment with B = 999 in some cases and find that the results do not

change substantially.

30



matrices of the ML estimates are constructed by the OPG estimator using the derivatives of
the likelihood function while those of the NPL, NMPL, one-step NPL, and one-step NMPL are
constructed by the OPG estimator using the derivatives of their pseudo-likelihood functions.

We first compare the performance of the bootstrap Wald test and the asymptotic Wald
test. The null hypothesis we test is Hy : (01,62) = (—0.2,0.1). Table 1 reports the rejection
frequencies of the asymptotic Wald test at .10, .05, and .01 levels for different sample sizes:
N =500, 1000, and 2000. The asymptotic Wald test overrejects the null hypothesis at all three
levels. While the severity of overrejection decreases with the sample size, it is substantial at all
levels even with the sample size of 1000.

Table 2 reports the rejection frequencies of the bootstrap Wald test at .10, .05, and .01
levels for ML, NPL, NMPL, one-step NPL, and one-step NMPL estimators for a sample size
N =1000. In the table, “1-NPL” and “1-NMPL” represent one-step NPL and one-step NMPL
estimators, respectively. The bootstrap Wald tests using ML slightly underreject at .10 and .05
levels but its overall performance is substantially better than that of the asymptotic Wald test.
We also conduct the bootstrap Wald test based on the restricted ML estimator where the null is
imposed. Its performance is reported in the row “MLE-NULL” and is similar to the one based
on the unrestricted ML estimator. The results from the bootstrap Wald tests using NPL and
NMPL with one iteration (i.e., k = 1) are similar to those using ML and are better than that of
asymptotic Wald test at all three levels. Furthermore, the bootstrap Wald tests using one-step
NPL and one-step NMPL perform well; 1-NPL and 1-NMPL with five iterations (i.e., kK = 5)
perform better than the asymptotic Wald test at all three levels.

Next, we compare the performance of the bootstrap Cls and the asymptotic Cls for the
parameters 61, 62, and #3. Table 3 reports the coverage performance of the asymptotic 90% and
95% ClIs, indicating the frequencies that the confidence intervals missed the true values on the
left and right sides. In the case of the 90% CI, for instance, the true coverage is 0.9 so that the
ideal values of “Miss Left” and “Miss Right” are 0.05. For the parameter 61, both the 90 % and
the 95% ClIs severely overcover on the right while they undercover on the left, suggesting that
the center of these Cls is substantially larger than the true parameter value. The asymmetry
of miscoverage for 0 is still substantial even at N = 2000. On the other hand, the asymmetry

of miscoverage for 6y and 6 is not as severe as that for ;.'' In terms of the overall coverage

" This may be due to the difference in the degree of nonlinearity. The parameter 6; enters into the profit
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probabilities, the asymptotic Cls for 6y and 6; overcover for sizes of 500 and 1000 while the
asymptotic Cls for 85 undercover.

Table 4 reports the coverage performance of bootstrap 90% and 95% CIs with N = 1000.
The performance of symmetric bootstrap Cls from ML are similar to that of the asymptotic
ClIs in Table 3; in particular, both symmetric bootstrap ClIs and asymptotic Cls for 6; severely
overcover on the right while they undercover on the left. On the other hand, equal-tailed
bootstrap Cls cover more equally on the right and on the left and thus are better centered
around the true parameter value although they slightly undercover overall. The bootstrap Cls
from NPL and NMPL with £ = 1 and the bootstrap CIs from 1-NPL and 1-NMPL with k£ = 3

performs similar to ML.

7.3 Counterfactual Policy Experiments

Our proposed bootstrap method may allow us to construct reliable Cls for the impact of counter-
factual policies where asymptotic CIs may be unreliable. We examine the finite sample properties

of the bootstrap Cls for the impact of the following counterfactual policy experiments:

1. A government introduces a policy that permanently increases (or decreases) replacement

cost by 30 percent. The agents in the economy know that the new policy is permanent.

2. Starting from the steady state, a government unexpectedly introduces a policy that tem-
porarily increases (or decreases) replacement cost by 30 percent for a duration of one

period. The agents in the economy know that the new policy only lasts one period.

We focus on the impact of these counterfactual policies on average revenue and revenue
dispersion, where the latter is measured as the standard deviation of the logarithm of revenues.
In particular, we examine these statistics (i) at the steady state under the new policy in the
first experiment and (ii) at the initial period when the new policy is unexpectedly introduced
in the second experiment. Table 5 compares the values of these statistics as well as average
replacement rate across different experiments.

Given the estimated parameter é, the estimate of a counterfactual parameter is denoted by

9() = (1.3p,01,6,) in the case of a 30% increase or ¥(0) = (0.70g, 61,05)" in the case of a 30%

function through exponential function while 6y and 6; are linearly related to the profit function; consequently,

the degree of nonlinearly in 6, is larger than those in 8y and 0.
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decrease. Average revenue and revenue dispersion for (i)-(ii) above depend on 6 and 9¥(6) as well
as the conditional choice probabilities P; and Pﬁ(é). For instance, average revenue at the steady

A~

state under ¥(f) may be written as
g(l) (é) = / Z yﬁ(é) (S/) (.d/, a/)Pﬁ(é) (a/‘slv w/)dﬂ-;(é) (S/> w/)v
=0,1

where 7% o) is the stationary distribution of (s,w) under the parameter ¥(f) defined as a fixed

*

point of Wﬁ(é)(s,w) = [>az01 Pﬁ(é)(a|s,w)fs(s’,w’|s,w, a)dﬂ:;(é)(s’,w’).

As discussed in Section 6.1, constructing the bootstrap Cls for average revenue and revenue
dispersion under counterfactual policies requires repeatedly solving the fixed point problem
under counterfactual parameter evaluated at different bootstrap estimates. To construct the
bootstrap Cls using NPL, NMPL, one-step NPL, and one-step NMPL, we apply the result of
Lemma 5 and approximate the policy function under counterfactual bootstrap estimates by
taking 3 policy iterations starting from the fixed point under the counterfactual parameter
evaluated at the original estimates, 19(9) On the other hand, for the bootstrap Cls using ML,
we use the full solution of the fixed point problem under counterfactual parameter estimates.
The asymptotic Cls are constructed by the standard delta method.

Table 6 reports the coverage performance of the asymptotic and the bootstrap 95% CIs
for counterfactual average revenues. The asymptotic Cls undercover both on the left and on
the right across all counterfactual policies. Both the symmetric and the equal-tailed bootstrap
ClIs constructed from ML perform slightly better than the asymptotic Cls in terms of coverage
probabilities. The average lengths of the asymptotic Cls for average revenues are shorter than
those of the bootstrap CIs for all cases (not reported). The bootstrap CIs from NPL and NMPL
with one iteration (k = 1) perform as well as those from ML while the bootstrap Cls from 1-NPL
and 1-NMPL with three iterations (k = 3) achieve performance similar to those from ML.

The results are more striking in Table 7, which reports the coverage performance of the
asymptotic and the bootstrap 95% Cls for counterfactual revenue dispersions. In terms of cov-
erage probabilities, both the symmetric and the equal-tailed bootstrap Cls constructed from ML
perform substantially better than the asymptotic CIs while the symmetric bootstrap Cls per-
form better than the equal-tailed bootstrap Cls. For instance, for the counterfactual experiment
with a permanent 30% decrease in replacement cost, the coverage probabilities of nominal 95%

asymptotic, symmetric bootstrap, and equal-tailed bootstrap Cls are .86, .96, and .91, respec-
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tively. Furthermore, the asymptotic CIs and the symmetric bootstrap Cls severely overcover
on the left and undercover on the right. On the other hand, the equal-tailed bootstrap Cls are
better centered around the true parameter values.

The bootstrap Cls from NPL and NMPL with one iteration (k = 1) and 1-NPL and 1-NMPL
with three iterations (k = 3) perform as well as the bootstrap Cls from ML. The results indi-
cate that we can reduce the cost of constructing bootstrap Cls by considering computationally
attractive one-step bootstrap procedures, such as one-step NPL and one-step NMPL, instead of
the standard bootstrap procedure which is often infeasible in the context of structural discrete
Markov decision models.

We acknowledge that the experiment provided in this section has a limited scope and that
these results can be different in other applications. Nonetheless, the Monte Carlo evidence
suggests that our one-step bootstrap procedure can be used to construct more reliable confidence
intervals for the dynamic impact of counterfactual policies where asymptotic confidence intervals

may be unreliable and yet the standard bootstrap procedure is too costly to implement.

8 Appendix A: proofs

For an n-linear operator M (x1,...,z,) such as an n-th F-derivative, the operator norm of M is
defined as [|M || = sup|jz, ||=...=(|zn||=1 || M (z1, . .., zn)]|. To simplify the notation, let Yo (P a,bf) =
N~ (9/0a)) nW(P,a, 0p)(ai|z) and G, (P v, 07) = N7 3% (9/00/) In Wa (P, @, 0) (ai:).

8.1 Proof of Proposition 1

Let P be an arbitrary set of conditional choice probabilities, and let h = h(a|r) be a mapping

such that P + h € Bp. From the relation ¢(P)(x) = up(x) + BEpp(P)(z), we obtain

p(P +h)(z) = p(P)(x) = (1= BEp )" [up n(x) — up(x) + B (Epyp — Ep) o(P)(x)] .

Recall up(z) = >, 4 Plalz)u(z,a) + 3,4 Plalz)es(a, Py), and note that >, 4 h(alz) = 0
because P, P + h € Bp. Furthermore, Lemmas 1 and 2 of AM hold uniformly in € X by
Assumptions 1 and 2. Consequently, applying Lemma 2 of AM to up_,(x) — up(zr) gives
wpn (@) —up(e) = Sy hlale)u(z, a) Qs (B huto([|h]]), where f, = (h(2[2). .., h(J])Y.
P, = (Py(2),...,P.(J)), and o(||h]|) term is uniform in x € X.
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Let P be the fixed point of ¥, so that ¢(P)(x) = V(z). Then

8(Epan— Er)o(P)a) = 83 hlals) [ V() f(de/lo,a)

acA
= Zha\x v(x,a) Zha\x u(z,a)
acA acA
= W hy — Z h(alx)u(z,a
acA

Because ¥, = Q; !(P,) when P is the fixed point of ¥, it follows that o (P+h)—@(P) = o(||h||) for
any h and hence Dp(P) = 0. Since ¥ = A o ¢, application of the chain rule in B-spaces gives
DY (P) = DA(p(P))Dp(P)=0. O

8.2 Proof of Proposition 2

Because the NFXP estimator maximizes the objective function of the NPL estimator if P = P

(c.f. equation (Ap.3) of AM p. 1540), it follows that

¢ (Pk Lo kPLaéf):Ea(Pvdaéf):O' (24)
We use induction. First, assume ]5,5 L — PY = 0,(1). Then &L is consistent, because

the consistency proof in the proof of Proposition 4 of AM does not depend on the finite-
ness of X. Applying the generalized Taylor’s theorem [c.f., pp.148-149 of Zeidler (1986)] to

Ea(PkPiledkPLvéf) ¢a( ) glVGS
1
/ (8/00)To(Pry ar, 07) (6 — &)dr + / Dplu(Pron,65)(PEL — P)dr =0 (25)
0

where P; = 7P'5 +(1—7)P and a; = 764 *+(1—7)d. Note that P—P° = P;— Py = O,(N~/?)
because 6 — 00 = Op(Nfl/Q) and 0Py/00 = 0V (Py,0)/00 = Op(1) from Lemma 8(a). For the
first term on the left of ( fo (8/00) o (Pry i, 0p)dT —, E(8?/0ada’) In W (P°,6%) follows
from Lemma 8(d) and the consistency of PT,Of, and «a,. For the second term on the left
of (25), expanding Dpi,(Pr,ar,0;) around (P,&,6;) and using ||P, — P|| < ||PFY — P,

|ar — @] < ||aET — @||, Lemma 8(b)(c), and root-N consistency of (&, éf, P), we obtain
Dptpo(Pryar, 05) = Op(N %) + Oy (| P5 = PI|) + Op(llag " — al),
uniformly in 7. Therefore, rearranging the terms in (25) gives
[B(0°/0a0a) U (P°,6°) + op(1)] (a1 — &) = Op(NV2IBZE = PlI) + O, (1B - PIP),
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and &Pt —a = Op(N*l/ZHP/,i'iL1 — P||+ ||]51,§3_L1 — PJ|?) follows because E(8%/0ada’) In ¥ (P°,4°)
is a nonsingular negative definite matrix (see AM p.1541).

For the convergence rate of ]S,fL, expand P,fL = \Il(Plf_Ll, dkPL, éf) around (]5, a, éf), apply

Pt =B, 6t 0p) = P+ Op(lla" — all) + Op (1575 — PI). (26)

The required result for all & follows from induction because f’(fj L — PY = 0,(1) by Assumption

4(g). U

8.3 Proof of Proposition 3

We use induction. Assume PMIT — PO = o,(1). The consistency of @*L follows from an
argument similar to the proof of consistency of dkP L by AM. From the first order conditions for

the NMPL and NFXP estimator and Lemma 9(a), we have
E%[(Pk]\{]le’ d]kv[PLv éf) = Eza(p» @, éf) = 0. (27)
Applying the generalized Taylor’s theorem to (27) gives
1 B R T o .
| (0/00)50(Pricr 6@ = a4 [ Dig(Prin O (BYFE — Pyir =0, (28)
0 0

where P, = 7PMPL 4 (1 — 7)P and a, = 7a}MPL 4+ (1 — 7)a. For the first term on the left of
(28), fol((?/aoz)@m(PT, ar,05)dr —, E(8?/0ada’) In Wy (PP, o, 9?) = E(9%/0add’) In Py from
Lemma 8(d) and the consistency of P, a,, and éf. For the second term on the left of (28),
recall Dpipy, (P, &, éf) = 0 from Lemma 9(a) because P is the fixed point of ¥(-, &, éf) Thus,

applying the generalized Taylor’s theorem to Dpty, (Pr, .y, éf) - D pim(p, a, éf) yields

Dptza(Pr 0z, 0f) = / Dipiiaa(Prro )Py P)ib+ / D BaalPh ) (ar — )i,
0 0 (29)
where Py = bP; + (1 — b)P and aj = b, + (1 — b)é. For the right hand side of (29), first note
that DPPEQQ(PO,QO,QSZ) and DQPJQQ(PO,aO,H?c) are O,(N~'/2) from Lemma 9(b) and w; ~

iid. Consequently, we obtain, uniformly in b,

Dppthoo(Ps, a, 0f), Dapthan(Py, a, ) = Op(N~2 + [lar — &l + ||P- = PI)),  (30)
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by expanding the left hand side around (P°, a?, 933), applying the triangle inequality to || P, — P?||
and ||og, — ||, and using Lemma 8(b) and the root-N consistency of (é, P, éf) Substituting

(30) into (29) gives, uniformly in 7,
Dpthoo(Pryar, 05) = Op(NTV2BYUEE — Pl + ||[BYTE = PIIP) + op(l|a)""" — al).

Consequently, rearranging the terms in (28) gives [E(0?/9add’)In Py + op(1)|(aFE — &) =

Op(N_1/2|]]3,£]13L —P|?+ ||]5k]\f]13L — P|I?), and the stated bound on aMPL — 4 follows because
E(0?/0a0a’) In Pyo is a nonsingular negative definite matrix.

For PMPL we have PMPL = @(PMPL GMPL §,) = P+ O,(||aMPE — &) + O, (|| PMPL —
PJ||?) from the same argument as (26). The required result for all k follows from induction

because PMPE — PO = 0,(1) by Assumption 5(c). [J

8.4 Proof of Proposition 4

First, consider a MLE based on I3(§) = N~} Eij\il[ln (P 6) +1In fg,]. The information ma-
trix equality associated with it implies —FE(9?/0adf) n ¥(P°,6°) = E(9/0a)In¥(PY,6°%) x
(0/00%)(In U(PY 0% + In f(,?). Then, the required result for the (1,2)-th block of DEX(P,0)
follows from Lemma 8, the information matrix equality and (47) as:

92
Dl
= E(0/0a)In¥(P° 6°)(9/06})(In ¥ (P’ 6% +In fo0)

—=Y —— m¥(P,h) — ,—E In ¥ (P°,4°)
= E(0/0a)In Py(d/06%)(In Pyo + In fG?)
= —E(8*/0a06;)In Py.
The proof for the (1, 1)-th block of DEE(P, 8) follows from the same argument, and the (2, 2)-th

block DEE(P, 0) does not depend on P. The proof for DA PL(P, ) is similar, using Lemma 9(a)

instead of (47). An analogous argument gives the proof for D]?,’S(P, 0) and V5 (P,0). O

8.5 Proof of Proposition 5

We prove the result for only the NR and OPG methods. The proof for the default NR and
line-search NR is essentially the same except for showing Pr(Q]l\), =+ Q%R) — 0 and Pr( ]LVS #*
NEY — 0; see the proof of Lemma 7.1 of Andrews (2005) (A05 hereafter). We suppress the
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~PL

PPL
J b

superscript PL from &7~ and , and we suppress 0 ¢ from ¢, (P, a, 0 ¢)and Qn (P, «, 0 £) when

it does not lead to confusion.
Recall the NFXP estimator satisfies the first order condition 4, (P,&) = 0. Applying the

generalized Taylor’s theorem to ¢, (P, &) — ¥, (Pj_1,&;_1) gives

0 = $o(Pjm1,&j-1) + Dot (Pjo1, dj-1)(& — @j1)
+Dpto(Pj—1,&j-1)(P = Pj—1) + Ry,
= Pa(Pj-1,dj-1) + Qn(Pj-1,&j-1)(@) — &j-1) + Qn(Pj-1,@-1)(a — &)
+ | Dol Pro1s@1) = Qu(Py1,6yo1)| (6= d5m0)

+DP77ZJa( Jj— 1,041 1)(P PJ 1)+RN,J’ (31)

where Ry = O,(||P — Pj_1||* + ||& — &;_1]|?) from Lemma 8(b). The first two terms on the
right of (31) cancel out. For the fourth term on the right of (31), the term inside the bracket is
zero in the NR and O, (||P — Pj_1|| + ||& — &;_1]| + N~/?) in the OPG from Lemma 8(d), (e)
and the information matrix equality. For the fifth term on the right of (31), it follows from the
generalized Taylor’s theorem, Lemma 8(c), and P — P°,6 — 6° = O,(N~'/2) that

Dpip(Pio1,d;-1,07) = Dpiog(P?,a°,6°) + Op(IIPj-1 — Pl|) + Op|ldj-1 — &]]) + Op(N /2

= O,(||Pj_1 — P||) + Op(||@j_1 — &) + Op(N~/?).
Therefore,

QN(Pj-1,8-1)(@ — ;) = Op(N"2|IP = Biall) + Op(lla — &;al” + ||P = Pial?)

[+O,(N~Y2||& — &;_4||) for OPG].

The stated bound of &; — @& follows from Qn(Pj_1,&;j_1) —p E(9%/dada’) In ¥ (PP, 6°) | which
is negative definite.

We complete the proof by showing the bound of 15]' — P. Similarly to the proof of Proposition
2, expanding ]5] = \I'(.:f’j,l,dj) around (]5, &) and applying Dp\II(IAD7 &) = 0 and Assumption
4(g) gives P; = P+ O,(||a; — a|| + ||Pj—1 — P|[>) = P + O,(||@; — a||). The required result
follows by induction. [J
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8.6 Proof of Proposition 6

We prove the result for only the NR and OPG. We suppress the superscript M PL from o?é-w PL

and , and we suppress éf from v, (P, a, éf) and Qn (P, a,éf).

PMPL

J
The proof is similar to the proof of Proposition 5. Since the NFXP estimator satisfies the
first order condition @M(P, &) = 0, applying the generalized Taylor’s theorem to @20((15,07) —
Yoo (Pj_1,&;j_1) and proceeding similarly to (31) gives

0 = Qn(Pj-1,0-1)(& — &;) + [Da%a(Pj—h aj-1) — QN (Pj-1, dj—l)] (& —aj-1)

+Dptye(Pi—1,dj-1)(P — Pj_1) + Ry, (32)

where || Brl| < 250p(p.0) (1 Dpp o (P, @)l + | DapBoa (P, a)) (1P = By1|P + [l — 5112
+ sup(p,a) ([ Daathan (P, @)|) (@ — @&;-1|[%), where the supremum is taken for all the pairs of
(P, a) that lie between (P, &) and (Pj_1,aj_1).

For the second term on the right of (32), the term inside the bracket is 0 in the NR and
Op(||P = Pj_1]| + ||& — @&;—1|| + N='/2) in the OPG from Lemma 8(d)(e) and the information

matrix equality. For the third term on the right of (32), we obtain

Dpihao(Pj1,d5-1) = Op(N2l|ay 1 — a||+ N7V2(| Py — Pl + ||a—1 — &> + || P — PI?)
(33)

by expanding Dpthy, (Pj_1,d;_1) around (P, &) and applying Dpty, (P, &) = 0 and Dppipy,, (P, &),
Dapioy (P, &) = O,(N~1/2), which follows from Lemma 9, the root-N consistency of (P, ), and
Lemma 8(b). Finally, for the bound of R, ;, applying the argument that is used to show (30)
gives sup(p ) Dppio, (P, @), sup(p.a) Daptheq (P a) = Op(N~Y24||G&j_1—a||+]||Pj—1—P||) with
the range of the supremum stated above. Lemma 8(b) gives suppq) [[Daaton (P, @)|| = Op(1).
Combining all the bounds in conjunction with Qn (Pj_1,&;_1) —, F(8?/0ada’)In Py gives
&—a; = Op([|aj-1 = &>+ N7V2(| Py = P||* 4[| Bj1 = PI[* (+ Op(N V2|1 — @[+ || Pj-1 —
PJ|?) for OPG). The bound of P; — P follows from the same argument as the proof of Proposition

5, and induction gives the required result. [J

8.7 Proof of Lemma 1

The stated result follows from applying the proof of Theorem 6.1 of A05. Note that only Lemmas
A.6, A.7, and A.8 of AO5 are used in his proof. Our Lemma 11 corresponds to Lemma A.6 of
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A05. The results of Lemmas A.7 and A.8 of A05 hold in our case, because we can replace
Lemmas A.4 and A.6 of A05 in the proof of Lemmas A.7 and A.8 of A05 with our Lemmas 10

and 11 and the proof carries through. [J

8.8 Proof of Lemma 2

The proof follows the same line of approach as the proof of Theorem 7.1 of Andrews (2005). We
drop the superscript PL and M PL from & and Py,.. We show that, if &9 = o and Py = P°,
then for £ = 0,1, ... (this corresponds to (A.9) of A05)

sup Proo (I[ag — 6l > jons) = o(N "), sup Prgo (1B = Pl > jin ) = o(N~J34)
90661 90661
sup Prgo (\TN,k(QE) — TN(HS)\ > N_l/zuMk) = o(N79, (35)
90O,
sup Pro ([Wa(67) = Wi (6% > N™2uny) = o(N7°). (36)
09O

Then, as in the proof of Theorem 7.1 of A05 (p. 203), the stated result follows from applying
Lemma A.1 of A05 three times, because the condition on @ (corresponding to fy in A05) in
Lemma A.1 of A05 is satisfied by our Lemma 10.

First, using an induction argument, we prove the result for the one-step NPL estimator. Let
pn g = N~EHD/210M 1 N For k = 0, (34) holds from Lemma 10 and supgee |[(9/00) Py|| < oo.

Suppose (34) holds for £ = j — 1 > 0. Then, from (31) in the proof of Proposition 5, we have

aj—a = Qn(Pji_1,d8;-1)"" [Da%(f’jfl, aj-1) — Qn(Pj—1,a5-1) | (& — &j-1)

+QN(Pj—1,6j-1) " Dpthy(Pj_1,dj-1)(P — Pj_1) + Qn(Pj_1,aj-1) "Ry ;{(37)

where ||Rijl| < (sup(pa,0,) [1D*0a (P 09)|) (16 = @1l + [|1P = P [?).
;From Lemmas A.2(b), A.2(c), and A.3 of A05 and Assumption 7(c), we have, for all € > 0

and some K < o0,
SUPgoco, Prgo (Sup(Ra,Gf) HD2@0¢(P7 Q, Hf)H > K) = O(N_C)u
supgoce, Proo(|[Dp, (P%,a’,09)|| > eN~/2In N) = o(N~°), (38)
supgoco, Proo (|| QN (Pj—1,dj-1) 7| > K) = o(N 7).
Thus, expanding Dpt,(Pj_1,é;_1) = Dptho(Pj_1,d&;_1,0;) in (37) around (Po,ao,é??c) gives
I1DPYa(Pj-1,aj-)ll < ény (N_W InN + [Py — P+ [Jaj1 — dll)

+éns (1P = PPl + [1a = ol + 1107 — 011) (39)
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where supgocg, Proo(|[én,]| > K) = o(N~¢) for some K < oo .

In case of NR, the first term on the right of (37) is zero. Hence, the first equation of (34)
for k = j follows from (37)-(39) and Lemma 10. In case of the default NR, line-search NR, and
OPG, we can show

Sup Prgo (|| Data(Pi-1,&5-1) = Qu(Pj-1,d-1)|| > N~/ N) = o(N~°), (40)
09€0,
by repeating the argument of the proof of Lemma 1 of Andrews (2001), to which the proof of
Lemma 7.1 of A05 refers. Using (40) to bound the first term on the right of (37), we establish
that the first equation of (34) holds for k = j.

To show that the second equation of (34) holds for k& = j, expanding \I/(]Sj,l,&j) around
(P, &) and applying Dp¥(P,a&) = 0 give

15 — P|| < [|Da¥(P, &)[[|d; — & + ((S;lp) ID*U (P, 0)|1)(IlG; — &l + || Pj—1 — PII?).
Then the required result follows from suppgy [|DW(P,0)|| < co and suppy) |D?W (P, 0)|| < oo.

We proceed to prove (35) and (36). Let X, denote (Sx(6))y,. Also, let Y, denote ¥, with
Dy (6), D%(é), and V() in its definition of (10) replaced with DYE(Py, 61, D%PL(P;C, 0).) and
VJ{}’L(PM 0y), where 0), = (&, é}) In view of the arguments in pp. 205-6 of A05, (35) holds if

there exists K < oo and § > 0 such that

sup Prgo(|X, — g, | > pnvi) = o(N™°), (41)
90691

sup Pryo(Xg, < d) =0o(N"°), sup Pryo(X, < 6) =o(N~°). (42)
0°€O, PRISCH

Let 6 denote an estimator that satisfies: for all € > 0, supgocg, Proo(||0 — 6°]| > &) = o(N 7).
Then, proceeding in the same way as the proof of Lemma A.3 of A05, we obtain the fol-
lowing; for all ¢ > 0 and some K < o0,supgoce, Proo(||[Va(0) — V(6°)|| > &) = o(N~°),
supgce, Prn([|Dx (8) — D] > 2) = o(N~9), and supgoce, Proo(|[D(0) — D@ > =) =
o(N~¢). Thus, (42) holds. Equation (41) holds if

sup Pro([|Vi'* (P, 6k) = Vw(0)|| > ) = o(N7°), and
00O,

sup Proo(||DYy " (P, 0x) = DRO)]| > ) = o(N7°).

60€0,

Note that Vy(f) = VZE(P, ) from (47). Therefore, the first result follows from applying the

generalized Taylor’s theorem to Vi (Py, 8)) — VZE(P, ) in conjunction with Lemma A.2(b) of
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A05 and (34). The second result is proven in an analogous manner, and we complete the proof
of (35). The corresponding result does not hold for DR (P, 0;) — Dy(8), however, because
DggPy # DggV(Py,0) in general from (48). Finally, in view of the argument in p. 206 of A05,
(36) follows from (34) and the proof of (35), because Lemma A.8(a) of A05 holds in our case (see
the proof of Lemma 1). The proof for the one-step NPL for general k£ > 1 follows by induction.

The proof for the one-step NMPL estimator follows an analogous argument. Suppose (34)
holds for k = j —1 > 0 with puy; = N~*TD/21n* 1 N for the OPG and gy = N2 In* (V)
in all other cases. From (32) in the proof of Proposition 6 and the bounds analogous to (38),
equation (37) holds for the one-step NMPL estimator with v, replaced by v,,, where the
reminder term satisfies || Ry ;|| < & (||& — a;_1|> + N~V2|P — Pj_4|]> + ||P — P;_1||?) with

the same definition of ;. Applying the argument used to show (33), we have, in place of (39),
1DPYoa(Pjm1,&-1)l| < Eng (N2 ||a—aj1[[+ N7V P = By ||+ |a—a -1 | P+ [P = By ).

Therefore, repeating the argument of the proof for the one-step NPL estimator following
equation (39) shows that the first equation of (34) holds for k = j with uy; = N2 ln2k(N)
(un g = N=FFD2 1AL N for the OPG). Note that (40) holds with Dy, replaced by Daty,.
The second equation of (34) follows from sup(pg) [[DV2(P, 0)|| < oo and supp) ||D2Wy(P,0)|| <
00, and the proof for general k£ > 1 follows from induction.

Equations (35) and (36) are proven using the same argument as the one for the one-step NPL
estimator. The only difference is that supgocg, Proo(||DMPL(Py, 1)~ DN (0)|| > pung) = o(N~°)

holds by virtue of Lemma 9. [J

8.9 Proof of Lemma 3 and 4

These lemmas correspond to Theorems 7.1(b) and 7.2 of A05. They are proven by applying the
argument of pp. 206-7 of A05. [J

8.10 Proof of Lemma 5

We drop the superscript PL and M PL from @&, and P,. Define ﬁg i exactly as 1’5;];g but using
the original sample in place of the bootstrap samples. In view of the proof of Lemmas 2-4,

the required result follows if we show that, if &y = o, Py = P°, and Pg’k = Py(go), then for
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k=0,1,...and j =0,1,...

sup Proo (|10(0) = (0| > jvg) = o(N79),  (43)
09O,
sup Prgo <|| ~£,k — Pyl > N?\/k) = o(N™%), (44)
00O,
sup PI'90 (Hg(éka ﬁ(ék% pka p{;’k) - g(é7 ﬁ(é% PJ Pﬁ(é))” > N‘}qu;) = O(Nic)‘ (45)

0°co,

Equation (43) follows from applying the mean value expansion to 9(f;) — 9(0) and using
(34) and the finiteness of 9Y(6)/06. To prove (44), note that applying the mean value expansion
to Py, — Py(p) with (43) gives supgocg, Prgo(HPﬂ((;k) = Pﬁ(é)H > un k) = o(N~°). Therefore, it
suffices to show

sup Pryo (||1537k — Pyl > ug'v) = o(N"°). (46)
09cO,

For j = 0, (46) holds because ]51(9)7k = Py(goy. Suppose (46) holds for j =7 —1 > 0. Expanding
\11(1557;1, ¥(6},)) around (Pﬂ(ék)’ 9(6)) and applying \P(Pﬂ(ék)’ D(0;)) = Py, and Dp\Il(Pﬁ(ék), D(0;)) =
0 give

Py = W(Pyit 9(0k) = Pyigy + B
where ||Ry || < K||Pg;€1 - Pﬁ(ék)HQ for a finite constant K. Thus (46) holds for j = r, and the

proof for general j > 1 follows from induction. This proves (44). Finally, (45) follows from the
finiteness of Dg(0,9, Py, Py) and (34), (43), and (44). O

8.11 Proof of Lemma 6

First, DplPL(w;; P¢,¢) = DplMPE(w;; Pe, ¢) = 0 follows from the chain rule and Proposition 1.
We proceed to prove the orthogonality results. Dpl”L(w;; P¢,¢) = 0 and the information matrix
equality imply that E.oDpcl?(wi; P, ¢Y) = 0. It follows that Dp LA (P?,¢0) = O,(N~1/2)
since w; is iid. Then, ngﬁﬁL(Pg,é) = Op(Nfl/Q) follows from expanding DpcﬁﬁL(Pﬁ,é)
around (P?,¢°) and using P — P°,{ — ¢% = O,(N~'/2) and Assumptions 4(g) and 4UH(g).

For the NMPL estimator, DPCZMPL(wi; P, () = 0 follows from the chain rule, DplP (w;; P: () =
0, and Dp®¥(P¢,¢) = 0. O

8.12 Proof of Proposition 7

The proof follows the proofs of Proposition 2 and 3. Because the NFXP estimator maximizes the

objective function of the NPL estimator if P = P, we have, in place of (24), D LPE (f’kpfl, A]fL) =
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D LPE (f’, ¢ ) = 0. Assume f’kP L —P% = 0,(1), then applying the generalized Taylor’s theorem
and following the argument used to prove Proposition 2 in conjunction with Lemma 6 gives
[Eeo DeclPE(wis P, C°) + 0p(D] (EFE = &) = Op(N~V2|[PFL, — || + |[PLL, — P|[2). The stated
result follows because ECoDCClPL (w;; P, ¢Y) is negative definite. The bound of pr — P can be

shown by expanding \IJ(PPLm HPL ") around (Py,,, ™) and applying Dp¥ (P, 6™) = 0. The
required result follows by induction.
In case of the NMPL estimator, we have DCEMPL(IA’Q{PL, ,JCWPL) CEMPL(IS, ¢)=0in

place of (27). The required result follows from repeating the argument of the proof of Proposi-
tion 3 in conjunction with Lemma 6 and DPPQEAN/[PL(PO, ¢, DCPCEJJ‘V/IPL(PO, ) = Op(N_l/Q),
which holds because Eco Dppcl™ % (wi; PP, (%) = 0 and Eco Depcl™ P (wi; PO, ¢°%) = 0 from the
chain rule, Dp¥(P°, (%) =0, EconplPL(wi; P% ¢% =0 and EConglPL(wi; P (% =00

9 Appendix B: Auxiliary results

Lemma 8 collects the bounds that are used in the proof of Propositions 2-6. Lemma 9 collects
the results on the derivatives of In Wo(P,#). Lemma 10 is our version (i.e., for & and éf) of

Lemma A.4 of A05. Lemma 11 is our version (i.e., for & and éf) of Lemma A.6 of A05.

Lemma 8 Suppose Assumptions 1-5 hold, P —, PO and 6 —p 6°. Let ;(P,0) denote either
InW(P,0)(a;|z;) or InWa(P,0)(a;|x;). Then

(a) D*U(P,0)(a;|x;) = Op(1) fors=1,2,

(1) NS suppayenpon 1IP0I = 0p(1) forg=1,2 ands=1,....4
(¢) NT'EL, Dpaln (P, 0%) (aila;) = Op(N7H2),

(d) N7U3L D2y(P,0) = Ego D*i(P°,0°) + Op(||P = POl + |8 = 6°|| + N7/2),

N='S°N | Dgyi(P,0) Dyip; (P, 6)
= Ego Dgti(P,0°) Dot (PP, 0°) + Op(||P — PO| + |16 — 6°]] + N~1/2).

If Assumptions 1-8 hold, then (b) holds for (P,0) € Bp x ©j.

Proof Parts (a) and (b) follow from Assumptions 4(c), 4(g), and 5(b). Part (c) follows because
EgoDpoIn ¥ (P° 6% = 0 (zero operator) from the information matrix equality and Proposition

1 and w; is iid. Parts (d) and (e) follow from part (b) and the law of large numbers. O
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Lemma 9 Suppose Assumptions 1-4 hold. Then

DpInUy(Py,0)(a;|x;) =0, DglnWsa(Py,0)(a;|z;) = Dln Py(a;|z;),
(a) Dyg In Wy (Py, 0)(ai|x;) = D*In Pp(ailz;), Dpeln s (Py,0)(asla;) = 0.

The same results hold for the derivatives of Wo(Py,0)(a;|x;) and Py(a;|x;).
(b)  EgpDppgInUs(PY,6°)(ai|z:) = 0, EgoDgpglnWa( PP, 0% (as]a;) = 0.

Proof The first result of part (a) is a simple consequence of Proposition 1 and the chain
rule. For the other results of part (a), recall Py(a;|x;) is defined implicitly as a function of 6 as
Py(aj|xz;) = ¥(Py,0)(a;|z;). Taking the derivative of In Py(a;|z;) = In ¥ (Py,0)(a;|x;) and using

Proposition 1 gives
Dn Py(ai|z;) = DpInV(Py,0)(a;|x;) DPy + Dy In W(Fp, 0)(ailz;) = Do In W (Pp, 0)(a;|x;). (47)
It follows from the chain rule and DpW¥(Py, ) = 0 that, for all h € ©

D2 In Pg(ai‘l'i)h = Dpp In \IJ(PQ, 9)(@,’$Z)DP9]I . DP@ + Dgp In \I/(Pg, 9)(&1‘.%'2)]1 . DP@

+Dp9 In \I’(Pg, 9)(a1|xz) . DP@h + Dgg In \I’(Pg, 6)((11‘1’1)}1 (48)

Now collect the derivatives of In Wo(P,0) = In W (¥ (P,0),0), where P is not necessarily the
fixed point of ¥(-,0).

Do lnWo (P, 0)(as|z:) = Dp InT(T(P,0),0)(as]x;) De¥(P,0) + Do In U (U (P, 0),0)(as]z;), (49)

where Dp In W(U(P, 0),0) is the F-derivative of In (P, #) with respect to P evaluated at (V(P, 0),0),
and similarly for Dpp In ¥(¥(P,0),0) etc. Furthermore, for all h € ©

Dgg In \IIQ(P, 9)(az\xl)h = Dpp In \I/(\I/(P, 9), 0)(@1’.’BZ>D9\P(P, Q)h . DQ\I/(P, 9)
+Dop In U (W(P,0),0)(a;|z;)h - Dg¥(P,0) + DpIn W (U (P,0),0)(ai|x;)Deg¥(P,0)h

+Dp,9 In \I/(\I/(P, 9), 9)(ai|x¢)D9\IJ(P, 9)h + D@g In \I/(\I/(P, 9), 9)(al|xz)h (50)
The cross derivative of Wy(P,#) takes the form, for all h € Bp

ng In \IIQ(P, 9)(az\x2)h = Dpp In \I/(\I/(P, 9),6)(&2’IE1)DP\I/(P,9>h . DQ\I/(P, 9)

—I—Dp In \I/(\IJ(P, 9), 0)(@1’331)DP9\II(P, G)h + ng In \I/(\I/(P, 9), 9)(CLZ|.Z'Z)DP\I/(P, H)h (51)
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Evaluating (49)-(51) at P = Py with DpW(Py, ) = 0 gives the first set of the results in part (a).
The required results for the derivatives of Wo(Py,0)(a;|x;) and Py(a;|x;) follow from the same
argument.

To show part (b), taking the F-derivative of (51) and evaluating it at P = Py gives, for all
hi,he € Bp

Dppg In WQ(P@,@)(ai’xi)hth = Dpp ln\I/(Pg,9)(ai‘$i)DpP\I/(Pg,9)h1h2 . D@‘I/(Pg,a)
+Dp9 In \I/(Pg,e)(ai|xi)Dpp\If(Pg,Q)hlhg,
Dgpg ID\I’Q(PQ,Q)(ai’l‘i)hth = DPp 1H‘11(P9,9)(ai‘$i)D9P\I’(Pg,9)h1h2 . DQ\I’(PQ,Q)

+Dpgln \I/(Pg, 9)(ai|:l,‘i)D9p\I’(P9, 0)h1h2

Part (b) follows because EgpoDppIn ¥ (P°, 0°)(a;|z;) = 0 and EgpDpyln ¥(P°,0°)(a;|z;) = 0

from Proposition 1, the information matrix equality, and w; ~ iid. [

Lemma 10 Suppose Assumptions 1-8 hold. Then, for all € > 0,

sup Prgo <N1/2||éf - 99” + N'Y2||a - | > 6lnN) =o(N~°).
6°co!
Proof ;From Lemma 5 of Andrews (2001), we have SUPgo co Pre(}(Nl/QHéf - H?H >elnN) =
o(N~¢) for all € > 0.
Define py(a, 05) = —N 1 Zfil In P g, (ailzi) and p(a, 0f) = —Ego In P, ,)(ai|z;), so that
& = argmingeo, pN(a,éf). By Assumption 6(b), given any € > 0, there exists § > 0 such
that ||a — a|| > e implies p(a,@?) - p(ao,ﬁgl) > §. Therefore, supgocgr Prgo(||a — || > €) <
supgocet Prgo(p(a, 991) — p(a®, 991) > 0). Since p(«,0y) is uniformly continuous, the right hand
is no larger than
sup Prgn (p(@,07) = pla’,0y) = 8/2) + o(N~°)
6%co!
< sup Prpo <P(5l, 05) — pn(@,05) + p(a®, 07) — p(a®,0y) > 5/2) +o(N7) =o(N"°),
60co!
where the first inequality follows from px(d, 6 #) — pn(a?, 0 ¢) < 0 and the last equality follows
from supgocer Proo(sup(a,0,)co lon (v, 05) — p(a, 0f)] > n) = o(N7°) for all n > 0, which follows
from (8.49) in Andrews (2001).
Therefore, we can use the argument in p. 34 of Andrews (2001) following his equation (8.51)

to obtain infgcg1 Prgo((0/0a)pn (&, éf) =0) = 1—0o(N~°). Then, the stated result for & follows
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from expanding (9/da)pn (a0 ) around (a®, 9?) and applying an argument similar to (8.52) in
Andrews (2001). O

Lemma 11 Suppose Assumptions 1-8 hold. Define Sy (0) = N~1 Zf\il h(w;,0) and 0 = (&, é})’
Let An(6°) denote N'/2(6 — 6°), T (60), or Hy(0,6°). Let L denote the dimension of Ay (6°).
For each definition of An(0°), there is an infinitely differentiable function G(-) that does not
depend on 6° and that satisfies G(EgoSn(6°)) = 0 for all N large and all §° € ©1, and

sup sup |Prgo(An(60°) € B) — Pryo(N'Y2G(Sn(6°)) € B)| = o(N7°),
00cO; BBy,

where By, denotes the class of all convex sets in RV,

Proof The proof follows the proof of Lemma A.6 of A05. Suppose Ay (0°) = N'/2(6 — ¢V).

Define
(8/0a)N-1 N In Plao,(ailz:)

(0/00; )N~V "N | In fo, (2] as, z;)

;From Lemma 10, 6 is in the interior of © with probability 1—o(N~¢), and we have infgocg, Prgo (s(6) =

s(0) =

0) =1 —o(IN~¢). Consequently, the proof of Lemma A.6 of A05 carries through if we replace
(8/00)px (0) and O in A05 with our s(6) and §. The only difference is (8/z)v(Eg, Ry (00), )| s—0 =
Nt Zfil Eg,9(Wi,00)g(Wi, 0p) in line 20, p. 210 of A05 needs to be replaced with

0% /0ada’) In Pyo(a;|z; 0% /0006, In Pyo (a;|x;
D i i) a1l — g | 0000 Pz (O f0000}) I P
Oz 0 (9%/9000)) In fyg (a7]as, ;)

Because this is negative definite, the implicit function theorem can be applied to v(-,-) at the

point (Egp Ry (0"),0), to obtain

: j_ g0 _ 0 oY) — 1 —c
ot Preo (9 00 = A(Rn(6°) + en (0 ))) 1— o(N~).
This equation corresponds to (A.35) of A05, where Ry (0°) and ey (#°) are defined in the same
manner as in A05 but his (9/96)pn(0o) replaced with our s(6°). The remaining part of his proof

carries through, because Lemmas A.5 and A.8 of A05 holds in our context by our Assumptions

1-8, and our Lemma 10 plays the role of Lemma A.4 of A05. O
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Table 1: Rejection Frequencies for Asymptotic Wald test at .10, .05, and .01 Levels

Significance Levels

.10 .05 .01

N =500 | 0.177 0.137 0.077
N =1000 | 0.135 0.097 0.059
N =2000 | 0.111 0.074 0.030

Notes: Based on 1000 simulated samples. The null hypothesis is (61,02) = (—0.2,0.1).

Table 2: Rejection Frequencies for Bootstrap Wald test at .10, .05, and .01 Levels

Significance Levels

.10 .05 .01
Asymptotic 0.135 0.097 0.059
MLE 0.088 0.040 0.016
MLE-NULL 0.084 0.039 0.006
NPL k=110.086 0.035 0.012
k=31 0.090 0.042 0.016
NMPL k=11 0.082 0.041 0.004
k=3 0.083 0.041 0.004
1-NPL k=11 0.026 0.007 0.000
k=3 | 0.087 0.046 0.003
k=5 10.090 0.048 0.007
1-NMPL k=11 0.029 0.0056 0.000
k=3 1]0.078 0.042 0.001
k=5 10.080 0.044 0.011

Notes: Based on 1000 simulated samples. The sample size is N = 1000 while the number of bootstrap samples is 599. The

null hypothesis is (61, 62) = (—0.2,0.1).
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Table 3: Coverage Performance of Asymptotic 90% and 95% Confidence Intervals

0o 01 02
Miss Left Miss Right | Miss Left Miss Right | Miss Left Miss Right
95% CI N =500 0.054 0.033 0.084 0.000 0.026 0.018
N = 1000 0.044 0.021 0.078 0.000 0.029 0.009
N = 2000 0.026 0.030 0.043 0.000 0.022 0.011
90% CI N =500 0.072 0.057 0.118 0.000 0.050 0.040
N = 1000 0.055 0.047 0.109 0.000 0.067 0.024
N = 2000 0.042 0.058 0.072 0.007 0.053 0.031

Notes: Based on 1000 simulated samples. N represents the number of observations for each sample. The table shows the

frequencies that the confidence intervals missed the true values of g = 2.0, 1 = —0.2, and 02 = 0.1 on the left or right

side. For example, “Miss Left” for 6y means that the left endpoint was larger than 2.0. The true coverage is 0.9 for 90%

CIs and, thus, the ideal values of “Miss Left” and “Miss Right” are 0.05 for 90% CIs while they are 0.025 for 95% Cls.
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Table 4: Coverage Performance of Bootstrap 90% and 95% Cls for parameters 6, 61, and 65

95% Cls 90% CIs
0o 01 02 0o 01

Miss  Miss | Miss  Miss | Miss  Miss | Miss  Miss | Miss  Miss | Miss  Miss
Left  Right | Left Right | Left Right | Left Right | Left Right | Left Right
Asymptotic CIs 0.044 0.021 | 0.078 0.000 | 0.029 0.009 | 0.055 0.047 | 0.109 0.000 | 0.067 0.024
MLE-SY 0.031 0.040 | 0.0561 0.000 | 0.021 0.018 | 0.043 0.064 | 0.097 0.000 | 0.060 0.031
MLE-ET 0.037 0.040 | 0.033 0.057 | 0.040 0.023 | 0.041 0.067 | 0.051 0.059 | 0.063 0.058
NPL-SY k=10.032 0.040 | 0.049 0.000 | 0.022 0.020 | 0.043 0.066 | 0.098 0.000 | 0.058 0.033
k=3 | 0.031 0.040 | 0.053 0.000 | 0.020 0.018 | 0.043 0.063 | 0.099 0.000 | 0.060 0.031
NPL-ET k=1 0.037 0.037 | 0.031 0.057 | 0.043 0.022 | 0.041 0.060 | 0.049 0.059 | 0.065 0.050
k=3 | 0.037 0.040 | 0.034 0.057 | 0.041 0.023 | 0.041 0.067 | 0.053 0.059 | 0.063 0.059
NMPL-SY k=1 |0.031 0.035 | 0.051 0.000 | 0.016 0.024 | 0.039 0.065 | 0.119 0.000 | 0.049 0.035
k=3 0.031 0.035 | 0.051 0.000 | 0.016 0.024 | 0.039 0.065 | 0.119 0.000 | 0.049 0.035
NMPL-ET k=1 0.032 0.033 | 0.023 0.047 | 0.031 0.031 | 0.040 0.069 | 0.051 0.050 | 0.052 0.051
k=3 0.032 0.033 | 0.023 0.047 | 0.031 0.031 | 0.040 0.069 | 0.051 0.050 | 0.052 0.051
1-NPL-SY k=1 0.022 0.030 | 0.013 0.000 | 0.019 0.026 | 0.035 0.052 | 0.063 0.000 | 0.043 0.045
k=3 | 0.018 0.034 | 0.065 0.000 | 0.012 0.026 | 0.032 0.055 | 0.116 0.000 | 0.049 0.037
k=5 0.017 0.033 | 0.065 0.000 | 0.010 0.023 | 0.032 0.052 | 0.114 0.000 | 0.050 0.036
1-NPL-ET k=1 | 0.037 0.021 | 0.003 0.192 | 0.040 0.020 | 0.059 0.041 | 0.013 0.236 | 0.077 0.031
k=3 0.029 0.025 | 0.028 0.040 | 0.022 0.025 | 0.037 0.053 | 0.065 0.041 | 0.057 0.043
k=5 ]0.025 0.029 | 0.029 0.040 | 0.026 0.027 | 0.036 0.053 | 0.065 0.041 | 0.057 0.049
1-NMPL-SY k=1 | 0.025 0.022 | 0.015 0.000 | 0.019 0.020 | 0.034 0.041 | 0.068 0.000 | 0.045 0.039
k=3 | 0.019 0.027 | 0.067 0.000 | 0.014 0.018 | 0.034 0.045 | 0.124 0.000 | 0.054 0.036
k=5 0.021 0.026 | 0.070 0.000 | 0.015 0.017 | 0.031 0.044 | 0.121 0.000 | 0.056 0.032
1-NMPL-ET k=1 | 0.050 0.016 | 0.001 0.186 | 0.046 0.014 | 0.072 0.033 | 0.015 0.22 | 0.087 0.026
k=3 | 0.031 0.021 | 0.028 0.034 | 0.026 0.020 | 0.048 0.038 | 0.067 0.036 | 0.066 0.043
k=5 0026 0.023 | 0.032 0.034 | 0.035 0.022 | 0.037 0.039 | 0.070 0.037 | 0.067 0.049

Notes: Based on 1000 simulated samples, each with the sample size of 1000. The number of bootstrap samples is 599.
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Table 5: Average Replacement Rates, Average Revenues, and Revenue Dispersions under Coun-

terfactual Experiments

Counterfactual Experiments
The Permanent Change Temporary Change
Model (Stead State) (Initial Year)
30 % More | 30 % Less | 30 % More | 30 % Less
Ave. Replacement Rate | 0.336 0.406 0.282 0.468 0.224
Ave. Revenue 0.830 0.873 0.789 0.881 0.783
Revenue Dispersion 0.142 0.132 0.154 0.132 0.155
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Table 6: Coverage Performance of Asymptotic and Bootstrap 95% CIs for Average Revenues

under Counterfactual Policies

Permanent Change Temporary Change
(Steady State) (Initial Year)
Counterfactual 6 30% Less 30% More 30% Less 30% More

Miss  Miss | Miss  Miss | Miss  Miss | Miss  Miss
Left Right | Left Right | Left Right | Left Right
Asymptotic CIs 0.035 0.041 | 0.035 0.044 | 0.032 0.044 | 0.039 0.043
MLE-SY 0.031 0.035 | 0.037 0.037 | 0.028 0.039 | 0.038 0.035
MLE-ET 0.025 0.036 | 0.029 0.038 | 0.024 0.039 | 0.028 0.035
NPL-SY k=11]0.029 0.035 | 0.036 0.037 | 0.027 0.039 | 0.039 0.034
k=3 |0.032 0.035 | 0.038 0.037 | 0.028 0.039 | 0.039 0.035

NPL-ET k=1]0.020 0.037 | 0.025 0.038 | 0.022 0.039 | 0.026 0.035
k=3 | 0.025 0.037 | 0.029 0.038 | 0.024 0.039 | 0.029 0.035

NMPL-SY k=1 0.024 0.031 | 0.027 0.034 | 0.021 0.035 | 0.031 0.031

k=3 |0.024 0.031 | 0.027 0.034 | 0.021 0.035 | 0.031 0.031

NMPL-ET k=1 | 0.012 0.033 | 0.022 0.033 | 0.015 0.035 | 0.020 0.031

k=3 | 0.012 0.033 | 0.022 0.033 | 0.015 0.035 | 0.020 0.031

1-NPL-SY k=11]0.015 0.012 | 0.021 0.018 | 0.011 0.011 | 0.016 0.007

k=3 0.035 0.019 | 0.038 0.022 | 0.030 0.016 | 0.037 0.010

k=5 ]0.034 0.021 | 0.037 0.024 | 0.031 0.024 | 0.041 0.022

1-NPL-ET k=1 0.005 0.031 | 0.015 0.032 | 0.004 0.011 | 0.005 0.007

k=3 | 0.020 0.027 | 0.027 0.027 | 0.022 0.015 | 0.026 0.015

k=5 0.023 0.025 | 0.028 0.025 | 0.024 0.027 | 0.027 0.025

1-NMPL-SY k=1 | 0.007r 0.018 | 0.021 0.022 | 0.008 0.020 | 0.011 0.013
k=3 | 0.038 0.022 | 0.040 0.024 | 0.032 0.022 | 0.040 0.018

k=5 0039 0.024 | 0.041 0.025 | 0.035 0.026 | 0.044 0.024

1-NMPL-ET k=1 | 0.000 0.028 | 0.003 0.028 | 0.000 0.020 | 0.001 0.013
k=3 | 0.016 0.028 | 0.026 0.028 | 0.021 0.025 | 0.027 0.022

k=5 ]0.023 0.028 | 0.030 0.028 | 0.024 0.028 | 0.030 0.028

Notes: Based on 1000 simulated samples.
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Table 7: Coverage Performance of Asymptotic and Bootstrap 95% ClIs for Revenue Dispersions

under Counterfactual Policies

Permanent Change Temporary Change
(Steady State) (Initial Year)
Counterfactual 6 30% Less 30% More 30% Less 30% More

Miss  Miss | Miss  Miss | Miss  Miss | Miss  Miss
Left Right | Left Right | Left Right | Left Right
Asymptotic CIs 0.000  0.140 | 0.000 0.149 | 0.000 0.137 | 0.000 0.151
MLE-SY 0.000 0.041 | 0.000 0.043 | 0.000 0.072 | 0.000 0.074
MLE-ET 0.065 0.026 | 0.049 0.027 | 0.059 0.034 | 0.048 0.035
NPL-SY k=1 |0.000 0.042 | 0.000 0.043 | 0.000 0.040 | 0.000 0.044
k=3 | 0.000 0.043 | 0.000 0.045 | 0.000 0.040 | 0.000 0.043

NPL-ET k=1 10.063 0.027 | 0.049 0.028 | 0.058 0.027 | 0.048 0.028
k=3 | 0.064 0.027 | 0.049 0.028 | 0.060 0.026 | 0.048 0.027

NMPL-SY k=1 | 0.000 0.033 | 0.000 0.034 | 0.000 0.033 | 0.000 0.034
k=3 | 0.000 0.033 | 0.000 0.034 | 0.000 0.033 | 0.000 0.034

NMPL-ET k=1 0.056 0.019 | 0.042 0.022 | 0.050 0.018 | 0.042 0.021
k=3 | 0.05 0.019 | 0.042 0.022 | 0.050 0.018 | 0.042 0.021

1-NPL-SY k=1 0.000 0.053 | 0.000 0.054 | 0.000 0.038 | 0.000 0.045
k=3 | 0.000 0.045 | 0.000 0.046 | 0.000 0.038 | 0.000 0.047

k=5 |0.000 0.045 | 0.000 0.048 | 0.000 0.042 | 0.000 0.048

1-NPL-ET k=1 | 0.142 0.026 | 0.069 0.029 | 0.003 0.022 | 0.001 0.025
k=3 | 0.042 0.024 | 0.033 0.025 | 0.029 0.022 | 0.023 0.025

k=5 (0.039 0.023 | 0.033 0.025 | 0.043 0.022 | 0.032 0.025

1-NMPL-SY k=1 | 0.000 0.054 | 0.000 0.059 | 0.000 0.040 | 0.000 0.047
k=3 | 0.000 0.051 | 0.000 0.053 | 0.000 0.044 | 0.000 0.051

k=5 | 0.000 0.050 | 0.000 0.052 | 0.000 0.049 | 0.000 0.052

1I-NMPL-ET k=1 | 0.134 0.034 | 0.068 0.034 | 0.004 0.027 | 0.002 0.028
k=3 | 0.037 0.029 | 0.030 0.031 | 0.028 0.027 | 0.026 0.030

k=5 0.033 0.027 | 0.029 0.030 | 0.035 0.027 | 0.028 0.030

Notes: Based on 1000 simulated samples.
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