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Frqvxphu ehkdylru lq gl�huhqwldwhg surgxfw pdunhwv fdq eh vshfl�hg iroorzlqj wkh Odq0

fdvwuldq fkdudfwhulvwlfv dssurdfk ru iroorzlqj Krwhoolqj*v dssurdfk ri vsdwldo frpshwlwlrq1 Lq

wkh fdvh ri xqlw ghpdqg L suhvhqw d fodvv ri prghov ri +khwhurjhqhrxv, frqvxphu ehkdylru

zklfk fdq eh zulwwhq dv prghov �d od Odqfdvwhu dv zhoo dv prghov �d od Krwhoolqj1

Nh|zrugv= Surgxfw Gl�huhqwldwlrq/ Fkdudfwhulvwlfv Dssurdfk/ Vsdwldo Frpshwlwlrq

MHO0Fodvvl�fdwlrq= G441
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Uhfhqwo|/ wkh wkhru| ri surgxfw gl�huhqwldwlrq kdv udlvhg pxfk lqwhuhvw dv d iuxlwixo eudqfk

ri hfrqrplfv wr vwxg| vlwxdwlrqv ri lpshuihfw frpshwlwlrq1 Lq wklv qrwh/ L uhodwh wzr gl�huhqw

dssurdfkhv ri wkh wkhru| ri surgxfw gl�huhqwldwlrq wr hdfk rwkhu1�

Iroorzlqj Jrupdq +4<;3,/ zklfk zdv zulwwhq lq 4<89/ dqg Odqfdvwhu +4<99/ 4<:<, frqvxphuv

rqo| ghulyh xwlolw| iurp wkh +ghvludeoh, fkdudfwhulvwlfv zklfk duh hperglhg lq wkh frqvxpswlrq

jrrgv dqg d frqvxphu lv fkdudfwhul}hg e| klv suhihuhqfhv gh�qhg rq wkh fkdudfwhulvwlfv vsdfh1

Odqfdvwhu +4<:<, surylghv d orqj glvfxvvlrq ri qrqfrpelqdelolw| ri jrrgv lq wklv iudphzrun1

Dq dowhuqdwlyh ylhz lv r�huhg e| wkh zrun rq vsdwldo frpshwlwlrq zklfk zdv lqlwldwhg e|

Krwhoolqj +4<5<,1 Dq ryhuylhz lv surylghg h1j1 e| Jdev}hzlf} dqg Wklvvh +4<<5,1 Lq prghov

ri vsdwldo frpshwlwlrq �d od Krwhoolqj frqvxphuv duh fkdudfwhul}hg e| wkhlu orfdwlrqv ru lghdo

srlqwv rq wkh olqh1 Dovr jrrgv duh fkdudfwhul}hg e| wkhlu orfdwlrq rq wkh olqh1 Frqvxphuv

ex| rqh xqlw ri wkdw jrrg iru zklfk wkh sulfh ri wkh jrrg soxv wudqvsruwdwlrq frvwv/ zklfk

ghshqgv rq wkh glvwdqfh ehwzhhq jrrg dqg frqvxphu/ lv wkh orzhvw1

Wkh �uvw dwwhpsw wr uhodwh wkh wzr dssurdfkhv kdv ehhq pdgh e| Odqfdvwhu +4<:<,1 Kh frp0

sduhv wkh surshuwlhv ri d sduwlfxodu Odqfdvwhu prgho zlwk wkh ruljlqdo Krwhoolqj prgho/ l1h1

zlwk olqhdu wudqvsruwdwlrq frvwv dqg xqlw ghpdqg1 Kh revhuyhv vrph _vwulnlqj% gl�huhqfhv

ehwzhhq wkh wzr dssurdfkhv zklfk/ gxh wr klv vshfl�fdwlrqv/ lv qrw vxusulvlqj1

Wkh vhfrqg dwwhpsw kdv ehhq pdgh e| Dufkledog dqg Hdwrq +4<;<,1 Wkh| gh�qh svhxgr0

phwulfv lq wkh Odqfdvwuldq fkdudfwhulvwlfv vsdfh zklfk doorzv rqh wr vshdn lq d phdqlqjixo

zd| ri glvwdqfhv ehwzhhq jrrgv1 Wkh| srlqw rxw vhyhudo vlplodulwlhv ehwzhhq wkh wzr ds0

surdfkhv1 Lq wkhlu vxppdu| wkh| zulwh= _Wkh sureohp ri fkdudfwhul}lqj glyhuvh suhihuhqfhv

lq dq lqwhuhvwlqj dqg wudfwdeoh pdqqhu lq wkh wzr prghov uhpdlqv/ exw lv eh|rqg wkh vfrsh ri

wklv sdshu1% Lq sduwlfxodu/ wkh| glg qrw wu| wr suhvhqw wkh htxlydohqw ri d prgho �d od Krwhoolqj

zlwk frqyh{ wudqvsruwdwlrq frvwv lq wkh Odqfdvwuldq fkdudfwhulvwlfv dssurdfk1

Wkh remhfwlyh ri wklv qrwh lv wr phujh Krwhoolqj dqg Odqfdvwhu prghov vxfk wkdw wkh khw0

hurjhqhlw| ri frqvxphu wdvwhv lv zhoo0xqghuvwrrg lq erwk dssurdfkhv1 Lq wkh olwhudwxuh +h1j1

Iulhgpdq/ 4<;6/ ss1 ;4/ Luhodqg/ 4<;:/ s1 4;, lw kdv ehhq vxjjhvwhg wkdw orfdwlrqv rq wkh

Krwhoolqj olqh fdq eh lqwhusuhwhg dv udwlrv ri wzr whfkqrorjlfdoo| uhodwhg fkdudfwhulvwlfv1 Lq

wklv qrwh L ghyhors d prgho iru zklfk wklv vxjjhvwlrq lv fruuhfw1 Wkh prgho lv vlplodu wr wkh

Ghihqghu prgho zklfk lv xvhg lq wkh pdunhwlqj olwhudwxuh +vhh Kdxvhu/ 4<;;,1

L uhvwulfw wkh dqdo|vlv wr d wzr0glphqvlrqdo fkdudfwhulvwlfv vsdfh lq zklfk fkdudfwhulvwlfv duh

vhhq dv shuihfw vxevwlwxwhv1 Frqvxphuv kdyh xqlw ghpdqg1 Vhfwlrq 5 frqwdlqv surshuwlhv ri

frqvxphu ehkdylru zklfk L zloo lpsrvh/ Vhfwlrq 6 wkh _htxlydohqfh% uhvxow1 L lpsrvh d whfk0

qrorjlfdo frqvwudlqw rq wkh wzr0glphqvlrqdo fkdudfwhulvwlfv vsdfh= jrrgv kdyh wr eh fkrvhq

��L|i |�@| |�ihi @hi L|�ih @TThL@U�it @hL�?_c ?@4i*) |�i hiThiti?|@|��i UL?t�4ih @TThL@U� @?_ |�i

h@?_L4 �|�*�|) @TThL@U�� �? |��t tii �?_ihtL?c _i �@*4@ @?_ A��tti E�bb2� @?_ |�i hiuihi?Uit |�ihi�?�
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iurp dq duf ri d flufoh lq wkh srvlwlyh ruwkdqw1 Wklv uhvwulfwlrq lv hvvhqwldo ehfdxvh/ dv L vkrz

lq Vhfwlrq 6/ wkh orvv lq xwlolw| iru hdfk frqvxphu gxh wr wkh ghyldwlrq ri wkh fkrvhq jrrg iurp

klv prvw suhihuuhg srvlwlrq lv lqghshqghqw ri wkh rulhqwdwlrq dqg rqh fdq gluhfwo| uhzulwh wkh

xwlolw| ixqfwlrqv iru wkh orfdwlrq prgho1

Lq Vhfwlrq 7 L hvwdeolvk wkh h{lvwhqfh ri htxloleulxp zkhq �upv frpshwh lq sulfhv1

2 w@?U@t|ih @?_ OL|i**�?}G @ ��@h@U|ih�3@|�L?

2�� �L_i*t 
@ *@ w@?U@t|ih

Dffruglqj wr wkh fkdudfwhulvwlfv dssurdfk frqvxphuv ghulyh xwlolw| iurp d yhfwru ri fkdudfwhu0

lvwlfv zklfk duh remhfwlyho| phdvxudeoh dqg uhsuhvhqwhg e| vrph uhdo qxpehuv1 L zloo frqvlghu

wzr0glphqvlrqdo prghov �d od Odqfdvwhu zlwk xqlw ghpdqg dqg fkdudfwhulvwlfv dv shuihfw vxe0

vwlwxwhv1 Wkh| ixo�oo wkh iroorzlqj uhtxluhphqwv=

+O4, Jrrgv duh exqgohv ri wzr fkdudfwhulvwlfv> wkh vhw ri jrrgv lv jlyhq e| i+�?> �?,?j zkhuh

�?> �? 5 ?1

+O5, Frqvxphuv ex| rqh xqlw ri wkh gl�huhqwldwhg jrrgv zklfk jlyhv wkh kljkhvw xwlo0

lw|/ l1h1 pd{? x
u+q> {f, zkhuh wkh Klfnvldq frpsrvlwh frpprglw| 3 lv erxjkw lq exgjhw

h{kdxvwlqj txdqwlw|1 Wkh frqglwlrqdo xwlolw| ixqfwlrq ri rqh xqlw ri jrrg q lv jlyhq e|

x
u+q> {f, @ k+�?> �?, . {f1

+O6, Wkh ixqfwlrq k = F � ?2 �$ ?n lv qrqghfuhdvlqj lq �? dqg �? dqg ;+�> �, 5

F <+��> ��, 5 Q"+�> �,/ +� �> ��, A +�> �,= k+� �> ��, A k+�> �,1

+O7, D frqvxphu lv fkdudfwhul}hg e| klv vxevwlwxwlrq udwh � ehwzhhq � dqg �1 Li � 5 +3>4,

wdnh dq| � A 3/ � � k

w
/ rqh kdv k+�> �, @ k+� . �> � � �,1 Iru d frqvxphu ri w|sh 3 rqh kdv

k+�> �, @ k+��> �,/ � � � 3/ dqg iru d frqvxphu ri w|sh 4 rqh kdv k+�> �, @ k+�> ��,/ �� � 31

Zlwk +O5, L lpsrvh xqlw ghpdqg= frqvxphuv hydoxdwh wkh wzr fkdudfwhulvwlfv hperglhg lq

rqh xqlw ri d gl�huhqwldwhg jrrg dqg wkh dprxqw ri wkh frpsrvlwh frpprglw|1 Ixuwkhupruh/

suhihuhqfhv rq ?2 �?n duh txdvlolqhdu1 Lw lv lpsolflwo| dvvxphg wkdw doo jrrgv hqwhulqj wkh

frpsrvlwh frpprglw| gr qrw vkduh dq| ri wkh fkdudfwhulvwlfv ri wkh jrrgv lq wkh gl�huhqwldwhg

pdunhw1 +O6, vd|v wkdw fkdudfwhulvwlfv duh ghvludeoh dqg/ iru jlyhq {f/ suhihuhqfhv duh orfdoo|

qrqvdwldwhg1 +O7, lv d yhu| vshfldo dvvxpswlrq vd|lqj wkdw jrrgv duh shuihfw vxevwlwxwhv1 Wkh

frqvxphu*v vxevwlwxwlrq udwh lv wkh devroxwh ydoxh ri wkh vorsh ri dq lqgl�huhqfh fxuyh1 D

frqvxphu zlwk � @ 3 grhv qrw ghulyh dq| xwlolw| iurp fkdudfwhulvwlf � zkhuhdv d frqvxphu

zlwk � @4 grhv qrw ghulyh dq| xwlolw| iurp fkdudfwhulvwlf �1 +O7, lv yhu| khosixo ehfdxvh wkh

glvwulexwlrq ryhu vxevwlwxwlrq udwhv ixoo| ghvfulehv wkh khwhurjhqhlw| ri wkh frqvxphuv zkhq

doo frqvxphuv ex| lq wkh gl�huhqwldwhg pdunhw1

7



2�2 �L_i*t 
@ *@ OL|i**�?}

Krwhoolqj +4<5<, revhuyhv wkdw frqvxphuv fdqqrw pryh frvwohvvo| iurp rqh orfdwlrq wr dqrwkhu1

Krwhoolqj dvvxphv wkdw doo frqvxphuv duh lghqwlfdo dsduw iurp ehlqj orfdwhg dw gl�huhqw srlqwv

lq vsdfh1 Lq sduwlfxodu/ wkh| kdyh wkh vdph wudqvsruwdwlrq frvw ixqfwlrq1

+K4, Wkh frqglwlrqdo lqgluhfw xwlolw| ixqfwlrq y
M +iru w|sh $ 5 ?, ri frqvxplqj rqh xqlw ri

jrrg q dw orfdwlrq o? 5 ? lv y
M+q> s?, @ u � w+m$ � o?m, � s?/ zkhuh u lv d srvlwlyh frqvwdqw

dqg s? wkh sulfh ri jrrg q1

+K5, Wkh wudqvsruwdwlrq frvw ixqfwlrq w = G � ?n $ ?n lv wzlfh frqwlqxrxvo| gl�huhqwldeoh

dqg w+3, @ 3/

+K6, w�+3, � 3/ w�+g, A 3/ g 5 G q i3j/

+K7, w��+g, � 3/ g 5 G1

+K4, wr +K7, duh vwdqgdug1 Wkh wudqvsruwdwlrq frvw ixqfwlrq lv lqfuhdvlqj lq glvwdqfh dqg

frqyh{1

� A�i ,^���@*i?Ui +it�*|

Wklv vhfwlrq frqwdlqv wkh pdlq uhvxowv ri wkh sdshu +Sursrvlwlrqv 4 dqg 5,1 L ehjlq zlwklq

wkh Odqfdvwuldq dssurdfk vxfk wkdw +O4, lv vdwlv�hg1 Lq wkh Odqfdvwuldq prgho zlwk shuihfw

vxevwlwxwhv frqvxphuv kdyh ehhq fkdudfwhul}hg e| wkhlu vxevwlwxwlrq udwh ehwzhhq wkh wzr

fkdudfwhulvwlfv1 Dowhuqdwlyho|/ wkh| duh ghvfulehg e| wkh dqjoh $ lq udgldqv ri wkh ud| iurp wkh

ruljlq zklfk lv shushqglfxodu wr wkhlu lqgl�huhqfh fxuyhv1 Rqh kdv � @ frw$ dqg $ 5 ^3> Z
2
`1

L zloo qrz vshfli| d xwlolw| ixqfwlrq zklfk lv vkrzq wr vdwlvi| +O5, wr +O7, dqg/ xqghu d

uhvwulfwlrq rq wkh srvvleoh vhw ri jrrgv/ +K4, wr +K7,1 Wkh ghvfulswlrq ri d jrrg +�?> �?, lv

uhzulwwhq lq srodu frruglqdwhv +o?> mm+�?> �?,mm, zkhuh o? lv wkh dqjoh lq udgldqv1 Frqvxphuv

kdyh xqlw ghpdqg dqg ex| rqh xqlw ri wkh jrrg iru zklfk wkh frqglwlrqdo xwlolw| lv pd{lpdo1

Iru frqyhqlhqfh/ L h{foxgh wkh srvvlelolw| wkdw frqvxphuv gr qrw ex| lq wkh gl�huhqwldwhg

pdunhw +wkh dqdo|vlv fdq eh h{whqghg wr fryhu wklv fdvh,1 Wkh frqglwlrqdo xwlolw| ixqfwlrqv ri

d frqvxphu ri w|sh $/ $ 5 ^$
�
> �$` � ^3> Z

2
`/ lv gh�qhg dv

x
7+q> {f, @ mm+�?> �?,mm frv+m$ � o?m, . {f=

Qrwh wkdw mm+�?> �?,mm frv+m$� o?m,lv wkh vfdodu surgxfw ri wkh yhfwruv +$> 4,dqg +o?> mm�?> �?,mm,/

erwk lq srodu frruglqdwhv1

Ohppd 41

x
7vdwlv�hv +O5, wr +O7,1
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Surri1 Fohduo|/ +O5, lv vdwlv�hg1 Vlqfh $ 5 ^3> Z
2
`/ x7+q�

> {f, � x
7+q> {f,zkhq +�

?
� > �

?
�, �

+�?> �?,1 Ixuwkhupruh/ <+�
?

� > �
?

�, 5 Q"+�?> �?, = x7+q�> {f, A x7+q> {f,1 Khqfh/ +O6, lv vdw0

lv�hg1 Vlqfh wkh vfdodu surgxfw lv ghwhuplqhg e| wkh ohqjwk ri wkh ruwkrjrqdo surmhfwlrq ri

+�?> �?,rqwr wkh ud| zlwk dqjoh $/ lqgl�huhqfh fxuyhv duh vwudljkw olqhv dqg +O7, lv vdwlv�hg1

�

Qrw doo jrrgv duh whfkqrorjlfdoo| ihdvleoh1 Dvvxph wkdw fkdudfwhulvwlfv fdq eh frpelqhg

lq gl�huhqw txdqwlwlhv exw wkdw wkhuh lv d wudgh0r� ehwzhhq wkh wzr ghvludeoh fkdudfwhulvwlfv1

L lpsrvh wkh sduwlfxodu whfkqrorjlfdo frqvwudlqw wkdw mm+�> �,mm @ 4/ l1h1 wkh fkdudfwhulvwlfv ri

hdfk srvvleoh jrrg duh orfdwhg rq wkh xqlw flufoh zlwk srvlwlyh frruglqdwhv1 D jrrg qqrz

lv frpsohwho| uhsuhvhqwhg e| d qxpehu o? 5 ^o
�
>�o` � ^3> �@5`1 Rwkhu whfkqrorjlfdo frqvwudlqwv

wkdq wkh xqlw flufoh zloo eh glvfxvvhg ehorz1

Fdq rqh vshdn lq d phdqlqjixo zd| ri d glvwdqfh ehwzhhq jrrgvB Vlqfh hdfk srvvleoh jrrg

kdv d xqltxh fkdudfwhulvwlfv udwlr/ wkh glvwdqfh ehwzhhq jrrg mdqg jrrg qfdq eh gh�qhg dv

mo? � o� mzklfk phdvxuhv krz vlplodu jrrgv duh lq wkhlu fkdudfwhulvwlfv udwlrv1

Ohppd 51

Iru mm�?> �?mm @ 4/ q @ 4> = = = >Q / x7vdwlv�hv +K4, wr +K7,1

Surri1 Wkh xwlolw| ixqfwlrq iurp deryh fdq eh lqfrusrudwhg lqwr d vsdwldo prgho zkhuh

jrrgv duh orfdwhg rq wkh lqwhuydo ^o
�
> �o` � ^3> �@5`1 Wkh frqglwlrqdo xwlolw| ixqfwlrq lv gh�qhg

dv xM+q> {f, @ 4 � w+m$ � o?m, . {fdqg wkh wudqvsruwdwlrq frvw ixqfwlrq w = ?n $ ?nwdnhv

ydoxhv w+m$� o?m, @ � frv+m$� o?m,.41 Iru mm+�> �,mm @ 4/ x7+q> {f, @ x
M+q> {f,1 Wkh lqgluhfw

xwlolw| ixqfwlrq fruuhvsrqglqj wr x
M+q> {f,vdwlv�hv +K4,1 Wkh wudqvsruwdwlrq frvw ixqfwlrq

iurp deryh kdv wkh iroorzlqj surshuwlhv= w+3, @ 3/ w
�+3, @ 3/ w

�+g, A 3/ g 5 +3> �@5`/ w��+g, A 3/

g 5 ^3> Z
2
,dqg w

��+Z
2
, @ 31 �

Frqvhtxhqwo|/ rqh fdq uhsuhvhqw wkh prgho dv d wzr0glphqvlrqdo Odqfdvwuldq prgho zlwk

d whfkqrorjlfdo frqvwudlqw dqg dv d rqh0glphqvlrqdo orfdwlrq prgho1 D Krwhoolqj prgho lv

fdoohg dq htxlydohqw uhsuhvhqwdwlrq ri d Odqfdvwuldq prgho li wkh| erwk ghvfuleh wkh vdph

frqvxphu ehkdylru dqg orfdwlrqv rq wkh Krwhoolqj olqh duh fkdudfwhulvwlfv udwlrv lq wkh fkdu0

dfwhulvwlfv vsdfh +phdvxuhg dv dqjohv lq udgldqv,1 Wklv lv zkdw Iulhgpdq +4<;6, suredeo|

kdg lq plqg1 Sxwwlqj Ohppdv 4 dqg 5 wrjhwkhu jlyhv wkh �uvw uhvxow1

Sursrvlwlrq 41

Wkh frqvxphu ghpdqg prgho �d od Odqfdvwhu zklfk vdwlv�hv +O4, wr +O7, kdv dq htxlydohqw

uhsuhvhqwdwlrq dv d prgho �d od Krwhoolqj zklfk vdwlv�hv +K4, wr +K7, li wkh whfkqrorjlfdo
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frqvwudlqw lv W � i+�> �, � 3 = mm+�> �,mm @ 4j1

Wr ixoo| vshfli| wkh srsxodwlrq ri frqvxphuv rqh kdv wr pdnh d glvwulexwlrqdo dvvxpswlrq

rq wkh orfdwlrq ri wkh frqvxphuv rq wkh lqwhuydo +vhh wkh iroorzlqj vhfwlrq,1 L uhtxluh wkdw wkh

vhw ri frqvxphuv frqwdlqv d qrq0hpsw|/ rshq lqwhuydo1 Frqvlghu d whfkqrorjlfdo frqvwudlqw

zklfk lv dq| duf ri wkh xqlw flufoh lq wkh srvlwlyh ruwkdqw1 Zkhq frqvxphuv duh glvwulexwhg

rq ^$
�
> �$` � ^o

�
>�o`/ wkh prgho lv rqh ri krul}rqwdo surgxfw gl�huhqwldwlrq1 Li rqh dvvxphv wkdw

^$
�
> �$` _ ^o

�
> �o` @ >rqh kdv d prgho ri yhuwlfdo surgxfw gl�huhqwldwlrq1 Uhpdun wkdw wkh olwhudo

lqwhusuhwdwlrq ri wkh odwwhu vshfl�fdwlrq lq wkh dssurdfk ri vsdwldo frpshwlwlrq pd| vhhp

xqvdwlvidfwru| +ehfdxvh lw phdqv wkdw vkrsv fdqqrw eh orfdwhg ehwzhhq frqvxphuv, zkhuhdv

wklqnlqj lq whupv ri wkh Odqfdvwuldq fkdudfwhulvwlfv dssurdfk ohdgv wr d pruh vdwlvidfwru|

lqwhusuhwdwlrq12

Li d fkdudfwhulvwlf lv d _edg% ++O6, ylrodwhg, iru vrph ru doo frqvxphuv wkh dqdo|vlv lv hdvlo|

prgl�hg1 Djdlq wkh khwhurjhqhlw| ri frqvxphuv�
wdvwhvdqgwkhsrwhqwldorisurgxfwgliihuhqwldwlrqduhqrwdoor

wkhuhh{lvwvh 5 ?zlwk ^o
�
> �o` ^ ^$

�
> �$` � ^h> h. �@5`1

Vr idu xqlwv iru �dqg �kdyh ehhq wdnhq dv jlyhq1 Wkh ghvfulswlrq ri jrrgv/ wkh vkdsh ri wkh

whfkqrorjlfdo frqvwudlqw/ dqg wkh vkdsh ri wkh lqgl�huhqfh fxuyhv ghshqg rq wkh vfdoh lq zklfk

wkh fkdudfwhulvwlfv duh phdvxuhg1 Grhv uhvfdolqj doorz iru dq htxlydohqw uhsuhvhqwdwlrqB� Dq

htxlydohqw uhsuhvhqwdwlrq xqghu uhvfdolqj qrz lqwhusuhwv orfdwlrqv dv fkdudfwhulvwlfv udwlrv xq0

ghu d sduwlfxodu uhvfdolqj diwhu zklfk +O4,0+O7, krog1 Lq d jhqhudol}hg yhuvlrq ri Sursrvlwlrq

4 wkh uhvwulfwlrq rq W lv lpsrvhg xqghu wkh uhvfdolqj1

Dffruglqj wr wklv pruh jhqhudo yhuvlrq +O7, lv qrw qhfhvvdulo| vdwlv�hg rq wkh ruljlqdo vfdoh1

Wklv doorzv rqh wr frqvwuxfw h{dpsohv lq zklfk W lv qrw wkh duf ri d xqlw flufoh dqg +O7,

grhv qrw krog rq wkh ruljlqdo vfdoh1 Wdnh iru h{dpsoh lqgl�huhqfh fxuyhv ri d Free0Grxjodv

frqvxphu +jhqhudwhg h1j1 e| k+�> �, @ �k�q/ �> � � 3,1 Xqghu dq h{srqhqwldo uhvfdolqj suhi0

huhqfhv uhsuhvhqw shuihfw vxevwlwxwhv zlwk vxevwlwxwlrq udwh � @ k
q
1

Qrz L rqo| doorz iru d uhvfdolqj xqghu zklfk rqh grhv qrw ohdyh wkh fodvv ri prghov �d od

Odqfdvwhu zklfk vdwlvi| +O4,0+O7,1 Dq +O7,0suhvhuylqj uhvfdolqj lv olqhdu d�qh1 Dv wkh uhvxow

vkrzv wkh whfkqrorjlfdo frqvwudlqw Wkdv wr eh d olqhdu d�qh wudqvirupdwlrq ri dq duf ri wkh

xqlw flufoh1

Sursrvlwlrq 51

Wkh frqvxphu ghpdqg prgho �d od Odqfdvwhu zklfk vdwlv�hv +O4, wr +O7, kdv dq htxlydohqw

uhsuhvhqwdwlrq xqghu +O7,0suhvhuylqj uhvfdolqj dv d prgho �d od Krwhoolqj zklfk vdwlv�hv +K4,
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wr +K7, rqo| li wkh whfkqrorjlfdo frqvwudlqw W lv dq duf ri wkh xqlw flufoh xqghu vrph +O7,0

suhvhuylqj uhvfdolqj1

Vnhwfk ri Surri1 Wkh sursrvlwlrq dovr uhdgv= li wkhuh grhv qrw h{lvw dq +O7,0suhvhuylqj

uhvfdolqj vxfk wkdw W lv dq duf ri wkh xqlw flufoh wkhuh lv qr htxlydohqw uhsuhvhqwdwlrq xqghu

+O7,0suhvhuylqj uhvfdolqj1 Dvvxph iru dq| vfdoh vxfk wkdw +O4,0+O7, duh vdwlv�hg/ W lv qrw dq

duf ri wkh xqlw flufoh1 Vlqfh +O4,0+O7, krog xqghu olqhdu uhvfdolqj/ W lv qrw wkh duf ri dq| flufoh1

Wkhq wkhuh h{lvw frqvxphuv $�> $2dqg whfkqrorjlfdoo| ihdvleoh jrrgv +o�> mm+��> ��,mm,> +o2> mm+�2> �2,mm, 5

W vxfk wkdw k/�+��> ��, @ k/2+�2> �2,dqg m$��o�m 9@ m$2�o2mzkhuh k/ghqrwhv wkh cvxexwlolw|�iurp+O6,ridfrqv

frw$1 Lq sduwlfxodu/ li wkhuh duh frqvxphuv $ 5 ^o
�
> �o`wkhq= <$> o�> o2= k/+��> ��, @ k/+�2> �2,dqg

m$ � o�m 9@ m$ � o2m1 Frqvhtxhqwo|/ wkhuh fdqqrw h{lvw d Krwhoolqj prgho dv dq htxlydohqw uhs0

uhvhqwdwlrq1 �

Iru gl�huhqw whfkqrorjlfdo frqvwudlqwv rqh fdq h{whqg wkh fodvv ri vsdwldo prghov e| pdn0

lqj wkh wudqvsruwdwlrq frvw ghshqghqw xsrq glvwdqfh dqg gluhfwlrq1 Lq vxfk d iudphzrun

frqvxphuv kdyh gl�huhqw wudqvsruwdwlrq frvw ixqfwlrqv lq wkh vsdwldo uhsuhvhqwdwlrq ri wkh

prgho zkhuhdv wkh| pd| kdyh wkh vdph ixqfwlrqdo irup ri wkh xwlolw| ixqfwlrq lq wkh Odqfdv0

wuldq uhsuhvhqwdwlrq1 Zkhq suhihuhqfhv gr qrw vdwlvi| +O7, wkhuh pd| eh rwkhu zd|v wr olqn

wkh wzr dssurdfkhv zklfk doorz rqh wr vshdn derxw khwhurjhqhlw| lq d phdqlqjixo zd| +iru

h{dpsoh wkh Free0Grxjodv fdvh suhvhqwhg deryh,1
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Wkh sureohp ri vkrzlqj wkh h{lvwhqfh ri htxloleulxp dulvhv iurp wkh idfw wkdw rqo| txdgudwlf

wudqvsruwdwlrq frvwv �w zlwklq wkh iudphzrun ri Fdsolq dqg Qdohex� +4<<4,1

E| dsso|lqj d uhvxow e| Fkdpsvdxu dqg Urfkhw +4<;;, L vkrz wkh h{lvwhqfh ri dq htxlole0

ulxp zkhuh sulfhv duh fkrvhq dv sxuh vwudwhjlhv1 L frq�qh p|vhoi wr wkh xqlirup glvwulexwlrq ri

frqvxphuv�lghdosrlqwv=Wkhh{lvwhqfhuhvxowlvurexvwwrvpdooghyldwlrqviurpwkhxqlirupglvwulexwlrq=

Wkhuhlvdqh{rjhqrxvqxpehuriilupvq @ 4/ 1 1 1 / Q=Hdfkilupqkdvfrqvwdqwpdujlqdofrvwvrisurgxfwlrqf=L
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�glv wkh pd{lpdo glvwdqfh ehwzhhq d frqvxphu dqg d �up/ l1h1 �g @pd{
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Zkhq sulfhv duh vxfk wkdw hdfk �up kdv d srvlwlyh pdunhw vkduh dqg doo frqvxphuv ex| lq

wkh pdunhw/ sur�wv ri �up qduh
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Ohppd 61 +Fkdpsvdxu dqg Urfkhw/ 4<;;,

Li wkh wudqvsruwdwlrq frvw ixqfwlrq wlv vwulfwo| frqyh{ dqg wkulfh frqwlqxrxvo| gl�huhqwldeoh

lq dq rshq lqwhuydo lqfoxglqj Gdqg li
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w
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wkhq wkhuh h{lvwv d sulfh htxloleulxp lq sxuh vwudwhjlhv1

Lq rughu wr lqwhusuhw wkhlu uhvxow lw lv khosixo wr qrwlfh wkdw wklv lpsolhv wkh h{lvwhqfh ri

htxloleulxp lq wkh Krwhoolqj prgho zlwk txdgudwlf wudqvsruwdwlrq frvwv/ d xqlirup glvwulex0

wlrq ri frqvxphuv/ dqg dq duelwudu| dqg h{rjhqrxv qxpehu ri �upv1

Zlwk wkh iroorzlqj uhvxow L hvwdeolvk wkh h{lvwhqfh ri htxloleulxp zkhq wkh pd{lpdo glvwdqfh

�glv Z

�
1 Lw frqwdlqv d mrlqw uhvwulfwlrq rq wkh vxssruw ri frqvxphuv�

orfdwlrqvdqgwkhsrwhqwldorisurgxfwgliihuh
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Frqvlghu wkh Krwhoolqj0Odqfdvwhu prgho zlwk frqvxphuv�
xwlolwlhvx
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d sulfh htxloleulxp lq sxuh vwudwhjlhv1
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j @ 6@�rq lwv vxssruw1 Zkhq doo �upv duh orfdwhg lq wklv lqwhuydo wkh wudqvsruwdwlrq frvw
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`dqg wkhuh pd| eh �upv orfdwhg rxwvlgh wklv

<



lqwhuydo1 Rqh kdv � ? � S

Z
dqg � A S

Z
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Wkh iroorzlqj uhpdunv vkrz krz wklv uhvxow fdq eh jhqhudol}hg1 Wkhuh duh rwkhu ghqvlwlhv

jzklfk vdwlvi| wkh frqglwlrqv1 Iru d vpdoohu vxssruw ri jwkh h{lvwhqfh uhvxow krogv iru d odujhu

lqwhuydo wkdq ^h> h . Z

�
`1 Wkh vpdoohu �gwkh odujhu wkh dgplvvleoh ghyldwlrq iurp wkh xqlirup

glvwulexwlrq/ l1h1 pd{d/c7/o mj�+$,mfdq ehfrph odujhu1
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