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KLULQJ SURFHGXUHV WR LPSOHPHQW VWDEOH

DOORFDWLRQV

Mrvì Dofdogh/ Gdylg Sìuh}0Fdvwuloor dqg Dqwrqlr Urphur0Phglqd

DEVWUDFW

Zh lpsohphqw wkh fruh fruuhvsrqghqfh lq Vxejdph Shuihfw Htxloleulxp xvlqj
d vlpsoh vhtxhqwldo phfkdqlvp lq zklfk �upv sursrvh d vdodu| wr hdfk zrunhu
+lq wkh �uvw vwdjh,1 Wkhq/ hdfk zrunhu dffhswv dw prvw rqh sursrvdo +vhfrqg
vwdjh,1 Pruhryhu/ zh vkrz wkdw/ li djhqwv* suhihuhqfhv duh dgglwlyh/ wklv phfkdqlvp
lpsohphqwv lq Vxejdph Shuihfw Htxloleulxp wkdw �upv* rswlpdo fruuhvsrqghqfh
zkhq �upv hpsor| xqgrplqdwhg vwudwhjlhv1 Ilqdoo|/ zh frqvwuxfw dqrwkhu vlpsoh
vhtxhqwldo phfkdqlvp wr lpsohphqw zrunhuv* rswlpdo fruuhvsrqghqfh zkhq djhqwv*
suhihuhqfhv duh dgglwlyh1

NH\ZRUGV= Mre Pdwfklqj Pdunhwv/ Lpsohphqwdwlrq/ Phfkdqlvp Ghvljq1
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41 Lqwurgxfwlrq

Lq wklv sdshu/ zh surylgh wzr phfkdqlvpv wr lpsohphqw wkh vwdeoh fruuhvsrqghqfh
+ru d surshu vxevhw ri lw, lq d mre pdwfklqj pdunhw zlwk prqhwdu| wudqvihuv1 Wkh
phfkdqlvpv sursrvhg duh yhu| vlpsoh1 Wkh| duh wzr0vwdjh jdph irupphfkdqlvpv1
Lq wkh �uvw vwdjh/ wkh djhqwv rq rqh vlgh ri wkh pdunhw pdnh vlpxowdqhrxv sursrvdov
wr wkh phpehuv ri wkh rwkhu vlgh1 Rqfh doo wkh sursrvdov kdyh ehhq pdgh/ wkh| duh
hlwkhu dffhswhg ru uhmhfwhg1 Wkh �qdo pdwfklqj lv ghwhuplqhg e| wkh vhfrqg0vwdjh
ghflvlrqv/ zkloh wkh vdodulhv frph rxw iurp wkh �uvw0vwdjh sursrvdov1

Lq wkh �uvw klulqj phfkdqlvp wkdw zh surylgh/ �upv sod| �uvw1 Hdfk �up
sursrvhv wkh zdjh iru zkdw lw lv uhdg| wr kluh hdfk zrunhu1 Lq wkh vhfrqg vwdjh/
hdfk zrunhu vhohfwv ehwzhhq wkh �uvw vwhs sursrvdov wkh rqh pd{lpl}lqj khu xwlolw|1
Lq txlwh d jhqhudo iudphzrun/ wklv phfkdqlvp lpsohphqwv wkh fruh fruuhvsrqghqfh
lq vxejdph shuihfw Qdvk htxloleulxp lq sxuh vwudwhjlhv +VSH,1 Pruhryhu/ li djhqwv*
suhihuhqfhv duh dgglwlyh/ wklv phfkdqlvp lpsohphqwv lq VSH wkh �upv* rswlpdo
vwdeoh fruuhvsrqghqfh/ zkhq �upv xvh xqgrplqdwhg sxuh vwudwhjlhv1

Lq wkh vhfrqg phfkdqlvp/ hdfk zrunhu sursrvhv d �up dqg wkh zdjh iru zkdw
vkh lv uhdg| wr eh kluhg e| wklv �up1 Wkhq/ hdfk �up vhohfwv wkh vhw ri zrunhuv
dprqj wkrvh wkdw kdyh fkrrvhq wkdw �up dw vwdjh rqh1 Dvvxplqj wkdw wkh suhihu0
hqfhv ri wkh djhqwv duh dgglwlyh/ wklv phfkdqlvp lpsohphqwv wkh zrunhuv* rswlpdo
vwdeoh doorfdwlrq lq VSH1

Dv lw lv dssduhqw iurp wkh ghvfulswlrq ri wkh phfkdqlvpv/ wkh| plplf vlpsoh
klulqj surfhgxuhv1 Lq wklv vhqvh/ wkh sdshu fdq dovr eh ylhzhg dv dq dqdo|vlv ri
wkh ehkdylrxu ri vlpsoh klulqj phfkdqlvpv1 Zh vkrz wkdw vlpsoh surfhgxuhv gr
d yhu| jrrg mre1 Lq sduwlfxodu/ wkh rxwfrph ri wkh klulqj surfhgxuhv lv vwdeoh/
wkhuhiruh wkh �qdo pdwfklqj lv h!flhqw1

Wkhuh lv d orqj wudglwlrq ri jdph wkhruhwlf dqdo|vhv lq pdq|0wr0rqh pdwfklqj
pdunhwv +vhh Urwk dqg Vrwrpd|ru ^:` iru dq h{fhoohqw vxuyh| ri wkh uhvxowv lq
pdwfklqj prghov xqwlo 4<<3,1 Lq mre pdwfklqj pdunhwv/ Nhovr dqg Fudzirug ^8`
vkrz wkdw vwdeoh doorfdwlrqv pd| idlo wr h{lvw1 Wklv phdqv wkdw/ lq wkhvh pdunhwv/
wkh fruh pd| eh hpsw|1 Wkh| dovr surylgh d surshuw|/ fdoohg wkh jurvv0vxevwlwxwh
frqglwlrq/ xqghu zklfk wkh vhw ri vwdeoh doorfdwlrqv lv qrq0hpsw|1

Lq rxu nqrzohgjh/ rxu lv wkh �uvw sdshu lq ghdolqj zlwk wkh lpsohphqwdwlrq
ri vwdeoh doorfdwlrqv lq mre pdunhwv1 Iru wkh froohjh dgplvvlrqv sureohpv/ wkdw lv/
iru pdq|0wr0rqh pdwfklqj prghov zlwkrxw prqhwdu| wudqvihuv/ Ndud dqg Vùqph}
^7` dqdo|}h zlgho| wkh sureohp ri lpsohphqwdwlrq1 Lq sduwlfxodu/ wkh| vkrz wkdw
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wkh vhw ri vwdeoh doorfdwlrqv lv lpsohphqwdeoh lq Qdvk htxloleulxp/ zkloh qr sdu0
wlfxodu vxevhw ri wkh fruh lv Qdvk lpsohphqwdeoh1 Iru wkh vdph fodvv ri prghov/
Dofdogh dqg Urphur0Phglqd ^5` suhvhqw qdwxudo vhtxhqwldo phfkdqlvpv wr lpsoh0
phqw lq VSH wkh fruh fruuhvsrqghqfh1 Ilqdo|/ lq wkh pruh jhqhudo iudphzrun
ri frrshudwlyh jdphv zlwk wudqvihudeoh xwlolw|/ Sìuh}0Fdvwuloor ^9` dqg Vhuudqr ^<`
suhvhqw vhtxhqwldo phfkdqlvpv lpsohphqwlqj wkh fruh ri dq| frrshudwlyh jdph lq
fkdudfwhulvwlf irup1

Wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 lqwurgxfhv wkh edvlf prgho1 Vhf0
wlrq 6 suhvhqwv d phfkdqlvp wr lpsohphqw wkh fruh iru mre pdunhwv zkhq prq0
hwdu| wudqvihuv duh doorzhg1 Vhfwlrq 7 vwxglhv lpsohphqwdwlrq ri erwk wkh �upv*
dqg zrunhuv* rswlpdo vwdeoh fruuhvsrqghqfhv lq dgglwlyh hqylurqphqwv1 Ilqdoo|/
Vhfwlrq 8 frqfoxghv1

51 Wkh prgho

Zh frqvlghu d mre pdunhw zlwk ? zrunhuv dqg 6 �upv1 Ohw ` ' i��c � � � c �?j
dqg 8 ' is�c � � � c s6j eh wkh vhw ri zrunhuv dqg �upv/ uhvshfwlyho|1 Hdfk zrunhu*v

suhihuhqfhv ghshqg rq wzr yduldeohv1 Wkh �uvw rqh lv wkh �up vkh lv zrunlqj iru/

zkhuhdv wkh vhfrqg uhohydqw dvshfw lv wkh zdjh wkdw wklv �up sd|v wr khu1 Zrunhu

�� suhihuhqfhv duh uhsuhvhqwdeoh e| wkh xwlolw| ixqfwlrq L� Es
� c R��/ qrq0ghfuhdvlqj

dqg frqwlqxrxv lq R� 5 U/ zkhuh R� lv wkh vdodu| wkdw zrunhu �� uhfhlyhv dqg s
� lv

wkh �up vkh lv zrunlqj iru1 D zrunhu zkr lv qrw hqjdjhg e| dq| �up uhdfkhv dq

xwlolw| ohyho L� E>cf�1 Wkdw lv/ zh uhsuhvhqw e| s ' > wkh vlwxdwlrq lq zklfk wkh

zrunhu lv qrw kluhg e| dq| �up1 Zh dovr dvvxph wkdw iru hdfk �up s � wkhuh lv d

uhvhuydwlrq vdodu| o
�

� vxfk wkdw L�

�
s �c o

�

�

�
' L� E>c f� dqg wkdw L� Es

�c R�� kdv wkh

vdph olplw dv R� whqgv wr n4 lqghshqghqwo| ri wkh lghqwlw| ri wkh �up s � 14

Hdfk �up*v sur�w ghshqgv rq wkh vhw ri zrunhuv lw frqwudfwv/ vd| ` � � ` /

dqg wkh vdodulhv lw sd|v wr wkh zrunhuv lw kluhv/ vd| � �
' ER�

� ���M`
� 1 Iru qrwdwlrqdo

frqyhqlhqfh/ zh zloo vrphwlphv wuhdw � � dv yhfwru ri U?/ � �
' ER�

� ���M`
/ dqg

dvvxph wkdw Z� grhv qrw ghshqgv rq R�� iru �� *5 `
�
1 Ohw Z

�
G 2
`
� U

?
�$ U eh

wkh sur�w ixqfwlrq ri �up s �1 Z�E` �c � �� lv dvvxphg wr eh ghfuhdvlqj lq vdodulhv

R
�

� zkhqhyhu �� 5 `
�1 D �up zklfk grhv qrw kluh dq| zrunhu rewdlqv Z�E>c f�1

Zh ghvfuleh dq doorfdwlrq iru mre pdunhwv e| phdqv ri wzr yduldeohv1 Wkh �uvw

rqh lv d yhfwru � 5 U
? uhsuhvhqwlqj wkh zdjh wkdw hdfk zrunhu jhwv/ zkhuh R� ' f

li �� lv qrw hqjdjhg e| dq| �up1 Wkh vhfrqg rqh lv d fruuhvsrqghqfh/ wr eh fdoohg

4Wklv frqglwlrq fdq eh uhod{hg dvvxplqj wkdw wkh pd{lpxp olplw ri Xl

�
im> sl

�
dv sl whqgv

wr .4 lv uhdfkhg e| dw ohdvw wzr �upv1
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pdwfklqj/ wkdw vwdwhv zklfk �up +li dq|, kluhv hdfk zrunhu dqg ylfh0yhuvd1 Pruh
suhflvho|/ d pdwfklqj > lv d fruuhvsrqghqfh wkdw dssolhv` ^8 lqwr lwvhoi vxfk wkdw

E@� iru hdfk �� 5 ` / li > E��� grhv qrw ehorqj wr 8 / wkhq lw lv wkh hpsw| vhw> EK�
iru hdfk s � lq 8 / > Es �� lv frqwdlqhg lq` / dqg ES� iru hdfk sdlu E��c s

�� 5 ` �8 /

> E��� ' s � li/ dqg rqo| li/ �� ehorqjv wr > Es ��1
Zh duh lqwhuhvwhg lq wkh mre pdunhw doorfdwlrqv wkdw duh vwdeoh1 Vwdelolw| ri dq

doorfdwlrq ghshqgv rq wkh srvvlelolwlhv wkdw djhqwv kdyh wr lpsuryh wkhlu xwlolw|
ohyho +li zrunhuv, ru wkhlu sur�wv +li �upv,1 Vlqfh mre pdwfklqj pdunhwv fdq eh
ylhzhg dv d sduwlfxodu fodvv ri frrshudwlyh jdphv/ wkh vwdelolw| frqfhsw wkdw zh
duh jrlqj wr frqvlghu lv wkh fruh1

Vwdelolw| ri dq doorfdwlrq fdq eh hdvlo| fkhfnhg lq wkh fdvh ri mre pdunhwv1 Dq
doorfdwlrq lv vwdeoh li wkhuh h{lvw qr vxevhw ri zrunhuv dqg d �up/ ru mxvw d vhw
ri zrunhuv ru d �up/ wkdw fdq lpsuryh wkhlu rzq xwlolw| e| wkhpvhoyhv1 Wkdw lv/
E>c� � lv vwdeoh li/ dqg rqo| li/ CEf` c s �� 5 2` � E8 ^ >�/ dqg e� 5 U

?
vxfk wkdw

E@� L� Es
�c eR�� : L� E> E��� c R�� iru doo �� 5

f` / zkhuh eR� ' f li s �
' >c dqg

EK� Z�

�f̀c e�� : Z� E> Es �� c � �/ zkhuh e� ' f li f` ' >1

Qrwlfh wkdw rxu gh�qlwlrq ri vwdelolw| lqfoxghv wzr pdlq ihdwxuhv1 Wkh �uvw
rqh lv wkdw ri lqglylgxdo udwlrqdolw|/ qdpho| hdfk djhqw zhdno| suhihuv wkh sd|r�
wkdw vkh2lw jhwv lq wklv doorfdwlrq udwkhu wkdq ehlqj xqpdwfkhg1 Wkh vhfrqg rqh
lv wkdw ri froohfwlyh udwlrqdolw| lq wkh iroorzlqj vhqvh1 Wkhuh lv qr srvvlelolw| iru
d �up dqg d jurxs ri zrunhuv wr irup d qhz pdwfklqj/ lq vxfk d zd| wkdw erwk
wkh �up dqg wkh qhz zrunhuv lw kluhv �qg wkh qhz vlwxdwlrq sur�wdeoh1

Lq mre pdunhwv/ wkh vhw ri vwdeoh doorfdwlrqv pd| eh hpsw|1 Wklv fdq kdsshqv
zkhq �upv kdyh vrph nlqg ri lqfuhdvlqj uhwxuqv/ wkdw lv/ zrunhuv duh frpsohphq0
wdu| lq wkh vhqvh wkdw d vhw ri zrunhuv jhqhudwhv pruh lqfrph wkdq wkh vxp ri
wkh lqfrph iurp hdfk zrunhu vhsdudwho| +vhh Urwk dqg Vrwrpd|ru ^:/ sj1 4:<` iru
dq h{dpsoh,1 Nhovr dqg Fudzirug ^8` sursrvh d frqglwlrq/ wkh cjurvv vxevwlwxwhv
frqglwlrq*/ wkdw uxohv rxw wklv srvvlelolw|/ jxdudqw|lqj wkh h{lvwhqfh ri vwdeoh door0
fdwlrqv lq wkh pdunhw1 Wkh dvvxpswlrq lpsrvhv wkdw lqfuhdvhv lq rwkhu zrunhuv*
vdodu| fdq qhyhu fdxvh d �up wr zlwkgudz dq r�hu iurp d zrunhu zkrvh vdodu|
kdv qrw ulvhq1
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61 Wkh ��upv jr �vklqj� phfkdqlvp

Wklv vhfwlrq suhvhqwv d phfkdqlvp lpsohphqwlqj wkh vwdeoh fruuhvsrqghqfh lq VSH
+uhfdoo wkdw zh rqo| frqvlghu sxuh vwudwhj| htxloleuld,1 Wklv phfkdqlvp uh hfwv d
qdwxudo irup ri �upv* frpshwlwlrq iru zrunhuv1 Ilupv* ehkdylru zloo eh prghohg
e| d nlqg ri frpshwlwlrq ã od Ehuwudqg1

Frqvlghu wkh iroorzlqj wzr0vwdjh jdph0irup phfkdqlvp/ qdphg K
8 1 Lq wkh

�uvw vwdjh hdfk �up sursrvhv d yhfwru ri vdodulhv +rqh iru hdfk zrunhu,1 Rqfh
wkh vdodulhv kdyh ehhq dqqrxqfhg/ hdfk zrunhu vhohfwv d �up1 Wkh rxwfrph ri
wklv jdph lv wkh iroorzlqj1 Wkh pdwfklqj lv wkh rqh fkrvhq e| wkh zrunhuv dw wkh
vhfrqg vwdjh/ zkhuhdv wkh vdodu| wr eh sd|hg lv wkh rqh wkdw �upv sursrvhg dw wkh
�uvw vwdjh1

Pruh suhflvho|/ hdfk �up*v phvvdjh vsdfh lv U?1 D phvvdjh iru �up s �/ 6�
'

E6�

�
c ���c6

�
?�/ zloo eh xqghuvwrrg dv wkh vdodu| dw zklfk lw lv zloolqj wr kluh hdfk

zrunhu1 Ilupv* phvvdjhv duh vwdwhg vlpxowdqhrxvo| dw wkh �uvw vwdjh1 Dw wkh

vhfrqg vwdjh/ dqg nqrzlqj �upv* phvvdjhv/ zrunhu �
�
phvvdjh/ 6�/ lv dq hohphqw

ri 8 ^ i>j1 Vxfk d phvvdjh zloo eh xqghuvwrrg dv wkh �up vkh lv zloolqj wr zrun

iru dw vdodu| sursrvhg dw wkh �uvw vwdjh1 Wkh rxwfrph ixqfwlrq �� E�� dvvrfldwhv wr
hdfk vhw ri phvvdjhv/ �6 ' E6�

c � � � c6
�
c � � � c6

6
c6�c � � � c6�c � � � c6?� d pdwfklqj/

> �6/ dqg d vdodulhv yhfwru/ � E �6� 5 U? vxfk wkdw

E@� iru dq| �� 5 ` / > �6 E��� ' 6�/

EK� iru hdfk s � 5 8 / > �6 Es �� ' i�� 5 ` m 6� ' s �j/ dqg

ES� R� E �6� ' 6
> �6E���
�

li >
�6 E��� 5 8 dqg R� E �6� ' f rwkhuzlvh1

Qh{w wkhruhp dqdo|}hv wkh VSH ri wkh phfkdqlvp K
8 1

Wkhruhp 6141 Wkh phfkdqlvp K
8 lpsohphqwv lq VSH wkh vwdeoh vrfldo fkrlfh

fruuhvsrqghqfh1

Surri1 Zh �uvw suryh wkdw hdfk VSH rxwfrph lv vwdeoh1 Ohw �6 eh wkh yhf0

wru ri phvvdjhv wkdw djhqwv vwdwh dw d fhuwdlq VSH1 Ohw vxssrvh wkdw �� E �6�
'

�
>

�6
c� E �6�

�
lv qrw vwdeoh1 Wkhq/ dw ohdvw rqh ri wkh iroorzlqj vlwxdwlrqv kds0

shqv1 Hlwkhu d zrunhu jhwv ohvv xwlolw| wkdq L� E>c f�/ ru d �up sur�wv duh orzhu

wkdq Z
� E>cf�/ ru wkhuh lv d sur�wdeoh ghyldwlrq frqfhuqlqj rqh �up dqg d surshu

vxevhw ri zrunhuv1 Frqvlghu wkdw wkh wklug srvvlelolw| krogv/ wkh rwkhuv duh hdvlhu
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wr dqdo|}h1 Wkxv/ dvvxph wkdw wkhuh duh d �up s&/ d vhw ri zrunhuv ` &/ dqg d

yhfwru ri vdodulhv 7� / vxfk wkdw

E@� L�

�
s &c R

�

�
: L�

�
> �6 E��� c R� E �6�

�
iru doo �� lq ` &/ dqg

EK� Z&
�
` &c 7�

�
: Z&

�
> �6

�
s &

�
c � E �6�

�
1

Ohw xv frqvlghu wkh iroorzlqj vwudwhj| iru s &= 6&
'

	� / zlwk eR� ' R
�
li �� 5 `

&

dqg eR� ' �4 rwkhuzlvh/ nhhslqj frqvwdqw wkh vwudwhjlhv 6�
/ iru s � 9' s &1 Dw wkh

vhfrqg vwdjh hdfk djhqw lq ` kdv wr fkrrvh khu hpsor|hu lq rughu wr pd{lpl}h

khu xwlolw| ohyho1 Ehfdxvh ri frqglwlrq E@� deryh/ wkh phvvdjh ri dq| zrunhu

�� lq `
&
zloo eh 6� ' s &

1 Qrwlfh wkdw L�

�
s &c R

�

�
: L�

�
> �6 E��� c R� E �6�

�
dqg

L�

�
> �6 E��� c R� E �6�

�
� L�

�
s �c6

�

�

�
iru dq| s � vlqfh > �6 E��� zdv wkh rswlpdo fkrlfh

jlyhq �61 Pruhryhu/ qr zrunhu �� rxwvlgh`
& zloo vhqg dphvvdjh vxfk dv6� ' s&1

Wkhuhiruh/ s & lv lqwhuhvwhg lq ghyldwlqj/ vr zh �qg d frqwudglfwlrq1

Zh qrz suryh wkdw hdfk vwdeoh doorfdwlrq fdq eh vxssruwhg e| d VSH1 Ohw

E>c � � eh d vwdeoh doorfdwlrq1 Wdnh �� vxfk wkdw > E��� 5 8 / dqg ghqrwh eR
�

� wkh

vdodu| wkdw �up s � zrxog kdyh wr sd| wr zrunhu �� iru khu wr eh lqgl�huhqw

ehwzhhq zrunlqj lq �up s � dw d vdodu| eR
�

� dqg zrunlqj lq �up > E��� dw d vdodu|

R�1 Qrwh wkdw eR
�

� h{lvwv ehfdxvh L�

�
s&c R�

�
kdv wkh vdph olplw dv R� whqgv wr n4

lqghshqghqwo| ri s &

Frqvlghu wkh iroorzlqj vwudwhjlhv1 Iru hdfk �up s �/ lwv phvvdjh lv 6� / zkhuh

6
�

� '

� eR�

� li > E��� 5 8

o
�

� rwkhuzlvh1

Zkhq frqiurqwhg wr wkh suhylrxv �upv* vwudwhjlhv/ zrunhu �*v vwudwhj| lv 6� '

> E���1 Iru dq| rwkhu srvvleoh �upv* vwudwhjlhv/ vkh pdnhv dq| fkrlfh wkdw pd{l0
pl}hv khu xwlolw|1 Wkhvh vwudwhjlhv frqvwlwxwh d VSH |lhoglqj wkh ghvluhg doorfdwlrq1

Zh fdq uhdg Wkhruhp 614 lq wzr zd|v1 Iluvw/ wkh wkhruhp vkrzv wkdw lw lv
srvvleoh wr lpsohphqw wkh fruh fruuhvsrqghqfh lq txlwh d jhqhudo prgho xvlqj yhu|
vlpsoh phfkdqlvpv1 Dowkrxjk zh douhdg| nqhz wkdw wkh vwdeoh vhw +wkh fruh, zdv
lpsohphqwdeoh/ lw lv lqwhuhvwlqj wr vkrz wkdw wkh lpsohphqwdwlrq fdq eh dfklhyhg
wkurxjk �qdwxudo� phfkdqlvpv1 Vhfrqg/ wkh uhvxow whoov xv wkdw vlpsoh klulqj
surfhgxuhv gr d jrrg mre1 Wkh| ohdg wr vwdeoh/ dqg khqfh h!flhqw/ doorfdwlrqv1 Lq
wklv vhqvh/ rxu wkhruhp fdq eh xqghuvwrrg dv wkh fkdudfwhul}dwlrq ri wkh rxwfrph
ri d sduwlfxodu klulqj phfkdqlvp1

Wkhruhp 614 hvwdeolvkhv wkh htxlydohqfh ehwzhhq wkh vwdeoh vhw ri wkh mre
pdwfklqj pdunhw dqg wkh VSH ri K8 1 Krzhyhu/ zh kdyh douhdg| uhpdunhg wkdw

:



wkh vwdeoh vhw pd| eh hpsw|1 Lq wkh vlwxdwlrqv zkhuh wklv kdsshqv/ zh nqrz wkdw
K
8 kdv qr VSH lq sxuh vwudwhjlhv1 Xqkrshixoo|/ dqdo|}lqj pl{hg vwudwhjlhv ri K8

lv yhu| gl!fxow/ vr zh fdqqrw fkdudfwhul}h wkh rxwfrph ri wkh phfkdqlvp lq wkrvh
jdphv zkhuh wkh vwdeoh vhw lv hpsw|1

71 Ilvklqj lq dgglwlyh hqylurqphqwv

Vrphwlphv/ zh zrxog olnh wr kdyh wkh srvvlelolw| ri vhohfwlqj dprqj wkh vhw ri

vwdeoh doorfdwlrqv/ zklfk fdq eh odujh hqrxjk/ vrph sduwlfxodu doorfdwlrqv1 Khqfh/

wklv vhfwlrq lv ghyrwhg wr wkh dqdo|vlv ri wkh lpsohphqwdwlrq ri sduwlfxodu vxevhwv

ri wkh vwdeoh fruuhvsrqghqfh1 Pruh suhflvho|/ zh vkrz �uvw wkdw/ li �upv hpsor|

xqgrplqdwhg vwudwhjlhv/ wkh phfkdqlvp K
8 lpsohphqwv lq VSH wkh �upv* rswlpdo

vwdeoh fruuhvsrqghqfh1 Vhfrqg/ zh ghvljq d phfkdqlvp lpsohphqwlqj wkh zrunhuv*

rswlpdo vwdeoh fruuhvsrqghqfh lq VSH1 Krzhyhu/ lq rughu wr gr lw/ zh duh irufhg

wr uhvwulfw dwwhqwlrq wr dgglwlyh hqylurqphqwv1 Wkhuhiruh/ ohw xv uhfdoo zkdw dq

dgglwlyh hqylurqphqw lv dqg wkh fkdudfwhulvwlfv ri wzr sduwlfxodu vwdeoh vhohfwlrqv/

qdpho| wkh �upv* dqg wkh zrunhuv* rswlpdo vwdeoh fruuhvsrqghqfhv1

7141 Dgglwlyh Mre Pdwfklqj Pdunhwv

Zh dvvxph wkdw zrunhu �� suhihuhqfhv duh uhsuhvhqwdeoh e| wkh iroorzlqj xwlolw|

ixqfwlrq/ L� Es
�c R�� ' R��o

�

� / zkhuh o
�

� lv wkh uhvhuydwlrq vdodu| ri zrunhu �� zkhq

vkh lv zrunlqj iru �up s �1 Zh dovr dvvxph wkdw wkhuh lv d ixqfwlrq }�
G 2
`
�$ U

zklfk uhsuhvhqwv wkh lqfrph wkdw �up s � udlvhv zkhqhyhu lw hqjdjhv d fhuwdlq vhw

ri zrunhuv1 Wkxv/ li �up s � kluhv zrunhuv lq ` � dw vdodulhv � �
' ER�

� ���M`
� / lwv

sur�w lv Z� E` �c � �� ' }� E` �� �
S

��M`
�

R
�

� 1 Pruhryhu/ zh dovr dvvxph wkdw lw lv

srvvleoh wr lghqwli| wkh ydoxh ri d zrunhu wr d �up/ wklv ydoxh ehlqj lqghshqghqw ri

wkh zrunhu*v pdwhv1 Wkdw lv/ wkhuh duh qxpehuv }
�

� / iru � ' �c ���c ? dqg � ' �c ���c6
vxfk wkdw }� E` �� '

S

��M`
�

}
�

� 1 Wkhuhiruh/ Z� E` �c � �� '
S

��M`
�

�
}
�

� � R
�

�

�
1 Zlwk

wklv dvvxpswlrq/ zh uxoh rxw wkh srvvlelolw| ri frpsohphqwdulw| ru vxevwlwxdelolw|
dprqj zrunhuv1

Jlyhq wkh k|srwkhvhv pdgh rq zrunhuv* xwlolw| ixqfwlrqv dqg rq �upv* sur�wv/
wkh pdunhw vdwlv�hv wkh jurvv0vxevwlwxwhv frqglwlrq e| Nhovr dqg Fudzirug ^8`1
Wkhuhiruh/ vwdeoh pdwfklqjv dozd|v h{lvw1 Pruhryhu/ wkh| duh hdv| wr fkdudfwhul}h1
D pdwfklqj E�c >� lv vwdeoh li

;
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dqg R� � }
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�

�
� f�

Dprqj wkh vhw ri vwdeoh doorfdwlrqv/ lw lv srvvleoh wr lghqwli| wkh vxevhw ri

doorfdwlrqv prvw suhihuuhg e| �upv1 Wklv lv wkh �upv* rswlpdo vwdeoh vhw1

Iru d vwdeoh doorfdwlrq wr eh �upv* rswlpdo/ wkh qhfhvvdu| dqg vx!flhqw frq0

glwlrq lv wkdw

> E��� ' s �
, R� ' 4@ 

q�
}
&

�
� o

&

�
n o

�

�

�
& �'�

c o
�

�

r
�

Ilqdoo|/ wkh qhfhvvdu| dqg vx!flhqw frqglwlrq iru d vwdeoh doorfdwlrq wr eh

zrunhuv* rswlpdo lv

> E��� ' s �
, R� ' }

�

� �

7151 Ilupv* �vklqj

Lq rughu wr lqwurgxfh wkh qh{w uhvxow/ ohw xv frqvlghu wkh iroorzlqj yhu| vlpsoh

pdunhw1 Wkhuh duh wzr �upv s� dqg s 2 dqg rqh zrunhu/ zlwk }�
�
' D/ }2

�
' 2/ dqg

o�
�
' o2

�
' f1

Wkh vwdeoh doorfdwlrqv pdwfk wkh zrunhu zlwk s� dw d vdodu| R 5 d2c Do1 Frq0

vlghu wkh vwdeoh doorfdwlrq zlwk R ' e1 Wkh rqo| vwudwhjlhv wkdw lpsohphqw wklv

doorfdwlrq lq wkh phfkdqlvp K
8

duh 6
�
' 6

2
' e1 Krzhyhu/ lw lv hdv| wr uhpdun

wkdw wkh vwudwhj| 62
' e lv zhdno| grplqdwhg e| wkh vwudwhj| 62

' 21 Wkdw lv/

lq wkh surri ri wkh Wkhruhp 614 zh duh vrphwlphv xvlqj grplqdwhg vwudwhjlhv1

Wkhruhp 714 dqdo|vhv wkh rxwfrph ri wkh phfkdqlvp K
8 lq dgglwlyh hqylurq0

phqwv zkhq �upv xvh xqgrplqdwhg vwudwhjlhv1

Wkhruhp 7141 Lq dgglwlyh hqylurqphqwv wkh phfkdqlvp K
8 lpsohphqwv lq VSH

wkh �upv* rswlpdo vwdeoh fruuhvsrqghqfh zkhq �upv* vwudwhjlhv duh xqgrplqdwhg1

Surri1 E| Wkhruhp 614 zh nqrz wkdw hyhu| VSH rxwfrph lv vwdeoh1 Ohw �6 eh wkh

yhfwru ri phvvdjhv wkdw djhqwv vwdwh lq d fhuwdlq VSH iru wklv jdph1 Dvvxph wkdw

��E �6� ' E> �6c � E �6�� grhv qrw ehorqj wr wkh �upv* rswlpdo vwdeoh fruuhvsrqghqfh1

Zh duh jrlqj wr vkrz wkdw dw ohdvw rqh �up lv xvlqj d grplqdwhg vwudwhj|1

Vlqfh E> �6
c� E �6�� lv vwdeoh exw lw lv qrw rswlpdo iurp wkh srlqw ri ylhz ri �upv/

wkhuh vkrxog eh � dqg � vxfk wkdw

> �6 E��� ' s � zlwk R�E �6� : 4@ 
q�

}
&

�
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&

�
n o
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�

�
& �'�
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�

�

r
�
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Dvvxph wkdw 4@ 

q�
}
&

�
� o

&

�
n o

�

�

�
& �'�

c o
�

�

r
' }

�

�
� o

�
� n o

�

� iru vrph � 9' � +wkh

rwkhu fdvh lv vlplodu,1 Jlyhq wkdw wkh doorfdwlrq lv wkh rxwfrph ri d VSH/ lw fdqqrw

eh wkh fdvh wkdw R�E �6� ' 6
�

� : 6
&
� � o

&
� n o

�

� iru hyhu| & 9' �1 Li lw zdv wkh fdvh/

�up � zrxog kdyh d sur�wdeoh ghyldwlrq ghfuhdvlqj 6
�

� zkloh nhhslqj lw deryh

6
&
� � o

&

� n o
�

� iru hyhu| & 9' �1 Wkxv/ < & 9' � vxfk wkdw R�E �6� ' 6
&
� � o

&
� n o

�

� dqg

R�E �6� : }&
�
� o

&

� n o
�

� 1 Wkhq/ 6&

�
: }&

�
1 Exw lw lv d grplqdwhg vwudwhj| iru d �up

wr pdnh r�huv juhdwhu wkdq lwv ydoxdwlrq/ vlqfh lq wkh ehvw srvvleoh fdvh lw grhv

qrw kluh wkh zrunhu vr lw jhwv }hur iurp wklv r�hu/ zkloh lw frxog eh wkh fdvh wkdw

lwv r�hu lv wkh ehvw iru wkh djhqw vr lw orvhv prqh| zlwk khu1 Wkh vwudwhj| 6&

�
lv

grplqdwhg e| 6&

�
' }

&

�
1

Iru wkh uhyhuvh lpsolfdwlrq/ ohw E>c� � eh d �upv* rswlpdo vwdeoh doorfdwlrq1
Frqvlghu wkh iroorzlqj vwudwhjlhv1 Wkh phvvdjh +dqg vwudwhj|, ri �up s �

lv 6
�
'

e�
� c zkhuh

eR� '

�
R� li �� 5 >Es

��

}
�

� rwkhuzlvh1

Zkhq frqiurqwhg wr wkh suhylrxv �upv* vwudwhjlhv/ zrunhu �*v vwudwhj| lv 6� '

> E���1 Iru dq| rwkhu srvvleoh �upv* vwudwhjlhv/ vkh pdnhv dq| fkrlfh wkdw pd{l0

pl}hv khu xwlolw|1 Wkhvh vwudwhjlhv iru �upv dqg zrunhuv frqvwlwxwh d VSH ohdglqj

wr E>c � �1 Pruhryhu/ qr djhqw xvhv grplqdwhg vwudwhjlhv1

Qrwlfh wkdw wkh phfkdqlvp K8 jhqhudwhv d vruw ri Ehuwudqg frpshwlwlrq dprqj
�upv1 Qhyhuwkhohvv/ dv Wkhruhp 714 vwdwhv/ wkh rxwfrphv wkdw duh h{shfwhg iurp
wkh djhqwv* vwudwhjlfdo ehkdylrxu duh wkh rswlpdo vwdeoh doorfdwlrqv iurp wkh �upv*
srlqw ri ylhz1 Khqfh/ �upv* frpshwlwlrq lv vwurqj hqrxjk wr pdnh wkhp uhdfk
vwdeoh rxwfrphv/ exw wkh idfw wkdw wkh| duh sod|lqj �uvw doorzv wkhp wr uhdfk wkh
prvw sur�wdeoh rqhv1

Wkh uhvxow wkdw Ehuwudqg frpshwlwlrq dprqj �upv gr qrw ohdg wr zrunhuv* rswl0
pdo doorfdwlrqv lv qrw vxusulvlqj lq rxu iudphzrun1 Wkh uhdvrq iru wklv frphv iurp
wkh iroorzlqj dujxphqw1 Wkh �upv nqrz wkdw/ dw wkh vhfrqg vwdjh/ hdfk zrunhu
kdv d grplqdqw vwudwhj|/ qdpho| wr vhohfw wkh �up zlwk zkrp vkh pd{lpl}hv khu
xwlolw|1 Jlyhq wkdw/ �upv fdq rewdlq wkh pd{lpxp ehqh�w iurp vwudwhjlfdo eh0
kdylrxu1 Vlplodu uhvxowv lq pdwfklqj pdunhwv duh gxh wr Dofdogh ^4` +lq rqh0wr0rqh
pdwfklqj pdunhwv, dqg Vfkxpphu ^;` dqg Ghpdqjh dqg Jdoh ^6` iru wkh dvvljq0
phqw sureohp1 Lq Vhuudqr ^<`/ zkhuh wkh fruh ri frqyh{ jdphv lv lpsohphqwhg/
lw dovr kdsshqv wkdw wkh sod|hu wr dfw �uvw dqqrxqflqj wkh yhfwru ri sulfhv +wkh
eurnhu/ lq Vhuudqr*v whuplqrorj|, jhwv khu ehvw fruh sd|r�1
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Xqiruwxqdwho|/ lw lv qrw srvvleoh wr jhqhudol}h Wkhruhp 714 wr pruh jhqhudo
hqylurqphqwv1 Wkh iroorzlqj h{dpsoh suhvhqwv d pdunhw zlwk qrq0hpsw| fruh/
zkhuh wkh phfkdqlvp K

8 lpsohphqwv lq qrq0grplqdwhg vwudwhjlhv d vhw ri rxw0

frphv odujhu wkdq wkh �upv* rswlpdo vwdeoh doorfdwlrqv1

Wkhuh duh wzr �upv/ s� dqg s2/ dqg wzr zrunhuv/ �� dqg�21 Zrunhuv pd{lpl}h

vdodu|/ vr wkh| gr qrw kdyh dq| suhihuhqfh iru �upv/ dqg wkhlu uhvhuydwlrq vdodu|

lv }hur1 Ilupv* sur�wv duh jlyhq e| Z� E` �c � �� ' }� E` ���
S

��M`
�

R
�

� / zkhuh=

}
� Ei��j� ' �bc }� Ei�2j� ' 2fc }� Ei��c �2j� ' 2b

}
2 Ei��j� ' 2fc }2 Ei�2j� ' 2�c }2 Ei��c �2j� ' �f�

)
�

)
�

�:

�
:

�� ��

��
��

�� ��

Wkh vhw ri vwdeoh doorfdwlrqv frqvlvwv ri dq| pdwfklqj ri rqh �up zlwk rqh

zrunhu/ zlwk vdodulhv vdwlvi|lqj R� 5 dbc�bo dqg R2 ' R� n �� Qrwlfh wkdw wkh

�upv* rswlpdo vwdeoh doorfdwlrqv lqyroyh vdodulhv R� ' b dqg R2 ' �f� Krzhyhu/ wkh

xqgrplqdwhg vwudwhjlhv=

6
�
' E�Hc �b�c62 ' E�Hc �b�c6� ' s �c62 ' s 2

+zlwk dq| rswlpdo zrunhuv* uhvsrqvh iru rxw0ri0htxloleulxp �upv* vwudwhjlhv,
ohdg wr wkh iroorzlqj vwdeoh doorfdwlrq=

>E��� ' s�c >E�2� ' s2c R� ' �Hc R2 ' �b

zklfk lv qrw �upv* rswlpdo1
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7161 Zrunhuv* �vklqj

Wklv vhfwlrq suhvhqwv d wzr0vwdjh phfkdqlvp lpsohphqwlqj wkh zrunhuv* rswlpdo

vwdeoh doorfdwlrq lq VSH1 Ohw xv uhihu wr lw e| K` 1 Lq wkh �uvw vwdjh/ zrunhuv sod|
vlpxowdqhrxvo|1 Hdfk ri wkhp dqqrxqfhv wkh vdodu| dqg wkh �up iru zklfk vkh lv
zloolqj wr zrun1 Hdfk zrunhu fdq rqo| dqqrxqfh d vdodu| dqg d �up/ vr vkh zloo
rqo| jhw kluhg li vkh lv r�huhg dw ohdvw wklv vdodu| e| wklv �up1 Rqfh wkh ghpdqgv
ri vdodu| wr wkh �upv kdyh ehhq dqqrxqfhg/ �upv vlpxowdqhrxvo| +ru vhtxhqwldoo|,
vhohfw wkhlu vhw ri zrunhuv1 Wkh rxwfrph lv ghwhuplqhg dv iroorzv1 Wkh pdwfklqj
lv wkh rqh fkrvhq e| wkh �upv dw wkh vhfrqg vwdjh/ zkhuhdv wkh vdodu| wr eh sd|hg
lv ghwhuplqhg e| wkh ghpdqgv ri wkh zrunhuv1

Pruh suhflvho|/ hdfk zrunhu*v phvvdjh vsdfh lv U � i8 ^ >j1 D phvvdjh iru

zrunhu ��/ 6� ' ER�c s��/ zloo eh xqghuvwrrg dv wkh vdodu| R� dw zkdw vkh lv zloolqj

wr zrun iru d fhuwdlq �up s�1 Nqrzlqj zrunhuv* phvvdjhv/ �up s � phvvdjh/ 6�/

lv d vxevhw ri i�� 5 ` m s� ' s
�j1 Vxfk d phvvdjh zloo eh xqghuvwrrg dv wkh

vhw ri zrunhuv wkdw �up s � lv zloolqj wr kluh jlyhq wkh vdodulhv wkh| dvnhg iru

dw wkh �uvw vwdjh1 Wkh rxwfrph ixqfwlrq �2 E�� dvvrfldwhv wr hdfk phvvdjh/ �6 '

E6�c � � � c6�c � � � c6?c6
�
c � � � c6

�
c � � � c6

6� d pdwfklqj/ > �6/ dqg d vdodulhv yhfwru/

� E �6� 5 U?

vxfk wkdw

E@� iru hdfk s �
5 8 / > �6 Es �� ' 6�

/

EK� iru hdfk �� 5 ` / > �6 E��� ' s� li �� 5 >
�6 Es��/ dqg > �6 E��� ' > rwkhuzlvh/

dqg

ES� R� E �6� ' R� li >
�6 E��� 5 8 / ru R� E �6� ' f rwkhuzlvh1

Zh qh{w lqwurgxfh rxu pdlq uhvxow lq wklv vhfwlrq1

Wkhruhp 7151 Lq dgglwlyh hqylurqphqwv wkh phfkdqlvp K
` lpsohphqwv lq VSH

wkh zrunhuv* rswlpdo vwdeoh doorfdwlrqv1

Surri1 Iluvw/ d �up s � lv zloolqj wr vdwlvi| dq| ghpdqg ri d zrunhu zkrvh ydoxh

lv xqghu khu ghpdqg1 Wkhuhiruh/ lq dq| VSH/ lw lv wkh fdvh wkdw �� 5 6
�
zkhqhyhu

s� ' s � dqg R� 	 }�

� / zkloh �� *5 6
� zkhqhyhu R� : }

�

� 1 Vhfrqg/ iru d jlyhq �up/

wkh zrunhu lv lqwhuhvwhg lq pd{lpl}lqj wkh vdodu|1 Wkhq/ dvvxph wkdw zrunhu ��

lv vhqglqj wkh phvvdjh 6� ' ER�c s�� lq htxloleulxp1 Lw lv qhfhvvdulo| wkh fdvh wkdw

R� ' }
s�
�
1 D phvvdjh zlwk R� : }

s�

� zrxog ohdg wr �� uhpdlqlqj xqpdwfkhg/ zkloh

li R� 	 }
s�

�
dqg }

s�

� : o
s�

� / wkhq zrunhu �� frxog lqfuhdvh khu ghpdqg ri vdodu|/ vwloo
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ehlqj vxuh wkdw khu r�hu zrxog eh dffhswhg1 Ilqdoo|/ zrunhu �� fdq fkrrvh dprqj
wkh vhw ri �upv +ru uhpdlqlqj xqpdwfkhg,/ nqrzlqj wkh pd{lpxp ghpdqg hdfk
�up lv uhdg| wr dffhsw1 Vkh zloo fkrrvh wkh vlwxdwlrq wkdw pd{lpl}hv khu xwlolw|/
wkdw lv/ lq htxloleulxp lw lv wkh fdvh wkdw

s� 5 8 , s� 5 @h} 4@ &

�
}
&

�
� o

&

�

�
/ dqg

s� ' >, 4@ &

�
}
&

�
� o

&

�

�
� f1

Pruhryhu/ lq htxloleulxp/ R� ' }
s�
�
1 Wkhuhiruh/ wkh htxloleulxp ohdgv qhfhvvdulo|

wr d zrunhuv* rswlpdo doorfdwlrq1

Rq wkh rwkhu kdqg/ ohw E	>c 	� � eh d zrunhuv* rswlpdo vwdeoh doorfdwlrq1 Ohw

frqvlghu wkh iroorzlqj vwudwhjlhv1 Iru hdfk zrunhu �� khu phvvdjh +vwudwhj|, lv
6� ' ER�c s��/ zkhuh

ER�c s�� ' E	R�c 	> E���� li 	> E��� 5 8 dqg

ER�c s�� ' Efc >� li 	>E��� *5 8�

Hdfk �up s � phvvdjh lv

6�
'

�
�� 5 `*R� � }�

�

�
1

Wkhvh vwudwhjlhv |lhog d VSH zkrvh rxwfrph lv wkh doorfdwlrq E	>c 	� �1
Qrwlfh wkdw/ zkhq mre pdwfklqj pdunhwv duh qrw dgglwlyh/ xqvwdeoh doorfdwlrqv

fdq eh vxssruwhg e| phfkdqlvp K` VSH/ dv lv vkrzq lq wkh qh{w h{dpsoh1
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Ohw 8 ' is�c s2j dqg ` ' i��c �2j zlwk o
�

� ' }
� Ei��j� ' f iru doo � dqg

�/ }� E` � ' 2/ }2 E` � ' D1 Lq vxfk d fdvh/ vwudwhjlhv 6� ' 62 ' Es�c ��/
6� ' i��c �2j dqg 6

2
' > lv d VSH iru K` 1 Qrwh wkdw wkh rxwfrph ri vxfk

dq htxloleulxp lv qrw vwdeoh ehfdxvh lw fdq eh eorfnhg e| s2 dqg ` e| vwdwlqj

vdodulhv R� ' 21

Ohw xv �qdoo| uhpdun wkdw zh fdq vwdwh Wkhruhp 715 dovr lq qrq0grplqdwhg

vwudwhjlhv/ vlqfh zh kdyh qrw xvhg grplqdwhg vwudwhjlhv lq wkh surri1 Wkdw lv/ wkh

phfkdqlvp K
` lpsohphqwv lq VSH wkh zrunhuv* rswlpdo vwdeoh doorfdwlrqv zkhq

zrunhuv* vwudwhjlhv duh xqgrplqdwhg1

81 Frqfoxvlrqv

Zh frqvwuxfw wzr qrq0frrshudwlyh phfkdqlvpv wr lpsohphqw vwdeoh fruuhvsrq0
ghqfhv lq mre pdunhwv1 Iluvw/ lq d jhqhudo pdq|0wr0rqh pdwfklqj iudphzrun/ zh
lpsohphqw wkh vwdeoh fruuhvsrqghqfh xvlqj d wzr0vwdjh phfkdqlvp lq zklfk �upv
pdnh r�huv wr wkh zrunhuv iru wkhp diwhuzdugv wr fkrrvh wkh ehvw sodfh wr zrun1
Vhfrqg/ zh lpsohphqw wkh �upv* dqg zrunhuv* rswlpdo vwdeoh fruuhvsrqghqfhv lq
dgglwlyh hqylurqphqwv1

Rqh lpsruwdqw phvvdjh ri rxu sdshu lv wkdw vlpsoh phfkdqlvpv fdq ohdg wr
jrrg doorfdwlrqv1 Wkh phfkdqlvpv zh xvh plplf vlpsoh klulqj surfhgxuhv1 Wkhuh0
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iruh/ rxu uhvxowv vkrz wkdw wkh rxwfrph ri vrph uhdo0olihzlvh klulqj phfkdqlvpv
kdyh lqwhuhvwlqj surshuwlhv ri vwdelolw| lq vslwh ri wkhlu qrq0frrshudwlyh qdwxuh1
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