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EQUAL SPLIT GUARANTEE SOLUTION IN ECONOMIES WITH INDIVISIBLE
GOODS CONSISTENCY AND POPULATION MONOTONICITY

Carmen Bevia

ABSTRACT

We consider the problem of allocating a finite set of indivisible goods
and a single infinitely divisible good among a group of agents, and we study a
solution, called the FEqual Split Guarantee solution, in the presence of
consistency and population monotonicity properties. This solution is not
consistent. We prove that its maximal consistent subsolution is the No-envy
solution. Our main result is that the minimal consistent extension of the
intersection of the Equal Split Guarantee solution with the Pareto solution is
the Pareto solution. This result remains true in the restricted domain when
all the indivisible goods are identical, but not when there is a unique
indivisible good. Finally, we show that in the class of economies with a
unique indivisible good, there is a selection from the Equal Split Guarantee

solution that satisfies population monotonicity.
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1.- INTRODUCTION

We consider the problem of "fair allocation" in economies with a finite
number of indivisible goods and a single infinitely divisible good, which have
to be allocated among a group of agents in such a way that each agent receives

at most one indivisible good.

The purpose of this paper is to study a solution, called the Equal Split

Guarantee solution, in the presence of a given property of consistency.

A solution is consistent, if the recommendation it makes for any economy
is never contradicted by the recommendation it makes for the "reduced"
economies obtained, in turn, by imagining the departure of some of the agents

with their allotted bundles.

The Equal Split Guarantee solution was proposed by Moulin (1990) as an
extension, for economies with indivisible goods, of a solution which plays an
important role in the literature of fair allocation in classical economies.
This is the Individually Rational solution from equal division. The FEqual
Split Guarantee solution can be described as follows: Imagine an economy where
all agents have identical preferences. In such an economy, most authors would
probably recommend the feasible allocations in which each agent is indifferent
about which he receives and which the others receive. Following this, given an

economy in which agents have possible different preferences, the Equal Split



Guarantee solution selects the feasible allocations in which each agent is at
least as well-off as he would be, according to the above recommendation, in a

hypothetical economy where all the other agents have his preferences.

Another example of a solution is the No-envy solution (Foley, 1967),
which selects the allocations in which no agent prefers any other agent’s
bundle to his own. This solution has been the object of several recent
studies, including Svensson (1983,1988), Maskin (1987), Alkan, Demange and

Gale (1988), Tadenuma and Thomson (1990, 199la, 1991b), and Aragones (1992).

The No-envy solution is consistent, but the FEqual Split Guarantee
solution is not. The main purpose of this paper is to evaluate how far from
being consistent this solution is. Thomson (1992) proposes two different ways

of evaluating how serious violations of consistency may be.

One proposal is to reduce the solution in order to recover consistency.
Of course, it is desirable to reduce it as little as possible. This can be
done properly, providing that the solution contains at least one consistent
subsolution, by taking the union of all of its consistent subsolutions. This

union is called the maximal consistent subsolution of the solution.

We prove that the only consistent subsolution of the FEqual Split
Guarantee solution is the No-envy solution. Therefore, its maximal consistent

subsolution is the No-envy solution.



Thomson’s other proposal is then, to enlarge the solution. Here, it is
desirable to enlarge it as little as possible. This can be done coherently by
taking the intersection of all those consistent solutions which contain the
solution. This intersection is called the minimal consistent extension of the

solution.

Our main result is that the minimal consistent extension of the FEqual
Split Guarantee and Pareto solution is the Pareto solution. Thomson (1992)
proves that, in economies with infinitely divisible goods, the minimal
consistent extension of the Individually Rational from equal division and
Pareto solution is the Pareto solution. Our result shows that this is also

true in economies with indivisible goods.

We also study how robust our results are under variations in the initial

model.

Firstly, we consider the class of economies where all the indivisible

objects are identical. In this domain all of our results remain true.

Secondly, we consider the class of economies where there is a unique
indivisible good. In this domain some, but not all, of our results hold. It
remains true that the minimal consistent extension of the Equal Split

Guarantee and Pareto  solution is the Pareto solution. But, if we impose a



certain property of monotonicity of preferences with respect to the
indivisible good, this result is no longer true. Then, the minimal consistent
extension of the Equal Split Guarantee and Pareto solution is a proper

subsolution of the Pareto solution which we identify.

Finally, we study whether the FEqual Split Guarantee solution is
compatible with population monotonicity. This property requires that if the
number of agents increase, with the resources kept fixed, none of the initial

agents should benefit from the addition of the new agents.

Moulin (1990) proposed a selection of the Equal Split Guarantee solution
that satisfies population monotonocity in economies with a single indivisible
good, no money, and quasi linear preferences. We present a generalization of

this selection.



2.- THE MODEL AND SOLUTIONS

We consider economies with indivisible goods, or "objects", such as jobs,
houses ..., and a single infinitely divisible good, or "money", both of which
have to be allocated among a group of agents in such a way that each agent

.receives, at the most, one object.

Let Q be an infinite set of agents, with members denoted by i,j,..., and

4 an infinite set of indivisible goods, with members denoted by «,B,... .

An economy is a list e = (Q,A,M;RQ), where Q is a finite set of agents
drawn from @, A is a finite set of objects drawn from #, M € R is an amount of
money, and RQ = (Rl)ieo is a list of preference relations defined over AxR.
Let Pl denote the strict preference relation associated with Rl, and I1 the
indifference relation. Each preference relation is continuous and increasing
in money. Thus, if m > m’ then (oc,m)Pi(oc,rn’) for all i € Q, for all « € A.
Also it is assumed that no object is infinitely desirable or undesirable when
compared with an other object. Thus, for any bundle («,m), any i € Q, and any
B € Q, there is an amount of money m’ such that (oc,m)Ii(B,m’). For simplicity,

we assume that [Q| = |A|. Let & be the class of all such economies.

A feasible allocation for e = (Q,A,M;RQ) € & is a pair z = (o,m), where
c: Q — A is a Dbijection that assigns agents to objects, and

m = (m_ ) € IR'QI is such that ) m = = M. For each i € Q, let
o(i) i€qQ i€Q o(i) '



z = (o*(i),mo_(i)) be the consumption of agent i. Note that m_ ., can be either
1

positive, negative or zero. Let Z(e) be the set of feasible allocations for e.

A solution on & associates with every e € & a non-empty subset of Z(e).

Given two solutions, ¢ and ¢’, @@’ denotes their intersection.
The definition below is a typical example of a solution:

The Pareto solution, P: given e = (Q,A,M;RQ) € 8,

P(e) = { zeZ(e)/ ;(z’e Z(e) with [V ie Q, z’lRizi and 3 je Q s.t.z}szj]}.

One of the solutions most studied in the literature on fair allocation is
the No-envy solution. This solution picks the allocations at which no agent

prefers any other agent’s bundle to his own.

The No-envy solution, N, (Foley ,1967): given e = (Q,A,M;RQ) e &,

N(e) = {(z e Z(e) / ¥V i,j€qQ, ziRizj ).

In economies with infinitely divisible goods, other concepts of fairness
have been proposed. An important one is the Individually Rational solution
from equal division, which picks the allocations that all agents prefer to
equal division. This solution, which of course is meaningful only when equal
division is well-defined, can not be applied to our model. Moulin (1990)
proposes the Equal Split Guarantee solution as an extension of this solution

for economies with indivisible goods.
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For a formal definition, we need some additional notation.

i

Given e = (Q,A,M;RQ) € & for each i € Q let e = (Q,A,M;Ré) € & be such

that R; = R forall j € Q.

The economy e' is obtained from e imagining that all the agents have the

same preferences as agent i. For such an economy we define,
Ee) = (z ezE) /V jeq, ziIiz; ).

Since R; = Ri, it is easy to check that E(el) is essentially single-valued,

that 1is, for all zl, Ei € E(ei), 21, Ei are Pareto indifferent. Moreover,

. N i -1
under our assumptions on preferences, if z = (o,m), and 2z = (z,m), there

ist tati f h that o(i) = i), d = :
exists a permutation m of Q suc at o(i) T(n(i)), an M m_ o
Therefore, a generic element in E(el) can be represented as
Z' = ((Oc,mi(e))) € [RZIAl such that,
o OEA

(i) > m'(e) = M
[+4
‘EA

(ii) ((x,m;c(e))Ii(B,mi(e)) for each o, € A, o« # (8.

B

The Equal Split Guarantee solution, E, (Moulin, 1990): given

e = (Q,A,M;RQ) € &,

Ele) ={zeZe) /VieqQ,V 7 e E(el), ziRlzi }

11



Moulin (1990) proves that in quasi-linear economies(l) with only one
indivisible good, the Equal Split Guarantee solution contains the No-envy
solution. Furthermore, in economies with two agents, the solutions coincide.
These results extend to the general domain, as stated in the following

propositions:

Proposition 1. For all e = (Q,A,M;RQ) e &, N(e) € E(e).
Proof. Let e = (Q,A,M;RQ) € 8, and z = (o,m) € N(e) be given. Suppose that

there exists i € Q such that for all « € A, (oc,m;(e))Plzl. In particular,

(O‘(i),m;(i)(e))Pizi. By monotonicity of preferences in money,
mi.(e) >m_ . By feasibility of 2z, there exists j € Q such that
(i) o (1)
i . oo i . i

< . =
m@(j)(e) Mo Then, z, (cr(J),mG(J))Pl(cr(J),rno(j)(e))11(0(1),m0(1)(e))Pizl,

in contradiction with the fact that z € Nie).m

Proposition 2. For all e = (Q,A,M;RQ) € & such that |Q] = 2, N(e) = E(e).
Proof. By Proposition 1, N € E. It is then sufficient to prove that E € N. Let
e = (Q,A,M;RQ) e &, let |Q] = 2, and let z € E(e) be given. For simplicity,

suppose that z = {(oc,ma),(B,m )}. Suppose that agent | envies agent 2 at =z.

B

Then, since z € E(e), (B,m !

B B

preferences in money, m,> m’(e). By feasibility of z, m, < m;(e). Then,

B B

(oc,m;(e))Plzl, in contradiction with the fact that z € E(e).m

)Pl(a’ma)R1((B’m (e)). By monotonicity of

(1) An economy e = (Q,A,M;RQ) is quasi-linear if each i € Q has preferences
such that: for all «f8 € A, for all m m’, t € R, (@mI(3m) implies
1

(Oc,m+t)Il(B,m’+t).

12



As we know from Svenson (1983), the No-envy solution is a subsolution of
the Pareto solution. By Proposition 2, in economies with two agents, so is the
FEqual Split Guarantee solution . However, in economies with more than two

agents, this is no longer true as the following example shows.

Example 1. Let e = (Q,A,M;RQ) € & be such that Q = {1,2,3}, A = {«,B,%), M = 0

and for all m er R,

(oc,m)Il(B,rn)Il(W,m+3), (oc,m)IZ(B,m)IZ(%m), (oc,m+2)Ia(B,m+1)13(zf,m).

For this economy,

(oc,-l)Il(B,—l)Il(af,Z), (a,O)IZ(B,O)IZ(v,O), (oc,l)IS(B,O)IS(;r,—l)-

Let z = {(«,0),(%,0),(B,0)}, and z’ = {(«,0),(B,0),(¥,0)}. Clearly, zZ,

z' € E(e), and z’ Pareto dominates z.

By Proposition 1, the No-envy solution is a subsolution of the Equal
Split Guarantee solution, and, since the No-envy solution is also a
subsolution of the Pareto solution, we conclude that the No-envy solution is a
subsolution of the Equal Split Guarantee and Pareto solution. Thus, the
intersection of the Equal Split Guarantee solution with the Pareto solution is

not empty.

13



3.~ CONSISTENCY

In this section we study the Equal Split Guarantee solution in the

presence of the consistency property.

A solution ¢ is said to be consistent if for any economy e and for any
@-optimal allocation for e, the restrictions of this allocation for all
subgroups of agents are also ¢-optimal allocations for the problem of

allocating the resources received by these subgroups. Formally,

Consistency. The solution ¢ is consistent if for all e = (Q,A,M;RQ) e &, for
, _ - . z
all Q < Q, for all z = (oc,m) € ple), 2y (o(1),m0(1))leo, € go(tQ,(e)),

R ,).

z » H H
where, tQ,(e) = (Q ’UQ’G(I)’ZQ’mo(l)’ Q

We call t:,(e) the reduced economy of e with respect to z and Q’.

The consistency principle has been the object of several recent studies
in different fields such as fair representation (Balinski and Young (1982)),
cost allocation (Moulin (1985)), taxation (Aumann and Maschler (1985) and
Young (1987)), games in coalition form (Peleg (1985), Hart and Mas-Colell
(1989)), bargaining (Lensberg (1987)), two-sided matching (Sasaki and Toda
(1992)), fair allocation in classical economies (Thomson (1988), Thomson
(1992)), and fair allocation in economies with indivisible goods (Tadenuma and

Thomson (1990,1991b)).
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The following definition is the weakening of consistency obtained by

applying it only to subgroups of cardinality two. Formally,

Bilateral consistency. The solution ¢ 1is bilaterally consistent iff for
alle = (Q,A,M;RQ) e & for all Q < Q with [Q| =2, for all z e ¢(e),

VA
Zy € go(tQ,(e)).

This variant was proposed by Harsanyi (1959) in bargaining theory, and it
was studied there by Lensberg (1987). [t was also considered in other fields
such as taxation (Young (1987)), games in coalition form (Peleg (1985)), fair
allocation in classical economies (Thomson (1988)), and fair allocation in

economies with indivisible goods (Tadenuma and Thomson (1990, 1991b)).

We will now consider a condition that is dual to consistency. According
to this condition, if for some economy, a feasible allocation is such that its
restrictions to all subgroups of cardinality 2 constitute recommendations for
the problem of allocating the resources received by these subgroups, then it

is in itself a recommendation for the whole economy(z). Formally,

Converse consistency. The solution ¢ 1is conversely consistent if for all
e = (Q,A,M;RQ) e & with |Q] > 2, for all z € Z(e), if, for all Q ¢ Q with

Q1 = 2, 2y € qo(tz,(e)), then z e ¢le).

(2)
This property is interesting in its own right. Although it is not central

to this paper, It is necessary for the proof of some of our results.
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This property has been studied in games in coalition form (Peleg (1985)),
fair allocation in classical economies (Thomson (1988)), fair allocation in
economies with indivisible goods (Tadenuma and Thomson (1990,1991b)), and

two-sided matching (Sasaki and Toda (1992)).

Examples of consistent solutions are the Feasible solution, which
associates with each economy its whole feasible set, the Pareto solution, and
the No-envy solution. Tadenuma and Thomson (1991b) note that the No-envy
solution is also conversely consistent, but prove that the Pareto solution is
not. They also prove that, essentially, there are no proper consistent
selections from the No-envy solution. We show next that the FEqual Split
Guarantee solution is conversely consistent (Proposition 3), but that it is

not consistent (Example 2).

Proposition 3. The Equal Split Guarantee solution is conversely consistent.

Proof. Let e = (Q,A,M;RQ) € &, and z € Z(e) be such that, for all Q° € Q with
|1Q’' = 2, ZQ, € E(tz,(e)). Since in domains of economies with two agents
N = E, zQ, € N(tz,(e)). Since the No-envy solution is conversely consistent,

z € N(e). Since N € E, z € Ele). m

Example 2. Let e (Q,A,M;RQ) € & be such that Q = {1,2,3}, A = {«,B,7),

M=0, and for all m e R,

(oc,m)Il(B,rn)Il(%rn+3), (oc,m)IZ(B,m)Iz(mm), (oc,m+2)13((3,m+1)13(?r,m)-

16



For this economy,
(oc,—l)Il(B,—l)Il(W,Z), (oc,O)IZ(B,O)IZ(%O), (06,1)13(13,0)13(7,-1).

Let z = {(«,0),(B,1),(%,-1)}. Clearly, z € E(e). Suppose that agent 1 leaves.
Since in domains of economies with two agents N = E, and since agent 3 envies
z
agent 2 at z, 22 ¢ E(t(l,z)(e)).
The Equal Split Guarantee solution is not consistent, and we now study

how far from being consistent it is.

To do this, one option is to reduce the solution in order to recover the
property. Ideally, it should be reduced as little as possible. This is done
coherently by taking the wunion of all of the solution’s consistent
subsolutions, This wunion is a consistent solution because consistency is

preserved under union.

The following definition was proposed by Thomson (1992).

Given a solution ¢ containing a consistent subsolution, its maximal consistent

subsolution, mcs(p), is defined by

mes(p) = U ¢ where ¥ = {yy / ¢y < ¢, ¥ is consistent }
Yel

The next Proposition shows that the maximal consistent subsolution of

the Equal Split Guarantee solution is the No-envy solution.

17



Proposition 4. Let ¢ be a consistent subsolution of the Equal Split Guarantee
solution, Then, for all e = (Q,A,M;RQ) e & ople) € N(e).

Proof. Let e = (Q,A,M;RQ) € &, and z € ¢(e) be given. By consistency, for all
Q ¢ Q, zQ, € w(tz,(e)). In particular, this is true for all Q" ¢ Q such that
|Q'] = 2. Since in domains of economies with two agents N = E,
z, € N(t;,(e)). Since the No-envy solution is conversely consistent,

z € N(e).-

The above result remains true for any subsolution of the Equal Split
Guarantee solution satisfying bilateral consistency (this is the only property

of ¢ used in the proof).

Propositions 3 and 4 also remain true if the Equal Split Guarantee
solution is replaced by the intersection of the Equal Split Guarantee solution

with the Pareto solution.

Another way to study how far the solution is from being consistent is to
enlarge it. In this case, it is desirable to enlarge it as little as possible.
This can be done properly by taking the intersection of all those consistent
solutions which contain the solution. This intersection is a consistent

solution because consistency is preserved under intersection,

The following definition was proposed by Thomson (1992).

Given a solution ¢, its minimal consistent extension, mce(p), is defined by

mece(p) = N ¥ where ¥ = {y 2 ¢, Y is consistent }
Yel

18



In economies with infinitely divisible goods, Thomson (1992) proves that
the minimal consistent extension of the Individually Rational solution from
equal division intersected with the Pareto solution is the Pareto solution
itself. Proposition 5 shows that this result remains true in our model when

the Equal Split Guarantee and Pareto solution is considered.

Proposition 5. The minimal consistent extension of the Equal Split Guarantee

and Pareto solution is the Pareto solution.
The following Lemma is needed for the proof of Proposition 5.

Lemma 1. Let e = (Q,A,M;RQ) € & let q = |Q|, and let z = (o,m) € P(e) be
given. Then, there exists e’= (Q’,A’,M’;R(’),) e &, and 2z’ € EP(e’) such that
e = tz,(e’), and 2z’ = z.

Proof. Let iO € Q\Q and Q’= Qu(io). Let @ € AN\A and A’= Au{oco}. For each
ie€eQ, and for each « € A, let IB;C € R be such that zill(oc,r;l;). Let

m = min m(rﬁ(;). Let M = (q+)m. Let R}, be such that:

(i) For all i € Q, R’ =R, and zI'(a ,m ), withm = m.
1| AxR i 11 o o oo

(ii) For all ieQ, (oco,M’—M)I; z.

o

Let z’= (¢’,m’) be such that ¢’ = ¢, ¢’(i ) = o, m’ = m, m’ = M -M, Clearly,
Q o o A o

e = t: (e’), and z(’) = 7z, We still have to prove that z’' € EP(e’).

Step 1. For all i € Q, and for all @ € A’, Z;R;(oc,rn‘;(e’)).
By monotonicity of preferences in money, it is sufficient to prove that

m z ml (e’). By the definition of m, and the choice of m_,
o) o(1) o

19



m _+§ m' +m =z (q+)m = M’ = > m’ (e).
o(i) o o , O
AEAN(C (1)) LEA

Then, m = m’ (e
o(i) o (i)
Step 2. z’ € P(e’).
Suppose that z’ ¢ P(e’). Then there exists z’’ e Z(e’) such that zf’R_z’1 for
1 1
all i € Q’, and there exists j € Q' such that z’_’P_z;. Since z € P(e), at 2z’
b
agent io must get some object different from o« . Suppose that agent i gets
0O [¢]
object o(j) for some jeQ. Then, by the choice of preferences of agent i,
o
m = m__ . By definition of m, m”’ = m, and for all i € Q, m”” = m, with at
io o (i) io i
least a strict inequality. Then, ZiEQ’m;’ > (q+1)r;1 = M’, in contradiction to
the feasibility of z’’. Thus, z’ € P(e’).

By Step 1, Step 2, and the choice of preferences for agent i, we conclude
[e]

that z’ € EP(e’).m

Proof of Proposition 5. Let e = (Q,A,M;RQ) e &, and let z € P(e) be given. And
let & = (Q’,A’,M’;R(’),) € &, and z' € EP(e’) be as described in Lemma 1. Let

)

¢* = mce(EP). Since EP < ¢* 2z'e ¢*(e’). Since ¢* is consistent,

z =2 € go*(t: (e')) = ¢*(e). Therefore P < ¢* Since P is consistent,

P

o¥*.®

Remark 1. The minimal consistent extension of the FEqual Split Guarantee
solution is the Feasible solution. The proof follows from Lemma 1 and

Proposition 5.

20



Remark 2. Proposition 5 is obtained without imposing any kind of monotonicity
conditions of preferences with respect to the indivisible goods. However,
there are many situations in which some restrictions of preferences are
justified. For example, consider an economy where the agents are homeless and
the objects are houses. In this context it seems natural to think that, with
the same amount of money, all agents prefer obtaining a house to remaining
homeless. ‘In order to formalize this concept, we introduce a '"reference
object" denoted by @. Preferences are extended to be defined on (Au{@})xR so

that the following holds:

Monotonicity of preferences on the indivisible goods; for all i € Q, for all

a € A, and for all m € R, (oc,m)Pi(an,m).

Under this assumption on preferences, Proposition 5 remains true. It is

sufficient to modify the proof in the following way: for each i € Q, let
rﬁ; € R be such that, zill(z,rﬁ;). By monotonicity of preferences on the

indivisible goods, 1;1; > m. When economy e’ is constructed, the preferences of

agent i should be extended such that, ziI;(oc m ) with m = m < rﬁ;.
(o]

o [o]

21



4.- SOME EXTENSIONS TO OTHER DOMAINS

In this section, we analyze two special domains. The first one is when
all the objects are identical. In this domain all of our results hold. The
second one is when there is only one object. In this domain some but not all

of our results hold.
4.1. Economies with identical objects.

Consider the problem of allocating a finite number of identical objects
among a group of agents. Now, an economy is a list e = (Q,Au(z},M;RQ), where
Q € Q is a finite set of agents, A € 4 is a finite set of identical objects, @
is the "null object", M € R is the amount of money, and RQ = (RI)IEQ is a list
of preferences, one for each of the members of Q. We assume that preferences
are defined on (Au{@})xR. We also assume that |Q| = |A|; that each object is
assigned; and that no agent receives more than one object. Then, [Q|-[A]|

agents receive the "null object". Let €' be the class of such economies.

A feasible allocation for e = (Q,Au(@),M;RQ) e is a pair z = (o,m)},
where ¢:Q —— AuU{g} is a function that specifies which agents receive the

lal

objects, and m € R is such that z m =M
1

€Q o(i)

In order to describe the Equal Split Guarantee solution in this model,

we will adapt the notation.
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Given e = (Q,Au{@},M,RQ) € g‘d, let q = |Ql, a = |A]|, and for each i € Q,

o € A, let m;(e), rn;(e) € R be such that

(i) am(;(e) + (q—a)m;(e) = M,

.. i 1
(ii) (o, ma(e))Ii(ej, mz(e)).

Then, on 8’id, the Equal Split Guarantee solution can be rewritten as,

E(e) = { zeZ(e) / VieQ, ZR (a, rn(;(e))).

For this model, in the same way as the general one, the minimal
consistent extension of the Equal Split Guarantee and Pareto solution is the
Pareto solution. This result also holds if, in addition, we impose
monotonicity of preferences on the indivisible goods. Since the proof of this
result is similar to that of the general case, we give it in Proposition 6 in

the appendix.

Proposition 6. On S'id, the minimal consistent extension of the Equal Split

Guarantee and Pareto solution is the Pareto solution.
4.2. Economies with one object.

Consider the special case where there is a single object which has to be
attributed to one person. In this case we call the agent who receives the
object the "winner" , and the others "losers" . Now, an economy is a list
e = (Q,(A,M);RQ), where Q ¢ N is a finite set of agents, (A,M) are the

resources, with A = 1 if the object is present, and A=0 otherwise, M € R is

23



the amount of money, and RQ = (Rl)1€Q is a list of preferences, one for each

of the members of Q. Let 8’1 be the class of such economies.

A feasible allocation for e = (Q,(AM); RQ) € 81 is a pair
z = (8,m) € [(o,l}le]IQI such that ZQ(él,rnl) = (A,M), agent i’s bundle being

z = (al,m.): 8 =1 if agent i is the winner and 8§ = O otherwise; m is the
1 1 I 1

amount of money he receives,

As before, in order to describe the Equal Split Guarantee solution in

this model, the notation has to be adapted.

Given e = (Q,(A,M);RQ) € & , let q = |Q|, and for each i € Q, let rn‘:,(e),
m:(e) € R be such that
(i) m'(e) + (g-Dm'(e) = M

w 1

(ii) (l,m‘i] (e))Ii(O,mi(e)).

Then, on & K the Equal Split Guarantee solution can be rewritten as,
Ele) ={zeZle)/VYieqQ, ziRl(l,mviv(e)))
In economies in which there is only money to distribute, the Equal Split
Guarantee solution recommends the unique allocation at which all agents

receive the same amount of money.

Once again, in this model, as in the general one, the minimal consistent

extension of the Fqual Split Guarantee and Pareto solution is the Pareto
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solution. Since the proof of this result is similar to that of the general

case, we give it in Proposition 7 in the appendix.

Proposition 7. On 81, the minimal consistent extension of the Equal Split

Guarantee and Pareto solution is the Pareto solution.

At this point, some differences with respect to the general model should
be mentioned. Firstly, in economies with one indivisible good, Tadenuma and
Thomson (1990) prove that consistent selections from the No-envy solution
exist . Therefore, any selection from the FEqual Split Guarantee solution
satisfying consistency is a selection from the No-envy solution. Secondly, if
we impose monotonicity of preferences on the indivisible good, the minimal
consistent extension of the Equal Split Guarantee and Pareto solution is a

proper subsolution of the Pareto solution (Proposition 10).

In this model, monotonicity of preferences in the indivisible good means

that for all ieN, and for all meR, (l,rn)Pi(O,m).

Let QTONE 81 be the class of economies with preferences satisfying the

above monotonicity condition. Let EP|8MON be the Equal Split Guarantee and
1

Pareto solution defined on G?TON. Let 2 describe as follow:
. MON . . .
(i) For all e e 8’1 such that e = (Q,(O,M);RQ), (i.e., the object 1is not

present),

goc(e) = Z(e).
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(ii) For all eegTON

such that e=(Q,(1,M);RQ), (i.e., the object Iis
present),

q)c(e) = {z € Z(e)/ rﬁw > M/q, and ¥ i € Q\{w}, m > M/q)

where w € Q is the winner at z, and m is such that z I (0,m ).
w wW W w

This solution is always non-empty in this domain because it contains the Fqual
Split Guarantee solution.

MON

Proposition 8. For all e = (Q,(A,M);RQ) € 8’1 , E(e) € ¢ (e).

o]
Proof. Trivially, for all e=(Q,(0,M);RQ)68}‘fON, and for all z € E(e),

z € ¢ (e).We still have to prove the inclusion for all
(¢

_ i MON
e = (Q,(l,M),RQ) €& .

Step 1. Given e = (Q,(LM)iR ) « 8“1"0’“ with [Q| = q, for all i € Q, mi(e) >M/q.
Suppose  that m;(e) = M/q. By feasibility, m:v(e) =z M/q. Then,
(0,M/q)R (0,m (€))L (1,m’ (e))R (0,M/q). Thus, (0,M/q)R (1,M/q) in
contradiction to monotonicity of preferences on the indivisible good.

Step 2. Let e = (Q,(l,M);RQ) € QTON with |Q| = q, and z € E(e) be given. Then,
m = mvlv(e), and for all i € Q\(w), m = mi. By Step 1, E1w > M/q, and for all

w

i e Q\{w}, m, > M/q. Thus, z € q)c(e).-

Proposition 9. The solution ¢ is consistent.
o]
Proof. Let e = (Q,(A,M);RQ) € S’TON , and z € ¢ (e) be given. If Q" € Q is such
c

. . . ’ b4 . i
that the winner at =z is not in Q’, then zQ, € QDC(Q ’Zleo’zi’RQ’) because Z is
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consistent. Let Q° € Q be such that |Q'| = q’, and the winner at z is in Q.

M—Zm AN 1y
We claim that for all j € Q' \{w}, rnJ > q? Q Since z € <pc(e), for
all i € Q, m, > M/q. Then,
M- ,m M- ,M/q M-(g-q’)M/q
ZIE(’)\Q 1 ZlE?\Q - ’ - M/q < m.
q q q i
- M_Z'eo\ /0y
For the same reason, m > = SR Thus, z , € ¢ (Q’,z ,Z3R ).\
w q Q c 1€q’ 71’ Q

Let @ P be the intersection of ¢ with the Pareto solution. Clearly,
[o] [of
EP € ¢ P. The solution ¢ P is consistent because both, ¢, and P, are
[¢] c

consistent, and because consistency is preserved under intersection.

Proposition 10. On 8’}:[0“, the minimal consistent extension of the Equal Split

Guarantee and Pareto solution 1is ¢ P.
(o3
The following result is necessary to obtain the proof of Proposition 10.

Lemma 4. Let e = (Q,(A,M);RQ) € STON, let q = [Q], and let z € q)cP(e) be

k

) € 8MON, and 7 e EP(e ) such
Qk 1 k

given. Then, there exists e, = (Qk,(A,Mk);R
k k

that e = t° (e ), and z. = z.
Q k Q

Proof. Let Qk be such that Q <€ Qk, and IQkI = gq+k. Let Mk = M + kM/q +ke/q .

Let ng be such that:

(i) For all i € Q, R‘i‘ = R.

(ii) For all j € Q\Q, all m € R, (l,m)Ilj(O,mﬂ:).
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k k

Let =z be such that 2, = % and =z = ((0,M/q+e/q),...,(0,M/qg+e/q)).

ok\o y
K k
Clearly, e = t: (ek). We still have to prove that z € EP(ek).

1

+

Step 1. It is easy to check that for all j € Qk\Q, £ - = mi(ek), and

Q=

Jj
mie ) = + “g,
1 k)

Q=

q

; i M 1
Step 2. For all i € Q ml(ek) > q + q £.
i M 1 - i M 1
Suppose that rnl(ek) = q + q €. By feasibility mw(ek) = q + q £~ €
Then, (O, Mo, 1 e)R,(O,mi(e ))I_(l,mi(e )R (1, Mo, 1 e- €). Then, for a
q q i 1 ki w k i q q
M M

sufficiently small €, and by continuity of preferences (O, E )Ri(l, a‘ ).

This is a contradiction because (1,m) Pi (0,m) for all meR, for all i € Q.

Step 3. For all i € Q, mi(e ) < mi(e).
w k w
We know that m:‘,(ek) + (q+k—1)mi(ek) = M + kM/q + ke/q. Then, by Step 2,
i 1 _ _ 1 . el
mw(ek) + (q—l)ml(ek) = M + kM/q + ke/q kml(ek) < M mw(e) + (q l)ml(e).

Thus, mi(e ) < mi(e).
w k w
Step 4. If k’> k, then ml(e ') < rni(e ) for all i € Q.
w k w k
We omit the proof of this Step since the argument used is similar to that for

Step 3.

By Step 1, Step 2, Step 3, and Step 4 we have obtained that for a

sufficiently large Kk, 2" e E(ek).
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Step 5. 2 e P(ek).

Suppose that 2 ¢ P(ek). Then 2z’ € Z(ek) exists such that sz_zl: for all
1 1

ie Qk, and j € Qk exists such that z}szlj. Since z € P(e), at z' one of the

new agents must get the indivisible good. For simplicity, suppose it is agent

M

€ M
41, Then m’ =z— + —= -g, and for all j € \{g+1} m =z — + , with at
4 4 g Je qMarty my = g

£
a+t q+k M e !
least a strict inequality. Then Z m > M + kg + ko . This is a
i=1

contradiction because 2~ e Z(ek). Thus, 2~ e EP(ek).l

Proof of Proposition 10. Let e = (Q(AMR) € 8“1"0“, let q = |Ql, and
, k MON k

let z € ¢ P(e) be given. And let ¢ = (Q ,(AM )R ) € & , and z € EP(e)

c Kk k K T T k

be as described in Lemma 4. Let ¢* = mce(EP). Since EP < ¢¥, z* e p*(e ).

k
k

Since ¢* is consistent, z = zg € 'q)*(tz (ek) = p*(e). Therefore q)CP € ¢*. Since

gocP is consistent, ¢ P = o*.m
c
Remark 3. On S’MON, the minimal consistent extension of the Equal Split

Guarantee solution is x The proof follows directly from Lemma 4 and

Proposition 10.
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5.- POPULATION MONOTONICITY

In this section we will look for subsolutions of the equal split
guarantee solution in the domain 81 with the following property: if the number
of agents increases, keeping the resources fixed , we would expect each of the
initial agents to suffer a welfare loss, or at least not to benefit from the
addition of new agents. This property is known in the literature as population

monotonicity. Formally,

The solution ¢ satisfies population monotonicity if for all
e = (Q,(l,M),RQ), and e’'= (Q’,(l,M’),R’Q,) with Q ¢ Q’ and (M,RQ) = (M’,R(’)),

for all z € ¢le), z'e ¢le’), 21R12; for all i € Q.

Tadenuma and Thomson (1990) showed that if the No-envy solution is
considered, the arrival of additional agents may benefit some of the agents
originally present. However, it is possible to guarantee that all of the
agents initially present either lose or gain. This property is a weaker

version of population monotonicity.
The solution ¢ satisfies weak population monotonicity if for all
e = (Q,(I,M);RQ), and e’= (Q’,(I,M’),R’Q,) with Q ¢ Q and (M,RQ) = (M’,R(’)),

for all z € ple), 2'e <p(e’),ziRlz; or sz_zlfor‘ all i € Q.
11

Tadenuma and Thomson (1990) proved that there exists a selection from the

No-envy solution satisfying weak population monotonicity. This selection picks
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Pareto efficient allocations at which all the agents are indifferent between

their bundles and a reference bundle containimg the null object. Formally,
Given e = (Q,(l,M);RQ), let

go*(e) = { z e P(e)/ there is m e R s.t. for all i € Q, lei(O,mo) }

Since the No-Envy solution is a subsolution of the Equal Split Guarantee
*
solution, the solution ¢ is a selection from the Equal Split Guarantee

solution which satisfies weak population monotonicity.

Moulin (1990) proposed a selection frorﬁ the Equal Split Guarantee and
Pareto solution satisfying population monotonicity in quasi-linear economies,
M=0, and preferences satisfying monotonicity with respect to the indivisible
good. This selection is the Shapley solution. In order to describe this

solution we introduce the following notation.

MON .1 .
Let 81 be the class of quasi-linear economies where preferences
q

satisfies monotonicity with respect to the indivisible good.

Given an economy e = (Q,(l,M),RQ) € EB:TN, for each 1 € Q, let v, be the
value of the object for agent i. Let (Q,v) be the cooperative game defined by

v(S) = maxies(vi) + M for all S € Q.

The Shapley solution, Sh: Given e = (Q,(I,O),RQ) € 8"‘:?“1, let q = |Q], and

suppose that vls vzs...s vq. Then,
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Sh(e) = {zeZ(e)/z =(0,m ) s.t. m=sh (Q,v) i#q, z =(1,m ) s.t m =sh (Q,v)-v )}
i i 1o q q a q q

where shl(Q,v) is the Shapley value of agent i in the game (Q,v).

We present a generalization of this solution in 8’}‘140N, and M = O.
Finally, we present an impossibility result in 81 when M < 0, and when the

monotonicity condition with respect to the indivisible good is not imposed on

preferences.
At this point we introduce some more notation.

Given an economy eq = (Q,(l,M),RQ), [Q] = gq, we order the agents such that

m'(e ) = m%e) =.....< m¥e )
1 q 1 q 1 q
1
Then, let eq_1 = (Q_l,(l,M—ml(eq)),RQ_l), where Q_IS Q, |Q_1| = g-1.

Given e o we order the agents such that

2 3 q
ml(eq_l) = ml(eq_l) =....% ml(eq_l).
1 2
= - - C = —
Then, let eq_2 (Q_z,(l,M ml(eq) ml(eq_l)),RQ_z), where Q—z_ Q, lQﬁzi q-2.
Successively,
-
= - . C = —
let eq_k (Q_k,(l,M E ml(eq_m)),RQ_k), where Q_k_ Q, IQ_kI q-k.

i=1
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Given an economy eq = (Q,(l,M),RQ), QI = q,

ole ) = {(0,m),(0,m),...,(1,m )}
q 1 2 q

-1 -1
Jooooy M= mi e ), m= m?(
2 q w

1 2
where m = m (e ), m_= m (e
1 1 q q-1 1

e ).
2 1 q-1 2

Firstly, we prove that the solution ¢ is a selection of EP; secondly, we
prove that satisfies population monotonicity. The proofs of both results are

given in the Appendix.

Proposition 11. For all e = (Q,(I,M),RQ), ple) € EP(e).

Proposition 12. In S?ON, if M = 0, the solution ¢ satisfies population

monotonicity.

Proposition 13. In 8’1, if M < 0, no selection from the Equal Split Guarantee
solution satisfying population monotonicity exists.

Proof. Let e = ((1,2},(1,-12);R1;R2), where R1 is such that (l,m)Il(O,m+4),
and R2 is such that (l,m)Iz(O,m+2). For this economy, mi(e) = -4, mvlv(e) = -8,

mf(e) = -5, rnvzv(e) = -7, Then,

E(e) = { ((l,ml), (O,mz))/ -8 =m = -7, -5 =m, = -4 }

Let us consider a new economy, e'= ({1,2,3},(1,—12);R1;R2;R3) where R3 is such
that (l,m)IS(O,m+l). For this economy, mi(e’) = -8/3, mf(e’) = -10/3,
3
(

m3(e’) = -11/3, m'(e’) = -20/3, m2(e’) = -16/3, m_(e’) = -14/3. Then,
1 w w w

E(e’) = {z’e Z(e’)/Zz’R (1,-20/3), z R (1,-16/3), z’R_(1,-14/3) }
11 22 33
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By monotonicity of preferences in money, for all z' e E(e’) Z;Rl(l,—ZO/B),
Z;Rz(l,—l6/3)lz(0,—10/3)P2(0,—4). Thus, for all =z € E(e), and for all
2z’ € E(e’) Z;PIZ1 for i = 1,2. Therefore, agents one and two gain with the

entrance of agent three.m

Proposition 14. In 81, if M =z 0, and the monotonicity condition with respect
to the indivisible good is not imposed on preferences, no selection from the
Equal Split Guarantee solution satisfying population monotonicity exists.

Proof. lLet e = ({1,2),(1,12);R1;R2), where R1 = Rz and are such that

(l,m)Ii(O,m—14) i =1,2. For this economy mi(e) = -1, m:v(e) =13 i=12.

Then,

E(e) = {((1,13), (0,-1)), ((0,-1), (1,13))}

Let us consider a new economy, e’'= ((1,2,3},(1,12);R1;R2;R3) where R3 is such
that (1,m)I (0,m+2). For this economy m:(e’) = -2/3, mvlv(e’) =40/3 i = 1,2,

and rn::(e’) = 14/3, m:,(e’) = 8/3. Then,

E(e’) = {z’ € Z(e’)/ Z;Ri(l,40/3), i =1,2, z;R3(1,8/3)).
By monotonicity of preferences in money, for all 7z’ € E(e’)
z’lRi(l,40/3)Pi(1,13)1i(0,—1) i =12, Thus, for all =z € E(e) and for all

z' e E(e’) Z;Pizi i =1,2. Therefore, agents one and two gain with the entrance

of agent three.m

In Proposition 13 we have studied the case where M < 0, and in

Proposition 14 the indivisible good is, in some sense, bad. In both cases it
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may not be natural to require that when new agents come in, all agents
initially present lose. The right property seems to be that all they gain.
However, in none of these cases it is possible to find a selection from the
Equal Split Guarantee solution satisfying the above mentioned property.

Examples 3 and 4 illustrate these facts.

Example . 3. Let e = ((1,2},(1,—12);R1;R2), where R1 = Rz and are such that
(l,m)Il(O,m+16) i =1,2. For this economy mi(e) = 2, rni(e) = -14 1i=12.
Then,

E(e) = (((1,-14), (0,2)), ((0,2), (1,-14))}.

Let us consider a new  economy, e'= ((1,2,3},(1,-12);R1;R2;R3) where
R =R =R. For this economy mi(e’) = 4/3, m:v(e’) = -44/3 i = 1,2,3.

Then,

E(e’) = { z2 e Z(e’)/ z’ is a permutacion of ((1,-44/3), (0,4/3), (0,4/3))}

1

Thus, for all z’ € E(e’) and for all z e E(e), zlPiz; i = 1,2. Therefore,

agents one and two lose with the entrance of agent three.

Example 4. Let e = ({1,2},(1,12);R1;R2), where R1 = R2 and are such that
(L,m)L(0,m-2) i =12, For this economy m';(e) = 5, m‘;(e) =7, i= 12
Then,

E(e) = {((1,7), (0,5)), ((0,5), (1,7}

Let us consider a  new economy, e’= ({1,2,3}, (1,12);R1;R2;R3) where

R = R1 = Rz' For this economy mi(e’) = 10/3, mvlv(e’) = 16/3 1 = 1,2,3. Then,
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E(e’) = { 22 € Z(e’')/ 2z’ is a permutation of ((1,16/3), (0,10/3), (0,10/3))}
Thus, for all z' € E(e’) and for all z € E(e), ziPiz’i i = 1,2. Therefore,

agents one and two lose with the entrance of agent three.

(3)

Sprumont (1990) proved that in the class of concave games it is
always possible to find a solution satisfying population monotonicity. In
particular the Shapley value defined on concave games satisfies the property.
Moulin (1990) proved that the game induced by any economy in 8}::?[\[ with M = O
is a concave game, therefore the Shapley solution defined on this class of
economies satisfies population monotonicity. Both Proposition 13 and 14
describe quasi-linear economies, given that an impossibility result it is
obtained, should be the case that the games induced by the economies described
in those Propositions are not concave. It is easy to see that, in both

Proposition 13 and 14, v({1,3})-v({1}) > v({3)).

In the next proposition we give a condition on the class of quasi-linear
economies that guarantees the concavity of the induced game. Therefore, in
such class of economies, the Shapley solution satisfies population

monotonicity.

c

| be the <class of quasi-linear economies
q

Proposition 15. Let &
4 satisfying

v, =z -M for all i € Q. Then, for any economy in this class, the induced game

(Q,v) is concave.

(3)
A game (Q,v) is concave if for all S,T & Q such that T £ S, for all

I & 8, v(SWi))-v(s) = v(TU(iN-v(T)
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Proof. We divide the proof in three steps.

Step 1. It is easy to verify that, for all S,T € Q such that T S, T # g,

and for all i € Q such that i ¢ S,

v(SU{i})-v(S) = v(Tu{i})-v(T)

Step 2. For all i,j € Q,

v({i, H-v{{i}) = v({j})

By the definition of the game, v({i,j})-v{{i}) = max(vl,vj)—vi. Suppose that

v, = max(vi,vj). Then, vV 0 = v, + M = v{{(j}.

Suppose that v, = max(vi,vj). Then, Vv S vos M
j J

| v({j}) because -v .= M.

Step 3. For all S € Q, for all i ¢ S,

v(Su{i)-v(S) = v({i})

This step is an immediate consequence of step 1 and 2.m

Remark. Notice that EM?N with M = O is contained in the class of economies
q

described in Proposition 15.
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APPENDIX

Proposition 6. On 8’”, the minimal consistent extension of the Equal Split

Guarantee and Pareto solution is the Pareto solution.
The next result is needed for the proof of Proposition 6.

Lemma 2. Let e = (Q,AU(Q),M;RQ) € Qid, let q=1Ql, a = |A|], and Ilet
z = (0,m) € P(e) be given. Then, there exisj:s e = (Q’,A’U{QJ},M’;R’Q,) € Eid,
and z' € EP(e’) such that e = tz’(e’), and ZE) = 2z

Proof. Let io e Q\Q and Q’'= Qu(io}. Let A’ = AW{ee}. For each i € Q , let r;l1 be
such that lei(z,r-r_ll) if agent i receives one of the objects, and zili(m,r;ll) if

agent i does not receive any of the objects. Let m = mini(mi,r-r'xi}. Let

M = (gq+l)m. Let R(’), be such that:

(i) For all i € Q, RilAU(@)xR = Ri.
M’-(a+1)(M’-M)
(ii) for i, (a,M’-M)I’ (g, ).
o 10 gq-a

Let 2’ = (z,z. ) be such that z = (,M’-M). Clearly, e = t: (e’), and z(’) = z,
1

(] o

We still have to prove that z’' e EP(e’).

Step 1. For all i € Q such that z = (oc,mi), m, =z m (e).
We know that m, > m, and 1’;11 = m. Then,

(:at+1)rr11+(q—a)r;11 =z (g#l)m = M’ = (a+1)m;(e’)+(q—a)m;(e’). Thus, m, = rn(;(e’).
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Step 2. For all i € Q such that z = (fa,ml), m = m;(e’).
We know that m, = m, and r;l1 = m. Then,
(a+1)rﬁi+(q—a)mi z (q+)m = M’ = (a+1)m;(e’)+(q—a)m;(e’). Thus, m = m;(e’).

By Step 1, Step 2, and the choice of preferences of agent io’ z’ € E(e’). We

still have to prove that z’ e P(e’).

Step 3. z’ € P(e’).Suppose that z’ ¢ P(e’). Then z’ € Z(e’) exists such that
z;’Riz; for all i € Q, and j € Q' exists such that Z;’PJZ3. Since z € P(e),

at 2"’ agent i must get the null object, and one of the agents in Q must get
0o

M’-(a+1)(M’-M) M’ -
one of the objects. Then, m’’ = z . Since m = m and
1 g-a q+1 i
o
- _ _ M’
m, =z m for all i € Q, then at z", m;’ 2 m = T with at least a strict

inequality. Then, Z'Eo’m;, > M’, in contradiction to feasibility of z’’. Thus,
1

z’' € EP(e’).m
The proof of Proposition 6 is completed in the same way as in Proposition 5.

Proposition 7. On 6’1, the minimal consistent extension of the Equal Split

Guarantee and Pareto solution is the Pareto solution.
The following result is necessary to obtain the proof of Proposition 7.

Lemma 3. Let e = (Q,(A,M);Rq) € 8’1, let g = |Ql, and let z € P(e) be given.

Then, €’= (Q’,(A,M’);R(’),) € 8‘1, and 2z’ € EP(e’) exist such that e = t; (e’),

and z’ = z.
Q
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Proof. Let i e Q\Q and Q' = Qu{i }. Suppose that agent 1 is the winner at z.
[o] 0

Let rﬁl be such that (1,m1)11(o,r¥11). For all i e Q\{l}, let rﬁl be such that

(O,ml)Il(l,r;ll). Let m = mini{mi,rﬁi}. Let M’ (g+1)m. Let R(’), be such that:

(i) For all i € Q, R; = R,

i

(ii) For io, (O,M’—M)I; (1,gM-(g-1)M’).

o

Let 2z = (z,zi) be such that z = (0,M’-M).Clearly, e = t: (e’), and

o] e]

z(’) = z. We still have to prove that 2z’ € EP(e’).

Step 1. m = m’(e’).
1 w
We know  that m, > m, and r;xl > m. Then,

m + qrﬁ1 >m + qgm = (q+l)m = M’ = m‘:,(e’) + qmi(e’).

Step 2. For all i € Q\{l}, m = m;(e’).

We know that m, > m, and rﬁi > m. Then,

m+ gm = (q+)m = M’ = m‘:](e’) + qmi(e’).

=
+
0
3
v

Thus, m = m (e’).
By Step 1, Step 2, and the choice of preference of agent io’ z' € E(e’).

We still have to prove that 2z’ € P(e’).
Step 3. M’-M = m.

Suppose that M’-M > m. In other words, (g+1)m - M > m. Then, m > M/q. Since

for all i € Q, m, > m, Z‘eomi > M. This is a contradiction because z € Z(e).
1
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Step 4. z’ € P(e’).
Suppose that z' ¢ P(e’). Then 2z’ € Z(e’) exists such that z;’Rlz; for all
ieQ, and j € Q exists such that z;’PJ_z;. Since z € P(e), at z’’ the new

agent must get the object. Then m;’ = gM - {(q-1)M’. And, by Step 3, for all

o

ieqQ, ml” =z M'-M, with at least a strict inequality. Thus, Zieo’m’i’ > M.

This is a contradiction because z'’ € Z(e’). Thus, z’ € EP(e’').m
The proof of Proposition 7 is completed in the same way as in Proposition 5.

Proposition 11. For all e = (Q,(I,M),RQ), ple) < EP(e).
Proof. First, we prove that the solution ¢ is a selection from the Equal Split

Guarantee solution. We divide the proof into three steps.

k+1 k
>
Step 1. m (eq_k) = ml(eq_k+1).

k
k+1 k+1 i
We know that, m (eq_k) + (q—k—l)m1 (eq_k) = M:Zlml(eq_m), and

Kk k
rnw eq_k+1) + (q—k)ml(eq 1+1)' Then,

~k+1

kot
) = M—lzlml(eq

m"(e ) + (q—k—l)mk(e
w 1 q

q-k+1 -k+

Kk
i
1) - M—:Zlml(eq—iﬂ)'
j=

k k k+1 k+1
Th + (q-k- = + (g-k-1 .
us, mw(eq_k+1) (g~k l)m](eq_k”) m (eq_k) (g-k )rnl (eq_k) (1)
. k+1 k
< .
Suppose, by way of contradiction, that, m, (eq_k) ml(eq_kH)
We know that, m"(e ) = m* e ), and mf* (e ) =m (e ).
1 q-k+1 1 q-k+1 w q-k+1 w  q-k+1
Then, mk+1(e ) < mk(e ) = ka'1 e ,
1 q-k 1 gq-k+1 1 q-k+1
and m“" (e ) = m"*!(e ) = m e ).
w q-k w q-k+1 w  q-k+l
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k

k+1 k+1
m (e (e )
w  q-k+1

Thus, ) + (@-k-Dm"e ) > m ) + (g-k-1)m*" (e in
1 q 1 q-k

~k+1 w q-k

contradiction to (1).

Step 2. For all k = 1,...,9-1, mk(e ) = mk(e ).
1 g-k+1 1 q
k-1
We know that, m"(e )+ (q—k)mk(e ) =M - z m'(e ).
* w q-k+1 1 q-k+1 5 1 q-1+1
i k - _
By Step 1, ml(eq_m) = ml(eq_k+1) for all i = I,...,k-1

k k k
Then, mw(eq_k+1) + (q—k)ml(eq_kH) = M-(k—l)ml(e _k 1). In other words,

k k 3 K _ K
w( q—k+1) * (q—l)ml(eq_k”) zZ M= mw(eq) + (q 1)ml(eq).
Thus mk(e )= m (e )
’ 1 k+1 1

Step 3. m? (e ) = m%e ).
w 2 w q
We know that m:_l(ez) = mq(ez). Then, it is sufficient to prove that
w
m¥e ) = m%e ).
w 2 w q
By definition, m%(e ) + m%e ) = M -
w 2 1 2

q q (e q-1 (A q
By Step 1, mw(ez) + ml(ez) = M - (g-2)m (ez) =M - (q 2)m1(ez).

q 1yend
Then, mw(ez) + (q l)rnl(ez)

I\
=
1}
3
z a
[}
+
a
R
=)
-2
[}
.a\_/

Thus, m%(e ) = m(e ).
w2 w q

By Steps 1, 2 and 3 we conclude that ¢ is a selection from the Equal
Split Guarantee solution. We still have to prove that ¢ is also a selection

from the Pareto solution.
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Step 4. ¢ € P.
Let {z} = ¢(e), and suppose that z ¢ P(e). Then there exists z’e Z{e) such
that z;Rlzi for all i € Q and there exists j € Q such that z}szj. By

feasibility, the existence of 2z’ means that in 2z’ the winner was a loser in z

and one of the losers at z’ was the winner at z Let k be the winner at 2z’

that in z was a loser, then ml’(z mk(e k+1). Let g be the winner at z that in
w o q-
z’ is a loser, then m’z m¥ e ). If we prove that m¥ (e ) = mT e ), we
q 1 2 w  g-k+1 w 2
obtain a contradiction to the feasibility of z’.
1 1 I
q- q- - _
We know that, m (ez) *m (ez) =M Z ml(eq*m). By Step 1,
i=
q-1 q-1 ! i k
= - - (g-k- =
m?"e) + mi e ) = M Z me ) - (a-k-Dme_, )
k Kk k k k
- _ - i, P, = + .
n’lw(eq—k+1) * (q k)ml(eq—k+1) (q k 1)ml(eq—k+1) mw(eq—k+l) ml(eq~k+1)

q-1 q-1 k k
Then, m (e) +m’ (e) =m (e ) + m (e ). By Step 1, we know that

w 2 1 2 w  gq-k+1 1 q-k+1
m? e ) = m e ). Thus, m*(e ) =z m¥ (e )m

1 2 1 q-k+1 w  g-k+1 w 2

Proposition 12. In S’TON, if M = 0, the solution ¢ satisfies population
monotonicity.

Proof. Let eq = (Q,(l,M);RQ) be given, and let q = [Q]. Let

e;+1 = (Q’,(l,M),R(’),) be such that Q € Q’, |Q’| = g+, and R(’) = RQ. We divide

the proof into different steps.

Step 1. Let k € Q be the agent who receives mll{(eq_(k_l)), then
mk(e ) = mk(e ) for t =1,..,k-1.
1 gq-(t-1) 1 g-t
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By the definition of these numbers, we know that

t-1
k k i
m ey *laTtmle ) = M- Z ™ (e
k K =y k
mw(eq—(t~1)) * (q_t—l)ml(eq—(t—l)) = M- izlml(eq~l+1) - rl—ll(eq—('ul)).
Let t € Q be the agent who receives m?(eq_(t_l)).
t k
=<
Then, ml(eq—(t—l)) ml(eq—(t—l))'
Thus,
K k =l t
1
m (e py) * Lt m(e )= M- izlml(eq-m) -
k k k k
mw(eq_(t_l)) + (q—t—l)ml(eq_(t_l)) = mw(eq_t) + (q—t—l)ml(eq_t).
Since (1 mk(e NI (0 mk(e )) and (1 mk(e NI (0 mk(e )) then
w gtk T g w gt Tk L gt
k k
ml(eq—(t-l)) = ml(eq-t)’

K K, , _
Step 2. ml(eq) z ml(eq+1) k =1,...,q9.

We Know that m"(e’ ) + qu(e’ ) = M. Then
w g+l 1 g+l

k. , 1y K - I
mw(eq+l) + (q 1)ml(eq+1) = M ml(eq+1).

By monotonicity of preferences in the indivisible good, and M z O,
M - m“(e’ ) = M. Then,
1 g+l
m e’ ) + (g=-)m*(e’ ) = m"(e ) + (g-Dm" (e ). Thus, m*(e ) = m"(e’ )
w  q+l 1 q+l w q 1 q 1 q 1 q+1
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k k, , _
Step 3. ml(eq_t) = ml(eq+1_t) k = t,...,q.

We prove this Step by induction on t.

Kk k, , _
(1) ml(eq_l) ES ml(eq) k =1,..,q
k k 1 k
We know that m (e )} + (g-2)m(e ) =M -mi(e) =z M - m (e ).
w q-1 1 q-1 1 q 1 q
k k K k k
By Step 1, m(e) =m (e ), then, m (e ) + (qg-2m(e )z M - m (e ).
1 q 1 q-1 w q-1 1 q-1 1 q-1
Thus, mi{l(eq_l) + (q—l)mlf(eq_l) = M. By monotonicity of preferences in the
indivisible good, and M = 0, M=M-mie )=mie) + (q—l)mk(e’).
1 g+l w q 1 q
Then,m (e ) = mlf(e’) k=1..q

Kk
(2) ml(eq_z) = m -1

We Know that m' (e ) + (q—3)mk(e ) =M - m'(e ) - m*e ).
w  q-2 1 q-2 I q 1 -

q-1

)= M - mi(e) - me ).
1 q 1 q

1 2
M - ml(eq) - ml(eq_ -

1
k Kk 1 t t
mw(eq_z) + (q—2)ml(eq_2) =M - ml(eq) = mw(eq_l) + (q-2)ml(eq_1), t =1,..,q.

Let 2 € Q' be the agent who receives mf(e’).
q

If this agent is in Q, then M - mi(e) = me ) + (q—Z)rnz(e ). By (1),
1 q w q-1 1 q-1

m%(e ) + (g-2)m*(e _) = m’(e’) + (q-2)m*(e’) = M - m'(e’ ) - m(e’).

w q-1 1 q—1 w q I q 1 g+l 1 q
1, 20y = K vk

M - ml(eq+1) ml(eq) mw(eq_l) + (q Z)ml(eq_l). Thus,
k k k, , vk,

mw(eq_z) + (q—2)ml(eq_2) = mw(eq_l) + (q Z)ml(eq_l). Then,
K K, , _

ml(eq_z) = ml(eq_l) k =2,.,q

If this agent is not in Q, let 1 € Q° be the agent who receives mi(e’ﬂ) this
q
agent is in Q, and ml(e’ ) = ml(e’). Then, by (1),
1 q+1 I q

M- mi(e)=m'e )+ (g-2)m'e ) =m'e’) + (g-2)m'(e’),
1 q q q- w q I q

1, ., ooty = M= ol ) = rliar S PESNS PR
mw(eq) + (g 2)ml(eq) M ml(eq+1) ml(eq) =z M ml(eqH) rnl(eq+1).
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, i, 2, , 1, 1, o1, 2,

Since ml(eqﬂ) = ml(eq), M ml(eqﬂ) 1(eqﬂ) = M ml(e 1) ml(e )
1, , 2, s k, ,
M - ml(e 1) - ml(e ) =m (e )+ (q-Z)ml(e 1)
k k k, , _ k, ,
Thus, mw(eq_z) + (q—2)m1(eq_2) z mw(eq_l) + (q 2)ml(eq_1).
Then mk(e ) = mk(e’ ) ko= 2,..,4q.
i 1 “q-2 1 “q-1 R

) = ml;(e’ ) k =t,.,q. We should then prove that

Kk
Suppose that m (eq_ -t

t

k k, ,
= = t+l,...,q.
ml(eq—(t+1)) m, eq+1—(t+1)) ki=t....q
t+1
We know that mk(e ) + (q—t—z)mk(e ) =M - Zmi(e ).
w q-(t+1) 1 q-(t+1) A 1 q-(i-1)
te S t+1
- = - - >
M ‘zml(eq—(l—l)) M zml(eq—(i—l)) m (e )
171 1=1
S Kk S Kk
1
z - - ES - -
M 1Zml(eq—(l~1)) ml(eq—t) M Z l(eq—(i—l)) ml(eq—(t+1))
Kk k S
1
+ (g-t- > - .
Thus, mw(eq—(t+1)) (q-t l)ml(eq—(t+1)) M 12 ml(eq—(i—l))
Let s € Q be the agent who receives m?(e’ﬂ * 1)) with h = t+1 in economy
q+1-(h-

e’ , and receives m'(e ) with s =z t in economy e. Thus,

q+1 . I g-s a

i s s . . .
— — + —_t - .

M iZ:lrnl(eq_(i_l)) mw(eq_t) (g-t l)ml(eq_t) By induction hypothesis,

s s,
me )z m(e ). Then,

1 -t 1 q+1-t

mvsv(eq_t) + (q-t—l)mj(eq_t) =m’(e’ )+ (Q‘t‘l)mj(e:vl ).

w  q+l-t -t
t .
m:v(ec,yrl—t) * (q_t_l)mf(e(’ﬁl—t) = M- izlm:(ec’ﬁl—(i—l)) - m?(e;”_t) =
M - imi(e’ ) - m e ) = mS(e’ ) + (q-t-1)m“(e’ ).
1 q+1-(i-1) 1 q+l-t w gq+l-(t+1) 1 gq+l-(t+1)
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Thus,

K K, , e ok
mw(eq_(t+1)) + (q—t—l)ml(eq_(t+1)) = mw(eq+1-(t+1)) + (g-t I)ml(eq+1—-(t+1))'
Then, m"(e ) = m"(e’ ) k= t+l,...,q.
T Tg=(te1) 1 “qe1-(t+1) e
Step 4. Let k € Q be the agent who receives mT(eq_(k_l)) in economy eq, and
. k
) $ 1 3 — - < - - .
receives ml(eq+1_(t_l)) in economy eq+1 , with g-(k-1) < g+1-(t-1).Then,
k K, ,
ml(eq—(k-l)) = rn1(eq+1—(t—1))'
. K k
-(k-1) < -(t- = =
Slnce q (k 1) q+1 (t 1), t k, then’ by Step 1) ml(eq'—(k—l)) ml(eq—'(t—l))
Kk k
> b
and by Step 3, ml(eq_(t_l)) = ml(eq+1—(t—1))'
Step 5. Let k € Q be the agent who receives ml:(ecl (k 1)) in economy e, and
~(k- q
. K, , , , . (o i
receives ml(eq+1_(t_1)) in economy e =, with g-(k-1) = g+1-(t-1).Then,
Kk K, ,
z
ml(eq-(k—l)) ml(eq+1—(t—1))'
k k kS
We know that rnw(eq_(k_l)) + (q—k)ml(eq_(k_l)) =M —lZIml(eq_(i_l)). Then,
k-1
mie )+ (aH-thmie ) =M=-)mle ) - (tk-Dmile ).
w  q-{k-1) 1 q-(k-1) 2 1 gq-(i-1) 1 g-(k-1)
. k 1 .
=< = .
Since ml(eq_(k_l)) ml(eq_(k_l)) for i = k,...,q, then,
y y kol t-2
1
- > - -
mw(eq—(k-l)) * (q+1 t)ml(eq—(k—l)) M 1zlml(eq—(i-1)) izkml(eq—(k—l))‘
i i .
=< = e, L2,
By Step 1, ml(eq_(kﬁl)) ml(eq_(l_l)) for i = k,...,t-2. Then,
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t-2

k Kk i
+ (g+l- = - .
mw eq—(k—l)) (q 1 t)ml(eq—(k—l)) M lzlml(eq—(i—l))
Let s € Qbe the agent who receives mj(e’)r1 * 1)) with h = t-1 in economy
q+1-(h-
e’ , and receives me ) with s z t-2 in economy e.
q+l t-2 1 g-s q
i s s
- = + =1+ .
Thus, M 121“‘1‘%«—») mi(e . )+ (q-t+hme . ). By  Step 3
s s,
m (e ) =z m (e ). Then,
1 q-(t-2) 1 q+1-(t-2)
m®(e ) + (g-t+Dm°(e ) = m®(e’ ) + (g-t+1)m°(e’ ).
w o g-(t-2) 1 g-(t-2) w o q+l-(t-2) 1 q+i-(t-2)
Thus,
s te? i s
S s y » ’
+ (g-t+ = - -
w eq+1—(t—2)) (q t 1)Inl(eq+1-(t~2)) izlml( q+1~(i—1)) ml(eq+1—(t—2))
bl
s S Sr ’
+ (g-t+ = - .
Then, m (e’ ) + (a-tsmie . ) =M 1zlml(eq+1—(i—1))
et k K
_ ’ - > + —t+ 3 .
M 1le’nl(ecﬁl«(i—l)) mw(eq+1—-(t—l)) (q t 1)rnl(eqﬂ—(t—l)) Thus,
Kk Kk k k
+ (g+1- £ ’ + (q-t+ ’ .
mo(e ey *laHtim (e ) Emlel ) Tlatmlel )
k -k
z ’ .
Then, ml(eq_(k_l)) ml(eq+1_(t_1))

Steps 4 and 5 show that any agent who was a loser in economy e, andqis a
loser in economy e;+1, does not benefit from the addition of new agents. The
next Steps show that this is also true for the agent who is a loser in one
economy and a winner in the other economy, or who, in both economies, is a

winner.

Step 6. Suppose that q € Q receives mqﬂl(ez) in economy e, and receives
w q
m%e’ ) in economy e’ . Then, (l,rnq_l(e MR (0,m(e’ .
1 q+1-k q+l w 2 q 1 q+1-k
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Let m’” € R be such that (l,m:_l(ez))lq(o,m’). We know that m’z= m?nl(ez), and

by Step | in Proposition 11, m% (e ) = m'e ) t =1,...,q-1.
12 1 g-(t-1)

. 8 . .
Let s € Q be the agent who receives ml(e ( 1)) in economy e, and receives
q-(s- q

m°(e’ ) in economy e’ with h = k. Then, by Steps 4 and 5,
1 g+1-h q+1

...1 .
m* e ) = mi(e ) = m(e’ ). Since h =2 k, m°(e’ ) =z mY% e’ )
1 2 1 g-(s-1) 1 g+l-h 1 g+l-h 1

, q , q_‘l q )
Thus, m’ = rnl(eq+1_k). Then, (l,rnw (ez))Rq(O,ml(eq+l_k)).

Step 7. Suppose that k € Q receives rnll{(e ® 1)) in economy e, and receives
q-(k- q

q, _» : » k [
mw(ez) in economy eq+1. Then, (O,ml(eq_(k_l)))Rk(l,mw(ez)).

We know that (O,ml:(e NI (l,mk( )). By Step 1 in Proposition 11,

e
q-(k-1)"" k w  q-(k-1)

zm° ) with k = s. Suppose that s € Q receives m'(e’

m (e e
w q-(k-1) w  q-(s-1) 1 q+i-t

. s s > s, ,
in  economy S By Steps 4 and 5, ml(eq_(s_l)) ml(eq+1_t). Thus,

m"®( = m°’ ). By Step | in Proposition 11, *le’

e m ) = m?(e’).
w  g-(s-1) w  q+l-t w qt+l-t w2

k q ) k q )
Thus, mw(e ) = mw(ez). Then, (O,ml(eq_ k_1)))Rk(1,rnw(ez)).

q-(k-1) (

Step 8. Finally, suppose that the winner in economy e is the winner in
q

Q"l(

economy e’ X In other words, k € Q receives m ez) in economy e, and
q+ w q

Q‘l(

receives m%(e’) in economy e’ . Then, m? (e ) = m%(e’).
w2 q+1 w 2 w 2

Let g-1 € Q be the agent who receives m?_l(ez) in economy e, and receives
q

-1 .
m? (e’ ) in economy e’ . Then, by Steps 4 and 5,
1 q+l-k q+1
-1 -1
m"(e) =z mV (e
1 1 gtk

We know that

q-1 q-1 q-1, , q-1, ,
(l,mW (ez))Iq_l(O,ml (ez))Rq_l(O,ml (eqﬂ_k))lq_l(l,rnW (eq+1_k)),
and m® (e’ ) = m(e’). Then, m® e ) = mie’).m
w q+1-k w 2 w 2 w 2
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