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REOPTIMIZATIONS IN LINEAR PROGRAMMING

Albici Mihaela, University ,, Constantin Brancoveanu”, Rm. Valcea
Teselios Delia, University ,, Constantin Brancoveanu”, Pitesti
Tenovici Cristina, University ,, Constantin Brancoveanu”, Rm. Valcea

Abstract: Replacing a real process which we are concerned in with other more
convenient for the study is called modeling. After the replacement, the model is analyzed and
the results we get are expanded on that process. Mathematical models being more abstract,
they are also more general and so, more important. Mathematical programming is known as
analysis of various concepts of economic activities with the help of mathematical models.

JEL classification: C60, C61
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To solve management problems requires simplified representation of reality through
models. A model is a simplified selective rendering of a real-life system [1].

The real system that a model describes can be already existing or may be an idea
conceived in the pending execution. In the first case, the design objective is to provide means
to analyze the system behavior to improve its performance. In the second case, the design
objective is to define the ideal structure of the future system.

The real system can be extremely complicated and the model may not faithfully
represent all information in reality. This is practically impossible.

In developing a quantitative model, represented by mathematical relationships and
symbols, there must be taken into consideration two conditions:

. the model must achieve its purpose;
. the model can be solved in the process affected time.

Among the most common models in the economic practice are optimization models,
those which are concerned with maximizing (minimizing) of an objective function. A linear
programming problem is a special case of the general problem of optimization, where
objective function and the constraints are linear'. Inequalities and the non-negativity
restrictions placed on variables are not only permitted, but are typical. The importance of
linear programming consists precisely in the ability to solve such problems [5].

1. Mathematical model of a linear programming problem

The mathematical programming problem usually means determining the optimal
value (minimum or maximum) of a function of several variables (also called objective
function, purpose function or efficiency function), if variables are subject to some ties
expressed by equations and inequations (also called restrictions) and to conditions on the
sign. If the objective function and constraints are linear functions, the problem is called linear
programming problem.

' A similar presentation of linear programming can be found in the work of D. Gale The Theory of Linear
Economic Models, McGraw-Hill, 1960.



The general form of a linear programming problem is:
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Definition 1. Function (1) is called the objective function (purpose function or
function of efficiency) of the linear programming problem.

Definition 2. Conditions (2), (3) and (4) are called restrictions of linear programming
problem.

Definition 3. The vector x =(x;.x5... x,,)’ which checks the restrictions (2), (3) and (4)
is called possible solution of the linear programming problem.

Definition 4. A possible solution of the linear programming problem which also checks
the conditions (5) is called admissible.

Definition 5. The admissible solution for which it is obtained the minimum or
maximum value of the function (1) is called the optimal solution of the problem.

Observation 6. Conditions (5) are also called non-negativity conditions.

If we note the vector of the unknowns by x={(x;.x5... x,,)*, that of the coefficients by

)

‘l

i lﬁ, and the terms vector from the

Fl

c= (cl Cr e C,, ), the matrix of the coefficients by

right member of the restrictions by b = (b1 by s b, )’ , we get:

1. The matrix form of linear programming problem:
min (rmx )f(x) =cx

Ax <b(Ax =b)

x=0
2. The canonical form of linear programming problem:
(1) for the problem of minimum

min f(x) =cx

Ax =b

x=0

(i1) for the problem of maximum
max f(x) =ex
Ax <b
x=0
3. The standard form of linear programming problem:
min (max ) £(x) =cox
Ax =b
x=0

2. Classification of solutions of a linear programming problem



Let be the linear programming problem as standard:
min (rmx ) f (x) =cx
Ax =b (6)
x=0

Let us note by A the set of admissible solutions (see Definition 4). If A is different from
the empty set, then the linear programming problem has finite optimum, if 4 # ® and f
infinite, the linear programming problem has infinite optimum, and if 4 = @, then the linear
programming problem is incompatible.

Definition 7. A possible solution for which the number of nonzero components is less
than or equal to the number of restrictions, and the column vectors of matrix A which
correspond to these components are linearly independent, is called the basic solution of linear
programming problems.

Definition 8. A possible solution is called nondegenerated it all its components are
nonzero and degenerated otherwise.

Definition 9. A possible solution that achieves the optimum of the objective function is
called an optimal solution of the linear programming problem.

Theorem 10. The set of solutions of linear programming problem is linearly convex.

Proof:

Let be x, and Xx, solutions of problem (6), which means x, =0,x, 20, Ax, =b,
Ax, =b and let be x =(1-A)x, + Ax,, A D[O,l] their convex combination. Because 1 —A =0
and A =0 itresults x =0.

Ax= A[(l—/\)x1 +/\x2] = Ax, - M Ax, - 4x,) = Ax, =b
which means that the x vector is still a solution, and so the set of solutions is convex.

Theorem 11 [5]. The set of optimal solutions of a linear programming problem is
convex.

Proof:

We take for example the case of the linear programming problem:

min f (x) =
Ax =b
x=0

Let be x;, and x, optimal solutions of the problem, which means
minf(xl) =minf(x2) :

It results minf(xl) = minf(x) , where x =(1=A)x, + Ax,, A D[O,l] , x=0.

Analog is the case of the linear programming problem of maximum.

Observation 12. An admissible solution which is not a linear convex combination of
other admissible solutions is a “peak” of the set of admissible solutions (the convex
polyhedron).

Theorem 13. If the linear programming problem (6) allows optimal solutions, then
there is at least one peak of the admissible solutions set that is optimal solution.

Proof:

Let be x, and x, the peaks of the admissible solutions set and let be X a vector of
this set, representing an optimal solution. Supposing X is not a peak, it can be written as a
convex linear combination of the peaks:

k k
X= ;Aixi,Ai >20,i =1,k; ) A =1,

i

So /(%) =¥ =3 A.s(x).



Assuming that ascending ordering numbers f(x,),7 =1,k there have been obtained the

inequalities:
f(xl) —f(xz) = Sf(xk)
Then
k k k
f(xl)z/‘t S z/‘[f(xl) Sf(xk)z/‘,
i=1 i=1 i=1
that is
f(xl) Sf()NC) Sf(xk)-
which means that also x, (which is a peak of admissible solution set) is an optimal solution
of the problem (6).

Theorem 14. If X is a basic optimal solution of linear programming problem (6), then
the vectors which correspond to nonzero components of x are linearly independent.

Proof:

Supposing that 7angd =m and X =(X,,%, ... X,,,0,..,0)", ¥ >0,%, >0,., X, >0

If v, :(awaz_/’"-’ ami)ta Jj =l1.n are column vectors of the 4 matrix, then Vi, Vs V,,
correspond to m nonzero components of X and out of the condition AX =5 results:

X\ v, +X,v, +..+X, v, =b (7

Let’s assume against all reason that the vectors V>V ... V,, are linearly dependent,
namely there are constants &, &, ..., &, not all zero, so that:

ayv, +a,v, +..+a,v, =0 (8)

If we multiply by /A relation (8) and add at (7), we obtained:
()?1 +01.B)V1 +(f2 +azﬁ)vz +"'+()7m +am.8)vm =b )

If we multiply then by /5 relation (8) and decrease of (7), we obtained:

(% —a,B)v, +(%, —a,B)v, +..+(%, —a, B)v, =b (10)

Chossing for /3 the value 3 for which X, +B8'a, >0, %, —B'a;, >0, j =1.m , the
equalities (9) and (10) define two admissible solutions:

x, =(% +Ba,.% + Ba,.... %, + Ba, 0....0)

~ ~ ~ t
X, = (xl —,B']a'l,x2 —,850'2,..., X, —,BDO’m ,O,...,O)

t

: ~_1 : . . .
with the property x = E(xl +x,) . This equality expresses the fact that the optimal solution x

is a linear combination of two vectors in the set of admissible solutions, so it is not a peak.
Absurd, because according to theorem 13, an optimal solution is a peak of the admissible
solutions set.

Therefore, the vectors v,,V, ... v,, are linearly independent, so they form a basis.

3. Primal simplex algorithm

The general method for solving linear programming problem is known as the method
(algorithm) simplex. The name of the simplex method, first published in 1947 by the
American mathematician G.B.Dantzig, is linked to the fact that a convex polyhedron is also
called simplex [1].

The simplex method has the advantage that besides a relatively small calculations
volume, can give accurate and conclusive answers to all situations that can be presented by
solving a linear programming problem.



It is an effective method for solving linear programming, which allows us to
systematically explore the set of basic solutions. The simplex method consists of a sequence
of iterations, each iteration determining a basic solution with the feature that the objective
function value is continuously improved up to the optimum, if any. The principle of work is
changing the base, a method presented in the previous chapter (the pivot method). The
question however is which vector enters the base and which one is leaving, to ensure the
search on the set of basic admissible solutions.

Given linear programming problem as standard (6):

min (max ) /(x) = cx
Ax =b
x=0

Assuming that the columns &,,a,.... @, of matrix A have indices J =L... n
belonging to the set /5 or /s of indices, as the corresponding variables are basic variables,
or secondary variables. So,

J,0Js ={12,..0},J, nJ, =®

Let B a base consisting of m columns of A.

The system Ax = b becomes

Bx® +Sx° =b, whence, multiplying to the left with B~ we get

x> =B7'b—B7'Sx".

Wenote x~ =B7'b;3? =B7a,,;j [Uj.

B __8 _ B
Then * —* ;y;i X,
J N

__5 _ B .
or on components *i —*/ Zyy x;,i DT,
Js

A basic solution can be obtained for x° =0,s0 x° =B7b.

A basic solution x” =g 5 is admissible if x” =0.

A base B which checks such a condition is called primal admissible base.
We express the objective function with the help of secondary variables.
Writing adequately the ¢ vector of the function coefficients, we obtain:

—_ — BB S_.S — —
f=ax=c’x" +c°x° = gcixi+ gcjxj =
g T

_ B B _
= ?c, : — ;yyxj ;cjxj =
LV p JLY 5 JWV s
_ —B [ B
= ;Ci'xi - =<, + ;c,y!./ /-
i B j S i B
—B

—B

Wenote 7 ~ ;Ci;f =c’x gnd zj = ’gc,.y; =c’y},j0J
—B
f=z = (Zf —cj)xj_
] /S
Theorem 15. If B is a primal admissible base and for any / LJJ; we have Zf —c; =0,
then the corresponding basic programme of base B (x” =B7'».x* =0) is an optimal

programme for problem (6).

Proof:

Let be x=0 a certain programme. From the theorem’s hypothesis we have

g(zf —c_,.)xj =0
JWs



__5 B _ . s .
AsS =z~ g(z,i € )xj we obtain s =z" so x” and x° represents the optimal
S

programme for problem (6).

Theorem 16. If for a primal admissible base B take place the following conditions:
. B
1) There & [/ is so that [, - CkJO

1) The basic programme x  =B7'6,x* =0 is nondegenerated, so the basic
programme corresponding to B is not optimal.

Proof:
Let x~ be a programme with the property that the variables’values x,.i =1,7 are the

same to those corresponding to base B, less the variable x, , which takes a value low enough

x, so that the problem’s conditions to be satisfied.
As *i =xi _j;yij it results that is enough that x; —yZx? =0, (Di [0J .
Noting by /7~ fhe objective function value corresponding to x", we get from
f=z _j;(zf —¢ )x.f the following:
B

f=z —(z,f —c, )x,? <z’ , o the basic programme corresponding to B is not optimal.
Theorem 17. If for an admissible primal base B take place the following conditions:

. B
i) There is K /s so that 7, - ck]();

il)  The basic programme x~ =B~5,x° =0 in nondegenerated;
i)  yu =0, ()i 07, , so the problem has the infinite optimum
Proof:

The hypothesis (i) and (ii) being the same with those of the previous theorem, it is
noticed that the vector x” defined above stays programme of the problem for any x, value,

the value of objective function ./~~ given by:
f'ZEB —(zf —ck)x,? <;B

becomes very small for x, chosen very big and so the limit of /" is — 0 .
Theorem 18. If for an admissible primal base B take place the following conditions:

(i)  Thereis ¥ 15 so that Zf ; ckUO;
(i)  The basic programme x~ =B"'5,x* =0 is nondegenerated;
(i) (D07, so that J;, 0
then the maximum value that we can assign to x° so that x” to stay programme is given by:

i




If we assign to x, this value, then the corresponding programme of x is a basic
solution. This corresponds to a B’ base which it is obtained from B by replacing the column
a, by column a, .

Proof:

Let i LU

B

X; . + o —B . .
If x, <— ,(D)l [J; then the condition x; —yZx° =0, ()i C0J, is fulfilled.

B
ik

B __8 _ B
Let us assume that we give to X« the value i . From ¥ —~F ];y 7% results

that x, =0,

Therefore, we obtain a new basic solution made of X;.i 07, —={r} and x, .

The B’ base corresponding to this one is obtained from B by replacing column &, by
column @, . From the fact that ¥ #0 results that the column vectors of B’ are linearly
independent.

Observation 19. According to formula f '=z" —(z,'(B —c, )x,‘f the objective function
value corresponding to base B’ is

P T (11)
Yk

If there are multiple indices k& with the property P ckHO then, to get the lowest objective

function value, it should be chosen that index for which the quantity to be deducted in relation
(11) to be maximum. Since the calculations are quite laborious, in practice is chosen that

. . . . . B
index which maximizes the expression z; —c;,.

Case 1. There is initial basis:

Let linear programming problem be the general matrix form:
min (rnax | (x) =cx

Ax =b

x =0

Phase I:
The linear programming problem is brought in standard form. Auxiliary variables V.
are introduced in the objective function with the cost 0.
The extended matrix of linear programming problem (of the standard form) will be:
A=A =g a, ..a, 1 ..0
’ i Ay @y, 01

U There is initial base given by the vectors y;.

Phase II:
The simplex table it is built as follows:
Ci C2 ... Cn 0..0
B CB b X1 X2 ... Xp Yi... ¥m an
Y1 0 b,
y2 0 b, A |
Ym |0 b,
VAN -C1 -C2 ... -Cp 0..0




Values A; =z; —c¢; are calculated using the formula:

A, =z]—c,=C, L, —c, where @, is the corresponding column of the vector X .

The optimum criteria:

If the problem is of maximum and all £ >0 [0 the solution is optimal.

If the problem is of minimum and all £ <0 [0 the solution is optimal.

The solution is read on the column of the vector b. In case the requirements for optimal
criteria is not met, then it is applied the entry criteria.

The entry criteria:

For linear programming problem of maximum enters in base the vector <,
corresponding to the difference £ <0, the largest in absolute value (or the smallest negative
one).

For linear programming problem of minimum enters in base the vector <y,
corresponding to the difference £ >0, the largest one.

The exit criteria:

Vector @ corresponding to the report

Oumin mlm {—.a, >0}

ik
is leaving the base.

At the intersection of the output line with the input column there is the pivot. The pivot
method applies and then it is continued the process until the optimal solution it is obtained.

Observation 20. For the primal simplex algorithm, the pivot is always strictly larger
than zero.

Case 2. There is no initial base

It is built an artificial base as follows:

It is written the matrix 4 of the linear programming problem in standard form and where
there is no unit vector, there are added to the restrictions the artificial variables 2¢, . These
variables are inserted in the objective function with a very high M penalty (positive). In
problems of maximum M is inserted with the “-“ sign, and in problems of minimum M is
inserted with “+” sign.

Observation 21.

(1) The problem is well formulated if in the optimal solution the artificial
variables disappear from the base (are out of the base).
(i1) If an artificial variable is out of the base, it cannot be reintroduced. Its

corresponding column in the table is shading.
(1i1) This method is also called “the penalty method”.

4. Dual simplex algorithm

Dual simplex algorithm is an algorithm for solving primal linear programming problem,
which reflects the application of simplex algorithm to the dual problem, sometimes simpler
than the considered primal problem. Dual simplex algorithm is in a certain way, dual to the
common simplex algorithm.

Definition 22. A solution X 1is dual realizable to the primal linear programming
problem if:

(1) is optimal - if &, =0 for the maximum linear programming problem



-if A; =0 for the minimum linear programming problem
(11) 1s not admissible (on the b vector column there are negative elements)

The stages of dual simplex algorithm
The problem is prepared to be solved with dual simplex algorithm by multiplying by (-
1) the restrictions of type “2”.

When all the restrictions are of type “<” we switch to 1).

If a restriction is of type “=", then it becomes double inequality.

1) The linear programming problem it is brought to a standard form, and it is built
an initial basis, either:
- only with auxiliary variable y
- and by adding artificial variables u

1) We make up the initial simplex table as the primal simplex algorithm. We
calculate the £ value. We check if the solution found is dual realizable (it is
optimal, but it is not admissible).

1) If the solution in the initial table is dual realizable, it is applied the dual simplex
algorithm.
a) The exit criteria:

Within dual simplex algorithm leaves the basis the vector @, corresponding
to the larger negative component in absolute value from the solution found
in the initial table corresponding to column b.
b) We calculate the indicators Y =min( z, —c,) 4, ;, a,; <0
We divide the elements from line £ to the strictly negative components of
the vector line which is leaving and we choose the minimum.

1v) We continue with the pivot method, and the algorithm is developed until the

solution is optimal and admissible.
Observation 23. The pivot in the case of dual simplex algorithm is always negative.

5. Reoptimization in linear programming

In linear programming problems occur sizes that we have considered constant. These
are the elements of vectors b, ¢ and of matrix 4. However, in the economic activity are
frequent changes of the conditions underlying the linear programming models, where it
appears the need to develop mathematical methods to allow a dynamic approach of economic
phenomena.

Reoptimization consists in recalculating the optimal solution in the situation in which
are modified some of the elements of the vectors b, ¢ and matrix 4, which shape the activity
of a trader.

Let be the linear programming problem given under a standard form (6)

min (max ) //(x) =ex

Ax =b

x=0

We consider that the initial problem has been solved, so it was obtained the last simplex
table with optimal solution X .

5.1 Modification of free terms vector of restrictions



With the modification of b vector, it modifies also the optimal solution becoming
f'B - B'lb' . But the solution remains optimal, as z% —c, =c, (B~ [@, —c,
So, from the last simple table of the initial problem is taken the matrix B~ and it is

calculated the new solution )NC'B = § lb' , existing two possibilities:

b

N ~
a) If all components of the solution x[ are nonnegative (x‘82 (]), then this is

admissible and as it verifies also the condition of optimum, it results that it will
be the new optimal solution.

N
b) If X’B are negative components, then the solution is not admissible and it will

be a basic solution dual feasible. In this case, it is taken the last simplex table

5 N

of the initial linear programming problem, replacing X~ with x in column b,

and it is continued with dual simplex algorithm.

5.2 Modification of objective function coefficients
It is noted that the basic solution of the initial problem %# = B™'5 does not changes, but
the optim indicators change, so that instead of

B __ — -1 _
z; —¢; =c, B Di]. c,

we have
B 1 _ 1 np-l o
¢ B oy

Therefore, we resume the last simplex table of the initial problem where there are made
the following changes:

i) ¢, with ¢’ (the coefficients of the above variables X, from the first line of the
table),
ii) column ¢, with column cj,

. 1B
There are calculated the new differences Zj - - There are the cases:

. . B . . .
1) If all differences ZJ]. - C’j correspond to the optim condition, then the optimal
programme remains the same..
B
i1) If the differences Z’j . C; does not verify the optim condition then it is applied

the primal simplex algorithm until the optimal solution it is obtained.

5.3 Adding column vectors to the matrix of restrictions

Suppose that a number of p variables X,«---->X,+, is added with the corresponding
vectors a @,s- s Aoy

The vectors ¢,,+---->4,4, are written in the optimal basis from the last simplex table
of the initial linear programming problem, using the formula

10



y‘f =B m/’ Jj=n-+l,n—+p

It starts from the last simplex table of the initi%l linear grogramming problem and
extends to the right with columns of new variables V,w---->Y,+,. Next, it is calculated

B

situations:

a)

b)

z;, —¢,;, j=n+ln+p corresponding to the inserted columns, being possible the following

If all values z; —c¢; for the new added vectors correspond to the optim
criteria, then the optimal programme is the same

If differences z; —¢; do not verify the optim condition, then the primal
simplex algorithm it is applied until it is reached the optimal solution.

Application. A company has at the 4 departments S, S,, S5, S, a disposable of
mechanical type of 1200, 1400, 2000, and respectively 800 u.m. Three products £3, £,

P

> are manufactured with the unitar consumption of hours/ machine given in the table.

a) Determine the levels to be produced #7, £% , £% so that the total benefit of
the firm to be maximum;

b) The firm must modify the disposable quantity and it has two variants &, , b, .
It must be chosen the optimum solution regarding the profit maximization.

c) Following some innovations, the products unitary profits modify and become
8, 6, respectively 7. Calculate the optimal solution given the new conditions.
Can this variant be accepted, if the company must manufacture all three
products without exception?

d) The company involves in manufacturing two products, £, , £%, with the
unitar consumption according to the table. The benefit brought by £, is 3 and
the one brought by £% is 5. Find out the maximum profit.

P1 Pz P3 DlSp b1 bz P4 P5

S, 1 2 1 2400 2600 1600 2 3

Ss 1 0 3 800 600 1000 0 1

Ss 2 1 2 1000 1200 800 1 0

S |0 2 3 1200 1600 1200 0 1

Profit |3 4 5 3 5
Profit |8 6 7

Solution:

a) The problem’s mathematical model is:
max f(x) =3x, +4x, +5x,

Ox, +2x, +x, <1200

H

| +x, <1400

%xl +x, +2x; <2000
H 2x, +3x, <800
x, 20,1 =1,_3

By rewriting the problem in standard form we get:

11



max f(x) =3x, +4x, +5x, +O()’1 +y, Ty, +y4)

Ox, +2x, +x, +y, =1200
H x +x +y, =1400
%xl +x, +2x; +y, =2000
H 2x, +3x, +y, =800

x, =20, i=1,_3

y,20,j=14

The matrix of the equations system is:

521

y

N = O
W N W

1

0
0
0]

OOOE
oC

oC
=

1 0
0 1
0 0

The simplex table will be:

3 4 5 0 0 0 0
B C, b X1 X2 | Y2 Y3 a,.
X3 Ya
Y1 0 1200 1 2 1 1 0 0 0 1200
Y2 0 1400 1 0 3 0 1 0 0 1400/3
V3 0 2000 2 1 2 0 0 1 0 1000
Va 0 800 0 2 3 0 0 0 1 800/3
A =z] —c, 0 3 4 -5 10 0% 0* 0*
Y1 0 2800/3 |1 4/3 0 1 0O 0 -1/3 2800/3
Y2 0 600 1 -2 0 0 1 0 -1 600
V3 0 4400/3 |2 -1/3 0 0 0 1 -2/3 2200/3
X3 5 800/3 [0 2/3 1 0 0O 0 1/3 -
A, =z]—c, | 4000/3 |-3 -2/3 0% |0* 0* 0* 53
M1 0 10003 |0 103 0 |1 -1 0 2/3 100
X 3 600 1 -2 0 |0 1 0 -1 -
V3 0 800/3 [0 11/73 0 (O 2 1 43 800/11
x4 5 800/3 |0 23 1 |0 0O 0 1/3 400
A, =z7—c, | 9400/3 |0* -20/3 0*[0* 3 0% -4/3
1 0 1000/11 [0 O 0 1 9/11 -10/11 -6/11 | 1000/9
X 3 8200/11 |1 0 0 0 -1/11 6/11 -3/11 -
X5 4 800/11 (0 1 0 0 -6/11 3/11 4/11 -
x5 5 2400/11 {0 O 1 0 4/11 -2/11 1/11 600
A, =z7 —c, |39800/11 | 0* 0* O 0*-7/11 20/11 12/11

12




Therefore, for the company to obtain maximum profit, it is necessary to produce

£, and £ in the following quantities:

6800
X1 _Ta

X, —

_ 120
9

0

The maximum profit is:
max [ =C, [b :0d0900 +3 E§8900 +4 dzgo +5 d6§0 — 33@00 .

b) For the b, variant we have:

H/9 1 -10/9 —6/9[300 [ [}100/9F

9

1600

, X3 —

o 019 0 4/9

=B7 B, = B
6/9 0 —3/9
4/9 0 2/9

-3/9

200 []_[$500/9C
0 800 £ D400 /9 C
3/9 000 E 400 /9

Vs 0 10009 10 0 0 [1191 -109 -6/9
x 3 6009 |1 0 0 19 0 49 -39
x, 4 12009 |0 1 0 69 0 -39 0
. 5 160009 |0 O 1 [-49 0 2/9 309
A, =z%—c, | 3320009 | 0¥ 0% 0* [7/9 0* 10/9 6/9
| |
B-l

The solution X, is optimal, hence the company achieves maximum profit:

e =0 EHI0 3 P00,y 0 400 _ 53100

In case of b, variant we have:

1/9 1 —10/9 —6/9[]F]500

/9 0 4/9 —3/9
x'lB:B—l mzzg / / /

6/9 0 =3/9 0

4/9 0 2/9 3/9

9

600/9E

300 0 CR700 /9 [
a% %800 /oL
E 200 /9

The solution not being admissible, we apply the dual simplex algorithm:

B C, b 3 4 5 0 0 0 0

X1 X2 X3 Y1 Y2 Y3 Y4

Y2 0 -6009 |0 O 0 11/9 1 -10/9 -6/9
X 3 8700/9 [ 1 O 0 19 0 4/9 -3/9

X2 4 1800/9 |0 1 0 6/9 0 -3/9 0
X3 5 1200/9 |0 0 1 -4/9 0 2/9 3/9
A, =z, —c, [39300/9 | 0¥ 0* 0% | 7/9 0* 10/9 6/9
¥ 0 60 [0 0 0 -11/10 -9/10 1 6/10
X1 3 940 |1 0 0 6/10 4/10 0 -6/10
X2 4 220 {0 1 0 3/10 -3/10 0 2/10
Xs 5 120 |0 0 1 2/10 2/10 0 2/10
A =z, ¢ 4300 | 0* 0* O* 2 1 0 0

The maximum profit corresponding to the b, variant is:
max f =0[60 +3[940 +4[220 +5 [O20 =4300

The company will choose the solution for which the profit is higher, namely the &,
variant, case in which the optimal programme is:
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x, =940 | x, =220, x; =120 .
c) We modify the costs in the last simplex table and use the primal simplex algorithm

B c, b 8 6 7 0 0 0 0 a.
X1 X X3 Y1 Y2 V3 Y4
y2 0 10009 |0 O 0 11/9 1 -10/9 6/9 -
X 6 6800/9 |1 0 0 19 0 4/9 -3/9 -
X2 7 12009 |0 1 0 6/9 0 -3/9 0 -
X3 4 16009 |0 O 1 -4/9 0 2/9 3/9 1600/3
A, =z —c, | 72800/9 | 0% 0* 0O* 0* -1 9 2
y2 0 14003 |0 0 2 13 1 23 0
X| 8 2800/3 |1 O 1 -1/3 0 23 0
X2 6 400/3 [0 1 0 23 0 -1/3 0
Va4 0 1600/3 |0 O 3 -4/3 0 2/3 1
A, =z —c, | 24800/3 | 0% 0* 1 4/3  0* 10/3 0%

In order to be achieved maximum profit, only two of the three problems are

. 28
manufactured, namely 7 in the amount of

. 400
and /% in the amount of = -

Therefore, this variant is not accepted in the imposed conditions.

d) We have:
Hlyo 1 -10/9 —6/90R2H H7/9 £
5= g _ol/9 o 49 -=3/9 [0 T10/9¢
@a +"Oe9 0 =39 0 O™ D9 C
49 0 2/9  3/9 @ E 54/9 E
/9 1 =109 —6/90HH [/ F
b g <OV 0 49 -390120 Or1/9C
s s7hg9 0 -3/9 o [rh3e L
4/9 0 2/9  3/9 E 4/9E
3 4 5 0 0 0 0 3 5
B Cy b X1 X2 B Yo V3 X4 X5 a..
X3 Ya
Y2 0 1000/9 {0 O 0 11/9 1 -10/9 -6/9 |7/9 7/9 1000/7
X1 3 680019 (1 O 0 1/9 0 4/9 -3/9 | -10/9-1/9 -
X5 4 1200/9 (0 1 0 6/9 0 -3/9 0 12/9 3/9 400
X5 5 16009 (0 O 1 -4/9 0 2/9 3/9 4/9 4/9 400
A, =z"—¢, | 3320009 [0* 0% 0* [79 0% 109 6/9 | 11/9-16/9
Xs 5 1000/7 |0 0 0 11/7 9/7 -10/7 -6/7 1 1 -
X1 3 5400/7 |1 0 O 2/7 17 2/7 -3/7 -1 0 -
X5 4 600/7 0 1 O /7 -3/7 17 2/7 1 0 300
X5 5 800/7 0 0 1 -8/7 -4/7 6/7 5/7 0 160

14




A, =z —c, | 27600/7 | 0* 0* 0* 25/7 16/7-10/7 -12/7 3 0
xs 5 280 0 0 6/5 /5 3/5 -2/5 0 1 1 -
X1 3 840 1 0 3/5 |-2/5-1/5 4/5 0 -1 0 1050
X5 4 40 0 1 -2/5 (3/5 -1/5 -1/5 0 1 0 -
Va4 0 160 0O 0 7/5 |-85 -4/5 6/5 1 0 400/3
A =z —c, 4080 0* 0* 6/5 |11/5 8/5 -2/5 0* 3 0
xs 5 2000/6 [0 O 10/6 | -2/6 2/6 0 2/6 1 1
X 3 4400/6 |1 0 -2/6 |4/6 2/6 0 -4/6 -1 0
X5 4 400/6 0 1 -1/6 | 2/6 -2/6 0 1/6 1 0
V3 0 800/6 |0 O 7/6 | -8/6 -4/6 1 1/6 0
A, =z —c, | 24800/6 | 0* 0* 10/6 | 10/6 8/6 0* 2/6 3 0

The maximum profit is:
max £ =5 E7r0600 43 D4400 44 D4(6)0 +0 (;O _ 24200
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