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Abstract

We show that the robust counterpart of a convex quadratic constraint with ellipsoidal
implementation error is equivalent to a system of conic quadratic constraints. To prove this
result we first derive a sharper result for the S-lemma in case the two matrices involved
can be simultaneously diagonalized. This extension of the S-lemma may also be useful for
other purposes. We extend the result to the case in which the uncertainty region is the
intersection of two convex quadratic inequalities. The robust counterpart for this case is also
equivalent to a system of conic quadratic constraints. Results for convex conic quadratic
constraints with implementation error are also given. We conclude with showing how the
theory developed can be applied in robust linear optimization with jointly uncertain param-
eters and implementation errors, in sequential robust quadratic programming, in Taguchi’s
robust approach, and in the adjustable robust counterpart.

Keywords: Conic Quadratic Program, hidden convexity, implementation error, robust
optimization, simultaneous diagonalizability, S-lemma

JEL Classification: C61

1 Introduction

Robust Optimization (RO) has become an important field in the last decade. For a comprehen-
sive treatment of RO we refer to [3]. The number of applications of RO has increased rapidly in
recent years. Moreover, the RO methodology has recently been implemented into a commercial
mathematical modelling and optimization system [1]. The goal of RO is to immunize an opti-
mization problem against uncertain parameters in the problem. Such uncertain parameters may
arise as a result of estimation errors in the parameter values, or due to implementation errors.
Therefore, a so-called uncertainty region for the uncertain parameters is defined, and then it is
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required that the constraints should hold for all parameter values in this uncertain region. For
several optimization problems, and for several choices of the uncertainty region, the so-called
Robust Counterpart (RC) can be formulated as a tractable optimization problem. For example
the robust counterpart for a linear programming problem with polyhedral or ellipsoidal uncer-
tainty regions can be reformulated as a linear programming and conic quadratic programming
problem, respectively.

In this paper we extend the RO results in the following way. First, we deal with convex quadratic
constraints with ellipsoidal implementation error. From the literature we know that the cor-
responding robust counterpart can be written as a linear matrix inequality (LMI). We show,
however, that the RC can also be cast as a system of conic quadratic constraints, which is in
practice much more tractable than an LMI. To prove this result we first extend the well-known
S-lemma in case the two matrices of the quadratic forms are simultaneously diagonalizable (SD).
We show that in this case the LMI in the S-lemma can be replaced by a much simpler condition.
Second, we deal with conic quadratic constraints with ellipsoidal implementation errors. We
show that the corresponding RC reduces to a system of ‘nearly conic quadratic constraints’.

In practice many (conic) quadratic problems generate optimal solutions which suffer from im-
plementation errors. This is especially the case in engineering and medical applications. For
example, many cancer treatment problems associated with Intensity Modulated Radiation Ther-
apy (IMRT) are modeled as optimization problems with linear constraints and an objective that
is quadratic in the beam intensities. These intensities cannot exactly be realized in practice, and
hence we have a quadratic optimization problem with implementation error. See e.g. [7]. The
same holds for high-dose rate brachytherapy. Again, the problem contains linear constraints and
an objective that is quadratic in the so-called dwell times. These dwell times cannot exactly
be realized in practice, since the dwell times have to be multiples of say 0.1 seconds. For more
details see [10]. There are also many examples of optimization problems that are not conic
quadratic, but can be reformulated as such. In the paper [8] a large number of applications
are mentioned that can be modelled as conic quadratic problems, many of which are proned
to implementation errors. Relevant examples of this type are the logarithmic Chebychev ap-
proximation and quadratic/linear fractional problems. Design centering is another important
engineering problem: Given is a set of constraints (design specifications), whose solutions may
be affected by implementation errors, one would like to find a feasible point that is in the ’center’
of the feasible region. More precisely, the problem is to find the maximal inscribed ellipsoid of
the feasible region. The problem of design centering for convex quadratic inequalities is also
treated on page 418 in [5], where the problem is reformulated as a semi-definite problem (SDP).

In this paper we also show how our results can be used in the following four classes of applications:

1. generating a tractable robust counterpart for robust linear programming with both ellip-
soidal uncertainty in the parameters and the implementation error;

2. treating Taguchi robust optimization approach;

3. processing general uncertain convex nonlinear constraints with uncertainty by a sequence of
robust quadratic programs in which each iteration solves a convex quadratic optimization
problem under ellipsoidal implementation error;

4. extending the linear decision rules in multi-stage problems (see e.g. [3]) by adding pure
quadratic terms.



The results in this paper are based on the use of hidden convexity for quadratic problems.
Earlier studies of hidden convexity in seemingly nonconvex quadratic problems include [14], [2],
[12], [18], [16], and [19]. In particular, problems with a nonconvex quadratic objective function
and one or two constraints where studied in [19]. It was shown there that such problems, under
suitable assumptions, can be cast as convex SDPs. The assumptions are, among others, the
existence of Slater condition for both the primal SDP relaxation of the quadratic problem and
its dual. The latter typically means that one of the quadratic forms is definite. In this paper
the main goal is to avoid getting an SDP, and this is achieved under a common diagonalizability
condition. Instead of an SDP we get a very simple quadratic problem equivalent to the original
nonconvex problem. No Slater condition is required to obtain this result. The combination
of the results in [19] and those here, then give a more complete picture of when nonconvex
quadratic problems with one or two constraints are in fact equivalent to certain explicit convex
problems.

The paper is organized as follows. In Section 2 we extend the S-lemma in case of simultaneous
diagonalizability. In Section 3 we treat both the convex quadratic case with ellipsoidal uncer-
tainty, and the conic quadratic case. In Section 4 we show that the results can be generalized
to Globalized Robust Optimization methodology (see e.g. [3]). In Section 5 we describe four
possible classes of applications. We conclude the paper with several conclusions and subjects
for further research in Section 6.

2 The case of simultaneously diagonalizable quadratic forms

2.1 Simultaneous diagonalizability

In this paper the concept of simultaneous diagonalizability (SD) appears to play an important
role. Therefore, we first treat this important concept, and summarize some well-known results
from the literature.

Definition 1 Real symmetric matrices A and B are called simultaneously diagonalizable (SD)
if there exists a nonsingular matriz S such that both STAS and STBS are diagonal.

This property plays an important role in the generalized eigenvalue problem. See [6] for more
details on this subject. The following theorem, proved in [17], gives a sufficient condition for
simultaneous diagonalizability.

Theorem 2 Let A and B be two real symmetric matrices. Let Qa = {x | 27 Ax = 0} and
Qp = {x | 2T Bx =0}. If
QanQ@p={0} (1)

then A and B can be simultaneously diagonalized.

Note that if one of the matrices A and B is definite, then condition (1) holds and these two
matrices are SD. In the literature different methods for simultaneously diagonalizing two matrices
are given. We refer again to [6] for such methods. Since in this paper we are considering the
case in which one of the matrices is positive definite, we briefly describe a method for this case.

Let B be positive definite, next compute the Cholesky factorization B = GGT, and then
C = G7'AG™T. (Observe that computing G~! is relatively easy since G is a triangular ma-
trix.) Next use the symmetric QR algorithm to compute the Schur decomposition QTCQ =



diag (a1, - , @), and finally set S = G~TQ. It is easily verified that STBS = I and STAS =
diag (a1, - ,ay), i.e. A and B are both diagonalized by S. See also [9] for an efficient imple-
mentation of such a method.

2.2 Nonconvex quadratic problems with one or two constraints

We consider the following nonconvex quadratic optimization problem:

(P) min, %ZTDZ +elz
s.t. %ZTAZ +bl2+e< 0,

where D, A € R™" are symmetric but not necessarily definite or semidefinite, z,b,e € R", and
¢ € R. We assume that A and D can be simultaneously diagonalized by a nonsingular S:

STAS = diag (ay,- -, an)

and
STDS = diag (01, ,0n).

Using the one-to-one change of variables z = Sz and setting 3 = STb, e = STe, we can rewrite
problem (P) as follows:

(Po) min, 1232 (éézl‘? + eimi)
st Y, (§aixi + ﬂixi) +c¢<0.

First we observe the following: if for some i € {1,...,n} it holds that J; < 0 and a; < 0, with at
least one strict inequality, then

e if §; <0, then the minimal value of (Fp), and thus of (P), is —oo.

e if a; < 0, then first constraint in (FPy), and thus the constraint in (P), is redundant.

Hence, in this paper we assume the following:

Assumption 3 There does not exist an i € {1,...,n} such that 6; <0 and o; < 0, with at least
one strict inequality.

By setting y; = %3322, problem (FP) is written equivalently as
ming , Ty +elx
(Pr) st. aly+pBTr4+c<0

%xf -y =0, Vi
We consider the following convex relaxation of (P):
min Ty + el

(P») st. aly+ BTz +¢<0

1 .
577 —yi <0, Vi

Let (z*,y*) be an optimal solution of (P), and define

1
J = {Z : 5(1}?)2 < y;k, 7= 1,...,71} .



Then,

if J = ) then x* is an optimal solution of (P;). The following theorem shows the

equivalence of (P;) and (P,), i.e. it shows that if there exists an optimal solution to (Fz),
then there exists an optimal solution to (P;). The theorem also shows how to construct such a

solution.

Theorem 4 Consider the nonconvex problem (P) and its equivalent problem (Py). Let assump-
tion 8 hold. If (x*,y*) is an optimal solution of the convex quadratic problem (Py), then (Z,7y)

s an

and

where

optimal solution of problem (P;), where
i if (g J)VvIieJ)A(ai=0)N(5#0)]
T = \/Qy;" Zf (iEJ)/\(O&izﬂi:Q:O)
2 (=Bt B +2007) i (i€ T)A (i £0),
1,
Yi = 5%

0; = aiy; + By

The optimal solution of problem (P) is then z = ST.

Proof: For i ¢ J we have 7; = = and y; = y;. For i € J we distinguish three cases:

Case I: o; = 3; = ¢; = 0. For this case it is easy to see that y; = y; and z; = /2y is
optimal to (Py).

Case II: o; = 3; =0, ¢; # 0. For this case we prove that i ¢ J, and we set z; = =] and
yi = y;. To prove this, we choose

~ { %7 if <0
Ty =

\/ﬁ if € >0,
and §; = y;. Then, (Z,7) is a feasible solution, and
i = — 6| || < el
which implies that (Z,7) is strictly better than (z*,y*), which is a contradiction.

Case III: «; and 3; are not both zero. Since (x*,y*) is optimal for (P,), it must satisfy
the Fritz-John conditions:

Jpo > 0,u>0,u; >0,i=1,...,n, not all zero, such that Vi=1,...,n: (2)
1o0; +uc; — p; =0 (3)
po€; + ufi + piw; =0 (4)

We proceed to show that g > 0. Assume pg = 0, then, for ¢ € J, the Fritz-John conditions
reduces to ua; = 0 and uf; = 0, implying v = 0, and then by (3) that p; = 0,9 = 1,...,n.
This contradicts (2).



Hence, we have pg > 0, and the Fritz-John conditions become the KKT conditions, which
are then necessary and sufficient to optimality of (z*,3*). The KKT conditions for i € J
are

0; +uc; =0 (5)
€+ uf; =0. (6)

Now we distinguish two subcases:

— Case IITa: a; = 0. For this case we have by (5) that §; = 0 and then z; = z7,

Ui = %53? is an optimal solution of (Py).
— Case IIlIb: a; # 0. Set 8] = o,y + B;x; and choose Z; and ¥; as follows
_ 1_
Yi = 5%27

and Z; is a solution of the quadratic equation
1

5(1@? + 6;%; = 9: (7)

This means that
_— xy if =0
' = (-8t VA]) i #0,
provided of course that A} = 32 + 2q;0; is nonnegative. Indeed
A = 37 + 20,0}
= B} + 20i(aiy; + Bix})

* * 1 *
— G+ i+ 202 (o7 - 5(6?)
>0,
where the last inequality follows since y; > %(:1:2‘ )2. We have shown that the vectors

z € R™ and y € R™ chosen as:

I if i¢J
TV (VAT i el

1

and

are a feasible pair for problem (Fp).

We now show that (Z,y) achieves the same optimal value as (z*,y*). For i ¢ J we
have z; = 7 and y; = y;, so

0iy; + €w; = 0ili + &;. (8)
For i € J, we have since p; = 0, and using (5) and (6):
6iYi + € = (—ua;)y; + (—uB;)z;
—u(i¥; + Bi%i)
= —u(ta? + fiz)

2
= —ub;,



where the last equality follows from (7). On the other hand, again by (5) and (6), we
have 8,y + ;] = —u*0;. Hence, this verifies (8) for ¢ € J. This shows that (Z,7)
achieves the same optimal value as (z*,y*). Hence, (Z,y) is an optimal solution for
(P;) and hence for (Fy).

O

The final result is that even a nonconvex quadratic problem (P) can be solved by solving a convex
quadratic optimization problem (P). We illustrate this by the following simple example.
Example. We consider the following nonconvex quadratic optimization problem:

. 1 1
min ——-2% — ~22 — 2

2 2

1
st 23+ 52% + 22 <1.
This problem is already in diagonal form, and hence the corresponding problem (P) is:

min —yi — y2 — 2
st. 2y1 +yo+ 22 <1

12 <0

2331 Y1 =

12 <0

It can easily be checked that the optimal objective value of this problem is —1, and the optimal

solution z7 = 0,25 = 0,y] = 0,y5 = 1, and the KKT mupliers v = 1,41 = 1,42 = 0. This
1

solution clearly does not satisfy yf = 5(3:;‘)2. However, such a solution is given by z; = 0,7y =

—1++/3,51 = 0,7 = 2 F /3, with objective value —1. O

Problem (P») has a simple dual problem.

Theorem 5 Assume there exists a strictly feasible solution to (P3). Then, the objective values
of (P2) and the following dual problem are equal:

(vBite)?

MaTyer — D, S0iroan TV
(D2) s.t. 0 +wva; >0, Vi
v > 0.

Proof:  We compute the Lagrange dual of (P):
1
L(x,y,u,v) = 6Ty + e x + Zuz(imf —yi) +olely+ e+ o)
i
1
= Zy’(él — u; +vay) + ZCL‘Z(Q + uizi + v;) + ve.
(2 (2

It can easily be verified that the dual objective is

g(/U w) — - ZZ (Uﬁé:fZ)Q + ve if (52 — U; + vy = 07 A\
7 —00 elsewhere.



Hence, we obtain that (P%) is equivalent to the following problem:
max — W + ve
6 —u; +va; =0, Vi
u>0,v>0.

By eliminating u;, we obtain problem (Ds). O

Problem (D3) is a very simple problem: only one variable and the objective is concave. Note
that problem (Ds) can be cast as a conic quadratic one, which is done in Section 3 to obtain
the RC for quadratic constraints affected by ellipsoidal implementation error.

Theorem 4 can be extended to the case that there are two quadratic constraints. We consider
the following optimization problem:

min 127Dz + €Tz
(P) st. 32TAz4+bT24¢<0
%ZTGZ +hT24+ k<0,

where D, A,G € R™"™*" are symmetric, z,b,e,h € R", and ¢,k € R. We assume that A, D and G
can be simultaneously diagonalized: 3 nonsingular S such that

STAS = diag (ay, - , ), STDS =diag (01, ,0,), STGS = diag (n1,--- , 7).
Important cases that satisfy this simultaneous diagonalizability are the following cases:

1. The second constraint is linear (i.e. G is the zero matrix) and matrices D and A are SD.
Note that an optimization problem with a nonconvex quadratic objective function and one
conic quadratic constraint

|Az —b|| < lw—d

can be reformulated to such a problem with one nonconvex quadratic constraint and one
linear constraint:

2 —bl2 — (Ta — d)2
{HA bl = ("~ d)* <0 o)

e —d>0.

2. The two constraints originate from a single two-sided quadratic constraint; in this case
G=-A.

3. Matrix G is the identity matrix, and matrices A and D commute. This case may happen
in robust optimization when using ball uncertainty regions.

4. The three matrices A, D and G commute.

Using the change of variables z = Sz and change of parameters 3 = STb, e = STe, § = STh, we

can rewrite problem (P) as follows:
B min Zz (%(511‘3 + EZ‘JL‘Z‘)
(Ry) st Y (aix? + Bﬂi) +¢<0
> (T]Zx? + Qﬂ:i) + k<0

We will assume the following (cf. Assumption 3):



Assumption 6 There does not exists an i € {1,...,n} such that 6; < 0, a; <0, and n; < 0,
with at least one strict inequality.

By setting y; = %xf problem (Fy) is written equivalently as

min Ty + el
(P) st. aly+ 8Tz +c<0
! ny+60Tz+k<0
%x? —y; =0, Wi

We consider the following convex relaxation of (P):

min Ty + el
(P) st. aly+ 8Tz +c<0
2 ny+0Tz+k<0

122 —y; <0, Vi

For the case of two constraints we also need the following assumption:

Assumption 7 Let * be an optimal solution of (P2), and u* > 0, \* > 0, and pf > 0 be the
corresponding KKT multipliers of the constraints of (Py). Then \* = 0 or u* = 0. Henceforth,
we assume \* = 0.

For the case of quadratic objective and conic quadratic constraint mentioned earlier (see (9)) it
can easily be seen that Assumption 7 holds if

(3)en(),

Let (z*,y*) be an optimal solution of (P;), and define, as in the case of one constraint,

1
J = {Z : 5(1}?)2 < y;k, 7, = 1,...,71} .

Then, if J = 0 then z* is an optimal solution of (P;). The following theorem shows the
equivalence of (P;) and (P,), i.e. it shows that if there exists an optimal solution to (P»),
then there exists an optimal solution to (P;). The theorem also shows how to construct such a
solution.

Theorem 8 Consider the nonconver problem (P) and its equivalent problem (Py). Let assump-
tion 6 and 7 hold. If (z*,y*) is an optimal solution of the convex quadratic problem (Py), then
(Z,9) is an optimal solution of problem (Py), where

(| x

x; if (i¢J)VI(ie)A (=0 =0=0)A(e#0)

\/ﬁ if e)N(a;=0=90=¢€=0)A(0; <0)

—V2yi if (1€J)N(a;=p8i=0=e=0)A(0;>0)
z; = max(Z7, %) if (i€ J)A (=0 =0) A5 #0) A (%L > 06;)

mln(i‘;r,i“;) if (Z € J) N (Oéi =0; = 0) A (51 #* O) AN (UZ{Z < 091)

max(Z;, %) if (i€ J)A (o #0) A (B> )

(min(z,7;) i (€ J)A (i #0) A (B2 <))

NeJ



and

where

and

1
Yi = 5@?,
1
.i‘j— = 5— (—EZ‘ + \/252'0;) ,
KA
o 1
z; = 5 (—el — 251‘03) ,
1
I = — =B +1/0? +20:07 ),
1 al 1 1
_ 1
'Ti = _ﬁz - 512 + 20529:( s
6%}

* * K
g; _52yl +€in,

9: = aiy;‘ + ﬂll‘j

The optimal solution of problem (P) is then z = SZT.

Proof: For i ¢ J we have 7; = = and y; = y/. For i € J we distinguish the following cases:

Case I: o; = ; = 0 and 0; = ¢; = 0. For this case it is easy to see that y; = y; and

_ +v2y; i 0; <0
l‘i =
—/2Y; if 6; >0,

is an optimal solution of (Py).

Case II: o; and [; are not both zero. It can easily be shown by using Assumption 7 that
the Fritz-John conditions reduce to KKT conditions.

Case ITa: «; =0, §; # 0. Using the KKT conditions it can easily be shown that §; = 0,
and hence, by assumption 6, n; > 0. Hence, this case is basically the same as Case IIIb.

Case IIb: «a; # 0. The first part of the proof is the same as the proof for Case IIIb of
Theorem 4. We now only have to show that (Z,y) also satisfies the second constraint of
problem (P):

ny+6Tz+k<o. (11

)
First, we prove a needed result for the two roots a% (—ﬁi +4/62 + 20@92‘), denoted by :L‘;"
and ;. We claim that
min(z;,z; ) < 2} < max(z],z; ). (12)
To prove this we define

1
T(z) = 50@3:2 + Bix — (oqy; + Bix)).

Let us first assume that a; > 0. Then, it is easy to verify that 7(z; ) = 7(z]) = 0 and
that 7(x) is convex. Moreover,



—— ,+ .
Hence, z; < zj < ;. This proves (12).

Now we prove that (z,y) also satisfies (10). For ¢ ¢ J we have Z; = 2} and y; =
hence

m:Yi + 0:Ti < niy; + Oy
We are left to show that Vi € J, we have that Z;, and g; = %53? satisfy
niyi + 0i%i < miys + 0],

where Z; is one of the two roots :i‘;r and Z; . Indeed

_ I _
niYi + 0iTi = 57%56‘22 + 0,
=i <yf + &l‘f - &sz) + 0,z
i Q;
Bi

= niy; +0ixi + i (27 = 2i) + 0i(2i — i)
(2

o * * ﬂl * —

= miy; + 0ix; + Ui 0i ) (x — =)
(2

< niy; + 0;x;.

To prove the last inequality
Jr

i

it remains to show that by choosing Z; one of the two roots

x; and z; we have

Bi _
<’I7ia—li - HZ (l‘;k — .I‘Z) S 0.
Using (12) it is easy to verify that the right choice for Vi € J,a; # 0, is
_ max(a_:;-",i‘i_) if ’m% > 0;
T; = i
’ min(z],z;) if 771‘5_: < 0;.

Finally, similar as in Case IIIb of the proof of Theorem 4 it can be shown that (Z,7)
achieves the same optimal value as (z*,y*). Hence, (Z,%) is an optimal solution for (Py)
and thus for (P).

Case Illa: «o; = B; = 0,6; # 0. This case is similar as Case IIb, and the proof easily
follows from that case by working with the objective function instead of the first constraint.

Case IIIb: o; = 5; =0, §; =0, ¢ # 0. Then by Assumption 6 we have n; > 0, and then

= % = 12
we choose 7; = x] and y; T

24"
and also the same value for the first constraint, and is moreover also feasible for the second
constraint since 7;7; < n;y;. Hence this solution is also optimal for (P;).

This solution has the same objective value as (z*,y™*)

O

Assumption 7 is necessary for the validity of Theorem 8, which is demonstrated by the following

example.

11



Example. We consider the following nonconvex quadratic optimization problem with two
constraints:

. 1 1
min ——zf — ~2% — 2z,

2 2
1
s.t. 22 + 523—1—,22 <2
21+ 29 < —1

This problem is already in diagonal form, and hence the corresponding problem () is:

min —y; — Y2 — 272

s.t. 2y1 +ys + 22 <2

1+ 22 < —1
14

—xi—y1 <0
2331 Y1 =
1,

—x5 — 1o < 0.
2332 Y2 =

It can easily be checked that the unique optimal objective value of this problem is —%, and the
optimal solution z7 = —1,25 = 0,y] = %,y%‘ = 1, and the KKT mupliers u = 1,A = 1,u; =
1, w2 = 0. This solution clearly does not satisfy y = %(:1:2‘ )2, hence J = {2}. However, such a
solution is given by Z; = —1,%9 = —1 — /3,71 = %,gg = 2++/3, with objective value —% +/3.
The objective values are not equal, which is caused by the fact that both v and A are strictly
positive, and hence assumption 7 is not satisfied. g

The dual problem of (P) is a 2-variable convex problem, given in the following theorem.

Theorem 9 Assume that assumptions 6 and 7 are satisfied. Moreover, assume that there exists
a strictly feasible solution to (P,). Then, the objective values of (Py) and the following dual

problem are equal:
(v1Bi+v20ite€:)?

B MmaTy, vocR — Zz 208; +uioutuan;) + cv
(DQ) s.t. 0; +v104 + van; >0, Vi
v1,v2 > 0.
Proof: Similar as the proof of Theorem 5. g

To conclude, the (probably nonconvex) quadratic problem (P) satisfying the assumptions of
Theorem 8 can be solved by solving a convex quadratic optimization problem (P), or by its
dual (DQ)

2.3 Refining the S-lemma

We start with the inhomogeneous version of the fundamental S-lemma. For an excellent overview
on the S-lemma we refer to [13].

Lemma 10 Let A, D be symmetric matrices of the same size, and let the quadratic form 2 Az+
20" 2 4 ¢ be strictly positive at some point. Then the implication

ZTAz+2sz+CZ0:>ZTD2+26Tz+f20

12



holds true if and only if

D—)A |e= )b
IA>0: = 0. 13
<eT—AbT\f—Ac) (13)

Before we state a sharpened version of this lemma in case the matrices A and D are SD, we
show that the Slater conditions in Lemma 5 and Lemma 10 are equivalent.

Lemma 11 Suppose that the nonsingular matriz S diagonalizes A, i.e. STAS = diag(as, ..., o).
Then, the condition
3z: 2T Az 4+ 26T 2 +¢> 0 (14)

1s equivalent to
{aTy+25Tx+c> 0
dx,y : 9
Ty — ¥y < 0,

in which = STb.

Proof: First we show that if (14) holds then (15) holds. Suppose that z satisfies 27 Az +
20" 2 + ¢ > 0. We substitute Z = SZ into (14) and obtain

o= ot} +2672 +¢>0. (16)

)

We define 3; = 72 + 2llg||1' Evidently we have y; > i‘? Moreover, using this expression for y

gives

_ _ _ g _
Zaiyi +2877 + ¢ = Zaix? + Zai—2||a\|1 +2077 + ¢

(2
1
> Zaia’:? — §U+2ﬂT§:+c
2
> 0,
where the last inequality follows from (16). Hence, z and y satisfy (15).

Now we prove that if (15) holds then (14) holds. First of all, we may assume that all eigenvalues
of A are nonpositive. This is true, since if there exists a positive eigenvalue of A then the
corresponding eigenvector will satisfy (14). It is well-known that a congruence transformation
preserves the signs of the original matrix, and hence we have that a; < 0, Vi. Suppose now that
(z,7) satisfies (15), i.e.

We can write

where 6; > 0. Hence, we have

Z Ozii‘? + ZO&ZHZ + 2ﬂT.T +c> 0.
) [

13



By substituting z = SZ we obtain

ZTAz+ 207z + ¢ > —Zalﬂi > 0.

7

Hence, z satisfies (15). O

In case that the matrices A and D are SD we can sharpen the S-lemma, i.e., the LMI can be
replaced by a simple convex constraint.

Lemma 12 Let A, D be symmetric matrices of the same size and SD into diag (a1, ..., o) and
diag (81, ..., 6n), respectively. Let the quadratic form z* Az +2bT z + ¢ be strictly positive at some
point. Then the implication

TAz+ 2672+ ¢ > 0:>ZTD2+26Tz+f20
holds true if and only if there exist w and v € R such that

_ ZZ (vBi—e:)? co+f>0

0 —vay
(SZ‘ — VO Z 0, Vi
v >0,

in which 8= 8Tb and e = STe.

Proof: The implication
ZTAz—i—Qsz—I—cZ0:>zTDz—|—2eTz—|—f20

holds true if and only if the optimal value of the following optimization problem is nonnegative:

1 1
min —z'Dz+elz4+=f
2 2
s.t. 52 Az +b z—l—5020.

Using Theorem 4 we immediately obtain the result of the theorem.

Another proof is by starting from the inhomogeneous S-lemma (Lemma 10). Since a congruence
transformation preserves all signs of the eigenvalues we have that the LMI (13) is equivalent to:

S[0Y' (D=24 [e= b\ ([0 _ (diag (61— Aar, 80 = dan) [e= A8\
<0\I> (eT—AbT\f—Ac> <0\I>‘<<6—A5>T \f—Ac>— - U

The theorem follows easily by using the Schur complement for the most right matrix in (17). O

In the next section we show that this result enables us to prove that the robust counterpart of
a quadratic constraint with ellipsoidal implementation error is equivalent to a system of conic
quadratic constraints instead of LMIs. The above lemma, however, may also be used in other
cases where the S-lemma is used and the matrices are SD, to get a system of conic quadratic
constraints instead of LMIs. Note that, although both conic quadratic programming and SDP
can be solved in polynomial time by interior point methods, in practice SDPs are much more
difficult to solve. Another advantage of our analysis is that it provides an explicit way to extract
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the solution for the original optimization problem (P) contrary to the S-lemma. Moreover, our
analysis leads to the generalization of an optimization problem with two quadratic constraints
(problem (P)) and even much more general problems, which will be treated in a forthcoming
paper. Finally, our analysis sharpens the above lemma in the sense that the Slater condition
may be dropped, which is stated in the following lemma.

Lemma 13 Let A, D be symmetric matrices of the same size and SD by the matriz S into
diag (a1, ..., ) and diag (41, ..., 0y), respectively. Then the implication

Az 42072 4¢>0=2"Dz+ 212+ f>0
holds true if and only if there exist x € R™ and y € R™ such that

Ty+2Tx+f>0
oly+26Tz+¢>0

in which 8= 8Tb and e = STe.
Proof:  The proof is essentially the same as the proof of Theorem 4. O

Finally, we note that by using Theorem 9 the S-lemma can also be generalized to the case of
three quadratic forms.

3 (Conic) quadratic constraint with implementation errors

3.1 Quadratic constraint
We start with a convex quadratic constraint that is affected by ellipsoidal implementation error:
(z+a)'D(x+a)+2e" (x+a) < f Va:al Aa < p?, (18)

in which a € R" is the additive implementation error, x,e € R®, A, D € R™", and p, f € R.
We assume that A is positive definite. By setting

d(x) =Dz +e

and
v(z) = f — (2T Dz + 2¢T'z)

we get that (18) is equivalent to
a’Da +2a7d < v Va: a’ Aa < p2. (19)

Note that d = d(z) and v = vy(x) only depend on x and not on a. Moreover, d(x) is linear in x,
and y(x) is concave in z if D > 0.

We first note that by using the S-lemma, we can rewrite (19) as

(M -D| —d(x)
AA>0: (—d(a:)T h(x)—A/ﬂ) > 0, (20)
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or by substituting the expressions for d(z) and ~y(z):

N —-D ‘ —Dz—e
dA>0: > 0. 21
= <—D$—e‘f—xTDa:—26Ta:—/\p2>_O (21)
This is equivalent to
f+elDte—2p?| 0 | —(z+ D7 te)T
IN>0: 0 A I =0, (22)
—(z+ D7 te) I D1

which can easily be verifed by checking that the Schur complement of D! in (22) is exactly the
left hand side of the LMI in (21). However, although theoretically speaking (22) is tractable, we
would like to avoid LMIs, since LMIs are practically speaking intractable. In the remainder of
this section we give an equivalent conic quadratic formulation.

Since A is positive definite, if follows that A and D can be simultaneously diagonalized by a
nonsingular matrix S. This means

STDS = diag (01, ...,6,) and STAS = diag(aq,...,a,).

Using our improved S-lemma, Lemma 12, we obtain the following result.

Lemma 14 Assume that there exists a such that a’ Aa < p*>. Then (18) holds if and only if
there exist v € R and w € R™ such that

Siwi+ pv+aTDr+ 27w < f

[ST(D.I + e)]Q + (wi — oy + (51)2 < (wi +vo; — 5i)27 Vi
(RQ) il

voy; —6; >0, Vi

v > 0.

Proof: (19) is equivalent to
aTAa < p* = a"Da+2d7a < 7. (23)
Since A and D are SD by a nonsingular matrix S, we can apply Lemma 12, which yields that
(23) is equivalent to the following: there exists v € R such that
STd)?

v+ <

voy; — 52 Z O, V’L

v > 0.

This system of constraints can be reformulated as a system of conic quadratic constraints:

Zi w; + pZU <7

(STd)ZQ + (wi — vy + 51)2 < (wi + va; — 51')27 Vi
voy; — 52 Z O, Vi

v > 0.

Substituting d = d(z) and v = y(z) we immediately obtain the result in the theorem. O

The lemma states that the robust counterpart of a convex quadratic inequality with ellipsoidal
implementation error can be written as a system of conic quadratic constraints. Note that in the
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case of a convex quadratic inequality, i.e., D is positive semi-definite, then also the first constraint
of (RQ) is convex. Note, however, that the lemma still holds in the case of a nonconvex quadratic
inequality, i.e., D is not positive semi-definite. It is interesting to observe that, although in that
case the first constraint of (RQ) is of course nonconvex, the implementation error does not
introduce extra nonconvexities.

Finally, we note that Lemma 14 can also be generalized to the case of two ellipsoidal constraints
by using Theorem 9.

3.2 Conic quadratic constraint

We consider a conic quadratic constraint with implementation error

1Q(x +a) — q|* < " (z +a) — ]2

T 2
ca Aa < 24
pl(z+a)>r }Va @ AC=P5 (24)

in which a € R™ is the additive implementation error, z,p,q € R", A,Q € R™" and p,r € R.
We assume that A is positive definite. The second constraint is equivalent to:

plez—r+ min pla>0<=ple—r— p(pTA_lp)l/2 >0, (25)
aT Aa<p?

which is a linear constraint.
The first constraint of (24) can be written as
1Qz —ql* + 0" Q" Qa +2(Qz — 9) " Qa < (pTz —r)* +a’ppla+2(p"z —r)pTa
Let us define . .
D=Q Q—pp
d=Q"(Qz —q)— (pz—1)p
v=0"s 1)~ [Qx — gl
Note that z itself is feasible, i.e. pTx —r >0, and |Qx — ¢||* < (pTz —7)? so v > 0. Moreover,
D is symmetric but not necessarily definite or even nonsingular. Then the first constraint of

(24) is equivalent to
a'Da+2d"a <~ Va:a'Aa < p? (26)

First, we observe that in this case it is not possible to rewrite (26) as an LMI, as we have done
for the quadratic case. Since A is positive definite, if follows that A and D can be simultaneously
diagonalized by a nonsingular matrix S. This means

STDT = diag (61, ...,0,) and STAS = diag (o, ..., o).
Using our improved S-lemma, Lemma 12, we obtain the following result.

Lemma 15 Assume that there exists a such that a’ Aa < p*. Then the first constraint of (24)
holds if and only if there exist v € R and w € R™ such

>oiwi + p*o +[|Qa — q|* < (pTa — 1)

[STQTQz — STQTq — (p"x — T‘)STP]? + (w; — va; + 6;)% < (w; +vay — &)%, Vi
(RCQ) § pTz—r—ppTA~lp)t/2 >0

voy; — 52 2 O, Vi

v > 0.
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Proof: Since (26) is the same as (19) for the quadratic case (only v and d differ), we can again
use the proof of Lemma 14. Finally, we obtain that the first constraint of (24) is equivalent to

Zi w; + pQU <7~

(STd)ZZ + (w; — va; + 52')2 < (w; +voy — 5@‘)27 Vi
voy; — 52 Z O, Vi

v > 0.

The result follows by substitution of d = d(z) and v = v(x), and by adding constraint (25). O

Note that the second set of constraints of problem (RCQ) is conic quadratic. The first constraint
of problem (RCQ), however, is not conic quadratic, and even not convex. However, since the
feasible set of (24) is convex, and (RCQ) is equivalent to (24), we also know that the level sets
for the first constraint in (RCQ) are convex. Hence, each KKT point for (RCQ) is a global
optimizer.

Finally, we note that Lemma 15 can also be generalized to the case of two ellipsoidal constraints
by using Theorem 9.

4 Globalized Robust Optimization

In this section we study the Globalized Robust Counterpart (GRC). For the generalized robust
counterpart we define two uncertainty regions:

Uy ={a:a’Aa < p}}
and
Us = {a:a” Aa < p3},

such that p; < pg, i.e.,, Uy C Us, and in which A = 0. For a € U; we enforce that (19)
should hold, and for a € U, we allow some violation 8(dist(a, U7)), where 0(t) is a nondecreasing
function for ¢ > 0, with #(0) = 0, and 6(¢t) = 0, for ¢ < 0, and

dist(a,Uy) = ar/réitrjll la’ —alla = ar/réitrjll \/(a’ —a)TA(a — a)

is the distance of a to U; measured in the A-norm. Let us now focus on the quadratic case.
Instead of (19) we now get:

a’Da +2aTd < v+ 0(dist(a,Uy)) Va € Us. (27)

Observe that if a € U then dist(a,U;) = 0, and the constraint should hold without violation.
Note that this framework is different than the Globalized Robust Optimization approach pro-
posed in [3], where U is a compact convex set, and Us is equal to U; plus a convex cone. In our
approach both regions are ellipsoid. Moreover, 6(¢) =t in [3] , while here we have more freedom
in choosing 6(t).

Constraint (27) can be written as:
max{a® Da + 2a”d — 0(dist(a, U1))} < 7. (28)

acUs
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Since
0 if aelU;

dist(a,U;) = min |ja —d||a =
( ) a/ €l | | lla]]a — p1  otherwise
(28) becomes:

né%x{aTDa +2aTd — 0(|jalja — p1)} < 7. (29)
a 2

Since 6(.) is nondecreasing, this is equivalent to

T T
Da+2a"d—6(t — p))} < 7. 20
P12, ||£r||l§}§t{a @ ea (t—p1)} <7y (30)

Now we focus on the inner problem
max {aTDa +2a%d : |a||la < t}.

This is a quadratic optimization problem with one quadratic constraints, for which the results
obtained in the previous section can be applied.

Assuming that A and D can be simultaneously diagonalized we get that (30) is equivalent to

S wi + maxy, <p<pp {20 — 0(t — p1)} + 2T Dz + 2eTx < f
[ST(D:U + e)]? + (w; — vy + 6;)? < (w; +voy — 6;)%, Vi
voy; — 52 2 0, Vi

v,w > 0.

Note that the function ¢(v) 1= max,, <<, {t>v — 0(t — p1)} is convex in v, even if 6(.) is not
convex.

Example 1: 0 is linear. Let 6(t) = wt. Then we have

max {t*v — w(t — p1)} = max{piv, pjv — w(p2 — p1)}-
p1<t<p2

Finally = is a GRC solution if and only if z € R",v € R and w € R" solve

5 wi + max{ v, g3 — w(ps — p1)) + 27D + 27z < f
[ST(Dz + e)}? + (w; —voy +6;)? < (w; +va; — )%, Vi
voy; — 52 2 O, Vi

v,w > 0.

Example 2: 6§ is quadratic. Let us take for example 6(¢) = wt?>. Then we have

max {t?v — 0(t — = max {t?v—w(t— 2,
PlStSPQ{ ( Pl)} PlStS,Oz{ ( Pl) }

The function t?v — w(t — p1)? is maximal for

wp1
w—uv’

t =

) . This optimal ¢ is in the interval [p;, ps]

and the corresponding optimal value is pjw (—1 + %

w

ifv<w (1 - ’;—;). It can easily be verified that

w—v P2

p%w(—l—l— w) if v<w(l-2

p(v) = ,
p3v—w(ps—p1)? if v>w 1—’;—; ,

which is convex.

The derivation of the GRC for the conic quadratic case can be done in a similar way.
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5 Applications

In this section we describe four important classes of applications of the results obtained in this
paper.
Linear optimization with both parameter uncertainty and implementation error.

Consider the following linear constraint
bl <eg,
that is affected by both uncertainty in the parameter b and implementation error:
(b+Bp)(x+a)<ec, Vp:p'Rp<p® Va:a'Aa < p?

in which the matrices A and R are positive definite. First, we calculate the robust counterpart
with respect to the parameter uncertainty, and obtain

b (z+a)+ p||RV2BT(z +a)| < ¢, Va:alAa < p

This is basically (24), a conic quadratic constraint with implementation error. By using Lemma
15, we obtain the robust counterpart:

S+ pPo + P RV2B a2 < (e — bTa)?

[p?STBR™'BTz + (c — bTm)STb}? + (w; — vay +6;)* < (w; +va; — 6;)%, Vi
c—bTz — p(bTAD)/2 >0

Vo — (SZ Z 0, Vi

v > 0,

in which S is the matrix that simultaneously diagonalizes A and p?BR~'B™ — bbT

This situation of both parameter uncertainty and implementation error happens often in prac-
tice, e.g., in engineering. Linear functions are often estimated via simulation or physical exper-
iments, hence there is (much) uncertainty on the coefficients. Moreover, in many cases we also
have implementation errors. For an example we refer to the TV-design problem in [15].

General nonlinear robust optimization. Let us first start with the general nonlinear design
centering problem. Suppose we have a nonlinear (convex) constraint with implementation error,
and we would like to solve the optimization problem in a robust way. Hence, we consider,

flx+a) <0, Va:aTAagpQ.

One possible way to solve this is by using Sequential Robust Quadratic Programming. In each
iteration ¢ we solve:
¢'(x+a) <0, Va:alAa < p?

where ¢'(z) is the quadratic approximation of f(x) in the i-th iteration. This subproblem is
exactly the one studied in the previous section. Note that without loss of generality we may
assume A = I, thereby simplifying the process of simultaneous diagonalizing.

A similar Sequential Robust Quadratic Programming approach may also be used for a more
general problem (i.e., not only for implementation error):

f(z,a) <0, Va : a® Aa < p?,
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in which a is the uncertain parameter, and f(x,a) is convex in (z,a). In each iteration i we use
the quadratic approximation ¢*(z,a) of f(z,a) in the current iterate (x,a), i.e. we solve:

¢'(r,a) <0, Va:a®Aa < p?. (31)

Note that ¢*(x,a) is quadratic in = and in a. Hence, we may use the methods of the previous
section to solve subproblem (31). In each iteration we have to simultaneously diagonalize A and
V2¢'(z, a), which process can be simplified by assuming without loss of generality that A = I.
Note that [4] in fact proposes such a sequential method but they use linear approximations.
Moreover, they also work with both parameter uncertainty and implementation error. They
first linearize the nonlinear function both with respect to = and the uncertain parameters (so
there are no cross terms). Then they solve the robust counterpart for this linear model. As
described in the previous section, we can solve the robust counterpart for linear models with
both implementation and parameter uncertainty, hence we can also handle cross terms.

Taguchi. Another important potential class of applications is Taguchi robust optimization. In
Taguchi’s approach we finally get the following response function by doing experiments:

Z bix; + Z cjzj + Z dijriz; +e
i j i

in which z; are the optimization variables and z; the noise factors. See Chapter 11 of [11] for
more details. This function may contain four categories of uncertainty:

1. Simulation / experimental errors, which lead to uncertainty in the coefficients b;, ¢;, and
dij;

2. Model errors, which lead to uncertainty in the coefficients b;, ¢;, and d;j;;
3. Uncertainty in the noise factors z;;

4. Implementation error in x;.

Normally speaking Taguchi only looks at uncertainty in the noise factors. We are now able to
deal with e.g. noise factors and implementation error or experimental errors and implementation
errors. Let us consider the case that there is ellipsoidal uncertainty in the noise factor, and
ellipsoidal implementation error. We are then facing the following problem:

T a:aT Aa<p? z:2T Rz<p?

min max max bz(l‘z + ai) + Z cjzj + Z dw(l‘z + ai)zj + e,
i J (2%]

in which A and R are positive definite. Note that this problem can be written as:

min  max max b (z+a)+ 2T (c+ DT (z+a)) +e,
T a:aT Aa<p? z:2T Rz<p?

in which the (4, j) element of D is d;;. By first solving the inner most maximization problem,
we get a conic quadratic function with implementation error:

min  max bl (z+a)+ ﬁHR_lﬂ(C + D" (z +a))|| +e.

T q:aT Aa<p?
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Using Lemma 15 the robust counterpart for this problem can be stated as the following problem
in variables x, v, and w:

Yiwi+ pPo+ PR (e + DTa)|P < (07w + ¢)?

[p?STDR™'DTz + p*STDR 'c — (bz + e)STb]? + (w; — vay + 6;)? < (w; +vay — 6;)%, Vi
bz +e+pTA"D)1/2 <0

vy — (SZ Z 0, Vi

v > 0,

in which S is the matrix that simultaneously diagonalizes A and p?DR~'DT — bbT.

Adjustable robust counterpart Suppose we have the following constraint, that corresponds
to a multistage optimization problem with fixed recourse:

(a0 +a) Tz +b"y <ec, Va:a"Aa<p? (32)

in which a is the uncertain parameter, ag, b are certain, and x is non-adjustable, y is adjustable.
In [3] linear decision rules y = u+Va are introduced to approximate (32), in which case (32) can
be reformulated as a conic quadratic problem. It is also shown in [3] that using a full quadratic
decision rule y; = u; —I—’UZ-T a+), <k WijkQjak leads to an SDP problem. Although in general such
full quadratic decision rules leads to better solutions, solving large SDP problems is practically
speaking still difficult and time-consuming. We therefore propose partial quadratic decision rule
y =u+ Va+Wa, in which a; = a?. We show next that for such rules (32) can be reformulated
as a conic quadratic problem. Assume without loss of generality A = I. Then (32) becomes

(ap+a)Tz+bT(u+Va+Wa) <ec, V(a,a):a’ Aa < p? a; = a?,
or

atz+ W) Ta+ @+ Vi) a+b"u<e, Vaa):) a <p’a >adl.
i

Using Lemma 12 one can verify that this is equivalent to the following set of conic quadratic
constraints in the variables x, s, u, v, w and z:

a4+ bTu+ >, 2+ pPs<c

(l‘i + (VTb)Z')Q + (S - (WTb)Z - ZZ')Q < (S - (WTb)Z + Zi)2 Vi
s— (WTh); >0, Vi

s> 0.

6 Concluding remarks

We have shown that quadratic optimization problems with one or two constraints can be refor-
mulated as convex quadratic optimization problems in the case that the two or three matrices
involved are SD. This result sharpens the S-lemma. Moreover, we have shown that this result
can be used to show that a convex quadratic constraint with ellipsoidal uncertainty error can be
reformulated as a set of conic quadratic constraints. Moreover, a conic quadratic constraint with
ellipsoidal uncertainty error can be reformulated as a set of ‘nearly’ conic quadratic constraints.
The feasible set of this problem is certainly convex. Besides the many direct applications of
(conic) quadratic optimization problems with implementation error, we also described four im-
portant classes of indirect applications.
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For further research we mention the extension of Theorem 4 to other classes of separable prob-

lems. Moreover, an interesting topic for further research is the analysis and numerical testing of
the Sequential Robust Quadratic Programming idea and the numerical testing of the proposed
partial quadratic decision rule in Section 5.
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