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Devwudfw

Zh frqvlghu dq hqwuhsuhqhxu wkdw lv wkh vroh surgxfhu ri d frvw

uhgxflqj vnloo/ exw wkh hqwuhsuhqhxu wkdw kluhv d whdp wr xvh wkh vnloo

fdqqrw suhyhqw frooxvlyh wudgh iru wkh lqqrydwlrq uhodwhg nqrzohgjh

ehwzhhq hpsor|hhv dqg frpshwlwruv1 Zh vkrz wkdw wkhuh duh wzr

w|shv ri gl�xvlrq dyrlglqj vwudwhjlhv iru wkh hqwuhsuhqhxu wr suhhpsw

frooxvlyh frppxqlfdwlrq l, vhwwlqj xs d odujh surgxfwlyh fdsdflw| +wkh

wudglwlrqdo �up, dqg ll, nhhslqj d vpdoo whdp +wkh ohdq �up,1 Wkh

wudglwlrqdo �up lv fkdudfwhul}hg e| lwv pdq| �pdujlqdo� hpsor|hhv

wkdw zrun vkruw gd|v/ uhfhlyh  dw zdjhv dqg duh lqfrpsohwo| lqiruphg

derxw wkh lqqrydwlrq1 Wkh ohdq �up lv vpdoo lq qxpehu ri hpsor|hhv/

hqjdjhv lq frpsohwh lqirupdwlrq vkdulqj dprqj phpehuv/ wkdw duh

sdlg zlwk vwrfn rswlrq vfkhphv1 Zh �qg wkdw wkh ohdq �up lv vxshulru

wr wkh wudglwlrqdo �up zkhq whfkqrorjlfdo hqwu| frvwv duh orz dqg zkhq

wkh vhfwru lv lppdwxuh1

�L dp judwhixo wr Dqwrqlr Fdeudohv/ Lôljr Khujxhud/ Shgur Shuhlud dqg vhplqdu
sduwlflsdqwv dw Xqlyhuvlgdg Sýeolfd gh Qdyduud dqg Xqlyhuvlgdg Frpsoxwhqvh gh
Pdgulg iru khosixo glvfxvvlrqv1 L dp judwhixo wr wkh Fhqwuh shu od Uhêhufd hq
Hfrqrpld Lqwhuqdflrqdo +FUHL, dw XSI dqg wr wkh Plqlvwu| ri Hgxfdwlrq/ judqw
SE<903635 iru �qdqfldo vxssruw1

|Fruuhvsrqghqfh dgguhvv= Glhjr Urguljxh} Sdohq}xhod 2 Ghsduwphqw ri Hfr0
qrplfv 2 Xqlyhuvlwdw Srpshx Ideud 2 Udpöq Wuldv Idujdv 5805: 2 3;338 Edufhorqd
2 Vsdlq2h0pdlo= glhjxh}Cxsi1hv
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4 Lqwurgxfwlrq

Wklv sdshu uhodwhv wr wzr eudqfkhv ri wkh olwhudwxuh/ rqh ri wkhp hpslulfdo dqg

wkh rwkhu rqh wkhruhwlfdo1 Rq wkh hpslulfdo vlgh zh wdnh lqwr frqvlghudwlrq wkh

fodlp wkdw dq lpsruwdqw �upv* uhrujdql}dwlrq surfhvv kdv ehhq wdnlqj sodfh/

pdlqo| lq U)G lqwhqvlyh vhfwruv dqg pdlqo| lq wkh XV41 Zh gr qrw dwwhpsw
khuh wr vxppdul}h wklv olwhudwxuh1 D eulhi exw yhu| lqirupdwlyh dffrxqw ri wkh
uhfhqw exvlqhvv wudqvirupdwlrq fdq eh irxqg lq Udmdq dqg ]lqjdohv +<;, dqg
uhihuhqfhv wkhuhxsrq1 Udmdq dqg ]lqjdohv fdoo wr wkh �up wkdw hphujhg iurp
wkh frusrudwh uhvwuxfwxulqj surfhvv wkh Qhz Frusrudwlrq +QF,/ dv rssrvhg/
vd|/ wr wkh wudglwlrqdo frusrudwlrq +WF,1 Wkh QF lv w|slfdoo| ohvv lqwhjudwhg
+pruh surpsw wr vxefrqwudfw dfwlylw| wr rwkhu �upv,1 D ohdglqj ihdwxuh ri
wkh QF duh lwv  dw klhudufklhv= wkh dxwkrulw| fkdlq ru lqirupdwlrqdo glvwdqfh
ehwzhhq surgxfwlrq hpsor|hhv dqg pdqdjhuv lv vkruwhu lq wkh QF wkdq lq wkh
WF1 Dq dgglwlrqdo ihdwxuh ri wkh QF lv lwv zlgh0vsuhdg xvh ri pdqdjhuv dqg
hpsor|hhv vwrfn rswlrqv dqg lwv vpdoo vl}h51 Lpsruwdqwo|/ Udmdq dqg ]lqjdohv

srlqw wr lqfuhdvhg frpshwlwlrq dv wkh ohdglqj idfwru h{sodlqlqj wuhqgv lq

frusrudwh uhvwuxfwxulqj1

Zh duh frqfhuqhg dv zhoo lq wklv sdshu zlwk wkh wkhruhwlfdo olwhudwxuh

rq �upv* erxqgdulhv1 Srvvleo| wkh prvw iuxlwixo dssurdfk vr idu wr xqghu0

vwdqg wkh ghwhuplqdqwv krul}rqwdo dqg yhuwlfdo lqwhjudwlrq ri �upv jrhv xqghu

wkh khdglqj ri lqfrpsohwh frqwudfwlqj wkhru|1 Wkh Jurvvpdq0Kduw0Prruh

+JKP, wkhru| ri wkh �up srlqwv wr frqwudfw uhqhjrwldwlrq dqg wkh h{ dqwh

doorfdwlrq ri surshuw| uljkwv dv wkh ghwhuplqdqwv ri dvvhw0vshfl�f lqyhvwphqwv1

Lq sduwlfxodu/ surshuw| uljkwv duh doorfdwhg vr dv wr pd{lpl}h djhqwv zhoiduh/

vxemhfw wr d uhqhjrwldwlrq frqvwudlqw1 Vxppdulhv ri wkh JKP wr wkh wkhru|

ri frusrudwh jryhuqdqfh fdq eh irxqg lq Kduw +<8, dqg ]lqjdohv +<;,1

Zlwkrxw wdnlqj vwrfn lq wkh wkhruhwlfdo ghedwh rq wkh irxqgdwlrqv ri wkh

lqfrpsohwh frqwudfwv wkhru|6/ zh wdnh khuh d gl�huhqw urxwh wr prgho wkh

ghwhuplqdqwv ri �upv* erxqgdulhv ghwhuplqdwlrq1 Zh ghsduw ri lqfrpsohwh

frqwudfwv wkhru| e| dvvxplqj shuihfw frpplwphqw wr frqwudfwv dqg wkh yhul0

�delolw| ri frusrudwh sur�w vwuhdpv1 Lqvwhdg/ wkh nh| lqjuhglhqw lq rxu prgho

lv wkh delolw| ri �up*v phpehuv wr frooxgh zlwk qrq0phpehuv1 Vxfk frooxvlrq

4Vhh iru lqvwdqfh Slruh dqg Vdeho*v +;9, �Wkh Vhfrqg Lqgxvwuldo Glylgh�1
5Vhh iru lqvwdqfh Ihujxvrq dqg Pruulv +4<<6, iru d ghvfulswlrq ri wkh w|slfdo Vlolfrq

Ydoh| �up/ wkh sdudgljp ri wkh QF1
6Iru wkh vwdwh ri wkh duw rq d yhu| olyho| ghedwh vhh vshfldoo| Pdvnlq dqg Wluroh +<;,/

Kduw dqg Prruh +<;, dqg Vhjdo +<;,1

5



lv srvvleoh li lqwhoohfwxdo surshuw| uljkwv duh devhqw ru lpshuihfwo| surwhfwhg

dqg li wkh lqwhoohfwxdo fdslwdo dffrxqwv dw ohdvw sduwldoo| iru wkh pdunhw srzhu

ri wkh �up1

Zh dujxh wkdw/ hyhq li zh wklqn ri lpshuihfw frpplwphqw dv d yhu| uhoh0

ydqw idfwru lq rujdql}dwlrqv*v ghvljq/ vwloo vrph lqwhuhvwlqj lpsolfdwlrqv fdq eh

gudzq iurp prghov ri frpsohwh frqwudfwv zkhq frooxvlrq dprqj �up php0

ehuv dqg qrq0phpehuv lv srvvleoh +dqg lq sduwlfxodu li frooxvlrq wdnhv wkh

irup ri wudgh ri lqirupdwlrq iru uhqwv,1

Zh exlog d vlpsoh prgho lq wklv vslulw1 Wkh vwuxfwxuh ri rxu prgho lv

dv iroorzv= wkhuh lv dq hqwuhsuhqhxu zkr lqwurgxfhv d surfhvv lqqrydwlrq

wkdw uhgxfhv wkh frvw ri surgxflqj jrrg �1 Lq rughu wr ehqh�w iurp lw/ wkh

hqwuhsuhqhxu exlogv d whdp ri frooderudwruv wkdw ehfrph +ixoo| ru sduwldoo|,

lqiruphg derxw wkh qhz surfhvv1 Frqwudfwv duh xvhg wr dyrlg ohdndjhv ri

lqirupdwlrq lq wkh vkruw uxq +derxw surgxfw �,1 Lq sduwlfxodu/ frqwudfwv duh

xvhg wr dyrlg frppxqlfdwlrq uhodwlqj wkh qhz surfhvv ehwzhhq frooderudwruv
dqg rxwvlghuv71 Wklv kdv ydoxh iru wkh hqwuhsuhqhxu vlqfh vxfk frppxqlfdwlrq
ohdgv wr hqwu| e| wkh odwwhu dqg �qdoo| wr frpshwlwlrq lq pdunhw �1

Exw lqqrydwlrq lv fxpxodwlyh dqg lw ohdgv wr d vxevhtxhqw dssolfdwlrq=
surgxfw � wkdw fdq rqo| eh glvfryhuhg e| djhqwv zlwk nqrzohgjh ri surg0

xfw �� Wkhuh duh wzr frqvlghudwlrqv wr pdnh1 Iluvw/ dowkrxjk wudgh vhfuhw
odz surwhfwv lqwhoohfwxdo surshuw| uljkwv uhodwhg wr fxuuhqw lqqrydwlrqv/ lw lv
gl!fxow iru dq lqqrydwru wr dyrlg ohdndjhv ri lqirupdwlrq wkdw uhodwh srwhq0
wldo ixwxuh lqqrydwlrqv +surgxfw �,1 Vhfrqg/ wkh hqwuhsuhqhxu lv qhjdwlyho|
d�hfwhg e| ohdndjhv ri lqirupdwlrq ehwzhhq frooderudwruv dqg rxwvlghuv iru

dssursuldwlqj wkh uhwxuqv wr lqqrydwlrq iurp wkh vxevhtxhqw surgxfw/ �1
Wkh frqwudfwxdo idloxuh iroorzv iurp wkh lqdelolw| wr uhvwulfw frppxqlfdwlrq

ehwzhhq frooderudwruv dqg srwhqwldo hqwudqwv1
Zh �qg wkdw rqo| wzr glvwlqfw vwudwhjlhv hphujh iru wkh hqwuhsuhqhxu wr

olplw vslooryhuv= nhhslqj d vpdoo whdp vl}h +wkh ohdq �up vwudwhj|, dqg ryhulq0

yhvwlqj lq sk|vlfdo dvvhwv +surgxfwlyh fdsdflw|, 0wkh wudglwlrqdo �up vwudwhj|0

/ vr dv wr suhhpsw frppxqlfdwlrq ehwzhhq phpehuv dqg qrq0phpehuv1

Nhhslqj d vpdoo whdp vl}h lpsolhv wkdw/ e| jlylqj htxlw| wr hpsor|hhv/ wkh|

kdyh orzhu lqfhqwlyhv wr frooxgh zlwk rxwvlghuv1 Vlqfh htxlw| lv �qlwh/ hp0

sor|hhv nhhs wkh nqrzohgjh vhfuhw rqo| li wkh whdp lv vpdoo hqrxjk1 Nhhslqj

7Zhzloo vhh wkdw lq wkh vkruw uxq lw uhpdlqv wkh lvvxh ri dyrlglqj gl�xvlrq ri lqirupdwlrq

ehwzhhq wkh hqwuhsuhqhxu dqg qrq0phpehuv1 Lw lv uhdolvwlf wr dvvxph wkdw li frppxqlfdwlrq

lv d prudo kd}dug yduldeoh/ wkh hqwuhsuhqhxu 0zkr lv lqiruphg derxw wkh lqqrydwlrq iurp

wkh ehjlqqlqj0 lv d fdqglgdwh wr vhoo frooxvlyho| lqirupdwlrq dovr iurp wkh ehjlqqlqj1

6



d vpdoo whdp kdv d fohdu glvdgydqwdjh= wkh hpsor|hhv zrun dw d pdujlqdo

frvw kljkhu wkdq wkh vrfldoo| h!flhqw rqh1

Suhgdwlqj frppxqlfdwlrq phdqv wkdw wkh hqwuhsuhqhxu fuhdwhv d odujh

surgxfwlyh fdsdflw|/ vr dv wr holplqdwh wkh ehqh�wv ri hqwu|1 Lqghhg/ zlwk

d odujh hqrxjk fdsdflw| wkh hqwuhsuhqhxu grhv qrw qhhg wr jlyh htxlw| wr

hpsor|hhv/ dqg wkhuhiruh kdv qr uhvwulfwlrqv lq vhwwlqj d odujh vl}h ri khu whdp1

Zlwk d odujh whdp wkh ehqh�wv ri orz pdujlqdo frvwv zkhq surgxflqj olwwoh

rxwsxw shu hpsor|hh duh uhdol}hg= wkh ehqh�w ri suhgdwlqj frppxqlfdwlrq

wkurxjk fdsdflw| lv wkdw surgxfwlrq frvwv duh orz1 Wkh frvw lv wkdw wkh

qhfhvvdu| fdsdflw| lv jhqhudoo| dq ryhulqyhvwphqw zlwk uhvshfw wr wkh �uvw0

ehvw/ zkdw uhgxfhv sur�wv1

Rxu ohdglqj uhvxow lv wkdw lqfuhdvhv lq lqgxvwuldo frpshwlwlrq +ghfuhdvhv

lq whfkqrorjlfdo hqwu| frvwv, vkliw wkh suhihuhqfhv ri wkh hqwuhsuhqhxu iurp

wkh wudglwlrqdo �up*v �suhgdwlqj frppxqlfdwlrq� vwudwhj| wr wkh ohdq �up*v

�nhhslqj d vpdoo whdp vl}h� vwudwhj|1 Pruh suhflvho|/ zkhq whfkqrorjlfdo

hqwu| frvwv wr wkh lqgxvwu| duh kljk/ wkh hqwuhsuhqhxu rujdql}hv d wudglwlrqdo

�up1 Wkh wudglwlrqdo �up kdv wkh iroorzlqj fkdudfwhulvwlfv= wkh vl}h ri wkh

hqwuhsuhqhxu whdp lv odujh/ exw hpsor|hhv surgxfh vpdoo dprxqwv/ duh sdlg

 dw zdjhv/ dqg duh hqgrzhg zlwk d vpdoohu vnloo ohyho wkdq wkh hqwuhsuhqhxu1

Hpsor|hhv gr qrw krog htxlw| ri wkh �up1

Rq wkh rwkhu kdqg zkhq whfkqrorjlfdo hqwu| frvwv duh }hur/ wkh hqwuhsuh0

qhxu vhwv xs d ohdq �up1 Lq wkh ohdq �up wkh vl}h ri wkh hqwuhsuhqhxu*v whdp

lv vpdoohu dqg hpsor|hhv surgxfh pruh rxwsxw wkdq lq wkh wudglwlrqdo whdp

+dgglwlrqdoo|/ hpsor|hhv zrun pruh wkdq lq wkh vrfldoo| rswlpdo doorfdwlrq,1

Pruhryhu/ lq wkh ohdq �up hpsor|hhv krog �up*v htxlw|1

Pruhryhu/ zh �qg wkdw wkh ohdq �up lv uhodwlyho| pruh h!flhqw dw sur0

whfwlqj uhqwv iurp ixwxuh whfkqrorjlfdo ghyhorsphqwv zlwklq wkh �up/ uhodwlyh

wr fxuuhqw ghyhorsphqwv1 Wkh wudglwlrqdo �up lqvwhdg frpsurplvhv ixwxuh

ghyhorsphqwv lq rughu wr surwhfw fxuuhqw uhqwv iurp lqqrydwlrqv1 Rxu prgho

lpsolhv lq sduwlfxodu wkdw lq jurzlqj vhfwruv +zkhuh lqqrydwlrq lv lqwhqvh dqg

ixwxuh lqqrydwlrqv kdyh pruh ydoxh wkdq fxuuhqw rqhv, zh h{shfw djhqw wr

lpsohphqw wkh ohdq �up vwudwhj|/ zkhuhdv lq ghfd|lqj vhfwruv +zkhuh ix0

wxuh lqqrydwlrqv duh ohvv lpsruwdqw wkdq fxuuhqw rqhv,/ wkh wudglwlrqdo �up

vwudwhj| lv suhihuuhg1

Wzr pruh uhpdunv vkrxog eh pdgh ehiruh zh lqwurgxfh rxu prgho1 Rqh

lv wkdw zkdw zh fdoo wkh wudglwlrqdo �up fruuhvsrqgv wr d fruqhu vroxwlrq

ri wkh hqwuhsuhqhxu*v surjudp1 Hyhq li hqwu| frvwv vkulqn vorzo| zlwk wlph/

rqo| zkhq wkh| uhdfk d vx!flhqwo| vpdoo ohyho wkh hqwuhsuhqhxuv vzlwfkhv wr
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wkh lqwhulru vroxwlrq +wkdw lv/ wkhuh lv d glvfrqwlqxlw| lq wkh �up rujdql}dwlrq

yduldeohv dqg hqwu| frvwv,1 Wkh vhfrqg uhpdun lv wkdw hyhq li hqwu| frvwv

duh �{hg/ zh vkrz wkdw wkh wudqvlwlrq iurp wkh wudglwlrqdo wr wkh ohdq �up

iroorzv li wkh vnloo ohyho ri wkh hqwuhsuhqhxu lv kljkhu wkdq d fhuwdlq wuhvkrog1

Lq sduwlfxodu/ li wkh hqwuhsuhqhxu eulqjv wr wkh lqgxvwu| olwwoh nqrzohgjh/ vkh

vhwv xs d wudglwlrqdo �up/ exw li vkh eulqjv d kljk hqrxjk vnloo ohyho vkh vwduwv

xs d ohdq �up= lw lv erwk uhgxfwlrqv lq hqwu| frvwv dqg whfkqrorjlfdo surjuhvv

wkdw h{sodlq wkh wudqvlwlrq iurp wkh wudglwlrqdo wr wkh ohdq �up1

Ilqdoo|/ rxu prgho surylghv d vlpsoh srwhqwldo h{sodqdwlrq ri wkh lqfuhdvhg

zdjh jds ehwzhhq kljk vnloo dqg orz vnloo zrunhuv1 Wkh dujxphqw lv wkdw lq0

fuhdvhg frpshwlwlrq dqg wkh dffxpxodwlrq ri nqrzohgjh surgxfh d vkliw iurp

wkh wudglwlrqdo �up wr wkh ohdq �up vwudwhjlhv lq d vxevhw ri vhfwruv1 Lq ohdq

vhfwruv zrunhuv duh +iru wkh hqgrjhqrxv uhdvrqv vwdwhg deryh, pruh vnloohg/

zrun pruh krxuv dqg kdyh juhdwhu pdujlqdo surgxfwlylw| +dqg hduqlqjv, wkdq

lq wudglwlrqdo vhfwruv1

Wkh odvw ihz |hduv kdyh zlwqhvvhg dq lqfuhdvhg lqwhuhvw lq prgho ri hq0

grjhqrxv U)G vslooryhuv1 Prvw ri wkh wkhruhwlfdo olwhudwxuh kdv irfxvhg

rq hqgrjhqrxv vslooryhuv dulvlqj iurp hpsor|hhv* wxuqryhu dfurvv �upv1 Lq

Urguljxh}0Sdohq}xhod +<;d, +U0S +<;d,, vslooryhuv dulvh wkurxjk frooxvlyh

wudgh ehwzhhq �up*v phpehuv dqg qrq0phpehuv +wxuqryhu grhv qrw qhhg

wr rffxu iru nqrzohgjh wr gl�xvh dfurvv �upv,1 Wkh ohdglqj gl�huhqfh8 eh0

wzhhq wklv sdshu dqg U0S +<;d, lv wkdw lq wkh odwwhu sdshu sk|vlfdo dvvhwv duh

qrw lqwurgxfhg= wkh hqwuhsuhqhxu fdq qrw hqjdjh lq wkh vwudwhjlf lqyhvwphqw

ri sk|vlfdo dvvhwv lq rughu wr surwhfw lqwhoohfwxdo surshuw| uljkwv1 Lq wklv

sdshu zh dqdo|}h suhflvho| wklv odwwhu uroh ri wkh frqwuro ri sk|vlfdo dvvhwv/

wrjhwkhu zlwk wkh vwudwhjlf uroh ri rwkhu frusrudwh rujdql}dwlrq yduldeohv olnh

sd|phqw v|vwhpv dqg wkh hpsor|hh vl}h ri wkh �up1

Wkh uhvw ri wkh sdshu lv rujdql}hg dv iroorzv1 Vhfwlrq 5 suhvhqwv wkh

prgho1 Lq vhfwlrq 6 zh �uvw ghulyh wkh �up*v rujdql}dwlrq zkhq vhfuhf| fdq

eh dfklhyhg frqwudfwxdoo|1 Zh wkhq lqwurgxfh wkh srvvlelolw| ri frooxvlrq1

Zh vkrz wkdw wkhuh lv d fruqhu vroxwlrq +wkdw zh odeho wkh wudglwlrqdo �up,

dqg dq lqwhulru vroxwlrq +wkdw zh odeho wkh ohdq �up,1 Zh fkdudfwhul}h wkh

wzr vroxwlrqv lq sursrvlwlrqv 4 dqg 51 Lq vhfwlrq 7 zh frpsduh wkh sur�wv

8Rwkhu plqru gl�huhqfhv duh wkdw lq wklv sdshu wkh qxpehu ri whdp phpehuv lv glvfuhwh
dqg wkdw frooxvlyh frppxqlfdwlrq ehwzhhq d whdpphpehu dqg d qrq0phpehu lv iulfwlrqohvv
+devhqfh ri ghwhuplqlvwlf dqg vwrfkdvwlf frppxqlfdwlrq frvwv,1 Rwkhuzlvh wkh 50vwdjh
vwuxfwxuh dqg rwkhu ihdwxuhv ri wkh prghov lv yhu| vlplodu1
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ri wkh wudglwlrqdo �up dqg wkh ohdq �up dv d ixqfwlrq ri hqwu| frvwv dqg

wkh vnloo ohyho lqwurgxfhg e| wkh hqwuhsuhqhxu1 Zh fkdudfwhul}h wkh rswlpdo

rujdql}dwlrq lq sursrvlwlrq 61 Doo surriv duh frqwdlqhg lq dq Dsshqgl{1

5 Wkh Prgho

Wkhuh lv d frxqwdeo| lq�qlwh qxpehu ri djhqwv lqgh{hg e| � 5 Q1 Wkh jdph

lv glylghg lq wzr pdlq vwdjhv=

Lqlwldo surgxfw vwdjh +D,=

Zh frqvlghu dq hqwuhsuhqhxu +khqfhiruwk � ' f, zkr lv wkh rqo| djhqw wkdw

kdv grqh dq lqqrydwlrq dw dq lqlwldo vwdjh1 Lqqrydwlqj phdqv wkdw � ' f kdv

d vnloo w wkdw doorzv khu wr surgxfh jrrg ��

Wkh hqwuhsuhqhxu +dqg pruh jhqhudoo|/ dq| djhqw lqiruphg derxw w, fdq

gl�xvh wkh lqqrydwlrq wr rwkhu djhqwv1 Zh dvvxph wkdw lqirupdwlrq vhoohuv

fdq hqjdjh lq d jlyhq srlqw lq wlph lq wzr w|shv ri frppxqlfdwlrq/ wkdw

zh odeho qhwzrun ru frqwudfwxdo dqg frooxvlyh frppxqlfdwlrq 91 Frqwudfwxdo

frppxqlfdwlrq phdqv wkdw wkh hqwuhsuhqhxu wudlqv dq| qxpehu ri qhwzrun

phpehuv lq wkh vnloo w� Frooxvlyh frppxqlfdwlrq phdqv wkdw wkh lqirupdwlrq

vhoohu lqirupv derxw w wr rqh: djhqw wkdw grhv qrw kdyh dq hpsor|hh vwdwxv

+d qrq0phpehu,1

Frppxqlfdwlrq +frqwudfwxdo ru frooxvlyh, kdv qr gluhfw frvwv dqg lw phdqv

wkdw dq djhqw � zlwk vnloo ohyho w� wudqvihuv nqrzohgjh wr d ohvv lqiruphg djhqw

� zlwk w
f

� c dqg dv d uhvxow ri wkdw wkh vnloo ohyho ri � lv lqfuhdvhg wr d ydoxh

w
�

� 5

�
w
f

� c w�

�
1 Iru dq djhqw zlwk vnloo ohyho w wkh frvw ri surgxflqj ^ xqlwv ri

rxwsxw +� ru �, lv vlpsol�hg wr= S Ewc ^� ' �

2w
^
2
�

Zh dvvxph wkdw dw wklv lqlwldo surgxfw vwdjh wkh frooderudwruv +h{fhsw

wkh hqwuhsuhqhxu, duh qrw deoh wr frppxqlfdwh lqirupdwlrq rq wkh vnloo w

+dowhuqdwlyho|/ zh dvvxph wkdw wkh hqwuhsuhqhxu lv deoh wr suhfoxgh vxfk frp0

pxqlfdwlrq,1

Iroorz0xs surgxfw vwdjh +E,=

9
Wklv lv vr lq jhqhudo1 \hw qrwlfh wkdw dw vwdjh D wkh hqwuhsuhqhxu lv wkh rqo| djhqw

wkdw lv holjleoh wr vhoo lqirupdwlrq1

:Rqh djhqw vwdqgv iru d qrupdol}dwlrq ri d �{hg exw �qlwh qxpehu ri djhqwv1 Frooxvlyh

frppxqlfdwlrq lv pruh frvwo| wkdq frqwudfwxdo frppxqlfdwlrq lq wkdw xqghu frooxvlyh

frppxqlfdwlrq lw lv qr orqjhu ihdvleoh wr frppxqlfdwh lqirupdwlrq derxw wkh vnloo wr dq

duelwudulo| odujh qxpehu ri djhqwv1

9



Diwhu surgxfw '� kdv ehhq vrog/ wkhuh lv d glvfryhu| ri d vhfrqg dssolfdwlrq

ri vnloo w1 Zh fdoo wklv vhfrqg dssolfdwlrq surgxfw �� Dv rssrvhg wr wkh

lqlwldo surgxfw vwdjh/ dw wkh iroorz0xs surgxfw vwdjh doo djhqwv wkdw kdg

d srvlwlyh ohyho ri wkh vnloo w +dqg qrw mxvw wkh hqwuhsuhqhxu,c duh deoh wr

hqjdjh lq frqwudfwxdo dqg frooxvlyh frppxqlfdwlrq zlwk xqlqiruphg djhqwv
;

+zh dvvxph lq sduwlfxodu wkdw lqiruphg djhqwv pdnh wdnh lw ru ohdyh lw r�huv
wr xqlqiruphg djhqwv,1 Frppxqlfdwlrq lv vxemhfw wr dgglwlrqdo uhvwulfwlrqv
wkdw zh lqwurgxfh ehoorz1

Diwhu gl�xvlrq ri lqirupdwlrq rq wkh vnloo/ surgxfwlrq dqg wudgh ri '�

wdnhv sodfh1 Zh +uhdolvwlfdoo|, dvvxph wkdw lqfxpehqw �upv +wkrvh wkdw sur0

gxfhg srvlwlyh dprxqwv ri wkh lqlwldo surgxfw �, kdyh d �uvw pryhu dgydqwdjh

ryhu qhz �upv/ wkdw glg qrw surgxfh jrrg �= lqlwldoo| lqfxpehqw �upv sur0

gxfh jrrg �> vxevhtxhqwo|/ lqiruphg djhqwv wkdw glg qrw surgxfh ehiruh gh0

flgh rq hqwu|/ �up rujdql}dwlrq dqg surgxfwlrq ri jrrg �� Hqwu| frvwv 8 Ew�

ghshqg rq wkh vnloo ohyho ri wkh hqwudqw1 Iru wudfwdelolw| zh dvvxph d olqhdu

uhodwlrqvkls ehwzhhq hqwu| frvwv dqg vnloo ohyho= 8 Ew� ' 4@ ifc 8J � swj c
zlwk s : f�

Ilqdoo| wkh pdunhw iru jrrg � phhwv1 Wkh ghpdqg iru jrrgv � dqg � lv

jlyhq e| wkh lqyhuvh ghpdqg ixqfwlrq= �6 E'6� ' (6�q'6c iru6 ' �c��

Dw wkh wudgh vwdjhv djhqwv vlqn wkhlu surgxfwlrq iurp suhylrxv shulrgv1

Ehiruh lqwurgxflqj wkh h{dfw wlplqj ri wkh jdph/ zh pdnh pruh suhflvh

rxu dvvxpswlrqv rq frqwudfwlelolw|/ frppxqlfdwlrq dqg �up rujdql}dwlrq1

Zh prgho jhqhulfdoo| wkh vdoh ri lqirupdwlrq e| dq lqiruphg lqglylgxdo +zlwk

w : f, wr ohvv lqiruphg lqglylgxdov1 Wr eh suhflvh/ ohw wkh vhtxhqfh � 5 i�j
"

�'f

eh dq lqgh{ ri lqglylgxdov lq wkh hfrqrp| dqg ohw ? 5 i?j
"

?'f
eh dq lqgh{ ri

qhwzrunv
<
ru �upv1

Dw fhuwdlq srlqwv lq wlph lqiruphg lqglylgxdov fdq hqjdjh vlpxowdqhrxvo|

lq frqwudfw dqg frooxvlyh frppxqlfdwlrq1 Frooxvlyh frppxqlfdwlrq ehwzhhq

vhoohu � dqg ex|hu � lqyroyhv d vnloo ohyho w E�c �c |� wudqvplwwhg iurp � wr � dqg

d sulfh R|
��c sdlg e| � wr � dw wlph |�

Frqwudfw frppxqlfdwlrq lq qhwzrun ? lqyroyhv d vxevhw ri � |
? lqglylgxdov

i�|
?
j � i�j"

�'f
c wkdw duh wkh phpehuv ri qhwzrun ? dv ri wlph |� Qhwzrun ?

;Zh duh fdswxulqj wkh lghd wkdw uhvhdufkhuv lq wkh �up duh gl�xvlqj lqirupdwlrq qrw

uhodwhg wr wkh fxuuhqw U)G surmhfw +surgxfw D,/ exw uhodwhg wr d ixwxuh surgxfw qrw |hw

ghyhorshg +surgxfw E,1 Wklv mxvwl�hv zk| wudgh vhfuhw odz lv dvvxphg wr eh lqh�hfwlyh1
<Zh xvh vxevfulswv iru qhwzrunv dqg vxshuvfulswv iru wlph shulrgv1 Iru lqvwdqfh/ li

lqglylgxdo l lv d phpehu ri qhwzrun q dv rv wlph w/ zh zulwh l
w

q
=

:



lqyroyhv dv zhoo d vhw ri wudqvihuv � ehwzhhq phpehuv1 Wkh wudqvihuv � duh

srvvleo| frqwlqjhqw rq wlph |� Ilqdoo|/ wkh qhwzrun frqwudfw gh�qhv d sur�w

vkdulqj uxoh K E�|
?
c Z

|

?
� c zkhuh Z

|

?
duh wkh sur�wv ri qhwzrun ? dv ri wlph |1

K E�c �� lv wkh iudfwlrq ri sur�wv wr zklfk �|
?
lv hqwlwohg/ dv d ixqfwlrq ri uhdol}hg

sur�wv431

D qhwzrun frqwudfw �? lv d vhw wkdw vshfl�hv doo frqwudfwleoh yduldeohv

uhodwlqj ? G wkh lghqwlw| ri phpehuv lq doo qhwzrunv/ wkh sur�w vkdulqj uxoh/

prqhwdu| h{fkdqjhv dqg txdqwlwlhv wr eh surgxfhg=

�? '

��
�
|

?

�
c K
�
�|
?
c Z|

?

�
c �

�
�
|

?
c �

r

?
c |c

�
�
|

?� G ?
� 9' ?

��
c ^

|�
�|
?

���

rc|'��
�

Qrwlfh wkdw frqwudfw �
?
grhv qrw ghshqg rq dq| vsrw

44
frppxqlfdwlrq

djuhhphqw
�
w E��� c R|

��

�
c qru grhv lw ghshqg rq rwkhu qhwzrun ?

� fkdudfwhulv0

wlfv/ h{fhsw iru wkh phpehuvkls olvw ri qhwzrun ?�
� Qrwlfh wkdw zh lpsrvh qr

uhvwulfwlrqv rq frqwudfw �?1

Lq vxppdu|/ zh kdyh=

Gh�qlwlrq4 = �Djhqw �*v frppxqlfdwhv� phdqv wkdw/ dv ri wlph |c � vhwv xs

frqwudfw �
?E��c hqjdjhv lq qhwzrun frppxqlfdwlrq wkurxjk qhwzrun ? E�� 'q

�
|

?E��

r
dqg srvvleo| lq frooxvlyh frppxqlfdwlrq zlwk djhqw �1

Wkh h{dfw wlplqj ri ghflvlrqv lv dv iroorzv=

| ' �� G wkh �uvw hqwuhsuhqhxu �frppxqlfdwhv� dv gh�qhg deryh45� Sur0

gxfwlrq wdnhv sodfh1

| ' �� G wudgh ri jrrg � wdnhv sodfh lq wkh �qdo pdunhw461

| ' �� G lqiruphg djhqwv �frppxqlfdwh�1 Ilupv wkdw surgxfhg jrrg �

surgxfh jrrg ��

| ' �2 G qhz �upv ghflgh wr hqwhu dqg surgxfh jrrg �� Wudgh iru jrrg

� wdnhv sodfh1

| ' �� G wudgh ri jrrg � wdnhv sodfh lq wkh �qdo pdunhw1

43Zh duh dvvxplqj wkdw frwudfwv wkdw ghshqg rq sur�wv ri rwkhu �upv duh qrw ihdvleoh1
44Fq grhv qrw lqfoxgh hlwkhu qhwzrun frppxqlfdwlrq1 Wkh frqwudfw uhjxodwhv wkh php0

ehuv* ghflvlrqv rq lqirupdwlrq gl�xvlrq erwk lqvlgh dqg rxwvlgh wkh �up1
45Dv d uhvxow ri wklv wkhuh lv d vhw ri lqglylgxdov 
D4 lqiruphg derxw � dv ri shulrg D4>

zkhuh 
D4 @
�
l
q+3,

�
^ im3j

46
Qrwlfh wkdw wkhuh lv qrw d w @ D5 vwdjh1 Wklv lv wr pdnh fohdu wkh gl�huhqfh ehwzhhq wkh

D0vwdjh dqg wkh E0vwdjh1 Rqo| dw wkh E0vwdjh +vsfl�fdoo| dw w @ E5, hqwu| e| frpshwlwruv

lv srvvleoh1

;



Ilqdoo| zh dvvxph wkdw djhqwv duh qrw oltxlglw| frqvwudlqhg/ vr wkdw whdpv

duh rujdql}hg vr dv wr pd{lpl}h phpehuv* mrlqw vxusoxv1 Zh duh dvvxp0

lqj wkdw djhqwv fdq glvhqwdqjoh wkh nqrzohgjh wkdw surgxfhv vnloov iurp wkh

nqrzohgjh uhodwlqj wkh ydoxh ri wkrvh vnloov= li dq djhqw kdv vnloo ohyho w vkh

fdq surri wr dqrwkhu djhqw wkdw khu vnloo ohyho lv w zlwkrxw lqfuhdvlqj wkh

vnloov ri wkh rwkhu djhqw1 Wkdw lv/ zh dvvxph dzd| sureohpv ri dgyhuvh vh0

ohfwlrq1 Ilqdoo|/ frooxvlyh wudghv duh xquhvwulfwhg/ h{fhsw e| wkh dvvxpswlrqv

odlg deryh1

6 Uhvxowv

Lq wklv vhfwlrq zh �uvw ghulyh wkh hqwuhsuhqhxu*v rujdql}dwlrq zkhq frppx0

qlfdwlrq ehwzhhq khu hpsor|hhv dqg rxwvlghuv fdq eh dyrlghg frqwudfwxdoo|1

Zh wkhq ghulyh wkh rswlpdo rujdql}dwlrq ri wkh �up zkhq frooxvlrq ehwzhhq

phpehuv dqg qrq0phpehuv lv srvvleoh lq wkh prgho mxvw suhvhqwhg deryh1

614 Yhul�deoh Frppxqlfdwlrq

Wkh hqwuhsuhqhxu*v surjudp xqghu qr srvvlelolw| ri frooxvlrq zlwk rxwvlghuv

lv=

4@ 

t�f�

[
6'�c�

;A?
A=
�6 E'6

f
�'6

f
�

[

i�
6�

f j

^ E�6�

f
�
2

2w E�6�

f
�

<A@
A>

+4,

Lw lv vwudljkwiruzdug wr vkrz=

Uhvxow 4= xqghu yhul�deoh frppxqlfdwlrq/ lq htxloleulxp wkhuh lv=

� rqo| rqh qhwzrun +wkh hqwuhsuhqhxu*v qhwzrun ? ' f,47/

� ixoo lqirupdwlrq vkdulqj lq ? ' f G w E�
|

f
� ' w iru doo � 5 i�|

f
j c

� ^
W E�|

f
� lv duelwudulo| vpdoo dqg � |

f
' mi�|

f
jm lv duelwudulo| odujh +wrwdo

frvwv whqg wr S^
�
wc f

�
' ' f�c dqg

47Vwulfwo| vshdnlqj/ wkh hqwuhsuhqhxu lv lqgl�huhqw ehwzhhq iruplqj d vlqjoh qhwzrun dqg

rxwvrxuflqj surgxfwlrq wr duelwudulo| pdq| �upv/ dv orqj dv wkhvh �upv vhoo wkh rxwsxw

h{foxvlyho| wr wkh hqwuhsuhqhxu ehiruh wkh odwwhu vhoov lq wkh �qdo pdunhw1

<



� wkh rswlpdo txdqwlw| '6
fW

lv jlyhq e| uhyhqxh pd{lpl}dwlrq=

iru 6 ' �c� G '6
fW

_�6 E'6
fW
�

_'6
fW

n � E'6
fW
�� S^

�
wc f

�
' f/ '6

fW
'

(6

2q

Wkh �uvw0ehvw frqwudfw +iru wkh frdolwlrq ri wkh hqwuhsuhqhxu dqg khu hp0

sor|hhv, lv pxwh rq wkh doorfdwlrq ri vwdnh K E�|
f
c Z

|

f
� dqg wudqvihuv � E�c ��

dprqj whdp phpehuv1 Wkh lpsruwdqw srlqw lv wkdw zkhq wkh hqwuhsuhqhxu

kdv wkh srvvlelolw| wr uhvwulfw frppxqlfdwlrq ehwzhhq phpehuv dqg qrq0

phpehuv/ vkh xvhv wklv srvvlelolw| wr dyrlg hqwu| dqg frpshwlwlrq lq wkh �qdo

pdunhw1

615 Frooxvlrq zlwk rxwvlghuv

Iru h{srvlwlrqdo fodulw| zh kdyh wdnhq wkh ylhz wkdw wkh frooxvlyh wudqvdf0

wlrqv ehwzhhq phpehuv ri wkh lqlwldo whdp dqg qrq0phpehuv kdyh qrw gluhfw

frvwv481

Frqvlghu lq wkh �uvw sodfh wkh hqwuhsuhqhxu*v remhfwlyh ixqfwlrq� Iurp

wkh devhqfh ri oltxlglw| frqvwudlqwv wkh hqwuhsuhqhxu pd{lpl}hv khu whdp*v

vxusoxv soxv wkh lqfrph iurp phpehuv* lqirupdwlrq vdohv +�, dw | ' ���

Wklv lv jlyhq e|=

4@ 

t�f�

[

6'�c�

;A?
A=
�6 E'6 E�f��'

6�

f
n
[

i�
6�

f j

#
RE�6�

f �� E�f��
^ E�6�

f
�
2

2w E�6�

f
�

$<A@
A> +5,

zkhuh '6 E�f� lv wkh wrwdo vxsso|49 ri surgxfw 6 +6 ' �c�, lq wkh pdunhw/
wkdw ghshqgv rq wkh hqwuhsuhqhxu*v frqwudfw wkurxjk lwv h�hfw rq hqgrjhqrxv

hqwu|1

Qrwlfh wkdw wkhuh duh wzr pdlq gl�huhqfhv ehwzhhq h{suhvvlrq +5, dqg
hqwuhsuhqhxu*v remhfwlyh ixqfwlrq xqghu yhul�deoh frppxqlfdwlrq lq +4,1 Wkh

�uvw gl�huhqfh lv wkdw lq +5, wkh dprxqw vxssolhg e| wkh lqlwldo whdp '6
f

dqg wrwdo pdunhw vxsso| '6 E�f� duh qrw qhfhvvdulo| wkh vdph1 Wkh vhfrqg

rqh lv wkdw xqghu frooxvlrq +dqg qr oltxlglw| frqvwudlqwv, wkh hqwuhsuhqhxu

48Vhh Urguljxh}0Sdohq}xhod +<;, iru wkh dqdo|vlv ri d vlplodu vhwwlqj zlwk erwk h{rjhqrxv

dqg hqgrjhqrxv wudqvdfwlrq frvwv lq frooxvlyh pdunhwv1
49Lq sduwlfxodu= Tp +F3, @ Tp4

3
+F3, .Tp

�3
+F3, zkhuh Tp

�3
+F3, lv wkh wrwdo txdqwlw|

surgxfhg e| �upv rwkhu wkdq wkh hqwuhsuhqxu*v �up1=

43



fdswxuhv wkh jdlqv iurp phpehu �
6�

f
frooxvlrq zlwk qrq0phpehu �/ jlyhq

e| wkh whup RE�6�

f �� E�f� lq +5,1 Wkhvh wzr gl�huhqfhv dulvh iurp frooxvlyh

frppxqlfdwlrq ehwzhhq phpehuv ri wkh hqwuhsuhqhxu*v qhwzrun dqg qrq0

phpehuv1 Frppxqlfdwlrq xowlpdwho| ghwhuplqhv hqwu|1 Wkh hqwuhsuhqhxu

d�hfwv hqwu| frqglwlrqv wkurxjk khu qhwzrun frqwudfw �?'f�

Zh �uvw vkrz wkdw wkhuh duh wzr w|shv ri vroxwlrqv/ wkdw zh vshoo0rxw

ehoorz= fruqhu vroxwlrqv dqg lqwhulru vroxwlrqv1 Diwhu vkrzlqj vrph surshuwlhv

ri wkh htxloleulxp wkdw duh frpprq wr erwk fruqhu dqg lqwhulru vroxwlrqv lq

ohppdv 4 wr 6/ zh dqdo|}h vhsdudwho| wkh surshuwlhv ri hdfk ri wkhvh vroxwlrqv

lq sursrvlwlrqv 4 dqg 51 Ilqdoo|/ lq Sursrvlwlrq 6 zh surylgh frqglwlrqv xqghu

zklfk hdfk ri wkh wzr w|shv ri vroxwlrq lv suhihuuhg iru wkh hqwuhsuhqhxu1

Wkh iroorzlqj gh�qlwlrqv zloo eh xvhixo=

Gh�qlwlrq 4 Wkh hqwuhsuhqhxu vhwv xs qhwzrun ? ' f dv d wudglwlrqdo �up

li lq htxloleulxp K E�|
f
c Z

|

f
� ' f iru doo �

|

f
9' f +vwdnh lv }hur iru phpehuv

gl�huhqw wr wkh hqwuhsuhqhxu,c lq doo shulrgv�

Gh�qlwlrq 5 Wkh hqwuhsuhqhxu vhwv xs qhwzrun ? ' f dv d ohdq �up li lq

htxloleulxp K E�|
f
c Z|

f
� : f iru doo hpsor|hhv1

Ehiruh vroylqj iru wkh gl�huhqw w|shv ri vroxwlrqv
4:
/ zh �uvw orrn dw wkh

frqwlqxdwlrq jdph dw | ' �2� Iru d �up ? E�� wkdw hqwhuv dw | ' �2/ wkh

uhdfwlrq ixqfwlrq lv jlyhq e|=

Ohppd 4 Frqvlghu d qhwzrun ? E�� iruphg e| lqglylgxdo � zlwk vnloo ohyho

w E�� : f dw | ' �2� Li � h{shfwv wkdw doo rwkhu �upv zloo vxsso| '��
3?E�� xqlwv

ri wkh jrrg/ wkh rswlpdo uhdfwlrq dqg sur�wv duh uhvshfwlyho|=

'��
?E��

�
'��
3?E��

�
'

(�

2q
�

�

2
'��

3?E��

Z
��
?E��

�
'��
3?E��

�
' q

�
'��
?E��

�
'��
3?E��

��2
� 8 Ew E���

Zh qrz vkrz wkdw dv ri shulrg | ' �� h{lvwlqj qhwzrunv vwulfwo| suhihu

wr ghwhu frppxqlfdwlrq ehwzhhq phpehuv dqg qrq0phpehuv1

4:Zh vkrz ehoorz wkdw lq htxloleulxp wkhuh duh qr fdvhv rxw ri Gh�qlwlrq 4 dqg Gh�qlwlrq

51

44



Ohppd 5 = Dw wkh htxloleulxp ri wkh frqwlqxdwlrq jdph dw | ' �� txdqwlwlhv

'��
?

duh vhw xs vr wkdw dw | ' �2 wkhuh duh qr jdlqv ri frooxvlyh frppxqlfd0

wlrq ehwzhhq phpehuv ri doo h{lvwlqj qhwzrunv dqg qrq0phpehuv1 Pruhryhu/

dw | ' �� dqg | ' �2 surgxfwlrq lv frvw0h!flhqw= iru | ' �c 2 G ��|

?
$4�

Surri= lq wkh Dsshqgl{

Ohppd 5 vd|v vlpso| wkdw qr jdlqv ri frooxvlyh wudgh dw | ' �2 duh ohiw

dv ri vwdjh �� Krz grhv qhwzrun ? suhhpsw frppxqlfdwlrq +dqg hqwu|, dw

| ' �� ehwzhhq lwv phpehuv dqg qrq0phpehuvB1 Qrwlfh wkdw iru d phpehu

�
?
wr eh deoh wr frppxqlfdwh wr qrq0phpehuv +srwhqwldo hqwudqwv, kh pxvw eh

douhdg| lqiruphg dv ri | ' ��= lw pxvw eh wkdw kh zdv d phpehu ri ? douhdg|

dw wkh lqlwldo +surgxfw �, vwdjh1 Wkh fdqglgdwhv wr frppxqlfdwh zlwk qrq0

phpehuv duh wkh lqiruphg phpehuv lq l
��

?
�

�
�
��

?
5

�
�
��

?

�
G w

�
�
��

?

�
: f

�
�

Iurp wkh hqwudqw*v sd|r�v lq Ohppd 4/ Z
��

?E��
=

Ohppd 6 = wkh frqglwlrq iru phpehu �
��

?
5 l

��

?
qrw frppxqlfdwlqj zlwk

hqwudqw4; � lv=

K
�
���
?
c Z��

?

�
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?
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3?E��

�
� K

�
�
��

?
c Z��

?

�
'�

?
�

�
'�
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zkhuh w E�� ' w
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Wkh ohiw kdqg vlgh ri wkh suhylrxv h{suhvvlrq lv �
��

?
*v vwdnh lq whdp ?

+frvwv duh vxqn dw wkh frppxqlfdwlrq vwdjh��, zkhq �
��

?
uhiudlqv iurp vhoolqj

lqirupdwlrq1 Wkh uljkw kdqg vlgh lv wkdw vwdnh zkhq �
��

?
frppxqlfdwhv w

�
�
��

?

�

wr �/ soxv wkh jdlqv iurp �*v hqwu|/ wkdw duh fdswxuhg e| wkh lqirupdwlrq vhoohu1

Wkh �vhfuhf|� frqglwlrq uhgxfhv wr=

K
�
���
?

c Z
��

?

�
�

q
k
'��
?E��

�
'��
3?E��

�l2
� 8

�
w
�
�
��

?

��

'��
?

k
�
�
'��

3?E�� n'
��

?E��

�
� �

�
'��
3?E��

�l +6,

Qrwlfh wkdw wkh uhdfwlrq ixqfwlrq '��
?E��

�
'��

3?E��

�
ri hqwudqw ? E�� lv frqwlq0

xrxv exw qrq0gl�huhqwldeoh dw d sduwlfxodu ydoxh ri frpshwlwruv surgxfwlrq

ohyho/ e'
3?E��� Wklv fdxvhv wkdw zh �qg wzr w|shv ri vroxwlrqv/ fkdudfwhul}hg

e| zkhwkhu wkh surgxfwlyh fdsdflw| ri wkh hqwuhsuhqhxu*v �up lv dw wkh qrq0

gl�huhqwldelolw| srlqw ru wr zkhwkhu lw lv ehoorz wkdw srlqw1

4;
Lw zloo eh fohdu ehorz wkdw zh gr qrw qhhw wr frqvlghu frooxvlyh wudgh ehwzhhq phpehuv

ri wzr qhwzrunv1
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616 Fruqhu vroxwlrq= wkh wudglwlrqdo �up

Frqvlghu lq wkh �uvw sodfh wkh vroxwlrq wr +5, zkhq wkh frqvwudlqw +6, lv

elqglqj iru doo �
��

?
5 l

��

?
dqg K

�
���
?

c Z��
?

�
' f iru �

��

?
9' f1 Zh �uvw frqvlghu

wkh fdvh zkhuh wkh hqwuhsuhqhxu glg qrw hqjdjh lq frooxvlyh frppxqlfdwlrq

dw | ' �� G li wkhuh lv hqwu| e| rqh �up dw | ' �2c wkh uhohydqw pdunhw vxsso|

iru wkh hqwudqw lv wkdw ri wkh ruljlqdo �up/ '��

f
=

K
�
�
��

f
c Z��

f

�
'

q
�
'��

�

�
'��

f

��
2

� 8
�
w
�
�
��

f

��

q'��

f
'�2

�
E'��

f
�

' f +7,

Wkh rxwsxw ohyho e'��
f

ri wkh hqwuhsuhqhxu*v �up wkdw vdwlv�hv frqglwlrq

+7, dqg wkh fruuhvsrqglqj sur�wv Z��
f

duh=

e'��
f

�

;?
=
(�

q
� 2

3
C8

�hw�
q

4
D
<@
>

Z��

f

� e'��
f

�
' 2

3
C8

�hw�
q

4
D

�

2 �
(
�
� 2

�
q8

�hw�� �

2

�

zkhuh= hw ' 4@ iw E�� m � 5 i�6�

f
j dqg � 9' fj � Lw lv wkh hpsor|hh zlwk vnloo

ohyho hw wkh rqh wkdw lv uhohydqw ehfdxvh wklv lv wkh rqh wkdw kdv pd{lpdo

jdlqv ri wudgh zlwk srwhqwldo hqwudqwv1 Wkh wudglwlrqdo �up vhwv wrwdo rxwsxw

vr dv wr suhhpsw frppxqlfdwlrq ehwzhhq phpehuv dqg qrq0phpehuv zkloh

lw jlyhv wkhp qr vwdnh lq wkh �up1 Wklv frqglwlrq ghwhuplqhv wkh rxwsxw

wkdw lv surgxfhg lq wkh wudglwlrqdo �up1 Wkh qxpehu ri hpsor|hhv ���

f
c wkh

nqrzohgjh dqg txdqwlw| doorfdwlrq Ew E%� c ^ E%�� duh jlyhq e| wkh vroxwlrq wr=

4@ 

E�fcwEi���f j��
Zf ' Z

��

f
n Z

��

f

� e'��

f

�

'

[

6'�c�

;
A?
A=
'6�

f

�
(
6

� q'6�

f

�
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[

�
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f
Mi�
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f j

^ E�6�

f
�
2

2w E�6�

f
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vxemhfw wr G

[

�
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f
Mi�
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^
�
�
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f

�
' '6�

f
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G w
�
�
6�

f

�
5

�
fc w

�

G '��

f
'

e'��

f

Sursrvlwlrq 4 Li (
�

2q
: 2

�
8Ew'w�

q

� �

2

c lq wkh hqwuhsuhqhxu*v �wudglwlrqdo�

�up +wkdw jlyhv qr vwdnh wr hpsor|hhv,/ wkhuh lv=

4, lpshuihfw lqirupdwlrq vkdulqj= w
��

�
��

f

��
	 w iru �

��

f
9' f

5, wkh qxpehu ri hpsor|hhv dw | ' �� lv +duelwudulo|, odujh ���

f
$4

6, Wkh hqwuhsuhqhxu lv fodlpdqw wr doo �up*v sur�wv dqg grhv qrw hqjdjh lq

frooxvlyh frppxqlfdwlrq dw | ' ��

Pruhryhu/ li (
�

2q
: 2

�
8 Ew'f�

q

� �

2

c lq dgglwlrq wkhuh lv=

7, �ryhusurgxfwlrq�= '��
f
'

e'��

f
: '��

fW

8, Sur�wv lq wkh wudglwlrqdo �up frqyhujh wr=

Zf ' Z
��

f
n Z

��

f
' Z

��

fW
n 2

�
8 Ef�

q

� �

2
�
(
�
� 2 E8 Ef�q�

�

2

�

+Sur�wv ghfuhdvh zlwk hqwu| frvwv/ dqg duh htxdo wr }hur zkhq hqwu| frvwv duh
}hur/ 8 Ew� ' f��

Surri lq wkh Dsshqgl{1

Wkh frqglwlrq (
�

2q
: 2

�
8Ew'w�

q

� �

2

lq sursrvlwlrq 4 vd|v vlpso| wkdw wkh

txdqwlw| wkdw pd{lpl}hv prqrsro| sur�wv zkhq frvwv duh qlo lv qrw vx!flhqw

wr suhhpsw frppxqlfdwlrq zkloh jlylqj qr nqrzohgjh/ qru vwdnh wr hpsor|0

hhv4<1 Lq vxppdu|/ sursrvlwlrq 4 vd|v wkdw wkhuh lv dozd|v d ohyho ri surgxf0

wlrq e'��
f

wkdw uhgxfhv pdunhw sulfhv vx!flhqwo| vr dv wr suhhpsw doo jdlqv

iurp frppxqlfdwlrq ehwzhhq phpehuv dqg qrq0phpehuv/ hyhq li phpehuv

krog qr vwdnh lq wkhlu rzq �up1 Vlqfh hpsor|hhv kdyh qr vwdnh/ wkh htxlw|

frvwv ri klulqj hpsor|hhv lv qlo1 Wkh wudglwlrqdo �up kluhv pdq| pdujlqdo

zrunhuv vr dv wr ehqh�w iurp ghfuhdvlqj uhwxuqv wr vfdoh +frvw uhgxfwlrq,1

Qrwlfh wkdw wkh h�hfw ri wkh wudglwlrqdo �up lv wr glvwruw wkh doorfdwlrq

iru surgxflqj '��
f

lq rughu wr surgxfh '��
f

h!flhqwo| +wkdw lv Z��
f
' Z

��

fW
exw=

4<
Zkhq eTE4

3
lv vpdoohu ru htxdo wr wkh �uvw0ehvw txdqwlw| TE4

3�
wkh �uvw0ehvw lv wulyldoo|

dfklhyhg1 Qrwlfh wkdw iru eTE4
3
� TE4

3�
lw kdv wr eh wkdw I +�, eh vx!flhqwo| kljk1
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Z
��

f
	 Z

��

fW
,1 Pruhryhu/ wkh wudglwlrqdo �up hqjdjhv lq lpshuihfw lqirupdwlrq

vkdulqj vr dv wr lqfuhdvh 8
�
w
�
�
��

f

��
dqg wkhuhiruh wr ghfuhdvh Z

�

�

�
w

�
�
��

f

��
dv

pxfk dv srvvleoh1

617 Lqwhulru vroxwlrqv= wkh ohdq �up

Zh qrz h{soruh vroxwlrqv wr +5, zkhuh wkh uhvwulfwlrq K E%� � f lv qrw elqglqj1

Wr nhhs wkh dqdo|vlv vlpsoh zh wdnh wkh h{wuhph fdvh ri }hur hqwu| frvwv +wkdw

zh kdyh vkrzq jlyh }hur sur�wv wr wkh wudglwlrqdo �up iru dq| vnloo ohyho w,1

Zh vkrz wkdw wkh ohdq �up |lhogv srvlwlyh sur�wv iurp surgxfw � dqg �uvw0

ehvw sur�wv +vhh uhvxow 4 deryh, iurp surgxfw � hyhq zkhq hqwu| frvwv duh

qlo1

Vlqfh 8 Ew� ' f iru doo wc li wkhuh lv qrw frppxqlfdwlrq zlwk qrq0phpehuv

ri wkh lqlwldo whdp lq htxloleulxp/ lw pxvw eh wkdw

K
�
w
�
���
f

�
c Z��

f

�
'

q
�
'��

�
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f

��
2

q'��

f
'��
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E'��

f
�
'
'��

�

�
'��

f

�

'��
f

�
hK
�
'��

f

�
+8,

wkdw grhv qrw ghshqg rq w E%� � Lw lv wkhq fohdu wkdw lq wkh ohdq �up wkh

hqwuhsuhqhxu jlyhv doo wkh lqirupdwlrq wr wkh hpsor|hhv/ vlqfh hqgrzlqj wkhp

zlwk nqrzohgjh ghfuhdvhv frvwv exw kdv qr frvwv lq whupv ri htxlw|/ wkdw lv=

w
�
�
��

f

�
' w iru doo �

��

f
1 Wkh vroxwlrq wr wkh hqwuhsuhqhxu*v surjudp vdwlv�hv=

Sursrvlwlrq 5 Xqghu }hur hqwu| frvwv/ wkh ohdq �up +zkhuh hpsor|hhv krog

srvlwlyh htxlw|, vdwlv�hv=

4, sur�wv duh jlyhq e|=

4@ 

i'��f
c'��

f j
Zf ' �
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f

�
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f
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2w

�
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f
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f
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f
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f
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'��

f

5, frpsohwh lqirupdwlrq vkdulqj= w
�
�
��

f

�
' wc

6, wkhuh lv �xqghuhpsor|phqw� lq wkh surgxfwlrq ri '��

f
G �

��

f
	 �

��

fW

7, hpsor|hhv �ryhusurgxfh� = ^
�
�
��

f

�
: ^W

�
�
��

f

�
/

8, wkh wudqvihu ixqfwlrq � vdwlv�hv wkh iroorzlqj vwrfn0rswlrq frqglwlrq= dw

wlph | ' �� phpehuv ri ? ' f fkrrvh ehwzhhq d oxps0vxp wudqvihu �f '

Z
��
fW

�
��
f

dqg d iudfwlrq ri �up ? ' f*v vwrfn K
��

f
'

�

�
��
f

dqg wkh hqwuhsuhqhxu

grhv qrw hqjdjh lq frooxvlyh frppxqlfdwlrq dw | ' ���
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Surri= lq wkh Dsshqgl{1

Wkh ohdq �up lv qrw dv frvw h!flhqw dv wkh wudglwlrqdo �up hyhq li wkhuh

lv frpsohwh lqirupdwlrq vkdulqj +frvwv duh vwulfwo| srvlwlyh lq wkh ohdq �up,1

Wklv lv ehfdxvh lq wklv fdvh lw lv qrw ihdvleoh iru wkh hqwuhsuhqhxu wr kluh

dq duelwudulo| odujh whdp ri phpehuv wkdw surgxfh vpdoo dprxqwv1 Eulqjlqj

lq pruh phpehuv gloxwhv vwdnhv dqg pdnhv vhfuhf| lpsrvvleoh/ vlqfh lqfxp0

ehqwv fdsdflw| lv qrw odujh hqrxjk wr suhhpsw frppxqlfdwlrq dqg vlqfh wkh

srvvlelolw| ri frooxvlrq ghvwur|v wkh jdlqv ri �euhdnlqj wkh exgjhw frqvwudlqw�1

Qrwlfh wkdw dv rssrvhg wr wkh wudglwlrqdo �up/ wkh ohdq �up glvwruwv wkh

doorfdwlrq wr surgxfh '��
f

dzd| iurp wkh h!flhqw doorfdwlrq531 Wkh frpsohwh

lqirupdwlrq vkdulqj surshuw| iroorzv vlqfh hqwudqwv sur�wv duh lqghshqghqw

ri wkh w|sh ri phpehu wkdw vhoov lqirupdwlrq lq wklv fdvh +vr wkdw wkhuh duh

ehqh�wv exw qr frvwv ri lqiruplqj phpehuv,1 Lqvwhdg/ wkh hqwuhsuhqhxu*v

lqyhvwphqw lq vhfuhf| wdnhv wkh irup ri nhhslqj d vpdoo whdp/ zkhuh wkh
phpehuv surgxfh wrr pxfk rxwsxw lq whupv ri wkh vrfldoo| h!flhqw rxwsxw1

Lqwhuhvwlqjo|/ wkh rswlpdo vfkhph lv d +olqhdu, vwrfn0rswlrq vfkhph1 Wkh
olqhdulw| ri wkh vfkhph iroorzv iurp djhqwv delolw| wr wudgh frooxvlyho| zlwkrxw
uhvwulfwlrqv +wklv lv dovr zk| wkhuh duh qr jdlqv lq jlylqj vwdnh wr xqlqiruphg

sduwlhv,1
Wkh vwrfn yv1 oxps0vxp sd|phqw rswlrq dvshfw ri wkh rswlpdo frqwudfw

lv ohvv vwudljkwiruzdug= wkhuh lv d wlph lqwhuydo +ehwzhhq | ' �� dqg | ' ��,

zkhuh rqo| wkh hqwuhsuhqhxu lv d fdqglgdwh wr frooxgh zlwk qrq0phpehuv1

Zlwk d vwrfn rswlrq frqwudfw iru hpsor|hhv/ wkh hqwuhsuhqhxu lv nhsw dv wkh

uhvlgxdo fodlpdqw ri wkh yhqwxuh gxulqj wkdw wlph lqwhuydo/ vr wkdw vkh kdv qr

lqfhqwlyhv wr uhgxfh wkh pdunhw srzhu ri khu rzq whdp1

7 Glvfxvvlrq

Zh vdz lq suhylrxv vhfwlrqv wkdw wkh wudglwlrqdo �up lv pruh h!flhqw dw uh0

gxflqj frvwv/ vlqfh lw ehqh�wv iurp wkh lqfuhdvlqj pdujlqdo frvwv whfkqrorj|

e| klulqj �pdq|� pdujlqdo hpsor|hhv1 Rq wkh rwkhu kdqg/ wkh wudglwlrqdo

�up lv uhvwulfwhg lq jhqhudo wr ryhusurgxfh= wr suhhpsw frppxqlfdwlrq zkloh

jlylqj hpsor|hhv }hur vwdnh/ lw frpplwv wr surgxfh eh|rqg wkh uhyhqxh pd{0

lpl}lqj ohyho/ uhgxflqj sur�wv1 Wkh ryhudoo h!flhqf| ri wkh wudglwlrqdo �up

53Wkdw lv/ wkh ohdq �up hqjdjhv lq wzr doorfdwlyh glvwruwlrqv zlwk uhvshfw wr wkh �uvw0ehvw

lq uhvxow 4= lw surgxfhv TD4
3

lqh!flhqwo| dqg lw surgxfhv wrr pdq| xqlwv ri TE4

3
=
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ghshqgv rq hqwu| frvwv ehlqj kljk1 Kljk hqwu| frvwv idflolwdwh wkh suhhpswlrq

ri frppxqlfdwlrq1

Wkh ohdq �up lv ohvv frvw h!flhqw vlqfh hpsor|hhv zrun dw pdujlqdo frvwv

erxqghg dzd| iurp }hur1 Wkh ehqh�w ri wkh ohdq �up lv qrw wkdw lw sur0

gxfhv rxwsxw uhodwlyho| forvhu wr wkh prqrsrolvw uhyhqxh pd{lpl}lqj rxwsxw1

Udwkhu/ wkh ehqh�w ri wkh ohdq �up lv wkdw lw lv urexvw wr wkh uhgxfwlrq ri

hqwu| frvwv1 Lq sduwlfxodu/ wkh ohdq �up |lhogv srvlwlyh sur�wv iurp surg0

xfw � zkhq whfkqrorjlfdo hqwu| frvwv duh }hur +zkhuhdv wkh wudglwlrqdo �up

|lhogv }hur sur�wv iurp surgxfw � lq wklv fdvh,1 Wklv lv ehfdxvh wkh ohdq �up

klqjhv rq wkh sulqflsoh ri nhhslqj �vpdoo� whdpv +dowkrxjk qrw qhfhvvdulo|

vpdoo rxwsxw, vr dv wr idflolwdwh vhfuhf| lq wkh ruljlqdo whdp1

Rxu ohdglqj uhvxow lv wkdw zkhq hqwu| frvwv 8 duh kljk wkh wudglwlrqdo

�up lv vxshulru/ exw zkhq hqwu| frvwv duh vpdoo +frpshwlwlrq lv wrxjk, wkh

ohdq �up lv vxshulru1 Ehiruh frpsdulqj wkh wzr w|shv ri �up frqvlghu wkh

iroorzlqj gh�qlwlrq dqg ohppd=

Gh�qlwlrq 6 = Wkh pdwxulw| ri wkh lqgxvwu| > lv jlyhq e|= > � (
�

(�
1

Ohppd 7=

4, Wkh hqwuhsuhqhxu rujdql}hv rqo| d ohdq �up ru d wudglwlrqdo �up1

5, Lq doo fdvhv phpehuv duh uhvwulfwhg wr ehorqj wr rqo| rqh qhwzrun1

Surri= lq wkh Dsshqgl{1

Vwdwhphqw 4 lq ohppd 7 vd|v wkdw wkhuh lv qr orvv ri jhqhudolw| iru irfxvlqj

lq wkh ohdq dqg wudglwlrqdo �upv= pl{hg rujdql}dwlrqv zkhuh rqo| d iudfwlrq ri

wkh lqglylgxdov krog htxlw| duh qhyhu rswlpdo1 Vwdwhphqw 5 lv vwudljkwiruzdug

dqg lw lpsolhv wkdw phpehuvkls frqwudfwv duh h{foxvlyh= djhqwv duh uhvwulfwhg

wr ehorqj rqo| wr rqh whdp/ wkdw lv d yhul�deoh fkdudfwhulvwlf1

Wkh frpsdulvrq ri wkh wzr vwudwhjlhv lq rujdql}dwlrq lv jlyhq e|=

Sursrvlwlrq 6=

Fdvh 4= (� ' (� G

4, Wkhuh lv d qxpehu 0 : f vxfk wkdw iru 8 Ew ' f� � �

q

�
�
e

��

2
� 0 wkh

hqwuhsuhqhxu rujdql}hv d wudglwlrqdo �up1

5, Li 8 Ew� ' f/ wkh hqwuhsuhqhxu rujdql}hv d ohdq �up1

6, Li w lv vx!flhqwo| kljk wkh ohdq �up grplqdwhv wkh wudglwlrqdo �up1

Fdvh 5= (� 9' (� G

7, Li wkh pdwxulw| ri wkh lqgxvwu| > '
(
�

(�
lv kljk hqrxjk wkh wudglwlrqdo �up

lv suhihuuhg1

4:



8, Li > lv orz hqrxjk +wkh lqgxvwu| lv yhu| lppdwxuh, wkh ohdq �up lv suh0

ihuuhg1

Surri= lq wkh Dsshqgl{1

Wkh udwlrqdo iru vwdwhphqwv 4 dqg 5 lq sursrvlwlrq 6 lv fohdu iurp wkh

glvfxvvlrq ri sursrvlwlrqv 4 dqg 5 deryh= kljk hqwu| frvwv idyru wkh �frp0

pxqlfdwlrq suhhpswlrq vwudwhj|�/ zkhuhdv wkh sur�wv iurp wkh �vpdoo whdp

vwudwhj|� duh urexvw wr qlo hqwu| frvwv1 Vwdwhphqw 6 iroorzv vlqfh xqghu kljk

ohyho vnloo w wkh vshfl�f frvw ri wkh ohdq �up +kljk surgxfwlrq frvwv ri '��
f
,

ydqlvkhv1

Vwdwhphqw 7 vkrzv wkdw/ vlqfh wkh wudglwlrqdo �up glvwruwv uhodwlyho| pruh

wkh pdunhw iru wkh iroorz0xs lqqrydwlrq/ lw lv suhihuuhg zkhq wkh lqlwldo lqqr0

ydwlrq � lv uhodwlyho| pruh lpsruwdqw1 Zh lqwhusuhw wklv �qglqj dv d uhodwlyh

dgydqwdjh ri wkh wudglwlrqdo �up lqpdwxuh vhfwruv1 Vwdwhphqw 8 lv wkh uhyhuvh

ri vwdwhphqw 7= vlqfh wkh ohdq �up glvwruwv uhodwlyho| pruh wkh doorfdwlrq iru

surgxflqj '��
f
/ lw lv suhihuuhg zkhq iroorz0xs pdunhw � lv odujhu +zkhq wkh

lqgxvwuldo vhfwru lv lppdwxuh,1

Zh fodlp wkdw sursrvlwlrq 6 fdq eh lqwhusuhwhg dv d sorw iru wkh wudqv0

irupdwlrq lq exvlqhvv rujdql}dwlrq wkdw zh phqwlrqhg dw wkh rxwvhw ri wkh

sdshu1 Iru frqfuhwhqhvv/ frqvlghu wkh SF lqgxvwu| lq wkh hljkwlhv1 Wkh lq0

gxvwu| zdv ohg dw wkdw wlph e| LEP/ wkdw fruuhvsrqgv wr wkh wudglwlrqdo �up

ri rxu prgho1 D yhu| odujh frusrudwlrq/ klhudufklfdoo| rujdql}hg dqg fkdu0

dfwhul}hg e| d fxowxuh ri vhfuhf| zlwklq wkh �up/ wkdw lv/ d fxowxuh ri rqo|

sduwldo lqirupdwlrq vkdulqj lqvlgh wkh rujdql}dwlrq1 Pruhryhu/ mrev lq wkh

orzhu hqgv ri wkh klhudufk| zhuh sdlg zlwk  dw zdjhv1 Ilqdoo|/ LEP ehiruh

wkh uhirupv ri wkh hduo| qlqhwlhv iroorzhg d vwudwhj| ri lqwhjudwlrq/ wkdw zh
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