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Abstract

In thispaperwe studystochasticprocesseswhichenablemonitoringthepos-
siblechangesof probabilitydistributionsover time. Theseso-calledmonitoring
processesarebivariatefunctionsof time andpositionat themeasurementscale,
andin particularbeusedto testthenull hypothesisof no change:onemaythen
form Kolmogorov–Smirnov or othertypeof testsasfunctionalsof theprocesses.
In Hjort andKoning (2001)Craḿer-type deviation resultswereobtainedunder
theconstancy null hypothesisfor [bootstrappedversionsof] such“derived” test
statistics.

Herethebehaviour of derivedteststatisticsis investigatedunderalternatives
in the vicinity of the constancy hypothesis.Whencombinedwith Craḿer-type
deviationresults,theresultsin thispaperenablethecomputationof efficienciesof
thecorrespondingtests.Thediscussionof someexamplesof yield guidelinesfor
thechoiceof theteststatistic,andhencefor theunderlyingmonitoringprocess.

1 Intr oduction and summary

Assumethat independentdataareavailablefor eachof � consecutive occasions,per-
hapsmeasurementsof somequantitytakenon separatedates.Thenull hypothesisto
betestedhereis thatof � ��������	
���
	�� � ��	
����� (1)

where ��� is the cumulative distribution function specifyingthe distribution of data� � � � � � � � � � � � ��� on occasion� . We shall refer to
� � � � � � � � � � � � ��� asthe � � � subsample.

Together, thesubsamplesform thefull sample.
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Onemay think of (1) asthe hypothesisthat an infinite dimensionalparameter�
remainsconstant.In this perspective, ��� is thevalueof � in the �  ! subsample.

We shall denotethe size "$#�%'& & &�%("*) of the full sampleby " . Although it is
not reflectedin notation,notethat " dependson + , andtendsto infinity as + tends
to infinity. The subsamplesizes " � areallowed to be random,andareconveniently
representedby therandomprobabilitymeasure, )�- . /�0 "$1 #�2 )  34� 5 # "6� 7 .98�: ; 7 < = &

Undertheassumptionthat , ) - . / convergesto adeterministicfunction , - . / in some
predescribedmanneras +$>@? , null hypothesistheoryfor stochasticprocesseswhich
enablemonitoring(1) is presentedin Hjort andKoning(2001);in particular, Komlós-
Major-Tusńady type inequalitiesareemployed to obtaindeviation resultsfor [boot-
strappedversionsof] teststatisticsbasedon thesemonitoringprocesses.In thesequel
weshallreferto thesestatisticsas“derivedteststatistics”.

In this paperwe develop “local alternatives theory”; that is, theory for the be-
haviour of the monitoringprocessesunderalternativesin the vicinity of the null hy-
pothesis.In combinationwith null hypothesistheoryasin Hjort andKoning(2001),
the local alternativestheoryenablesus to assessthe ability of a monitoringprocess
to detectdeparturesfrom the null hypothesis. In fact, we shall investigatethe per-
formanceof a derived teststatisticby evaluatingvarious“local” efficiency measures
whichpertainto thebehaviour of thepowercurvein thevicinity of thenull hypothesis.

Local efficiency measuresare typically usedas a selectiondevice for statistical
tests,asfor any two testswhich differ in efficiency thereis a vicinity of thenull hy-
pothesisin which themoreefficient oneis morepowerful thanthe lessefficient one.
For an enthusiasticreview of the role of efficiency measuresin the developmentof
nonparametricstatistics,we referto Nikitin (1995).

In order to computethe variouslocal efficienciesin a unified manner, we first
show thatthederivedteststatisticsatisfiesConditionIII A in Wieand(1976)[cf. Defi-
nition 2(c) in Section3]. Thecombinationof amoderatedeviationresultunderthenull
hypothesisandConditionIII A in thevicinity of thenull hypothesisenablesthecom-
putationof limiting [as the alternative approachesthe null hypothesis]approximate
Bahadurefficiency, limiting [as the sizeof the test tendsto zero] Pitmanefficiency,
andweakasymptotici-efficiency. Moreover, replacingthe moderatedeviation result
by a Craḿer type deviation result [Chernoff type deviation result] yields asymptotic
i-efficiency [strongasymptotici-efficiency].

Following inspectionof the structureof the evaluatedefficiency, we formulate
guidelinesfor constructinghighly efficient derived tests. Indirectly, theseguidelines
shedlight on theperformanceof theunderlyingmonitoringprocessaswell.

The outline of the paperis asfollows. In Section2 we introducethe monitoring
processes,andstudytheir behaviour underalternativesin thevicinity of thenull hy-
pothesis.In Section3 we usetheresultsof Section2 to computelocal efficienciesof
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derived teststatistics. In Section4 the methodsareappliedto seawater level data.
Proofsaregatheredin Section5.

2 The alternativehypothesis

2.1 Notation and preliminaries

In this sectionwe assumethat the cumulative distribution functions B�C D E E E D BGF are
not equalto eachother, but insteadcoincidewith the HJI K row B�FLC M N O PLQJD E E E D BGF FJM N O PLQ
of a triangulararray indexed by PSRUT . Let V the classof all probability measures
underconsideration.It is convenientto think of B F W M N O PXQ asthecumulativedistribution
functionbelongingto the Y I K subsampleatstageH undertheprobabilitymeasureZ�[9\V^] V9_ , whereP indicatesthedistanceof thealternativeto thenull hypothesis.Thenull
hypothesisis assumedto correspondto Pa`bT , and Z [ “approaches”Z�_ as P tendsto
zero.

In this sectionwe provide approximationsof the monitoringprocessesunderthe
alternative hypothesis,which hold true in the vicinity of the null hypothesis;that is,
thereexists a P cSRdT suchthat the approximationholds true for T
edP
edP c . In
particular, our intentionis to show thatthenon-negativerandomvariablesfgF govern-
ing theapproximationbelongto a certainclassh�i . This class,which wasinspiredby
ConditionIII c in Wieand(1976),is definedbelow.

Definition 1 A sequenceof randomvariables f F is said to belongto theclass h�i^`h i M j Z [9k PgR(T�lLQ [notation: fgF$\�h i ] if there existsa positiveconstantP c such that
for every m C D m n9R(T thereexistsa constanto9p q r p s
R(T such thatZ [ M t f^FJt�R(m C Q
e(m n
for all T6euP^euPLc and H such that v C w n P^R(o9p q r p s .

Thefollowing factsmayfacilitatecomputations.x If fgFS\
h i , andif thereexists a universalpositive constanty suchthat fgzFS{y fgF , then fgzF \$h i [take o|zp q r p s equalto o9p q w } r p s ].x If f F \$h�i and f^zF \$h�i , then f F|~ fgzF \$h�i and f F fgzF \$h�i .x If f F `@t � F|�(� t9\�h�i and f^zF `@t ��zF �(� t9\�h�i , then t � F ��zF �(� t9\�h�i [as
follows from t � F ��zF �(� t { f F|~ fgzF ~ f F f^zF ].x [Wieand(1976)]If for every m9R(T thereexists o p R(T suchthat Z�[�M f F R(o p Q
em , then � v C w n P ��� C fgF6\$h i .
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Theresultsof thispaperdependfor a largepartonthewayin whichthe �G� � ’sdiffer
from the“average”cumulativedistribution function� � � � �G� �L���
�a�J� ��� � � �*� � � � � �G� �L�
[andthusontheway in whichthe ��� � ’sdiffer from eachother].UnderCondition1 the
differencesbetweenthe ��� � ’s is convenientlydescribedby thefunction � � � � �G� �L� .
Condition 1 Thereexistsa function � � � � �G� �L� , �
��� ��� � � �G����� � , such that�  �¡¢ £L¤ ¥ ¦ � § �  �¡¨ £ © ª

«««««« � �a�L� �J� ¤ � ¢ §�� � � �*�X¬ � � � � �G� �L�G­ � �L� � ��� �X� ®¯­ � � � � ��� �X�
«««««« ��°�± ²

If thereexistsacumulativedistribution function ��³ � ��� �X� suchthat� �J� �  �¡¨ £ © ªg´ �G� � � �G� �L�G­ � ³ � ��� �X� ´ �$° ± (2)

[asis oftenthecase],thenfor theverificationof Condition1 it sufficesto show that�  �¡¢ £X¤ ¥ ¦ � § �  �¡¨ £ © ª
«««««« � �*�X� ��� ¤ � ¢ §�� � � �*�X¬ � � � � �G� �L�G­ � ³ � �G� �L� ®¯­ � � � � �G� �L�

«««««« �$°�± �
observe thatin thesecircumstanceswehave � � �L� �G� �L���
� for every �$��� � .

In theprocessof verifying Condition1, it is oftennecessaryto show that�  �¡¢ £L¤ ¥ ¦ � § ´ µ ��� � �G­ µ � � � ´ �$°�± � (3)

If thedistributionof � � ¶ · �  �¡ ¢ £L¤ ¥ ¦ � § ´ µ ��� � �G­ µ � � � ´ remainsboundedin probability, uni-
formly in ¸ �$¹ , then(3) holdsasaconsequenceof thefourth factmentionedfollow-
ing Definition1.

Thefunction � � � � ��� �X� describesthenatureof thedeparturefrom thenull hypoth-
esis. For instance,if under ¸Gº thereis a suddenchange[for �g�¼» , say] in thevalue
of thecumulative distribution function in � , then � � � � �G� �L� is proportionalto the tri-
angularfunction with value ­g� �^­'»�� µ � � � for �
½d�¾½d» and »�� µ � � �9­ µ � � � � for»u¿'�g½À� . On theotherhand,if under ¸ º thereis a linear [in µ � � � ] trendpresentin
thevalueof thecumulativedistributionfunctionin � , then � � � � ��� �X� is proportionaltoµ � � � � µ � �L��­ µ � � � � .
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2.2 Someexamples

In this paragraphwe discusstwo examplesof practicalinterest.Theexampleshave in
commonthatthereexistsacumulativedistribution function ÁGÂ which is contaminated
by a cumulativedistribution Á�Ã with probability ÄLÅJÆ Ç È É�Ê . Thefunction ÅJÆ Ë Ê describes
how thedegreeof contaminationvariesover time, and Ä indicatestheoverall magni-
tudeof contamination.Thatis, wehaveÁ�Ì Í Æ Î�Ï ÄXÊ�Ð(Á�Â Æ ÎÑÊ�Ò�ÄLÅJÆ Ç È É�Ê�Æ Á�Ã Æ Î�ÊGÓ�ÁGÂ Æ Î�Ê Ê (4)

for ÇgÐÕÔXÖ ×XÖ Ø Ø Ø Ö É . To ensurethat ÄLÅJÆ Ç È É�Ê indeedis a probability, we shall assume
that Ù^Ú
Ä ÅÑÆ Ë Ê
Ú�Ô for every Ù^Ú(Ë
Ú�Ô . DefineÛ Ì Æ Ë Ê�Ð
Ü$Ý�Þ�ß Ì à áâÍ ã Þ Ü Í ÅÑÆ Ç ÈLÉ�Ê�Ð
ä àÂ ÅJÆ å Ê æ�ç Ì Æ å Ê Ö Û Æ Ë Ê�Ð
ä àÂ ÅÑÆ å Ê æXç�Æ å Ê Ø
Observe thatthecumulativedistribution functionÁgè Æ ÎGÏ ÄLÊ�Ð
Á Â Æ ÎÑÊGÒ�Ä Û Æ ÔLÊÑÆ Á Ã Æ ÎÑÊ�Ó�Á Â Æ ÎÑÊ Ê
satisfies

Ü ÝJÞ�ß Ì à áâÍ ã ÞJé Á�Ì Í Æ Î�Ï ÄXÊGÓ�Á è Æ Î�Ï ÄXÊ ê�Ð(Ä é Û Ì�Æ Ë ÊGÓ Û Æ Ô Ê çÑÌ�Æ Ë Ê ê9Æ ÁGÃ Æ ÎÑÊGÓ�Á�Â Æ Î�Ê ÊJØ
Hence,if ë ì�íà î ß Â ï Þ áLð Û Ì Æ Ë ÊGÓ Û Æ Ë Ê ðXñ$ò�ó Ö

ë ì�íà î ß Â ï Þ áLð ç Ì Æ Ë ÊGÓ�ç�Æ Ë Ê ðXñ$ò�ó ÖthenCondition1 holdswithô Æ Ë Ö Î�Ï ÄXÊ�Ð'õbÆ Ë ÊÑÆ ÁGÃ Æ ÎÑÊ�ÓSÁ�Â Æ ÎÑÊ ÊÑÖ
where õbÆ Ë Ê�Ð ä àÂ é ÅÑÆ å Ê�Ó Û Æ ÔLÊ êGæ�ç�Æ å Ê�Ð Û Æ Ë ÊGÓ Û Æ ÔLÊ ç�Æ Ë Ê Ø
Plotsof

ô Æ Ë Ö ÎGÏ ÄLÊ versusË all exhibit thesameshape,determinedby õbÆ Ë Ê . Theshape
may reveal straightlines [indicating that ÅÑÆ Ë Ê remainsconstanton the corresponding
time interval], curvature[indicating a graduallychangingÅJÆ Ë Ê ] or angles[indicating
abruptchangesin ÅJÆ Ë Ê ].
Example: “at most one” change-point The first example is the “at most one”
change-pointproblem,well studiedin literature[seeCs̈orgő andHorváth(1997)]. In
this examplewe have that the changepoint marksa suddenshift, sayfrom Á Â Æ ÎÑÊ toÁ6Æ ÎGÏ ÄLÊ . If Á6Æ ÎGÏ ÄLÊ�Ð
ÁGÂ Æ Î�Ê�Ò�Ä é Á�Ã Æ Î�ÊGÓ�ÁGÂ Æ Î�Ê ê�Ö
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thenwe have that(4) holdswithö ÷�ø ù ú�ûbü(ý
if

ù
þ(ÿ
,�

if

ù � ÿ ,

whichyields � ÷�ø ù ú�û ������ ÷�ø 	 ú 
���ø 	 ú�ûbü
��ø ù ú�ø ��
 ��ø ÿ�ú ú

if

ù9þuÿ
,

��ø ÿ�úÑø ��
 ��ø ù ú ú
if

ù � ÿ .

If � ��� � ��� � � � ��� ���Jø ù ú 
 ��ø ù ú ������ , thenCondition1 holdswith! ø ù " #%$ & ú�û � ÷ ø ù ú�ø ' ( ø # ú 
 ' � ø # ú ú "
as � ��� � �)� � � � ��� * � ø ù ú 
 * ø ù ú ���+�  automaticallyholds due to the fact that

ö ÷ ø ù ú
is

boundedby 1.

Example: linear tr end In this examplewe have that the changepoint marksthe
onsetof a trend,linearly in

��ø ù ú
. Hence,wehave that(4) holdswithö ÷ ø ù ú�û¼ü ý

if

ù
þ(ÿ
,

��ø ù ú 
 ��ø ÿ�ú
if

ù � ÿ ,

whichyields� ÷ ø ù ú�ûbü 
 �, ��ø ù ú�ø ��
 ��ø -Ñú ú , if

ù
þ(ÿ
,�, ø ��ø ù ú 
 ��ø -Ñú ú , 
 �, ��ø ù ú�ø ��
 ��ø -Ñú ú , if

ù � ÿ .

If � ��� � ��� � � � ��� � � ø ù ú 
 ��ø ù ú �����  , thenCondition1 holdswith! ø ù " #%$ & ú�û &�. � � ÷ ø ù ú�/ '6ø #0$ ý ú 
 '*ø #0$ & ú ú "
as � ��� � �)� � � � � � * ��ø ù ú 
 * ø ù ú ���+�� automaticallyholds due to the fact that

ö ÷�ø ù ú
is

boundedby 1.

2.3 The basicprocess

In this paragraphwe investigatetheasymptoticbehaviour of thebasicprocessunder
fixedalternativesin thevicinity of thenull hypothesis.Define 1 �Jø ù " #0$ & ú by1 � ø ù " #%$ & ú�û32 . � 4 ,657 8 � � � ��9;:5< = �0> � ? @ : A B 8�C D 


' � E ø #0$ & ú F ù �HG ý " � I "0# �KJ LNM (5)

Definition (5) coincidesfor & û ý with thedefinitionof thebasicprocess1 �Jø ù " # ú in
Hjort andKoning(2001).

Theorem1 is our key resultunderthealternative hypothesis.Its proof is deferred
to Section5.
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Theorem 1 If Condition1 holds,thenO P�QR S�T U V W X O P�QY S Z [N\\\\ ] ^ W _ ` a)b�c W�d�e�f g h i0j a)k0lHm f g h i0j a)k \\\\ n�o�p q (6)

2.4 Monitoring cumulativedistrib ution functions

Let rs%t f i kvuxw^ t�y;z{| } W w)~ � z � � � Y �
betheempiricalestimatorof

s f i k
in the � R � subsample,andlet�s e f i kvu�w^ e{t } W ^ t rs%t f i kvu�w^ e{t } W y;z{| } W w)~ � z � � � Y �

betheempiricalestimatorof
s f i k

in thefull sample.Lemma1 in Hjort andKoning
(2001)impliesthatunderthenull hypothesis(1) theprocess� e f g h i kvu�w� ^ T e R X{t } W ^ t ] rs0t f i k0l �s e f i k b h�g nH� � h w � h0i nK� � h (7)

convergesin distribution to a zeromeanGaussianprocesswith covariancefunction� � f g0��g � k;l � f g k � f g � k � � s U f i���i�� k0l s U f i k s U f i�� k � .
In this paragraphwe investigatetheasymptoticbehaviour of themonitoringpro-

cess
� e f g h i k

underfixedalternativesin thevicinity of thenull hypothesis.

Lemma 1 If Condition1 holds,thenO P�QR S)T U V W X O P�QY S Z [N\\\\ ] ^ W _ ` a)b�c W � e�f g h i k0lHm f g h i0j a)k \\\\ n�o�p q (8)

Lemma1 shows that the behaviour of
� e f g h i k

undera fixed alternative in the
vicinity of thenull hypothesisis largelydeterminedby

^ W _ ` a m f g h i0j a)k
. Thissuggests

thatplotsof
� e f g h i k

versus
g

and
i

maycontainimportantinformationwith respect
to thenatureof thedeparturefrom thenull hypothesis.In particular, plotsof

� e�f g h i k
versus

g
for fixed

i
mayrevealstraightlines[indicatingthatthevalueof

s f i k
remains

constantthroughoutthecorrespondingtimeinterval], curvature[indicatingagradually
changingvalueof

s f i k
] or angles[indicatingabruptchangesin thevalueof

s f i k
].

Lemma2 in Hjort andKoning(2001)impliesthatunderthenull hypothesis(1) the
process� e f g h i k definedby� e�f g h i kvu3� f g k � e�f g h i k0l�� RU � e�f �)h i k���� f � k h�g nH� � h w � h0i nK� �Nq (9)
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convergesin distribution to azeromeanGaussianprocesswith covariancefunction�0 N¡ ¢ ¡ £¤¦¥�§ ¨�© ª «�¬v§ ¨�©0­  N¡¤�¥�§ ¨�© «�¬v§ ¨�©  N¡ £¤®¥�§ ¨�© «�¬v§ ¨�© ¯N° ±�§ ²�³�²�´ ©0­H±�§ ²%© ±�§ ²�´ © µv¶
Lemma2 extendsLemma1 to theweightedmonitoringprocess·¹¸ § º » ²¼© .
Condition 2 Thereexistsa finiteconstant½ ¾¹¿ÁÀ such that ¥�§ º © is boundedby ½ ¾ , and
hasvariation boundedby ½ ¾ .
Lemma 2 Let ¥�§ º © satisfyCondition2, anddefine¥KÂ�ÃK§ º » ²0Ä Å)©vÆ3¥�§ º © ÃK§ º » ²0Ä Å)©0­  N¡¤�ÃK§ Ç)» ²0Ä Å)©�«�¥�§ Ç © ¶
If Condition1 holds,thenÈ É�Ê¡ Ë�Ì ¤ Í ¾ Î È É�ÊÏ Ë Ð ÑNÒÒÒÒ Ó Ô ¾ Õ ª Å Ö�× ¾ · ¸ § º » ²¼©0­H¥KÂ�ÃK§ º » ²%Ä Å�© ÒÒÒÒ�Ø�Ù�Ú ¶
2.5 Monitoring probability density functions

Let ÛÜ Ý § ²%©vÆ�ÞÔ Ý ßHà;áâã ä ¾�åçæ�è
Ý Í ã ­6²ßêé

bethekerneldensityestimatorin subsampleë , andletìÜ ¸ Í í § ²%©vÆ ÞÔ ß
¸âÝ ä ¾ à;áâã ä ¾)å æ�è Ý Í ã ­î²ßïé Æ ÞÔ

¸âÝ ä ¾ Ô Ý ÛÜ Ý § ²%©
bethe full samplekerneldensityestimatorunderthenull hypothesis(1); here, å § ²%©is asymmetricdensity, and

ß
asmoothingparameter.

Condition 3 The kernel function å § ²%© is a symmetricprobability densityfunction
satisfying  ®ð å ´ § ²¼© ð «�²�ñ ½ ª »
where å ´ § ²¼© denotesthederivativeof å § ²¼© , and ½ ª is a finiteconstant.

Lemma3 in Hjort andKoning(2001)impliesthatunderthenull hypothesis(1) the
monitoringprocessò ¸ Í í § º » ²%©vÆ ß ¾ Õ ª Ô × ¾ Õ ª

Ì ¸ ¡ ÎâÝ ä ¾ Ô Ý Ó ÛÜ Ý § ²%©0­ ìÜ ¸ Í í § ²%© Ö�»�º ØHó À » Þ ô »0² ØKõ ö »
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convergesin distribution to a zeromeanGaussianprocesswith covariancefunction÷ ø�ù ú0û�ú ü ý;þîøvù ú ý øvù ú ü ý ÿ�����ù � � ��ü ý , where� � ù � � � ü ý��	��
���
������ þ����� ����� þ���ü����� � ù � ý � � þ �"!$#� � ù �¼ý !$#� � ù � ü ý �
where ! #� � ù �¼ý��	��
���
 ����� þ%����&� � ù � ý � � �'
��Hù (¼ý � � ù �&)���(¼ý �*(�+
Onemayinterpret

����ù � � ��ü ý ,*� asthecovariancefunctionof thefull sampleestimator#� - . � ù �%ý underthenull hypothesis(1).
In this paragraphwe investigatetheasymptoticbehaviour of themonitoringpro-

cess/ -0. � ù ú � �%ý underfixedalternativesin thevicinity of thenull hypothesis.

Lemma 3 If Conditions1 and3 hold, then��� 1 243 5�67 8*9 � . � : 3 5�6; 8 < =?>>>> @ A � 1 2 B0C

�� / - . � ù ú � �¼ý;þ ��� 1 2 D � ù ú � ��E B�ý >>>>"FHG�I � (10)

where DJ��ù ú � ��E B)ý��®þK� 
�2�
 � ü � � þ��� � DKù ú � � E B�ý � � +
Lemma3 shows that the behaviour of / - . ��ù ú � �¼ý undera fixed alternative in the

vicinity of thenull hypothesisis largelydeterminedby
ù A ��ý � 1 2 B0D � ù ú � ��E B)ý . Similarto

plotsof / - ù ú � �¼ý discussedearlier, plotsof / -0. � ù ú � �%ý versus
ú

for fixed
�

mayrevealthe
natureof thedeparturefrom thenull hypothesis:straightlinesindicatethatthevalueof� ù �%ý remainsconstantthroughoutthecorrespondingtime-interval [here � denotesthe
probabilitydensityfunctionbelongingto L ], curvatureindicatesagraduallychanging
valueof � ù �%ý , andanglesindicateabruptchangesin thevalueof � ù �¼ý .

For a sequenceof bandwidths
� - tendingto zero,thesituationis lesssimpledue

to the irregularasymptoticbehaviour of M - . � N ù ú � ��E B)ý stemmingfrom thestructureof� � ù � � ��ü ý .
Lemma4 in Hjort andKoning(2001)impliesthatunderthenull hypothesis(1) the

weightedmonitoringprocessO - . � ù ú � �¼ý definedbyO - . � ù ú � �¼ý��'P�ù ú ý / - . � ù ú � �¼ý;þ 
 7� / -0. � ù Q � �¼ý"�"P�ù Q ý � ú F R S � T U � � F$V W (11)

convergesin distribution to azeromeanGaussianprocesswith covariancefunctionX 
 7 Y 7 Z� P�ù � ý 2 ��ø;ù � ý%þ�
 7� P�ù � ý ��ø;ù � ý�
 7 Z� P�ù � ý ��øvù � ý [\� � ù � � � ü ý +
Lemma4 showsthattheresultsfor / -0. ��ù ú � �%ý extendto theprocessO -0. ��ù ú � �%ý .
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Lemma 4 Let ]_^ ` a satisfyCondition2, anddefine]%bdcJe*^ ` f g�h i*a�j']_^ ` a c&e*^ ` f g�h i*a�k�l?mn c&e*^ o0f g�h i0a"p"]_^ o a q
If Conditions1 and3 hold, thenr s�tm u*v n w x y r s�tz u { |J}}}}

~ � x � � i �"� x���� w e*^ ` f g�a�k�� x � � ]$bdc&e*^ ` f g�h i*a }}}}
�H��� q

3 Testsof constancy

3.1 Notation and preliminaries

In thissectionweshow thatthetheoryof theprevioussectionis relevantfor verifying
whethera sequenceof teststatistics� � basedon either

� �
or
� � w e maybeclassified

asa Wieandsequenceand/ora weakKallenberg sequence.Wieandsequencesallow
thecomputationof limiting [asthesizeof thetesttendsto zero]Pitmanefficiency, and
weakKallenberg sequencesallow thecomputationof weaki-efficiency. Throughout
this sectionwe shall assumethat the testbasedon a teststatistic � � rejectsthe null
hypothesisfor largevaluesof � � .

In the first instancewe shall restrictourselvesto testingthe null hypothesisver-
susthealternative that � belongsto a pathof probability measures� ���d�*iJ���"� ap-
proaching� n �H� n as iK�?� . Restrictingthealternativehypothesisis notuncommonin
efficiency computations.For instance,in Nikitin (1995),p. 106,p. 122,theBahadur
efficiency of nonparametrictestsis computedby restrictingthealternativehypothesis
to a simplehypothesis.

Definition 2 A sequenceof teststatistics � � is said to be a Wieandsequenceif the
following threeconditionsaresatisfied.

(a) For every � ��� n the sequence� � converges in � -distribution to a random
variable � .

(b) There existsa positiveconstant� such that� � �� �_��� � � � �*  r s�t¡ u ¢"£ ��^ �	� � a¤j¥kK�"¦*§*q
(c) Thereexistsa constanti0¨ anda function ©_�"ª «\¬H­®ª « such thatfor every ¯ x ���

and ¯ � � ^ ��f ° a thereexistsa constant
�d± ² w ± ³ such that� �d´ }}}}

~ � x � � ©0^ i0a �"� x � � k�° }}}}
��¯ x µ�¶ ¯ �

for all � ¶ i ¶ i0¨ and · such that
� x � � ©0^ i0a�� � ± ² w ± ³ .
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Typically, we have that ¸ ¹ º*» satisfies¼ ½ ¾J¿ À Á�º0Â�Ã ¸0¹ º0»dÄ'Å . If this is indeedthecase,
then Æ Ç Ã È É ¸0¹ º0» Ê Â�Ã"Ë�Ì\Í�Î?ÏHÐ�Ñ (12)

impliesDefinition2(c).
If Ë Ì is aWieandsequence,thenweshallreferto ÒK¹ ¸ ¹ º*» » É astheWieandslopeofË Ì . Thefollowing lemmais thecompositenull hypothesisversionof thesimplenull

hypothesislemmagivenin Wieand(1976),andfollowsfrom Theorem1 in Kallenberg
andKoning(1995).

Lemma 5 Let Ë Ì and Ë_ÓÌ be two Wieandsequenceswith respectiveslopesÒK¹ ¸ ¹ º*» » É
and Ò Ó ¹ ¸ Ó ¹ º0» » É . Suppose¼ ½ ¾ ¿ À Á ¸ ¹ º*»�Ô�¼ ½ ¾ ¿ À Á ¸ Ó ¹ º0»�Ô'Å , andsupposethat thelimit

¼ ½ ¾¿ À Á ÒK¹ ¸ ¹ º*» » ÉÒ Ó ¹ ¸ Ó ¹ º*» » É (13)

exists. Thenthe limiting [as thesizeof the teststendto zero] asymptoticPitmaneffi-
ciencyof Ë Ì with respectto Ë_ÓÌ exists,andis equalto thelimit givenin (13).

It shouldbe notedthat theasymptoticPitmanefficiency of Ë�Ì with respectto ËdÓÌ
doesnotdependonthesizeor thepowerof thetestif both Ë Ì andËdÓÌ areasymptotically
normal.However, theteststatisticsthatwe areconsideringtypically have nonnormal
limiting distributions,andhencetheasymptoticPitmaneficiency maydependon the
power and the size of the test, which makes the conceptof Pitmanefficiency less
attractiveasaperformancemeasure.Lemma5 showsthatby lettingthesizeof thetest
tendto zero,we arrive at a criterion that doesnot dependon the sizeandthe power
anymore.

The Wieandapproachto efficiency is basedon separatelyletting the sizeof the
testtendto zero,andthealternative tendto thenull hypothesis.In Kallenberg (1983)
theconceptof asympotici-efficiency wasproposed,in which bothoperationsareper-
formedsimultaneously.

Definition 3 A sequenceof teststatisticsË�Ì is saidto bea Kallenberg sequenceif the
following two conditionsaresatisfied.

(a) There existsa positiveconstantÒ such that¼ ½ ¾Ì ÕdÖ ¹ × Ì » Â�É ¼ Ø0Ù�Ú Û�ÜÝ�Þ ß"à*á ¹ Ë Ì Ä�× Ì »¤Ô Í Ò"â*ã (14)

holdsfor all sequences× Ì such that × Ì?äæå and × Ì Ô'ç Æ Ç Ã È è Ê as é äæå .

(b) There existsa positivefunction ¸0¹ º0» such that
Æ Ç Ã È É ¸ ¹ º Ì » Ê Â�Ã"Ë�Ì tendsto 1 iná ¿ ê -probability for all sequencesº Ì such that º Ì�ä Å and

Ç Ã È É ¸ ¹ º Ì » äëå asé ä®å .



Constancy of distributions:asymptoticefficiency 12

Observe that Definition 3(b) is implied by Definition 2(c) [since ì í�îæì ï andð�ñ ò ó ô0õ ì í"ö�÷�ødù ú û ù ü , eventually].Recallthatif ý þ ÿ�� � ��ì�� ñ ô õ ì*ö�÷�� , thenDefinition2(c)
is in turn implied by (12).

Definition 3 is motivatedby Lemma2.1 in Kallenberg (1983),which usestheno-
tion of Hellingerdistanceto identify sequencesì í for which � í is consistentunder	 � 
 .
Lemma6 showsthatif conditions(a)and(b) of Definition2 hold,wemayalternatively
use ô õ ì*ö itself to identify those“consistent”sequences[as is donein Definition 3] if
the sizeof the test is sufficiently small. Moreover, Lemma6(a) implies that a Wie-
andsequenceof teststatisticsis consistentunder 	 � 
 for all sequencesì í suchthat�Jî�ì í î�ì0ï and ðHñ ò ó ô0õ ì í ö���
 as ����
 .

Lemma 6 Supposethat thesequenceof teststatistics� í satisfiesconditions(a) and

(b) of Definition2, andlet ì í bea sequencesuch that
� ð�ñ ò ó ô õ ì í*ö � � ñ ��í tendsto 1 in	�� 
 -probability. Then

(a) if ý þ ÿ í ��� ð ñ ò ó ô õ ì í ö���
 , then � í is consistentunder 	 � 
 ;
(b) if ý þ ÿ�� ��� í ��� ðHñ ò ó ô õ ì í"ö�î�
 , thenthetestbasedon ��í is not consistentunder	�� 
 if its sizeis sufficientlysmall.

If ��í is a Kallenberg sequence,thenwe shallrefer to � õ ô õ ì*ö ö ó astheintermediate
slopeof ��í . If ��í and���í aretwoKallenberg sequenceswith respectiveslopes� õ ô õ ì*ö ö ó
and � � õ ô � õ ì*ö ö ó , andif the limit ý þ ÿ � � � � õ ô õ ì*ö ö ó � � � õ ô � õ ì*ö ö ó exists, thentheasymptotic
i-efficiency of � í with respectto ���í is definedasthis limit.

Weakasymptotici-efficiency, alsoproposedin Kallenberg (1983),is a variantof
asymptotici-efficiency which replacestheCraḿer typedeviation result(a) by a mod-
eratedeviation result: (14) shouldhold for all sequences! í suchthat ! í"�#
 and! í$�&% � õ ý '�( ð ö ñ ò ó � as ���)
 .

For the sake of completeness,we mentionthat thereis alsostrongasymptotici-
efficiency, which replacestheCraḿer typedeviation resultby a Chernoff typedevia-
tion result:(14)shouldholdfor all sequences! í suchthat ! í$�)
 and ! í$�&* � ðHñ ò ó �
as ����
 .

Lemma6 in Hjort andKoning(2001)andLemma7 togetherprovidea framework
for verifying whetherasequenceof teststatisticsis Wieandand/or[weak]Kallenberg.
Thesequenceof teststatisticsis obtainedby standardizingan initial sequenceof test
statistics +��í by meansof arandomvariable ,- . Usingstandardizedteststatisticsis quite
naturalin thelight of condition(b) of Definition2(b)andcondition(a)of Definition3.

Lemma 7 Let . 	 �0/ ì4÷1�32 bea pathof probability measuresapproaching 	 �5476��
as ì08�� . Suppose+��í and ,- satisfy(i) and(ii) below.

(i) For every ì?÷�� thereexists +ô0õ ì0ö such that� ð ñ ò ó +ô0õ ì0ö � � ñ +� í59;:$4�<�=
holds,and ý þ ÿ$� � ��ì>� ñ +ô õ ì*ö�÷;� .
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(ii) For every ?$@�A thereexists B C such thatD B C E�FB$G�H D3I�J�K L
and M N O�C P Q B CR@�A .

Thenthe teststatistic S T�U�FB�V�W�XS T satisfiescondition(c) of Definition2 with Y Z ?�[5UXY Z ?�[ E>B C .
3.2 A generalapproachfor sublinear tests

In this paragraphwe briefly outline theverificationof theconditionsof Lemma7 for
teststatisticsbasedon themonitoringprocesses\]T�Z ^ L _ [ and \]T>` a�Z ^ L _ [ .

Let b1Z c A L H d�e�f g5[ denotethe spaceof real-valuedfunctionsdefinedon c A L H d]ef g which are cadlagin both components,and let S�h0b1Z c A L H diejf g$[�klf g5m be a
functionalwhich is positive-homogeneous[that is, S�Z n o3[RUpn S$Z o3[ for every constantn"@qA andevery o I b1Z c A L H diejf g$[ ] andLipschitz [that is, thereexists a constantn r7@sA suchthat

D S�Z o3[iG7S�Z o>t [ D0u n rwv x�y�z {�| Q ` W } v x�y�~ { � � D owZ ^ L _ [�G7o>t Z ^ L _ [ D for everyo L o>t I b1Z c A L H diejf g5[ ].
If weset XS T U�S7Z \ T [ L

anddefineY>Z ?>[ as ? S�Z �j�RbjZ � L � � ?�[ [ , thenit follows from Lemma2 that���� � � W � � ? � VwW XS T G�? VwW Y>Z ?>[ ���� u n r v x�yz {�| Q ` W } v x�y~ { � � ���� � � W � � ? � VwW \ T Z ^ L _ [�G��j�RbjZ ^ L _ � ?�[ ���� I�J�K L
andhencecondition(i) of Lemma7 is satisfiedif M N O�C P Q�S�Z bjZ � L _ � ?�[ [ is positive.

Similarly, if weset XSwT�U�S7Z \]T>` a [ L
anddefineY Z ?�[ as?��wW � � S�Z �j�Rb�a3Z � L � � ?>[ [ , thenit followsfrom Lemma3 andLemma4
thatcondition(i) of Lemma7 is satisfiedif M N O�C P QwS7Z b a Z � L _ � ?>[ [ is positive. Again, it
only remainsto show thatcondition(ii) of Lemma7 is satisfied.

3.3 Supremum type tests

To illustratethegeneralapproachdescribedin thepreviousparagraph,we now verify
condition(ii) of Lemma7 for thespecialcasewhereS takestheformS$Z o3[�U&v x�y~ { � ��� Z owZ � L _ [ [ L
where � Z o W [�U&v x�y� { ��� � � Z o W L o W [
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for every � ���&�1� � �3� � � � ; here � is someindex set,and �5  is a symmetricbounded
bilinear form on �1� � �3� � � � for every ¡;�p� [seealsoKoning andProtasov (2001)].
Deviation resultswereobtainedin Hjort andKoning(2001).

Typical examplesof ¢ aretheKolmogorov functional ¢ Kol, theCraḿer-von Mises
functional ¢ CvM andtheAndersen-Darlingfunctional ¢ AD. Thesefunctionalsarere-
spectively definedby ¢ Kol � �>� ��£)¤ ¥�¦§ ¨�© ª « � ¬ ­ � � � ® � ­ �¢ CvM � � � ��£°¯w±�� � � � ² � � ³w´�µ�� ² � ¶ � · ³ �

¢ AD � � � ��£°¸i± � � � � ² � � ³µ�� ² � � ��¹7µ�� ² � � ´�µ�� ² � º � · ³i»
For eachof thesechoicesof ¢ , thereis anassociatedpositiveconstant¼3½ : ¼�½

Kol
£1¾ ,¼ ½ CvM £�¿ ³ and ¼ ½ AD £�À [cf. KoningandProtasov (2001)].

As in Hjort andKoning(2001),weshallmainly considerteststatisticsof theformÁ ½ « Â3Ã or
Á ½ « Â Ã Ä Å , as

Á ½ « Æ�Ã and
Á ½ « Æ Ã Ä Å may be expressedas

Á ½ Ç « Â3Ã and
Á ½ Ç « Â Ã Ä Å for a

convenientchoiceof ¢ È .
Let

Á ½ « Â3Ã denotethe test statistic ¤ ¥�¦�É ¨ Ê Ë ¢Ì� Í�Îw� Ï � Ð � � . If a moderatedeviation
resultholdsfor

Á ½ « Â3Ã with ¼Ñ£�¾>¼ ½ [cf. Lemma7 in Hjort andKoning(2001)],andifÒ Ó Ô$Õ Ö ª ¤ ¥�¦ É ¨ Ê Ë ¢Ì� �j� Ï � Ði× Ø�� � is positive, thenit follows by Lemma7 that
Á ½ « Â3Ã is both

aWieandandaweakKallenberg sequencewith slopeÙ Ø ³�Ú�Û � Ø ³ � , where

Ù0£&¾�¼ ½ ¸ Ò Ó ÔÕ Ö ª ¤ ¥�¦É ¨ Ê Ë ¢Ì� �j� Ï � Ði× Ø�� � º ³
[we shall refer to Ù asthe efficacy of

Á ½ « Â3Ã ]. If a Craḿer typedeviation resultholds
for

Á ½ « Â3Ã , then
Á ½ « Â�Ã is a Kallenberg sequence.If a Chernoff type deviation result

holds for
Á ½ « Â�Ã , then

Á ½ « Â�Ã is a strongKallenberg sequence.Moreover, it follows
by Lemma6(a) that the testbasedon

Á ½ « Â�Ã is consistentfor fixed alternativesin the
vicinity of thenull hypothesis,andfor localalternativeswhichsatisfy Ü � · ³ Ý � Ø Î ��Þ)ß
as à�Þ�ß .

Let
Á ½ « Â Ã Ä Å denotethe test statistic ¤ ¥�¦�É ¨ Ê Ë ¢Ì� Í�Î « á � Ï � Ði� � . Lemma8 provides a

necessaryadditionalresultfor
Á ½ « Â Ã Ä Å .

Lemma 8 For âã�åä ª , define æ ª £�æ ª � â$� by æ ³ª £�¤ ¥�¦3É ¨ Ê Ë0ç á � Ði� Ði� . Definethe
estimator èæ by

èæ ³ £&¤ ¥�¦É ¨ Ê Ë �ÜÌé Îêë ì ��í�îêï ì � ¯wðsñwò ë ï ¹7Ðéôó ¹öõ÷ Îw� Ð � ¶ ³ »
AssumeCondition3 holds,and assumethat there existsa positiveconstantø ù such
that ø ù æ ª�ú � for every âp��ä ª . If (2) holds,andifÒ Ó ÔÕ Ö ª ¤ ¥�¦É ¨ Ê Ë ­ û$ü � Ð�× Ø>��¹ û ª � Ð � ­ £&�3� (15)
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thencondition(ii) of Lemma7 is satisfiedwith ý þ ÿ�� � ��� ����� � .
The assumptionthat � � is boundedby below for 	�

� � may not be fulfilled

in generalfor ��� � ��� � � . In sucha case,onecould considerthe technicalsolutionof
removing from ��� thoseprobabilitymeasuresfor which � � becomestoosmall.

If the teststatistic � � � ��� � � satisfiesa moderatedeviation resultwith ����� � and� ����� � � ! " # $�%'&)( *,+ *�- [cf. Lemma8 in Hjort andKoning(2001)],andif thequantityý þ ÿ � � � � � � ! " # $/. ( 0 & ( 1 + *�2 3)- - is positive,thenit followsby Lemma7 that 4� 5 6 ��� � � � � � is
bothaWieandandaweakKallenberg sequencewith slope7 & 3 8:9<; ( 3 8 - , where7 & � = � �� � �! " # $ % & ( *�+ *�- > ý þ ÿ� � � � � �! " # $ . ( 0 & ( 1 + *,2 3?- - @ 8
[we shallreferto 7 & astheefficacy of � � � ��� � � ]. If aCraḿer typedeviation resultholds
for � � � � � � � , then � � � ��� � � is a Kallenberg sequence.If a Chernoff typedeviation result
holdsfor � � � � � � � , then� � � ��� � � is astrongKallenberg sequence.Moreover, it followsby
Lemma6(a)thatthetestbasedon 4� 5 6 ��� � � � � � is consistentfor fixedalternativesin the
vicinity of thenull hypothesis,andfor localalternativeswhichsatisfy AB6 C 8 D ( 3 E)-�FHG
as IBFJG .

Observe that 7 & doesnotdependon I , andmaybeusedasacriterionfor selecting
the bandwidth.Moreover, as

=
tendsto zero,thenwe typically have that 0 8 � & ( *�- as

well as % & ( *�+ *�- tendsto afinite constantnotequalto zero,andhence7 & tendsto zero.
Thus,letting

= E tendto zeroas I tendsto infinity yieldsaninefficientprocedure.

3.4 Someexamples

In this paragraphwereturnto thesituationdiscussedin paragraph2.2. Recallthatif� � �K "?L � � 6 M?N O E ( P -,Q O ( P - N 
BR S +T� � �K "?L � � 6 M?N U E ( P -,Q U ( P - N 
BR S +
thenCondition1 holdswith0V( P + *�2 3)-:��WX( P -�( Y,Z ( *�-:Q[Y:� ( *�- -�\
It follows that the slope ��( D ( 3)- - 8 of the teststatistic ��� � � � behavesas 3 8 7 ��7 � � for 3
tendingto zero,where7 ���]����^ . ( W_- ` 8 + and 7 � � �]a�� � �! " # $ ^ Y Z ( *�-,Q<Y � ( *�- ` 8 \
Moreover, the slope ��( D ( 3)- - 8 of the test statistic ��� � � � � � behavesas 3?8 7 ��7 � � � � for 3
tendingto zero,where7 � is asbefore,and7 ��� � � � � � �! " # $cbed?f�gBh'd�i Q[*=kjl( Y,Z ( i -,Q<Y,� ( i - - m i j�n 8= o � � �! " # $ % & ( *,+ *�- \
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Apparently, the efficacy of teststatisticsof the form p�q r s t or p�q r s t u v is the product
of two factors. The first factor w q is determinedby the choiceof x andthe way the
degreeof contaminationvariesover time [as reflectedby yXz { | ]. The secondfactor,
either w s�t or w s t u v , is determinedby thechoiceof themonitoringprocessandthetype
of contamination[asreflectedby },~ z ��|:�[}:� z ��| ].

Recallthata teststatisticof theform p q r �)t maybeexpressedas p q �?r s t for a con-
venientchoiceof x�� . In particular, we mayexpressp q Kol

r �)t���� � � � � � � x Kol z �e� z � � ��| |
as � � ��� � � � x�� r Kol z ���'z � � ��| | , wherex�� r Kol z �?� | ��� � �� �)� � r � � ���� � z { | � � z { |,��� �� � � z � | � � z � | ���� �
Onemayshow that  ¡ �q � u Kol

��� � �� �?� � r � � � �� � z � | � �)¢�z � |,��£ � �� � z � | �)¢�z � | ¤ � �w q � u Kol
�   q � u Kol ¥ x � r Kol z y_| ¦ � �

Thefreedomstill remainingin thechoiceof � allows usto constructa testwhich has
high power for a specificalternative of specialinterest.If § is known explicitly, then
Lemma9 showsthattakingtheweightfunction � z { | equalto §�z { | yieldsateststatistic
which is optimalwithin theclassof testsstatistics� � ��� � � � x�� r Kol z ���'z � � ��| | .
Lemma 9 Theratio w q � u Kol

doesnot exceedw opt �_¨ �� ¥ §�z � | ¦ � �)¢�z � | , andthis upper
boundis attainedby � z { | � §cz { | .

Typically, in practicalcircumstancesthefunction ©'z { | [andhence§�z { | ] is not fully
specified.For instance,in the examplesgiven in paragraph2.2 we have that ©'z { | �© ª z { | dependson the changepoint« , which is usually unknown. Nevertheless,the
quantity w opt is anupperboundfor w q � u Kol , andhenceweshalluseit asayardstickforw q in thesequel.

Example: “at most one” changepoint problem In the“at mostone” changepoint
problemwehave ¬Vz { � ��­ ®)| � y ª z { | ¥ } ~ z ��|,�<} � z ��| | , whereyBª z { | � � �� §eª ��¢:z � | �X¯ ¢:z { |�z °��<¢�z «�| | if {e±²« ,¢:z «�|�z °��<¢:z { | | if {e³�« .

Wehave w opt � � �� § ª z � | � � � � ¢�z «�|�z °��<¢�z «�| |'�w q
Kol

�   q
Kol ¥ x Kol z y ª | ¦ � �]´�¯µ� � �� �)� � r � � ¶ y ª z { | ¶ · � �]´ ¢:z «�| � z °��<¢�z «�| | � �
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CvM º]» ¹ CvM ¼?½ CvM ¾ ¿BÀ?Á Â Ã º
ÄÅ Æ Ã ¾ Ç�È<É:¾ Ê�Á Á Ã'É�¾ Ê�Á Ã Ë¸ ¹

AD º]» ¹ AD ¼?½ AD ¾ ¿ À Á Â Ãº È/Ì É�¾ Ê�Á Ã'Í Î É:¾ Ê�Á,È�Ì�¾ Ç�È<É:¾ Ê�Á Á Ã Í Î ¾ Ç�È<É�¾ Ê�Á Á,È<Ì?É:¾ Ê�Á�¾ Ç�È<É:¾ Ê�Á Á'Ï
Figure1 displayş ¹

Kol Ð ¸ opt,
¸ ¹

CvM Ð ¸ opt and ¸ ¹ AD Ð ¸ opt versusÉ�¾ Ñ Á , andhasthefol-
lowing implicationsfor thecomparisonof teststatisticsÒ ¹

Kol Ó Ô�Õ , Ò ¹ AD Ó Ô Õ andÒ ¹
CvM Ó Ô Õ

derived from the monitoringprocessÖ�× ¾ Ñ Ë Ø Á . The test statistic Ò ¹ Kol Ó Ô�Õ shouldal-
waysbe preferredover Ò ¹

CvM Ó Ô�Õ , as the efficiency ¸ ¹
CvM Ð ¸ ¹ Kol º Æ Ã Ð Ç?Ì º�Ù Ï Ú�Ì?Ì)Û

of Ò ¹ CvM Ó Ô�Õ with respectto Ò ¹
Kol Ó Ô�Õ is lessthan1 anddoesnot dependon the posi-

tion of thechangepoint.However, for changepointsÊ closeto 0 or 1 [moreprecisely,
satisfying É:¾ Ê�Á�Ü Ù Ï Ç?Û or É�¾ Ê�Á�Ý Ù Ï Ú)Û ], Ò ¹ AD Ó Ô Õ shows a strongerperformancethanÒ ¹ Kol Ó Ô�Õ .

Figure1 hasexactly thesameimplicationsfor thecomparisonof theteststatisticsÒ ¹
Kol Ó Ô Õ Þ ß , Ò ¹ AD Ó Ô Õ Þ ß and Ò ¹ CvM Ó Ô Õ Þ ß derivedfrom themonitoringprocessÖ × Ó à ¾ Ñ Ë Ø Á .

Example: linear tr end Recallthatin thelineartrendexamplewehaveá ¾ Ñ Ë Ø�â ã Á º ã)ä Ä ¿ À ¾ Ñ Á ¼ å ¾ Ø,â Ù Á,È å ¾ Ø,â ã Á Á Ë
with ¿ À ¾ Ñ Á ºXæ È ÄÃ É�¾ Ñ Á�¾ Ç�È<É:¾ ç�Á Á Ã if ÑeÜ²Ê ,ÄÃ ¾ É�¾ Ñ Á,È<É:¾ ç�Á Á Ã�È ÄÃ É�¾ Ñ Á�¾ Ç�È<É:¾ ç�Á Á Ã if Ñeè�Ê .

Figure 2 displays ¸ ¹ Kol Ð ¸ opt,
¸ ¹

CvM Ð ¸ opt and ¸ ¹ AD Ð ¸ opt versusÉ�¾ Ñ Á . The statisticÒ ¹ AD Ó Ô�Õ shows thestrongestperformance,andclearlyoutperformsÒ ¹ Kol Ó Ô�Õ ; the effi-
ciency of Ò ¹

CvM Ó Ô�Õ with respectto Ò ¹ AD Ó Ô Õ is closeto 1 for changepointsÊ satisfy-
ing É:¾ Ê�ÁlÜ Ù Ï Û , but deterioratesfast for É:¾ Ê�Áµè Ù Ï Û . Similar conclusionshold forÒ ¹

Kol Ó Ô Õ Þ ß , Ò ¹ AD Ó Ô Õ Þ ß and Ò ¹
CvM Ó Ô Õ Þ ß .

Example: normal contamination Supposethat å × é ¾ Ø�â ã Á satisfies(4), withå,ê ¾ Ø Á º]ë]ì Ø Èíç êî ê�ï Ë å:ð ¾ Ø Á º�ë]ì Ø È[çî ï Ë
where ë ¾ ñ)Á is thestandardnormalcumulativedistribution function.Wehave¸ Ô�Õ º²ò�ó ô õö ÷ ø ù æ�ë]ì Ø È[çî ï È ë²ì Ø È[ç êî ê�ï/ú Ã Ï (16)
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Whenthekernelfunction û<ü ý�þ is takenequalto thestandardnormalprobabilityden-
sity function ÿ,ü ý�þ , wemayderive that

� ��� � � � � �
	�� 
��� � � � �� ���� ���
� 	 � ÿ�� ý! #"�%$  �& � �' � 	 � ÿ(� ý! )" '� ' $+* ,- �� 
��� � � � �& � � �' � 	 � ÿ#./ ý! #" '& � �' � 	 � 0 ��12  	� �' � 	 � ÿ#./ ý3 )" '& � �' 0 � � 	 � 0 ��12�4 (17)

By exploring the ratio � � � 0 � � � � 5 6 7 [with � � � and � � � � 5 6 7 given by (16) and(17),
respectively] numericallyfor variousvaluesof 8 , we foundthatsetting8 equalto 0.75
givesreasonableresultsfor

�#9 � . Figure3 evaluatesthe performanceof :<; = � � � > ? @ 6 7
relative to : ; = � � by plotting the ratio � � � 0 � � � � > ? @ 6 7 versus

�
for " ' �BA , � ' � � and

variousvaluesof " . Although the ratio dependson " , Figure3 suggeststhat there
existsanupperboundwhich only dependson

�
. Observe that : ; = � � � > ? @ 6 7 outperforms:<; = � � for valuesof

�
between0.06and1.

As it is quite difficult to obtain similar resultsin the generalsituation,we can
only rely on the findingsin the “normal contamination”example. Fortunately, these
findingsare in line with expectation: thereis an advantagein using the monitoring
processCED = F ü G H ý�þ whenthecontaminationis reasonablyconcentrated.This leadsus
to conjecturethatourconclusionsextendto thegeneralsituation: :I; = � � � > ? @ 6 7 [where

� '
is now thevarianceof theobservationsunderthenull hypothesis]outperforms:I; = � �
whenthecontaminationunderthealternativehasa reasonably[but not tooextremely]
concentratedcharacter.

In actualapplicationswe shouldreplace
� '

by an estimator. The usualestimatorJ
pooled, definedby J �

pooled
� �K  ML DNO PRQTS
UNV P<QIW X O = V  ZYX O [ � H

[here YX O denotesthemeanof the \ ] F sample]becomesdegeneratewhentheobserva-
tions are individual [that is, K O � � for every \ � � H 4 4 4 H L ]. Alternative variance
estimatorsfor individualobservationsarediscussedin Wetherill andBrown (1991),p.
114–121;in particular, wementionthe“successivedifferences”estimatorJ

succ-diff
� �L! � DNO PRQE^ X

O = Q  X O _�Q = Q ^� 0 � � 4
[seeKamat(1953)]. Observe that

� 0 � �
coincideswith the “control chartconstant”

1.128,oftenencounteredin industrialstatistics.

3.5 Bootstrap tests

Let : D beateststatistic,and :E`D abootstrapreplicationof : D . Thebootstraptestbased
on :<D employs the distribution of :a`D to evaluatethe achieved significancelevel of
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. Hence,to investigatetheasymptoticlimiting [asthesizeof thetesttendsto zero]

Pitmanefficiency of thebootstraptestbasedon
b<c

in themannerdescribedabove,we
shouldrequirethat

badc
satisfiesconditions(a) and(b), and

b c
satisfiescondition(c)

of Definition 2. Likewise,to investigatethei-efficiency of thebootstraptestbasedonb c
, we shouldrequirethat

b dc
satisfiescondition(a), and

b c
satisfiescondition(b) of

Definition3.
To usualway of implementingthebootstraptestis to generatea numberof boot-

strapreplications,andcountthereplicationsgreaterthanor equalto theachievedvalue
of
b c

[cf. Efron andTibshirani(1993),p. 232]. However, for a bootstrapreplicationb dc
satisfyingcondition(a)and(b) of Definition2 wemaybenefitfrom thefactthatits

distributionunderthenull hypothesisapproximatelyhasanormalright handtail. Thus,
a normalprobabilityplot of thebootstrapreplicationsshouldbecomelinear for large
valuesof thenormalscore.Onemayinterpretthelocationwherethenormalprobabil-
ity plot exceedstheattainedvalueof theteststatisticasa “ e -score”correspondingto
theachievedsignificancelevel. Determiningtheachievedsignificancelevel of aboot-
straptestvia a normalprobabilityplot hastheadvantagethatthenumberof bootstrap
replicationscanbekeptrelatively low [for instance,in accordancewith rule of thumb
(2) in paragraph6.4in EfronandTibshirani(1993),p. 52].

Notethatbothimplementationssketchedabovearescaleinvariant,in thesensethat
for every fixedconstantf+gih theachievedsignificancelevel of thetestbasedon f b c
doesnotdependon f .

Now, let
bRc

beequalto [a standardizedversionof]
bMj kTc�l

or
b)j kTcnm o l

. In earlier
paragraphswehavealreadydiscussedhow to verify whether

b<c
satisfiescondition(c)

of Definition 2 and condition (b) of Definition 3. The theory in Hjort and Koning
(2001)with respectto the bootstrapreplications

k dc
and

k dc m o
of the monitoringpro-

cesses
k c

and
k c m o

maybeusedto verify whethercondition(a)and(b) of Definition2
andcondition(b) of Definition 3 hold for

b dc
. In general,if condition(a) and(b) of

Definition 2 hold for
b<c

, thenthey alsohold for
b dc

. With respectto the verification
of condition(b) of Definition 3 is morecomplicated,stemmingfrom thefact that the
“original” rate p j q dc l r s t
uwv r s t x
y zn{ v!| [appearingin (12) and(17) in Hjort andKon-

ing (2001)] is slightly betterfrom the“bootstrap”rate p j q dc l r s t
uwv r s } | [appearingin
(18)and(19) in Hjort andKoning(2001)].

Despitethisdifferencein rate,bootstraptestshaveclearadvantagesin applications.
Dueto thescaleinvarianceof bothbootstrapimplementations,standardizationof the
teststatisticsis notneeded[andhence,estimationof ~ � canbeavoided].Moreover, the
achievedsignificancelevel canbedeterminedwithoutexplicit knowledgewith respect
to the[asymptotic]distributionof

bRc
.

4 Applications

In this sectionwe apply themethodsof theprevioussectionsto seawaterlevel data,
anddiscussthepatternsof nonconstancy which show up in themonitoringplots. Of
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particular interestfor the interpretationof the monitoring plots are the presenceof
straightlines[indicatingperiodsof constancy], curvature[indicatingperiodsof grad-
ual change]or angles[indicatingmomentsof abruptchange].

4.1 Seawater levelsat Vlissingen,The Netherlands

Theseawaterlevel datainvolveaseriesof hightideseawaterlevelsatVlissingen,The
Netherlands,startingat January1, 1882andendingat December31, 1985. A total
numberof 73397high tide seawater levels were recordedduring the measurement
period. The dataweregroupedin 104subsamples,eachcoveringa one-yearperiod.
The pooledstandarddeviation � of theseawaterlevels is 39.84centimeter. The sea
waterlevelsrangedfrom -16 to 455centimeter, andaredisplayedin Figure4. A close
inspectionof Figure4 revealsthattherearenoabruptchangesin thedistributionof the
seawaterlevels,but thereis asmallpositive trend.

Figure5 displays�E��� � � �I� for thevaluesof � which correspondto the25 equidis-
tant horizontaldotted“scanlines” in Figure4. As teststatisticwe selected�<� AD � ���
[which would have beena logical choicein the presenceof advanceknowledgethat
only gradualchangeswereto beexpected].To evaluatethisteststatistic,1000equidis-
tantscanlinesareused.Thesupremumover � is attainedfor � opt ��� ����� ��� ; thesolid
line in Figure5 correspondsto �E�R� � � � opt� . Theteststatistic� � AD � ��� takesthevalues
18.978,well exceedingtheasymptoticcritical valueslisted in Table1 in Koningand
Protasov (2001). A normalprobabilityplot of 200bootstrapreplications,shows that
thevalue18.978of �I� AD � ��� is highly significant[anexampleof sucha“bootstrapplot”
will bediscussedlater].

Thequadraticshapesin Figure5 reveal theexistenceof a linear trendin thedata.
Note that we shouldnot attachany meaningto the fact that � � � � � � opt� reachesits
maximumvaluearound1935,asweobviouslyarenotdealingwith changepointshere.

Figure6 displays � � � � � � � � � � � �I� � � � � � � � � � � � � �I� for the valuesof � which corre-
spondto the25 equidistanthorizontaldotted“scanlines” in Figure4. To evaluatethe
teststatistic� � AD � ��� � � � �   ¡ , 1000equidistantscanlineswereused.Thesupremumover �
is attainedfor � opt �i¢n£n¤�� ¥�� ; thesolidline in Figure6correspondsto �E� � � � � � � � � � � opt� .

Theteststatistic�<� AD � � � � � � �   ¡ takesthevalue0.3319,whichshouldbecomparedto
thevalue0.0646takenby ¦§ . Again,we avoid theproblemof limited knowledgewith
respectto thedistributionof ¦§�¨R© �I� AD � � � � � � �   ¡ by resortingto thebootstraptestbasedon� � AD � ��� � � � �   ¡ : anormalprobabilityplot of 200bootstrapreplicationsshowsthat0.3319
is a highly significantvalueof � � AD � ��� � � � �   ¡ . The quadraticshapesin Figure6 reveal
theexistenceof a lineartrendin thedata.

For thesakeof completeness,wementionthattherespectivevalues12.205,8.557,
0.2126and0.1494of �<�

Kol � ��� , �<� CvM � ��� , �I� Kol � � � � � � �   ¡ and�I�
CvM � � � � � � �   ¡ arealsohighly

significant.For theseteststatistics,thevaluesof � opt are199.01,199.01,234.81and
234.34,respectively.
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4.2 Annual seawater level maxima at Vlissingen,The Netherlands

In this paragraphwe studytheannualseawaterlevel maximainsteadof theoriginal
high tide seawater level data. Note that we are now dealingwith the “individual
observations” situation,whereevery ª3« is equalto 1. The “successive differences”
standarddeviation ¬ of theseawaterlevel maximais 27.9384.Theannualseawater
level maximarangedfrom 271to 455centimeter, andaredisplayedin Figure7.

Figure8 displays­E®�¯ ° ± ²I³ for thevaluesof ² which correspondto the25 equidis-
tanthorizontaldotted“scanlines” in Figure7. As teststatisticweselected́<µ Kol ¶ ·�¸ . To
evaluatethis teststatistic,1000equidistantscanlinesareused.Thesupremumover ²
is attainedfor ² opt ¹»º�¼ ½�¾ ¼ ; thesolid line in Figure8 correspondsto ­ ® ¯ ° ± ² opt³ . The
teststatistić µ Kol ¶ ·�¸ takesthevalues1.1776,exceedingtheasymptoticcritical values
listedin Table1 in KoningandProtasov (2001).

Figure8 suggeststhat throughoutthe first part of the twentiethcenturythe dis-
tribution of theyearlyseawaterlevel maximumremainsrelatively constant.Around
1952thereis anabruptchange,afterwhich thedistributionremainsrelatively constant
again.

Figure9 displays ­E® ¶ ¿ À Á Â Ã ¯ ° ± ²I³ ¹ ­E® ¶ Ä ¿ À Å Â ¯ ° ± ²I³ for the valuesof ² which corre-
spondto the25 equidistanthorizontaldotted“scanlines” in Figure7. To evaluatethe
teststatistić<µ Kol ¶ ·�¸ Æ Ç È É Ê Ë , 1000equidistantscanlineswereused.Thesupremumover ²
is attainedfor ² opt ¹iÌnÍnÎ�¾ Ì�Ï ; thesolidline in Figure9correspondsto ­ ® ¶ ¿ À Á Â Ã ¯ ° ± ² opt³ .

Theteststatistić µ Kol ¶ · ¸ Æ Ç È É Ê Ë takesthevalue0.0360,whichshouldbecomparedto
thevalue0.0776takenby ÐÑ . Again,we avoid theproblemof limited knowledgewith
respectto the distribution of ÐÑ�ÒRÓ ´ µ AD ¶ · ¸ Æ Ç È É Ê Ë by resortingto the bootstraptestbased
on ´Iµ Kol ¶ ·�¸ Æ Ç È É Ê Ë : thenormalprobabilityplot of 200bootstrapreplicationsin Figure10
showsthat0.0360is asignificantvalueof ´Iµ AD ¶ ·�¸ Æ Ç È É Ê Ë .

Figure9 alsosuggeststhat throughoutthe first part of the twentiethcenturythe
distributionof theyearlyseawaterlevelmaximumremainsrelativelyconstant.Around
1950thereis anabruptchange,afterwhich thedistributionremainsrelatively constant
again.

For thesake of completeness,we mentionthat therespective values0.743,1.666,
0.0216and0.0490of ´Iµ

CvM ¶ ·�¸ , ´<µ AD ¶ ·�¸ , ´<µ CvM ¶ ·�¸ Æ Ç È É Ê Ë and́Iµ AD ¶ ·�¸ Æ Ç È É Ê Ë arealsosignif-
icant. For theseteststatistics,thevaluesof ² opt are310.1,310.1,293.91and293.54,
respectively.

5 Proofs

This sectioncontainstheproofsof Theorem1, andLemma’s 1, 3, 6, 7, 8 and9. The
proofsof Lemma’s2 and4 arestraightforward,andhencenot included.Theproofsin
thissectionmakeuseof thetechnicalresultscollectedin Section5 in Hjort andKoning
(2001),andof theDKW-inequality[Dvoretzky, Kiefer andWolfowitz (1956)].Below
wepresenttheextendedversionof Bretagnolle(1980)[cf. Inequality25.1.2in Shorack
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andWellner (1986),p. 797] which allows the randomvariablesÔwÕ Ö × × × Ö ÔÙØ to have
differentdistributions. In casetheserandomvariableshave a commondistribution,
onemay replaceÚ ÛÝÜ Þ�ßIà�áaÚnâ�ã ä by Ú
Ü Þ�ß<à�á+Ú â�ã ä [cf. Cs̈orgő andHorváth (1993),p.
119].

Inequality 1 (DKW-inequality) Let ÔwÕ Ö × × × Ö ÔÙØ be independentrandomvariables,
andlet åIæ ç è<é denotethecumulativedistributionfunctionof ÔÙæ . Then,for every â3ê»ë ,ìîí�ï ð ßñ ò ó ôöõõõõõ ÷�ø

Õ ù ã Øúæ ûRÕÝü ý þ ÿ�� � ñ � áMåIæ ç è<é � õõõõõ � â��	� ÚnÛÝÜ Þ�ß<à�á+Ú â ã ä�×
Proof of Theorem 1 Wemaywriteï ð ß
 ò�� 
 � Õ � ï ð ßñ ò ó ô õõõ ��� ç � Ö è�� ��éÝá ÷ Õ ù ã ���(ç � Ö è�� ��é õõõ ��� � Õ���� � ã Öwhere � � Õ�� ï ð ß
 ò�� 
 � Õ � ï ð ßñ ò ó ô õõõõõõ ÷ ø Õ ù ã

� � 
 �ú� ûRÕ Ø! ú" û<Õ ü ý þ ÿ  # � ñ � áMå �
� ç è�� �né � õõõõõõ Ö� � ã � ÷ Õ ù ã � ï ð ß
 ò�� 
 � Õ � ï ð ßñ ò ó ô õõõõõõ ç ÷ �né ø Õ

� � 
 �ú� û<Õ Ø! ú" û<Õ ç å �
� ç è�� �né
á)å � $ ç è�� �né éÝá��(ç � Ö è�� �né õõõõõõ ×CombiningInequality1 andtheargumentgivenin theproofof Proposition1.1.2in de

la PẽnaandGiné (1999)yieldsì ç � � Õ�ê â�é%��&('*) Þ+ ûRÕ � , , , � Ø ì.-/ õõõõõõ ÷�ø Õ ù ã
+ú� û<Õ Ø! ú" ûRÕ ü ý þ ÿ  # � ñ � áMå �

� ç è�� ��é � õõõõõõ ê»â10�& 23�4&5'*)nÞ+ û<Õ � , , , � Ø ì6-/ õõõõõõ í
+ú� û<Õ ÷
� � ø Õ ù ã +ú� ûRÕ Ø! ú" û<Õ ü ýnþ ÿ  # � ñ � á)å �

� ç è�� �né � õõõõõõ ê»â10 &�23�4&5'*)nÞ+ û<Õ � , , , � Ø ÚnÛÝÜ Þ�ß87�á+Ú â ã 9 �4:nÛÝÜ Þ�ß;7�á+Ú â ã 9 ×
Sincefor every <+êië thereexists =?> suchthat

ì!@ ç � � Õ�ê	=?> é�AB< for every �!êië , it
followsby oneof factsmentionedafterDefinition1 that

ü ÷
Õ ù ã � � ø Õ � � Õ?CED1F × (18)

Moreover, observe thatCondition1 directly yieldsthat

ü ÷
Õ ù ã � � ø Õ � � ã CED F × (19)

Combining(18)and(19)yields(6). Thiscompletestheproof of Theorem1. G
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Proof of Lemma 1 SinceH I1JK L�M N O P Q H I1JR L S T;UUU V�W1X Y Z [�\�]�^ P _ ` a b X Y Z [�c a \ UUUd H I1JK L�M N O P Q H I1JR L S T;UUU e W X Y Z [�c a \�]�^ P _ ` a b X Y Z [�c a \ UUUf H I1JK L�M N O P Q H I1JR L S T;UUU e W X g�Z [�c a \�]h^ P _ ` a�b X g�Z [�c a \ UUU i W X Y \ Z
Lemma1 is animmediateconsequenceof Theorem1. j
Proof of Lemma 3 Recallfrom theproof of Lemma3 in Hjort andKoning(2001)
that V�W O k X Y Z [�\�lm]onqp1r _ `�s V�WqX Y Z t1\ uEvqw t8]h[n xzy tq{
Since n P _ ` H I1JK L�M N O P Q H I1JR L S T UUUU | ^ P _ ` a�} p P V W O k X Y Z [�c a \�]	n P _ ` b k X Y Z [�c a \ UUUUd�~ H I1JK L�M N O P Q H I1JR L�M N O P Q UUUU | ^ P _ ` a } p P V W X Y Z [�\�] b X Y Z [�c a \ UUUU �� n P _ ` ~ H I1JR L�M N O P Q nqp1r _ `�s UUUU uEv w t8]h[n x UUUU y t �d�~ H I1JK L�M N O P Q H I1JR L�M N O P Q UUUU | ^ P _ ` a } p P V�WqX Y Z [�\�] b X Y Z [�c a \ UUUU � �	� sm� uEv X t�\ � y t��oZ
Condition3 and(8) togetheryield (10). Thisconcludestheproof of Lemma3. j
Proof of Lemma 6 To verify part (a) of Lemma6, let � denotethe size of the
test. By conditions(a) and (b) of Definition 2 thereexists ��� , ������� such thatH I1J1� L ���1� X �qW �	��� \*� � for �m����� . Observe that the actualcritical valueof �qWdoesnot exceed � � , andhence��� � X � W ��� � \ is a lower boundfor the power of the
test. As � � � `r ^ P _ ` � X a \ eventually, it suffices to show that �!� � | � W � `r ^ P _ ` � X a \ }tendsto 1 as �h��� . Condition(b) of Definition 3 yields that theright handsideof
theinequality� � � | �qW � `r ^ P _ ` � X a W�\ } � g?] � � � w UUUU | ^ P _ ` � X a W�\ } p P ��W8]	g UUUU � Pr xtendsto 1 for �E��� , whichcompletestheproof of Lemma6(a).

Next, we turn to theproof of Lemma6(b). Since � � � H I1J W �?  ^ P _ ` � X a W \o� � , it
follows that thereexistsa constant¡ suchthat � � � W ��  �!� � X � W ��¡ \8l � . By condi-
tions(a)and(b) of Definition2, it followsthatfor sufficiently smallsizeof thetest,the
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critical valueof thetestexceeds¢ ; as £!¤ ¥?¦ §q¨*©	¢ ª is anupperboundto thepower of
thetest,it follows that thepower of thetesttendsto zeroas «h¬®­ . This completes
theproofof Lemma6(b). ¯
Proof of Lemma 7 Introduce° ¨z±.² ³E´ µ ¶ ·¸�¦ ¹�ª º�» ´ ·§�¨�¼ °8½¨ ±4¾ ¤ ¿�À¾qÁ
Sinceboth

° ¨?Â	Ã and

° ½¨ Â	Ã belongto Ä1Å , it followsby thethird factmentionedafter
Definition1 that ² ³E´ µ ¶ ¸�¦ ¹�ª º�» ´ §q¨ Â	Ã ± ° ¨ °8½¨ Â�Ã8Æ Ä Å Á
Since Ç È Éz¤ Ê Ëq¹ » ´ ¸ ¦ ¹�ª;±.Ç È Éz¤ Ê Ëq¹ » ´ ·¸�¦ ¹�ª ¿�¾ ¤z©�Ì [both Ç È Éz¤ Ê Ë�¾ ¤ and Ç È Éz¤ Ê Ë�¹ » ´ ·¸�¦ ¹�ª are
positive], theteststatistic§ ¨ satisfiescondition(c) of Definition2. Thiscompletesthe
proof of Lemma7. ¯

Beforeturningto theproofof Lemma8, wefirst stateandprovetheauxillaryresult
Lemma10.

Lemma 10 AssumeCondition3 holds,andlet Í;ÎoÏ4Í bea collectionof probability
measures.Define ¾ ¤ Ð ¨ by ¾ ¶¤ Ð ¨ ±4Ñ Ò1Ó�Ô Õ Ö × ·Ø ¨ Ð Ù�¦ Ú�¼ Ú�ª , where·Ø ¨�Ð Ù�¦ Ú�¼ Ú�Û ¹�ª!±BÜ » ´qÝmÞ1ß(à�á Â ÚÜãâ?ä ¶�å ¨�æ ¦ á Û ¹�ª ç á Â Ü*²!·å ¨�Ð Ù�¦ Ú�ª º ¶ ¼·å ¨�Ð Ù�¦ Ú�Û ¹�ª�±BÜ » ´qÝ	ß à á Â ÚÜ â å ¨ æ ¦ á Û ¹�ª ç á ¼
and

å ¨ æ ¦ Ú�Û ¹�ª is the derivativeof è�¨�æ ¦ Ú�Û ¹�ª . If there exists a constant ¢ é such that¢ é ¾ ¶¤ Ð ¨*ê Ã for every £ Æ ÍzÎ , thenthereexist positiveconstants¢ ë –¢ ì such thatÑ Ò1Óí Õ î�ï £B² Ü;ð ¾ ¤ Ð ¨ ¿�À¾ Â�Ã ð�©�³ » ´ µ ¶ ñ ºzò4¢ ëqó ô Ó8õ Â ¢ ö ñq÷
for Ì*ø ñ øm¦ Ã?ù ¢ ì Üqª ¶ ³ .

Proof of Lemma 10 Asß àqúzû Ð ü%Â ÚÜýâ ± Â Ü » ´�Ý Ã�þ ÿ�� � � ��� � ß ½ àqá Â ÚÜãâ ç á Á
[see(29) in Hjort andKoning(2001)],we maywrite�å ¨1¦ Ú�ª�± Ã³ Ü ¨	û 
 ´ � �	ü 
 ´ ß à ú û Ð ü Â ÚÜ â ± Â Ã³EÜ ¶ ¨	û 
 ´ � �	ü 
 ´ Ý Ã þ ÿ�� � � ��� � ß

½ à á Â ÚÜ â ç á Á
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Similarly, wehave
����� ��� ��� ������������ ��� � � !�"$#&%'(� �)* + , -/.)0 + , 13254�6 * 087 ��:9$; "# 7=<'(� " �)* +�, -/.)0 + ,�> %�? @ . A B C�D E 2 4�F 7 ��G9 2IH 4 F 7 ��G9KJ F�L
Integrationby partsyieldsM� ��� � � ��� ��N O������P� M� � � � � ��N O�� ! " # 7 < ��Q " >�R � S � F N O�� 2 4�F 7 ��G9 2 H�4 F 7 ��G9KJ F �M� ��� � � � �8# 7 ��Q " >�R � S � F N O�� 2 H�4�F 7 ��G9KJ F3L (20)

Introduce T � #U' , V "�W X3YZ [ \ ]_^^^^^^
'(Q , �)* + , -/.)0 +�, % ? @ . A B C�Z E 7 R � S � ��N O�� ^^^^^^ LSinceCondition3 implies

>a` 2 H � b � ` J bIced " � < > 2 � b � ` 2 H � b � ` J bIced "" �
and W X3Y Z [ \ ] M� ��� ��� � �gfUd " h � by (20),wemaywrite� ^^^


i " 7 i "j � � ^^^
fa� W X3YZ [ \ ] ` 
����� ��� ��� � � 7 M�3� � ��� ��� ��N O�� `f < d " T � , �U� T � , � " � T � " �fek�d " T � , � T � " if

T � , fed " �
where T � , #a� W X3YZ [ \ ] ^^^
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Hence,weobtain r_sss tu�v8w�u�vx y z sss�{}| ~�� v � v �(��� � v � z if � z { �(� � v � (21)

Since
| ~ � � � v sss tu v w�u vx y z sss�{e�

impliessss | tu3��u x y z � v w�� sss�{�| u x y z � �3v sss tu v w�u vx y z sss�{U� v� sss tu v w�u vx y z sss�{�����
and

sss � ��� � v we� sss is boundedby ��� � we� � for
��� �� , it follows that� u x y z � tu_we� � { � sss | tu3��u x y z � v w�� sss�{�| ~ � � � v sss tu v w�u vx y z sss if

| ~�� � � v sss tu v w�u vx y z sss�{e� �
(22)

Combining(21)and(22)yieldsr � u x y z � tuKw�� � {�| � � v � � � v �I�3� � v � z if �(��� � v � z { �$� � r | � � v � � � �3v �
As � �3�� � ��� | � zK�e� � {U~� �¡ ¢ �¤£ w ~ � v ¥
for every ���e¦ by Inequality1,Lemma10now follows[take

� §$¨U~� 
,
� ©$¨a~ � | � � v � � � v

and
� ª$¨e� � | � � v � � � v ]. «

Proof of Lemma 8 Define u x y z and ¬­ z y ® | � � � � as in Lemma10, and define u x byu vx ¨ � �3�3¯ � ° ± ­ x y ® | � � � � , where­ x y ® | � � � � ¨ r ���g²�w ~ r ����³ | ´¤µ | ¶3· ¸ � �3¹ ² ¶ w �rGº ¹I» ² ¶ w �rGºK¼ ¶ º
½e¾ r �3��³ | ´_µ | ¶�· ¸ � ��¹I» ² ¶ w �rGº ¼ ¶ ¿3v À �

Observe that (15) yields that u x tendsto u Á as
¸

tendsto zero. Thus,we maychoose¸ µ µ �e¦ soasto satisfy u ���x {U~�� Â
for ¦PÃ ¸ Ã ¸ µ µ

.
As u x � tu maybewrittenastheproductof Ä z ¨ u x ��u x y z and Ä »z ¨ u x y z � tu , it suffices

to show thatboth � Ä z we� � and � Ä z we� � belongto Å3Æ .
We startby showing that � u x y z � tu_we� ��ÇIÅ3Æ . Applying Lemma10 with È µ ¨}É � x$Ê¦KÃ ¸ Ã ¸ µ µ Ë

and
� � ¨a~ � Â

, yieldsthatfor every Ì ��¦ thereexists Í$Î suchthat� x8Ï � � � v ¸ � u x y z � tuKw�� � � Í Î Ð { � x8Ï � � � v ¸ µ µ � u x y z � tu_we� � � Í Î Ð Ã Ì
for every ¦�Ã ¸ Ã ¸ µ µ

. It follows by the last fact mentionedafter Definition 1 that� u x y z � tuKw�� � belongsto theclassÅ Æ .
Next, we turn to verifying that � u x ��u x y z we� ��ÇIÅ3Æ . Sincer ����³ ´ z Ñ | ¶ � ¹ » ² ¶ w �rGº ¼ ¶�{e� v �
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wemaywrite ÒÒÒ Ó�ÔÕ Ö ×�Ø Ó�ÔÕ ÒÒÒ�ÙqÚÛIÜ�Ý Þ Ô ß ×�à�áUâ ß × à ã Ô á ß × Ô ä$å
where ß × àgæeç è3éê ë ì í

ÒÒÒÒ ÚÛPî â ï�× ð â ñ�ò ó�ã Ø ï¤ô â ñ�ò ó�ã ã�õIö�÷ ø Ø ñÛGùKú ø
ÒÒÒÒÙ Þ Ô ç è3éê ë ì í_û ï ×�ð â ñ�ò ó�ã Ø ï ô â ñ�ò ó�ã û å

ß × Ô æUç è3éê ë ì í
ÒÒÒÒ ÝÛPî â ï�×�ð â ñ�ò ó�ã Ø ï¤ô â ñ�ò ó�ã ã�õ5÷ ø Ø ñÛGù õIö�÷�ø Ø ñÛGùKú ø

ÒÒÒÒÙ Þ ÔÔ ç è3éê ë ì í û ï�×�ð â ñ�ò ó�ã Ø ï_ô â ñ�ò ó�ã û ü
Observethat(2) yieldsthatboth

ß ×�à and
ß × Ô belongto ý3þ , whichyields

ÒÒÒ Ó ÔÕ Ö × Ø Ó ÔÕ ÒÒÒ�ÿý3þ . Since â � Þ � ã Ô ÒÒÒ Ó ÔÕ Ø Ó ÔÕ Ö × ÒÒÒ�Ù � impliesÒÒÒ â Ó Õ Ö ×�� Ó Õ ã Ô Ø Ú ÒÒÒ�ÙUÓ��3ÔÕ ÒÒÒ Ó�ÔÕ Ø Ó�ÔÕ Ö × ÒÒÒ�Ù � Þ Ô� ÒÒÒ Ó�ÔÕ Ø Ó�ÔÕ Ö × ÒÒÒ�Ù��	 å
and

ÒÒÒ ñ � à 
 Ô Ø Ú ÒÒÒ
is boundedby � û ñ Ø Ú û for ñ�� à	 , it follows that

û Ó Õ � Ó Õ Ö × Ø Ú û Ù �
ÒÒÒ â Ó Õ Ö ×
� Ó Õ ã Ô Ø Ú ÒÒÒ�Ù â � Þ � ã Ô ÒÒÒ Ó�ÔÕ Ø Ó�ÔÕ Ö × ÒÒÒ if â � Þ � ã Ô ÒÒÒ Ó�ÔÕ Ø Ó�ÔÕ Ö × ÒÒÒ�Ù � ü

Hence,

ÒÒÒ Ó ÔÕ Ø Ó ÔÕ Ö × ÒÒÒ�ÿ ý3þ implies û Ó Õ � Ó Õ Ö × Ø Ú û ÿ ý3þ , which completesthe proof of
Lemma8. �
Proof of Lemma 9 Let � ô be the valueof � that maximizes Ü������� â � ã �Kâ � ã ú
� â � ã ä Ô .
Then � à is boundedby Ü ��� ���� â � ã �Kâ � ã ú
� â � ã ä Ô� ��� �� â � â � ã ã Ô ú�� â � ã Ø�� ��� ���� â � ã ú�� â � ã � Ô� ü
By a Cauchy-Schwarz argumentas in the Appendixof Hjort andKoning (2002), it
follows that � à is boundedbyî � ��"! �_â � ã # Ô ú
� â � ã Ù î à�$! �Kâ � ã # Ô ú�� â � ã ü
Since î �� â �Kâ � ã ã Ô ú�� â � ã Ø !�% â � ã # Ô Ù î à� â �_â � ã ã Ô ú
� â � ã å
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it follows that & '�(�) *
+ , - . /�0
1 ),32 452 6 7 7 8:9
;<2 6 7 = 8& '�(�) *�+ , - . /
0 1 ),>2 4?2 6 7 7 8:9�;@2 6 7�AB2 CD2 E 7 7 8 =GFIH ., 2 4?2 6 7 7 8J9
;<2 6 7 K
whichconcludestheproof of Lemma9. L
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Figure1: Plotsof relativeefficiency N O�P�N opt versusQ@R SUT in “at mostone”
changepointexample,where V is V Kol [solid line], V CvM [dashedline] orV AD [dottedline]. Here S denotesthelocationof theabrubtchange.Test
statisticsinvolving V Kol aresuperiorto teststatisticsinvolving V CvM. Test
statisticsinvolving V AD outperformteststatisticsinvolving V Kol if Q@R SUT>WX�Y Z [�X

or Q<R SUT<\ X�Y ]
[�X .
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Figure2: Plotsof relative efficiency ^ _�` ^ opt versusa<b cUd in linear trend
example,where e is either e Kol [solid line], e CvM [dashedline] or e AD

[dotted line]. Here c denotesthe location where the linear trend first
emerges.Teststatisticsinvolving e AD aresuperiorto teststatisticsinvolv-
ing e Kol, andoutperformtest statisticsinvolving e CvM if either a@b cUdGfg�h i j
k

or a<b cUd<l g�h m�n
g .
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Figure3: Plotsof theratio o p�q
r o s t u v w x versusy for z|{�}�~ �
� }�~ �
� ~ ~ ~ � �
~ � .
The lowestcurve correspondsto z${�}�~ � . For valuesof y between0.06
and1, teststatisticsderivedfrom themonitoringprocess��� t � u v w x�� � � �U� are
moreefficient thantheir counterpartsderivedfrom ��� � � � �J� .
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Figure4: Time seriesplot of high tide seawaterlevel at Vlissingen,The
Netherlands.A total numberof 73397high tide seawater levels were
recordedduring the measurementperiodstartingat January1, 1882and
endingat December31,1985.Thedataweregroupedin 104subsamples,
eachcoveringonecalendaryear.
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Figure 5: The monitoring process���:� � � �U� for fixed � , seawater level
data.Thedottedlinesandthesolid line aretheresultsof “scanning”the
monitoring process� � � � � �U� along the dottedlines in Figure 4 and the
line ����� opt ��� ����� ��� , respectively. The quadraticshapesreveal the
existenceof a linear trend in the cumulative distribution function of the
seawaterlevels.
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Figure6: Themonitoringprocess����� � �   ¡ ¢ £ ¤ ¥ ¦U§ for fixed ¦ , seawaterlevel
data.Thedottedlinesandthesolid line aretheresultsof “scanning”the
monitoringprocess� ��� � �   ¡ ¢ £ ¤ ¥ ¦J§ alongthedottedlinesin Figure4 andthe
line ¦�¨�¦ opt ¨ª©�«�¬�­ ®
¯ , respectively. The quadraticshapesreveal the
existenceof a linear trend in the probability densityfunction of the sea
waterlevels.
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Figure7: Timeseriesplot of theannualseawaterlevel maximaatVlissin-
gen, The Netherlands,1882–1985. Clearly visible are two important
eventsin theDutchfight againstthearch-enemy:the “watersnoodramp”
of 1953caused1835deathsin afloodedareaof around1500squarekilo-
metresin the south-westernpart of the Netherlands;the storm surge of
1916causedhugedamageto the surroundingsof theZuiderZee. These
two nationaldisasterspromptedthe constructionof the Delta works and
theIJsselmeercauseway, respectively.
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Figure8: The monitoringprocess°�±:² ³ ´ µU¶ for fixed µ , annualseawater
level maxima.Thedottedlinesandthesolid line aretheresultsof “scan-
ning” the monitoringprocess° ± ² ³ ´ µU¶ alongthe dottedlines in Figure7
andthe line µ$·�µ opt ·�¸�¹ º�» ¹ , respectively. Theangularshapesaround
1952suggesttheexistenceof anabruptchangein thecumulativedistribu-
tion functionof theannualseawaterlevel maxima.
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Figure 9: The monitoring process¼�½�¾ ¿ À Á Â Ã Ä Å Æ ÇUÈ for fixed Ç , annualsea
water level maxima. The dottedlines and the solid line are the results
of “scanning”themonitoringprocess¼�½ ¾ ¿ À Á Â Ã Ä Å Æ ÇJÈ alongthedottedlines
in Figure7 andthe line ÇBÉ�Ç opt ÉËÊ Ì
Í�Î Ê Ï , respectively. The angular
shapesaround1950 in the upperpart of the plot [which correspondsto
the lower seawater levels] suggestthe existenceof an abruptchangein
theprobabilitydensityfunctionof theannualseawaterlevel maxima.In
the lower part of the plot the valueof 0.02552is attained,which is just
significantat the5% level accordingto the“bootstrapplot” in Figure10;
the quadraticshapesin the lower part [which correspondsto the higher
seawater levels] suggestthe existenceof linear trend in the probability
densityfunction.
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Figure 10: Normal probability plot of 200 bootstrapreplicationsofÐJÑ
Kol Ò Ó�Ô Õ Ö × Ø Ù Ú , annual sea water level maxima. The critical value ofÐ Ñ
Kol Ò Ó Ô Õ Ö × Ø Ù Ú at the 5% level is estimatedto be 0.02548,the “value” of

the normal probability plot correspondingto a normal scoreof Û
Ü Ý
Þ
ß .
Thedottedline indicatesthevalue0.0360takenby the teststatistic.Ac-
cordingto thetheoryin paragraph3.5,thenormalprobabilityplot should
becomelinearfor largervaluesof thenormalscore.As onemayinterpret
the locationwherethenormalprobabilityplot exceeds0.0360asanesti-
mateof the“ à -score”correspondingto theattainedsignificancelevel, the
plot showsthat0.0360is indeeda highly significantvalueof

Ð Ñ
AD Ò Ó�Ô .


