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Abstract

In this papemwe studystochastigprocessewhich enablemonitoringthe pos-
sible change®f probability distributions over time. Theseso-calledmonitoring
processesarebivariatefunctionsof time andpositionat the measuremergcale,
andin particularbe usedto testthe null hypothesiof no change:onemaythen
form Kolmogora—Smirnas or othertype of testsasfunctionalsof the processes.
In Hjort andKoning (2001) Crarrértype deviation resultswere obtainedunder
the constang null hypothesidor [bootstrappedrersionsof] such“derived” test
statistics.

Herethe behaiour of derived teststatisticsis investigatedunderalternatves
in the vicinity of the constang hypothesis.Whencombinedwith Cranértype
deviationresultstheresultsin this paperenablehecomputatiorof efficienciesof
the correspondingests.Thediscussiorof someexamplesof yield guidelinesior
the choiceof theteststatistic,andhencefor the underlyingmonitoringprocess.

1 Intr oduction and summary

Assumethatindependentlataare availablefor eachof n consecutie occasionsper
rreqporreacsUrementst somequantitytaken on separatelates. The null hypothesigo

betestedhereis thatof
H()IFl:FQ:...:Fn, (1)

where F; is the cumulative distribution function specifyingthe distribution of data
Xi1,- .-, Xim; Onoccasioni. We shallreferto X, 1,..., X;m, asthe:®™ subsample.
Togetherthesubsampletorm thefull sample.
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Onemay think of (1) asthe hypothesighat an infinite dimensionalparamete’
remainsconstantin this perspectie, F; is thevalueof F in thei?* subsample.

We shall denotethe sizem, + ... 4+ m, of thefull sampleby m. Althoughit is
not reflectedin notation,notethatm dependson n, andtendsto infinity asn tends
to infinity. The subsamplesizesm,; areallowedto be random,andare corveniently
representedly therandomprobability measure

[n]
pa(t) =m™' > my;, t€0,1].
i=1

Undertheassumptiorthaty,, (t) corvergesto adeterministidunctionu(t) in some
predescribethannerasn — oo, null hypothesigheoryfor stochastigrocessewhich
enablemonitoring(1) is presentedn Hjort andKoning (2001);in particular Komlos-
Major-Tusrady type inequalitiesare employed to obtain deviation resultsfor [boot-
strappedrersionsof] teststatisticsbasedn thesemonitoringprocessesin the sequel
we shallreferto thesestatisticsas“derivedteststatistics”.

In this paperwe develop “local alternatvestheory”; thatis, theory for the be-
haviour of the monitoring processesinderalternatvesin the vicinity of the null hy-
pothesis.In combinationwith null hypothesigheoryasin Hjort andKoning (2001),
the local alternatvestheory enablesus to assesshe ability of a monitoring process
to detectdeparturedrom the null hypothesis. In fact, we shall investigatethe per
formanceof a derivedteststatisticby evaluatingvarious“local” efficiency measures
which pertainto the behaiour of thepower curvein thevicinity of thenull hypothesis.

Local efficiency measuresre typically usedas a selectiondevice for statistical
tests,asfor arny two testswhich differ in efficiengy thereis a vicinity of the null hy-
pothesisn which the moreefficient oneis more powerful thanthe lessefficient one.
For an enthusiastiaeview of the role of efficiency measuresn the developmentof
nonparametristatisticswe referto Nikitin (1995).

In orderto computethe variouslocal efficienciesin a unified manney we first
shaw thatthe derivedteststatisticsatisfiesConditionlll * in Wieand(1976)[cf. Defi-
nition 2(c)in Section3]. Thecombinatiorof amoderataleviationresultunderthenull
hypothesisand Conditionlll * in the vicinity of the null hypothesisenableghe com-
putationof limiting [as the alternatve approacheshe null hypothesisljapproximate
Bahadurefficiengy, limiting [as the size of the testtendsto zero] Pitmanefficiency,
andweakasymptotici-efficiengy. Moreover, replacingthe moderatedeviation result
by a Cramer type deviation result[Chernof type deviation result] yields asymptotic
i-efficiency [strongasymptotid-efficiency].

Following inspectionof the structureof the evaluatedefficiengy, we formulate
guidelinesfor constructinghighly efficient derived tests. Indirectly, theseguidelines
shedlight on the performancef theunderlyingmonitoringprocessaswell.

The outline of the paperis asfollows. In Section2 we introducethe monitoring
processesandstudytheir behaiour underalternatvesin the vicinity of the null hy-
pothesis.In Section3 we usethe resultsof Section2 to computelocal efficienciesof
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deriedteststatistics. In Section4 the methodsare appliedto seawater level data.
Proofsaregatheredn Section5.

2 The alternative hypothesis

2.1 Notation and preliminaries

In this sectionwe assumehat the cumulatve distribution functions 3, . . ., F;, are
not equalto eachother but insteadcoincidewith then® row E,,(+;d), ..., Fru(+;6)
of atriangulararrayindexedby § > 0. Let P the classof all probability measures
underconsiderationlt is convenientto think of F,;(+; ) asthecumulative distribution
functionbelongingto the:** subsamplet stagen underthe probabilitymeasureP; €
P /Py, whered indicateshedistanceof thealternatie to the null hypothesisThenull
hypothesids assumedo correspondo § = 0, and Ps “approachesP, asd tendsto
zero.

In this sectionwe provide approximationof the monitoring processesinderthe
alternatve hypothesiswhich hold true in the vicinity of the null hypothesisthatis,
thereexists a 6* > 0 suchthatthe approximationholdstruefor 0 < § < ¢*. In
particular ourintentionis to shawv thatthe non-ngative randomvariablesA,, govern-
ing the approximatiorbelongto a certainclassC,. This class,which wasinspiredby
Conditionlll * in Wieand(1976),is definedbelow.

Definition 1 A sequenc®f randomvariablesA,, is saidto belongto the classC, =
C. ({Ps : 6 > 0}) [notation: A, € C,] if there existsa positiveconstanty* sud that
for everye, €2 > 0 there existsa constantC, ., > 0 sud that

P(; (|An| > 61) < €9
forall 0 < & < §* andn sud thatm!/25 > C., ,.

Thefollowing factsmayfacilitatecomputations.

e If A, € C,, andif thereexists a universalpositive constantc suchthat A], <
cA,, thenAl, € C, [take C¢, .. equalto C, /., ].

1,€2

e If A, €C, andA/, € C,, thenA,, + A}, € C, andA, A} € C,.

o If A, =Y, —1] € C, andA!, = |Y! —1| € C,, then|Y, Y, — 1| € C, [as
followsfrom |Y,.Y, — 1| < A, + Al + A, AL

¢ [Wieand(1976)]If for everye > 0 thereexistsC, > 0 suchthatP; (A, > C¢) <
€, then (m1/25)_1 A, €C,.
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Theresultsof thispaperdependor alargepartonthewayin whichthe F,,;’ sdiffer
from the“average”cumulatve distribution function

Fo(z;8) =m™ > miFn(x; 0)
i=1

[andthusontheway in whichthe F;,;’ s differ from eachother]. UnderCondition1 the
differencedetweerthe F;,;'sis corvenientlydescribedy thefunction D(t, z; §).

Condition 1 Thek existsa functionD(t, z;6), t € [0,1], z € IR, sud that

[n]
sup sup |(md) ™" Y. m; {Fni(z; ) — Fp.(z;6)} — D(t, ;)| € C,.
i=1

tc[0,1] z€R

If thereexistsa cumulative distribution function £*(x; §) suchthat

0~ sup |Fy (23 6) — F*(;0)| € C, ()
z€eR

[asis oftenthe case] thenfor theverificationof Conditionl it sufiicesto show that

[n]
sup sup |(mé) ™" > m; {Fpi(z;8) — F*(;0)} — D(t,2;0)| € Cy;
i=1

te[0,1] z€R

obsenethatin thesecircumstancesve have D(1, z; 6) = 0 for everyz € IR.
In the procesof verifying Condition1, it is oftennecessaryo show that

sup_|un(t) — u(t)| € Ca, ®3)
t€[0,1]

If thedistribution of m /% sup,c(o 17 |1n(t) — 1(t)| remainsboundedn probability, uni-
formly in P € P, then(3) holdsasa consequencef thefourthfactmentionedollow-
ing Definition 1.

Thefunction D(t, z; 6) describeshenatureof the departurérom the null hypoth-
esis. For instancejf underF; thereis a suddenchang€[for ¢ = -y, say]in the value
of the cumulative distribution functionin z, then D(, z; 6) is proportionalto the tri-
angularfunction with value —(1 — y)u(t) for 0 < ¢ < v and~y(u(t) — u(1)) for
v < t < 1. Ontheotherhand,if underP; thereis alinear[in u(t)] trendpresenin
thevalueof thecumulatve distribution functionin z, thenD(t, z; ¢) is proportionalto

p(t) (u(1) = u(?)).



Constany of distributions: asymptoticefficiency 5

2.2 Someexamples

In this paragraplwe discusgwo examplesof practicalinterest.The exampleshavein
commonthatthereexists a cumulative distribution function £ which is contaminated
by a cumulative distribution F, with probabilitydv(i/n). Thefunctionwv(t) describes
how the degreeof contaminatiorvariesover time, and indicatesthe overall magni-
tudeof contaminationThatis, we have

FLi(z;0) = Fo(z) + 6v(i/n) (F.(z) — Fo(z)) 4)

fori = 1,2,...,n. To ensurethatdv(i/n) indeedis a probability, we shallassume
that0 < dv(t) < 1forevery0 < ¢ < 1. Define

[ni] t ¢
vn(t)=m—1;miv(¢/n)= /0 v(8)dun(s), V(1) = /0 v(s)du(s).

Obsene thatthe cumulative distribution function
F*(z;6) = Fo(z) + 6V (1) (Fe(x) — Fo(z))

satisfies

]
m~ ; {Fri(z;0) — F*(2;0)} = 0{Va(t) = V(1)un(8)} (Fe(z) — Fo(z)) -

Hence|f
sup [Vo(t) = V(t)| € Ca,  sup |pa(t) — pu(t)| € Ca,
t€[0,1] t€[0,1]
thenCondition1 holdswith
D(t,z;6) = W(t) (Fe(z) — Fo(z)),
where

W(t) = /Ot {v(s) = V()}du(s) = V(1) = V(D)u(®).

Plotsof D(t, z; §) versug all exhibit thesameshapedeterminedy W (t). Theshape
may reveal straightlines [indicating thatv(¢) remainsconstanton the corresponding
time interval], curvature[indicating a graduallychangingu(t)] or angles[indicating
abruptchangesn v(t)].

Example: “at most one” change-point The first exampleis the “at most one”
change-poinproblem,well studiedin literature[seeCsdrgd andHorvath (1997)]. In
this examplewe have that the changepoint marksa suddenshift, sayfrom Fy(z) to
F(xz;0). If

F(z;0) = Fo(z) + 6 {Fu(z) — Fo(x)},
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thenwe have that(4) holdswith

o ift <y,
W@—{1iu>%

whichyields

_ [ _ )@= p(y) ift <y,
) = [ ={ 1O 1057
If sup,e(o,1 [1n (t) — p(t)| € Ca, thenCondition1 holdswith
D(t,z;8) = W,(t) (Fe(z) — Fo(z)),

as sup;ep,q |Va(t) — V(t)| € C, automaticallyholds due to the fact that v, (t) is
boundedoy 1.

Example: linear trend In this examplewe have that the changepoint marksthe
onsetof atrend,linearlyin u(t). Hence we have that(4) holdswith

_ 0 ift <7,
wlt) = { u(t) — pu(y) ift>n,
whichyields
B () (L= p(r))? i<,
W“ﬂ‘{émw—uwW—gmwa—Mﬂfiu>m

If sup,epo,1 [1n (t) — p(t)| € Ca, thenCondition1 holdswith
D(t,2;0) = 6~ W, (t) {F(z;0) — F(z;9)),

as supyepo 1y |Va(t) — V(¢)| € C, automaticallyholds due to the fact that v,(t) is
boundedoy 1.

2.3 The basicprocess

In this paragraptwe investigatethe asymptoticbehaiour of the basicprocessunder
fixedalternatvesin thevicinity of the null hypothesisDefine A,,(t, z; 6) by

Atz 8) =m 2 Y Z (1{X”<w} n.(z;é)) te€0,1], z € IR. (5)
i<[nt] j=1
Definition (5) coincidesfor § = 0 with the definition of the basicprocessA,, (¢, z) in
Hjort andKoning (2001).
Theoreml is our key resultunderthe alternatve hypothesis Its proofis deferred
to Section5.
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Theorem 1 If Condition1 holds,then

(m1/25)_1 A, (t,z;0) — D(t, x; 6)| € C,. (6)

sup sup
te[0,1] z€R

2.4 Monitoring cumulative distrib ution functions
Let

1 &

Fi(z) = me Z Lix; ;<a}

K3 j:l
bethe empiricalestimatorof F'(z) in thes®" subsampleandlet

n m;g

Fo(z) = — Zmzﬁ’z(z) = %Z Z Lix; j<a}

i=1 j=1

be the empiricalestimatorof F'(z) in the full sample.Lemmal in Hjort andKoning
(2001)impliesthatunderthe null hypothesig1) the process

my i
Ba(t,z) = %;m (Fi(z) - Fu(@)), telo,1, ze R, 7)

convergesin distribution to a zeromeanGaussiamprocesswith covariancefunction
{u @A) — p(@u)} {Fo (2 Aa') - Fo(z)Fo(a')}.

In this paragraphwe investigatethe asymptoticbehaiour of the monitoringpro-
cessB, (t, z) underfixedalternatvesin thevicinity of the null hypothesis.

Lemmal If Condition1 holds,then

sup sup
tc[0,1] z€R

(m1/25)_1 B, (t,z) — D(t,z;6)| € C,. (8)

Lemmal shows that the behaiour of B,(t,z) undera fixed alternatve in the
vicinity of thenull hypothesiss largely determinedby m'/26 D(t, z; §). This suggests
thatplots of B, (¢, z) versust andz may containimportantinformationwith respect
to the natureof the departurdrom the null hypothesisln particular plotsof B, (t, x)
versug for fixedz mayrevealstraightlines[indicatingthatthevalueof F'(z) remains
constanthroughouthecorrespondingime interval], curvature[indicatingagradually
changingvalueof F'(x)] or angledindicatingabruptchangesn thevalueof F'(x)].

Lemmaz2 in Hjort andKoning(2001)impliesthatunderthenull hypothesig1) the
proces<’,(t, z) definedby

Co(t, 7) = L(t) By (t, 7) — /Ot Bu(s,z)dL(s), te[0,1],ze R (9)
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convergesin distributionto a zeromeanGaussiamprocessvith covariancefunction

{ [ Lwrdn) - [yt [

Lemma2 extendsLemmal to theweightedmonitoringproces<",, (%, x).

!

L(v)du(v)} (Flan ) - Fa)F(@')}

Condition 2 The existsa finite constanic; > 0 sudthat L(¢) is boundedy¢;, and
hasvariation boundedy ;.

Lemma?2 LetL(t) satisfyCondition2, anddefine
t
L x D(t,z;6) = L(t)D(t,x;0) — / D(s,z;0) dL(s).
0

If Condition1 holds,then

sup sup (ml/Qé)_1 Cn(t,z) — L * D(t,x; 5)‘ € C,.

te[0,1] z€R

2.5 Monitoring probability density functions
Let

fla) = S (P

mzh j=1
bethekerneldensityestimatoiin subsample, andlet
fn r\Z Y Z Z K ( ) Z mzfz
i=1 j=1

bethe full samplekerneldensityestimatorunderthe null hypothesiq1); here, K (z)
is asymmetricdensity andh a smoothingparameter

Condition 3 The kernel function K (z) is a symmetricprobability densityfunction
satisfying
/|K’(IE)| dz < ¢,

wheee K'(z) denoteghederivativeof K (z), andc, is a finite constant.

Lemma3 in Hjort andKoning(2001)impliesthatunderthenull hypothesig1) the
monitoringprocess

g )
Bn,h(ty IE) = h1/2m_1/2 Zmz (fz(x) - fn,h(x)) , TE [07 1]7 S 1R7
i=1
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convergesin distribution to a zeromeanGaussiamprocesswith covariancefunction
{w @ AT) — p()u(')} on(z, 2'), where

o) =17 [ (“50) K (F5F) b = R @ER ()

where
Efm) =n" [ K (” - ‘"”) fo(w)do = [ K(u)folw + hu)du.
Onemay interpretoy, (z, z') /h asthe covariancefunction of the full sampleestimator
fun(z) underthe null hypothesig1).
In this paragraphwe investigatethe asymptoticbehaiour of the monitoring pro-
cessB,, i (t, ) underfixedalternatvesin thevicinity of the null hypothesis.

Lemma 3 If Conditionsl and 3 hold, then

h'? sup sup
te[0,1] z€R

(m1/25)_1 Bn,h(ty IE) - h1/2Dh(t7 €T 6)‘ € Ca’ (10)

whele
v—

h

Dy(t,z;0) = —h_Q/K' ( ) D(t,v; 6)dv.

Lemma3 shaws that the behaiour of B, ;(t,z) undera fixed alternatve in the
vicinity of thenull hypothesiss largely determinedy (mh)'/26 Dy, (¢, z; §). Similarto
plotsof B, (t, z) discusseearlier plotsof B,, 1 (¢, «) versug for fixedz mayrevealthe
natureof thedeparturdrom the null hypothesisstraightlinesindicatethatthevalueof
f(z) remainsconstanthroughouthe correspondingime-intenal [here f denoteghe
probabilitydensityfunctionbelongingto F], curvatureindicatesa graduallychanging
valueof f(x), andanglesndicateabruptchangesn thevalueof f(z).

For a sequenc®f bandwidthsh,, tendingto zero,the situationis lesssimpledue
to the irregularasymptoticbehaiour of V,, (¢, z; 0) stemmingfrom the structureof
ooz, 2").

Lemma4 in Hjort andKoning(2001)impliesthatunderthenull hypothesig1) the
weightedmonitoringproces<C,, 1 (t, z) definedby

t
Ca(t,) = L) Ba(t,5) = [ Bup(s,2)dL(s), te[0,1, s € R (11)
0
cornvergesin distributionto azeromeanGaussiarprocesswith covariancefunction

{ [ L0dut) - [ Le)an) [

Lemma4 shavsthattheresultsfor B, ,(t, x) extendto the procesC,, (2, z).

!

L(v)d,u(v)} on(z,7').
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Lemma4 Let L(t) satisfyCondition2, anddefine
t
L % Dy(t,x;8) = L(t)Dy(t, z;6) — / Dy (s, z;8) dL(s).
0
If Conditionsl and3 hold, then

sup sup ‘(mmé)_l Crn(t, ) — W2 % Dy (t, ;0)| € C,.
te[0,1] z€R

3 Testsof constancy

3.1 Notation and preliminaries

In this sectionwe show thatthetheoryof the previoussectionis relevantfor verifying
whethera sequencef teststatisticsT;,, basedon eitherC,, or C,, ,, may be classified
asa Wieandsequenceand/ora weakKallenbeg sequenceWieandsequenceallow
thecomputatiorof limiting [asthesizeof thetesttendsto zero]Pitmanefficiencgy, and
weakKallenbeg sequenceallow the computationof weaki-efficiency. Throughout
this sectionwe shall assumehat the testbasedon a teststatistic’;, rejectsthe null
hypothesidor large valuesof T;,.

In the first instancewe shall restrictourselesto testingthe null hypothesisver-
susthe alternatve that P belongsto a pathof probability measureg Ps : 6 > 0} ap-
proachingP, € Py asé | 0. Restrictingthealternatve hypothesiss notuncommorin
efficiengy computationsFor instancejn Nikitin (1995),p. 106,p. 122,the Bahadur
efficiengy of nonparametritestsis computedby restrictingthe alternatve hypothesis
to asimplehypothesis.

Definition 2 A sequencef teststatisticsT,, is said to be a Wieand sequencef the
following threeconditionsare satisfied.

(a) For every P € P, the sequencd;, cornvergesin P-distribution to a random
variableT'.

(b) Thee existsa positiveconstantz sud that

lim y~2log sup P (T > y) = —a/2.
y—oo PePo

(c) Theeexistsa constant* anda functiond : IRt — IR sud thatfor everye; > 0
ande; € (0,1) there existsa constantC., ., suc that

b (‘(mlﬂb((s))_l T, — 1‘ > 61) < €9

forall 0 < & < §* andn sud thatm!/26(8) > C., ,.



Constany of distributions: asymptoticefficiengy 11

Typically, we have thatb(4) satisfiedims o 6716(8) > 0. If thisis indeedthe case,

then .
(m'?(6))  T.—1€C, (12)

implies Definition 2(c).

If T,, is aWieandsequencethenwe shallreferto a (b(5))* asthe Wieandslopeof
T,,. Thefollowing lemmais the compositenull hypothesisrersionof the simplenull
hypothesisgemmagivenin Wieand(1976),andfollowsfrom Theoreml in Kallenbeg
andKoning(1995).

Lemma5 LetT, and T’ betwo Weandsequencesiith respectiveslopesa (b(6))?
andd’ (b'(6))°. Supposéimgyg b(8) = limgye ¥'(6) = 0, andsupposehat thelimit

im 2O9)) (b(5))2 (13)
B o (00))

exists. Thenthelimiting [as the sizeof the teststendto zeio] asymptotidPitman effi-
ciencyof T,, with respecto T, exists,andis equalto thelimit givenin (13).

It shouldbe notedthatthe asymptoticPitmanefficiency of 7,, with respecto 7},
doesnotdependnthesizeor thepowerof thetestif both7,, andT; areasymptotically
normal. However, the teststatisticsthatwe areconsideringypically have nonnormal
limiting distributions,andhencethe asymptoticPitmaneficienyy may dependon the
power and the size of the test, which makes the conceptof Pitmanefficiengy less
attractve asa performanceneasureLemmab shownsthatby letting the sizeof thetest
tendto zero,we arrive at a criterion that doesnot dependon the sizeandthe power
arymore.

The Wieandapproacho efficiengy is basedon separatelyetting the size of the
testtendto zero,andthe alternatve tendto the null hypothesisin Kallenbeg (1983)
the conceptof asympotid-efficiency wasproposedin which bothoperationsareper
formedsimultaneously

Definition 3 A sequencef teststatisticsT;, is saidto bea Kallenbeg sequencd the
following two conditionsare satisfied.

(a) Thee existsa positiveconstants sud that

lim (y,) 2log sup P (T}, > y,) = —a/2 (14)

n—oo PEPO

holdsfor all sequences, sud thaty, — oo andy, = o (ml/ﬁ) asn — oo.

(b) Thee existsa positivefunctionb(§) suc that (ml/Qb(én))_1 T, tendsto 1 in
P, -probability for all sequences, suc thatés, — 0 andm!/2b(s,) — oo as
71 — OQ.
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Obsene that Definition 3(b) is implied by Definition 2(c) [sinced,, < ¢* and
m/2b(8,) > Cy «, eventually]. Recallthatif lims o 6716(5) > 0, thenDefinition 2(c)
isin turnimplied by (12).

Definition 3 is motivatedby LemmaZ2.1in Kallenbeg (1983),which usesthe no-
tion of Hellingerdistanceo identify sequences, for whichT;, is consistenunderp;,, .
Lemmab shavsthatif conditions(a) and(b) of Definition2 hold, we mayalternatvely
useb(d) itself to identify those“consistent”’sequencefasis donein Definition 3] if
the size of the testis sufficiently small. Moreover, Lemma6(a) implies thata Wie-
and sequencef teststatisticsis consistentunder P;, for all sequences, suchthat
0 < &, < 6* andm'/2b(6,) — oo asn — oo.

Lemma6 Supposehatthe sequenc®f teststatisticsT,, satisfiesconditions(a) and

(b) of Definition 2, andlet 6,, be a sequencsud that (m1/2b(6n)) - T, tendsto 1 in
P, -probability. Then

(@) if lim,_,o m*/2b(6,) = oo, thenT, is consistenunderP;, ;

(b) if lim sup,,_, ., m'/26(6,) < oo, thenthetestbasedon T,, is notconsistentinder
P, if its sizeis suficientlysmall.

If T,, is aKallenbeg sequencethenwe shallreferto a (b(6))* astheintermediate
slopeof T,,. If T,, andT! aretwo Kallenbeg sequencesith respectieslopes: (b(6))”
anda’ (b'(6))?, andif the limit limg;o a (5(8))? /' (1/(5))? exists, thenthe asymptotic
i-efficiengy of T;, with respecto T, is definedasthis limit.

Weakasymptotici-efficiengy, alsoproposedn Kallenbeg (1983),is a variantof
asymptotid-efficiency which replaceghe Cramér type deviation result(a) by a mod-
eratedeviation result: (14) shouldhold for all sequenceg,, suchthaty, — oo and
Yp = O ((10gm)1/2) asn — oo.

For the sale of completenessye mentionthat thereis also strongasymptotici-
efficiengy, which replaceghe Cranér type deviation resultby a Chernof type devia-
tion result: (14) shouldholdfor all sequenceg, suchthaty,, — co andy,, = o (m1/2)
asn — oo.

Lemmaé in Hjort andKoning(2001)andLemma? togethermprovide aframewnork
for verifying whethera sequencef teststatisticis Wieandand/orjweak] Kallenbeqg.
The sequencef teststatisticsis obtainedby standardizingninitial sequencef test
statisticsl}, by meansf arandomvariablei. Usingstandardizeteststatisticss quite
naturalin thelight of condition(b) of Definition 2(b) andcondition(a) of Definition 3.

Lemma7 Let{P; : 6 > 0} bea pathof probability measuesapproaching I € Py
aso | 0. Supposd;, and? satisfy(i) and(ii) below

(i) For everyd > 0 ther existsh(8) sudh that
(m'?5(8)) " Tn -1 €,
holds,andlimg, 6=5(8) > 0.
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(i) For everyd > 0 there existsy; sud that
|l/5/l) — 1| S Ca,
andlimgo v5 > 0.

ThentheteststatisticT,, = »~T,, satisfiescondition(c) of Definition 2 with b(8) =
b(8)/vs.

3.2 A generalapproachfor sublinear tests

In this paragraplwe briefly outline the verificationof the conditionsof Lemma?7 for
teststatisticshasedon themonitoringprocesse€, (¢, z) andCy, 5 (t, x).

Let D ([0, 1] x IR) denotethe spaceof real-waluedfunctionsdefinedon [0, 1] x
IR which are cadlagin both componentsandlet T : D([0,1] x IR) — IR* bea
functionalwhich is positive-homogeneoughatis, T'(c£) = ¢T'(¢) for every constant
¢ > 0 andevery ¢ € D([0,1] x IR)] andLipschitz [that is, thereexists a constant
c3 > 0 suchthat [T'(§) — T(&')| < cssupyeposupPLer €t ) — €' (2, )| for every
¢,€ € D([0,1] x R)].

If we set

T,=T(C,),

anddefineb(d) aséT (L = D(-,-;0)), thenit follows from Lemma2 that

‘(mlﬂé)_l T — 67'0(8)| < ¢3 sup sup
te[0,1] z€R

(m1/25)_1 Cu(t,z) — L+ D(t,x;0)| € Cy,

andhencecondition(i) of Lemma7 is satisfiedf lims o T' (D(:, z; §)) is positive.
Similarly, if we set

Tn =T (Cn,h) 5
anddefineb(d) aséh'/2T (L * Dy(-,-; 6)), thenit followsfrom Lemma3 andLemma4d
thatcondition(i) of Lemma?7 is satisfiedf lims o T (Dy (-, z; 0)) is positive. Again, it
only remaingto show thatcondition(ii) of Lemma? is satisfied.
3.3 Supremumtype tests

To illustratethe generalapproactdescribedn the previous paragraphye now verify
condition(ii) of Lemma? for the specialcasewhereT takestheform

T(§) =sup S (£(-,z)),

z€R

S(&) = 3161‘13 V Qv(&1, &)

where
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for every &, € D ([0,1]); hereV is someindex set,and@, is a symmetricbounded
bilinear form on D ([0, 1]) for every v € V [seealsoKoning and Protase (2001)].
Deviationresultswereobtainedn Hjort andKoning (2001).

Typical examplesof S arethe Kolmogoror functional Sk, the Cranérvon Mises
functional Sc,v andthe Andersen-Darlingunctional Sap. Thesefunctionalsarere-
spectvely definedby

Skol(§1) = sup_[&(2)],

t€[0,1]

Senl&) = { [ @ ants)}

9 1/2
ol6) =4 0 a0}

For eachof thesechoicesof S, thereis anassociategbositve constanus: as, , = 4,
5oy = 7 andas,, = 2 [cf. KoningandProtase (2001)].

As in Hjort andKoning (2001),we shallmainly considerteststatisticsof theform
Tsp, or Tsp,,, asTsc, andTsc, , maybe expressedsTs, 5, andTs, 5, , for a
convenientchoiceof Sy..

Let Ts p, denotethe teststatisticsup,cp S (B, (:,z)). If a moderatedeviation
resultholdsfor T p, with a = 4ag [cf. Lemma7 in Hjort andKoning(2001)],andif
limg o sup,eg S (D(-, z; §)) is positive, thenit follows by Lemma? thatTs g, is both
aWieandanda weakKallenbeg sequencevith slopeed? + o(62), where

2
e = 4ag {hmsupS( (-, ; 5))}
810 zeR

[we shallreferto e asthe efficacy of T 5,]. If a Craner type deviation resultholds
for Ts g,, thenTg g, is a Kallenbeg sequence.If a Chernof type deviation result
holdsfor T 5,, thenTg g, is a strongKallenbeg sequence.Moreover, it follows
by Lemma6(a) thatthe testbasedon T 5, is consistenfor fixed alternatvesin the
vicinity of thenull hypothesisandfor localalternatveswhich satisfym!/25(s,,) — oo
asn — oo.

Let T, , denotethe teststatisticsup,.g S (B i(-,)). Lemma8 providesa
necessarpdditionalresultfor T g, , .

Lemma8 For P € P,, defineyy = vy(P) by i = sup,cgon(z,z). Definethe
estimatory by
_ 2
) sel)

AssumeCondition 3 holds, and assumehat there exists a positiveconstantcg sud
thatcgyy > 1 for every P € Py. If (2) holds,andif

limsup |F™(z; 6) — Fo(z)| = 0, (15)
o0 zcR

—oup L33 (e (Ko

CIJERth 1j=1
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thencondition(ii) of Lemma7 is satisfiedwith lims o v5 = 4.

The assumptiorthat v, is boundedby belov for P € P, may not be fulfilled
in generalfor Ts g, ,. In sucha case,one could considerthe technicalsolution of
removing from P, thoseprobability measure$or which vy becomedoo small.

If the teststatisticTs,p, , satisfiesa moderatedeviation resultwith ¢ = ags and
vy = sup,cg on(z,z) [cf. Lemma8 in Hjort andKoning (2001)],andif the quantity
limg,o sup,e g S (Da(:, z; 0)) is positive, thenit follows by Lemma7 thato~'Tg g, , is
botha Wieandanda weakKallenbeg sequencevith slopee,d? + o(6?), where

has 2
0= ported S Ot )|
z€R

[we shallreferto e, astheefficagy of Ts g, , ]. If a Cranertypedeviation resultholds
for Ts g, ,, thenTs p , is aKallenbeg sequencelf a Chernof type deviation result
holdsfor T 5, ,, thenTy g, , is astrongKallenbeg sequenceMoreover, it follows by
Lemma6(a)thatthetestbasecon o' T g, , is consistenfor fixedalternatvesin the
vicinity of thenull hypothesisandfor localalternatveswhich satisfym!/25(s,,) — oo
asn — oo.

Obsenrethate;, doesnotdependnn, andmaybeusedasa criterionfor selecting
the bandwidth. Moreover, ash tendsto zero,thenwe typically have that D, ,(z) as
well asoy, (z, ) tendsto afinite constannotequalto zero,andhencee,, tendsto zero.
Thus,letting h,, tendto zeroasn tendsto infinity yieldsaninefficient procedure.

3.4 Someexamples

In this paragraptwe returnto the situationdiscussedn paragraplt?.2. Recallthatif
sup [Vu(t) =V (¢)| € Ca,  sup |ua(t) — p(t)| € C,
t€[0,1] t€[0,1]

thenCondition1 holdswith

D(t,z;6) = W(t) (Fe(z) — Fo(z)) -

It follows thatthe slopea(b(§))? of the teststatisticTs 5, behaesasd®esep, for &
tendingto zero,where

es =as{S (W)}, and ep, = 4:1612{11(@ — Fy(2)}°.

Moreover, the slopea(b(d))? of the teststatisticTs 5, , behaesasd’egep, , for §
tendingto zero,whereeg is asbefore,and
2
%) (F(o) - Fo(w)) dv) |

R
h? sup o, (z, )

z€R

eBn,
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Apparently the efficacy of teststatisticsof the form T 5, or T 5, , is the product
of two factors. Thefirst factoreg is determinedby the choiceof S andthe way the
degreeof contaminatiorvariesover time [as reflectedby W (¢)]. The secondfactor
eitherep, orep, ,, is determinedy the choiceof the monitoringprocessandthetype
of contaminatiorjasreflectedby F.(z) — Fy(z)].

Recallthata teststatisticof theform T ¢, maybeexpressedisTy, g, for acon-
venientchoiceof Sy,. In particulay we may expressTs, ¢, = SuD,cg Skol(Cal:; T))
assup,cp Stkol(Bn(+, z)), where

L&) - [ &)L

SL,Kol(&) = sup
t€[0,1]

Onemayshaow that

2
€51 kol = %S;, Kol {SL7K0| (W)} )

Thefreedomstill remainingin the choiceof L allows usto constructa testwhich has
high power for a specificalternatve of specialinterest.If w is known explicitly, then
Lemma9 shavsthattakingtheweightfunction L(t) equalto w(t) yieldsateststatistic
whichis optimalwithin the classof testsstatisticssup,¢ g St kol (B (+, 2)).

Lemma9 Theratioes, ., doesnotexceedegpt = Jo {w(s)}? du(s), andthis upper

]

boundis attainedby L(t) = w(t).

Typically, in practicalcircumstancethefunctionv(t) [andhencew(t)] is notfully
specified. For instance jn the examplesgivenin paragrapi2.2 we have thatv(t) =
vy(t) dependson the changepointy, which is usually unknavn. Neverthelessthe
quantityegpt is anupperboundfor €S, Kol andhencewe shalluseit asayardstickfor
es in thesequel.

Example: “at mostone” changepoint problem In the“at mostone” changepoint
problemwe have D(t, z; §) = W, (t) {Fe(z) — Fy(x)), where

_ [ _ ) (- p() it <y,
i = [ ={ OG5

We have .
copt= | w,(s)%ds = u(3) (1 = (),

s = sy {Ska (W)} = 4 { sup |W7<t>|} — 4 (1= u()?,

t€[0,1]
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€Scum = %Scum {Scum (Wv)}2 = %W2 (1- M(’Y))2 N(’Y)Qa

€S\p = %Sap {SAD (W’Y)}2
= —2u(7)’Inpu(y) = 2 (1 — p(7))* In (1 = p(y)) — 26(7) (1 — u(v)) -

Figurel displayses,,/eopt: €scyy/€opt @Ndes,y /eopt VErsusu(t), andhasthe fol-
lowing implicationsfor thecomparisorof teststatisticélﬁ;Kol, Bn1 LSpp,Ba andTSCVM, B,
derived from the monitoring processB,(t,z). The teststatisticTs, 5, shouldal-
ways be preferredover Ts,. ,,.5,, asthe efficiengy es,, /esKol = 712/12 = 0.8225
of Ts. .8, With respectio T, | 5, is lessthan1 anddoesnot dependon the posi-
tion of the changepointHowever, for changepoints closeto 0 or 1 [more precisely
satisfyingu(y) < 0.15 or u(y) > 0.85], Ts,,,s, shows astrongemperformancehan
TSKolan'

Figurel hasexactly the sameimplicationsfor the comparisorof the teststatistics
Tsxo1,Buns TSpp,Bas @NA T\, B, , derivedfrom themonitoringprocessB, 4(t, ).

Example: linear trend Recallthatin thelineartrendexamplewe have
D(t,2;6) = 6~ W, (t) {F(x;0) — F(g;9)),

with

W) = { —hu() - p(n)” i<y,

7 L(u(t) = p(r)” = Su(®) (1 = p(r))” if £ >,

Figure 2 displayses,,/eopt: €sc,/€opt @aNdes,, /eopt Versusu(t). The statistic
Ts,p,B, Shaws the strongesperformanceandclearly outperformsT,  5,; the effi-
f:iency of Tise B With re_spectto Tsnp,B, IS Closeto 1 for. changepoi_ntsy satisfy-
ing u(v) < 0.5, but deterioratedastfor u(y) > 0.5. Similar conclusionshold for
TSKolan,h’ TSADan,h andTSCvMan,h'

Example: normal contamination Supposéhat F,,;(z; §) satisfieq4), with

Fylz) = (‘”_T"), F.(z)=® (‘”_T>,

Po p

where®(z) is the standardnormatumulative distribution function. We have

en, = 4:1612{@ (z ; T) .y (z ;OT")} . (16)
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Whenthekernelfunction K'(z) is takenequalto the standarchormalprobability den-
sity function¢(z), we mayderive that

2
1 T—T 1 T — Ty
2mhsu —
weﬁ{m¢( / ) m¢( po )}
sup 1 5 T —To B h 5 T —To
sk \fagf 112 \\JoR+12/2) AR\ \Jik/2 b2/

By exploring the ratio eBn/eBnM0 [with ep, andep, ., givenby (16) and(17),
respectrely] numericallyfor variousvaluesof ¢, we foundthatsettinge equalto 0.75
givesreasonableesultsfor p < 1. Figure3 evaluatesthe performanceof Ts g, .,
relatve to Ty g, by plotting theratio eg, /e, ,5,, Versusp for i, = 0, pp = 1 and
variousvaluesof 7. Although the ratio dependson 7, Figure 3 suggestghat there
exists an upperboundwhich only dependson p. Obsere thatTs s, ., outperforms
Ts,g, for valuesof p betweerD.06and1.

eBn,h -

(17)

As it is quite difficult to obtain similar resultsin the generalsituation, we can
only rely on thefindingsin the “normal contamination”example. Fortunately these
findingsarein line with expectation:thereis an advantagein usingthe monitoring
processB,, 1 (t, ) whenthe contaminatioris reasonablyconcentratedThis leadsus
to conjecturethatour conclusionsxtendto thegenerakituation:Ts s, ,,,, [Wherep,
is now the varianceof the obsenationsunderthe null hypothesisputperformsi’s 5,
whenthe contaminatiorunderthe alternatve hasareasonablybut nottoo extremely]
concentratedharacter

In actualapplicationswe shouldreplacep, by anestimator The usualestimator
Spooles definedby

2 Loy (v - %)
S I d: —_— .7. — . ,
poole m_ni:1j:1 9,7 i
[here X; denoteshe meanof thei?* sample]becomesiegeneratavhenthe obsera-
tions areindividual [that is, m; = 1 for every: = 1,...,n]. Alternatve variance
estimatordor individual obsenationsarediscussedn WetherillandBrown (1991),p.
114-121jn particular we mentionthe “successie differences’estimator

1 &KX — Xy
S -dif = .
succ-di n — 1 Z:ZI 2/\/’7{'

[seeKamat(1953)]. Obsere that2/,/m coincideswith the “control chartconstant”
1.128,oftenencounteredh industrialstatistics.

3.5 Bootstrap tests

LetT,, beateststatistic,and7;’ abootstrapeplicationof 7;,. Thebootstragestbased
on 7;, employs the distribution of 7} to evaluatethe achieved significancelevel of
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T,,. Hence o investigatehe asymptotidimiting [asthesizeof thetesttendsto zero]
Pitmanefficiency of thebootstrapgestbasednT;, in themannerescribedabore, we
shouldrequirethat7;; satisfiesconditions(a) and(b), and7,, satisfiescondition(c)
of Definition 2. Likewise, to investigatethei-efficiengy of the bootstrapestbasedn
T,, we shouldrequirethat T} satisfiescondition(a), andT;, satisfiescondition(b) of
Definition 3.

To usualway of implementingthe bootstraptestis to generatea numberof boot-
strapreplicationsandcountthereplicationggreatetthanor equalto theachievedvalue
of T,, [cf. EfronandTibshirani(1993),p. 232]. However, for a bootstrapreplication
T satisfyingcondition(a) and(b) of Definition 2 we maybenefitirom thefactthatits
distributionunderthenull hypothesigapproximatelyhasanormalright handtail. Thus,
a normalprobability plot of the bootstrapreplicationsshouldbecomdinear for large
valuesof thenormalscore.Onemay interpretthelocationwherethe normalprobabil-
ity plot exceedgshe attainedvalueof the teststatisticasa* z-score”correspondingo
theachievedsignificancdevel. Determiningthe achievedsignificancdevel of aboot-
straptestvia a normalprobability plot hasthe advantagethatthe numberof bootstrap
replicationscanbe keptrelatively low [for instancejn accordanceavith rule of thumb
(2) in paragrapl6.4in EfronandTibshirani(1993),p. 52].

Notethatbothimplementationsketchedabove arescaleinvariant,in thesensehat
for everyfixedconstant > 0 theachieredsignificanceevel of thetestbasedon ¢7;,
doesnotdependne.

Now, let T,, be equalto [a standardizedersionof] T (C,,) or T (Cy,1). In earlier
paragraphsve have alreadydiscussedhow to verify whetherT,, satisfiescondition(c)
of Definition 2 and condition (b) of Definition 3. The theoryin Hjort and Koning
(2001)with respecto the bootstrapreplicationsCy; and Cy, ;, of the monitoring pro-
cesseg’, andC,, , maybeusedto verify whethercondition(a) and(b) of Definition 2
andcondition (b) of Definition 3 hold for 7. In general,if condition(a) and(b) of
Definition 2 hold for T;,, thenthey alsohold for T;;. With respecto the verification
of condition(b) of Definition 3 is morecomplicated stemmingfrom the factthatthe
“original” rate((r;j)l/2 v m!/?/log m) [appearingn (12) and(17)in Hjort andKon-

ing (2001)]is slightly betterfrom the “bootstrap’rate ((r;j)l/ 2 v ml/ 4) [appearingn
(18)and(19) in Hjort andKoning (2001)].

Despitethisdifferencen rate,bootstragestshave clearadvantagesn applications.
Dueto the scaleinvarianceof both bootstrapmplementationsstandardizatiomf the
teststatisticss notneededandhence estimatiorof 1y, canbeavoided]. Moreover, the
achievedsignificancdevel canbedeterminedvithout explicit knowledgewith respect
to the [asymptotic]distribution of 7;,.

4 Applications

In this sectionwe apply the methodsof the previous sectiongto seawaterlevel data,
anddiscussgthe patternsof nonconstang which shov up in the monitoringplots. Of
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particularinterestfor the interpretationof the monitoring plots are the presenceof
straightlines[indicating periodsof constang], curvature[indicating periodsof grad-
ual changelor anglegindicatingmomentsof abruptchange].

4.1 Seawater levelsat Vlissingen, The Netherlands

Theseawaterlevel datainvolve aserieof hightide seawaterlevelsatVlissingen,The
Netherlandsstartingat Januaryl, 1882 andendingat Decembei31, 1985. A total
numberof 73397 high tide seawater levels were recordedduring the measurement
period. The dataweregroupedin 104 subsamplesgachcovering a one-yeareriod.
The pooledstandarddeviation s of the seawaterlevelsis 39.84centimeter The sea
waterlevelsrangedrom -16to 455centimeterandaredisplayedn Figure4. A close
inspectiorof Figure4 revealsthatthereareno abruptchangesn thedistribution of the
seawaterlevels,but thereis a small positive trend.

Figure5 displaysB, (-, z) for thevaluesof z which correspondo the 25 equidis-
tant horizontaldotted“scanlines” in Figure4. As teststatisticwe selectedl’s, s,
[which would have beena logical choicein the presenceof advanceknowledgethat
only gradualkchangesvereto beexpected].To evaluatethis teststatistic,1000equidis-
tantscanlinesareused.Thesupremunover is attainedor zopt = 199.01; thesolid
line in Figure5 correspondso B,,(-, ivopt)- TheteststatisticTs, , 5, takesthevalues
18.978,well exceedingthe asymptoticcritical valueslistedin Tablel1 in Koningand
Protase (2001). A normalprobability plot of 200 bootstrapreplications,shows that
thevaluel8.9780f Ts, , 5, is highly significantfanexampleof sucha“bootstrapplot”
will bediscussedater].

The quadraticshapesn Figure5 revealthe existenceof a lineartrendin the data.
Note that we shouldnot attachary meaningto the fact that B, (Z, zopt) reachests
maximumvaluearound1935,aswe olbviously arenotdealingwith changepointiere.

Figure 6 displaysBy, 0.75s(+, ) = Bp29.88(+, z) for the valuesof z which corre-
spondto the 25 equidistanhorizontaldotted“scanlines” in Figure4. To evaluatethe
teststatisticls, s, ... » 1000equidistanscanliineswereused.Thesupremunoverz
is attainedor zgpt = 234.81; thesolidline in Figure6 correspond B, .75 (-, ivopt)-

TheteststatisticTs, 5, ..., takesthevalue0.3319,whichshouldbecomparedo
thevalue0.0646takenby ©. Again, we avoid the problemof limited knowledgewith
respecto thedistributionof 5~'Ts, J 5, , .5, Dy resortingto thebootstragestbasedn
T'spp,Baoms. - @NOrmalprobability plot of 200bootstrapeplicationsshovs that0.3319
is a highly significantvalueof Ts, B, , ,;,- The quadraticshapesn Figure6 reveal
the existenceof alineartrendin thedata.

For thesale of completenesaye mentionthattherespectre values12.205,8.557,
0.2126and0.14940f T, | B+ Tscyp,Bas L SigisBrio.7ss ANAT 50,80 075, AF€AISONIGhlY
significant.For theseteststatistics the valuesof zgpt are199.01,199.01,234.81and
234.34 respectrely.
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4.2 Annual seawater level maxima at Vlissingen, The Netherlands

In this paragraplwe studythe annualseawaterlevel maximainsteadof the original
high tide seawater level data. Note that we are now dealingwith the “individual
obsenations” situation,whereevery m; is equalto 1. The “successre differences”
standarddeviation s of the seawaterlevel maximais 27.9384.The annualseawater
level maximarangedrom 271to 455centimeterandaredisplayedn Figure?.

Figure8 displaysB, (-, z) for the valuesof z which correspondo the 25 equidis-
tanthorizontaldotted“scanlines” in Figure7. As teststatisticwe selec:tedligK olBn" To
evaluatethis teststatistic,1000equidistanscanlinesareused.The supremunover
is attainedor zgpt = 310.1; thesolidline in Figure8 correspondso B, (., ivopt)- The
teststatisticTs, 5, takesthevaluesl.1776,exceedinghe asymptoticcritical values
listedin Tablel in KoningandProtase (2001).

Figure 8 suggestghat throughoutthe first part of the twentiethcenturythe dis-
tribution of the yearly seawaterlevel maximumremainsrelatively constant.Around
1952thereis anabruptchangeafterwhich thedistribution remaingelatively constant
again.

Figure 9 displaysBy, 0.75s(+, ) = Bp20.95(+, z) for the valuesof z which corre-
spondto the 25 equidistantorizontaldotted“scanlines” in Figure7. To evaluatethe
teststatisticTs, 5,05, » 1000equidistanscanlineswereused.Thesupremunoverz
is attainedor zgpt = 294.27; thesolidline in Figure9 correspond B, .75 (-, ivopt)-

TheteststatisticTs, .5, .. takesthevalue0.0360,which shouldbe comparedo
thevalue0.0776takenby ©. Again, we avoid the problemof limited knowledgewith
respecto the distribution of o~ 'Ts, . 5. .., DY resortingto the bootstraptestbased
ONTs,,,Ba07s.- thenormalprobability plot of 200bootstrapreplicationsin Figure10
shovsthat0.0360is asignificantvalueof Ts,, B, o 7s. -

Figure 9 also suggestghat throughoutthe first part of the twentiethcenturythe
distributionof theyearlyseawaterlevel maximumremaingelatively constantAround
1950thereis anabruptchangeafterwhich thedistributionremainsrelatively constant
again.

For the sale of completenessye mentionthattherespectre values0.743,1.666,
0.0216and0.04900f Ts 1,84 Tsap,Bn s Loy Broo.7ss N s0p B, o.75, Ar€AISOSIgNIf-
icant. For theseteststatistics the valuesof zgpt are310.1,310.1,293.91and293.54,
respectrely.

5 Proofs

This sectioncontainsthe proofsof Theoreml, andLemmas1, 3, 6, 7, 8 and9. The
proofsof Lemmas 2 and4 arestraightforvard,andhencenotincluded.Theproofsin
this sectiormake useof thetechnicakesultscollectedn Section5 in Hjort andKoning
(2001),andof the DKW-inequality[Dvoretzlky, Kiefer andWolfowitz (1956)]. Below
we presentheextendedversionof Bretagnollg1980)[cf. Inequality25.1.2in Shorack
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andWellner (1986),p. 797] which allows the randomvariablesXy, ..., X,, to have
differentdistributions. In casetheserandomvariableshave a commondistribution,
onemay replace2e exp{—2y*} by 2 exp{—2¢?} [cf. Crgd andHorvath (1993),p.
119].

Inequality 1 (DKW -inequality) Let Xi,..., X,, beindependentandomvariables,
andlet Fy(x) denotethe cumulativedistribution functionof X,. Then for everyy > 0,

m 7?3 (Lix,<ap — Fil@))
=1

P (sup > y) < 2eexp{—2y°}.

z€R

Proof of Theorem1l We maywrite

sup sup ‘A (t,z;6) — m'/26D(t, x; 5)‘ < Ap+ A,
te[0,1] z€R

where

A, = sup sup
tc[0,1] z€R

[nt] m;
m'/? Z Z (1{Xz'j§w} - Fm'(:E; 5)) )

i=1 j=1

(md)~ ZZ wi(%;0) — Fy.(x;6)) — D(¢, z; 6)|.

i=1j=1

Ao = m'?§ sup sup |(
tc[0,1] z€R

Combininglnequality1l andtheargumentgivenin the proof of Propositionl.1.2in de
la PehaandGiné (1999)yields
> y/3)

> y/3)

Sincefor every e > 0 thereexistsC, suchthatPs (A,; > C,) < e for everyé > 0, it
follows by oneof factsmentionedafter Definition 1 that

k my

=L.m i=1j=1

7 -

(Zm ) o Xk: % (1{Xij§w} — Fri(z; 5))

i=1 j=1

<3 max P(

<3 max 2eexp{ 2y } < Geexp{—2y2}.

yeeny 1Tl

(m28) ™" At € C (18)
Moreover, obsene thatCondition1 directly yieldsthat

(m'28) ™" Az € C (19)
Combining(18) and(19) yields (6). This completeghe proof of Theoreml. O
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Proof of Lemmal Since

sup sup ‘Bn(t, z) — mY25D(t, x; 5)‘

te[0,1] z€R
< sup sup ‘An(t,:v; 8) — m'/26D(t, x; 5)‘
tef0,1] z€R
-+ sup sup ‘An(l,x; §) —m'26D(1, x; 5)‘ i (t),
tc[0,1] z€R
Lemmal is animmediateconsequencef Theoreml. O

Proof of Lemma 3 Recallfrom the proof of Lemma3 in Hjort andKoning (2001)
that

Balt,z) = =17 [ B,(t,0)K' (” . x) dv.

Since

hY? sup sup
tc[0,1] z€R

(m1/25)_1 B n(t,z;6) — h'2Dy(t, z; 5)‘

(ml/Qé)_1 B, (t,z) — D(t, z; 5)‘}
t€[0,1] z€[0,1]

X h1/2{ sup h_3/2/ ‘K' (v — x) dv}
z€[0,1] h

(m'26) ™" Ba(t,z) — Dit,a; 5)‘} x {/ K (v)| dv},

< { sup sup

< { sup sup
t€[0,1] z€[0,1]

Condition3 and(8) togethetyield (10). This concludeghe proof of Lemma3. O

Proof of Lemma 6 To verify part (a2) of Lemmasé, let « denotethe size of the
test. By conditions(a) and (b) of Definition 2 there exists n,,, y, > 0 suchthat
suppepoP(Tn > y,) < aforn > n,. Obsere thatthe actualcritical value of T;,
doesnot exceedy,, andhenceP;, (T,, > ya) is a lower boundfor the power of the
test. As y, < 2m!'/2b(6) eventually it sufficesto show that P;, (Tn > §m1/2b(6))
tendsto 1 asn — oo. Condition(b) of Definition 3 yields thatthe right handside of
theinequality

P, (T, > 2m'2(5,)) > 1 B, (‘(mmb(én))_l T, — 1‘ > g)

tendsto 1 for n — oo, which completeghe proof of Lemma6(a).

Next, we turn to the proof of Lemma6(b). Sincelim sup,, ,., m'/?b(6,) < oo, it
follows that thereexists a constant suchthatlim,,, Ps, (I, > ¢) = 0. By condi-
tions(a)and(b) of Definition 2, it followsthatfor sufficiently smallsizeof thetest,the
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critical valueof thetestexceeds:; asP;, (T;, > ¢) is anupperboundto the power of
thetest,it follows thatthe power of thetesttendsto zeroasn — oco. This completes
the proof of Lemma6(b). O

Proof of Lemma7 Introduce
1

Y, = (m'?b(8)) T, Y, =uvs/b.

SincebothY,, — 1 andY,, — 1 belongto C,, it follows by thethird factmentionedafter
Definition 1 that .

(m'/?6(6)) T —1=Y,Y,—1€C,.
Sincelimgyo 616(8) = limyye 675(6) /v5 > 0 [both limgye v; andlimgye 6~'5(6) are
positive], theteststatisticT;, satisfiescondition(c) of Definition 2. Thiscompleteghe
proofof Lemmay. O

Beforeturningto theproofof Lemma8, wefirst stateandprove theauxillary result
Lemmalo.

Lemma 10 AssumeCondition3 holds,andlet P* C P bea collectionof probability
measues.Definevs, by v;,, = sup,cg 6nn(2, ), whee

Fun(z,;6) =h"! / {K (v ;L x) }2 fu-(v;8)dv — h (fn,h(:v))2,

Fon@;®) = 171 [ K (25 fulw9)do,

and f,.(z;d) is the derivative of F,,.(z;d). If there existsa constantc, sud that
041/37” > 1 for every P € P*, thenthere exist positiveconstantss—; sud that

sup P (h Vo /D — 1] > m_1/2y) < csexp {—cey}
Pep*

for0 <y < (1 Acrh)’m
Proof of Lemma 10 As

X, —x v—x
K (22 )_———1/1 ..UK’( ) .
( h h {Xi,5<v} h dv

[see(29)in Hjort andKoning (2001)],we maywrite

n  m;

i%K( ) mh222/1“‘~<“K( h )d'

zl]l i=1j5=1
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Similarly, we have

4

sy ()’ = L35 (e (Ka =)

i=1j=1
nom v—x vV—
1 K K'( ) )
th;]z:l/ b2\ ) A

Integrationby partsyields

Gun(e,z30) +h (Funle:9)” = 207 [ Fu(uio) (37) K (5

h
Fan(z) = —h~ /F v; 6)K (U;x)d.
Introduce
A, = m?sup |m lzn:%l{xuq} F,.(z;0)].
s€R 1o

SinceCondition3 implies

/|K’(u)| du < s, 2/K(u) K (u)| du < &,

andsup,c g fun(z) < ca/h by (20), we maywrite

1/2

h

— I/M‘ < hsgg |Gn (2, 2) — Opp(,z;0)|
T

< 2¢9Ap1 + (An1)2 + Apo,
<3coAps +Ape i Ap < e,

where
Apt = hsup| fu(@) = Fan(z; 0)|
z€R
< -2 SR 1 v n- . K’ (U - IE)
_:1612 h /( ;]2:1 {Xij<v} — (Uafs)) 7 dv
< com ™A,
and
_ 2 . 2
Apo = hsug {Enhh(:v,:v) +h (fn(:v)) } — {6n,h(:v,:v) +h (fnh(:v)) }
A
< 9 U (v v—x) ,(v—x

< cgm_lﬂAn.

)dv,

)dv
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Hence we obtain

h

7 = 1d,| < 2e)*mTV2A, it A, <m'2 (21)
Since(2¢4)? ‘192 — yg,n\ < 3implies

-2
V= Vil <

((0/vsn)” = 1] < (van) 2 |7 = V3| < & <%

2 ‘ 3
and‘aa—l/2 — 1‘ is boundedby 4 |z — 1| for z > 1, it followsthat

Van/D = 1| S 4|(0/v5n)” = 1| < (2e1)? [0? = 13, i (2e0)? |07 = 3,| < 3.

(22)
Combining(21) and(22) yields
B |Vsa /D — 1] < (degea)®m™2A, if m™Y2A, < 1A 3h(4eaes) ™2

As

sup P (A, > y) < 2eexp {—2y2}

Pep
for everyy > 0 by Inequalityl, LemmalOnow follows[takecs = 2e, cs = 2/(4cocy)?
ande; = 3/(4cacq)?). O

Proof of Lemma 8 Definev;, andé,,(z,z) asin Lemmal0, and definevs by
v} = sup,cg 0sn(T, ), Where

osn(z,z) =h! (—211_1 / (F*(v;6)) K (v ; x) K’ (v ; x) dv)

+ {h—l [ @@ ) K (” - ‘"”) dv}2> .

Obsene that (15) yields thatys tendsto vy asé tendsto zero. Thus,we may choose
&** > 0 soasto satisfyy; ' < 2¢g for 0 < 6 < §**.

As v5 /0 maybewritten asthe productof Y,, = vs/vs,, andY,, = vs,/7, it suffices
to shaw thatboth |Y;, — 1| and|Y;, — 1| belongto C,.

We startby shawving that|vs,, /7 — 1| € C,. Applying LemmalOwith P* = {F; :
0 < d < 0™} andcy = 2cg, yieldsthatfor everye > 0 thereexistsC, suchthat

Py (m'?8 |vsn/9 — 1| > Cc) < Ps (m'?6" vgn/0 — 1] > Cc) < €

for every0 < § < 6**. It follows by the last fact mentionedafter Definition 1 that
|vs.n/V — 1| belongsto the classC,.
Next, we turn to verifying that|vs /vs,, — 1| € C,. Since

ht /Fn.(v)K' (v ; x) dv < cg,
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we maywrite
1
‘Vg,n - Vg‘ < A {2C2An1 + (An1)2 + An2},
where
_ 1 . . ,(UV— X
Aus = sup o [ (Fulw;6) - F(530) K ( - )dv
< ¢gsup |Fy.(z;6) — F*(x;0)]|,
z€R
_ 2 LR (o v—Z ,(UV— X
AHQ—EEE h/(Fn.(:E,é) F(:E,(S))K( . )K( . )dv

< csup | Fy.(z;6) — F*(x;6)].
zeR

Obsenrethat(2) yieldsthatboth A,,; andA,, belongto C,, which yields‘ugyn — yg\ €
C,. Since(4cg)? \yg — ygyn\ < 3implies

) = 1] < 52 [ = | < 4k =] < 3
and‘z—l/2 — 1‘ is boundedoy 4 |z — 1] for z > 1, it follows that

lvs/vsn — 1] < 4 ‘(1/5,”/1/5)2 — 1‘ < (4cg)? ‘l/g — l/‘?,n‘ if  (4cg)? ‘l/g — l/‘?,n‘ < 3.
Hence,‘yg — V(%,n‘ € C, implies |v;/vs, — 1| € C,, which completesthe proof of

Lemmas8. O

Proof of Lemma 9 Let ¢* bethe valueof ¢ thatmaximizes{fotL(s)w(s)du(s)}2.
Thene, is boundedby

{5 Ls)w()du(s)} |
(1 (0 dute) — (I 1s)auts))’)

By a Cauchy-Schwarz agumentasin the Appendix of Hjort and Koning (2002), it
followsthate; is boundedby

[ @) dute) < [ f(s)) duts)

Since

/Ot (w(s))* du(s) — {(W (1)} < /0 * (w(s))? du(s),
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it followsthat

supepo,n i (w(5)) du(s)} Lo
= du(s),
Supseto.y (g (w(s))? du(s) — (W ()7} Jy G auts
which concludeghe proof of Lemma9. O
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Figurel: Plotsof relative efficiency es/eqpt versusu(y) in “at mostone”
changepoinexample,where S is Skq [solid line], Scyv [dashedine] or
Sap [dottedline]. Here~y denoteghelocationof theabrubtchange.Test
statisticsinvolving Sk aresuperiorto teststatisticsinvolving Scyv. Test
statisticanvolving Sap outperformteststatisticanvolving Sk if p(y) <
0.150 or () > 0.850.
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Figure2: Plotsof relative efficiency es/egpt versusu(v) in lineartrend
example,where S is either Sk [solid line], Scyv [dashedline] or Sap
[dotted line]. Here v denotesthe location where the linear trend first
emepges.Teststatisticanvolving Sap aresuperiorto teststatisticanvolv-
ing Skoi, and outperformtest statisticsinvolving Scym if either u(y) <
0.175 or u(y) > 0.360.
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Figure3: Plotsof theratioeg, /es, 75, Versusp for r = 0.1,0.2,...,1.4.
The lowestcurve corresponds$o 7 = 0.1. For valuesof p between0.06
andl, teststatisticsderivedfrom themonitoringprocessB,, o.7s+ (¢, z) are
moreefficientthantheir counterpartslervedfrom B, (¢, x).
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Time series plot, sea water levels.
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Figure4: Time seriesplot of high tide seawaterlevel at Vlissingen,The
Netherlands. A total numberof 73397 high tide seawater levels were
recordedduring the measuremenperiod startingat Januaryl, 1882 and
endingat DecembeB1, 1985. Thedataweregroupedn 104 subsamples,
eachcoveringonecalendaryear
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CDF monitoring process, sea water levels.
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Figure 5: The monitoring processB,,(t, z) for fixed z, seawater level
data. The dottedlines andthe solid line arethe resultsof “scanning”the
monitoring processB,,(t, z) alongthe dottedlines in Figure 4 andthe
line z = zopt = 199.01, respectrely. The quadraticshapesevealthe
existenceof a lineartrendin the cumulatve distribution function of the
seawaterlevels.
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PDF monitoring process, sea water levels.
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Figure6: ThemonitoringprocessB,, o.755(t, «) for fixedz, seawaterlevel

data. The dottedlines andthe solid line arethe resultsof “scanning”the
monitoringprocessBy, o.755(¢, ) alongthedottedlinesin Figure4 andthe
line z = zopt = 234.89, respectrely. The quadraticshapesevealthe
existenceof a linear trendin the probability densityfunction of the sea
waterlevels.
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Time series plot, sea water level maxima.
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Figure7: Timeserieglot of theannualseawaterlevel maximaatVlissin-
gen, The Netherlands,1882-1985. Clearly visible are two important
eventsin the Dutchfight againstthe arch-enemythe “watersnoodramp”
of 1953causedl835deathan afloodedareaof around1500squarekilo-
metresin the south-westermpart of the Netherlandsthe storm suige of
1916 causechugedamageo the surroundingsf the Zuider Zee. These
two nationaldisastergpromptedthe constructionof the Deltaworks and
thelJsselmeecaus&vay, respectiely.
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CDF monitoring process, sea water level maxima.
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Figure8: The monitoringprocessB,, (t, x) for fixedz, annualseawater
level maxima. The dottedlinesandthe solid line arethe resultsof “scan-
ning” the monitoring processB,,(t, z) alongthe dottedlinesin Figure7
andtheline z = zgpt = 310.1, respectiely. Theangularshapesround
1952suggesthe existenceof anabruptchangean the cumulatve distribu-
tion functionof theannualseawaterlevel maxima.
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PDF monitoring process, sea water level maxima.
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Figure 9: The monitoring processB,, o.75s(t, z) for fixed z, annualsea
water level maxima. The dottedlines andthe solid line are the results
of “scanning”the monitoringprocessB,, ¢ 755 (t, «) alongthe dottedlines
in Figure 7 andtheline z = zopt = 294.28, respectrely. The angular
shapesaround1950in the upperpart of the plot [which correspondgo

the lower seawaterlevels] suggesthe existenceof an abruptchangein

the probability densityfunction of the annualseawaterlevel maxima.In

the lower part of the plot the value of 0.02552is attained,which is just
significantat the 5% level accordingto the “bootstrapplot” in Figure 10;

the quadraticshapesn the lower part [which correspondgo the higher
seawater levels] suggesthe existenceof linear trendin the probability
densityfunction.
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Figure 10: Normal probability plot of 200 bootstrapreplications of

T'syoBnorss» @NNUAl seawater level maxima. The critical value of

T'syo1Bnors. At the 5% level is estimatedio be 0.02548,the “value” of

the normal probability plot correspondingo a normal score of 1.645.

The dottedline indicatesthe value 0.0360taken by the teststatistic. Ac-

cordingto thetheoryin paragrapt8.5, the normalprobability plot should
becomdinearfor largervaluesof the normalscore.As onemay interpret
thelocationwherethe normalprobability plot exceed€.0360asan esti-
mateof the* z-score”correspondingo the attainedsignificancdevel, the
plot shavsthat0.0360is indeeda highly significantvalueof T, 5,



