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Abstract

This paper determines the properties of standard generalized method of moments
(GMM) estimators, tests, and confidence sets (CS’s) in moment condition models in
which some parameters are unidentified or weakly identified in part of the parameter
space. The asymptotic distributions of GMM estimators are established under a full
range of drifting sequences of true parameters and distributions. The asymptotic sizes
(in a uniform sense) of standard GMM tests and CS’s are established.

The paper also establishes the correct asymptotic sizes of “robust” GMM-based
Wald, ¢, and quasi-likelihood ratio tests and CS’s whose critical values are designed to
yield robustness to identification problems.

The results of the paper are applied to a nonlinear regression model with endogeneity

and a probit model with endogeneity and possibly weak instrumental variables.
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1. Introduction

This paper gives a set of GMM regularity conditions that are akin to the classic
conditions in Hansen (1982) and Pakes and Pollard (1989). But, they allow for singu-
larity of the GMM estimator’s variance matrix due to the lack of identification of some
parameters in part of the parameter space. Under the conditions given, the asymptotic
distributions of GMM estimators and Wald and quasi-likelihood ratio (QLR) test sta-
tistics are established. The asymptotic sizes of standard GMM tests and confidence sets
(CS’s) are established. In many cases, their asymptotic sizes are not correct. We show
that Wald and QLR statistics combined with “identification robust” critical values have
correct asymptotic sizes (in a uniform sense).

In contrast to standard GMM results in the literature, the results given here cover
a full range of drifting sequences of true parameters and distributions. Such results are
needed to establish the (uniform) asymptotic size properties of tests and CS’s and to
give good approximations to the finite-sample properties of estimators, tests, and CS’s
under weak identification. Non-smooth sample moment conditions are allowed, as in
Pakes and Pollard (1989) and Andrews (2002).

This paper is a sequel to Andrews and Cheng (2007a) (AC1), which provides results
for extremum estimators, ¢ tests, and QLR tests under high-level conditions. Here we
provide more primitive conditions for GMM statistics by verifying the high-level condi-
tions of AC1. Some results also are given here for minimum distance (MD) estimators,
tests, and CS’s. The paper provides results for Wald tests and CS’s that apply not only
to GMM estimators, but also to other extremum estimators covered by ACI.

We consider moment condition models where the parameter 6 is of the form 6 =
(B, ¢, ), where 7 is identified if and only if 5 # 0, { is not related to the identification
of m, and ¥ = (5,() is always identified. The parameters 3, ¢, and m may be scalars
or vectors. For example, this framework applies to the nonlinear regression model Y; =
B-h(Xy,m)+ X5,¢+ U; with endogenous variables X ; or X,; and instruments (IV’s)
Z;. Here lack of identification of m when 8 = 0 occurs because of nonlinearity. This
framework also applies to the probit model with endogeneity: vy = Y7 + X/(] + U/,
where one observes y; = 1(yf > 0), the endogenous variable Y;, and the exogenous
regressor vector X; and the reduced form for Y; is Y; = Z/3 + X/(, + V;. In this case,
lack of identification of m occurs when 8 = 0 because the IV’s are irrelevant.

We determine the asymptotic properties of GMM estimators and tests under drifting



sequences of true parameters 0,, = (5,,,(,,,T,) for n > 1, where n indexes the sample
size. The behavior of GMM estimators and tests depends on the magnitude of ||5,,]|.
The asymptotic behavior of these statistics varies across three categories of sequences
{B,, : n > 1} : Category I(a) 3, = 0 ¥n > 1, 7 is unidentified; Category I(b) /3,, # 0 and
n'/23, — b€ R¥%, 1 is weakly identified; Category II 3, — 0 and n'/?||3,|| — oo, 7 is
semi-strongly identified; and Category III 3, — 5, # 0, 7 is strongly identified.

For Category I sequences, GMM estimators, tests, and CS’s are shown to have non-
standard asymptotic properties. For Category II and III sequences, they are shown
to have standard asymptotic properties such as normal and chi-squared distributions.
However, for Category II sequences, the rates of convergence of estimators of 7 are slower
than n'/? and tests concerning m do not have power against n~'/?-local alternatives.

Numerical results for the nonlinear regression model with endogeneity show that the
GMM estimators of both g and 7 have highly non-normal asymptotic and finite-sample
(n = 500) distributions when 7 is unidentified or weakly identified. The asymptotics
provide excellent approximations to the finite-sample distributions. Nominal 95% stan-
dard t confidence intervals (CI’s) for /3 are found to have asymptotic size equal to 68%
and finite-sample size of 72%. In contrast, nominal 95% standard QLR CI’s for 8 have
asymptotic and finite-sample size of 93%. There are no asymptotic size distortions for
the standard t and QLR CTI’s for 7 and the finite-sample sizes are close to the asymptotic
values. However, the CI’s for 7 are far from being similar asymptotically or in finite
samples. The robust CI’s for # have correct asymptotic size. Their finite-sample sizes
are 91.5% for t CI’s and 95% for QLR CI’s for nominal 95% CI’s.

To conclude, the numerical results show that (i) weak identification can have sub-
stantial effects on the properties of estimators and standard tests and CS’s; (ii) the
asymptotic results of the paper provide useful approximations to the finite-sample dis-
tributions of estimators and test statistics under weak identification and identification
failure; and (iii) the robust tests and CS’s improve the size properties of tests and CS’s
in finite-samples noticeably compared to standard tests and CS’s.

Like the results in Hansen (1982), Pakes and Pollard (1989), and Andrews (2002),
the present paper applies when the GMM criterion function has a stochastic quadratic
approximation as a function of #. This rules out a number of models of interest in
which identification failure may appear, including regime switching models, mixture

models, abrupt transition structural change models, and abrupt transition threshold



autoregressive models]]

Now, we discuss the literature related to this paper. The following papers are
companions to this one: ACI, Andrews and Cheng (2007c) (AC1-SM), and Andrews
and Cheng (2007b) (AC2). These papers provide related, complementary results to
the present paper. ACI1 provides results under high-level conditions and analyzes the
ARMAC(1, 1) model in detail. ACI1-SM provides proofs for AC1 and related results.
AC2 provides primitive conditions and results for estimators and tests based on log
likelihood criterion functions. It provides applications to a smooth transition threshold
autoregressive (STAR) model and a nonlinear binary choice model.

Cheng (2008) establishes results for a nonlinear regression model with multiple
sources of weak identification, whereas the present paper only considers a single source.
However, the present paper applies to a much broader range of models.

Tests of Hy : = 0 versus H; :  # 0 are tests in which a nuisance parameter 7 only
appears under the alternative. Such tests have been considered in the literature since
Davies (1977). The results of this paper cover tests of this sort, as well as tests for a
whole range of linear and nonlinear hypotheses that involve (3, (, ) and corresponding
CS’s.

The weak instrument (IV) literature is closely related to this paper. This is true
especially of Stock and Wright (2000), Kleibergen (2005), and Kleibergen and Mavroeidis
(2009). In comparison to Stock and Wright (2000), the present paper differs because
it focuses on criterion functions that are indexed by a parameter S that determines
the strength of identification. It also differs in that it considers subvector analysis. In
contrast to Kleibergen (2005) and Kleibergen and Mavroeidis (2009), the present paper
does not focus on Lagrange multiplier statistics. Rather, it investigates the behavior of
standard estimators and tests, as well as robust tests based on Wald and QLR statistics.
Other related papers from the weak IV literature include Nelson and Startz (1990),
Dufour (1997), Staiger and Stock (1997), Kleibergen (2002), and Moreira (2003).

Antoine and Renault (2009, 2010) and Caner (2010) consider GMM estimation with
IV’s that lie in the semi-strong category, using our terminology. Nelson and Startz
(2007) and Ma and Nelson (2008) analyze models like those considered in this paper.
They do not provide asymptotic results or robust tests and CS’s of the sort given in
this paper. Andrews and Mikusheva (2010) and Qu (2011) consider Lagrange multiplier

(LM) tests in a maximum likelihood context where identification may fail, with emphasis

! For references concerning results for these models, see ACL.



on dynamic stochastic general equilibrium models.

Sargan (1983), Phillips (1989), and Choi and Phillips (1992) establish finite-sample
and asymptotic results for linear simultaneous equations models when some parameters
are not identified. Shi and Phillips (2011) provide results for a nonlinear regression
model with nonstationary regressors in which identification may fail.

The remainder of the paper is organized as follows. Section [2| defines the GMM
estimators, criterion functions, tests, and confidence sets considered in the paper and
specifies the drifting sequences of distributions that are considered. It also introduces
the two examples that are considered in the paper. Section [3| states the assumptions
employed. Section [4] provides the asymptotic results for the GMM estimators. Section
establishes the asymptotic distributions of Wald statistics under the null and under
alternatives, determines the asymptotic size of standard Wald CS’s, and introduces ro-
bust Wald tests and CS’s, whose asymptotic size is equal to their nominal size. Section
[6] considers QLR CS’s based on the GMM criterion function. Section [7] provides numer-
ical results for the nonlinear regression model with endogeneity. Section [§] verifies the
assumptions of the paper for the probit model with endogeneity. Appendix A provides
proofs of the GMM estimation results given in Section 4} It also provides some results
for minimum distance estimators. Appendix B provides proofs of the Wald test and CS
results given in Section

Andrews and Cheng (2007d) provides two supplemental appendices. Supplemental
Appendix C provides some results used in the verification of the assumptions for the
two examples. Supplemental Appendix D provides some additional numerical results
for the nonlinear regression model with endogeneity.

All limits below are taken “as n — 00.” We let Apnin(A) and Apax(A) denote the
smallest and largest eigenvalues, respectively, of a matrix A. All vectors are column
vectors. For notational simplicity, we often write (a,b) instead of (a’,V’)" for vectors a
and b. Also, for a function f(c) with ¢ = (a,b) (= (a/, V")), we often write f(a,b) instead
of f(c). Let 0, denote a d-vector of zeros. Because it arises frequently, we let 0 denote
a dg-vector of zeros, where ds is the dimension of a parameter 3.

We let X, (7) = 0pr(1) mean that sup, . || X, (7)|| = 0,(1), where ||-|| denotes the
Fuclidean norm. We let = denote weak convergence of a sequence of stochastic processes
indexed by 7 € II for some space II. We employ the uniform metric d on the space &,

of R"-valued functions on II. See AC1-SM for more details regarding this.



2. Estimator, Criterion Function, and Examples

2.1. GMM Estimators

The GMM sample criterion function is

Qn(0) = 3,(6) Wn(6)g,,(0)/2, (2.1)

where g, (0) : © — R* is a vector of sample moment conditions and W, (0) : © — RF*k
is a symmetric random weight matrix.

The paper considers inference when 6 is not identified (by the criterion function
@.(0)) at some points in the parameter space. Lack of identification occurs when Q,,(6)
is flat with respect to (wrt) some sub-vector of . To model this identification problem,

f is partitioned into three sub-vectors:

6= (8,¢,7) = (,7), where v = (8,0). (2.2)

The parameter 7 € R is unidentified when 3 = 0 (€ R%). The parameter 1) = (3,() €
R% is always identified. The parameter ( € R% does not effect the identification of 7.
These conditions allow for a broad range of cases, including cases where reparametriza-
tion is used to transform a model into the framework considered here.

The true distribution of the observations {IW; : ¢ > 1} is denoted F, for some
parameter v € I'. We let P, and £, denote probability and expectation under F,. The
parameter space I' for the true parameter, referred to as the “true parameter space,” is

compact and is of the form:

F={y=(0,¢):0 € 0" ¢ecd ()}, (2.3)

where ©* is a compact subset of R% and ®*(0) C ®* V0 € ©* for some compact metric
space ®* with a metric that induces weak convergence of the bivariate distributions
(Wi, Witm) for all i, m > 1E] In the case of a moment condition model, the parameter
¢ indexes the part of the distribution of the observations that is not determined by the

moment conditions, which typically is infinite dimensional.

2That is, the metric satisfies: if v — =, then (W;, W;,,) under ~ converges in distribution to
(Wi, Witm) under ~y,. Note that I' is a metric space with metric dr(vy,7vs) = ||01 — 02| + do~ (P, ¢s),
where v, = (0;,¢;) € I' for j = 1,2 and dg- is the metric on ®*.



By definition, the GMM estimator 0, (approximately) minimizes @,,(0) over an “op-

timization parameter space” @ﬂ
gn € © and Qn@n) = Oin(g Qn(0) +o(n™t). (2.4)
€

We assume that the interior of © includes the true parameter space ©* (see Assump-
tion B1 below). This ensures that the asymptotic distribution of 0, is not affected by
boundary restrictions for any sequence of true parameters in ©*. The focus of this paper
is not on the effects of boundary restrictions.

Without loss of generality, the optimization parameter space © can be written as

©={0=,n): ¢ €VY(r),n cll}, where
II={r:(¢,n) € O for some ¢} and
U(r) ={¢: (¢,7) € ©} for m € 1L (2.5)

We allow ¥(7) to depend on m and, hence, © need not be a product space between
and 7.

The main focus of this paper is on GMM estimators, but the results also apply
to minimum distance (MD) estimators. However, the assumptions employed with MD
estimators are not as primitive. The MD sample criterion function is defined exactly
as the GMM criterion function is defined in except that g, (f) is not a vector of
moment conditions, but rather, is the difference between an unrestricted estimator ;En

of a parameter ¢, and a vector of restrictions h(6) on £,. That is,

7,(0) =&, — h(0), where £, = h(6o). (2.6)

2.2. Example 1: Nonlinear Regression with Endogeneity

The first example is a nonlinear regression model with endogenous regressors esti-
mated using instrumental variables (IV’s). The IV’s are assumed to be strong. Potential
identification failure in this model arises due to the nonlinearity in the regression func-

tion. Let h(z,7) € R be a function of x that is known up to the finite-dimensional

3The o(n~!) term in (2.4), and in (4.1) and (4.2) below, is a fixed sequence of constants that does
not depend on the true parameter v € I' and does not depend on 7 in 1)



parameter 7 € R% . The model is

fori=1,...,n, where X; = (X1, Xo2;) € R¥*, Xy, € R, Z; € R*, and k > dx,+d,+1.
The regressors X; may be endogenous or exogenous. The function h(x, ) is assumed to
be twice continuously differentiable wrt 7. Let h.(z,7) and h,.(z,7) denote the first-
and second-order partial derivatives of h(x, ) wrt 7.

The GMM sample criterion function is

n

Qn(0) = G,(0)W,9,(0)/2, where 3, (0) =n~" Y Ui(0)Z;,

=1

n -1
Ui (6) = }/z — Bh<X1’Z’,7T) — Xé,iga and Wn = (n_l Z ZzZ;> . (28)
=1

For simplicity, we use the optimal weight matrix under homoskedasticity. Alter-
natively, one can employ the optimal weight matrix under heteroskedasticity using a
preliminary estimator f,,. Provided W, () and 6, satisfy the Assumptions in Lemma
below, all results hold for this two-step estimator as well. For example, the pre-
liminary estimator 6, can be the estimator obtained under homoskedasticity, which is
shown below to satisfy the Assumptions in Lemma [3.1

When 5 = 0, U;(#) does not depend on 7. In consequence, @,(#) does not depend
on 7 when [ = 0.

Suppose the random variables {(X;, Z;,U;) : i = 1,...,n} are i.i.d. with distribution
¢ € ®*, where ®* is a compact metric space with a metric dg that induces weak conver-
gence of (X;, Z;,U;). In this example, the parameter of interest is § = (f,(, 7) and the
nuisance parameter is ¢, which is infinite dimensional.

The true parameter space for 6 is
O" = B* x Z* x II*, where B* = [—b],b5] C R, (2.9)

bt >0, b5 > 0, b} and b} are not both equal to 0, Z* C R% is compact, and II* C R%
is compact.
Suppose ||hrr (T, 1) — har(x, m2)|| < Mypn(2)d V1, m9 € 11 with ||m — ma|| < 0 for

some non-stochastic function M,.(z) : X — R* that satisfies the conditions in (2.11])



below, where 0 is some positive constant and X denotes the union of the supports of
X1, over all ¢ € ®*. Define

dl<ﬂ-) = (h (X].,i7 ,/T) ,XQ/L', hﬂ- (Xl,’h ’/T)) E RdX2+d7r+1 and
d:;’i(ﬂ-l’ 7T2) - (h (X17i7 ﬂ-l) ) h (Xl,ia 7T2) ) X2,i) S Rdx2+2' (210)

Let E, denote expectation under ¢. For any 6* € ©*, the true parameter space for ¢ is

O*(0") = {p € ®* : B, U Z; =0, E4(UXi, Zi) = 0*(Xi, Zi) > 0 a.s., Ey|U;[***
< C, Eygsup (||h (Xvg,m) |7+ [|he (X5, 7) [P+ | hrn (X1, 7) []77°) < C,
well

Eo(| X2l ™ + | Zil** + Man(X12)) < C, Auin( By ZiZ)) > ¢,
E¢Zid:;’i(7rl, o) € RF*(@x312) hag full column rank V7, me € II with w1 # 7o,
EyZidi() € RP@xeFdetD) has full column rank Vr € IT}, (2.11)

for some constants C' < oo and € > 0. Note that in this example ®*(6*) does not depend

on #*.

2.3. Example 2: Probit Model with Endogeneity and
Possibly Weak Instruments

The second example is a probit model with endogeneity and I'V’s that may be weak
or irrelevant, which causes identification issues. Consider the following two-equation

model with endogeneity of Y; in the first equation:

yi =Y+ X7+ U and
Y; = Zif+ XiCy + Vi, (2.12)

where y7,Y;,Ur,V; € R, X; € R¥*, Z; € R¥ and {(X;,Z;,U;,V;) : i = 1,...,n} are
ii.d. The outcome variable y; of the first equation is not observed. Only the binary
indicator y; = 1(y; > 0) is observed, along with Y;, X;, and Z;. That is, we observe
{W;i = (y;,Y:, X, Z;) : i = 1, ...,n}. Similar models with binary, truncated, or censored
endogenous variables are considered in Amemiya (1974), Heckman (1978), Nelson and
Olson (1978), Lee (1981), Smith and Blundell (1986), Rivers and Vuong (1988), among

others.



The reduced-form equations of the model are

yi = Zpm+ X[(; + U; and
Y; = Z5 + X[(y + Vi, where
¢, = ¢ +7¢ and U; = U + 7V (2.13)

The variables (X;, Z;) are independent of the errors (U;, V;) and the errors (U;, V;) have

a joint normal distribution with mean zero and covariance matrix >, where

1 v
S = ( e ) . (2.14)
po, o

The parameter of interest is 6 = (3, ¢, 7), where ( = ((;,(5)-

In this model, weak identification of m occurs when 3 is close to 0. We analyze a
GMM estimator of #, and corresponding tests concerning functions of #, in the presence
of weak identification or lack of identification.

Let L(-) denote the distribution function of the standard normal distribution. Let
L'(xz) and L"(x) denote the first- and second-order derivatives of L(x) wrt z. We use the

abbreviations

Li(0) = L(Z;pr + XiCy), Li(0) = L'(Z;Bm + Xi(y), and Li(0) = L"(Z;fm + X;(y).
(2.15)
Now we specify the moment conditions for the GMM estimator. The log-likelihood
function based on the first reduced-form equation in and y; = 1(yF > 0) is

n

00) = [y:log (Li(6)) + (1 — i) log (1 — Ly(6))] . (2.16)

i=1
Let a = B and ag = fymo. The log-likelihood function ¢(#) depends on 6 only through
a and (;. In the Appendix, we show that E, (¢(6)|X;, Z;) is maximized at (a,(;) =

(a0, (1 ,0)- The expectation of the score function wrt (a, (;) yields the first set of moment

conditions

E%wlﬂ-(ﬁo)(yi — L,-(t%))Z» = 0, where

wis(6) — Li(0)

Lo - L) 47 = (X Z) € R (2.17)




The second reduced-form equation in (2.13]) implies
E, Vi(60)Z; = 0, where V;(0) =Y; — Z/3 — X(,. (2.18)

We consider a two-step GMM estimator of # based on the moment conditions in

(2.17) and (2.18). The resulting estimator has not appeared in the literature previously,

but it is close to estimators in the papers referenced above, e.g., see Rivers and Vuong
(1988). The GMM sample criterion function is

Qn(0) = 7, (0)WM,7,(0)/2, where (2.19)

N - (dx+dz) oy [ wri0)(yi — Lz(e)))
g,(0) =n 1;62(9)@)21 € R*4xT42) and e,;(0) = ( Y715 X1, )

In the first step, the weight matrix W, is the identity matrix, yielding an estimator 6,,.
In the second step, W, is the optimal weight matrix that takes the form

Wa = W,(0,), where W, (0) =n "> (ei(0)ei(0)) @ (Z:Z,). (2.20)

=1

The optimization and true parameter spaces © and ©* are © = X ?:1[_bL,j’ b j] x
Z x II and ©* = xle[—bz7j,b§17j] x Z* x II*, where b, j,bm j, b7 ;,05; € R, 0 < b7 <
brj, 0 < bjr; < buy, b7 ;,by; are not both 0, for j = 1,...k, Z* C int(Z) C R%x
IT* C int(Il) C R, Z*, Z,11*, and II are Compactﬁ

Define Wy; = supyee |w1,:()| and Ws; = supyeg |w2,i(0)|, where wo,;(6) = LI (0)/
(Li(0)(1 — Li(0)))-

The nuisance parameter ¢ is defined by ¢ = (p, 0, F') € ®*, where F is the distrib-
ution of (X;, Z;) and ®* is a compact metric space with a metric dg that induces weak
convergence of (X;, Z;). We use P, and Ey to denote probability and expectation under
¢, respectively, for random quantities that depend only on (X;, Z;). For any 0° € ©,

the true parameter space for ¢ is

o(07) = {9 =(p,o,. ) €P:0, >, P¢(7;c:0) < 1 for any ¢ # 0,
Eg(||Zi]]"* + w1 +w31%) < C}, (2.21)

4Note that Z and Z* are not related to the support of Z;. Rather, they are the optimization and
true parameter spaces for ¢, which has dimension 2dx.

10



for some C' < oo and £ > 0. Note that in this example, ®(6*) does not depend on 6*.

2.4. Confidence Sets and Tests

We return now to the general framework. We are interested in the effect of lack of
identification or weak identification on the GMM estimator En Also, we are interested
in its effects on CS’s for various functions () of # and on tests of null hypotheses of
the form Hy : r(0) = v.

A CS is obtained by inverting a test. A nominal 1 — « CS for r(#) is

CS, ={v:7,(v) <cni-a(v)}, (2.22)

where 7, (v) is a test statistic, such as a t, Wald, or QLR statistic, and ¢, 14 (v) is a
critical value for testing Hy : 7(6) = v. The critical values considered in this paper may
depend on the null value v of () as well as on the data. The coverage probability of a
CS for r(0) is

Po(r(8) € CS,) = Po(T(r(6)) < cura(r(6)), (2:23)

where P, (-) denotes probability when + is the true value.

We are interested in the finite-sample size of the CS, which is the smallest finite-
sample coverage probability of the CS over the parameter space. It is approximated by
the asymptotic size, which is defined to be

AsySz = liminf inIﬁ P.(r(8) € CS,). (2.24)
n—oo YE

For a test, we are interested in its null rejection probabilities and in particular its

maximum null rejection probability, which is the size of the test. A test’s asymptotic

size is an approximation to the latter. The null rejection probabilities and asymptotic

size of a test are given by
P (T,(v) > cpi—a(v)) for v = (6, ¢) € I' with r(d) = v and

AsySz =limsup sup  Py(7,(v) > cpi-a(v)). (2.25)

n—oo ~elir(0)=v

11



2.5. Drifting Sequences of Distributions

To determine the asymptotic size of a CS or test, we need to derive the asymptotic
distribution of the test statistic 7, (v,) under sequences of true parameters v, = (0, ¢,,)
and v, = r(0,) that may depend on n. The reason is that the value of v at which the
finite-sample size of a CS or test is attained may vary with the sample size. Similarly,
to investigate the finite-sample behavior of the GMM estimator under weak identifi-
cation, we need to consider its asymptotic behavior under drifting sequences of true
distributions—as in Stock and Wright (2000).

Results in Andrews and Guggenberger (2010) and Andrews, Cheng, and Guggen-
berger (2009) show that the asymptotic size of CS’s and tests are determined by certain

drifting sequences of distributions. In this paper, the following sequences {v,,} are key:

I'(vg) ={{yv,€l:n>1}:7, =51, €T}, (2.26)
[ (7,0,b) = {{%} €' (vy) : By =0 and nl/Qﬂn —be(RU {ioo})dﬁ} , and

T (79, 00,w0) = {{7a} € T(30) : n!/?|8,]] — 00 and B, /|8, || = wo € R},

where vy = (By, Co, Mo, $g) and v, = (B, G, T, &)

The sequences in I' (7,,0,b) are in Categories I and II and are sequences for which
{B,} is close to 0: 3, — 0. When |[b|]| < oo, {B,} is within O(n~'/2) of 0 and the
sequence is in Category I. The sequences in I (,, 00,wp) are in Categories II and III
and are more distant from 3 = 0: n'/?||3,|| — oo. The sets ['(7,,0,b) and T'(7y,, 00, wp)
are not disjoint. Both contain sequences in Category II.

” means “when

Throughout the paper we use the terminology: “under {v,} € I'(7,)
the true parameters are {7, } € I'(y,) for any 7, € I';” “under {v,,} € I'(7,,0,b)” means
“when the true parameters are {v,,} € I'(v,,0,b) for any v, € I" with 5, = 0 and any
b€ (RU{+o0})%;” and “under {7, } € I'(7,, 00,wp)” means “when the true parameters

are {7, } € I'(y,00,wp) for any 7, € I' and any wy € R% with ||wo|| = 1.”

3. Assumptions

This section provides relatively primitive sufficient conditions for GMM estimators.
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3.1. Assumption GMM1

The first assumption specifies the basic identification problem. It also provides con-
ditions that are used to determine the probability limit of the GMM estimator, when it

exists, under all categories of drifting sequences of distributions.

Assumption GMM1. (i) If 3 =0, g,,(f) and W, (#) do not depend on 7, V0 € O,
Vn > 1, for any true parameter v* € I'.

(if) Under {7, } € '(7o), supgee |19, (6) = 9065 70)[| —» 0 and supgee |[Wa(0) =W(6; 70 )|
—, 0 for some non-random functions go(6;7,) : © x I' — R¥ and W(6;7,) : © x T —
Rbxk

(iii) When 3, = 0, go(, m;7y,) = 0 if and only if ¢» = v, Vr € II, Vy, € T.

(iv) When S, # 0, go(6;v,) = 0 if and only if 0 = 6y, Vy, € T.

(v) go(0;7,) is continuously differentiable in 6 on O, with its partial derivatives wrt 6
and 1 denoted by gy(0;7,) € R¥*% and gy(0;~,) € R¥*%, respectively.

(vi) W(0;7,) is continuous in # on © Vv, € T.

(vil) 0 < AminOV (g, T570)) < Amax(W (Yo, 3 770)) < 00 ¥y, € T and Vrr € 11

(Viii) Amin (g (o, T3 70) W (0, 75 70) 9 (Yo, T370)) > 0 Vg € I with 3y = 0.

(ix) ¥(mr) is compact Vr € II, and IT and © are compact.

(x) Ve > 0, 36 > 0 such that dy (¥ (71), ¥ (m2)) < € Vmy,mo € II with |7, — ma|| < 4,

where dy (+) is the Hausdorff metric.

Assumption GMM1(i) is the key condition that concerns the lack of identification
(by the moment functions) when § = 0. Assumptions GMM1(ii)-(x) are mostly fairly
standard GMM regularity conditions, but with some adjustments due to the lack of
identification of 7 when 8 = 0, e.g., see Assumption GMM1(iii). Note that Assumption
GMM1(viii) involves the derivative matrix of go(;~y,) with respect to ¥ only, not 0 =
(¢, 7). In consequence, this assumption is not restrictive.

The weight matrix W, (0) depends on € only when a continuous updating GMM
estimator is considered. For a two-step estimator, W, (0) depends on a preliminary
estimator 6,,, but does not depend on 6. Let W, (f,,) be the weight matrix for a two-step
estimator. (This is a slight abuse of notation because in W, (0) and g,,(0) are
indexed by the same 6, whereas here they are different.)

For the weight matrix of a two-step estimator to satisfy Assumption GMM1(ii), we
need

Wa(02) —p W(00370) (3.1)
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for some non-random matrix W(6o;v,) under {v, } € I'(7,). This is not an innocuous
assumption in the weak identification scenario because the preliminary estimator 6,, may
be inconsistent. Lemma below shows that holds despite the inconsistency of
7, that occurs under {7, } € T'(v,,0,b) with ||b]| < oo, where 6,, = (¢,,, 7).

Lemma 3.1. Suppose 0,, = (1,,,7,) is an estimator of § such that (i) 0,, —, 0 under
{7} € T(7,), Vo € T with By # 0, (i) ¥, —, ¥ under {7,} € T'(7,), Vv, € T with
Bo = 0, (iii) W, (0) satisfies Assumptions GMM1(i), GMM1(ii), and GMM1(vi), and
(iv) T is compact. Then, W, (0,) —, W(0o;7,) under {7,} € T(vy) Vv €T

Comments. 1. Lemma allows for inconsistency of 7, i.e., T, — m, # 0,(1), under
{7,,} € ['(~,) with 8, = 0. Inconsistency occurs under {v,,} € I'(,,0,b) with ||b|| < oo,
see Theorem [4.1|(a) below.

2. Typically, the preliminary estimator 6,, is obtained by minimizing @, (6) in
with a weight matrix W, (#) that does not depend on # or any estimator of ¢. In such
cases, the properties of 6, assumed in Lemma hold provided Assumption GMM1
holds with the specified weight matrixﬂ

Example 1 (cont.). For this example, the key quantities in Assumption GMM1 are

90(0:70) = Egy (Boh(X1, m0) — BA( X1 m) + X5,(Co — €)) Zi,
W(0:;70) = W) = (Bs, ZiZ)
9u(0;70) = —Eg, Zidyi(m)', and g9(0; ) = —FEy, Zidg,i(m)', where
dyi(m) = (h(X14,7), Xa,) € Rt and
doi(m) = (h( X1, 7), Xoy, Bha(X1,4, 7)) € RéxzHdnt1 (3.2)

Assumption GMM1(i) holds by the form of §,,(f) and W, in and the fact that
U;(0) does not depend on m when § = 0. Assumption GMM1(ii) holds by the uniform
LLN in Lemma in Supplemental Appendix C under the conditions in (2.11]).

To verify Assumption GMM1(iii), we write

90(¥, ™3 70) — go(Yo, T3 70) = E¢>0(_5h(X1,ia7T) + Xé,i(CO - ()% = [E%Zidw,i(w)/} A,
(3.3)
where A = (—f3,(, — () € R™2%1, We need to show that when 3, = 0 the quantity in
(3-3) does not equal zero Vi) # 1h and Vrr € II. This holds because dy ;(7) is a sub-vector

5This follows from the combination of Lemma in Appendix A and Lemma 3.1 of ACI.
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of dy ,(m1,7m2) and EyZ;dy, (71, ms)" has full column rank Vi, 7y € II with my # 72 by
@.11).
To verify Assumption GMM1(iv), we write

90(0;70) — 90(00;70) = Eg,(Boh(X14,m0) — BR( X1, m) + X5 ,(Co — () Zi
= [By,Zidy (7o, 7)] ¢, (3.4)

where ¢ = (8o, —3, (o — () € R¥*272. We need to show that when 3, # 0 the quantity in
(3-4) does not equal zero when ¢ # 6. This holds when 7 # 7y because Ey Z;d;, ;(mo, )’
has full column rank for m # 7o by (2.11]). When 7 = 7y,

90(9;%) - 90(90; 70) = 90(1/17 7T0;’Vo) - go(d’oﬂTo;’Yo) = [E%Zidzﬁ,i(%)/} Ay, (3-5)

where A; = (8, — 3,(y, — ¢) € R¥*2"1 The quantity in does not equal zero for
Y # 1y because Ey, Zidy (m)" has full column rank. This completes the verification of
Assumption GMM1(iv).

Assumption GMM1(v) holds by the assumption that h(x,7) is twice continuously
differentiable wrt 7 and the moment conditions in ([2.11]). Assumption GMM1(vi) holds
automatically because W(0;v,) = (Ey,Z:Z])~" does not depend on 6. Assumption
GMM1(vii) holds because E, Z;Z! € R is positive definite Vv, € I'. Assumption
GMM1 (viii) holds because W (v, m; ) = Eg Z; Z; is positive definite and gy (1, 73 7)
has full rank by the conditions in (2.11)). Assumption GMMI(ix) holds because © =
Bx Zx1II, and B, Z,II, and ¥ = B x Z are all compact. Assumption GMM1(x) holds
automatically because ¥ does not depend on 7. [

For brevity, the verifications of Assumptions GMM1 and GMM2-GMM5 below for

the probit model with endogeneity are given in Section [§

3.2. Assumption GMM2

The next assumption, Assumption GMM2, is used when verifying that the GMM
criterion function satisfies a quadratic approximation with respect to ¢ when {~,} €
['(74,0,b) and with respect to 8 when {v,} € T'(yy,00,wp). In the former case, the

expansion is around the value

wO,n = <07 Cn)7 (36)
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rather than around the true value v, = (3,,,¢,,). The reason for expanding around %,
is that the first term in the expansion of @, (¢, 7) does not depend on 7 when ¢ = 1)y,
by Assumption GMMI1(i).

Under {7, } € I'(7y,), define the centered sample moment conditions by

In (0570) = 7, (0) — 90 (85 70) - (3.7)

We define a matrix B(f) that is used to normalize the (generalized) first-derivative
matrix of the sample moments g, (0) so that it is full-rank asymptotically. Let B(3) be
the dy x dy diagonal matrix defined by

B(B) = Diag{1q,,(5)15,}, (3.8)

where «(3) = 8 if (3 is a scalar and +(8) = ||3|] if B is a vector[]

Assumption GMM2. (i) Under {v,} € I'(v,,0,b),
SUD e ()i [w—tg 1 <60 190 (s T3 Y0) = G (V0,00 T )1/ (072 4 [[1h — g |[) = 0pe(1) for all

constants ¢, — 0.

(ii) Under {7,,} € I'(7g,00,wo), SuPgee, (5,) [[Gn(0; Vo) = Gn(0n; 7o) |l/ (> + || B(5,) (0 —
,)||) = 0,(1) for all constants d,, — 0, where O,,(0,,) = {0 € © : || — ¥, || < 0, [|5,]]
and [|m — m,|| < d0,}.

When g, (0) is continuously differentiable in 6, Assumption GMM2 is easy to verify.
In this case, Assumption GMM2* below is a set of sufficient conditions for Assumption
GMM2.

Assumption GMM2 allows for non-smooth sample moment conditions. It is analo-
gous to Assumption GMM2(d) of Andrews (2002), which in turn is shown to be equiv-
alent to condition (iii) of Theorem 3.3 of Pakes and Pollard (1989). In contrast to these
conditions in the literature, Assumption GMM?2 applies under drifting sequences of true
parameters and provides conditions that allow for weak identification. Nevertheless,
Assumption GMM2 can be verified by methods used in Pakes and Pollard (1989) and
Andrews (2002).

Assumption GMMZ2*. (i) g,() is continuously differentiable in § on © Vn > 1.

®The matrix B(f) is defined differently in the scalar and vector 8 cases because in the scalar case
the use of 3, rather than ||8]|, produces noticeably simpler (but equivalent) formulae, but in the vector
case ||3]| is required.
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(ii) Under {v,} € T'(70,0,), SUPpeejy—y, ,|1<s. [1(0/0%)F(0) — 9u(0570)|| = 0,(1) for
all constants ¢§,, — 0.

(iif) Under {7,,} € T'(70, 00, wo), SuPgeo, (s, ((0/00')G,,(0) — 9o (63 70)) B~ (B,) 1| = 0,(1)
for all constants 4,, — 0.

When g,(0) takes the form of a sample average, Assumption GMM2* can be verified

by a uniform LLN and the switch of £ and 0 under some regularity conditions.

Lemma 3.2. Assumption GMM2* implies Assumption GMM2.

Example 1 (cont.). We verify Assumption GMM2 in this example using the sufficient
condition Assumption GMM?2*. The key quantities in Assumption GMMZ2* are

0 _ e 0 _ e
a—wgnm) =n"'> " Zidy(r) and wgn(ﬁ) =n"'> " Zidg(r). (3.9)
i=1 =1
Assumption GMM2*(i) holds with the partial derivatives given in (3.9)). Assumption
GMM2*(ii) holds by the uniform LLN given in Lemma in Supplemental Appendix
C under the conditions in (2.11). Assumption GMM2*(iii) holds by this uniform LLN
and #/8,, =1+ o(1) for 0 € ©,,(4,,). O

3.3. Assumption GMM3

Under Assumptions GMM1 and GMM2, Assumption GMM3 below is used when
establishing the asymptotic distribution of the GMM estimator under weak and semi-
strong identification, i.e., when {v,} € I'(v,,0,b).

Define the k x dg matrix of partial derivatives of the average population moment

function wrt the true g8 value, 5%, to be
* -1 - a
Kog(0;9") =n") WEW*Q(W@@), (3.10)
i=1
where v* = (8%, (", 7%, ¢"). The domain of the function K, ,(6;7*) is O5 x I'g, where

O; ={0 €0 :|pl| <déand Ty = {v, = (af,(,m,0) €T : v = (8,(,7,¢) € T with
18]| < 6 and a € [0, 1]} for some & > 0]

"The constant § > 0 is as in Assumption B2(iii) stated below. The set I'y is not empty by Assumption
B2(ii).
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Assumption GMMS3. (i) g, (f) takes the form g,(0) = n~*> " g(W;,0) for some
function g (W;,0) € R* V0 € ©.

(ii) Eyg(W;,¢",m) = 0 Vo € II, Vi > 1 when the true parameter is v* Vo* =
(", 7%, ¢%) € T with 5" = 0.

(i) Under {3,} € D(30,0,), m /2 S, (9(Wi Vi ) — s, (Wi m)) = N(O,
Q4(70)) for some k by k matrix Q,(v,)-

(iv) (a) K, 4(0;7%) exists V(0,7*) € ©s x I'g, Vn > 1. (b) For some non-stochastic
k x dz matrix-valued function K,(vq, 7;70), Kng(¥n. 75 7,) — K4(¢g, 75 7,) uniformly
over 7 € II for all non-stochastic sequences {¢,,} and {7, } such that 5, € I, 5, — v, =
(0, g, mo, @) for some v, € I', (¢,,,7) € ©, and ¢, — ¥y = (0,{y). (c) Ky4(hg, m;7) is
continuous on II Vv, € I" with 3, = 0.

(v) Ywo € R¥% with ||wo|| = 1, K, (¥g, T570)wo = gu(thg, ™5 7,)S for some S € R% if and
only if m = 7.

(vi) Under {v,,} € I'(7,0,0), n™* 321, (0/ 0%, g(Wi, b, )| (m)=0,. = 9w (003 70)-

Assumption GMM3(iii) can be verified using a triangular array CLT. Although As-
sumption GMM3(iv) is somewhat complicated, it is not restrictive, see the verification of
it in the two examples. A set of primitive sufficient conditions for Assumption GMM3(iv)
is given in Appendix A of AC1-SMF]|

In Assumption GMM3(v), the equality holds for 7 = 7o with S = —[l4, : 04,xa.]'wo
by Lemma 9.3 in AC1-SM under the assumptions therein. For any 7 # 7, Assumption
GMM(v) requires that any linear combination of the columns of K (v, m;~,) cannot
be in the column space of gy (1, ;7).

With identically distributed observations, Assumption GMM3(vi) can be verified by

the exchange of E' and 0 under suitable regularity conditions.

Example 1 (cont.). For this example, the key quantities in Assumption GMM3 are

gWi, 0) = (Vi = Bh(Xvi,m) — X3,0) Zi,
Qy(70) = E¢0Ui2Z’iZz{7 and
Ky n(0,7") = Ky(0,7") = Ep-h(Xy,, 1) Z;. (3.11)

Assumption GMM3(i) holds with g(W;,6) in (3.11]).

8The sufficient conditions are for Assumption C5 of AC1, which is the same as Assumption GMM3(iv)
but with m(W;, 8) of AC1 in place of g(W;,9).
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To verify Assumption GMM3(ii), we have
Eyg(W;,0) = Eg (U; 4+ 8*h(X13, ) — Bh(X14,7) + X5,(¢F = Q) Zi. (3.12)

When =" =0and ( = (", Epg(W;,0) =0 Vr € 1L
Next, we show that Assumption GMM3(iii) holds with ©,(~,) in (3.11)). Define

GQJL(’/TTL) - n_1/2 Z (g(Wla wO,n’ ﬂn) - E¢ng(vvl> 2ﬁ(),n? ’/Tn)) (313)
i=1

n

=n '/ Z UiZi + Boln? Z (h(Xism0) Zi — By WX, m0) Z5)]).
1=1

=1

By the CLT for triangular arrays of row-wise i.i.d. random variables given in Lemma
in Supplemental Appendix C, n=Y23""  U;Z; —4 N(0,Q4(7,)). The second term
in the second line of is 0,(1) because 3, — 0 and n= V23" (h(X;,7,)7Z; —
Ey h(X;,m,)Z;) = O,(1) by the CLT in Lemma in Supplemental Appendix C.
Hence, Gy, (7)) —a N(0,Q24(7))-

Next, we show that Assumption GMM3(iv) holds with K, (0,v*) and K,(6,7*) in
(3-11). Assumption GMM3(iv)(a) is implied by and the moment conditions in
(2.11). The convergence in Assumption GMM3(iv)(b) holds because ¢, — ¢, induces
weak convergence of (X;, Z;) by the definition of the metric on ®* and E, sup,.cry || (X1,
m)Zi||*T° < C for some § > 0 and C' < oo by the conditions in (2.11)). The con-
vergence holds uniformly over 7 € Il by Lemma in Supplemental Appendix C
because II is compact and Ey+ sup,.cp ||h- (X1, 7)|| - || Zi]| < C for some C' < oco. As-
sumption GMM3(iv)(c) holds because II is compact, h(z,7) is continuous in 7, and
Ey sup,cr ||h( X1, || - [|Zi]] < C for some C' < oo by the conditions in (2.11)). This
completes the verification of Assumption GMM(iv).

To verify Assumption GMM3(v), note that for S € R%*>"1 we have

Ky(vo, m570)wo — 9y (o, ™5 70) S
= E¢0Zih(X17i, 71'0)&)0 + E¢OZid¢7i(7T>,S
= E¢0Zidz7i<’ﬁ0, 7T>/A2, where Ag = (UJO, S) 7é 0d<+2~ (314)

Because Ey Z;d, (o, m)" has full column rank for all = # g by (2.11)), K, (g, 75 70)wo #
9o (o, m;70)S for any m 7 mo. When 7 = mo, Ko(4g, 75 70)wo = gy (1o, T37) 5 if S =
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(—wo,04.) (€ R%*'). This completes the verification of Assumption GMM3 for this

example. [

3.4. Assumption GMM4

To obtain the asymptotic distribution of 7, when 3, = O(n~'/?) via the continuous
mapping theorem, we use Assumption GMM4 stated below.

Under Assumptions GMM1(i) and GMM1(ii), W(¢, 7;,) does not depend on 7
when 3, = 0. For simplicity, let W(t)y;,) abbreviate W (v, 7;7,) when 5, = 0.

The following quantities arise in the asymptotic distributions of @n and various test
statistics when {v,,} € I'(7,,0,b) and ||b|| < co. Define

Q(m1,m2570) = 9u(Vo, T1570) W( W03 70) 2 (v0)V (Vo5 Y0) 9 (V05 T25 7o)
H(m;v,) = gw(wmWQVO)IW<¢0§’YO)9¢(¢U>W;’Yo)» and
K (g, m57,) = Qw(wm7T;’Yo),W(wo;’Yo)Kg(¢077T3’Yo)' (3.15)

Let G(+;7,) denote a mean zero Gaussian process indexed by 7 € II with bounded
continuous sample paths and covariance kernel (71, 7a;v,) for 71, w9 € II.

«

Next, we define a “weighted non-central chi-square” process {{(m;7,,0) : © € II}

that arises in the asymptotic distributions. Let

§(m570,0) = _% (G(m570) + K(m570) b)lHil(WQ Yo) (G(m570) + K (7;70)b) - (3.16)

Under Assumptions GMM1-GMM3, {(7;7,,0) : m € II} has bounded continuous sam-
ple paths a.s.

Assumption GMMA4. Each sample path of the stochastic process {£(7;7,,b) : 7 € 11}
in some set A(v,,b) with P, (A(vy,b)) = 1 is minimized over II at a unique point
(which may depend on the sample path), denoted 7*(,,b), Vv, € T" with 5, = 0, Vb
with [|b]| < oo.

In Assumption GMM4, 7*(~,, b) is random.
Next, we provide a sufficient condition for Assumption GMM4. We partition g, (6; o)

€ RFxdy gg

95(0;70) = [95(0570) = 9¢(0;70)], (3.17)

where g5(0;7,) € R*™% and g:(0;7,) € R*™%. When S, = 0, g:(1y,T;7,) does not
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depend on 7 by Assumptions GMM1(i) and GMM3(i) and is denoted by g¢(1¢;7,) for
simplicity. When dg = 1 and 3, = 0, define

9;2(7?077?17772;’70) = [96(to, ™13 70) © 95(Yos T3 70) * 9 (Y03 Y0)] € RE 2, (3.18)

Assumption GMM4*. (i) ds =1 (e.g., ( is a scalar).
(ii) gy, (19, m1,72;7) has full column rank, Vry,my € I with m; # m,, V7, € ' with

(iii) Q4(7,) is positive definite, Vv, € I' with 5, = 0.

Lemma 3.3. Assumptions GMM1-GMM3 and GMM4* imply Assumption GMMA.

Example 1 (cont.). We verify Assumption GMM4 in this example using the sufficient
condition Assumption GMM4*. The key quantity in Assumption GMM4* is

9y (o, m1, 23 %0) = =By Zi(W( X1, m1), (X1, 2), Xy ;) = —Eyy Zid, (71, m2). (3.19)

Assumption GMM4*(i) holds automatically. Assumption GMM4*(ii) holds because
Eg, Zd}, (71, m3) has full column rank Vay, 7, € IT with 71 # 75 by . Assumption
GMM4*(iii) holds with Qy(vy) = Ey U?Z;Z! because Ey Z;Z! is positive definite and
E(U?|Z;) > 0 a.s. This completes the verification of Assumption GMM4. [J

3.5. Assumption GMMS5

Under Assumptions GMM1 and GMM2, Assumption GMMS5 is used below to estab-
lish the asymptotic distribution of the GMM estimator under semi-strong and strong

identification, i.e., when {~,} € I'(v,, 00, wp).

Assumption GMMS5. Under {7, } € I'(v,, 00, wo),
(i) n*/2g,(0,) —a4 N(0,V,(v,)) for some symmetric and positive definite dy x dy matrix
%(70)7

(i) for all constants 6, — 0, supgee, (s, |1(96(6;70) — 90(0n; 70)) B~ (8,1 = o(1), and
iii) go(0n;v9)B~1(8,,) — J,(7,) for some matrix J, € RF*de with full column rank)’
0 n g\"o 9\

9In the vector 8 case, J,(7,) may depend on wq as well as .
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Now, we define two key quantities that arise in the asymptotic distribution of the

estimator 6, when {7, } € (v, 00,wo). Let

V(
J(

)
)

Jg(%)’W(QO; ’Yo)vg (7o) W(bo; ’Yo)Jg (7o) and
Jg 70

Yo
Yo (70) W(00;70) Iy (7o) - (3.20)

Let G*(7y) ~ N(04,, V(7)) for v, € I

Example 1 (cont.). The key quantities in Assumption GMMS5 for this example are
Vy(v0) = Eg Ui Z: Z; and Jy () = —Ey, Zidi(mo)" (3.21)

Assumption GMM5(i) holds by the CLT for triangular arrays of row-wise i.i.d. ran-
dom variables given in Lemma[12.3)in Supplemental Appendix C. Assumption GMMS5(ii)
holds with gy(6;v,) defined as in because 3,/ = 1+ o(1) for 0 € 6,(d,) and
90(0;79) B~ (B) = —Ey,Z;d;(m)" is continuous in 7 uniformly over 7 € II, which in turn
holds by the moment conditions in and the compactness of II.

Assumption GMMB5(iii) holds because

90(0n; 10) B~ (B,) = —Ey, Zidi(mn)' — — By, Zidi(mo)', (3.22)

where the convergence holds because (i) £y Z;d;(7)" — Eg, Z;d;(m) uniformly over 7 € II
by arguments analogous to those used in the verification of Assumption GMM3(iv)(b)
and (i) m, — 9. The matrix Jy(7,) has full column rank by (2.11]). This completes the
verification of Assumption GMM5. [J

3.6. Minimum Distance Estimators

Assumptions GMM1, GMM2, GMM4, and GMMS5 apply equally well to the MD
estimator as to the GMM estimator. Only Assumption GMM3 does not apply to the MD
estimator. In place of part of Assumption GMM3, we employ the following assumption

for MD estimators.

Assumption MD. Under {v,} € I'(7,,0,b), n'/%g, (¢, ™) = Op(1).
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3.7. Parameter Space Assumptions

Next, we specify conditions on the parameter spaces © and I'.
Define O = {0 € ©* : ||f|| < §}, where ©* is the true parameter space for 0, see
(2.3). The optimization parameter space O satisfies:

Assumption B1. (i) int(©) D ©*.
(ii) For some § > 0, © D {3 € R% :||B]| < §} x Z° x II D O} for some non-empty open
set Z°CR% and II as in (2.5)).

(iii) IT is compact.

Because the optimization parameter space is user selected, Assumption B1 can be made
to hold by the choice of ©.

The true parameter space I' satisfies:

Assumption B2. (i) I' is compact and holds.

(i) Vo > 0, 3y = (B,(, 7, ¢) € T with 0 < ||5]] < §.

(iii) Vy = (6,(,m,¢) € T with 0 < ||5|| < ¢ for some § > 0, v, = (af,(, 7, ¢) € T
Va € [0, 1].

Assumption B2(ii) guarantees that I' is not empty and that there are elements v of I'
whose [ values are non-zero but are arbitrarily close to 0, which is the region of the true
parameter space where near lack of identification occurs. Assumption B2(iii) ensures
that I' is compatible with the existence of the partial derivatives that arise in and
Assumption GMMS3.

Example 1 (cont.). Given the definitions in (2.9)-(2.11]), the true parameter space
I is of the form in (2.3). Thus, Assumption B2(i) holds. Assumption B2(ii) follows
from the form of B* given in (2.9). Assumption B2(iii) follows from the form of 5* and
the fact that ©* is a product space and ®*(6*) does not depend on 5*. Hence, the true
parameter space I' satisfies Assumption B2.

The optimization parameter space © takes the form
O =B x Z x1II, where B = [—bl, bg] CR, (323)
by > b, by > by, Z C R% is compact, II C R% is compact, Z* C int(Z), and

B* C int(B). Given these conditions, Assumptions B1(i) and B1(iii) follow immediately.
Assumption B1(ii) holds by taking 6 < min{b}, b3} and Z° = int(Z). O

23



4. GMM Estimation Results

This section provides the asymptotic results of the paper for the GMM estimator En
Define a concentrated GMM estimator ¢, () (€ ¥()) of ¢ for given 7 € II by

Qu{ty(m),m) = inf Qu(w,m) + o(n ™). (41)

Let Q¢ () denote the concentrated GMM criterion function @, (¢, (), 7). Define an

extremum estimator 7,, (€ II) by
@n(Fn) = inf Q5(m) +o(n ). (4.2)

We assume that the GMM estimator 6, in 1' can be written as 6, = (z/ﬂ\n(%n), Tn)-

Note that if |) and 1' hold and 8, = (@/Z;n(%\n), Tn), then 1) automatically holds.

For v, = (B,,Cp, Tn, ) € T, let Qo = Qn(g ,, ™), where ¥, = (0,(,,). Note that
Qo does not depend on 7 by Assumption GMMI1(i).

Define the Gaussian process {7(m;7,,b) : m € II} by
7(m3%0,0) = —H " (m;70) (G(m;70) + K (m370)b) — (b, 0a,), (4.3)

where (b,04.) € R%. Note that, by (3.16) and (4.3), &(m;7,,b) = —(1/2)(7(m;7,,b) +
(0, 04.))" H (75 70) (77370, b) + (b, 0q, ). Let

7T* (707 b) = arg min 5(71—; Yo> b) (44)

mell

Theorem 4.1. Suppose Assumptions GMM1-GMM4, B1, and B2 hold. Under {~v,} €
F(’V(bovl)) with ||b|| < 00,
/27, _ * b): b
(a) n (¢:z ¢n) —y 7—(71- (:2/07 )a’707 ) 7 and
Tn ™ (707 b)
(b) 1 (Qn(B) = Qo) —a infren €(m5 90, b).

Comments. 1. The results of Theorem [4.I] and Theorem [4.2] below are the same
as those in Theorems 3.1 and 3.2 of AC1, but they are obtained under more primitive

conditions, which are designed for GMM estimators.
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2. Define the Gaussian process {73(m;7,,b) : ™ € I} by
T8 (71—7 Yo> b) = SﬁT(ﬂ-; Yo> b) + bu (45)

where Sz = [Idﬁ : Odﬂxdc] is the dg x d selector matrix that selects 8 out of 1. The
asymptotic distribution of n!/23, (without centering at /3, ) under I'(7,,0,b) with |[b|| <
oo is given by 74(7* (74, 0); 70, b). This quantity appears in the asymptotic distributions
of the Wald and ¢ statistics below.

3. Assumption GMM4 is not needed for Theorem [4.1|(b).

Theorem 4.2. Suppose Assumptions GMM1-GMM5, B1, and B2 hold. Under {~v,} €
I'(7, 00, wo),

() nl/QB(ABn)@n — 1) —a = (70)G*(v0) ~ N (04, T (70)V (76) T (70)), and

(b) 1(Qn(0n) = @n(0n)) —a —3G*(70)' T (70)G* (70)-

Comment. The results of Theorems [4.1] and [4.2] hold for minimum distance estimators

under the assumptions listed in Appendix A.

5. Wald Confidence Sets and Tests

In this section, we consider a CS for a function r(6) of 6 by inverting a Wald test of the
hypotheses Hy : r(0) = v for v € r(0). We also consider Wald tests of Hy. We establish
the asymptotic distributions of the Wald statistic under drifting sequences of null and
alternative distributions that cover the entire range of strengths of identification. We
determine the asymptotic size of standard Wald CS’s. We introduce robust Wald CS’s
whose asymptotic size is guaranteed to equal their nominal size. The results in this
section apply not just to Wald statistics based on GMM estimators, but to Wald tests

based on any of the estimators considered in AC1 and AC2 as well.

5.1. Wald Statistics

The Wald statistics are defined as follows. Let

Y(vo) = J! (70)I V(’VO)J_l(Vo) and in = /;L_l‘A/n /\n_l? (5.1)
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where J, and V,, are estimators of .J (7o) and V' (7,). The Wald statistic takes the form

A~ A~

W (0) = n(r(8,) — v) (re(8n) B~ (5,) En B~ (Bo)ra(0)) 2 (+(B) — v), (5.2)

where r4(0) = (0/00)r(0) € Rir>do,
When d, = 1, the t statistic takes the form
n'2(r(8,) — v)

T, (v) = — == = — . (5.3)
(ro(0n)B~(8,) 20 B 1(6n)r6(0n),)1/2

~

Although these definitions of the Wald and ¢ statistics involve B~1(3,,), they are the
same as the standard definitions used in practice. By Theorem (a), when 3, # 0,
B~Y(B,)2(74)B~1(B,) is the asymptotic covariance matrix of ,. In the Wald statistics,
the asymptotic covariance is replaced by the estimator B_l(Bn)inB_l(Bn). The same
form of the Wald statistics is used under all sequences of true parameters v, € I'(7).
In the results below (except in Section [p.6]), we consider the behavior of the Wald
statistics when the null hypothesis holds. Thus, under a sequence {7, }, we consider the
sequence of null hypotheses Hy : 7(6) = v, where v,, equals r(6,,) and v, = (0,, ¢,,). We

employ the following notational simplification:

W, = Wy (vy,), where v, =r(0,). (5.4)

5.2. Rotation

To obtain the asymptotic distribution of the Wald statistic we consider a rotation
of 7(8,,) and r4(6,) by a matrix A(6,). The rotation is designed to separate the effects
of the randomness in @n and 7,, which have different rates of convergence for some
sequences {7, }. Similar rotations are carried out in the analysis of partially-identified
models in Sargan (1983) and Phillips (1989), in the nonstationary time series literature,
e.g., see Park and Phillips (1988), and in the GMM analysis in Antoine and Renault
(2009, 2010).

We partition ry(f) conformably with 6 = (¢, 7):
r9(0) = [ryp(6) = 75 (0)]. (5.5)
Suppose rank(r,(6)) = di (< min(d,,d,)) V0 € ©; for some ¢ > 0. (This is Assumption
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R1(iii) below). For 6 € ©g, let A(0) = [A1(0)" : A3(0)'] € O(d,), where the rows of
A () € RUr—dx)xdr gpan the null space of r(0)’, the rows of Ay(#) € R%¥*% span the
column space of 7,(6), and O(d,.) stands for the orthogonal group of degree d, over the
real space. Hence,

A0)r(0) = (5.6)

Aq(0)r.(0) ] _ [ O(dy—dx)xdsx ]
Az (0)r(0) r(0) ’

T

where 7%(0) € R%*4r has full row rank d:. For simplicity, hereafter we write the 0
matrix as 0 when there is no confusion about its dimension.
With the A(6) rotation, the derivative matrix r4(f) becomes

r;‘<e>=A<e>re<e>=[@(9> 0 ] (5.7)
P

where the (d, — d}) x dy matrix 77,(f) has full row rank d, — dy. When d; = d,, A;(0)
and [r7,(6) : 0] disappear. When d = 0, Ay(6) and [r}),(6) : 75(0)] disappear.

The effect of randomness in 7,, on 7(,,) is concentrated in the full rank matrix r* (/H\n)
because the upper right corner of rj! (@L) is 0. The effect of randomness in ¢, on r(@n)
is incorporated in both 77, (/Q\n) and 7y (5,1)

Using the rotation by A(f,), the Wald statistic in can be written as
W, = n(r(8,) — v)A0,) (rs (0)B7(5,) En BB, ) (0,)) *A0.) (r(8,) — v),  (5.8)

where the first d, — d rows of A(@n)r@n) only depend on the randomness in ¥, , not
T, asymptotically by the choice of A(@n).

Define a d, X dy matrix

,r.*

r;(e)):[ o 0 ] (5.9)

(

0 75(0)
The matrix rj(6), rather than r;'(), appears in the asymptotic distribution below.

The reason is as follows. Because 1, converges faster than 7, under {7,} € T'(7,,0,b), as

shown in Theorems 4.1] and the effect of randomness in 7, is an order of magnitude

larger than that in 171“ As a result, the limit of r?p (5,1) in does not show up in the

asymptotic distributions of the Wald and ¢ statistics. On the other hand, the limit of
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77,(0,) does appear in the asymptotic distribution because it is the effect of randomness
in v, separated from that in 7,,.

When r,(0) has full row rank, i.e., di = d,, for all § € O4, we have A(0) = I,
154(0) = 19(0), and 75(0) = [0 : 7-(6)]. In this case, rotation is not needed to concentrate
the randomness in 7,,. Also, when d,, = 1, we have A(f) = 1, so no rotation is employed.

Define

n'2A1(0)(r(v,, ) —r(,, T if d; .
" (6) = { AO)r (W) = (g, m)) i dy < d (510)

N 0 if d* = d,.

5.3. Function r(0) of Interest

The function of interest, r(f), satisfies the following assumptions.

Assumption R1. (i) r(f) is continuously differentiable on ©.
(i) 79(0) is full row rank d, V0 € ©.
(iii) rank(r.(6)) = d* for some constant d* < min(d,,d,) V0 € ©5 = {0 € © : ||f|| < 6}

for some 0 > 0.
Assumption R2. nn(an) —, 0 under {7,,} € I'(7,,0,b) Vb € (RU {£o00})%.
Three different sufficient conditions for the high-level Assumption R2 are given by

Assumptions R2*(i)-(iii) below. Any one of them is sufficient for Assumption R2 (under
the conditions in Lemma [5.1] below).
Assumption R2*. (i) df =d,.
(ii) d, = 1.
(iii) The column space of r,(#) is the same V6 € O; for some 6 > 0.

Assumption R2*(i) requires that the restrictions only involve 7. Alternatively, As-
sumption R2*(ii) requires that only one restriction appears. Alternatively, R2*(iii) is
satisfied when r,(0) = a(0)R,, where a(f) : ©; — R, a(f) # 0, and R, € R¥>%. A

special case is when r,(6) is constant due to the restrictions being linear.
Assumption Ry,. 7(0) = Rf, where R € R**% has full row rank d,.

Assumption Ry, is a sufficient condition for Assumptions R1 and R2.

Lemma 5.1. Assumptions R2*(i) and R2*(ii) each (separately) implies Assumption
R2. Assumption R2*(iii) combined with Assumption GMM1 (or Assumptions A and
B3(i)-(ii) of AC1) implies Assumption R2.

Lemma 5.2. Assumption Ry, implies Assumptions R1 and R2.
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5.4. Variance Matrix Estimators

The estimators of the components of the asymptotic variance matrix are assumed to
satisfy the following assumptions. Two forms are given for Assumption V1 that follows.
The first applies when [ is a scalar and the second applies when [ is a vector. The
reason for the difference is that the normalizing matrix B(f) is different in these two
cases.

When f is a scalar, let J(6;~,) and V(6;~,) for @ € © be some non-stochastic dy x dy
matrix-valued functions such that J(0g;7,) = J(7,) and V (0o;v,) = V (7,), where J(7,)
and V(v,) are as in (or as in Assumptions D2 and D3 of AC1). Let

(0;70) = J71(9370)V(9§70)J71(93'Yo) and X(m;7,) = X (g, 75 7)) (5.11)

Let ¥p(m;v,) denote the upper left (1,1) element of X(;7,).

Assumption V1 below applies when [ is a scalar.

Assumption V1 (scalar 8). (i) J, = jn(@n) and V,, = V,,(6,,) for some (stochastic)
dp X dy matrix-valued functions J,(6) and V, () on © that satisfy SUPyco 1| 7,.(6) —
J(0;70)|] —p 0 and suppee IV, (8) — V(6;7,)]] —, 0 under {v,,} € I'(v,,0,b) with
|b] < o0.
(i) J(#;7,) and V(0;~,) are continuous in § on © Vv, € T with 8, = 0.
(ii1) Amin (2(7579)) > 0 and Apax (X(7579,)) < 00 YV € 11, ¥y, € T" with 5, = 0.

When § is a vector, i.e., dz > 1, we reparameterize /5 as (||8]|,w), where w = 3/||8]|
if 5 # 0 and by definition w = 14,/|[14,|| with 15, = (1,..,1) € R% if § = 0.
Correspondingly, 0 is reparameterized as 0% = (||8||,w,¢, 7). Let ©F = {* : 67 =
(1511, B/1151],¢, ), 6 € O}F. Let 5:: and 6 be the counterparts of 6, and 0, after repara-

metrization.
When £ is a vector, let J(6";7,) and V(0;,) denote some non-stochastic dy x dg
matrix-valued functions such that J(07;7,) = J(v,) and V(04 ;7,) = V(7,)- Let

E(9+§70) = J_1<9+;VO)V(9+;70)J_1(9+§70) and
2(7@‘”;70) = Z(HBOH:MCOJT;’YO)- (5-12)

Let ¥g5(m,w;7y,) denote the upper left dz x dg sub-matrix of (7, w; 7).

Assumption V1 below applies when [ is a vector.
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Assumption V1 (vector 3). () I jn(é ) and V, = ‘A/n(@t ) for some (stochastic)
dp x dy matrix-valued functions .J, (67) an dV,(0 (0

J(OF570)l] = 0 and supgs e [|Va(07) = V(0
bl < oo [T

(ii) J(07;7,) and V(67;~,) are continuous in 7 on ©F Vv, € I' with 3, = 0.

(iii) Amin (Z(m,w;70)) > 0 and Ay (3(m, w5 7)) < 00 Vr € 11, Yw € R% with ||w|| = 1,
Vv, € I with 8, = 0.

(iv) P(r5(7* (79, b),v9,b) = 0) =0 V7, € I' with 3, = 0 and Vb with ||b]| < oo.

™) on ©F that satisfy supy+ g+ |17, (6F)—
:70)[| —=p 0 under {7,} € T'(7,0,b) with

The following assumption applies with both scalar and vector (5.
Assumption V2. Under I'(0, 00, wq), Jn —p J (7o) and V,, —, V(7).

Example 1 (cont.). In this example, J is a scalar. The estimators of J(v,) and V' (v,)

are

~

Jn = Jn(0,) and V,, = V,(6,,), (5.13)

respectively, where

(6) = Jdgn 0 /Wn gn(e)wn gn(e)v
Tyu(0) =01 Zidi(n), and V,,, (0) =n "> UZ(0)Z:Z]. (5.14)

The key quantities in Assumption V1 (scalar ) are

<

(0570) = g( )W(’YO)J (6;,) and

V(0;70) = Jo(0;70) W(70) Vg (8; 70) W (70) J4(0;7p), Where
Jg(0:70) = =By, Zidi(m)', W) = (B, Z:Z;)~", and (5.15)
Vo(0;70) = Ep, U2 Z;Z! + 2Ey [Boh(X 1,4, m0) — B X1, 7) + X2,4(Co — ()] Z: 2]

+Ey, [Boh(X1i,m0) — Bh( X1, ) + X5 ,(Co — O ZiZ.

Assumption V1(i) holds by the uniform LLN given in Lemma in Supplemental
Appendix C using the moment conditions in (2.11)), Assumption GMMI1(ii), and the
continuous mapping theorem. Assumption V1(ii) holds by the continuity of h(z, ) and

hy(xz,m) in 7 and the conditions in (2.11)).

10The functions J(0";7,) and V(07;~,) do not depend on wy, only ~,.
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To verify Assumption V1(iii), note that

2(7;%) = J71(¢077T;70)‘/(1%77;%)1]71(1?077;70); where
Ty (o, T 70) = —Ey, Zidi ()" and Vy(vg, m37) = By, U Z; Z! (5.16)

when S, = 0. We have: ¥(7;7,) is positive definite (pd) and finite Vrr € II because both
J (g, ;7o) and V (¢, m;,) are pd and finite, which in turn holds because (i) W(~,)
is pd and finite by Assumption GMM1(vii), (ii) J, (¢, 7;7,) € R*¥*% has full rank by
([2.11), and (iii) Vy(tg, ;) is pd and finite by (2.11)). This completes the verification
of Assumption V1.

Assumptions V1(i) and V1(ii) hold not only under {~, } € I'(7,,0,b), but also under
{7,} € T'(7vg,00,wp) in this example. This and 0, —, 6o under {v,,} € I'(vy, 00, wo),
which holds by Theorem (because Assumptions GMM1-GMM5, B1, and B2 have
been verified above), imply that Assumption V2 holds. This completes the verification
of Assumption V2. [J

5.5. Asymptotic Null Distribution of the Wald Statistic

The asymptotic null distribution of the Wald statistic under H, depends on the
following quantities. The limit distribution of @, (7) = Bn (m)/| |Bn(7r)|| under I'(,, 0, b)
with ||b]| < oo is given by

75(T; 70, b)

_ TN o el 5.17
7m0, D)1 (5:17)

w*(7; 70, b)

where 74(7; 7o, b) is defined in (4.5). Let B(m;7,,b) be a d, x d, matrix-valued function
of 75(m; 7y, b) defined as

_ Ly —a 0
B(m; 70, b) = | ) (5.18)

0 L(Tﬁ(ﬂ;%ab))[d;

where «(/3) = [ when  is a scalar and «(8) = |||| when [ is a vector.
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Let

7”2 (ﬂ-) = 7’3(%7 7T>7 T171<7T) = 7’2}(%, 7T) and

— (m; if 5 i 1
S (i 0. b) = { (75%) if 3 is a scalar (5.19)

Y(m,w*(m;99,0);770) if 5 is a vector,

where Y (7;7,) and 3(m, w;,) are defined in ((5.11)) and (5.12)), respectively.
Define a stochastic process {\(7;7,,b) : 7 € II} by

(7370, D)
= 74(m; 70, b) B(m; 70, b) (rg (m) S (703 7, b)rg (m)) " B3 7, b)77 (703 7, b), Where

e (27570, .
(mi7%0:8) = <A2<wo, (W0, ) — {16, 7o) ) < (520)

With linear restrictions, the stochastic process A(m;v,,b) can be simplified. Under
Assumption Ry, 79(f) = R does not depend on 6, and, hence, A(¢) and r;(#) do not
depend on 6. Define R* = r;(#) under Assumption Ry. Specifically,

R 0 Ry 0
RY=AR=| ¥ and R* = | ¥ (5.21)

R) R: 0 R*

where R}, € RUr=dm)xdy and R € Ri=xdr
Define a stochastic process {\(7;7,,b) : ™ € I} by
AL(m; 70, 0)
= 7(m; 79, b) R B(m; 79, b) (R*S (75 70, ) R™) " B(7; 70, b) R*7(m; 70, b), where

(7370, b) = (7(7579,0)', (1 — m0)") € R™. (5.22)

Under the linear restriction of Assumption Rp, Ar(m;70,0) = A(m;7,,b) and the as-
ymptotic distribution of the Wald statistic can be simplified by replacing the stochastic
process {A(m; 7y, b) : m € I1} with {1 (7;7,,b) : m € II} in the asymptotic results below.

The following theorem establishes the asymptotic null distribution of the Wald sta-
tistic for nonlinear restrictions that satisfy Assumption R2. (The null holds by the
definition W,, = W,,(v,,) in (5.4).)

Theorem 5.1. Suppose Assumptions B1-B2, R1-R2, and V1-V2 hold. In addition,
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suppose Assumptions GMM1-GMM5 hold (or Assumptions A, B3, C1-C8, and D1-D3
of AC1 hold).

(a) Under {v,,} € I'(7,,0,b) with ||b]| < oo, W, —4 M7 (7, b); Yo, b)-

(b) Under {v,} € T'(vp,00,w0), W =4 X3, -

A special case of Theorem [5.1] is the following result for linear restrictions.

Corollary 5.1. Suppose Assumptions B1-B2, Ry, and V1-V2 hold. In addition, sup-
pose Assumptions GMMI1-GMM5 hold (or Assumptions A, B1-B3, C1-C8, and D1-D3
of AC1 hold).

(a) Under {~,,} € T'(vy,0,b) with ||b|| < oo, Wi, —4 A(7* (Yo, b); Yo, b)-

(b) Under {~,,} € T'(7q,00,w0), Wi —a X3,

Specific forms of the stochastic process A(7; 7y, b) are provided in the following ex-
amples. In Examples rl-r4, () is linear in § and Corollary applies. In Example r5,

r(#) is nonlinear in # and Assumption R2 is verified.

Example r1. When 7(f) = ¢, R = R* = [I4, : 0], and Az (m;7,,b) = 7(m; 70, b)' S (5
Yo, 0)T(7; 70, b), where EM,(W; Yo, b) is the upper left dy, x dy block of E(ﬂ'; Y0, 0)-

Example r2. When r(f) =7, R=R* = [0: I, |, and \1(7;7,0) = ||75(7; 70, b)||* (7 —
770)’2;1 (7570, b) (T —70), where ¥ (75 7., b) is the lower right d x d block of X(7; v, b).

Example r3. When dy = dr and 7(0) = ¢ + 7, R = [Ig, : Ia,], R* = [0q, : Iq,],
and AL (7570, 0) = ||75(; 7, b)|[2( = 70) S (71570, b) (7 — o). Note that Az (77, b) is
the same in this example as in Example r2. This occurs because d = d, so that the
randomness in @A/)n is completely dominated by that in 7,. Although R is different in

Examples r2 and r3, R* is the same in both examples.

Example r4. When () = 0, R = R* = I,,, and \(7;7,,b) = 7(7; 70, b) B(7; 70, b)

—1 _
by (7;7076)B<7T;707b>7—(7r;707b)'
Example r5. When 0 = (3, 7), 7(0) = (8, 72)’, and 3 and 7 are scalars, we have

1 0

ro(6) = 13(0) = [ .o

] , and A(9) = L. (5.23)

Assumption R2*(iii) holds because Ay(#) does not depend on . This implies that As-
sumption R2 holds. The stochastic process {74 (m;v,,b) : # € II} can be simplified to

TA(T(; Yo> b) = (T(ﬂ-; Yo> b)v 7T2 - ﬂ%)
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Next we show that Assumption R2 is not superfluous. In certain cases, the Wald

statistic diverges to infinity in probability under Hy.

Theorem 5.2. Suppose Assumptions B1-B2, R1, and V1 hold. In addition, suppose
Assumptions GMM1-GMM4 hold (or Assumptions A, B1-B3, and C1-C8 of AC1 hold).
Under {7,,} € I'(70,0,0), Wn = 00 if |1, (6] — .

Comment. This theorem provides a high-level condition under which the Wald statistic
diverges to infinity in probability under the null. The Wald statistic, which uses ry (5,1) in
the covariance matrix estimation, is designed for the standard case in which 5n converges

/2. When 7, is inconsistent or converges to 7, slower than n~1/2, the

to 0,, at rate n~
estimator of the covariance matrix does not necessarily provide a proper normalization

for the Wald statistic to have a non-degenerate limit.

Example r6. We now demonstrate that restrictions exist for which Assumption R2
fails to hold. Suppose 6 = (3,7), r(0) = ((8 + 1)7,72)’, and 8 and 7 are both scalars.

Then, we have

_ |7 f+1 = 1 —27 an
TG(Q) - [ 0 o ) AI(Q)_ ||(_27Ta6+1)||( 2 76+1)7 d
n'/? 2 2
77n(9) = - H<_27T76 + 1)” [_27T<ﬁn + 1)(7T - T‘-n) + (ﬂ + 1)<7T - ﬂ'n)] (524)

Under {7,,} € [(70,0,) with [[b]] < 00, 7,(Bn) = [[(~2F, DI 012(F —70)? +0,(n"/2)
—, 00. The divergence to infinity in probability holds because 7,, —4 7*(7,,b) under
{7} € I'(7,0,b) by Theorem [4.1[a) under Assumptions B1, B2, and GMM1-GMM4
(or Assumptions A, B1-B3, and C1-C6 of AC1) and P(7*(7,,b) = m9) = 0 provided II

contains more than one element.

5.6. Asymptotic Distribution of the Wald Statistic
Under the Alternative
Next, we provide the asymptotic distributions of the Wald test under alternative
hypotheses, which yield power results for the Wald test and false coverage probabilities

for Wald CS’s. Suppose the conditions of Theorem hold. The following results
are obtained by altering of the proof of Theorem [5.I Suppose the sequence of null
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hypothesis values of r(6) are {vf" : n > 1} We consider the case where the true
parameters {, } satisfy r(6,) # v2%4'.

First, consider the alternative hypothesis distributions {v,} € I'(7,,0,b) with b €
R%_ Suppose the sequence of true values {f,} satisfies n'/?(r(6,) — v2'') — d for
some d € R%. Then, the asymptotic distribution of W, (v%") is given by the expres-
sion in Theorem [5.1|(a), but with 74(;7,,b) in the definition of A(r;,,b) replaced by
(T390, 0) = T4(7570,0) + (A1(¢g, m)d, 0gs ). Alternatively, suppose the sequence of
true values satisfies r(6,) — vi%" — dy € R*™ and dy # 0. When A(0) # 0 V0 € O,
W (vph) —, co. When A;(f) = 0 V0 € O, the asymptotic distribution of W, (v
is given by the expression in Theorem [5.1 . ), but with 74(7;v,,b) in the definition of
A (m570,0) = 7 (370, 0) + (0d, —dz, A2(thg, 7)do).

Next, consider the alternative hypothesis distributions {v,} € T'(v,, 00, wg) with
By # 0. When n'/?(r(0,,) — vd") — d for some d € R™, W, (v2'") converges in distribu-
tion to a non-central y2 distribution with noncentrality parameter 6> = d'(r4(09) B~*(53,)
S(v0) B~ (Bo)re(fo)') ' d. Alternatively, when r(6,,) — v2'f" — dy for some dy € R* with
do # 0, W,, —, 0.

Lastly, consider the alternative hypothesis distributions {v,,} € I'(v,, 00, wp) with
B, = 0. Suppose the restrictions satisfy r(0) = (1 (1), 72(0)) for ro(0) € R% with d* > 0
and the df x d, matrix (0/0n")ry(0) has full rank d*m Let vpyh = (vpgh, onlhy) for

;“6”2 € R4 . When

(7379, b) replaced by T

n2(ry(0,) — opth) — dy € R % and nM2u(3,)(ra(0,) — o) — dy € R, (5.25)

the asymptotic distribution of W, (v ”“”) is a non-central x3 distribution with non-
centrality parameter 0% = d'(r5(00)%(7)75(00))'d, where d = (di,ds) € R%. Note
that the local alternatives in are n~'/2-alternatives for the r;(¢) restrictions, but
are more distant n~'/24(3,) '-alternatives for the ry(f) restrictions due to the slower
n/24(3, )-rate of convergence of 7, in the present context. Alternatively, when r(f,,) —
vplt — dy for some dy € R* with dy # 0, W,, —,, <.

1By allowing vfo)” to depend on n, we obtain results for drifting null values. For example, if r(6) = 3,

this provides results when the null and local alternative values of 3 are n~'/2-local to zero. This is

useful for obtaining asymptotic false coverage probabilities of CS’s for S when the true value of [ is

close to zero. In this case, the relevant null values also are close to zero, in a n~!/2-local to zero sense.
12Under these conditions on 7(6), one can take A(f) = I, .
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5.7. Asymptotic Size of Standard Wald Confidence Sets

Here, we determine the asymptotic size of a standard CS for 7() € R% obtained by

inverting a Wald statistic, i.e.,
CSw = {v: Wa(v) < X3 1 o} (5.26)

where the Wald statistic W,,(v) is as in (5.2)), x7, ;_, is the 1 —a quantile of a chi-square
distribution with d, degree of freedom, and 1 — « is the nominal size of the CS.
The asymptotic size of the CS above is determined using the asymptotic distribution

of W,, = W,(r(6,)) under drifting sequences of true parameters, as given in Theorems

b.1] and [5.2] For ||b|| < oo, define

h = (b770)’ H= {h = <b>70) : ||b|| < 0, Yo € I' with 60 = O}a and
W(h) = A7 (70, b); 70, b). (5.27)

As defined, W (h) is the asymptotic distribution of W, under {v,} € I'(v,,0,b) for
||| < oo determined in Theorem [5.1f(a).

Let cw1-o(h) denote the 1 — a quantile of W (h) for h € H.

As in ([2.24), AsySz denotes the asymptotic size of a CS of nominal level 1 — av. The
asymptotic size results use the following distribution function (df) continuity assump-

tion, which typically is not restrictive.

Assumption V4. The df of W(h) is continuous at x7 ;_, and supjcy cwi-o(h) Vh €
H.

Theorem 5.3. Suppose Assumptions B1-B2, R1-R2, V1-V2, and V4 hold. In addition,
suppose Assumptions GMM1-GMMS5 hold (or Assumptions A, B1-B3, C1-C8, and D1-
D3 of AC1 hold). Then, the standard nominal 1 — « Wald CS satisfies

AsySz = min{}}n}f{ PW(h) < X3 1-a), 1—a}.
e :

Comment. Under Assumption Ry, (i.e., linearity of r(f)), Theorem holds with
W (h) replaced by the equivalent, but simpler, quantity Wi (h) = Ar(7* (7, b); 7o, b) for
h = (b,7,). This holds by Corollary [5.1)(a).

Theorem shows that the Wald statistic W,, diverges to infinity in some circum-
stances, e.g., see Example r6 in Section above. In such cases, the standard Wald CS
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has asymptotic size equal to 0.

Corollary 5.2. Suppose Assumptions B1-B2, R1, and V1 hold. In addition, suppose
Assumptions GMMI1-GMMS5 hold (or Assumptions A, B1-B3, C1-C8, and D1-D3 of
AC1 hold). If ||77n(/0\n)|| —, 00 under {v,} € ['(7,,0,b) for some v, € I' and ||b|| < oo,
the standard nominal 1 — o Wald CS has AsySz = 0.

5.8. Robust Wald Confidence Sets

Next, we construct Wald CS’s that have correct asymptotic size. These CS’s are
robust to the strength of identification. The CS’s for () are constructed by inverting a
robust Wald test that combines the Wald test statistic with a robust critical value that
differs from the usual x3 -quantile, which is designed for the strong-identification case.
The first robust CS uses the least favorable (LF) critical value. The second robust CS,
called a type 2 robust CS, is introduced in AC1. It uses a data-dependent critical value.

It is smaller than the LF robust CS under strong identification and, hence, is preferable.

5.8.1. Least Favorable Critical Value

The LF critical value is

cﬁ/ﬂ_a = max{sup cw1-a(h), Xi,l_a}. (5.28)

heH
The LF critical value can be improved (i.e., made smaller) by exploiting the knowl-
edge of the null hypothesis value of r(#). For instance, if the null hypothesis specifies
the value of 7 to be 3, then the supremum in does not need to be taken over
all h € H, only over the h values for which m = 3. We call such a critical value a null-
imposed (NI) LF critical value. Using a NI-LF critical value increases the computational

burden because a different critical value is employed for each null hypothesis value[[[']

13To be precise, let H(v) = {h = (b,7,) € H : ||b|]| < 00,7(6y) = v}, where v, = (0o, ¢y). By
definition, H(v) is the subset is H that is consistent with the null hypothesis Hy : r(6g) = v, where 6,
denotes the true value. The NI-LF critical value, denoted c‘%VF 1—o (), is defined by replacing H by H (v)
in when the null hypothesis value is r(0y) = v. Note that v takes values in the set V,. = {vg :
r(6o) = vo for some h = (b,,) € H}.

When r(f) = 8 and the null hypothesis imposes that 3 = v, the parameter b can be imposed to
equal n'/2v. In this case, H(v) = H,(v) = {h = (b,7,) € H : b = n'/?v}. The asymptotic size results
given below for NI-LF CS’s and NI robust CS’s hold in this case.
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When part of v is unknown under Hy but can be consistently estimated, then a plug-
in LF (or plug-in NI-LF) critical value can be used that has correct size asymptotically
and is smaller than the LF (or NI-LF') critical value. The plug-in critical value replaces
elements of v with consistent estimators in the formulae in and the supremum
over H is reduced to a supremum over the resulting subset of H, denoted ﬁn, for which

the consistent estimators appear in each vector ’yE]

5.8.2. Type 2 Robust Critical Value

Next, we define the type 2 robust critical value. It improves on the LF critical value.
It employs an identification category selection (ICS) procedure that uses the data to
determine whether b is finite["] The ICS procedure chooses between the identification
categories ZCy : ||b]| < oo and ZC; : ||b]| = oco. The identification-category selection

statistic is
~/ S-1 5 1/2
A, = (nﬁnZﬂﬁ nﬁn/dﬁ) , (5.29)

where S5, is the upper left dg x dg block of %,,, which is defined in (5.1)).

The type 2 robust critical value provides a continuous transition from a weak-
identification critical value to a strong-identification critical value using a transition func-
tion s(x). Let s(z) be a continuous function on [0, 00) that satisfies: (i) 0 < s(x) < 1, (ii)
s(x) is non-increasing in x, (iii) s(0) = 1, and (iv) s(z) — 0 as © — oo. Examples of tran-
sition functions include (i) s(z) = exp(—c-z) for some ¢ > 0 and (ii) s(z) = (1 +c-z)™*
for some ¢ > 0[] For example, in the nonlinear regression model with endogeneity, we
use the function s(x) = exp(—2z).

The type 2 robust critical value is

~ CB if A, <k
c —a,;n —
e, cs+[cg —cs] - s(A, — k) if A, > Kk, where
CB = Ciy_a T A1, €5 = X3, 10+ De, (5.30)

5 For example, if ¢ is consistently estimated by Zn, then H is replaced by H, = {h=(b,y) € H:v=
(B,Zn, 7, ¢)}. If a plug-in NI-LF critical value is employed, H(v) is replaced by H(v) N f[n, where H(v)
is defined in a footnote above. The parameter b is not consistently estimable, so it cannot be replaced
by a consistent estimator.

16When 2 is specified by the null hypothesis, it is not necesary to use an ICS procedure. Instead, we
recommend using a (possibly plug-in) NI-LF critical value, see the footnote above.

171f cﬁ}:ﬂka = 00, s(x) should be taken to equal 0 for z sufficiently large, where co x 0 equals 0 in
. Then, the critical value ¢w,1—_q,» is infinite if A,, is small and is finite if A,, is sufficiently large.
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and Ay > 0 and As > 0 are asymptotic size-correction factors that are defined below.
Here, “B” denotes Big, and “S” denotes Small. When A,, < k, ¢w1_q,, equals the LF
critical value ch ., Dlus a size-correction factor A;. When A,, > K, Cwi1_qn is a linear
combination of ¢fif} _,+ Ay and x3 ;_, + Ay, where A, is another size-correction factor.
The weight given to the standard critical value Xflhlﬂ increases with the strength of
identification, as measured by A, — k.

The ICS statistic A, satisfies A,, —4 A(h) under {~,} € I'(v,,0,b) with ||b|| < oo,
where A(h) is defined by

* Iz — * * 1/2
A(h) = (75(77 i %0, b) 2551(77 $Y0)Ta(m ;’707b)/d5) ) (5.31)

where 7* abbreviates 7* (7, b), 75(7; 7y, b) is defined in (4.5)), and Xg3(7; ) is the upper
left (1,1) element of X(¢g, ;) for £(6;7) = T (6;70)V (65 70) T~ (6: 70) FH)
Under v,, € I'(v,,0,b) with ||b|]| < oo, the asymptotic null rejection probability of a

test based on the statistic IV, and the robust critical value ¢y1_,,, is equal to

NRP(Aq1,Az;h) = P(W(h) > cg & A(h) < k) + P(W(h) > ca(h) & A(h) > k)
PW(h) > cg)+ P(W(h) € (ca(h),c] & A(h) > k), where
ca(h) =cs+ (cg —cg) - s(A(h) — k). (5.32)

The constants A; and Ay are chosen such that NRP(A, Ag;h) < a Vh € H. In par-
ticular, we define A; = sup,cpy, Ai(h), where A;(h) > 0 solves NRP(A(h),0;h) =
(or Ay(h) =01if NRP(0,0;h) < «), H;y = {(b,7o) : (b,7y) € H & ||b]| < ||bmax|| + D},
bmax 18 defined such that cy 1o (h) is maximized over h € H at hpmax = (Dmaxs Vmax) € H

for some v, € I', and D is a non-negative constant, such as 1. We define Ay, =
suppey Az2(h), where Ay(h) solves NRP(Ay, Ay(h); h) = a (or Ay(h) = 0if NRP(A4,0;

18The convergence in distribution follows from Theorem a) and Assumption V1.

19Tn the vector 3 case, Zgﬁl (m*; ) is replaced in by a slightly different expresssion, see footnote
51 of AC1. When the type 2 robust critical value is considered in the vector 3 case, h is defined to
include wo = lim, o 3,,/|8,]] € R as an element, i.e., h = (b,7y,wo) and H = {h = (b, v, wo) :
[1b]] < 00,7 €T with 8y =0, ||wo|| = 1} because the true value wq affects the asymptotic distribution
of A,.

20 Alternatively to the ICS statistic A,, one can use a NI-ICS statistic A, (v), which employs the
restricted estimator Bn(v) of 3 in place of Bn and a different weight matrix. See AC1 for details.
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h) < a).m@ As defined, A; and A, can be computed sequentially, which eases compu-
tation.

Given the definitions of A; and A,, the asymptotic rejection probability is always
less than or equal to the nominal level a and it is close to o when h is close to hyay (due
to the adjustment by A;) and when ||b|| is large (due to the adjustment by Ay).

The type 2 robust critical value can be improved by employing NI and/or plug-in
versions of it, denoted by Ciy;1—a,n(v). These are defined by replacing cff;_,, in (5.30)
by the NI-LF or plug-in NI-LF critical value and making cg, A;, and Ay depend on
the null value v, denoted cg(v), A1(v), and As(v). We recommend using these versions
whenever possible because they lead to smaller CS’s.

For any given value of k, the type 2 robust CS has correct asymptotic size due to the
choice of A; and A,. In consequence, a good choice of xk depends on the false coverage
probabilities (FCP’s) of the robust CS. (An FCP of a CS for r(0) is the probability that
the CS includes a value different from the true value r(6).) The numerical work in this
paper and in AC1 and AC2 shows that if a reasonable value of  is chosen, such as
k = 1.5 or 2.0, the FCP’s of type 2 robust CS’s are not sensitive to deviations from this
value of . This is because the size-correction constants A; and A, have to adjust as k
is changed in order to maintain correct asymptotic size. The adjustments of A; and A,
offset the effect of changing .

One can select  in a simple way, i.e., by taking x = 1.5 or 2.0, or one can select « in
a more sophisticated way that explicitly depends on FCP’s. Both methods yield similar
results for the cases that we have considered.

The more sophisticated method of choosing x is to minimize the average FCP of
the robust CS over a chosen set of x values denoted by K. First, for given h € H, one
chooses a null value vy, (h) that differs from the true value vy = r(6y) (where h = (b, ,)
and v, = (6o, ¢p)). The null value vy, (h) is selected such that the robust CS based on a

reasonable choice of k, such as kK = 1.5 or 2, has a FCP that is in a range of interest, such

2'When NRP(0,0;h) > «, a unique solution A;(h) typically exists because NRP(A1,0;h) is always
non-increasing in A; and is typically strictly decreasing and continuous in Aj. If no exact solution to
NRP(A1(h),0;h) = «a exists, then Aq(h) is taken to be any value for which NRP(A;(h),0;h) < o and
Aj(h) > 0 is as small as possible. Analogous comments apply to the equation NRP(Ay, Aq(h);h) = «
and the definition of As(h).

*When the LF critical value is achieved at [[b]| = oo, i.e., X7 | o = SUDpcg cQLR.1-a(h), the
standard asymptotic critical value Xi,.,lfa yields a test or CI with correct asymptotic size and constants
A; and Ay are not needed. Hence, here we consider the case where ||bmax|| < 00. If sup,cp corr,1-a(h)
is not attained at any point hmax, then bpyax can be taken to be any point such that corr,1—a(Pmax) is
arbitrarily close to sup,cy cQrr,1—a(h) for some Amax = (bmax; Ymax) € H-
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as close to 0.50/% Second, one computes the FCP of the value vg,(h) for each robust
CS with x € K. Third, one repeats steps one and two for each h € H, where H is a
representative subset of H @ The optimal choice of x is the value that minimizes over
IC the average over h € H of the FCP’s at vy, (h).

5.8.3. Asymptotic Size of Robust Wald CS’s

In this section, we show that the LF and data-dependent robust CS’s defined above
have correct asymptotic size. The asymptotic size results rely on the following df conti-

nuity conditions, which are not restrictive in most examples.

Assumption LF. (i) The df of W (h) is continuous at cy1-o(h) Yh € H.

(i) If ¢fif) o > X3, 1—a: Ciif1_o is attained at some ey € H.

Assumption NI-LF. (i) The df of W (h) is continuous at cy.1—(h) Vh € H(v), Vv € V.

(i) For some v € V., ¢fif;_,(v) = X3 1_4 oF ¢fif;_o(v) is attained at some Ay € H.

For h € H, define

Giraalh) = { CB i A) < 5 (5.33)
cs+ [cp —cs] - s(A(h) — k) if A(h) > k.

As defined, ¢y1-o(h) equals ¢y 1_q, with A(R) in place of A,. The asymptotic distrib-

ution of ¢y 1o, under {7,} € I'(v,,0,0) for ||b]| < oo is the distribution of ¢y;1_a(h).
Define €y (h, v) analogously to Cw,1_o(h), but with ¢fif;_,, Ay, and A, replaced

by cfif1_o(v), A1(v), and Ay(v), respectively, for v € V,.. The asymptotic distribution of

Cwi—an(v) under {7, } € I'(7,,0,b) for ||b|| < oo is the distribution of ¢y 1o (h,v).

Assumption Rob2. (i) P(W(h) = ¢w,1-a(h)) =0Vh € H.

(i) If Ay > 0, NRP(A1,As;h*) = « for some point h* € H, where A; and A, are

defined following (5.32).

Assumption NI-Rob2. (i) P(W(h) = ¢w1-a(h,v)) =0 VYh € H(v), Yv € V.

(ii) For some v € V,,, Ay(v) = 0 or NRP(A;(v), As(v); h*) = « for some point h* € H (v),

where A (v) and Ay(v) are defined following ([5.32).

23When b is close to 0, the FCP may be larger than 0.50 for all admissible v due to weak identification.
In such cases, vy, (h) is taken to be the admissible value that minimizes the FCP for the selected value
of x that is being used to obtain vy, (h).

24When 7(¢) = m, we do not include h values in H for which b = 0 because when b = 0 there is no
information about 7 and it is not necessarily desirable to have a small FCP.
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Theorem 5.4. Suppose Assumptions B1-B2, R1-R2, and V1-V2 hold. In addition,
suppose Assumptions GMM1-GMMS5 hold (or Assumptions A, B1-B3, C1-C8, and D1-
D3 of AC1 hold). Then, the nominal 1 — o robust Wald CS has AsySz =1 — a when
based on the following critical values: (a) LF, (b) NI-LF, (c) type 2 robust, and (d) type

2 NI robust, provided the following additional Assumptions hold, respectively: (a) LF,
(b) NI-LF, (c) Rob2, and (d) NI-Rob2.

Comments. 1. Plug-in versions of the robust Wald CS’s considered in Theorem
also have asymptotically correct size under continuity assumptions on cy1-o(h) that
typically are not restrictive. For brevity, we do not provide formal results here.

2. 1If part (ii) of Assumption LF, NI-LF, Rob2, or NI-Rob2 does not hold, then the
corresponding part of Theorem still holds, but with AsySz > 1 — a.

3. A third type of robust critical value, referred to as type 1, is considered in ACI.
Critical values of this type can be employed with Wald statistics. The resulting type 1
robust CS’s out-perform LF robust CS’s in terms of FCP’s, but are inferior to type 2

robust CS’s. However, they are easier to compute than type 2 robust CS’s.

6. QLR Confidence Sets and Tests

In this section, we introduce CS’s based on the quasi-likelihood ratio (QLR) statistic.
For brevity, theoretical results for the QLR procedures are given in AC1. However, we
define QLR procedures here because numerical results are reported for them in the
numerical results section.

We consider CS’s for a function 7() (€ R™) of § obtained by inverting QLR tests.

The function r(0) is assumed to be smooth and to be of the form

(6.1)

r(@) _ [ T1(¢) ] :

7’2(77')

where r1(¢)) € R, d,, > 0 is the number of restrictions on v, ro(7) € R%2, d,, > 0 is
the number of restrictions on 7, and d, = d,, + d,,.

For v € r(0), we define a restricted estimator 6, (v) of § subject to the restriction
that 7(f) = v. By definition,

0,(v) €O, r(6,(v)) =v, and Qu(F,(v)) = inf  Qn(8) +o(n7Y).  (6.2)

0cO:r(0)=v
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For testing Hy : r(0) = v, the QLR test statistic is

QLR,(v) = 20(Qn(0n(v)) — Q0 (0,)) /30, (6.3)

where 3, is a real-valued scaling factor that is employed in some cases to yield a QLR
statistic that has an asymptotic X?zr null distribution under strong identification. See
AC1 for details.

Let ¢, 1-4(v) denote a nominal level 1 — « critical value to be used with the QLR
test statistic. It may be stochastic or non-stochastic. The usual choice, based on the
asymptotic distribution of the QLR statistic under standard regularity conditions, is the
1 — a quantile of the x7 distribution: ¢,1-a(v) = X7 1_q-

A critical value that delivers a robust QLR CS for (6) that has correct asymptotic
size can be constructed using the same approach as in Section Details are in AC1.

Given a critical value ¢, ;4 (v), the nominal level 1 —a QLR CS for r(0) is

CSEM ={v er(®): QLR,(v) < cpi1-a(v)}. (6.4)

7. Numerical Results: Nonlinear Regression Model

with Endogeneity

In this section, we provide asymptotic and finite-sample simulation results for the
nonlinear regression model with endogeneity.

The model we consider consists of a structural equation with two right-hand side
endogenous variables X; and X5, where X; is a nonlinear regressor and X5 is a linear

regressor, and two reduced-form equations for X; and X, respectively:

Y, =+ 8- h( Xy, m) + (GXoy + U,
Xii = M+ XZy; + Vi,
Xo; = A3+ MNaZo; + AsZz; + Vo, (7.1)

where Y;, X ;, Xo,; € R are endogenous variables, 7, ;, Z5;, Z3,; € R are excluded exoge-
nous variables, h(z,7) = (|z|™ — 1)/m, and 0 = (8,(;, (5, )" € R* is the unknown para-
meter [’| The data generating process (DGP) satisfies (¢, (5) = (—2,2), (A1, A2) = (3,1),

25The absolute value of = is employed in h(z,7) to guarantee h(z,7) € R when 7 is not an integer.
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Figure 1. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of g in
the Nonlinear Regression Model with Endogeneity when mg = 1.5.

(A3; A4, A5) = (0,1,1), {(Z1,3, Z2si, Z5;, Ui, Vi3, Vau) i =1, ... ,n}areild., (21, Z24, Zs;)
and (U;, V14, Va,) are independent, (71, Za;, Z3;) ~ N(0,13), U; ~ N(0,0.25), Vj; ~
N(0,1) and Corr(U;, Vi;) = 0.5 for k =1 and 2, and Corr(V;,, V2,;) = 0.5.

The IV’s for the GMM estimator of 6 are Z; = (1, Z1;, Z3;, Z24, Z3;)' € R®. Thus,
five moment conditions are used to estimate four parameters.

The true parameter space for 7 is [1.5, 3.5] and the optimization space for 7 is
[1,4]. The finite-sample results are for n = 500. The number of simulation repetitions is
20,0007

Figures 1 and 2 provide the asymptotic and finite-sample densities of the GMM
estimators of 5 and m when the true 7 value is 7y = 1.5. Each Figure gives the densities
for b =0, 4, 10, and 30, where b indexes the magnitude of 3. Specifically, for the finite-
sample results, b = n'/23. Figures S-1 and S-2 in Supplemental Appendix D provide
analogous results for 7y = 3.0.

Figure 1 shows that the ML estimator of 5 has a distribution that is very far from a
normal distribution in the unidentified and weakly-identified cases. The figure shows a
build-up of mass at 0 in the unidentified case and a bi-modal distribution in the weakly-
identified case. Figure 2 shows that there is a build-up of mass at the boundaries of the
optimization space for the estimator of 7 in the unidentified and weakly-identified cases.
Figures 1 and 2 indicate that the asymptotic approximations developed here work very
well.

Figures S-3 to S-6 in Supplemental Appendix D provide the asymptotic and finite-

With the data generating process specified below, X ; is positive with probability close to 1. Hence,
h(X1,;,7) is approximately the Box-Cox transformation of X7 ;.

26The discrete values of b for which computations are made run from 0 to 30, with a grid of 0.2 for b
between 0 and 10, a grid of 1 for b between 10 and 20, and a grid of 2 for b between 20 and 30.
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Figure 2. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of 7 in
the Nonlinear Regression Model with Endogeneity when mg = 1.5.

sample (n = 500) densities of the ¢ and QLR statistics for 8 and m when mg = 1.5. These
Figures show that in the case of weak identification the ¢t and QLR statistics are not
well approximated by standard normal and 3 distributions. However, the asymptotic
approximations developed here work very well.

Figure 3 provides graphs of the 0.95 asymptotic quantiles of the |t| and QLR statistics
concerning [ and 7 as a function of b for mg = 1.5, 2.0, 3.0, and 3.5. For the |¢| statistic
concerning (3, for small to medium b values, the graphs exceed the 0.95 quantile under
strong identification (given by the horizontal black line). This implies that tests and CI’s
that employ the |¢| statistic for 5 and the standard critical value (based on the normal
distribution) have incorrect size. For the QLR statistic for 3, the graphs slightly exceed
the 0.95 quantile under strong identification when b is 0 or almost 0 and fall below the
0.95 quantile under strong identification for other small to medium b values. The graphs
in Figure 3(b) imply that tests and CI’s that employ the QLR statistic for § and the
standard critical value (based on the y? distribution) have small size distortions due to
the under-coverage for b values close to 0. Given the heights of the graphs in Figure 3(c)
and 3(d), tests and CI’s that employ the |¢| statistic for = have correct asymptotic size
when m9 = 1.5 and 2.0 and have slight size distortion when 7y = 3.0 and 3.5, whereas
those that employ the QLR statistic for 7w always have correct asymptotic size.

Figure 4 reports the asymptotic and finite-sample CP’s of nominal 0.95 standard |¢|
and QLR CI’s for f and m when 7y = 1.5. For example, the smallest asymptotic and
finite-sample CP’s (over b) are around 0.68 and 0.93 for the |t| and QLR CI’s for g,
respectively. There is no size distortion for the |t| and QLR CI’s for 7. Note that the
asymptotic CP’s provide a good approximation to the finite-sample CP’s. Figure S-7 in

Supplemental Appendix D provides analogous results for 7wy = 3.0.
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Figure 3. Asymptotic 0.95 Quantiles of the |¢| and QLR Statistics for Tests Concerning
B and 7 in the Nonlinear Regression Model with Endogeneity.
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Figure 4. Coverage Probabilities of Standard |¢t| and QLR Cl's for 3 and 7 in the
Nonlinear Regression Model with Endogeneity when mg = 1.5.
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Figure 5. Coverage Probabilities of Robust |¢| and QLR ClI's for 8 and 7 in the Nonlinear
Regression Model with Endogeneity when g = 1.5. No smooth transition is employed.

Next, we consider CI’s that are robust to weak identification. For the robust CI for
3, we impose the null value of b = n'/23,, where f3, is the true value of 3 under the null.
With the knowledge of b under the null, no identification-category-selection procedure
is needed. Imposing the null value of b also results in a smaller LF critical value. As
indicated in Figure 3(a), the NI-LF critical values for the |¢t| CI for g is attained at
mo = 1.5 for all b values. In consequence, the robust |t| CI for § is asymptotically
similar when 7y = 1.5, as shown in Figure 5(a). Figure 5(a) also reports the finite-
sample (n = 500) CP’s of the robust |¢| CI for 5. The smallest and largest finite-sample
CP’s are around 0.91 and 0.97, as opposed to 0.68 and 1.00 for the standard |¢| CIL.
Figure 5(b) shows that the robust QLR CI for 5 tends to over-cover for a range of small
to medium b values, but the asymptotic size is correct. Figures S-8(a) and S-8(b) in
Supplemental Appendix D provide analogous results for 7y = 3.0. The robust CI’s for
[ are not asymptotically similar when 7y = 3.0, but they have correct asymptotic size
and the asymptotic and finite-sample CP’s are close for all b values.

The robust CI’s for 7 are constructed with the null value 79 imposed. When 7y = 1.5,
the robust |t| and QLR CI’s are the same as the standard |t| and QLR CI’s, respectively,

because the NI-LF critical values equal the standard critical values in both cases. In
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consequence, Figures 5(c) and 5(d) are the same as Figures 4(c) and 4(d), respectively.
The robust |t| and QLR CI’s for 7 when 7y = 3.0 are reported in Figures S-8(c) and
S-8(d) in Supplemental Appendix D. In this case, the NI-LF critical value for the robust
[t| CI for 7 is slightly larger than the standard critical value, as shown in Figure 3(c).
We apply the smooth transition in to obtain critical values for the robust [¢| CI
for 7, where the transition function is s(x) = exp(—2z) and the constants are k = 1.5
and D = 1. The choices of s(z) and D were determined via some experimentation to
be good choices in terms of yielding CP’s that are relatively close to the nominal size
0.95 across different values of b. A wide range of x values yield similar results (because
the constants A; and A, adjust to maintain correct asymptotic size as x is changed).
Figures S-7(c) and S-8(c) show that, when my = 3.0, the standard |¢| CI for 7 suffers from
size distortion but the robust |¢| CI for 7 has correct asymptotic size. When 7 = 3.0,
the robust QLR CI for 7 is the same the standard QLR CI for 7, as shown in Figures
S-7(d) and S-8(d).

Besides b and 7, the construction of a robust CI also requires the ¢ value in order to
obtain the LF (or NI-LF) critical value through simulation. In this model, { = (¢, (5)’.
Because ( can be consistently estimated, we recommend plugging in the estimator En
in place of (, in practice. To ease the computational burden required to simulate the
CP’s, the finite-sample CP’s of the robust CI’s reported in Figures 5 and S-8 are con-
structed using the true value (,, rather than the estimated value En However, the
difference between the robust CI’s constructed with Zn and (, typically is relatively mi-
nor. A comparison is reported in Table S-1 of AC2 in the context of a smooth transition

autoregressive model.

8. Probit Model with Endogeneity: Verification

of Assumptions

In this section, we verify Assumptions GMM1-GMMS5 and V1-V2 for the probit

model with endogeneity and possibly weak instruments. Assumptions B1 and B2 hold

2TWith a single sample, the computational burden is the same whether the true value (, or the
estimated value En is employed. However, in a simulation study, it is much faster to simulate the
critical values for a range of true values of b and 7 and the single true value of (, one time and then
use them in each of the simulation repetitions, rather than to simulate a new critical value for each
simulation repetition, which is required if ¢,, is employed.
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immediately in this model given the definitions of ©, ©*, and ®*() in Section

8.1. Verification of Assumption GMM1

Assumption GMM1(i) holds by (2.19)) and (2.20) because Z!57 does not depend on
m when 5 = 0.
The quantity go(0;) that appears in Assumptions GMM1(ii)-(v) is

90(0;70) = E%ei(ﬁ) ® Z; = E’yoeﬂ,i(e) ®7u where

oy wy,i(0)(Li(0o) — Li(0)) N
i) = (Zmo CB) — X!(Cay <2>) €I (8:1)

The first uniform convergence condition in Assumption GMM1(ii) follows from the
ULLN given in Lemma in Supplemental Appendix C because £, (y;|X;, Z;) =
L;(0p) when the true value is v, = (0o, ¢). Assumptlons GMM1(iii) and GMM1(iv)
hold because P¢0(7;c =0) <1 for any ¢ # 0 in , wy;(0) > 0 for V6 € O, and L(-)
is strictly increasing.

When W, (0) is the identity matrix, W(0;7,) in Assumption GMMI1(ii) also is the
identity matrix. When W, (0) is the optimal weight matrix defined in , Assumption
GMM1(ii) holds with

W(0;v0) = E,, (ei(0)es( ® (Z:Z,) i(0:70) ® (Z:Z,), where
. - e Wll 7, Wl2 7,(9)
We,z(ev’yo) - Evo ( Z( ( Wle W22Z(6,> ) (82)

and Wiy ;(0), Wi2,(6), and Wiy ;(0) are defined in — in Section in Sup-
plemental Appendix C.ﬁ The convergence condition in Assumption GMM1(ii) holds for
the optimal weight matrix W, (0) by the ULLN given in Lemma in Supplemental
Appendix C. Assumptions GMM1(v) and GMM1(vi) hold by the continuity of w; ;(6)
and L;(f) in 6 and the moment conditions in (2.21)).

To verify Assumptions GMM1(vii) and GMM1(viii), (12.3)-(12.6) in Supplemental

28Note that Wiy ;(0), Wi2,:(0), and Was ;(0) all depend on ~,. We omit v, from these terms for
notational simplicity.
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Appendix C imply that when ¢ = 1),

Wii(0) = wy4(0)*(Li(00) — 2Li(00) Li(0) + Li(0)?),
Wi2.i(0) = wy4(0)L;(00)po,, and Way ;(0) = o2. (8.3)

In Section in Supplemental Appendix C, we show that Wiy ;(0)Whs,:(6) > W5, ,(6)
a.s. when 6§ = (¢, ), Vr € II, ¥V, € I'. Moreover, Wiy ;(0), Was(0) > 0 V0 € O. In
consequence, Amin(Wei(6;7)) > 0 a.s. when 6 = (1, 7). This implies that Assumption
GMMI (vii) holds because W(vy, m;7) = Eg [Wei(0;79) ® (Z: 7)), Z:Z, is nonsingular
a.s., and Ey (|| Z;]|*"* +w}1) < oo for some € > 0.

The partial derivatives g, (6;7,) and go(6;v,) in Assumptions GMM1(v) and GMM1

(viii) are

7 al(H)de-(ﬂ)’ Z1a1<0)d1 1(0)'
0: =F ’ d ge(0;~ E — h
9111( ’70) ¢0 ( Z dlzw ; an g@( ) d)o Z@dlzz 9 winere

dypi(m) = (72;, X5, 04y ) € RYZT2Xdy i = (73,045, X;) € RIZT20x
dii(0) = (diyi(m), Z/B) € R¥ZH2IXH i = (day,0) € R*ZH2XH and (8.4)
a:(0) = Li0) + Li(0)(Li(0) — Li(6o))  Li(0)*(Li(0) — Li(00))(1 — 2Li(0))
’ Li(0)(1 — Li(0)) Li(0)*(1 — Li(0))?

Assumption GMM1(viii) holds because W (1), ;7,) is non-singular Vo € I and gy (¢, 7
7o) has full column rank because P (Zic=0) < 1 for all ¢ #0.

Assumption GMM1(ix) holds automatically by the Assumptions on the parameter
space.

Assumption GMM1(x) holds because ¥(7) does not depend on 7 in this example.

8.2. Verification of Assumption GMM2

We verify Assumption GMM2 using the sufficient condition Assumption GMM2*.
Assumption GMM2*(i) holds because ¢;(6) is continuously differentiable in 6. Assump-
tion GMM2*(ii) holds by the ULLN given in Lemma in Supplemental Appendix C.
Assumption GMM2*(iii) holds by the uniform LLN given in Lemma in Supplemen-
tal Appendix C using ||5]|/||8,]] = 14 o(1) for 0 € ©,,(,,) and ||3,,|| # 0 for n large for

{7} € (9, 00, wo).
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8.3. Verification of Assumption GMM3

Assumption GMM3(i) holds with

Assumption GMM3(ii) holds because E..g(W;,1*, 1) = E,-eq;(¢*,m) ® Z; = 0 when
pg* =0.

Assumption GMM3(iii) hold by the CLT for triangular arrays of row-wise i.i.d. ran-
dom variables given in Lemma of Supplemental Appendix C. The variance matrix

Qy(10) = By, (es(bo)ei(8o)) @ (Z:Z;)

_ wy,i(00)Li(00)  wii(6o)Li(00)po S
_EW<MNMM@M% ﬁ )@(&4% (8.6)

v

where the second equality follows from ({8.2)) and (8.3]) with 6 = 6y and wy ;(6)(L;(6o)
—Li(90)2) = L;‘(HO)'
To verify Assumption GMM3(iv), first note that

wyi(0)(Li(07) — Li(0)) -
A X ) @ &7

The derivative of E,-g(W;,0) wrt 5* is

E,y*g<Wi, 9) = Eﬁ/* (

(8.8)

ROVACRLIAYA
oo < 5 PO

7.7,

V(0,7*) € ©5 x 'y and Vn > 1. This verifies Assumption GMM3(iv)(a). Assumptions
GMM3(iv)(b) and (c) hold with K,(6;7,) = K, 4(6;70)-

To verify Assumption GMM3(v), note that a;(1q, 7) = wy;(00)L}(6y) when S, = 0.
Using and , this yields

dyp ()

dyy ; z!

(2

T,
9w(¢077570> - Eqi)oMZ(eO) < ) ) Kg(1/)0777§70) - E¢0MZ(90> ( 0 > ) where

(8.9)

Mi(0) = ( w,i(00) Li(00) Z; O_dz ) .

O Z;

Z
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Assumption GMM3(v) holds because (i) M;(6y) has full rank a.s., (ii) doy;S = Z]
for S = (51,9,,93) € Rizxdx*dx if and only if S} = 14, and S3 = 04, and (iii)
diy,i(m)S = moZ; for S = (14,, 52,04, ) if and only if Sy = 04, and 7™ = 7.

Assumption GMM3(vi) holds by (8.7)), (8.9), an exchange of “E” and “0,” the mo-
ment conditions in , and some calculations. The left-hand side does not depend

on an average over n because the observations are identically distributed.

8.4. Verification of Assumption GMM4

When dz > 1, we do not have a proof that Assumption GMM4 holds. In this case, we
just assume that it does. However, when d; = 1, Assumption GMM4 can be verified by

verifying Assumption GMM4*. In this case, Assumption GMM4*(i) holds automatically.

Using , we obtain

(8.10)

m Z’L(77T Z’L/7X’L,7 !
95 (10, ™1, 23 7o) = Eoy Mi(0o) < oy " ) !

! Y 1
Zi7Zi’OdX?Xi

where M; () is of full column rank a.s. Assumption GMM4*(ii) holds because Py, (Zc =
0) <1 for ¢ # 0 and m; # mo. Assumption GMM4*(iii) holds with €,(,) defined as in
(8-6). Section[12.2.2in Supplemental Appendix C shows that () is positive definite.

8.5. Verification of Assumption GMMY5

The verification of Assumption GMM5(i) is analogous to that of Assumption GMM3
(ili). The variance matrix V,(v,) is equal to ©,4(v,) defined in (8.6).

Assumption GMMS5(ii) holds with gg(6;7,) in using [|5]]/118,]] = 1+ o(1) for
0 € ©,(3,), ||8,]] # 0 for n large for {v,} € I'(7,,00,wp), and the moment conditions
in (2.21)).

Assumption GMMS5(iii) holds with

dx

7.0, ,X!,0

dx’

ZL X0, 7
o Xl 2 -

Tol) = E%Mzwo)(

using (8.4) and and 3,/]|8,] — wo. The matrix J,(7,) has full column rank
because P¢(7;c =0) < 1 for ¢ # 0.
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8.6. Verification of Assumptions V1 and V2 (Vector 3)

Here we verify Assumptions V1(i)-V1(iii) (vector ) and V2. We do not verify
Assumption V1(iv) (vector 3). However, it should hold because 745(7; 7, b) is a Gaussian

process.

~ ~

We estimate J(v,) and V(v,) by Iy = Jn(@t) and V, = Vn(@f), respectively, where

Tn(07) = Ty 0 YWody (07, Va(0F) = Ty (05 WV (00 Ty (07),
Sy N g o [T XL Ol Ziw
Jyn(07) = n ;le)( 210500 and

n

Vpn(07) = 073" (eilO)est0)) @ (Z:2)) (8.12)

=1

Assumption V1(i) (vector ) holds with

J(07570) = Jg(07570) W(00;70) J4(07;7,) and
V(0F5790) = Jg(0759) W(00;70) Ve (075 70) WV (003 70) T4 (073 70), (8.13)

where J,(07;7,) and V,(0%;~,) are defined analogously to jg(0+) and 179(9+), respec-
tively, but with n=* 3" | replaced by E,,,. The uniform convergence conditions of As-
sumption V1(i) for jn(Q”L) and \7n(0+) follow from the uniform convergence of jgm(HJ“)
and ‘7g7n(6+) and W,, —, W(0o;7,). The former holds by the ULLN given in Lemma
in Supplemental Appendix C. When W, is the identity matrix, the latter holds au-
tomatically. When W, is the optimal weight matrix that involves a first step estimator

f,, and 6, is based on the identity weight matrix, the convergence in probability of W,
holds by Lemma The assumptions of Lemma follow from Theorems [4.1j(a) and
12a).

Assumption V1(ii) (vector §) holds by the continuity of M;() and e;(6) in 6 and the
moment conditions in ([2.21]).

Assumption V1(iii) (vector 3) holds provided that J(6";~,) and V(67;~,) are both
finite and non-singular when 3, = 0. To this end, we need that J,(0%;7,), V,(0";7,),
and W(0;~,) are all finite and non-singular. This holds using the forms of these matrices
and P¢(7;c = 0) < 1 for ¢ # 0 by the arguments used in the verifications of Assumptions
GMM5(iii), GMM5(i), and GMM1(vii), respectively.

Assumption V2 follows from (i) the uniform convergence of jg,n(GJr) and ‘A/uq,n(QJr),
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which holds by the ULLN given in Lemma [12.1|in Supplemental Appendix C, (ii) @: —p
04 under {v,,} € T'(7y, 00, wp), which holds by Theorem (a) and En/||Bn|| — wyp (see
Lemma 9.4(b) of Appendix B of AC1-SM), and (iii) W,, —, W(6o;7,), which holds by
Lemma [B3.11
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9. Appendix A: Proofs of GMM Estimation Results

9.1. Lemmas

This Appendix proves the results in Theorems and 4.2l The method of proof is
to show that Assumptions B1, B2, and GMM1-GMMS5 imply the high-level assumptions
in AC1, viz., Assumptions A, B3, C1-C8, and D1-D3 of AC1. Given this, Theorems 3.1
and 3.2 of AC1 imply Theorems [4.1] and because the results of these theorems are

the same, just the assumptions differ.

Lemma 9.1. Suppose Assumption GMM1 holds. Then,
(a) Assumption A of AC1 holds and
(b) Assumption B3 of AC1 holds with Q(0;7,) = 90(0;79) W(0;70)90(8;70)-

Under Assumptions GMM1 and GMM2, Assumption GMMS3 is used to show that the
"C" assumptions of AC1 hold for the GMM estimator. As above, W(v;~,) abbreviates
W (tpg, m;70) when S, = 0.

Lemma 9.2. Suppose Assumptions GMM1-GMMS3 hold. Then, the following are true.
(a) Assumption C1 of ACL holds with DyQy,(68) = gy(¢g, T 70) W (%03 70)G,(6) and
D¢¢Qn(€) = g¢(1/10, ™, 70)IW(¢0;70)9¢(¢077;70)'

(b) Assumption C2 of AC1 holds with m(W;,0) = gy (¥, 7570) W (05 70)9(Wi, 0).

(c) Assumption C3 of AC1 holds with Q(m1,72;7y) = gu(Vo, 715 70)' W (V05 70) 24 (7o)

X W(%o; 70) 9w (Yo, T2; 7o)

(d) Assumption C4 of AC1 holds with H(7T§ %) = 9w(¢07 5 WO)IW(Q%; %)gw(wm T, 70) =
Dy Qn(0).

(e) Assumption C5 of AC1 holds with K,(0;7) = gy(Vg, T 70) W (¥0; Vo) Kng(0;7) €
R and K (g, m570) = gu(¥o, T570) W( W03 7o) Kg (Yo, 5 70)-

(f) Assumption C7 of AC1 holds.

(g) Assumption C8 of AC1 holds.

Comments. 1. To obtain Lemma [9.2(a), Assumption GMM3 is sufficient but not
necessary. When 7, () is not a sample average, as occurs with the MD estimator,
Assumption MD can be used in conjunction with Assumptions GMM1 and GMM2 to
obtain Lemma [9.2)(a). In this case, Assumptions C2-C5 of AC1 can be verified directly
without using Assumption GMMS3.
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2. Lemma [9.2c)-(e) provide the quantities that appear in Assumption C6 of AC1,
which is the same as Assumption GMM4.

Lemma 9.3. Suppose Assumptions GMM1, GMM2, and GMMS5 hold.

(a) Assumption D1 of AC1 holds with DQ,(0) = ga(00; 7o) W (00;70)7,(0) and
D2Qn(9) = go(60;70) W(00: 70) 90 (00 7o)-

(b) Assumption D2 of ACL holds with J(vq) = J4(79) W(00;70)Jg (7o) -

(c) Assumption D3 of ACL holds with V (7o) = J4(70)'W(00; 70) Vg (Vo) W(00;70) Iy (Vo) -

9.2. Minimum Distance Estimators

For the MD estimator, Assumption MD can be used in place of Assumption GMM3
to obtain Assumption C1 of ACI.

Corollary 9.1. Assumptions GMM1, GMM2, and MD imply that Assumption C1 of
AC1 holds with DyQ,(0) and D@, (0) defined as in Lemma [9.2)(a).

In addition to the result of Corollary Lemmas[9.1 and [0.3|show that Assumptions
A, B3, and D1-D3 of AC1 hold for the MD estimator under Assumptions GMM1, GMM2,
and GMMb5. Hence, in order to obtain the results of Theorems 3.1 and 3.2 of AC1 for

MD estimators and other results concerning CS’s, one just needs to verify Assumptions
C2-C8 of ACI.

9.3. Proofs of Lemmas

Proof of Lemma Assumption A of ACI is implied by Assumption GMM1(i).

Assumption GMM1(ii) implies that Assumption B3(i) of AC1 holds with Q(0;~,) =
90(0570) W(8;70)90(6; 7o)-

Now we verify Assumptions B3(ii) and B3(iii) of AC1 by using Lemma 8.1 in Ap-
pendix A of AC1-SM, which shows that Assumption B3* of AC1-SM is sufficient for
Assumptions B3(ii) and B3(iii) of AC1. Assumption B3*(i) of AC1-SM holds by Assump-
tions GMM1(v) and GMM1(vi). Assumption B3*(ii) of AC1-SM holds by Assumptions
GMM1(iii) and GMM1(vii). Assumption B3*(iii) of AC1-SM holds by Assumptions
GMM1(iv) and GMM1(vii). Hence, Assumption B3 of AC1 holds. OJ

We prove Lemma first and then prove Corollary and Lemma, [9.2]

56



Proof of Lemma We start with the proof of part (a). For notational simplicity,
in this proof go(0; 7o), 96(0; 7o), 94(0; 7o), and W(0;~,) are abbreviated to go(f), go(0),
gy (0), and W(6), respectively.

We start with the case in which W, (0) = I,. When DQ, (6,,) and D*Q, (0,,) take
the form in Lemma [9.3|(a), the remainder term in Assumption D1 becomes

R;(0) = [, ()" /2= 19u(0)I” /2= 50 (0:)'96(00) (0 —0) — 196 (B0) (0 — 0,1 /2. (9.1)

We approximate R} (0) by replacing go(6o)(60 — 0,,) by go(6) — go(0,,) and get

RE(0) = 113,(0)* /2 = 113,017 /2 = 5,(02) (90(8) = 90(0)) = [190(6) — go(6n)II* /2.
(9.2)
Let a, ¢, and d be k—vectors for which a = ¢ + d. By the Cauchy-Schwarz inequality,

[lall* = llel*| = [lldl* + 2¢d| < [|d]|* + 2]le]| | (9:3)
Let a = go(0) — go(0) and c = go(6o)(6 — 0,,), then

d=a—c=go(0) — go(0n) — go(6o)(0 — 0.)
= [(90(0]) — 90(00)) B~ (B,)]B(B,)(0 — 0) = o(| B(B,) (0 = 0)).  (9-4)

where the first two equalities hold by definition, the third equality follows from element-
by-element mean-value expansions, where 6! is between § and 6,, (and 6! may depend
on the row), and the last equality follows from Assumption GMM5(ii). By Assumptions
GMM5(ii) and GMM5(iii),

¢ =g (60) (0 — 0n) = [90 (80) B (8,)] B(8,) (0 —0,) = O(IIB(8,) (0 —6,)]). (9.5)
Hence,

p MIRLO) — R (6)
seontsn) (LT W21 B(E,)(6 — )12

L P20 o) — 90O~ 0(60)(0 —B)I) 96
2 scontsn) L+ PB(E,) 0= 6.)])? |
1

< 3,5 (2130 Il + 142 el [41) /1 + 0 21B(8,)(6 = ) = 0y (1),
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where the first equality follows from (9.1)) and (9.2), the inequality holds by (9.3), and
the second equality uses (9.4)), , and g, (0,) = O,(n"1/?), where the latter holds
by Assumption GMM5(i). Thus, it suffices to show that Assumption D1(ii) holds with
R (6) replaced by R (6).
Note that
REO) = [Ga(O)I /2 = 1[5 (0n) + 90 (6) = 90 (0)]* /2
190(8) = 3011 /2 + (90(8) = 90(8) + G (8)) (G(6) = Gu(62)), (9.7)

|
|
where the first equality follows from (9.2) and the second equality uses |a|® — ||c||* =
la = ¢|*+2¢ (a—c) witha = G, (8) , ¢ = G,(6n)+90(0) =90 (6n), and a—c = G (0)—Gu ().
e V2 5,(6) ~ 3,00,
N, = sup —o0,(1),
pedebn TH 2 B0 0.1

where the o, (1) term holds by Assumption GMM2(ii). By (9.7)), (9.8), and the triangle

inequality,

(9.8)

2n|R1(6)]
sup 5
0c0,(5,) (L +n/2||B(B,)(0 — 6,)|l)
n'2 | go(0) — go(6:)|| + n'/?[[g,,(6.)]]

< 31 +2 sup n
ot L+ Z[BE)O—-0)]
=02+ 0,(1)n, = o0,(1), (9.9)

where the first equality holds because g, (6,) = O,(n"*/2) and ||go (8) — go (0,)|| =
O(||B(5,)(0 — 6,)|]) uniformly on ©, (,). To see that the latter holds, element-by-

element mean-value expansions give

90.8) = g0 (6) = (90(8L) B (BB (8,) (6 — 6) = (Jy(r0) +0(1)) B (3,) (0 — 6),

(9.10)

where 0! lies between @ and 6,, and the last equality follows from Assumptions GMM5(ii)

and GMM5(iii). This completes the proof of Lemma [9.3(a) for the case in which
W, (0) = Ii.

Next, Lemma [9.3(a) is established for the case where W,(f) is as in Assumption

GMM1. By Assumptions GMM1(ii) and GMM1(vii), we know that W, (0) is symmetric

and positive definite in a neighborhood of 6. Hence, both W(#) and W, (6) have square
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roots, denoted by W'/2() and Wi/ ?(), respectively. The idea is to use the same proof
as above, but with g, (), go(6), and gy(6y) replaced by Wia'2(0)g,,(8), W2(6,)go(6),
and W'2(0)gg(0o). With these changes, R’ (6) in becomes

R (0) = W2 (003, (0P /2 = [IW,/(0)7,,(0.)7/2 — (9.11)
Tn(00) W, 2(0,) W'2(00) g6 (00) (0 — 0.) — W2 (60) 9o (60) (6 — 0.)II /2.

To show the condition in Assumption D1(ii) holds for R:* (0), the method used for the
case W, (0) = I works provided that Assumptions GMM2(ii) and GMM5, which are
used in the foregoing proof, hold with the same changes. Assumption GMM5 obviously
does with V;, (v,) and J, (7,) adjusted to W2 (6y) V;, (v4) W2 (6p) and W2 (64) J, (7,) ,
respectively.

We now show Assumption GMM2(ii) also holds with the changes above. For 6 €
On(0n),

W72 (8) 7, () = W2 (B) g0 (0) = W' (8) 3, (6:) + W2 (60) go (6:) ||
< W72 (00) [113(60) = Gu (@)l + IDVLZ (6) = W72 (60) 11 1[7 (0) — G (6)I] +
HW”Q( ) = W2 (00) [ 9, (0]
O (1) 119n(0) = Ga(On) | + 0p (1) ([[gn(8) = g (@)l + [0 (6) = g0 (B) 1) +

Op( ) 1[G, (6] (9.12)
= 0p(n~""? o )(1 +n' 2B (3,)(0 = 0u)I1) + O (1B (8,) (0 = 0))1) = 0,(1),

where the first inequality follows from adding and subtracting WY2 (6y) g, (9),
WY2(6,) 7, (0,), and Wi'? (0) g, (0,) and invoking the triangle inequality, the sec-
ond inequality holds by Assumptions GMM1(ii), GMM1(vi), and GMM1(vii), the first
equality holds by Assumption GMM2(ii), (9.10), and g, (6,) = O,(n~"/?), and the sec-
ond equality holds by the definition of ©,(d,) and B(3,). By (9.12), the condition in
Assumption D1(ii) holds with R’ (#) changed to R:*(0).

When the random derivative matrices take the form in Lemmal[9.3(a), the remainder

term in Assumption D1(i) is

Ry, (0) = Wa"2(0) 9, (0)]7 /2 = [IW,/2(0) G ()1 /2 = G, (82)' W (60) 90(00)' (6 — 6) —
[IW!2 (86) 96(00) (0 — 0)] 1% /2. (9.13)
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We now show the difference between R (6) and R* (0) in (9.11)) is small enough so that
the condition in Assumption D1(ii) holds for R} () provided it holds for R** (). For
6 € 0,(6,),

[R5 (0) = Ry (0) | = [ (02) (W02 () = W2 (00)) W2 (60) 96(00) (0 — 0,,)]
< NG @)l - IDVR2 (8) = W2 (8) ] - (VY2 (80) |1 - [|90(00) B~ (8.,)]| -
1B (8,) (0 = 0n)l
= 0p(n"? | B(8,) (0 — 0.)]) = 0,(1), (9.14)

where the second last equality holds by Assumptions GMM1 and GMM5. This completes
the proof of part (a).

Part (b) follows from part (a) and Assumptions GMM5(ii) and GMMB5(iii).

Part (c) follows from part (a) and Assumptions GMM5(i)-(iii). O

We now prove Corollary and then use Corollary to prove Lemma [9.2

Proof of Corollary The proof is analogous to the proof of Lemma [9.3(a)
with (i) DQy (6,) and D?Q,, (6,) in Lemma [9.3(a) changed to DyQy (¢, 7) and
DyyQn (Yo, T) in Lemma (a), (ii) R:(0) changed to R, (¢, ), (iii) #,, and 6 — 0,
changed to (v, 7) and ¢ — ¥ ,, (iv) g (-) changed to g,(-), where as above gy(-) and
gy(+) abbreviate go(+;7,) and g, (+;7,), respectively, (v) B(3,) and B~'(3,) deleted
throughout, (vi) 6 changed to (wan(ﬂ),ﬂ) with wg,n(ﬁ) between ¢ and ), (vii)
0 € O, (d,) changed to ¢ € W (7) and |[t) — by, || < 6, and (viii) O, (1) and o, (1)
changed to O,.(1) and 0,,(1), where the uniformity over II usually holds using the com-
pactness of I, and (ix) W (6p) changed to W(1y; 7). Note that Assumptions GMM3(iii)
and MD hold with 7, replaced by 7 V7 € II under Assumption GMM1(i). The assump-
tions that are referenced in the proof also are changed accordingly. Specifically, the
proof goes through with Assumption GMM2(ii) changed to Assumption GMM2(i), As-
sumption GMM5(i) changed to Assumption MD, Assumption GMM5(ii) changed to the
continuity of g, (6, 7) uniformly over II, which is implied by Assumption GMM1(vii) and

the compactness of II, and Assumption GMMS5(iii) changed to the continuity of g, (f).
(The assumption that J,(,) has full column rank is not used in the proof of Lemma
9.3(a).)

Assumption C1(iii) follows from the form of D,Q,(f) and Dy @, () in Lemma
and Assumption GMM1(i). O
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Proof of Lemma First we prove part (a). Under Assumption GMM3, we can
show Assumption MD holds using a proof that is similar to the proof of Lemma 9.1 in
Appendix B of AC1-SM with (i) DyQ, (v, ) changed to g, (¢g,, ), (ii) m (W;,0)
changed to g (W;,0), (iii) Assumptions C2, C3, and C5 of AC1 changed to the cor-
responding conditions in Assumptions GMM3. By Corollary [9.1] Lemma [9.2)(a) holds
under Assumptions GMM1-GMMa3.

Part (b) follows from part (a) and Assumptions GMM3(i) and GMMa3(ii).

Part (c) follows from part (b) and Assumptions GMM1(i) and GMM3(iii).

Part (d) follows from part (a), H(m;7y) = Dyyp@n(¢g,,, 7), and Assumption GMM1
(vii).

Part (e) follows from part (a) and Assumption GMM3(iv).

Now we verify part (f). Note that when 5, = 0 as in Assumption C7, K (¢, 7;7,)
does not depend on 7 by Assumptions GMMI1(i) and GMM3(i). Given the form of
H(m;7,) and K(7;7,) in parts (d) and (e), for any 7 € II,

WK (7570) H (570 K (0570 )wo = Y/ X (m) (X (7)' X (7)) ' X (7)Y < Y'Y, where
X(m) = WI/QWJDQ Y0) 96 (Yo, T3 %), ¥ = W1/2(¢05 Vo) Ky (o, T3 70)wo, (9.15)

and Y does not depend on 7. The inequality in holds because X (7)(X (7)' X (7)) ~*
X (7)" is a projection matrix. The inequality holds as an equality when W'2(1)y;7,)
X Ky(1o, T3 70)wo = WY2(10;70) 9w (g, m;79)S for some S € R¥. By Assumptions
GMM1(vii) and GMM3(v), the inequality in holds as an equality iff 7 = .
This completes the verification of Assumption C7.

To verify Assumption C8 as in part (g), we have

0 , 9, _
a_WE'ynDdﬂQn(wmﬁn) = 9y(¥o, ™3 Vo) W(wo;%)a—WE%gn(Qn)
"0
= 9y (Yo, Tn; Y0) W (%03 7o) (nl Z aw/Evng(VViaen))
i=1

— 9y (005 70) W (o3 70) 96 (00; 7o) = H (03 70), (9.16)

where the first equality holds by Lemma [9.2(a), the second equality holds by Assump-
tion GMMS3(i), the convergence holds by Assumption GMM3(vi) and the continuity of
9y(0;7) in 7 in Assumption GMM1(v), and the third equality holds by Lemma [9.2{(d).
O
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9.4. Proofs of Section 3 Lemmas

Proof of Lemma [3.1} By the triangle inequality,
HWn(gn) - W(QOB%)H < HWn(gn) - W(gn;%)“ + HW@M%) - W(QOS’YO)H , (9.17)

where the first term on the rhs is 0,(1) because W,,(#) converges to W(#;~,) uniformly
over ©. When f, # 0, the second term on the rhs of (9.17)) is 0,(1) because W(;,)

is continuous in # and 6, — 0p. When 3, = 0, to show the second term on the rhs of

(9.17)) is 0,(1), we have

YV (Br;570) = W(Bo; )|

< ”W<Enafn7;70) - W(l/’o,ﬁn;%)” + (W (%o, Tn; Yo) — W (o, T0; 7o)
< Slelg ||W(_n77T7 ;%) — Wi, W%VO)H ) (9.18)

where the first inequality holds by the triangle inequality, and the second inequality
holds because W (1, m;7,) does not depend on 7 when 5, = 0, which in turn holds
by Assumptions GMM1(i) and GMM1(ii). The third line of is 0,(1) because
P, —p o and W(, m,;7,) is continuous in ¢ uniformly over m € II, where the latter

holds because W(6;,) is continuous in § and II is compact. This completes the proof.
O

Proof of Lemma First we show that Assumption GMM2(ii) holds under As-
sumption GMM2*. For 0 € ©,,(4,,),

~ B o
G0(0370) = Gn (05 7,) = wgn(ﬁi; Vo) (0 — 0,,)

~ (L0 =~ 070157 (5,) ) B(5,)(0 -0,
= o, (1B(3,)0 - 6, (9.19)

where the first equality holds by element-by-element mean-value expansions with HL
between 6 and 6,, (and 67 may depend on the row), the second equality holds by the de-
finition of ¢, (0, 7,), and the last equality holds uniformly over 6 € ©,,(9,,) by Assumption
GMM2*(iii). Assumption GMM2(ii) follows from (9.19) using the "||B(5,,)(0 — 6,,)|]"
part of the denominator in Assumption GMM2(ii).

The proof for Assumption GMM2(i) is analogous to the proof of Assumption
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GMM2(ii). For o € ¥(7) : ||[¢ — ¥g,|| < 0,

~ - 0
n (Y, 7;70) — gn(wo,mﬂ;%) = <a—¢/gn(¢$,n(ﬂ>a %) — gw(z/}g,n(ﬂa U ’Yo)) (Y — wo,n)
= opr(|[1 — wO,nH)? (9.20)

where the first equality holds by element-by-element mean-value expansions with w&n(’ﬁ)
between v and 1), (and @/J(T)n(w) may depend on the row), and the second equality holds
uniformly over ¢ € W(r) : [[¢b — y,,|| < 0, by Assumption GMM2*(ii). Assumption
GMM2(i) follows from using the "|[¢) — 1y, ||" part of the denominator in As-
sumption GMM2(i). O

Proof of Lemma [3.3 Assumption GMM4 is the same as Assumption C6 of ACI.
Hence, it suffices to verify the latter. We verify Assumption C6 of AC1 by verifying the
sufficient condition Assumption C6** given in Lemma 8.5 in Appendix A of AC1-SM.
Because f3 is a scalar, it remains to show Assumption C6*(ii) of AC1 holds. By Lemma

9.2(c), the covariance matrix Qg(m1, T2; 7o) in Assumption C6**(ii) is

Qc(m1,m2;570) = 95 (Vos T1, 725 70) Qg (70) 93 (Yo, T1, T2;70)', where

Qg (70) = W( %05 70) 2 (o)W (Y05 70) (9.21)

and ,(7,) does not depend on 7; and 7, by Assumptions GMM1(i) and GMM3(i).
Because g;,(Yg, 71, 72;70) € R#@c+2) and k > dy > d; + 2, Assumption C6**(ii) is
implied by Assumptions GMM1*(vii), GMM4*(ii), and GMM4*(iii). O

10. Appendix B: Proofs for Wald Tests

10.1. Proofs of Asymptotic Distributions

Most of the results in Section [l are stated to hold under some combination of As-
sumptions GMM1-GMMS5 or under certain assumptions from AC1 (plus some other
assumptions). We prove the results of this section using the stated assumptions from
AC1. Lemmas [9.1 in Appendix A show that the appropriate combination of As-
sumptions GMM1-GMMb5 imply the corresponding assumptions from ACI.

Proof of Lemma (i) When df = d,, nn(/ﬁ\n) = (0 by definition in |D
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~

(ii) When d, = 1, df = 0 or df = 1 by Assumption R1(iii). If & =1, n,(0,) =0
by definition in (5.10). If df = 0, r,(0) = 0 for § € ©5 by Assumption R1(iii). By the

mean-value expansion, we have

Ty Tn) = (U, Tn) = 12 (0, T) (T — ), (10.1)

where 7, is between 7, and m,. For n large enough that ||3,|| < 4, (¢,,,7,) € ©s and

77 (¢, T) = 0, which implies 7,,(6,,) = 0,(1).
(iii) From (|10.1)), we have

0(0,) = n'2A1(0,)rr (1, Tn) R — 7). (10.2)

~

Under Assumption R2*(iii), A;(0,,)7(¢,,, ™) —, 0 because the column space of 7, (6)
is the same for all § € ©;, by definition the rows of A;(#) are in the null space of r.(8)’
V0 € O, and 0,, € O5 holds with probability that goes to one by Lemma 3.1(a) of AC1

using Assumptions A and B3(i)-(ii) of AC1. This gives the desired result. [J

Proof of Lemma Under Assumption Ry, r9(f) = R V0 € © and R has full row
rank. Assumption R1 is satisfied directly. Moreover, under Assumption Ry, r,(60) does
not depend on #. This implies Assumption R2*(iii), which is a sufficient condition of

Assumption R2 by Lemma [5.1] O

The proof of Theorem |5.1| below uses the following Lemma. Define &,, = Bn /| |/Bn||

Lemma 10.1. Suppose Assumption V1 (vector (3) holds. In addition, suppose Assump-
tions GMM1-GMM4 hold (or Assumptions A, B1-B3, and C1-C8 of AC1 hold).

(a) Under {v,} € I'(7,,0,b) with ||b]| < 0o, Wp —4 w*(7* (79, b); Yo, b)-

(b) Under {v,} € I'(7vy, 00,wo), W, — Wo.

Proof of Lemma [10.1} To prove Lemma [10.1](a), we have

~ 5 5 *(70:0); 70, b)
Gn =028, /||nY?3, || — 7a(m (0, 0); Y0, = w* (7 (7, 0); 7o, b 10.3
Al = T e, B, ] — O D080 (109

by the continuous mapping theorem, because n'/ ZB,L —a T3(m* (79, b); V9, b) by Theorem
[.1](a) and Comment 2 to Theorem [.1a) and P(74(7*;7,,b) = 0) = 0 by Assumption
V1(iv) (vector ).
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Next, we prove that Lemma [10.1(b) holds when 3, = 0. By Lemma 3.4 in AC1,

18,117 (B, = B,) = 0p(1). This implies that 5, = 8, + [|8,]lo,(1) and [|3,|I/]18,]| =
1+ 0,(1). Hence,

"G =t = Wo. 10.4
’ B 18I 1B, BB, wo (10.4)

Under {v,,} € I'(vq,00,wp) with 5, # 0, &, — we by the continuous mapping
theorem given that 3, —, By by Lemma 3.3(b) in AC1. O

Proof of Theorem Under the null hypothesis Hy : 7(6,,) = v,, the Wald statistic

defined in (5.2)) with v = v,, becomes

~

W, = n(r(0,) — 1(0.)) (re(0,) B~ (B,) 20 B~ (B,)r6(0,)) 7 (r(8,) — (6,)).  (10.5)

Before proving the specific results in parts (a) and (b), we analyze the Wald statistic

under {7, } € I'(7,,0,b). With the rotation represented by A(#,), the Wald statistic in

(10.5) can be written as

W, = n(r(8,) — 1(0,))A0,) (r7 (0,) B~ (B,)Z B~ (B,)r4 (0,)) " A0,) (r(6,) — 7(6,)).
(10.6)
To deal with the normalizing matrix Bil(Bn), part of which diverges as n — oo and

B, — 0, we define a d, x d, matrix

w3y | Ld—az) 0
B*(3,) = [ 0 (B ] (10.7)

where () = [ when f is a scalar and () = ||5|| when [ is a scalar . We write the
Wald statistic in (10.6) as

W, = 0(6,) (Fo(0,)5,75(0,,)) " 0(8,), where (10.8)
0(0,) = n'2B*(3,)A(0,)(r(0,) — r(0,)) and T4(0,) = B*(5,,)r (0.) B~ (5,).
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Note that

0

; ] = 130+ 0,0),
(10.9)

where the o, (1) term holds because L(B ) = 0p (1) under {7, } € I'(7,,0,b) and 7)) (/9\”) =

O,(1) under Assumption R1(i).

The next step is to derive the asymptotic distribution of o(6,,) under {7,,} € T'(~, 0, b).
Note that

u(B,)r5(0,)

r(0n) = 7(00) = (g ) = 7 (Y, ) + 7 (U Fo) = (0, 70)
= 14 (00) (Y, — ) + (1, Ta) = 7 (¥, 7)) + 0p(n~1/2), (10.10)
where the first equality is trivial and the second equality holds by a mean-value expan-

sion, ¥, — ¥, = Op(n~'/?), and Assumption R1(i). From (10.7) and A(6) = [A}(f) :
AL (0)]', we have

S0 PAB)r(0.) —r(6.)) TNt (B 4o (1) where

0(0,) = /2 (5 )A2(5 )(T(§n> — () > = 01(0n) + 02(0n) + 0, (1), Wh

o) — 12 A3 Bu)ry (Bn) (D — ) )

1 n!20(5,) Ag (0) (r (0, T = 70, 70)) )

6.) = o om) ) _ (nnwn) > | |

0=\ B 4@ @, ) ) T\ a1 —
the second equality in Q(An) uses , and the o, (1) term associated with gz@)
holds by n'/2(1h, — ) = O,(1) and u(5,) = o0,(1) under {7,} € T'(y,0,b). Under

Assumption R2, 7, (6,,) = 0p (1), and, hence, 0,(6,,) = 0, (1).
In part (a), in which case {7,,} € I'(74,0,b) and ||b|| < oo, we have

B )
() = ( ~ (W)’W)nlm@n(ﬂ) — ) > and
" A (Y, (), ) (r(yy, ) — 7(W,, )

L, —ar 0
(dr=d7) ~ ] . (10.12)
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Using Assumption R1(i), Lemma 3.1(a) of AC1, Lemma 9.2(b) in Appendix B of AC1-
SM, and 7,(7) = n'2(,, (1) — 1) = 7(7;70,b) in (9.21) of AC1-SM, we have

A, Af.. b
Bn(-) B(+70,b)
under {7,} € I'(7,,0,b) with ||b]| < co. From (10.8)), (10.9)), (10.11)), and (10.12)), in the

case of a scalar 3, we have

A~ A~ ~

W, = Tf(%n),gn(%n)(r;(en)an;<0n)/)_1§n(%n)7—ﬁ(%n> + 0, (1)
= M)+ 0p(1) o AT (0.5 70 D), (10.14)

where \,(7) is defined implicitly, S, = 3,(6,,) = Jn(0n) "V, (6,) ] (6,,) ! by Assump-
tion V1 (scalar 3), and the convergence follows from the joint convergence (\,(+), 7,) =
(A(+;7v0,b), (70, b)) and the continuous mapping theorem. The latter joint convergence
holds by ([10.13)), Assumptions V1 (scalar 3) and R1, Theorem [4.1f(a), the uniform con-
sistency of zzn(w) over m € II, and the fact that 72(-), B,(-), and 7, are continuous
functions of the empirical process G, (-) with probability one.

In the case of a vector 3, (10.14) holds with f]n(@n) replaced by in@) = j;? 1(/9\2 )

Vi, (/H\Z )J; _1(52 ) using Assumption V1 (vector ) and with A, (7,,) replaced by A, (7, @, ),

which is defined implicitly. In this case, the convergence in ((10.14)) follows from the joint
convergence ()‘n()a %m@n) = ()‘(7 Yos b)7 77-*(’707 b)v W*(ﬂ-*(’yOa b)a Yos b)7 which holds by
the same argument as above plus Lemma [10.1}(a) and Assumption V1 (vector §). This

completes the proof of part (a).

The proof of part (b) is the same for the scalar and vector 3 cases because it relies on
Assumption V2 which applies in both cases. To prove part (b), we first analyze the case
where {v,,} € (v, 0,wo) and S, = 0. In this case, {7,,} € I'(7y,0,b) with b ¢ R% so
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(10.6)-(10.11) apply. As in (5.1), (7o) = T (70)V(70) T (7). We have

91@)—( @) W =) )
n20(5,) A28+ (B1) + 0y (1) (R — 72)
(

x(
_ ( nl/2 *( la)n ) >
nY20(8,) As(0,)72(0,) (R — 70) + 0, (1)
= r5(0,)n"*B(8,) 0, — 0,,) + 0,(1)
—a N(0,75(600)X(70)75(60)), (10.15)

where the first equality holds by a mean-value expansion, the fact that 7, is consistent
under {7, } € I'(7,, 00, wp), and the continuity of () which holds by Assumption R1,
the second equality holds by n'/2(3, — 3,) = O,(1) and ||8,|[n*/2(®, — m,) = O,(1)
under {7,} € T'(vy,,00,wp), the third equality holds by the definitions of B(S) and
r3(6), and the convergence in distribution holds by Theorem [4.2(a). The result of part
(b) follows from ((10.8]), (10.9)), (10.11]), (10.15]), and Assumptions D2 and D3(ii) of AC1
and Assumption V2.
Under {v,,} € I'(v,,00,wp) and B, # 0,

n2(r(0,) — 7(0,)) —a N(0,76(00) B~ (80)2(70) B~ (Bo)r0(60)") (10.16)

by Theorem [£.2a) and the delta method. By Assumptions R1(i) and V2,
ro(02) B (B,)Z0 B (B,)ro(0n) — 70(00) BT (Bo)T (v9) B~ (Bo)ra(6o).  (10.17)
The desired result follows from ((10.5]), (10.16|), and (10.17). O

Proof of Corollary By Lemma [5.2] Assumption R2 is satisfied. Based on
Theorem [5.1}, it suffices to show that the stochastic process {A(m;7y,b) : 7 € II} can be
written as {Az(m;70,b) : m € II} under Assumption Ry. Under Assumption Ry, 74(0),
A(0), and 7(6) do not depend on #, and, hence,

TA<7T;’70,Z)) _ ( T;T(W;/)/Oab) ) _ ( T;T(W;’YO;b) ) _ R*?(ﬂ';’}/o,b). (1018)

Aoty - (T — o) - (T — o)

The desired result follows from (10.18) and rj(7) = R* Vr € II. O
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Proof of Theorem From the proof of Theorem we know that o, (6,,) = 0,(1)
under {7, } € (v, 0,b). Therefore, when ||n,,(6,)]| —, 00, it follows from (|10.11) that

HQ(/G\,L)H —, 00. This result, together with 1} 1 , and Assumptions R1 and V1,
completes the proof. [

10.2. Proofs of Asymptotic Size Results

Proof of Theorem The proof is the same as the proof of Theorem 4.4 of ACI,
which is given in Appendix B of AC1-SM, but with |T},|, |T'(h)|, and z,_,/2 replaced by
W,, W(h), and X?lr,kaa respectively; with Theorem 4.1 of AC1 replaced by Theorem
and with Assumption V3 of AC1 replaced by Assumption V4. [J

Proof of Corollary By Theorem P, (Wn < X3.1-0) —p 0 under {v,} €
I'(7,,0,b) for which |[|n,,(6,)]| —, 00. As a result, the nominal 1 — o Wald CS has

AsySz = 0 by the definition of asymptotic size. [

Proof of Theorem The proof of Theorem [5.4]is the same as the proof of Theorem
5.1 of AC1, which is given in Appendix B of AC1-SM, but with |T},|, |T'(h)|, and z1_4/2
replaced by W,,, W(h), and X?jml_a, respectively; with C\Ltﬂ—a’ ci)1—a(h), ... replaced by
i 1-a> cwi—a(h),... throughout; with Theorem 4.1 of AC1 replaced by Theorem
and with Assumption V3 of AC1 replaced by Assumption V4. [
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11. Outline

This Supplement includes two Supplemental Appendices (denoted C and D) to the
paper “GMM Estimation and Uniform Subvector Inference with Possible Identification
Failure.” Supplemental Appendix C gives some results that are used in the verification of
the assumptions for the two examples in this paper. Supplemental Appendix D provides
additional numerical results to those provided in the paper for the nonlinear regression

model with endogeneity.

12. Supplemental Appendix C: Verification of

Assumptions

In this Supplemental Appendix, we provide some results that are used in the main

paper when verifying the assumptions in the two examples considered.

12.1. Law of Large Numbers and Central Limit Theorem

Here we state some results that are useful in the verification of Assumptions GMM1-
GMM5.  Specifically, Lemma is a uniform convergence result for non-stochastic
functions, Lemma is a uniform LLN, and Lemma is a CLT. The latter two
results are for strong mixing triangular arrays. These are standard sorts of results. The

proofs of these Lemmas are given in Appendix A of AC2.

Lemma 12.1. Let {q,(0) : n > 1} be non-stochastic functions on ©. Suppose (i)
qn(9> — 0Vl e @7 (11) ||Qn(01) - Qn(QZ)H < o v917(92 € O with Hel - 92” < 57 vn > 17
for some C' < 0o and all 6 > 0, and (iii) © is compact. Then, supgeg ||¢,(0)|] — 0.

Assumption S1. Under any v, € T, {W; : ¢ > 1} is a strictly stationary and strong
mixing sequence with mixing coefficients «,,, < Cm~4 for some A > dyq/(q — dy) and
some q > dy > 2, or {W; :i > 1} is an i.i.d. sequence and the constant ¢ equals 2 + ¢

for some § > 0.

Lemma 12.2. Suppose (i) Assumption S1 holds, (ii) for some function M;(w) : W —
R™ and all § > 0, ||s(w,0;) — s(w,02)|] < My(w)d, V01,0, € © with ||6; — Os]| < 9,
Yw € W, (ill) E,supgee ||s(W;, 0)||'T + E,M(W;) < C Vv €T for some C < oo and



e >0, and (iv) © is compact. Then, supyeg |[n~' >0, s(W;,0) — E, s(W;,0)]] —, 0
under {7, } € I'(vo) and E, s(W;,0) is uniformly continuous on © Vv, € I.

Comment. Note that the centering term in Lemma is E, s(W;,0), rather than
E’Yn S(Wi, 9)

Lemma 12.3. Suppose (i) Assumption S1 holds, (ii) s(w) € R and E,|s(W;)|? < C
Vy € T for some C < oo and q as in Assumption S1. Then, n=*/23 "  (s(W;) —
E, s(W;)) —a N(0,Vi(v,)) under {v,} € I'(yo) Vvo € I, where Vi(vo) = >0__
Coy (5(W:),5(Wis).

12.2. Probit Model with Endogeneity

Here we establish some results that are used when verifying Assumptions GMM1-
GMMS5 for the probit model with endogeneity.

12.2.1. Moment Conditions in ([2.17))

First, we show that E, (£(0)|X;, Z;) is maximized at (a,(;) = (ao,(; ). Note that
EVQ(E(G)’X“ Zz) = Lz(eo) lOg LZ(Q) + (1 — Lz(90)> IOg(l — LZ(H))

because I, (y;|Xi, Z;) = L;i(0y). Now we view E, (¢(0)|X;, Z;) as a function of L;(0).
The first- and second-order derivatives of E, (¢(0)|X;, Z;) wrt L;(0) are

0 L)L)
oz O = T Ly ™
%E%(E(G)!Xi,zi)z <9°)+(L‘)<(91) ? gszin). (12.1)

The second-order derivative is negative for all # € ©. When L;(0) = L;(6), the first-
order derivative is 0. Hence, £, (¢(0)|X;, Z;), viewed as a function of L;(0), has a unique
global maxima at L;(fp). Because the df of the standard normal distribution is strictly
increasing, £, ((0)|X;, Z;) is maximized at 0 if and only if P,(Z(87 — Bymo) + X/ ({; —
C10) = 0) = 1. This implies that £, (¢(0)|X;, Z;) is maximized if and only if 37 = By
and ¢; = (4, because P¢(7;c =0) <1 forc#0.



12.2.2. Weight Matrix

In this section, we derive the elements of W, ;(0;7,) in (8.2) and show that it is
positive definite a.s. V6 € ©. Note that

The upper left element of W, ;(6;7,) is

Wii(0) = By (w1,:(0)*(yi — Li(0))*| Z:) = w1,4(0)*(Li(fo) — 2Li(60) Li(0) + Li(6)?).

(12.3)
To calculate the off-diagonal term of W, ;(#;,), note that
E, (VilZiyi = 1) = B, (Vi|Z;,U; > —(Z! X! o il g
70( ’L’ irYi = 1) - ’Yo(‘/l‘ [ > ( zﬂoWO + i€170)> - va (90) an
— — 0
By (ViZusts = 0) = B (ViZ0~Us > Zfoma + Xi6oo) = ~0up =y ogs- (124

The off-diagonal term of W, ;(6;~,) is

Wiz,i(9)
By (wii(0)(y: — Li(0))(Yi — Zi8 — X[(,)| Z:)

= wl,i(e) (k — Li(0)) [E'yo(vi‘Eia yi = k) + Zz{(ﬁo —fB) + Xz{(CQ,O - C2>} Pwo(yz' = k|71)
k=0,1

= w1,(6) {<1 ~ LB 3 L) + LiO)op 01

w3 (0) [(1 — Li(0))Li(0o) — Li(0)(1 — Ly(60))] [Zz((BO —B) 4+ X{(Cop0 — gz)}
= wy3(0) [oupLi(00) + (Li(00) — Li(0)) (Zi(Bo — B) + X[ (Cap — Ca)) ] - (12.5)

— Li(60)| +

t~

The lower-right element of W, ;(6;~,) is
Waa,i(0) = E,,((Y; = Zip = X[0)*|Z:) = o3 + (Z{(By — B) + X{(Co0 — C2))*. (12.6)
Next we show that W, ;(0;,) is positive definite a.s. when 6 = (1, 7). This holds if

Wll,i(g)wm,i(@) - )/\}12,1‘(‘9)2
= oow1,i(0)* [Li(60) — 2L;(60)Li(0) + Li(0)* — p°Li(60)°] > 0 as.  (12.7)



Note that

Li(60) — 2Li(80) Li(0) + Li(0)? = (L:(6) — La(60))? + Li(8o) — Li(6o)? (12.8)
> Li(00)(1 — Li(6o)) = M—=Z{Bom — X[C 0)MZBom + XC10)Li(00)* > p*Li(00)* aus.,

where A(z) = (1 — L(x))/L'(z) for 2 € R. The last inequality holds because log A(x)
is strictly convex (see Baricz (2008)), which implies that A(—Z]3,m — X[(; o) A(Z; By +
XC0) > A(0) > 1> p® a.s. Moreover, Wiy ;(0), Waz,i(0) > 0 V8 € ©. Hence, We;(6; )

is positive definite a.s. when 6 = (¢, 7).

13. Supplemental Appendix D: Numerical Results

Here we report some additional numerical results for the nonlinear regression model
with endogeneity.

Figures S-1 and S-2 report asymptotic and finite-sample (n = 500) densities of the
estimators for  and m when 7y = 3.0. Figures S-3 to S-6 report asymptotic and finite-
sample (n = 500) densities of the ¢ and QLR statistics for § and © when my = 1.5.
Figures S-7 and S-8 report CP’s of nominal 0.95 standard and robust |¢| and QLR CI’s

for § and m when 7wy = 3.0.
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Figure S-1. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of 3 in
the Nonlinear Regression Model with Endogeneity when 7y = 3.0.
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Figure S-2. Asymptotic and Finite-Sample (n = 500) Densities of the Estimator of 7 in
the Nonlinear Regression Model with Endogeneity when 7o = 3.0.
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Figure S-3. Asymptotic and Finite-Sample (n = 500) Densities of the ¢ Statistic for
in the Nonlinear Regression Model with Endogeneity when 7y = 1.5 and the Standard
Normal Density (Black Line).
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Figure S-4. Asymptotic and Finite-Sample (n=500) Densities of the QLR Statistic for (3
in the Nonlinear Regression Model with Endogeneity when 7y = 1.5 and the x? Density
(Black Line).
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Figure S-5. Asymptotic and Finite-Sample (n = 500) Densities of the ¢ Statistic for 7
in the Nonlinear Regression Model with Endogeneity when my = 1.5 and the Standard
Normal Density (Black Line).
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Figure S-6. Asymptotic and Finite-Sample (n=500) Densities of the QLR Statistic for 7
in the Nonlinear Regression Model with Endogeneity when 7y = 1.5 and the x? Density
(Black Line).
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Figure S-7. Coverage Probabilities of Standard |t| and QLR Cl's for 8 and 7 in the
Nonlinear Regression Model with Endogeneity when 7o = 3.0.
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Figure S-8. Coverage Probabilities of Robust |¢| and QLR Cl's for $ and 7 in the
Nonlinear Regression Model with Endogeneity when w9 = 3.0, k = 1.5, D =1, and
s(z) = exp(—2x).
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