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Abstract

Our aim is to analyze a multiserver queue with nonpreemptive het-
erogeneous priority structures, which arises in the performance eval-
uation of batch initiator settings in MVS. We use matrix-geometric
methods and derive the stationary distribution of queue lengths and
waiting times for the Markovian two-class two-server case.

1 Introduction

Priorities arise very naturally in many real life queueing applications. Also,
in many of these applications, the system consists of more than one server.
Customers typically belong to a specific class and observe the same priority
structure on all servers. However, it also happens that the priority struc-
ture differs amongst the servers of the same system. Such models arise in
batch job processing within the mainframe operating system MVS. Batch
jobs are divided in classes based on their resource requirements (e.g. cpu
seconds, memory requirements, ... ) and they are executed in separate ad-
dress spaces, called initiators. The number of initiators has to be defined by
the performance manager; this definition includes a list of classes the initiat-
ors are allowed to execute. A simple initiator definition example, with only
four initiators and four job classes, is shown below.



INITDEF PARTNUM=4

INITO01 CLASS=AB, START, NAME=I1
INITO02 CLASS=AB, START, NAME=I2
INITO03 CLASS=CD, START, NAME=I3
INIT004 CLASS=DC, START, NAME=I4

The order in which the classes are listed imposes a priority structure on the
classes. In the example above, class A has priority over class B on initiators
I1 and I2; the priority structures on these initiators are homogeneous. Ini-
tiators I3 and 14 are defined to execute class C' and class D jobs. However,
their priority structures are heterogeneous: on 13, class C' has priority over
class D, whereas class D has priority over class C' on I4. The priorities are
nonpreemptive.

In practice, we typically find multiple job classes assigned to multiple
initiators with a variety of priority structures. In this paper, we restrict
ourselves to the simplified system consisting of two servers (S; and S;) and
two job classes (A and B) as illustrated in Figure 1. On server Si, class A has
nonpreemptive priority over class B; on server Sy, class B has nonpreemptive
priority over class A. Both classes have Poisson arrivals with parameters A,
and Ay respectively. Service times are exponentially distributed with average
1/pq and 1/py where p, may differ from g,. When both servers are idle, an
arriving job is served by the server which offers the highest priority. Service
discipline within each class is FCFS.

_—’:]]IH \ B>A
Figure 1: Two-class two-server priority queueing model with heterogeneous pri-
ority structures.

We analyze the queues of this model assuming that the system is stable.
We therefore require that p, + py < 2, which is the well-known stability
condition for a two-class two-server queue without priorities. A proof of this
condition may be given using an argument of drift. See Gail et al. [GHT88],
as well as Leemans [L.ee98] for details.

Multiserver priority queueing models have been analyzed before. The
two-class Markovian multiserver queue with homogeneous priority structures



has been solved exactly by Gail, Hantler and Taylor [GHT88, GHT92] and
Mitrani and King [MK81] using classical transform methods. Our model
differs from those models in that our priority structures are heterogeneous.
Two-class Markovian queues with heterogeneous priority structures have been
studied by Fayolle and Iasnogorodski [FI79] (two coupled processors) and
Fayolle, King and Mitrani [FKMS82] (two-class M/M/c with mixed prior-
ities) using the boundary value approach. Those models differ from our
model in that their priorities are preemptive and therefore, the state space
is two-dimensional. As we shall see, our two-class model with nonpreempt-
ive priorities has a three-dimensional state space, for which the boundary
value approach is no longer directly applicable. Moreover, these methods
only consider the stationary distribution of queue lengths.

All of these models have later been analyzed with matrix-geometric meth-
ods, mainly to illustrate the power and elegance of this method (see Kao and
Narayanan [KN91], Miller [Mil92] and Rao and Posner [RP86]). We also
apply matrix-geometric methods to analyze the queues of our model and we
derive the stationary distribution of queue lengths and waiting times. The
remainder of this paper is organized as follows. In Section 2, we define the
matrix-geometric model and we show how the joint stationary distribution
of queue lengths is obtained. Using these results, we establish in Section 3
an algorithm to obtain the stationary distribution of waiting times. The
algorithm is illustrated with with some numerical results.

2 Stationary Distribution of Queue Lengths

Let us denote the state of the system by the tuple (n,,ns,z,y), where n,
and n; respectively represent the number of class A and class B jobs in the
system (in the queue or in service). As such, n, and n; can take the integer
values 0,1,2, ... The indices z and y refer to the class of job that is being
served on S5; and S, respectively. Consequently, their values may be A, B
or 0; the latter indicates that the respective server is idle. It is necessary
to include this information as a third dimension in the state description:
the server that becomes idle determines the class that is served next and
influences the path that is followed through the chain and therefore also the
stationary distribution of queue lengths.

By ordering the states lexicographically, we find that the generator matrix

3



for this Markov process has the following structure:

" Boo Bo 1
Bio Biu bBia
By Al Ao
Q= A, Al Ao . (1)
Ay, Ay

The entries of () are infinite blocks, each corresponding with a group of states
with the same value of n,, called a level. Formally, the level £(7) is defined
as {(nq, np, 2,y)|ne = 1,0 < np}. Within each level, we find groups of states
with the same value of np, called the major phase. Formally, the major
phase w(j) within the level £(7) is defined as {(nq,ns,2,y)|ne = 7,76 = 7}
Finally, each major phase has a number of minor phases, representing all
valid combinations of values for z and y. The minor phases for each major
phase within each level are shown in Table 1. It is easy to see that the levels
£(0) and £(1) are different from the levels £(¢), : > 2. The levels £(0) and
¢(1) are therefore called the boundary levels; the levels £(7), 1 > 2, are the
homogeneous levels.

level w(0) w(1) w(j),j > 2

£(0) (0,0) (0,B),(B,0) (B, B)

£(1) (4,0),(0,4) (4,B),(B,4) (4,B),(B,4),(B, B)
£i),i>2 (A,4) (4,4),(4,B),(B,4) (4,4),(4,B),(B,4),(B,B)

Table 1: Number of minor phases for each major phase within each level.

The matrix () is the generator of a Quasi-Birth-and-Death (QBD) pro-
cess. Transitions are only allowed between neighboring levels, or between
adjacent major phases within the same level. The matrices By, Bis and
Ag describe the rates at which the process moves to a higher level; Byg, Ba;
and A, represent transition rates to a lower level; Bgg, Bi; and A; indicate
the transitions within the level. The structure of the matrices Ag, A; and
A, is shown below. Empty positions indicate that no transition is possible
between the corresponding major phases. The block A* denotes an appro-

priately sized diagonal matrix, the elements of which are such that the row
sums of () equal zero.



_ A*  Lpo

LAO MBO A* L31
L a1 M AL
Ag = La , A= Bl B )
Mg A*
[ Mao
Max
AZ = MA )
with
Lo = g, L1 :/\afg, LA:’\aLh
o - - -
Leo=[2X - -], Lex=| - X - - |, Lp=Xl
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[ e a o Z“
Mao = 2p,, Mar=| - pa - |, Ma= ¢ ;
. - /1'(1
L - © He .
' . b . . Kb
Mpo = Mp, = , Mg =
BO {Zi}, B1 e - . B w oo - -
L e oms s

The states in the subblocks of Ag, A; and A, are ordered lexicographically,
as in Table 1. Zero elements in these subblocks are indicated by a dot. The
structure of the boundary matrices (Bgo, Bo1, Bio, Bi1, Bi2 and Bs;) is more
messy and is therefore omitted here; details may be found in [Lee98].

Neuts [Neu81] has shown that the invariant probability vector m of a
@BD has a matrix-geometric form. For our model, it means that

m=m R 8> 2 (2)
where 7r; is the subvector of 7 corresponding to the level £(z2); it is in turn
composed of subvectors 7r; ; corresponding to each major phase w(j) and

containing one entry for each minor phase. R is the rate matriz; it is the
minimal nonnegative solution to the matrix-quadratic equation

Ao+ RA; + R*A, = 0.



The boundary probability vectors 7, w; and 75 are defined by solving

o Boo + 71 Big

moBoy + w1 By + waBay
w1 By + mo (AL + RAy) =
mol + mil+my(l — R)™'1 =

~

- o000

Several algorithms have been developed to determine the rate matrix of a
QBD, the most efficient one so far being the algorithm LR (the Logarithmic
Reduction algorithm, see Latouche and Ramaswami [LR93]). The algorithms
apply for finite as well as for infinite A-matrices, but a numerical implement-
ation requires them to be finite. We shall therefore have to truncate on the
major phase in each level, more specifically, we shall not allow the number
of class B jobs in the system to exceed M. The effect of this truncation on
the results of the analysis is discussed in Leemans [Lee98] and in Leemans
and Dedene [LD98].

If we define P(z,7) as the limiting probability that n, = ¢ and n, = j, we
have that P(i,j) = m;z;;, where z;; is a column vector of the same size as
the corresponding row vector 7r;, with ones on the positions corresponding
to the major phase w(j) and with zeroes elsewhere. In practice, we have
to define z;; for ¢ = 0,1, 2 only, because the matrix-geometric property (2)
allows us to write P(1,7) = moR "%z, ;, for i > 2.

The joint stationary distribution is thus completely determined as soon
as the rate matrix and the boundary probability vectors have been defined.
It is now also straightforward to derive the marginal stationary distributions
and their moments. We omit the details here, since they are not needed for
the derivation of the waiting time distribution in the next section.

3 Stationary Distribution of Waiting Times

The waiting time is defined as the time between the arrival of a unit to
the queue and the moment at which it enters service. Ramaswami and Lu-
cantoni present in [RL85] an efficient algorithm for the derivation of the
complementary distribution function of stationary waiting times in phase-
type queues and QBD processes; their algorithm is based on the technique of
tagging and randomization. We adapt this algorithm here to account for the
paths through the messy boundary states and we establish a set of recursion
formulas for the complementary waiting times.

Consider a tagged job of class A entering the system. Its waiting time is
first of all determined by the number of class A jobs waiting upon its arrival.
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All further class A arrivals have no influence on its waiting time; therefore
we set A\, = 0. Consequently, the matrices Ay, By; and Bjs, representing
transitions to a higher level, become zero matrices.

Waiting is over if the tagged job enters service; the states in which this
occurs are the absorbing states and the waiting time is simply the time until
absorption. Some of the states in the boundary levels £(0) and #(1) are
absorbing states, while other states are non-absorbing. The absorbing states
in £(0) and #(1) are aggregated into one absorbing state *:

* = {<O’0’07 0)’ (07 1707B)7 (07 1,B,0), (170)/4,0)’ (1,0,0,A)}.

If the tagged job, for example, finds only class B jobs and no class A jobs
present, which means that the process starts in £(0), then still, the class
A job must wait until one of the class B jobs leaves since priorities are
nonpreemptive. Or, if on the other hand, the process starts in £(1) with
no class B jobs present, the tagged class A job is immediately served (zero
waiting time). We emphasize that, here, the level indicates the number of
jobs of class A ahead of the tagged job, not the total number of class A jobs
as in the previous section. The probability of starting in % is then given by
Pr(x) = mwoo+mo,1 1+ 01; this is the stationary probability W (0) that there
is no waiting at all. The absorbing states in x are removed from ¢(0) and #(1)
and from their probability vectors mwo and 7y, so that 7y = (702, ®o3,--- )
and 7y = (w11, ®1,25-.)-

The generator for this service process is now given by

0] 0 W
bO @00 ~0
. bi|Bio B 0
Q = bg le Al 0 ° (3)
Ay A

The first row and column correspond to the absorbing state . The column
vectors bg, by and by contain elements that indicate transitions from £(0), £(1)
and £(2) into the absorbing state . We omit the details on the structure of
the vectors by, by and by and of the matrices ng, Bm, By, and le; they are
presented in [Lee98]. The matrix A; in (3) is equal to 4; in (1), with A, = 0.

We now apply the technique of randomization, i.e., we uniformize the

service process with a Poisson process with rate § = max;(—Q);, so that the
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generator is transformed into the discrete time transition probability matrix

. 1~
K = EQ + 1 s
1] 0 )
co | Koo
C1 [{10 [{11
- Co [{21 [{1
K, K,

In this uniformized process, points of a Poisson process are generated with
rate 6 and transitions occur at these epochs only. The probabilities that, at
such an epoch, a transition is made towards a lower level are given by K for
all £(k) (k > 2), K3 for a transition from £(2) to (1), or Ko for a transition
from £(1) to £(0). The probabilities that, at such an epoch, a transition only
involves a change in the major phase are given by K; for all {(k) (k > 2),
Ky; for £(1), or Koo for £(0). From this transition matrix, we calculate the
stationary probabilities P[W > z] that the process is not absorbed at time
z. The probability that n Poisson points are generated in time z equals
e %(0z)"/n!. Then, the process that starts in £(k) is not absorbed at time
z if at most k of the n transitions generated in time & involve a decrease of
the level.

We now define the matrix Ti(n) to be such that it records the probability

that the process goes down ¢ homogeneous levels in n steps. It is easy to see
that

T = IOV K, + TV, (4)
with
0, n > 1.

We also define the matrix T,g;t-); this matrix records the conditional probability

that the process goes down to £(2), ¢ = 0 or 1, in n steps, given that it started
in £(k):

T = TU VKo + TV K, k<2, (5)
= Tp2® Tz,i, k> 2, (6)

ny ) I, 1=k AND n =0,
710, 1>k OR n>k—q.



Expression (6) requires a few words of explanation. If the process starts in
a level {(k), k& > 2, and goes down to a level £(7), « = 0 or 1, it makes a
number of transitions through the homogeneous levels first and goes further
down then to, or through, the boundary levels. The transition matrices for
the boundary levels differ from the transition matrices in the homogeneous
levels. Therefore, we write the probability of going down from £(k), & > 3,
to £(z), 2 = 0,1, in n steps as the probability of going down to £(2) first and
then moving from #(2) to £(z). This is denoted in (6) by the convolution (®).
We may now also write (6) as

(“) Z (t 1 (n t) ' (7)

This equation gives the probability that — for any value of t (1 <t < n) -
the process is in #(3) at time ¢t — 1 (given by T,Et__;)) AND goes down to £(2)
for the first time at time ¢ (given by K3) AND goes down to £(2) in n —t steps
(given by Té;“t)).

Let Wi(z) denote the conditional probability that the process is not
absorbed at time z, given that it starts in #(k). The probability that the
process starts in £(k) is — by the PASTA property — given by 7y, as derived
in the previous section. The stationary probability W (z) that a unit of class

A has to wait more than z units of time before entering service is then clearly
given by

= Z m Wi (z)1
k=0
As it was shown in [RL85],
- e ] 9 n
W(z)=>_ e—h@—dn. (8)
= n!

The series d, is calculated only once for all values of 2. The infinite sum in (8)
is truncated at n = N so that dy < €, with ¢ arbitrarily small. The smaller
e, the higher the accuracy of the waiting time distribution. The stationary
waiting time distribution is then simply

1—W(z), Yz >0,

W(z) =" (9)
Pr(x), z=0.

We now derive an expression for d,. From the definition of the service
process, we know that it is absorbed when it enters the state x. If the process
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starts in £(0), it is not absorbed until it goes one level down. If the process
starts in ¢(k), it can go down at most k levels without being absorbed in .
W (z) is then written as the sum of

woWo(z)1: the probability of starting in one of the
non-absorbing states of level £(0)
and not being absorbed at time z,

i Wi(z)1: the probability of starting in one of the
non-absorbing states of level £(1)
and not being absorbed at time z, and

S, mpWi(z)1 1 the probability of starting in a level £(k), k > 2
and not being absorbed at time z.

ﬁ'oWo(l)l

Starting from £(0), the process is not absorbed at time z if it has not gone
down in any of the n steps generated by the Poisson process with parameter
6 during the interval (0, z]. The conditional probability of not going down in
n steps, given that the process started in £(0), is given by the matrix Té}?.

Conditioning on the number of Poisson points generated in the interval (0, z],
it follows that

'ﬁ'oW@(l‘)l = io: 6_9'7: (9"17)71

n=0

Lol 1. (10)
n! k
From the recursion formula (5), it is clear that

738 = Ts5 " Koo, (11)

. (0 . . -
with To(,o) = I, since no transition can be made in zero steps.

7}1W1 (ZE)l

Starting from £(1), the process is not absorbed if, at time z, it is in one
of the non-absorbing states of £(1) or £(0). The conditional probability of
remaining in £(1) in each of the n steps is given by the matrix Tl(ﬁ); the
conditional probability of going down from (1) to £(0) in n steps is given by

the matrix Tl(,n) Proceeding as for 7oWo(z)1, we can write

~ TI7 > — 8z 07’ " ~ F(n (n
FWi(z)l=> e’ ( n’) 7T ( 1(11)1 + T1(’0)1> . (12)
n=0 )

10



Again, from (5), it follows that
n)

Vo= VK, (13)
% = 71 b [&/10 +T1(;r6_1)]&"00, (14)

~

ii( Al
1, 1
m( all
1 1

with Tl(g) = [ and Tl(%) = 0, since no transition can be made in zero steps.

2 k2 chWk(x)l

Given that the process starts in £(k) (k > 2), it is not absorbed if, at time
z, it is in some homogeneous level between £(k) and #(2), or in one of the
non-absorbing states of the boundary levels (1) or £(0). The probability of

starting in 4(k) and going down at most & — 2 homogeneous levels in n steps
1s given by

k-2
m Ry T (15)
1=0

The probability of starting in £(k) and going down to ¢(1) in n steps is
7y RE-2T1. (16)

Finally, the probability of starting in £(k) and going down to £(0) in n steps
equals

7 RE2T)L. (17)

Combining (15), (16) and (17), summing over all levels & > 2 and con-
ditioning on the number of Poisson points generated in the interval (0, z],
52, Wi (z)1 becomes

o0 oo 0( n
z_: Wiz Z 6_%%’”2

n=0

o k-2
{Z R23" 1M1 + A1 4+ Q(“)l} , (18)

k=2 1=0

with

A = > R’“"ZT,Ef;) and Q" = > RA"_ZT,%).

k=2 k=2

11



The first term in the curly braces of (18) is simplified proceeding as in [RL85],
so that

ZR’“ ZZT = ZRkZT 1+ Z RkZT(”)L

k=2 k=n+1 =0
since Ti( =0 for ¢ > n,
n n
= SN RET™1 4 (I — R)7' R,
1=0 k=1

since Y1 g 7M1 =1,
= (I-R)™YRTM™M
1=0
= (I-R)7'HW1, (19)

with H®W = ¥ RiTZ—(") . A recursion formula for H® is developed using
the formula (4):

H™ = iRiTi(n)
- ZRZ( TV K, + T VK,

n—1
- Z RTITVE, + 3 BT VK,
=1 1=0

H™ = RACMYE, + H V[, (20)
with H©® =T,

Next, A(™ is simplified as follows:

A(n) = ZRA 2 kl»

oo

= > BT, @ Toy + Tg(ﬁ), by (6),
k=3

= Z Rk ZZTk zTQ(Ti H + ~2(,7;)7 by (7)v
k=3 t=1

_ RZR’”T,S“ T+ T,
1

t=

n

= RY HEVE, T 4T,
t=1

12



A recursion formula for A is now established by
n—1
A® = RY HUVEGTH™ + ROV LTS + 18,
t=1

n—1
= R HUVE, (T8 VK + 1§77V Ky

=1
+ (TS Ky + T VE)

by (5) and since TZ(?I) =0,

n—1 .
_ (R ST HED R, T 4 Té”‘”) Ko

t=1

n—1
4 (R Z H(t_l)Ksz(ﬁ_t_l) + éﬁ—l)) Ky,

t=1
A(n) = Q(n—l)[{m—i—A(n‘l)[X’n, (21)

with @ = RY-7, HOV KT + 7§ and A© = 0.

The recursion (21) for A in turn requires a recursion formula for &™),
which is obtained proceeding as for (21) and which is given by

o =V, + RH™ V[, (22)

with ®© = J.

We simplify Q% in (18) in a similar way as we did for A and we obtain
that

0 — RZ H@1) [&’QTQ(f)"t) +- Tz(fé),

t=1

with the recursion formula

QP = AC-DR L+ Q(n—l)[(oo; (23)

where Q) = 0.

We now insert (19) into (18) and sum all components (10), (12) and (18) of
W (z) to find (8), with

13



dy = wolig1 + 7 (T7 + T{1) 1
+my [(1 = R HML 4+ A1+ Q0] (24)

The values of d,, are calculated iteratively, starting with n = 0 and using the
recursion formulas (11), (13), (14), (20), (21), (22) and (23).

Note that the algorithm results in the distribution of waiting times for
the class on the level of the process. It is straightforward to derive the
distribution for the other class by simply switching the classes.

4 Numerical examples

The algorithms for the queue length and waiting time distributions are eas-
ily implemented. For the queue lengths, most of the computation effort is
spent on the calculation of the rate matrix R. It was shown in Latouche and
Ramaswami [LR93] that the execution time for the algorithm LR is O(m?),
where m is the number of phases. In our calculations, the number of iter-
ations within LR depends on the load of the class on the level, while the
computation time per iteration increases with the number of major phases,
indicated by the truncation parameter M. The execution time for the wait-
ing time algorithm mainly increases with the desired level of accuracy as well
as with the load of the class on the level and the number of major phases.

As an illustration, we have calculated and plotted in Figure 2 the station-
ary distribution of waiting times for class A and class B. The load of class
A is fixed and equal to 0.9, class B load is successively changed from 0.3 to
0.6 and 0.9. Class B jobs are twice as large as class A jobs, i.e., po = 2us,
with p, equal to unity.

The graphs clearly illustrate the effect of varying class B load on the
waiting times for class A. Unlike in the FCFS M/M/2 queue — where waiting
times are equal for both classes (see Figure 3) — the impact here is stronger
for class B than for class A. Notice also how the waiting times differ from
those of the M/M/1 queue, as illustrated in Figure 4. The differences arise
from a ‘limited sharing’ of the servers in our model, a property that makes
of this model an appealing scheduling alternative in other situations as well.

The algorithms are readily applicable for similar models with multiple
classes and/or servers. The execution time, however, will strongly increase
as the number of minor phases in each major phase increases with each
additional class and server (see [Lee98)).
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Waiting Time Class A Waiting Time Class B
T T T T

1 T T T

——rtho_b=03 ——tho_b=0.3
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Figure 2: Stationary distribution of waiting times for class A and class B with
e =1, gy = 0.5 and p, = 0.9.

Waiting time distribution in the fcfs M/M/2 queue

. . : 1 . r T - ¥

T

o8l 4
- i 0.7¢

-7 4 0.6 - ]

0.4[ T E

0.2} S RS tho=0.6

01r E 0.1¢ 1

6
Time units Time units

Figure 3: Waiting times in the FCFs Figure 4: Waiting times in the
M/M/2 queue. M/M/1 queue.
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